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Abstract: We rigorously show that there can exist Strange Nonchaotic Attractors (SNA)
in the quasi-periodically forced quadratic (or logistic) map

@, x)—~> B +w,c@)x(1—1x))

for certain choices of ¢ : T — [3/2, 4] and Diophantine w.

1. Introduction

1.1. Background. Strange Nonchaotic Attractors (SNA) are certain attracting sets with
a complicated geometry, but with rather simple dynamics, which have shown to appear
in quasi-periodically forced maps. For the present discussion, let T = R/Z be the circle,
and let X be T or a finite or infinite interval in R. Consider a continuous mapping
®: T x X O of the form

0. x) = (0 +w, go(x)),

where o is an irrational number. The graph of a non-continuous measurable function
¥ : T — X is called an SNA if it is invariant under &, i.e., ¥ (0 + w) = gy (¥ (0)) for
a.e. 0, and if the vertical Lyapunov exponent is negative on the graph of yr. See [17] for
an extensive discussion on invariant graphs.

The notion of SNA was first introduced in [8]. The phenomenon of a “strange” inva-
riant attracting set had been observed in the projective dynamics induced by certain
quasi-periodically forced SL(2, R) cocycles [9,12,15,19] (in this case X = T). When
the cocycle is non-uniformly hyperbolic, it follows that the projectivization of the Ose-
ledets directions must be highly discontinuous. We refer the reader to the excellent paper
[13] for a detailed discussion, and also to [5-7] where we study finer properties of the
SNA’s appearing in the projective Schrodinger cocycle.
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So far there are very few rigorous results concerning the existence of SNA’s outside
the class of projectivizations of linear systems. We mention [4,10,11,14]. In the papers
[4,14], a class of systems introduced in [8] are considered. These examples are all
so-called pinched, that is, there exists collapsed fibers in the sense that there are values
of 6 such that gy (x) is constant for all x € X. In the classes considered in [10,11], the
function gy (x) is assumed to be monotone in x for each 6.

It is therefore an interesting problem to see what happens if the system is neither
pinched nor monotone (non-invertible). The model we shall consider is the
quasi-periodically forced quadratic (also called the logistic) map on T x [0, 1],

@, x)—~ (O +w,c@)x(1 —x)),

where c¢(0) € (0, 4]. The dynamics of the one-dimensional map x — cx(1 — x) (0 < c <4)
is by now well understood (see e.g. [2,3]), so it is rather natural to consider quasi-periodic
perturbations of such maps. There are several numerical papers investigating the quasi-
periodically forced logistic map with fascinating results (e.g. [1, 16]).

In this context we also mention the systems rigorously studied in [19]. There the base
dynamics is an expanding map of the form 6 > k6 where k > 0 is big.

1.2. Our model. The model which we shall investigate is the following one-parameter
family of a quasi-periodically forced system,

Dy : T x[0,1]10: (0, x) = B+w,cq(@)p(x)) (T=R/Z).
Here p is the quadratic map
p(x) =x(1—x),
and ¢y : T — (3/2, 4] is defined by

3 5 1
@) = -+ = , A>0.
2 2 (1 +A(cos2m (O —a/2) — cosnoe)z)

We shall assume that o satisfies the Diophantine condition

(DC)er  inf |qow— p| > —— forall g € Z\{0},
pel lg|*

for some constants x > 0 and T > 1. Note that if ¢ € [0,4] and x € [0, 1], then
cx(1 —x) €0, 1], so &, indeed maps T x [0, 1] into T x [0, 1].

Given a point (6p, x9) € T x [0, 1], we use the notation (6,, x,) = ®" (6, x9). We
define the vertical (or fiber) Lyapunov exponent at (6p, xo) as

n—1

9 1
= lim — > logle(B0)(1 - 2x0)],
n—oon =

1
y (00, x9) = lim —log
n—-oo n 0

X0

whenever the limit exists. Moreover, we define

n—1

_ — 1
700, x0) = Tim = > log|c(@) (1 — 2xp)].
n—-oon =0
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The graph of a measurable function ¢ : T — [0, 1] is called invariant if
Y@ +w)=c@)py@)) forae.0eT.

Since p(0) = 0 we have that the graph of ¥((6) = 0 is invariant. By Birkhoff’s ergodic
theorem

n—1

1
y(60.0) = lim —>"log|c(6h)| = / logc(0)do > log(3/2) > 0 forall 6y € T.
n—-oon =0 T

Thus, the graph of v is repelling. Our main theorem states that for A > O there is a
particular value of « such that there is one more invariant curve, v, which is highly
discontinuous. This curve attracts almost all points in T x [0, 1]. See Fig. 2 to get an
idea of what v can look like.

Main Theorem. Assume that w satisfies the Diophantine condition (DC)  for some
k > 0,7t > 1. Then for all sufficiently large . > O there is a parameter value o such
that the following holds for the map ®.

) y@,x) < %10g(3/5) <O0foraef e Tandall x € (0, 1).

il) |xp —yn| — O exponentially fast asn — oo fora.e. 0y € T and all xg, yo € (0, 1).
iii) Fora.eB0p €T and all xo € (0, 1) there holds x,, > 0 foralln >0 andinf, >0 x, = 0.
iv) There exists a measurable function v : T — (0, 1) with an invariant graph, i.e.,

VO +w) = 7(PO, ¥(0) aedeT (m:0,x)=x).

Condition iii) especially applies to ¥ (0), that is, infgcr ¥ (60) = 0. Since the line
x = 0 is fixed, this implies
v) Theset{0 € T: (@) < e}isdenseinT forall e > 0.

In particular,  cannot be continuous. Moreover, by combining ii) and iv) we get

vi) |x, — ¥ (0,)| — 0exponentially fast asn — oo fora.e. 6y € T and all xy € (0, 1).
Thus the graph of  attracts almost all points in T x (0, 1). Note that vi) imme-
diately gives

1 n—1

vii) lim — Z u(®" (0, x0)) =/ u (@, ¥ (0))do forall functionsu € C (T x [0, 1], R),

a.e. 0y € T and all x¢ € (0, 1).

In other words, the Lebesgue (or Haar) measure on T lifted to the graph of ¥ is a
physical measure.

Remark 1. It is not important that c(6) has exactly the above form. What is needed is
that c is of class C2, has two sharp peaks, one at 0 (for simplicity) and one at « (which
can be varied), and “outside” the peaks c should be close to a value a ~ 3/2. For such a,
the map x — ax(1 — x) has an attracting fixed point x y = (a — 1)/a and the repelling
fixed point x = 0. From the peaks we need that ¢(0)x (1 —x7) > 1/2 and that c(a) = 4
(so that c()(1/2)(1 —1/2) = 1).

The proof of the main theorem is a bit technical, but the philosophy is as follows.
For very large A, the coefficient c(0) is close to 3/2 outside two small intervals of 6; one
centered at 0 and one centered at « (see Fig. 1). @ should be thought of as being very
close to w. The unperturbed one-dimensional map x +— (3/2)x(1 — x) has an attracting
fixed point x = 1/3 which attracts (0, 1); the fixed point x = 0 is repelling. The idea
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Fig. 2. Anapproximation of the attracting graph ¢ when A = 1000, = (v/5—1)/10and @ = w—0.02047359

is that the function ¢ = ¥ (6), which we want to construct, shall be close to 1/3 for
“most” 6, but near 6 = 0 (¢« — w =~ 0) there should be points on the graph of ¥y which
are mapped by . (P, ) arbitrarily close to 1/2. These points in turn should be mapped
by . (®y) arbitrarily close to 1. In this step it is crucial that c(«) = 4; it is only for
¢ = 4 when max¢o, 1] cx(1 —x) = 1. Since 1 is mapped to 0, which is a repelling fixed
point, we get the “strange” looking curve. This is the reason why we need two peaks
on c(6); we use the chain 1/3 +— 1/2 + 1. To get this kind of resonance phenomena
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we need to “fine tune” the parameter «. In Fig. 2 we can see the two peaks; one located
close to w and the second, which “touches 17, close to 2w.

The rest of the paper is organized as follows. In Sect. 2 we derive some elementary
estimates on iterations of the one-dimensional map x — cx(1 — x) on [0, 1]. In Sect. 3
we combine these estimates with the properties of the function c(0) to get some general
estimates on iterations of ®,. Section 4 contains the inductive machinery on which the
construction of the proof hinges. The proof is of multi-scale type and the techniques used
are similar to the ones we use in [5—7]. The methods are close in spirit to the ones used
in the seminal work by Benedicks and Carleson [3]. Finally, in Sect. 5 we put everything
together and derive the statements in Main Theorem.

2. Some Numerical Lemmas

This section contains certain numerical estimates for iterations of quadratic maps of the
form x — ax(1 —x). These estimates, which are all elementary, will be used frequently
in the rest of the paper.

Lemma 2.1. Let P(x) = (3/2+¢e)x(1 — x). If |¢| is sufficiently small, then P(C) C C,
where C is the interval [1/3 — 1/100, 1/3 + 1/100]. Moreover, 0 < P'(x) < 3/5 holds
forall x € C.

Proof. For the unperturbed map g (x) = %x(l —x) we have g(C) = [1/3—103/20000,
1/3 +97/20000]. From this the first statement follows. The second statement follows
since ¢’(x) = 3/2 — 3x,and ¢’(1/3 — 1/100) = 53/100. O

Lemma 2.2. Let P be as in the previous lemma. If 1 /100 < x < 99/100, then 1/100 <
P(x) < 2/5, under the condition that |¢| is small.

Proof. An easy computation. O

Lemma 2.3. Assume that ||, |€2], ..., |e20] < &. Let Pi(x) = (3/2 + &;)x(1 — x)
(i=1,...,20). Then Pyyo Pigo---0o Pi(x) € (1/3 —1/100, 1/3 + 1/100) for all
x € [1/100, 99/100], provided that € is small.

Proof. A numerical computation shows that g(x) = %x(l — x) satisfies ¢2°([1/100,
99/100]) c (1/3 —1/100,1/3+1/100). O

Lemma 2.4. If P(x) = ax(1 — x) (a > 3/2), then P(x) > %xforallx e [0, 1/10].

Proof. Let g(x) = %x(l — x). Then g(x) — %x = %(% — 3x) > 0. Since clearly
P(x) > g(x) for all x € [0, 1], the statement follows. 0O

We close this section with a return-time estimate for Diophantine rotation.

Lemma 2.5. Assume that w € T satisfies the Diophantine condition (DC) . for some
k > 0,7 > 1.IfI CTisan interval of length ¢ > 0, then

In U I+mw) =10
O<|m|<N
with N = [(k/e)'/7].
Remark 2. Here, and in the rest of the paper, [-] denotes the integer part of a real number.

Proof. The proof is standard. O
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3. Definitions and Formulas

3.1. Definitions and notations. We assume from now on that € (0, 1) is fixed and
satisfies the Diophantine condition (DC), ; for somex > 0,7 > 1.
Let ®, : T x [0, 1] O be given by

Dy (0,x) = (0 +w,cq(@)p(x)),
where
px) =x(1 —x)

and

35 1
Ca0) =c@.0)=7+7 (1 +A(cos 270 — a/2) — cosnoz)z) '

Recall that ¢ has two sharp peaks, one at 6 = 0 and one at 8 = «. By taking A large the
peaks get sharper. See Fig. 1. Note that p has its maximum at x = 1/2.

The number o will act as a parameter and will be very close to w. We will “fine tune”
« in order to get an SNA. In the rest of the paper ¢ and p will always be defined as above.
We also stress that in this paper, A should be thought of as being “extremely” large.

Given (6p, xg) we use the notation

(O, xp) = ®" (00, x0), n=0.
We define the contracting region C by
C=1[1/3-1/100,1/3 +1/100].
Moreover, we let
Io = [—A~ 17307,

Ih=[-27%5 =272, and
Ao = [w — 2723 /2, 0 — 22.7273.

Note that Ay C I + w. The interval Iy contains “most” of the support of ¢’s peak at
6 = 0, and on I, the 6-derivative of c is large. Moreover, Ay is our first approximation
of the parameter «, that is, the « we are looking for will be in Ay.

We define

Mo = [AV/U49] and Ko = [A1/@89)]. (3.1)

Note that My ~ +/N and Ko ~ N'/4 where N is the integer in Lemma 2.5 when applied
to Io, that is, to an interval of length 22.~!/7. We again stress that A should be thought of
as “extremely” large, so My, Ko are big integers.

Given a set / C T and a point 6y C T, we denote by N(6p; I) the smallest
non-negative integer N such thatOy =6y + Nw € 1.
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3.2. Basic lemmas. Our first lemma contains some elementary estimates on the function
c(0, o). More precisely, from the definition of Iy, I(’) and A we get

Lemma 3.1. For all large ). > 0 (depending on ) the following holds for o € Ay:

a) |c(0,a) —3/2],109c(0, a)], |04c(@, )| < l/ﬁforallé ¢ Ip U (Ip + w).

b) c(—12"25/2,0) <2 and (=207, a) > 3.

c) A0 < 8pc(0,0) <A forall € I,

d) |0qc(0, )| < const(w) forall 6 e I(/).

e) Foranyl/2 <8 < 1,{0 : c(0) = 4(1—8)}N(Ip+w) C [ —~/SA~ V4 a++/82714
holds.

Proof. Assume that A is sufficiently large, depending on w. The function g(0, @) =
cos 2w (0 — «/2) — cos ma has exactly two zeroes in [0, 1], namely 0 = 0 and 6 = «.

We have
g0, ) =Qmusinwa)d + 0(92) as @ — 0 and (32)
g0, a) =(—2msinTa)® —a)+ OO — a)z) asf — a. .

The number w is irrational, so we must have sinta # 0 and cos o # 0 forall @ € Ay
provided that A >> 1. Since

©. ) 3+5 1
cO, )=+ ———=),
2 2 \1+Ag(0,a)?

this immediately gives b). Moreover, since also |a — w| < A 7%/ for all @ € A, and
[Io| = 21717, we get

¢ ' IoUIp+w), @) C [=b2"Y7 b7 o e A

for some constant » > 0 which only depends on w. From this the first part of @) follows.
Furthermore, differentiation yields

5180, a)dgg(0, o) 1
(1+1g(0, 0)?)? 22g(0, )3
<2712 foro ¢ IpU (Ip + w).

< const.

|0gc(0, a)| = ’

Similarly for |dyc|. This gives the second part of a). Using (3.2) we obtain
3 5
cO.a)=3+3 (1 — 472 sin? (o) A6> +)\0(94)) as 6 — 0.

Differentiating this w.r.t 6 and « gives ¢) and d); the upper bound dgg < A is trivial.
Finally,
5/2

TTre@r = 4 — 1072 sin®(ra) (0 — a)?
g

©) ’ + 5f(9) ) +
C = — —_ e
2 2 2

+20((6 — a)®)

as 6 — «. From this ¢) follows. O

If we now combine the results in Sect. 2 with fact that 0 < ¢(0, ) — 3/2 < 1/+/A
for6 ¢ Iy U (Ip + w) and o € Ay, provided that A is sufficiently large, then we get
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Lemma 3.2. For all large > > 0 and a € Ay, we have

a) If0y ¢ IoU (Ip+ w) and xo € C, then x| € C, and |c(0y) p'(x0)| < 3/5.
b) If6p,01,...,6019 & Iop U (Ig + w) and xo € [1/100, 99/100], then x39 € C.
c) Iffy ¢ Ip U (Ip + w) and x¢ € [1/100,99/100], then x; € (1/100, 2/5).
d) Ifxo € [0, 1/10], then x1 > (5/4)x¢ for all 6y € T.

The next two lemmas will be used later to control how close to x = 0 the iterates x,,
come.

Lemma3.3.[f6) € T, xo > 1/100 and if x_; € (0,1/100) U (99/100, 1), then
x> € [1/100, 99/100].

Proof. This is an easy verification. Recall that p is growing on [0, 1/2) and that
p(l —x) = p(x) (so p((0, 1/100)) = p((99/100, 1))):

xo = c(O-1)p(x—1) < 4p(1/100) < 1/25,
1/100 < ;p(l/loo) < x1 =c(Oy)p(xg) <4p(1/25) < 4/25,
1/100 < x2 = c(61) p(x1) < 4p(4/25) < 16/25 < 99/100.
O

Lemma 3.4. For all large > > 0 we have the following. Fix @ € Ay, let M > 100 be
any integer, and let

J=1{0:c0) >4 — @/ N Iy + ).

If6y € (In — w)\(J —2w) and x¢ € [1/100, 99/100], then thereisak,3 <k < M —7,
such that x;. € [1/100, 99/100]. Moreover, if 6y € (Ip+w)\J and xo € [1/100, 99/100],
then thereisak, 1 <k < M — 7, such that x, € [1/100, 99/100].

Proof. Assume first that 6y € (Ip — w)\(J — 2w) and xo € [1/100, 99/100]. For large
A > Owehave that (/lp—w) C T\ (loU(lp+w)). Thus,by Lemma3.2,1/100 < x| < 2/5,
and therefore 1/100 < xo < 4p(2/5) = 24/25 < 99/100. Since 6, € (Ip + w)\J,
we have c¢(h)p(1/2) < 1 — (4/5M. Consequently 1/100 < x3 = c(62)p(x2) <
1 — (4/5)M. If x3 < 99/100 we are done. Assume now that 99/100 < x3 < 1 —
(4/5)M . Since p has the property that p(x) = p(1 — x) for all x, we get the same orbit
X4, X5, X6, - .. if we use y3 = 1 — x3 instead of x3. Note that (4/5)M < y3 < 1/100.
If x4, x5, ..., xp—g < 1/100, it follows by repeated use of Lemma 2.4 that x3;_7 >
(5/4)M=104/5)M = (4/5)19 > 1/100. To get the upper bound, we do as in the proof
of the previous lemma, i.e., we use the fact that if x; < 1/100 and xz4+; > 1/100, then
Xl < 1/25.
The proof of the second statement is included in the one above. O

3.3. Formulas. We shall now derive some formulas which will be needed to control the
geometry in the inductive construction in the next section.

We begin with an easy formula. Assume that (a;) and (by) are sequences of real
numbers and that (x,) is defined inductively by x,+1 = a, + b, x,. Given xg, we get

n
Xp+l = ap + E ag—1by b +by -+ -boxg, n>0.
k=1
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Now, assume that xg = x0(0, ) is given, and that x, is defined by (0 + nw, x,) =
®"(6, x0). Then x,41 = c(8 + nw, @) p(x,). Differentiating this with respect to 6 and
o, respectively, yields

09 xpe1 = (Ogcn) p(xy) + Cnp/(xn)aﬂxn;
OuXns1 = (0qCn) p(xn) + cnp/(xn)aotxn-

Here we use the notation ¢, = ¢(0 + nw, o). Applying the above formula now gives us

n
dpxns1 = () pCra) + 0x0 [ [ ¢j 0’ (x))
j=0

+ > @oci—n)pCa—) [ ejp’ () (3.3)

k=1 j=k

and

n
OaXns1 = (0qCy) p(xp) + 0y X0 H ij/(xj)
Jj=0

+ > Qacx—)pa—n) [ [ ejp' ) | - (3.4)

k=1 j=k

Lemma 3.5. Assume that xo € [0, 1], 9,x0 = 0pxo = 0 and H?:k lejp'(xp)] <
(3/5)T=++D/2 for all k € [0, T, where T > 101log A is an integer. Assume moreover
that |dgckl, |9pck| < 1/5/Afork € [T —10log A, T1. Then |8gxT41l, |0ox741] < A~ 14,
provided that ) is bigger than a numerical constant.

Proof. Using the given estimates, together with the fact that |dgc (0, )|, |9,c(0, @)| < A
(by an easy estimate) and 0 < p(x;) < p(1/2) = 1/4, the above formulas give

T
1 1
[0aXT11], |09XT41| < —= + —= (3/5)T~k+D/2
o i 4 4/n Z /

k=T—10log A
)LT—IOlog)L
~ (n—k+1)/2
3 1;—1 (3/5) .

Since, (3/5)4 < 1/e, we have
T—101log A 00 10log A
. W/3/5
> @R (J3/5)] = V35 1/22.
k=1 j=101log A 1=+3/5

From this the statement of the lemma follows. O

4. The Induction

In this section we present the inductive construction on which the proof of Theorem 1
hinges. Inductively we will obtain fine estimates on longer and longer orbits of “many”
initial points.
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4.1. Basic step. We begin with the basic step. It follows more or less straightforwardly
from the definitions and results in the previous two sections. We recall that I C Ip and
Ao C I} + w; on I the 6-derivative of ¢(0) is > 1.

Lemma 4.1. There is a L1 > 0 such that for all . > \1, the following holds:
@) Ifax € Ao, 00 ¢ 1o U (Ip + w) and xg, yo € C, then, letting N = N (6p; 1),

N-1

[T 1c@)p ol < G/5HN forallk e [0, N —11; 4.1)
i=k

xx € C forallk € [0, N]; and “4.2)

Ixk — Ykl < 3/5)F|x0 — yol, forallk € [1, N1. (4.3)

(ii)g If T is a horizontal line segment I' = (Iyp — Mow) X {x}, where x € C, then
O/ (T) = {6, (0, @) : 0 € I+ w} (o € Ag),
where the function ¢ : (Ip + ®) x Ay — R satisfies

3/10 < 9T (0, a) < 99/100;
|0,90(0, a)| < const(w) and A7 < dop (0, ) < A
forallo € Ij+w,a € A.

Moreover, there is an a € Ay such that
oo, o) =1/2.
(iii)g If ¢ € Ao, 1/100 < x9 < 99/100 and 6y ¢ Io U (Ip + w), then
1/100 < xx <99/100 forall k € [0, N].

Before we prove the above lemma, we comment a bit on the statement. Conditions (i)
and (ii1)o just state that we have good control on iteration outside IoU(Ip+w) fora € Ay.
They follow directly from Lemma 3.2. Condition (ii)o gives a first approximation of
the function ¥ which we want to construct. We iterate the line segment I under the
mapping ®, (@ € Ap). When it comes over Iy + w we have a good control on how it

looks, see Fig. 3. The interesting part is the one over I + . The last statement says
that there is a parameter value o € Ay C Ié + w such that CDgI o+l (") contains the point
(v, 1/2). This point will be mapped to (@ + w, 1) by &, and then to (« + 2w, 0). Recall
that x = 0 is fixed. Inductively we will later (Proposition 4.2 below) get better and better
approximations of W, and make sure that we have this “collision” between W and the

point (¢, 1/2) for a certain value of «.

Proof. We assume that A is sufficiently large. First we verify (i)g. Assume that 6y ¢ IoU
(Ip+w) and x, yo € C.Let N = N(6p; Ip) > 0. Since by, 01, ...,0n_1 ¢ IoU(lp+w),
it follows directly by a repeated application of Lemma 3.2 that

xy € C forallk e [0, N], and |c(Bx)p'(xx)| <3/5 forallk € [0, N — 1].

In particular this gives

N—-1

[T 1c@)p el < 3/9HN* (ke 0. N - 1)).

i=k
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1
Moy+1
(I)a o+ (F)
1/2 \
T
I +w
_ 0
IO M()CU IO +w
Fig. 3. A picture of condition (ii)g
Furthermore, by the mean value theorem
k—1
lxk — yi| = H le(@) p'EDllxo — yol (k =1,2,...,N),

i=0

where &; isbetween x; and y;. Since x;, y; € Cand6; ¢ lhU(lp+w) (i=0,1,...,N —1),
it follows from Lemma 3.2 that |c(8;) p’(&;)| < 3/5. Thus,

Ixk — yel < (3/5)Ixo — yol forall k € [1, N1.

To obtain (ii)g, take any x € C and let x9 = xo(f, @) = x for 6 € Iy — Mpw
and @ € Ag. From the definition of My in (3.1), we have that [Ip U (Iy + )] N UZI&]
(Ip — mw) = ¥ (recall the discussion below the definition of M). Thus it follows from
(4.2)0 in (i)g that x; € C for k = 0, 1, ..., Mp. Furthermore, by Lemma 3.1 we have
18Ok, @), |0gc Ok, )| < 1//Afork =0,1,..., My —1if 6y € Iy — Mow. Thus,
using this fact and (4.1)¢ in (i)g, and noticing that My > 10logA, it follows from
Lemma 3.5 that

|9 Xag s 18001, < 2714, (4.4)

From the fact that xpy, € C and 3/2 < ¢(0) < 4 for all 6, we get
3
3/10 < zp(1/3 — 1/100) < xpy+1 < 4p(1/3+1/100) < 99/100.

To continue, let

Y0, 0) =xp, (0 — Mow, ), 6 € lp,a e Ay; and
00, a) = xpp+1(0 — (Mo + Do, ), 0 €lp+w,ac A

Then, by definition, {r and ¢ are related like

p@,a) =cl@ —w, ) p(¥ (0 —w,a)).
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Differentiating this, we obtain, using the estimates in Lemma 3.1, together with (4.4),
10006, a)| < const and AY7 < g0, @) <A, 6 € lj+w,ac A

Moreover, from Lemma 3.1 we have c(—k‘2/5/2, o) < 2 and c(—2k_2/3, o) > 3 for
all « € Ag. Since xpy, € C, it therefore follows that

(=272 2+ w,a) <1/2—=1/10 and @(—21"* +w,a) > 1/2+1/10
forall @ € Ap.

Thus, for each & € A there mustbe a = 0(a) € [—A‘2/5/2+w, 207 2B v w] = A
(recall the definition of \4p) such that ¢ (0 («), &) = 1/2. Since the mapping Ay > o
0(a) € A clearly is continuous, there must be a fixed point, that is, an & such that
0(a) = . Hence, we have ¢(a, o) = 1/2 for some o € Ajg. This finishes the proof.

It remains to verify (iii)o. Since Oy ¢ IoU(lp+w) (k =0, ..., N—1), (iii)o follows
directly by repeated use of Lemma 3.2. O

4.2. The Inductive Step. Before we state the inductive lemma, we introduce the fol-
lowing notation. Given intervals Iy, I, ..., I,—1 and integers My, My, ..., M,,_1 and
Ko, K1, ..., K,—1, we define

n—1 M;
O =T\ J (I; +mw), ©_; =T\(pU (Ip+w)); and
i=0 m=—M,
n—1 3K;
Gor=J JUi+mw), G1=0.
i=0 m=0

Proposition 4.2. There is a »> > 0 such that the following hold for all & > l>: Assume
that for some n > 0, closed intervals I(’) O I1 D -+ D I, have been constructed, and
integers Mo < My < --- < Myand Ky < K1 < --- < K, have been chosen, satisfying

[Tl = (4/5)541, Ky € [(5/4)4-1/00) 2574y Kem1/60)

fork=1,2,...,n; (4.5)
My € [(5/4)K-1/CD) 2(5/4)K-1/CDY fork =1,2,...,n; and (4.6)
20
U+ @Ky +b)w) € O4t. I, — My C O, 1. 4.7)
k=0

Assume further that a non-empty interval A, = [, , 0] C I, + 0 (C Ij+ w ifn = 0)
has been constructed such that, writing I,, + o = [a,, by ] (16 +w = [ag, bol if n = 0),
there holds

a, —a, > (455 and b, —a} > 4/5%, (4.8)

n

and the following holds:
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Dy Ifa € Ay, 0y € O, and xg, yo € C, then, letting N = N (6o; I,,),

N-1
[T 1c@) @ —2x)1 < 375V DNRD for ik c [0, N — 11 (4.9)
i=k

xr ¢ Candk € [0, N] = 6 € G,,—1; and (4.10)

v =yl < B/ K1k — yol forallk € [1,N]. (@4.11)
(ii)n If T is a horizontal line segment I’ = (I,, — M,w) X {x}, where x € C, then
M) = {0, 90, 0) : 0 € I, + 0} (@ € Ay),
where the function ¢ : (I, + w) x A, — R satisfies

3/10 < (@, o) < 99/100, 4.12)
A7 < dpp (0, @) < A,

bell+w,ac Ay ifn=0
3 t i o . 4.13
|l < const(w) fora [961n+a),oteAn ifn>0 (“.13)
Moreover, there is an a € A, such that
o(a,a) =1/2. (4.14)

(iii), Ifa € A, 1/100 < x9 < 99/100 and 6y ¢ Ip U (Iy + w), then
xr ¢ [1/100,99/100] and k € [0, N(0p; I,)] = 6k € Gp—1.

Then there are non-degenerate closed intervals 1,11 C I, (I1 C Ié ifn =0)and
An+1 C (g1 + w) N Ay, and integers Myy1, K41 such that (4.5-4.8),+1 and
(i —iii)pye1 hold.

Proof. Along the proof, which consists of several parts, we assume that n > 0 is given
and that X is sufficiently large. We stress that A does not depend on n.

By using Lemma 2.5, the length estimates on the I; in (4.5) imply the minimal return
time to Iy is >

Keoiyl/ty
FWGM)AQ 1:=Ni k>1 s

[T/ )V =Ny k=0,

Thus, the M} and K have been chosen to be approximately /Ny and N kl / 4, respectively.
This implies, in particular, that

n ) (+mw)y=0 forallk=0,1,....n. (4.16)
0<|m|<10My
By condition (4.7),,, combined with (4.16), we have that
I, — M,w) NG, = 0. 4.17)

Moreover, since I, C Iy (k =0,1,...,n—1)and (I —w) N Ufnli‘o(lk +mw) =0
(k=0,1,...,n), we have

I —w)NG, =0. (4.18)
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Defining Ap+1 and I,41. Take x, y € C and let ¢, ¢ be the corresponding functions
given by (ii),, thatis, letI'y = (I, — M) x {x} and I'; = (I, — M,,w) x {y}, and let
@; be defined by ®M»*1(T";) = (6, ¢; (A, «)). Then they satisfy (4.12-4.13),,. Moreover,

2
lo1 — @2 < E<3/5>Mﬂ/2. (4.19)

Indeed, by (4.7), we have I,, — M,w C ©®,_1, and from (4.16) it follows that if
0o € I, — Myw, then N (6y; I,,) = M,,. Thus, taking 6y € I,, — M, and xq, yo € C, we
obtain from (i), that

1
lxa, — ym,| < 3/5)M/2|xg — yo| < %(3/5)1”"/2-

Since xp,+1 = () p(xp,) and yu,+1 = ¢(@n) p(¥m,)> 3/2 < c(Oy,) < 4, and since
|p’(x)] < 1in [0, 1], we have that

2
X1 — YMpa1] < E(S/S)M”/z.

By recalling the definition of ¢ 7, this gives (4.19).

Next, by (4.14),, there are a1, ap € A, such that ¢; (o;, ;) = 1/2 (i = 1,2). By
letting g; (@) = ¢; (0, 0), for example, an easy computation, using the above estimates
on @;, shows that |a; — an| < (3/5)M"/2.

Summing up, since x, y € C were arbitrarily chosen, the above calculation shows
that there exists a closed interval A,.; C A,, of length < (3/5)M»/2, with the following
properties: for any x € C, with corresponding function ¢ (we use (ii);), there is an
o € Apy1 such that o(o, @) = 1/2.

We now define 7,41 by

Lt + @ = [, — 4/5)57 /2,0, +@/5)% /2],

n+l
where we use the notation A, = [«,,, a,,]. Since A,41 C A,, we have that
- - + +
o, = Oyl < %y = oy s

where A, = [«,, , & ]. Denoting the endpoints in 1,41 + ® as an+] = A — (4/5)K" /2

and by =, + (4/5)K”/2, and [, + o = [ay, b,] (16 +w = [ag, bg]l if n = 0), it
follows from (4.8),, that
nat —an =, —ay — 4/5)5 )2 > 0y —a, — 47552 >0
and
bu = byt = by — (@ + 4/5)57/2) = by — oy — (4/5)%7/2 > 0.
Thus
L C 1, (I) C Ijifn =0).

Below we will choose the integer K, 41 to be of the size (5/4) Kn/(D) thatis K41 >
K. Using this fact, the above definitions yields

Uy — et = (4/5)57/2 > (4/5) %
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and, since of, | — o, < (3/5)Mn/2,
bust — i =y + @552 —af > @582 — (3/5)M/2 5 (45K,

n+l

This shows that (4.8),,.1 holds, once we have defined K, of the above mentioned size.
To continue, we note that since the length of A1 is < (3/ 5)Mn /2. we have

Livi + D [ — 4/5)% /314 o+ (475K 104 forall o € Apyr.
By Lemma 3.1 we therefore have
c(O,a) <41 — (4/5)*Kn) forall 6 € (Io + w)\(Ins1 + @), & € Apy1. (4.20)

Choosing M,+1 and K,41. For each j € [0, n], let N ; be the positive integer given by
Lemma 2.5 when it is applied to / = 31;. Here 31, is the interval with the same center
as I}, but three times longer. By the estimates in (4.16), we have

Ny = &SR], elinl Np=[w 6.
By this choice we have

Gipn |J Glj+mw)=0, jelo,n].

0<\m|§N_;
Since M is of size . /N ; one easily checks that the following holds for each j € [0, n]:
Given any integer ¢t € Z, there are at most 4M; + 1 integers pin [, + N }] such that

2M;

Uj+po)n | Uj+me) #0.
m=—2Mj

Thus, in the interval [¢,  + N, ] there are at most
s =@M, + 1)+ @M,_ + )([N,,/N,_ ]+ D +--- (4Mo + ([N, /Ng] + 1)

integers p such that

n 2M;
(In+pw)ﬂU U (I} +mw) # 0.
j=0m=—2M;

Since

N/ N/ M, M,
s <1000 My + My —"—+---+ Mo—+ =100N,,(—:’+~~—?)<<N,2
N, N N, N

by the estimates on My and Ni, there must be a p € [¢, f + N, ] such that

n 2M;

(I, + pw) N U U (I +mw) =9,

j=0 m=72Mj
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and thus
20 n M;
U+ p+oo)n ) | Uj+mw)=0.
k=0 Jj=0m=—M;

Consequently, letting r = (5/4)%»/4%) and noticing that (5/4)K»/37) N, ,we can find
an integer K41 in the interval [(5/4)%/47) 2(5/4)Kn/47)] such that the first condition
in (4.7),, holds. Similarly we can find an integer M,,,1 in [(5/4)Mn/CD) 2(5/4)Mn/(27)]

such that the second condition in (4.7),, holds.

Verifying (i)p+1. Assume that « € A,41 C A,, 6p € ©, C ©,,_1 and xg, yp € C, and
let N = N (6o; In+1). We need to prove that

N—1
[T e —2x)1 < (3/5)1/2H/2"HWN=K) forall k e [0, N —1];  (4.21)
i=k

xr ¢ Candk € [0, N] = 6 € G,; and 4.22)
bee — il < (3/5)W2H/2" Dk 0 ol forall k € [1, N]. (4.23)

We denote by (4.21)[T']-(4.23)[T'] the three above conditions when N is replaced by an
integer T > 0, respectively. We shall inductively prove that (4.21)[N]-(4.23)[N] hold.

From the assumption that 6y € ®,, it immediately follows from (4.16) that N > M,,.
LetO <51 <52 <--- <5, = N be the times k € [0, N] when 6 € I,,. Note that we
could have r = 1. We have the estimates (recall (4.15))

s1 > M,; and
sj—s8j—1 >N, forj=23,...,r 4.24)

From (i),, which holds by assumption, we automatically get that the weaker conditions
(4.21)[s51]—(4.23)[s1] hold. If r = 1 we are done. If not, assume that we have shown that
(4.21)[5;1-(4.23)[s7] hold for some I, 1 <[ < r. Since s; > M,, and since (4.17) holds,
it follows from (4.22)[s;] that

Xg—m, € C. (4.25)

Recall that 65, y, € I, — M,w. Thus, from (ii), we get that 3/10 < x541 < 99/100.
Since (4.20) holds, it now follows from Lemma 3.4 that thereisat,2 <t < 2K, — 7,
such that x4, € [1/100, 99/100]. We now prove that x50k, € [1/100, 99/100].

If t =2 ort = 3, then, since 05,4 € I, +tw and (I, +tw) N (Jo U (Ip + w)) = ¥
(t =2,3), we can use (iii), to get

Xoak & [1/100,99/100] and k € [£, 5141 — 511 = Oyax € Gu_1.

Since (1, +2K,w) N G,—1 = ¥ by (4.7), we must have that x,, 42k, € [1/100, 99/100].

If t > 3, assume that  was chosen as small as possible, i.e., assume that xy4x ¢
[1/100,99/100] for k = 2,3,...,¢t — 1. Then we must have x5 < 1/100 for
k=3,4,...,t =11t 6y ¢ IpU (Ip + w) we can use (iii),, as above, and obtain
Xg42k, € [1/100,99/100]. If 654, € Ip U ({p + w), then we use Lemma 3.3 to get
Xg+142 € [1/100, 99/100]. Since 05,4142 ¢ Io U (1o + @), we can proceed as above, i.e.,
apply (iii), to the point (Os+r+2, Xs+142)-
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Thus, we know that x40k, € [1/100, 99/100]. Since (4.7),, holds, so in particular we
have 0,12k, , - - -, O542K,+20 ¢ IoU(lp+w), it follows from Lemma 3.2 that x, 42k, +20 €
C. Now we know, again using (4.7),, that 65,.12k,+20 € ®,_1. Therefore we can apply
(i) to the point (05,42k,+20, X5+2k,+20) and deduce (recall the definition of s;41)

T le@) (1 = 2x)] < (3/5) /212000
forall k € [s; + 2K, + 20, 5141 — 1]; (4.26)
xx ¢ Cand k € [s; + 2K, + 20, 5141] = 6k € G,,—1; and 4.27)

n+l e _
Ixp — yr| < (3/5)1/2H/2T k=0 =2Ka=20) |y o e 190 — V42K, 420]
forallk € [s; + 2K, +20 + 1, s741]. (4.28)

During the passage from k = s+ 1 to k = s; + 2K, + 20 we could have had x; ¢ C,
but for k € [s; + 1, 51 + 2K, +20] we have 6 € (J2X?°(1, + mw) C G,,. Combining
this with (4.22)[s;] and (4.27) gives (4.22)[s7+41]-

To continue, we notice that |c(0)| <4 (0 € T) and |1 —2x| < 1 for x € [0, 1]. Thus
we always have the trivial estimates

s1+2K,+19
[T 1e@) —2x)| <47+2Kn#207K 0k < g 42K, +19;  and
i—k (4.29)
gk — Yokl <41xg — g1, k> 0.

To show that (4.21)[s74+1] holds, it follows from (4.21)[s;] and (4.26) that it is enough
to prove that

sie1—1
H lc@) (1 — 2x;)| < (3/5) V212" 61m=0) for all k € [s7, 51+ 2K, + 19].
i=k

Take k € [s;, s + 2K, + 19]. By the above estimates we have

si+1—1 s1+2K,+19 si+1—1
[T le@ra—2xpi="[] le@rad—2xnl [ le@)1 —2x)]
i=k i=k i=s;+2K,+20

<491¥2K 420k (3 /5)(1/2+1 /2" (51401 —81 2K, —20)
<3 /5)(1 /2412 (5101 —s51 =2 K, —20) =3 (5;+2 K , +20—k)
In the last inequality we used the fact that (5/3)° > 4. Denoting the above exponent by

z(k), we have to show that z(k) > w(k) := (1/2+1/2"*2)(s;41 — k). Subtracting, using
2K, +20 < 3K,, and the fact that the worst case is when k = s;, we obtain

2(k) — w(k) > (si41 — 51)/(2"2) — 12K,,.

By (4.24), and the estimates on N,, and K, in (4.15), it is clear that this is positive.
It remains to verify (4.23)[s;41]. Since 05,—p, € 1, — M0 C ©,_1, and since (4.25)
holds, we can apply (i), to the point (6,—, , Xs5,—m,) and obtain the estimate

n+1
lxg — vl < 3/3)2HZT0Mu vy — Vo—m, . (4.30)
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Applying the estimate (4.29) for k € [1, 2K, + 20], we have, again using the fact that
(5/3)° > 4,
n+l1 _
gk — gkl < B/3)AVZIOMH 0 — g, .
Now we note that

((1/2+1/2"YM, — 3k) — (1/2+1/2"2) (M, + k)
=M, /2"? — 4k > M,/2"? — 12K, > 0
by the estimates on K, and M,,. Thus,
| < G/S) DMy,
k e[l,2K, +20]. 4.31)

|~xs[+k — YVsi+k

Combining this estimate with (4.23)[s;] and (4.28) now yields (4.23)[s;4+1]-
Verifying (ii)p+1. Take x € C and let I' = (I;41 — My1w) X {x}. Let ¢ : (In41 + @) X
Ans1 — R be defined such that ®M=+1+1(I") = {(0, (0, @) : 6 € I,41 + )} for fixed
o € Al’l+1'

Fix ¢ € Ay41, and let (6p, xg) be a point on T, that is, 6y € I,+1 — M1 and
xo = x € C. Wenote that N (0y; I,+1) = Mp41.Since 1,41 — Mpyy10 C Oy, by (4.7)p41,
we can apply (i),+1 and get

171 @) (1 = 2x)| < (3/5) NV kD2
for all k € [0, M,4; — 1]; and 4.32)
xp ¢ Cand k € [0, My11] = 6k € Gy (4.33)

The latter, together with (4.17), implies that xy,,, —m, € C, because Op1,,,—m, € Ins1 —
M,w C I, — M,w. Moreover, (4.18) and (4.33) imply that xy,,,—1 € C, and since
OM, -1 € Lny1 — o C T\(Ip U (Jp + w)), it follows from Lemma 3.2 that xy7,+1 € C.
Thus

oM =Mu(1y < (1,41 — M,w) x C and (4.34)
(DM)HI(F) C In X C (435)

Note that (4.12),,+1 now follows from (ii), and (4.34).
Next, if we think of xo = x¢(0, «) = x € C,where6 € I,,,1 —M,,ijwanda € A1,
it follows from (4.32) and Lemma 3.5 that

100 1,01+ 100 Xpt | < 2714 (4.36)

Indeed, if 6y € 1,41 — Mpp1w, then Oy, € I, C Iy and hence Oy, —x ¢ Io U ({o + @)
for (atleast) k = 1,2, ..., My, and thus |dgc(Opm,,,—k, )| < l/ﬁ for k € [1, My] by
Lemma 3.2. Since My > 101log A, the use of Lemma 3.5 is possible. By proceeding as
in the proof of the basic step, Lemma 4.1, making use of the estimates (4.35) and (4.36),
we get (4.13),41.

It remains to check (4.14),,41. From (ii),, we know thatif A, = (I, — M, w) x {y},
y € C,then @M1 (A ) = {(0, ¢ (0, y) : 0 € I, +w)}, where ¢ : (I, +®) x Ay, x C
satisfy

10p¢p] > A7 and |946| < const(w). (4.37)
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Moreover, for every y € C there is an a(y) € A, such that ¢ (x(y), (y), y) = 1/2. By
(4.37) it is clear that it is unique. By the definition of A,,,; above, we have a(y) € A,41.
If we let ¥ (o, y) = ¢ (o, @, ¥) for @ € Ap41 and y € C, and use the estimates (4.37), it
follows from the implicit function theorem that the function C 3 y — «a(y) € A, is
(at least) continuous.

Consider now the curve A : (a¢(y) — (M, + Dw, y),y € C. We know that a(y) €
Ap+1 C Iyl + o, so A divides the box (1,41 — M, @) x C into two pieces. Since (4.34)
holds, the curve ®¥»+1~M» (") must intersect A. By construction we have ®Mr+1 (o (y) —
(M, + Dw,y) =1/2if y € C and @ = «a(y). This gives (4.14),41.

Verifying (iii),+1. Assume that xg € [1/100,99/100] and 69 ¢ Ip U (Ip + w), and let
N = N(0o; I,+1). We need to prove that

x¢ ¢ [1/100,99/100] and k € [0, N]1=> 6 € G,. (4.38)

Let (4.38)[T'] denote the above condition with N replacedby 7 > 0.Let0 < 51 < 52 <
.-+ < s, = N be the times k € [0, N] when 6 € I,.

From (iii), we get (4.38)[s1]. Assume now that (4.38)[s;] holds for some 0 </ < r.
Since (4.18) holds, we get from (4.38)[s;] that x;,—1 € [1/100, 99/100]. Since (4.20)
holds, it therefore follows from Lemma 3.4 that thereisa k, 3 < k < 2K,, — 7, such that
Xg+k € [1/100,99/100]. Proceeding exactly as in the verification of (i),+1 above, we
get that x40k, € [1/100,99/100]. Note that we could have x4 ¢ [1/100,99/100]
for k € [0,2K, — 1]. For such k we have 04 € Ufnli”o(ln + mw) C Gjp. Since
05,42k, € In + 2K, and since (1, + 2K,) N (Io U (Ip + )) = ¥ by (4.7),,, we can apply
(iii), to the point (6y42k, , Xs+2k, ) and get

xr ¢ [1/100,99/100] and k € [s;+ 2K, si+1] = 60k € Gp—1.

Summing up, this shows that (iii),+1 holds.
This finishes the proof of Proposition 4.2. O

5. Proof of Main Theorem

We now have all the pieces needed for the proof of the Main Theorem. The proof will
consist of several lemmas. We begin by defining the main objects.

From now on we assume that A > max{Aj, A2} is sufficiently large so that the
(finitely many) conditions below hold true. By using Lemma 4.1 and Proposition 4.2 we
inductively get a nested sequence of closed intervals /; > I D I, D ... and integers
My < M) < My <...,Ky < K1 < Ky < ... satisfying the estimates (4.5-4.6),, for
n =1,2,3,.... Moreover, we get closed non-degenerate intervals A9 > A; D Ay D
... such that

ANy +@) D Ay n=0,1,2,..., 5.1

and (i — iii), in Proposition 4.2 hold for all n.
Let 6. € T be the unique point such that

() 1o = (6.}.

n>0
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We now fix the parameter « € T as

ﬂ A, = {a}.

This is the o appearing in the statement of the Main Theorem; we have “fine tuned it on
infinitely many scales”. Note that by (5.1) we have

o =0,+w.

From now on « is fixed like this. In the rest of the paper we are going to verify that the
mapping ¥, (with the above «) has the required properties.

We define
oo M;
®oo = ﬂ ®n :T\U U(Ii+ma))_
n=0 i=0 —M;
Since
QMo + D)[Iy| < 321140 =177
and

QM+ D|Ix| < 5(5/4)K—1/CD 45801 f > 1,

and since T > 1, it follows that |©4| > 0. In fact, |©| — |T| = 1 as A — o0. Recall
the extreme growth of the numbers K. We also let

o 3K;
Goo=JGu=J | i + mo).
n=>0 i=0m=0

By definition we have (recall that K; < M for all j)
Goo NBOx = 1.

Next we let

O =({0 €T:0 — kw € O for infinitely many k > 0}
N{0 € T:0 +kw € O for infinitely many k£ > 0})
\({O; +kw : k € Z} U {kw : k € Z}).

Since |O4| > 0, it follows by ergodicity (0 — 6 + w is ergodic) that |©*| = 1, i.e., it
has full Lebesgue measure. By definition ®* is invariant under rotation by w:

0"+ w= 0%
The next two lemmas are direct consequences of the definition of ©*.
Lemma 5.1. If 6y € ©* and xo € (0, 1), then x; € (0, 1) forall k > 0.

Proof. Recall that c(f) = 4 only for 8 = 0, «. Since o = 6, + w, it thus follows from
the definition of ®* that ¢(0) = 3/2+(5/2) f(0) € (3/2,4) forall 6 € ®*. This clearly
implies that if x € (0, 1), then c(@)p(x) € (0,1). O



SNA's in the Quasi-Periodic Quadratic Family 157

Lemma 5.2. [f 0y € @, then sup,,~o N (6o; I) = 0.
Proof. If sup,~o N(0o; I) = N < 0o, then Oy € (,9 In = {6c}. O

Using this lemma, together with (iii), in Proposition 4.2, which holds for each n, and
recalling that & € A, for all n, we get the following

Lemma 5.3. If xg € [1/100, 99/100] and 6y € ©*\(Ip U (Iy + w)), then
x; ¢ [1/100,99/100] and k>0 = 6; € Go.
Furthermore, by (i),, which holds for each n, we get

Lemma 5.4. If 0y € Oy and xo, yo € C, then

lxk — vkl < (3/5)%%1x0 — yol forallk > 0; and
xp ¢ Candk >0 = 6 € Go.

The next lemma shows that any point (6, x) € ©* x (0, 1) “ends up well” after a finite
time.

Lemma 5.5. [f 6y € O* and xo € (0, 1), then there is at > 0 such that 6; € Oy and
X € C.

Proof. From Lemma 5.1 we know that x; € (0, 1) for all k > 0. We first show that there
isans > 0 such that x; € [1/100,99/100] and 65 ¢ Iy U (Ip + w). There are two cases.

If xo ¢ [1/100,99/100], let ¢ > O be the smallest integer such that x, € [1/100,
99/100]. Such a g clearly exists since x; € (0, 1) for all ¥k > 0 and since Lemma 2.4
holds. If 6, ¢ IoU (Ip +w) we are done. If 6, € Iy U (Ip +w), then 0442 ¢ Ip U (Jo + w).
Moreover, since x,—1 € (0, 1/100) U (99/100, 1), it follows from Lemma 3.3 that
Xg+2 € [1/100, 99/100].

If xo € [1/100,99/100] and 6y € Iy U (Ip + w), then 6, ¢ Iy U (Ip + w). If
x3 € [1/100, 99/100] we are done. Otherwise we proceed as in the previous case.

We have thus shown that there is a s > 0 such that x; € [1/100,99/100] and
xs ¢ Ip U (lg + w). From Lemma 5.3, applied to the point (6, x,), we hence get

xr ¢ [1/100,99/100] and k> 5 = 6f € Go. (5.2)

Let r > s be such that 6, € © — 20w (this is possible by the definition of ®*). Since
(Ooo — 20w) N G = ¥ (see the definitions of Oy, and G above), it follows from
(5.2) that x, € [1/100, 99/100]. Moreover, since (Ox — jw) N (1o U (Iy + w)) = @ for
J € [0, 20], it follows from Lemma 3.2 that x,4+20 € C. Thus, letting t = r + 20 finishes
the proof. O

‘We now show that we have control on the contraction.

Lemma 5.6. If 6y € ©* and xq, yo € (0, 1), then
|xx — yk| < const.(6p, xo, yo)(3/5)"/2|x0 — yol| forallk > 0.

Furthermore,

0x

| = const.(0y, x0)(3/5)%? forall k > 0.
X0
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Proof. From Lemma 5.5 we get integers s, > 0 such that §; € O, x; € C, and
0; € O, y; € C. Moreover, from Lemma 5.4 we get the following:

xp ¢ Candk >s = 6 € Go,
¢ Candk >t = 6 € Go.

Combining this gives us an r > max{s, ¢} such that x,, y. € C and 6, € ®. Thus we
can apply Lemma 5.3 and get

Ixe — vkl < 3/5)* 2 x, — y.| forallk > r.

To get the second statement, we see that (we think of x4 as a function of x,: xx = xx(x;)
k>r)

0Xy i X (xp +h) — xp(x)
1m

h—0 h

<@/ ks,

Xy
by Lemma 5.4, since x, € C. This finishes the proof. O

In the following lemma we construct the measurable function ¥ mentioned in the
Main Theorem.

Lemma 5.7. There is a measurable function ¥ : ©* — (0, 1) such that y (6) = c(6 —
w)p(Y (@ — w)) forall 6 € OF.

Proof. Let ¥,(0) = m (®"(0 — nw, 1/100)). From this we have v, (0) = c(@ —
®)p(Y,—1(0 — w)). We are going to show that 1, (8) converges to a number 1 (0) as
n — oo for all & € ®*. Then the function v is measurable, since the functions v, are
all continuous. Moreover, it is invariant:

¥(0) = lim 4,(0) = lim c(0 —@)p(Yn-1(0 — @) = c(® — ) p(Y (0 — ).

We are thus left with the proof of the convergence.
Fix 0y € ®*. Lett > 0 be a big integer such that

O_t+m € Os form € [0, 20]. (5.3)
Applying Lemma 5.4 to all the points in {6_;120} x C implies that

&' "20(0_1420, C) C {60} x Ji, (5.4)

where J; is an interval of length < (3/5)¢—20)/2,

Next, take any n > ¢ + 1 and let x_, = 1/100. This choice of x_, implies that
Vn(60) = xo.

If6_, ¢ IoU (Ip + w), it follows from Lemma 5.3 (applied to the point (6_,,, x_,))
that

xr ¢ [1/100,99/100] and k > —n = 6 € Goo.

Since G N O = ¥, we must have that x_, € [1/100, 99/100].

Ifo6_, € IpU (Ip +w), then since x_,, = 1/100 we get x_,,4» € [1/100, 99/100] (the
same computation as in the proof of Lemma 3.3). In the same way as above we hence
get that x_; € [1/100, 99/100].
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We thus know that x_; € [1/100, 99/100], and by Lemma 3.2 and (5.3) we get that
0_1+20 € O and x_;420 € C. Therefore (5.4) implies that xg € J;. This shows that

¥ (B0) — Ym (0)| < 1J:] < (35202 forallm,n > ¢ + 1.

Since ¢ can be chosen arbitrarily large, we have hence shown that v, (6p) is a Cauchy
sequence, and thus there is a ¥ (6p) such that v, (689) — ¥ (6p) asn — co. 0O

It remains to prove that the function W is not continuous. That will be guaranteed by
the following lemma.

Lemma 5.8. There exists aset O C O of full Lebesgue measure such that the following
holds. If 6y € ©F and xo € (0, 1), then inf~¢ x; = 0.

Proof. We begin by proving the following statement. For any scale n > 0 there holds
0o € I, — Mywand xg € C = xp,43 < |I,| = (4/5)%n-1, (5.5)

To prove this we use (ii), in Proposition 4.2, which holds for each n. Before we start,
recall that o was fixed as {«} = (),,~¢ Ax. Fixn > 0 and take 6y € I, — M o, x9 € C.
Moreover, let I' = (I, — M) x {xo} be a horizontal line segment. By applying (ii),
we get

Mty = {0, 900) : 0 € I + ) (a € Ay),

where ¢ : (I, + w) x A, — (3/10,99/100) satisfies 1'/7 < |dpp| < A% and |d,¢| <
const. Moreover, there is an o, € A, C I, +  such that ¢(«,, ;) = 1/2. This implies
that

lp(6, ) —1/2| = |90, a) — (o, )
< x2|9 — oyl + constla — ay,| forallf € I, + w.

Since o, oy € A, C I, + w and since xp1,+1 = @(Om,+1, @), it thus follows that
a1 — 1/2] < 2|1

From the definition of ¢, we get a constant ¢; > 0 such that c(0) > 4 — c1A (0 — a)? for
all 0 sufficiently close to « (see the proof of Lemma 3.1). Since 6,41, @ € I, + w, we
have [0y,+1 — | < |I,,|. Moreover, p can be written p(x) = 1/4 — (x — 1/2)2. Thus

XMy+2 = COm 1) pae1) > (4 — et L (/4 = 281113 > 1 — |1,]/4.

This in turn shows that

XM,+3 = C(Om,+2) p(Xpg,+2) < 4p(L = [1n]/4) = 4p(|1,]/4) < ||

Next we prove that the set (1, — M, w) N G has a positive measure for each n. Here
G¢, = T\ G . From (4.17) we have that (I, — M, ) N G, = ¥, and by definition

oo 3K,'

Goo =G, U U U(Ii+ma)).

i=n+1 m=0
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From the estimates in (4.5), it follows that

oo
I > > GKi+ DL,

i=n+l

This shows that [(1, — M,w) N G| > 0.

We now define O7 to be the set of € ®* such that for each n > 0, there are infinitely
many k > 0 such that 6 + kw € (I, — M,w) N G, . By ergodicity it is clear that this set
has full Lebesgue measure.

To continue, take 0y € @T and xo € (0, 1). Lemma 5.5 gives us a > 0 such that
0; € O and x; € C. Therefore we can apply Lemma 5.4 and get

xp ¢ Candk >t = O € Go. (5.6)

By the definition of @’f, we have that for each scale n > 0, there is a k, > ¢ such
Ok, € (I — Myw) N GS,. By (5.6) we must thus have x;, € C, that is, we have
Ok, € 1, — M, and x;,, € C. Applying (5.5) to each point (6, , Xk, ) finishes the proof.
O
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