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Abstract: In this paper, we consider a global wellposed problem for the 3-D incom-
pressible anisotropic Navier-Stokes equations (ANS). We prove the global wellposedness
for ANS provided the initial horizontal data are sufficient small in the scaling invariant

Besov-Sobolev type space B” > In particular, the result implies the global wellposedness
of ANS with large initial vertical velocity.

1. Introduction

1.1. Introduction to the anisotropic Navier-Stokes equations. In this paper, we are going
to study the 3-D incompressible anisotropic Navier-Stokes equations (ANS), namely,

us+u-vVu —vpApu — v33§3u =—-VP,
divu = 0, (1.1)
uli=0 = uo,

where u(t, x) and P(z, x) denote the fluid velocity and the pressure, respectively, the
viscosity coefficients v, and v3 are two constants satisfying

x = (xp,x3) € R3and A, = 8)%] + 832. When v, = v3 = v, such a system is the clas-
sical (isotropic) Navier-Stokes system (NS). It appeared in geophysical fluids (see for
instance [5]). In fact, instead of putting the classical viscosity —v A in NS, meteorologists
often simulate the turbulent diffusion by putting a viscosity of the form —v, Ay, — v3 832,
where vj, and v3 are empiric constants, and vz usually is much smaller than vj,. We refer
to the book of J. Pedlosky [14], Chap. 4 for a more complete discussion. In particular,
in studying of the Ekman boundary layers for rotating fluids [5,7,8], it makes sense to
consider a anisotropic viscosity of the type —v, A, — ¢ 8)%%, where ¢ is a very small

parameter. The system (AN S) has been studied first by J.Y. Chemin, B. Desjardins,



212 T. Zhang

I. Gallagher and E. Grenier in [6] and D. Iftimie in [9], where the authors proved that
such a system is locally wellposed for initial data in the anisotropic Sobolev space

1 ~
HOZ = qu e LPRY: ull = /R 1651212 (8n. £3)17dE < +oo

for some ¢ > 0. Moreover, it has also been proved that if the initial data are small enough
in the sense that

& l1—e
<
luolyallwoll =y, < v (1.2)

for some sufficiently small constant c, then the system (1.1) is global wellposed.

Similar to the classical Navier-Stokes equations, the system (ANS) has a scaling
invariance. Indeed, if u is a solution of ANS on a time interval [0, 7] with initial data
uo, then the vector field u; defined by

u; (1, x) = (At Ax)

is also a solution of ANS on the time interval [0, 22T with the initial data Aug (Ax). But
the norm || - ”HQ Lie is not scaling invariant. M. Paicu proved in [12] a similar result for

the system (ANS) with v3 = 0 in the case of the initial data ug € B%>. This space has

a scaling invariant norm. Then, J.Y. Chemin and P. Zhang [4] obtained a similar result
11

22

in the scaling invariant space B4_ . Recently, a similar result in the scaling invariant

21
space B, e was obtained in [15]. Considering the periodic anisotropic Naiver-Stokes
equations, M. Paicu obtained global wellposedness in [13].

These global results in [4,6,12,13,15] are obtained under the assumption that the
initial data are sufficient small. The goal of our work is to prove that the system N S or
AN S is globally wellposed when the initial horizontal data are sufficient small and the
initial vertical velocity is large. Specially, we can prove that the system (N S) or (AN S)

is globally wellposed for the initial data ug defined by
uf(x) = (e In(—Ine)g", In(—Ine)p*) (xy, x3) (1.3)

with small enough &, where ¢ (x) = (¢, $°)(x) is a divergence free vector field in B 2.

1.2. Statement of the results.. As in [4], let us begin with the definition of the spaces
which we will be going to work with. It requires an anisotropic version of dyadic decom-
position of the Fourier space; let us first recall the following operators of localization in
Fourier space, for (k, 1) € 72

Ata =F e MEDd). Aja=TF (@ I&Da).
Sta= > Ala, Sta= D Apa,
K <k—1 I<i—1
where Fa or a denotes the Fourier transform of the function a, and ¢ is a function in
D((%, %)) satisfying
Z<p(2*jr) =1, Vt>0.
JEZL

At first, we give the definitions of BO'% and BO’%(T) as follows.
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Definition 1.1 ([4,10,12]). We denote by B> the space of distributions, which is the
completion of S(R?) by the following norm:

L
lall oy = 2 22014} all2ms).
leZ

We denote by BY: (T) the space of distributions, which is the completion of C*°([0, T,
SR3)) by the following norm:

i
lall oy, = 222 (185l e,
JEZ

IV AYal 2 g2 ) + 4/_v3||83A3a||L2T(L2(R3))) .
Now, we present the main result of this paper.
Theorem 1.1. A positive constant Cy exists such that, if the divergence free vector field
1
uy € B®2 satisfies

Crvy gl oy explCr(v gl oy + DY < 1, (1.4)

then the system (1.1) with initial data ugy has a unique global solution u € B%> (c0) N
C ([0, 00); BO’%), and |lull ;1 is independent of vs3.
B" 2 (c0)

In what follows, we always use C to denote a generic positive constant independent
of v, and vs.

Remark 1.1. The positive constant Cy can be chosen in (3.9), and is independent of vy,
and v3.

Remark 1.2. Paicu obtained the local wellposedness for large data in [12].

Remark 1.3. Letuf = (uga, ugs) be defined in (1.3). It is easy to show that ||ug‘g ”BO'% ~
Celn(—In¢g) and ||u(3)8||30.% ~ ClIn(—1In¢g). Thus, uf) satisfies the condition (1.4) with

small enough ¢. From Theorem 1.1, we obtain that the system NS or AN S is globally
wellposed for the initial data u(, with a small enough &. The reason may be that the initial
data ug, almost only depend on the horizontal variable x, when ¢ is very small. From
Proposition 1.1 in [3], one can obtain that

Nl = Cln(=Ine),

when @3 (x, x3) = f(x)g(x3), f € S(R?) and g € S(R).

We should mention that the methods introduced by Chemin-Zhang in [4] and Paicu
in [12] will play a crucial role in our proof here.

Finally, we should also mention that there has been a large amount of investigation
into the classical Navier-Stokes equations, see [ 1-3, 11] and references therein. Specially,
Chemin and Gallagher [3] proved that if ¢ is small enough, the initial data

h h 3
(v + ewg, wy) (xp, £x3)

generates a unique global solution of NS.
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2. Anisotropic Littlewood-Paley Theory

At first, we list anisotropic Berstein inequalities in the following. Please see the details
in [4,12].

Lemma 2.1. Let B, (resp. B,) be a ball of]R%l (resp. Ry), and Cy, (resp. Cy) be a ring of
th (resp. Ry). Then, for 1 < p» < p1 <ococand 1 < qr < q1 < o0, there holds:

1. If the support of a is included in 2* By, then

< 2k<\m+2< Ly

B
”ah a”L/’:l(LZl) I ”a”LZZ(LZl)’

where 0 1= 0y,
2. Ifthe support of a is included in 2! B,, then
N IN+55 =)
195%all o gy S 27772 ollall oo,

where 03 = 0y;.
3. If the support of a is included in 2Cy,, then

lall gy S 27 sup loallp g,
IBl=

4. If the support of @ is included in 2'C,, then
lall v oy < 27N 108 all o -

Notations. In what follows, we make the convention that (di)icz denotes a generic
element of the sphere of [ L(Z) as in [4].

The following lemma is proved in [15] (Lemma 2.4).

Lemma 2.2. Let w be in B 5 (T). Then, we have

IAYwl > Sdjv, P27 wll
! LZTP(L,‘,D%I(L%)) ! B2
and
_
|w]| 2 S llwl 2 Tlwll
Ll ) ZZ”@”‘](BE)) B3y
where |[w|| = 222 |A”w|| 2p and p > 2.
2p p 1 2p 1,70
(@ B2 I @l w2y

Remark 2.1. We only use the following estimate in the proof of Theorem 1.1:

l .
v Tip—3
1Al gz S divy 22wl g

This estimate was proved in [4].
The following lemma is proved in [12] (Lemma 2.4).

Lemma 2.3. Let w and Viyw be in L2. Then, we have

lwllzz4) < lwlly zIIVhWII
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3. The Proof of an Existence Theorem

The purpose of this section is to prove the following existence theorem:

1
Theorem 3.1. A constant C exists such that, if the divergence free vector fieldugy € B%2
satisfies

=1y, h =1y,,3 4
Crvy llugll o3 exp{C1(vy llugll o4 + D7 =1,

then the system (1.1) with initial data uy has a global solution u € BO‘%(OO) N
1
C ([0, o0); B®2), and |u|| ol is independent of vs3.
B2 (00)

Proof. We shall use the classical Friedrichs’ regularization method to construct the
approximate solutions to (1.1). For simplicity, we just outline it here (for the details, see
[4,5,12]). In order to do so, let us define the sequence of operators (P,),cn by

Pya = ]:_I(IB(O,n)&),
and we define the following approximate system:
Oyt + Pty - Viay) — vy Mgty — v305u, = — Py (—=A) 90k (upuey),  (3.1)
3l”;21 + Pp(up - V”i) - VhAhM,% - V3332M,21 = —Pnaz(—A)flf)jak(uf,uﬁ), (3.2)
) + Pyuty - Viid) — vy Apu — v395u3 = —Pd3(—A) 190 (uhul), (3.3)

divu, = 0, (3.4)
Uplt=0 = Pauo, (3.5

where (—A)~19 Ok is defined precisely by
(—A) ' 9j0ka == —F (€] 7%EEa).
Then, the system (3.1)-(3.5) appears to be the ordinary differential equations in the space
L} = {a € L*(R%)|diva = 0, Suppa C B(0, n)}.
Such a system is globally wellposed because
d
Enunniz <0.

Now, the proof of Theorem 3.1 reduces to the following two propositions, which we
shall admit for the time being.

Proposition 3.1. Let u be a divergence free vector field in B2 (T) and w € B 2 (7).
Then, for any j € Z, we have

T
Fj(T) ZZ/O

AV(u - Vw)Alwdx|dt < d2v 1277 |Jw|)? h .
/R3 b VA | de S 2 i,y
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Proposition 3.2. Let u be a divergence free vector field in BO’%(T) and w € B° %(T)
Then, for any j € Z, we have

T
G,(T) ;=/O Z/W A;(—A)—la,ak(u’u")A;ahwdx dt
k.l ’

2 —jy 2
Sdiv 27 lu || || I o

B” 2(T)

1
2q—j 32 32
+d;2 ’/ " ||2 IIIth ||2 ||u IIZOLIIth IIZOLIIVthI 0.1t
0 B B2 ' B

1
_ 1 1
+dj2 ’/ IV | 50} llu? ||2(J 1 1V 2, 1 IIwII2 IIVth|201
0 B" *

Conclusion of the proof of Theorem 3.1. Applying the operator AY to (3.1) and taking
the L? inner product of the resulting equation with AYu

i n, we have

1 12
—IIA w172+ 20 VA AUy 172 + 203183 A%, 117

:_2/ Aﬁ(un.vu;)Aju}ldez / AY (=) 0 (uyuly) AY01udx.
R3 R3
k.l

From Propositions 3.1-3.2 and the Cauchy-Schwarz inequality, we get
2/ (||Aju},(r>||iz + 20| Vi A 75, + 2031185 A%u ||L2(L2))
< 2| A% ()17 + CdFvy 1P "
2(T)

+Cd2/ luey (S)II2 IIIth (S)IIZ0 1 lue) (S)IIZ0 1 IVt (5) |

s
3
B"

and

o

ey, (1) g0b TV | Vai, ||~ZB %)+«/V3||83A”M1II~

3 /vh
SCIIM,L(O)II ! +Cv,,2||u ||; + X Vaul|

ZBZ)

1
3 t 2
2 3 2 3 2 h 2
+Cv, 2 / I} (112, 1 I Vaeg I, (a1, ds)
0 B2 B2 B2

(3.6)
where t € (0, T']. Similarly, we obtain
luZ @)l g3 TV nll Viu ””~2(B°' +/v3lld3A%u ||~(B 3

2 —3.. . hy2 Vh h

< CREO oy +Cvy Il B AL Je
= PN 3,002 hyoy2 :

+Cvy, * (/ ez, ™ 1 IVRUG O 1 M (917 1dS) (3.7
0 B%2 B2 B2
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and
3 3
t +/vi|lV, - + /v A -
3 O o3+ VIRNVaG 1 o)+ /O30 ATG Gy ot
3 -1 4l 3 1 3
< Clluy, O)|| o1 +Cv *lu, | llu;, +th2||u [
B2 0. B” 2(T)
1
! 3 % 3 % % 2 2
+C / A N A G A Y SR (3.8)
0 B2 B2 B

where t € (0, T], since

A} Pn33(—A)713j3k(u{;uﬁ)u,31dx :/

. Pu(—=A) 718 0k (upubydivyul dx.

Then, from (3.6)-(3.7) and Minkowski’s inequality, we have
hy2
u
LA
= 2Colluy )17, 4 + Cvy Nl
B2 (T)

t
-3 3 2 3 2 hy2
+Cv u; (s Viwu, (s u ds, t € (0, T].
; /0 I 2 1T O, 2, 0.7

Gronwall’s inequality implies that

lufll? )
B% 2(T)

<(2c h02 +C—1h3 eC—4 34 .
_( ollug I,y +Cop iy Jexp(Co ity )
From (3.8) and the Cauchy-Schwarz inequality, we have

3

R
3 _% h% 3 2 %
< 2Collu; (0 +Cv u +Cv u
< 2Co||lu;, (0) ] 504 p Ml ol ””BO%(T) n |l IIB da
1
+Cv ~3 u e
TP T ,

<2Colu; (0)|| +Cvy, zllu |I2

3

3 2 2

u 1 +Cv;, " lu .
TN A ey, LA
Then, we obtain

Cv t@Collull o 1 +vn)?
llal | <e " 52
n 0 1
B”2(T)

h2
20,y

3 —4 3 4
_ 3 5Cv, " (@ACollugl , 1 +vn)
+Cvy ' @Collugl* )Ze”
B2
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and
3
u 1
I
_1 3 2CvrAcoudl 1 o)t
3 2 hy2 3 3% oll o, LTVh
EECOHMOHBO‘%-'-CUh (4C0||u0||301%)4e "2

1o —4
1 20y, (4CO\|u3uBO,%+vh)“(

1
+Cv, 2ACollul > H7e 4Co||u} +v ),
n - (4Coll 0”30‘%) ollugll o1 + v

forall T < T,, where

Cv tacolul 1+t
T, := sup{r > 0; ||MZ||20l §4C0||”8”20le B2 >
BY2 l‘) B2

3 <4 3 +v
1301, < AColR o g + v

Then, if u satisfies
—1y,,h —-1y,,3 4
Crvy llugll o4 exp{C1(vy llugll o3 + D7 =1,
where
¢ =2°c*cy, (3.9)
we get that for any n and for any 7' < T},,

—4
v, t@Coludl o+
52

5

h hy 2

u 1 < =Collu e
|| "||B°‘7(T) = O|| 0”30%

and

u 1 u 1+ =V,
n Bo'f(t) 0li¥g B2 2 h

Thus, T, = +o0o. Then, the existence follows from the classical compactness method,
the details of which are omitted (see [5,12]).
Then, we prove the continuity of the solution u as follows. From (1.1), we have

Abuy = vy AY Apu+v3AY05u — AY(u - Vi) — AYVP.
We can easily obtain that for any 7 > O and j € Z,
v3AY2u € L([0, TL: L), vy AYAgu € L2(0, T: LA(H;Y))

and

v va2 v 1

(p A Apu +v3A595ulAu) 2 € LU([0, TT).

From Proposition 3.1, we have

(AY(u - Vu)|AYu) 2 € L1([0, T)).

Thus, we have that %nAf;u(t)n?Lz e L'([0, T]), forany T > 0 and j € Z. Combining

it withu € B® 5 (00), we can easily get that u € C([0, 00); BO’%). Then Theorem 3.1 is
proved provided of course that we have proved Propositions 3.1-3.2. 0O
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To prove Propositions 3.1-3.2, we need the following lemma.

Lemma 3.1. Let w and u be in BO’% (T). We have

3
A% udpw)ll 4 4 Sdjv, *27 2IIwII 504 lull

L3(LJ(L2) ' 2(T) B* 2(T)
Proof. Using Bony’s decomposition in the vertical variable, we obtain
Abopw) = D AYSY_udpAlw)+ D AYALud,SY ).
lj=Jj'I=5 J'=Jj—No

Using Holder’s inequality and Lemma 2.2, we get

v v v v v
||A (S/ 1u8hAj/w)|| 44 < ”S'Llu”L‘}(Lz(LgO))||Aj/ahw”L2T(L2(R3))
Li (L (L3))
1 v
<d.v 227
S dpy 22wl v el
and
V(AY v < |1SY v
IAJEunS] a0 ¢ 1 SIS 2@l a8l
<dnwih 3
Sdpvy 2 E ol gy vy oy

Then, we can immediately finish the proof. O
Similarly, we can obtain the following lemma.

Lemma 3.2. Let Vjyw, u and Vyu be in BO’%. We have

j 1 1
Ao, w)| s <d:272||Vyw 1w ? Viul? .
| A (udp )||L§(L2)N i 1V ”30’7” ”BO'%” h ”BU‘%

h v

Lemma 3.3. Let u, Vyu, w and Vyw be in BO’%. We have

IAww)ll2gs) < dj 2_7IIu||2 3 ||Vh”||20 } |le|20 ) IVewll® -

1
2
B”

N

Proof. Using Bony’s decomposition in the vertical variable, we obtain
AYww)= > AY(SY_juAYw) + > AY(SY A ).
lj—j'1=5 J'zj—No
Using Holder’s inequality and Lemma 2.3, we get

||A3 (Sjv"—luA?’w)”Lz(R3 S ”ST{’—IMHLOO(L“) ||Alf,w||L2(L4)

; 1
<d 2_7”14”2 1||th||201||w||201||Vhw||; 0.1
and
- 3 3 3
v _7
IAYSY o wAY )l 2 2y S 2 ||u|| Il Tl 19l
B2 B%2 BY2

Then, we can immediately finish the proof. O
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Proof of Proposition 3.1. We distinguish the terms with horizontal derivatives from the

terms with vertical ones, writing
Fi(T) < FI(T)+ F}(T),

where
dt

/R3 A’j’-(uh - Viw)Ajwdx

i T
Fj(T) ::/O

T
P = |

Using Holder’s inequality, Lemmas 2.2 and 3.1, we obtain
ATl a2y

and
drt.

/]R3 Af (u383w)A1/’- wdx

FINT) < [|AY o Vil 4 4
‘ (;’(LZ))

2 —lH—
S 2wy

~

Applying the trick from [4,12], using paradifferential decomposition in the vertical var-
iable to AY(u”d3w) first, then by a commutator process, one gets

AVl d3w) = SV 103 Aw+ D [AYS) ud1asAfw

j—11=5
+ (S = S AA w D AY(A]U S w).
[>j—No

[j—1I=5

Correspondingly, we decompose F }’(T) as
FY(T) = F}*(T) + sz’”(T) + FJ.S’”(T) + F;'”(T).

Using integration by parts and the fact that divu=0, we have

1 T
1, oh 2
F; “(T) = E/0 /3 S}?_ldlvhu |Al‘;w| dx

T
J
From Lemma 2.2 and Holder’s inequality, we get

L,
Fj U(T) = ||Sv 1u ”L“ (L4(Lc>0))”AI;U)”L‘;(L‘;(L%))||VhA w||L2 (L2(R3))
<d2 _12 Hu 2
It 0y

dt

dt.

/]1{3 S}Lluh Vi AjwATwdx
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To deal with the commutator in sz’”, we first use the Taylor formula to get

FFU(T)
T ) ) 1
= > / / 2/ / 1@ (53— y3)) / S} 1930 Gen, Ty3 + (1 = D)xa)d e
lj—11<570 R3 R 0

X (33 = x3)83 A wa, y3)dys Aw()dx | dr,

where h = F~ . Using divu = 0 and integration by parts, we have

T
Prao= 3 |

[j—11=5

' 1
/ / A2 (k3 — v3) / SY i (e, Ty + (1 — Dxs)d
R3JR 0

Vo3 A w(xp, yg)dy3A’]’-w(x)dx‘ dt

+Z/OT

[j—11=<5

_ ) 1
/ / A2 (x5 — v3) / SY i Gens Ty + (1 — Dxs)d
R3JR 0

x B3 A] w(xp, y3)dys - VhAyw(x)dx‘ dt,

where h(x3) = x3h(x3). Using Holder’s inequality, Young’s inequality and Lemma 2.2,
we obtain

FU(T)

S 20 NS s s asop VR AT Wl 2y I AT 4 w2y
R

D XIS g oy VAW 2 12 | AT WL 1 2
i—11<5

< g2yt 1 ik .

S 2y

It is easy to see that

T
RCEED W |

lj—1'1<5
[j=1<5

/ A}’,u383A? A}’wA’]’-wdx dt.
R3

We can rewrite A;’,u3 as follows:
Apw® = /}R "2 (x3 — y3)3A%u> (xp, y3)dys, (3.10)

where g' € S(R) satistfying F(g")(§3) = %, and ¢ is a function in D((%, 3))

satisfying ¢(t) = 1 with 7 € (%, %). Using divu = 0, integration by parts, Young’s
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inequality and Lemma 2.2, we get
F? v (T)

=% [

—1I'|<5
|] =<5

/R%/ 8" (2" (x3 — y3) Apu" (i, y3)dys - Vid3 AYA] wAlwdx

)

-
S D0 2TNAR gt aon I VAAS W 2 2y | AW L 112
lj=l'1<5
j—11<5

—1
Sy 2 oy Il

/ / 8" (2" (x3 — y) Abu" (xn. y3)dys - Vi AVwds AU A} wdx

Similarly, we have
FH(T)

S

I>j—No

/R Y ( /R g2 (xs — y3) Afu" (xn, Y3)dy3335f+2w) - Vi AYwdx

/R A ( /R 8" (@ (x3—y2)) Afu" (un. y3)dys - vhass;’+2w) Ajwdx

)

+

h
S 20 I8 sy IVnStaw iz az e 1870 s wiaz)
[=j—No

h
+ Z A7 u ||L‘;(L2(Lg))||Slv+2w”L‘}(L2(L3°))||VhA7w||LZT(Lﬁ(L3))
1>j—Ny

Sdiv 2127 |u 2 )
Il o M0y

This completes the proof of Proposition 3.1. 0O

Proof of Proposition 3.2. We distinguish the terms with horizontal derivatives from the
terms with vertical ones, writing

G,(T) < G'\(T) +2GY(T) + GY(T),

where
Gh(T) = ZZ/ A;(—A)—la,ak(u’u")A;%ahwdx dt,
=1 k=1
G;%l(T) = Z/O . A;(—A)—la3ak(u3uk)A;ahwdx dr,
k=1
and

) T
G; (T) ::/0

/ A;(—A)_133(2u333u3)A38hwdx dt.
R3
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Using Holder’s inequality and Lemma 3.3, we get

CHUDBS ZZ/ IAY @ db) | 2 | AY ]l 2di

llkl
< d-z—%nuhn VRl 1 A8 w2 dt
~ o J %2 g% 2 J

2 —ln—jy k2
S djvy 27 lwll
j JER

B” 2(T)
Similarly, we have
1 T Z Z % %
v —L

G; (T)S/ 2 2||M I IIVhM I Ol”“ Il 0 V| 01

0 B” B> B BY

I S T R IR T BTV
< di2 j/ llu” | 7||th l IIM I IIth =
0 B 2 B B B 2

Since divu = 0, we obtain

) T
G;%(T>:/O
T

-,

/A';(zfdivhuhmg(—m*‘agahwdx
R}

AL w2 dr

IVRwll

/ AY(=A) " 93 Quldivau™) AV dpwdx | dt
R3

dt.

223

Then, using Holder’s inequality, Minkowski’s inequality, Lemmas 2.3 and 3.2, we get

T
G']Jz(T) 5 A ||A3 (u3divhuh)||L%(L2) ||A3(_A)7lah 83w||L2(L%)dt

h
e h 3,3 5
Sdi272 IVRu™I o 1 Ml l” V5|
0 B2 B"2 B”
XA (= A) 135wl 2, | ALY (— A)*‘ahagwuz dr

T
< g29—j h 3 7
< di2 /0 | Viu IIBO,%HM I

AT
IV, )
B2 B2

B2 |

This completes the proof of Proposition 3.2. O

1
Vawl | dr
B2

Using a similar argument as that in [12], one can easily obtain the uniqueness of the

solution u#. Thus, we finish the proof of Theorem 1.1.
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