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Abstract: We evaluate the path integral of the Poisson sigma model on the sphere and
study the correlators of quantum observables. We argue that for the path integral to be
well-defined the corresponding Poisson structure should be unimodular. The construc-
tion of the finite dimensional BV theory is presented and we argue that it is responsible
for the leading semiclassical contribution. For a (twisted) generalized Kéhler manifold
we discuss the gauge fixed action for the Poisson sigma model. Using the localization
we prove that for the holomorphic Poisson structure the semiclassical result for the
correlators is indeed the full quantum result.

1. Introduction

The Poisson sigma model (PSM), introduced in [24,43], is a topological two-dimen-
sional field theory with target a Poisson manifold M, whose Poisson tensor we will
denote by « throughout. Recently PSM has attracted a lot of attention due to its role in
the deformation quantization [6]. In particular the star product is given by a semiclassical
expansion of the path integral of the PSM over the disk. In the present paper we study
the PSM defined over the sphere.

Let us start with a brief reminder of PSM. Take ¥ to be a two-dimensional oriented
compact manifold without boundary. The starting point is the classical action functional
S defined on the space of vector bundle morphisms X: TS — T*M from the tangent
bundle T X to the cotangent bundle 7*M of the Poisson manifold M. Such a map X is
given by its base map X : ¥ — M and the linear map 7 between fibers, which may also
be regarded as a section in I'(2, Hom(T X, X*(T*M))). The pairing { , ) between the
cotangent and tangent space at each point of M induces a pairing between the differen-
tial forms on X with values in the pull-backs X*(7*M) and X*(T M) respectively. It is
defined as pairing of the values and the exterior product of differential forms. Then the
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action functional § of the theory is

1
S(X. ) = /2“7’ ax)+ 3 (n, @ o Xon). (L)

Here 1 and dX are viewed as one-forms on X with the values in the pull-back of the
cotangent and tangent bundles of M correspondingly. Thus, in local coordinates, we can
rewrite the action (1.1) as follows:

1
S(X, n):/ r;u/\dX“+§a“”(X)nMAn,,. (1.2)
D
The variation of the action gives rise to the following equations of motion:
1
dn, + E(Bpa’“’)nﬂ Ay =0, dX*+a"*'n, =0. (1.3)

In covariant language these equations are equivalent to the statement that the bundle mor-
phism X is a Lie algebroid morphism from 7'% (with standard Lie algebroid structure)
to T*M (with Lie algebroid structure canonically induced by the Poisson structure). The
action (1.2) is invariant under the infinitesimal gauge transformations

SﬁXM =o' By, Sgnu = —dBy — (8uavp)nv,3pa (1.4)

which form a closed algebra only on-shell (i.e., modulo the equations of motion (1.3)).

In order to quantize the PSM we have to resolve the Batalin—Vilkovisky (BV) for-
malism [3] which we will review later. In what follows we will concentrate mainly on
the case when the world-sheet X is the two-sphere S2. Our goal is to calculate a leading
term for PSM correlators on S%. We will argue that the notion of unimodularity appears
naturally in the construction of the correlators. Indeed our construction is very similar to
the one presented in [41] and is a generalization of the correlators for A- and B-models
(see [23] for review). It is not surprising since the notion of generalized Calabi-Yau
manifold given in [20] is a complex version of the notion of unimodularity of a Lie
algebroid. In particular the unimodularity of the Poisson manifold is a real analog of the
generalized Calabi-Yau condition. Previously in a different context the path integral for
PSM and related models was also discussed in [4,19,32].

In the second part of the paper we consider a particular gauge fixing which involves
a choice of an (almost) complex structure. The whole setup is realized on (twisted)
generalized Kihler manifolds. For these gauge fixed models there exists aresidual BRST
symmetry which allows to use the localization. Thus we are able to produce examples
where the leading term is a full answer for the quantum theory.

The paper is organized as follows. In Sect. 2 we review basic concepts of BV formal-
ism. Section 3 is devoted to overview of BV treatment of PSM. In particular we discuss
the classical observables. In Sect. 4 we consider the truncation of the full BV theory to a
finite dimensional BV theory which is responsible for the leading semiclassical contri-
bution in the correlators. We discuss this finite dimensional BV theory in detail. In this
context the unimodularity of the Poisson manifold arises naturally from the quantum
master equation. In Sect. 5 the specific gauge fixing is discussed. Indeed the geometrical
set-up we are using is the same as for the N = 2 supersymmetric PSM [5]. We work out
the details of gauge fixing and discuss the residual BRST transformations of the gauge
fixed action and present the calculations of the correlators for the gauge fixed model.
Finally Sect. 6 summarizes the results and discusses open issues.
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In addition we have Appendices A and B where the relevant mathematical material
is collected. The material presented there is not entirely original and furthermore we
could not find appropriate references with all material. Many of the results presented
in the Appendices are scattered throughout the literature. Moreover we would like to
link two different languages used by different communities. In particular the notion of
generalized Calabi-Yau manifold introduced by Hitchin [20] is related to the notion of
unimodularity for a complex Lie algebroid.

Throughout the paper we use the language of graded manifolds which are superman-
ifolds with a Z-refinement of Z;-grading, e.g. see [42] for the review.

2. Review of BV Formalism

In this section we briefly review the relevant concepts within the general BV framework.
For further details the reader may consult the following reviews [8,13,18].

Definition 1. A graded algebra A with an odd bracket {, } is called an odd Poisson
algebra (Gerstenhaber algebra) if the bracket satisfies

(f, g} = —(=D)IFHDUskD o py
{f g, hY) = {{f, g}, b} + (=) DU 1o 1o £ gy,
{f, gh} = {f, g}h+ (=) I#DIglgr £ py,

Quite often such an odd Poisson bracket is called either a Gerstenhaber bracket or an
antibracket.

Definition 2. A Gerstenhaber algebra (A, {, }) together with an odd R-linear map
A A— A,

which squares to zero A*> = 0 and generates the bracket {, } as

(f.g) = =DVIA(f9) + =DV Af)g - f(Ag),
is called a BV-algebra. A is called an odd Laplace operator (odd Laplacian).

The canonical example of BV algebra is given by the space of functions on W @ [TW*,
where W is a superspace, W* is its dual and IT stands for the reversed parity functor.
W @ ITW* is equipped with an odd non-degenerate pairing. Let y* be the coordinates
on W (the fields) and y be the corresponding coordinates on ITW* (the antifields). We
denote the parity of y¢ as (—1)"¥*! and that of y* as (—=1)%! = (=1)»**!. Then the
odd Laplacian is defined as follows:

| 0 9

A = (—1)ha : 2.5
T 2.5)
It generates the canonical antibracket on C*°(W @ [TW*),
ENE ENl
(frgh= (P =Sy bt 28 2.6)

dyy aye aye Ay}’
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where we use the notation _8>vf = 0, f and (B_Uf = (—1)|”||f|8,,f. Indeed the bracket
(2.6) is non degenerate and defines the canonical odd symplectic structure on W @ ITW*.

A Lagrangian submanifold £ C¢ W @ I[IW* is an isotropic supermanifold of maxi-
mal dimension. The volume form dy' .. .dy"d ¥ ...dy; induces a well defined volume
form on L. Thus the integral

/ fo feC®(Weolw" (2.7)
L

is defined for any L. The following is the main theorem of BV-formalism.

Theorem 3. If Af = 0, then |, ¢ | depends only on the homology class of L. Moreover
fﬁ Af = 0 for any Lagrangian L.

The canonical example W @ ITW* can be generalized to the cotangent bundle
T*[—1]M of any graded manifold M [44]. As a cotangent bundle, T*[—1]M is natu-
rally equipped with an odd Poisson bracket that makes C°°(7*[—1].M) a Gerstenhaber
algebra according to Definiton 1. The idea is that locally one can map T*[—1]M to
W @ TTW*, define the bracket on coordinates with (2.6) and then glue the patches in a
consistent manner.

Now in order to define the odd Laplacian A we need an integration over 7*[—1] M.
Namely, the choice of a volume form v on M produces the corresponding volume form
Wy on T*[—1]M. The divergence operator is defined as a map from the vector fields on
T*[—1]M to C*°(T*[—1]M) through the following integral relation

/ X(f) o = —/ divy, X f o, Vf € C¥(TH[-1IM), (2.8)
T*[—1IM T*[~1IM

with X being a vector field. As one can easily check, for any function f and vector field
X the divergence satisfies

divy, (fX) = fdiv,, (X) + (=DVXx (f). (2.9)

Now the odd Laplacian of f € C*°(T*[—1]M) is defined through the divergence
of the corresponding Hamiltonian vector field as

(=D

Ayf div, Xy, {f. g} =Xyr(2). (2.10)

Indeed one can check that thanks to (2.9) A, generates the bracket and A% = 0. Thus
C®(T*[—1]M) is a BV-algebra according to Definition 2, see [29] for the explicit
calculations. If the volume form is written in terms of an even density p, as

[y = ppdy' - --dy"dy} - - dy},

then the Laplacian can be written as

d
A, = (_l)lya\_

1
37 3y 31020 ) 2.11)
a
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There exists a canonical way (up to a sign) of restricting a volume form w, on
T*[—1]M to a volume form on a Lagrangian submanifold £. We denote such restric-
tion as ./, and consider the integrals of the form

/Lﬂf,fGCW(T*[—HM)- (2.12)

Thus Theorem 3 will remain true for the general case. In particular we are interested in
the situation when the integrands in (2.12) are of the form

/ ity Wb = (), (2.13)
L

where we assume naturally that A,(WeS) = 0. If ¥ = 1 then we get the following
relation:

1
A, (es) =0 > A,S+5(S.5)=0. (2.14)
which is known as the quantum master equation. In the general case we have
A, (\IIeS) =0 & Apsy¥ =AW +{S, ¥} =0, (2.15)

where we refer to A, ) as the quantum Laplacian. In the derivation of (2.15) we
have used the quantum master equation (2.14). A function § that satisfies the quantum
master equation is called a quantum BV action and W satisfying (2.15) is a quantum
observable. Indeed the quantum observables are elements of the cohomology H (A, 5));
by the above construction it is clear that S defines the isomorphism

H*(A) ~ H*(Aw.s)). (2.16)

If we change S to S/h, we see that in the classical limit (A — 0) S must satisfy
the classical master equation {S, S} = 0 and the classical observables W are such that
Spy ¥ = {S, U} = 0. Due to the classical master equation the vector field d gy squares
to zero and defines the cohomology H (6py) of classical observables.

If M is a finite dimensional manifold then everything is well-defined. However in
field theory one deals with M being infinite dimensional. In fact, M is usually the space
of the physical fields, ghosts and Lagrange multipliers, that is infinite dimensional. We
extend this set of fields by adding antifields such that together they form 7*[—1]M,
where an odd Poisson bracket is well-defined on a large enough class of functions, as
described above. However there are no well-defined measure on M and thus there are
no well-defined odd Laplace operators. In the physics literature, the naive Laplacian
of the form (2.6) is used. Moreover the field theory suffers from the problems with
renormalization which can be resolved within the perturbative setup.

3. BV Formalism for PSM

The quantization of PSM requires the machinery of the BV formalism. In this section
we set the notation and give a background information on the BV treatment of PSM. We
mainly review the relevant results from from [6] and [7]. Furthermore we discuss the
classical observables.
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3.1. BVaction. The PSM action (1.2) has gauge symmetries which do not close off-shell.
Therefore one should resort to the BV formalism. We may organize the fields, ghosts
and antifields into superfields (X, ) which correspond to the components of supermap
T[1]1X — T*[1]M. Introducing the local coordinates on ¥ and M the superfields read
as

1 "
X = XF 4 9% — Ee“eﬂﬁaﬂ ,

1
M, = By + 0% oy + Eeaeﬁxgﬁ#,

with 6 being the odd coordinate on [17 X, «, B are labels for local coordinates on ¥
and p are labels for local coordinates on M. In the expansion S is a ghost with the
ghost number 1, while n*, 8* and X* are antifields of ghost number —1, —2 and —1
respectively. The full BV action reads

1
Spy = / d*0d’u (nMDX“ + Ea““(X)nMnu), G.17)

where D = 6%9,. An elegant way to derive this action is to use the AKSZ formalism
[1] as done in [7]. On T*[—1]M the odd symplectic structure is

a):/ (8X ASX*+8n AST* +8 A SBY), (3.18)
X

where M is an infinite dimensional manifold corresponding to the fields (X, n, B).
The action (3.17) satisfies both classical and naive quantum master equations [6]. The
corresponding BRST operator §py acts on the superfields as follows:

SBVX“ = DX* +05MV(X))1U, (319)

1
SBV”;L = Dnu+§8MaW’(X)r]vnp. (320)

In component the BV action (3.17) has the form
1
Spy = /z e ANdX* + E“W(X)nu ANy + X;oz’“’(X),Bv —ntH

1
A (d.Bu + 3ua””(X)npﬁu) - EIBJruauapv(X),Bp,Bv

1
—Zn“‘ AN*0,0,a” (X)BpBs. (3.21)

The component version of the BV transformations (3.19)—(3.20) is

Spv X = o™ (X)By, (3.22)
Spyn™ = —dX" — o’ (X)ny — ™ (X)n* By, (3.23)

1
Sgy B = —dn™ — " (X)XT + §3u3pa’” O™ An*’ Bo

+3,0"” (XN Ay + 30 (X) BT B, (3.24)
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1
SpvBu = Eauavp(x)ﬂvﬁpv (3.25)
1
(SBVU;L = _dﬂu - 8;LOle(X)77U,Bp - Eauauapg (X)77+v:3pﬂaa (3.26)
1
Spv X, = dny + 8,0 (X)X} Bp — 8,000 (X)n™ A 1pfs + EBM(XW’(X)nV ATlp

1 1
_Zauavapaar(x)n+u N 77+p/3<7,3r - Eauavapg (X)ﬁ”ﬁpﬁg, (3.27)

3.2. Classical observables. Next we consider the classical observables for PSM. By an
observable we mean a BRST invariant operator which is not BRST exact.

Let us take the antisymmetric multivector field w € I'(A?T M) and construct the
superfield wH!-#» (X)n,,, ... My, Using (3.19)—(3.20) we calculate the BRST transfor-
mation of this superfield

Sy (wht-try, cly,) = D(wHt-try, ..

—%([a, wlg)Hor (3.28)

Mg Mpey -+ My,

The last term on the right-hand side vanishes if d; pw = [o, w]; = 0. Moreover we
do not want the superfield w#!-#ry,  ...7 up t0 be BRST exact. Thus we have to take

w to be an element in the Lichnerowicz-Poisson cohomoogy H; , (M). Now assuming
[w] € H} p (M), we caninterpret (3.28) in components. The superfield has the expansion

.-
wht=tey, ooy

1 _2
1, = 0f +6%(00 o + E6v0‘9ﬁ(0§ )af

on which the BRST differential gy acts as
—1 1 _2
gy (whi=try, oy, ) =8pv Oy — 6%y (O] o + 59“9'353\/(05 Jap-

The operator D = 69, acts on the component fields as the de Rham differential. Thus
for [w] € H} (M) the condition (3.28) implies the descent equations for the compo-
nents

SpvOL =0, sgyol™' =—dol, sgvol > =dol". (3.29)

More explicitly for a nontrivial element [w] € H f p (M) we can formally define the
cocycles

Of (w) = wh=FrB, .. By, (3.30)
-1

O™ (w) = dpw" = Frn*P By o By, + pwF ey By By, (3.31)
D) 1

oy " (w) = —Eapaaw““"ﬂpn“’ AN Buy oo B, — dpwtt P BT By

+ +
=Pt A By - By, + PP X By - B,

+p(p — Dw™ P A, Bus o By (3.32)
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where in Ol.p - (w) the upper index stands for the ghost number and the lower index for

the degree of the differential form on X. Qf’ i (w) satisfy ( 3.29) and thus Oé’ (w) are
BRST-invariant local observables labeled by the elements of the Lichnerowicz-Poisson

cohomology H; p(M). From in “"(w) with i > 0 we can construct BRST-invariant
non-local observables as integrals

W(w, c) = / oF " (w), (3.33)

i

where ¢; is an i-cycle on X. These observables depend only on the homology class of
¢;. The antibracket {, } of two non-local observables

(W, 2), Wi, )} = -W(w, Als, ) (3.34)

gets mapped into the Schouten bracket between the multivector fields [6].

3.3. General comments on the path integral. The main task is to calculate the correlation
functions of observables which can be represented as the path integral expression

(W(wi, ciy) ... W(wp, c;,)) =/ DXDy W(wy,ciy) ... W(wy, ci,) e%SBV. (3.35)
L

For this integral to make sense at least perturbatively we have to integrate not over the
whole functional space but over the “Lagrangian” submanifold £. The choice of L is
called the gauge fixing and it is typically generated by a gauge fixing fermion W. The
path integral (3.35) is invariant under the deformations of the Lagrangian submanifold
L.

However due to the absence of any well-defined measure on the space of fields we
cannot treat this integral non-perturbatively. Despite this difficulty we can address and
even sometimes solve it completely from the different direction, namely by reducing to
an appropriate finite dimensional problem. We would expect that the correlator (3.35)
has a well-defined expansion in non-negative powers of /4. In particular there will be
a leading term in this expansion which we can evaluate by consistent reduction of the
full theory to a finite dimensional BV theory for which all objects can be defined. This
reduction will produce the leading terms in the correlators. Indeed for some models
these terms correspond to a full quantum result. In Sect. 4 we will consider the finite
dimensional BV theory responsible for leading terms in the correlators on S2.

In Sect. 5 we present the details for a concrete choice of £. The gauge fixed theory
will have residual BRST symmetry which allows us to localize the infinite dimensional
integrals to finite dimensional.

4. The Reduced BV Theory

In this section we consider a consistent truncation of the infinite dimensional BV theory
to a finite dimensional one, that computes the contribution of constant configurations.
We conjecture that this reduced BV theory controls the leading contribution into the path
integral in the limit A — 0.
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This procedure can be considered as a reduction of BV -manifolds and for a Riemann
surface X, of genus g the truncation can be organized in the following fashion. We
define the submanifold C of the whole space of fields by requiring that all fields are
closed forms

dX =0, dB=0, dn=0, dyp* =0, dX*=0, dp*=0.  (4.36)

These equations define a set of first class constraints (the conditions dX* = dB* = 0
are redundant since X* and B* are the top forms), i.e. C is a coisotropic submani-
fold. The gauge transformations generated by the constraints (4.36) shift the field by
an exact form. Therefore the reduced BV space is obtained by going to the cohomol-
ogy of X,. The reduced variables are then defined by the integration of the fields over
all cycles of Xg. Thus zero-forms X and B are constants, and we use the same sym-
bols to indicate the reduced coordinates. For one-forms we choose the basis {c,} in
Hi (%, R)=H 1 (2g, R) and introduce the reduced coordinates

Na :/ n, nz =/ T]+.
Ca Ca

While two-forms X* and 8* are integrated over whole ¥ and give

X+ :/ X+, 13+ =/ ,3+'
28 28

All the BV structure goes to the quotient and defines a finite dimensional BV manifold.
The space H'! (¥¢, R) is symplectic with the structure @ Therefore on the reduced
finite dimensional manifold, the odd symplectic structure (3.18) reads

w = dX"dX} + o dn.dn} + dBudpT. (4.37)

Moreover, the BV action Spy defined in (3.21) when restricted to C depends only on
the reduced variables, i.e. it is a pull-back of a function on the reduced manifold. We
use the same notation Sgy for it.

However we are interested in zero genus case, and we leave for future investigations
the case of genus g > 0. In this situation the corresponding finite dimensional BV
manifold is F = T*[—1]T*[1]M, where the odd symplectic structure is written in the
coordinates z = (X", B, X;, BTH) as

® = dX"d X}, + dB.dp*h. (4.38)

The degree of the coordinates is the one induced from the corresponding fields. Under
a coordinate change X i (X*), the new coordinates 7 = (X i Bi, X + ,BTi) are

- - . - oT? .
,Bi — Tiﬂﬂuv /3+1 — TIIUBHJ.’ Xz+ — X;Tlﬂ _ ﬂ+M13va_YJi(T71)J , (439)
where Tl” = 8X“/8)~(i. The BV action (3.21) becomes

1
Spv = X"’ (X) By — Eﬂw%a””(X)ﬂpﬁu, (4.40)
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which obviously satisfies the classical master equation. In the following discussion we
will analyze this finite dimensional BV theory and claim that it gives the leading con-
tribution to PSM correlators. Later using a particular gauge fixing we will confirm this
statement.

In addition to the BV reduction described above we can provide a different heuristic
argument in the support of our construction. The action (4.40) can be understood as
a leading term in the effective BV theory with the “constant” maps as IR degrees of
freedom. The reader may consult [31,40] for the explanation the effective actions within
the BV framework.

4.1. Integration on finite dimensional BV manifold. We start by defining the integra-
tion over F = T*[—1]T*[1]M. This will allow us to define an odd Laplacian which is
necessary for a proper BV description, according to the lines outlined in Sect. 2.
Integration on F can be defined by putting together berezinian integration in the odd
directions of X ;; and f,, and fiberwise integration in the even directions of **. Let us

choose a volume form Q = ..., dX"! - - - d X" = padX"'---dX" on M.

We introduce the volume form pug = ,oé'zDz, where Dz = dX'---dp;---
axy--- dp*! ... is the coordinate volume form. Since under the change of coordinates
(4.39) the coordinate volume form transforms as

9z det(loo — TotI;;'1
Di = BerX Dz, Ber Ioo Zo1 ') _ detUoo — forly; T10)
9z Lo I det I

it is simple to check that ug is well defined. By applying (2.11), we get

A 99 09 Lo }
= - — og pq, —}-
© T 9xyaxr  apr op, gpa

The restriction to F of local and the non-local observables (3.32) associated to multi-
vector fields defines the corresponding observables on the reduced manifold 7. Namely,
to w € I'(APT M) we associate the local observable

Of (w) = w" v, - By (4.41)
and the non-local one
-2
O " (w) = —0,wh Hr PR, - By, + pwtTEP X By B, (442)

It is straightforward to check that they are covariant under the transformation of coordi-
nates (4.39). The antibracket defined by the odd symplectic structure (4.37) between
local and non-local observables can be expressed in terms of the Schouten bracket; let
w € T(APTM), » € T (AT M), then we have that

{022 (w), 0§}y = =0 (w, Aly)
{02 (w), 05200} = =02 (fw, Ay), (4.43)

in analogy with (3.34). The odd Laplacian Ag acts on this observable as follows:

AQOY P (w) = —2(Do) =18, - B = =200 (Dg(w)), (4.44)
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where Dg is the divergence associated to the volume form €2 defined in Appendix A.
The BV -differential also descends to the reduced manifold as gy (F) = {Spvy, F}, for
any F € C®(F).

The action Spy = 1/2 Og (v) defined in ( 4.40) satisfies the quantum master equation
(2.14) if the following holds:

1
AqSpy + E{SBV7 Spv} =0 < Dqa =0, [o,a]l; =0, (4.45)

where [, ]y is the Schouten bracket on multivector fields, see Appendix A for the def-
initions. Thus the classical and quantum master equations have to be satisfied simulta-
neously. The geometrical meaning of the quantum master equation is clear: the volume
form 2 must be invariant under the flow of the hamiltonian vector fields of «. The exis-
tence of such a volume form is equivalent to the unimodularity of the Poisson tensor, see
the discussion in Appendix A. More generally, we may say that the action (4.40) is the
zero order in 7 of the solution of the quantum master equation if and only if « is Poisson
and unimodular'. If Q is not an invariant form then the unimodularity of & implies

Doa = —drp f, (4.46)
for some function f(X). This would correspond to the addition to
Spv +2hf(X).

Equivalently this amounts to the redefinition 2 by "/ €. In what follows we set i = 1.
By applying formulas (4.43), we see that for any w € I'(A®*T M) we have

A©.0)0f (W) =0 < drp(w) =0, (4.47)

and thus the local observable associated to w is a quantum observable iff dp pw = 0.
The non-local observable 05 72(w) will be quantum if the following holds:

) 2
Ag (05’ (w)eSBV) =0 < Agu(0' W) =0
e Dow =0, dpw=0. (4.48)

Moreover, by applying (4.43) we see that local and nonlocal observables form a sub-
complex of the quantum laplacian A (q o) = Agq + dpy. See the next subsection for the
discussion of these observables.

Finally we can evaluate the path integral. We have to choose a Lagrangian submani-
fold £ and the most obvious choice is £ = {X* = 0, 87 = 0}. In order to compensate
the odd integration we have to insert into the path integral the local observables

/ Of (w1) ... Of  (wi) BV = tra(wi A ... A wy), (4.49)
L

where the trace map is defined in Appendix B. This expression is non-zero only if
p1+- -+ pr = d. With this choice of lagrangian submanifold, the nonlocal observables
are identically zero.

We conclude that in the present finite dimensional BV -theory the action (4.40) satis-
fies the quantum master equation if the Poisson tensor « is unimodular. This is equivalent

1 Within the general BV framework it can be shown that the modular class corresponds to the first obstruc-
tion to the existence of a quantum master action [36].
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to the requirement that there exists a trace map trg satisfying two properties in Theorem
9 of Appendix A. In Appendix A we present the mathematical discussion of these prop-
erties. Below we present “physical” derivation of those identities. The first property of
tro from Theorem 9 is a consequence of the quantum master equation for Spy (i.e., the
unimodularity of Poisson structure «). Namely we have the following chain of relations

tra (dep () Ad = (=D"Fw AdLp() = trg (dip(w A1)

- —2/ {557, oM w A 2)} = —2/ Ag (eSBV oy (w A )\)) —0.
L L

This property implies that the trace map tro descends to the Lichnerowicz—Poisson
cohomology H} ,(M). The second property in Theorem 9 is a simple consequence of
the fundamental BV Theorem 3. To be specific for the multivector fields w, A we have
the following relations:

tro (Dg(w) A= (=Dl A DQ(A))

= [ (04" 0w 0}y — =110} w0}~ (Da)

- —2/5 Ag (0} wofe) - ogw'(wm‘;'*zm) =0,

where (4.45) and (4.48) have been used. This property implies that the trace descends
to the cohomology of Dg. The cohomology of Dg on the multivectors H®(Dg) is
isomorphic to the de Rham cohomology Hj,(M).

In the present context it is worthwhile to mention another interesting property of the
trace map 7rg on multivector fields. For the unimodular Poisson structure « there is the
following relation:

e “Dqe* =dip+ Dg, (4.50)

where e“ acts on the multivector field w as
o 1
v =wta AWt - ACAWF---,

and Dge® = 0 is used. The relation (4.50) implies the isomorphism of cohomologies,
H*(dLp + Dg) ~ Hj,(M). Moreover the trace map trg descends to the cohomology
H*(dpp + Dq).

4.2. Maurer-Cartan equation and formal Frobenius manifolds. In this subsection we
comment on the relation between the BV setting described above and the construction
of Frobenius manifolds from BV -manifolds which appeared previously in mathemati-
cal works, in particular in the papers by Barannikov and Kontsevich [2] and by Manin
[38,39]. Our observations have preliminary and speculative character. We plan to come
back to this subject elsewhere.

The BV theory discussed in the previous section can be deformed by adding to
the solution (4.40) of the quantum master equation any observable of ghost number 0.
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Take w(t) € I'(A>T M[[t]]) with ¢ being a formal parameter of degree zero such that
w = w(0). Consider the deformed action

Spy(t) = SBV+%Og(w(t)). 4.51)

Obviously, Spy (¢) satisfies the quantum master equation if and only if o + tw(¢) is an
unimodular Poisson structure with the invariant volume form 2. This is equivalent to
the Maurer—Cartan equation for w(z),

drpw(t) + %[w(t), w(t)]; =0, Dow(t) = 0. (4.52)

At the infinitesimal level this means d; pw = Dow = 0 and thus OS (w) is a quantum
non-local observable. However it is natural to allow the volume form €2 to vary and use
the argument presented around Eq. (4.46). Therefore we can describe the infinitesimal
deformations as follows:

drpw =0, DQw+def=0, (4.53)

with w + f € T(A2TM & AT M), where w corresponds to the deformations of uni-
modular Poisson structure and f to the deformations of the volume form. Egs. (4.53)
can be equivalently rewritten as follows:

(drp+Do)(w+ f) =e¢ *Dqe*(w+ f) =0, (4.54)

where we assume that 2 is an invariant volume form for «. In BV theory the deforma-
tion will be trivial if it is in the image of the quantum Laplacian A(q o). However the
question is to understand the geometrical description of these trivial BV deformations.
For example, the diffeomorphisms give a trivial deformation of the BV theory. Namely
forw = Lga =dpp(§) and f = Dgé& for & € I'(T M) the deformation is trivial,

1 _
5 03w) +205(f) = =A@ 05 ©).
However the formula (4.54) suggests that the deformations is trivial if
w+ [ = (dLp + Do)§ = e *Dq(e“), (4.55)

with & € I'(A®T M), not just simply a vector. One has to show that the corresponding
deformations of the BV theory are trivial. Unfortunately we are unable to do it in all
generality. Nevertheless we give some plausible arguments in its favor and analyze the
problem in special cases.

The linear space of deformations defined as the condition (4.54) modulo the identi-
fication (4.55) would be interpreted as the tangent space to some kind of modular space
of unimodular Poisson structures (if such space exists). The crucial point motivated by
the BV consideration is that the Poisson tensors may be equivalent even if they are
not diffeomorphic. Indeed the equivalence relation (4.55) looks very natural in terms of
the pure spinor description (see Appendix B for the details). The unimodular Poisson
structure can be described in terms of closed pure spinor p = ¢*2. The deformation of
the pure spinor would be given by

sp=(w+f)-p,
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where the finite deformation is e**e/ Q. The property (4.54) implies that d(8p) = 0.
If the deformation satisfies (4.55) then

sp=w+f)-p=—d(E-p),

where we used Theorem 13 in Appendix B. Thus we look at the deformations of closed
pure spinor modulo exact ones which correspond to the subspace of the de Rham coho-
mology group, namely

{lw+ f)-pl € HIg(M), (w+ f) e T(AN*TM & A°TM)},

where we deal with the alternative grading of the differential forms, see Appendix B.
Following standard terminology, we refer to the corresponding space of deformations
of the BV theory modulo the trivial ones as the geometric moduli space.

Let us get back to the BV theory. More generally we want to understand the subspace
of the cohomology of the quantum Laplacian spanned by non-local observables

Hyontoc(A@,0) = {[02(w)] € H(A,0)), w € T(A*TM)}.

In particular we want to understand if it is finite dimensional and moreover related to the
de Rham cohomology H r(M) ~ H(Dg) ~ H(dLp + Dg). We are unable to answer
this question in all generality. However we can analyze two special cases which give a
positive answer.

Let us discuss first the case of the trivial Poisson structure, « = 0. In this case a quan-
tum non-local observable 05’ -2 (w) corresponds to the multivector field w € I'(APT M)

such that Dow = 0. Then we can show that OffZ(DQ V), Dov € APTM, is trivial.
In fact it is always possible to write v = >, f; Do, for some fi € C*(M) and
Ai € T(AP¥2T M). This is obviously equivalent to say that the de Rham differential
finitely generates the module of forms. Then using the basic properties of the antibrack-
et we arrive to

0) 2(Dav) = " 0172 (1fi. Dakily) = — D {05 2(f). 0~ (Dai))

—Ag (Z 0;%( ﬁ)O;_l(DQAi)). (4.56)

Therefore the correspondence w — Of _2(w) defines a surjection from H(Dg) to
Hyonioc (Ag). Thus the corresponding geometrical moduli space is finite dimensional.

Next consider the case of the non-trivial Poisson structure « such that two differentials
(dLp, Dg) satisfy the 90-lemma, i.e.

Imd; p Do = Imd; p N KerDg = Kerdy p N ImDg. 4.57)

The condition (4.57) is satisfied for a large class of symplectic manifolds obeying the
strong Lefschetz property (see [39]). However the d9-lemma does not hold for a generic
Poisson manifold since Hy p(M) is infinite dimensional. One of the consequences of
the 99-lemma is the isomorphism of the cohomologies, Hyp(M) ~ Higr(M). The
extreme example of the failure for this lemma is the trivial Poisson structure. Con-
sider w € T'(APT M) which defines a trivial class in (drp + Dg)-chomology, i.e.
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w = dppép1+ Doéps1, 0 = dppér—1 + Dby for k # p. After straightforward
calculation we arrive at the following relation:

05_2(10) = —2A(Q,0)(02(5p—1) +400(§p—3)) + O02(Dqép11).

Since Dgépy1 € ImDg N Kerdy p = ImDqdy p, there exists v, such that D&y, =
Dqdppvp and O2(Dqépr1) = 2AQ,0) O2(Dgqvp). Thus we conclude that also in this

case the correspondence w — Oé) 72(w) defines a surjective map from the finite dimen-
sional space H/ (M, &) 10 Hyonioc (A(q,«)) Where H ', (M) is defined as follows:

HP (M, ) = {[w- p] € Hig(M), w e T(APTM)).

Motivated by these two examples we conjecture that the space Hyonioc(A@,«))
is finite dimensional. Thus in general the action Spy can be deformed for arbitrary
ghost number, mimicking the construction of Frobenius manifolds of [2] and [38]. Let
{wr € T(APKT M)} define a basis {05k72(wk)} of Hyontoc(A(Q,«)). We introduce the
formal variables {#; } of degree 2 — py and extend the full BV machinery to F @ R[[#]].

Clearly S(t) = Sy +2 4 t 05’ k _2(wk) the quantum master equation solves at the infin-
itesimal level. Interpreting Hy,on10c (A (Q,«)) as the tangent space of the extended moduli
space the main problem is to find a finite deformation, i.e. a solution of the Maurer-Cartan
equation

SpyS(t) + %{S(t), S@)} =0. (4.58)

In [2,38,39] the solution of such an equation is discussed within the BV setup. The main
difference with the setup in [2,38,39] is the requirement of d9-lemma that we want
to avoid because it excludes the non-symplectic cases. Is it possible to solve the Ma-
urer-Cartan equation (4.58) in this context? The dd-lemma provides the isomorphism
between the spaces of the classical and quantum observables. While for the generic
unimodular Poisson manifold, the space of classical observables is infinite dimensional
and the space of quantum observables is expected to be finite dimensional.

5. Gauge Fixing

In this section we perform the gauge fixing by choosing an appropriate Lagrangian
submanifold. In particular we use a complex structure for the gauge fixing.

5.1. Geometrical setup. Letus start from the description of the relevant geometric setup.
It turns out to be very convenient to consider the N = 2 supersymmetric PSM [5].
The existence of the extended supersymmetry for PSM requires a generalized complex
strucrure

J = (i _I;,), (5.59)

such that [R, J] = 0, where

1,1 o
R:(O —ld)' (5.60)
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These conditions can be worked out completely. To be specific L = 0, J is a complex
structure and moreover the (2, 0) + (0, 2) part of «

1
P= z(Ja +alJh), (5.61)

is a holomorphic Poisson structure. If we switch to the complex coordinates with the
labels (i, i) then the (2, 0)-part «*/ is a holomorphic Poisson structure if the following
holds:

ol =0, oyt + @l gk + oMl = 0. (5.62)

Indeed the geometrical setup we will use can be summarized as follows: a Poisson man-
ifold (M, o, J) with a complex structure J such that (2, 0)-part of « is holomorphic.
The fact that (2, 0)-part is Poisson itself follows from this.

It may look at first that the geometry we just described is somewhat exotic. However
that is not the case and this Poisson geometry is always realized on (twisted) generalized
Kéhler manifolds [37,15,21]. The (twisted) generalized Kéhler manifold can be charac-
terized as a bihermitian geometry (g, J+, J—), where J1 are two complex structures and
g is ametric which is hermitian with respect to both complex structures. In addition there
are certain integrability conditions on two-forms g J+. The (twisted) generalized Kéhler
manifold has two real Poisson structures 7o = (Jy £ J_) g_l [37]. Moreover their
(2, 0)-part with respect to J; (or J_) is a holomorphic Poisson structure with respect to
Jy (or JO), [21].

5.2. Gauge fixed action. Let us assume that the Poisson manifold (M, o) admits a com-
plex structure J such that the (2, 0)-part of « is a holomorphic Poisson structure and the
world-sheet ¥ is equipped with a complex structure. We will concentrate our attention
on the case of the two-sphere where the complex structure is unique. Introducing the
complex coordinates on M and ¥ we define the following Lagrangian submanifold in
the space of (anti)fields:

ni=0, n;=0 nf=0 =0 X'=0 p"=0 (563

where (i, i) stand for the complex coordinates on M and (z, 7) are the complex coor-
dinates on X. The odd symplectic structure (3.18) is zero on (5.63). Equivalently we
could write the conditions (5.63) using the projectors constructed out of J and complex
structure on X, in the same fashion as in [47]. Indeed we do not need to assume that
J is integrable, it is enough for J to be an almost complex structure. However in what
follows we are in the geometrical setup described in the previous subsection. In this case
many calculations simplify drastically.
Assuming the gauge (5.63) the gauge fixed action is

Sor =i / o (150X = nz0 X'+ o Ty + 02 0B+ 0 )
b

—n7 (3:; + 050"z B5) — 9;9;0M ]! ”;jﬂkﬂl‘] : 664
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which is just the action (3.21) restricted to ( 5.63). The action (5.64) is invariant under
the following BRST transformations:

sxfza”m+a”@; (5.65)
&ﬁ:aﬁm+aﬁm, (5.66)
st = —9:X" — o' pz; — +k/3 — e By (5.67)
onit = —0.X' —ally ; — oalItF By — ol TR p;, (5.68)
5pi = 3iakf.3kﬂ] + %8iakjﬁk'3j’ (5.69)
365 = ina ef; + sonelT ih, (5.70)
805 = —0:; — d50 g By — " g B — D050 Y By
—%Blaakl $p8 (5.71)

Sz = =0 — 0 e By — i nzk B — 910,05 0t BBy
1
—58,'3 Olkl ﬂﬁkﬂla (5.72)

which are nilpotent only on-shell. The existence of such residual BRST symmetry within
BV formalism is discussed in [18,1].

Next using the gauge fixed action (5.64) we can calculate the path integral explicitly
on the sphere. In particular let us perform the one-loop calculation around the constant
map. We take a classical solution = 0 and X = xp with x( being a constant and the
rest of the fields are zero. Consider the fluctuations around this configuration

X=x0+Xs, n=0+ns, B=0+8y, 17+:0+77}, (5.73)

where naturally by 1 and n* we understand only non-vanishing components (1z;, 1.;)

and (n;i, n;i ) correspondingly. We take the expansion (5.73) and plug it into the gauge
fixed action (5.64) while keeping only up to the quadratic terms in the fluctuations. The
bosonic part of the resulting action can be written schematically as

(D))

where A is a part composed from the Poisson tensor « and D is a first order differential

operator
(9, O
D—(O—@)

While the fermionic part of the corresponding action is written as

n' DB, (5.75)
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with the same D. We can perform easily the gaussian integral over the bosonic (5.74)
and the fermionic parts (5.75). The integration produces the ratio of determinants of D
which is exactly 1. Thus the result of this gaussian integration is just one. However the
integration over zero modes of D will remain. The fields  and n* do not have any zero
modes since there are no (anti)holomorphic 1-forms on the sphere. While 8 have con-
stant zero modes and X does as well. These zero modes give an integration over the finite
dimensional graded manifold 7*[1]M which is defined by choosing a volume form
on M. In order to compensate the odd integration we have to insert the local observables
into the path integral. Thus the final result for the correlators of local observales is

(OF () .... O (wp)) = tra(wi A~ A wg), (5.76)

where the trace map trq is defined in the Appendix and the correlator agrees with (4.49).
Since the number of zero modes for 8 corresponds to the dimensionality of M we have
that the correlator (5.76) is non-zero only if p; + - - - px = d. Moreover if we require
that the correlator is invariant under the BRST symmetry (5.65)—(5.72) then the Poisson
tensor « should be unimodular and €2 is the corresponding invariant volume form. To
prove this we need to remember how BRST symmetry (5.65)—(5.72) acts on the local
observables and the theorem 8 from the Appendix A. Notice that as far as the fields
X and B concern the action of BV symmetry (3.22)—(3.27) and the BRST symmetry
(5.65)—(5.72) is the same. Since the local observables are constructed from X and 8 only
we can apply the discussion of Subsect. 3.2 to the analysis of BRST invariant observables
in the present setup.

We conclude that the present calculation is in complete agreement with our previ-
ous analysis within the finite dimensional BV framework. Although the unimodularity
of « is argued completely differently, now through the BRST invariance of the zero-
mode measure. The answer (5.76) is just the leading contribution into the full quantum
correlator.

Finally we comment when the geometry required for the present gauge fixing is
compatible with the unimodularity. Indeed for a generalized Calabi-Yau manifold the
corresponding Poisson structure is always unimodular [16]. Thus as a possible example,
we may consider the generalized Kihler geometry where one of the generalized complex
structures satisfies a generalized Calabi-Yau condition. Actually the gauge fixing can
be performed for a generalized Calabi-Yau manifold by itself with the use of an almost
generalized complex structure. However we have to stress that unimodularity of Poisson
structure is a real condition and indeed much weaker than the generalized Calabi-Yau
condition.

5.3. Relation to A-model. If we assume that o’/ = 0 and « is invertible, then we are on
the Kihler manifold where w = ~! is the Kihler form and g = —wJ is the hermitian
metric. Due to the fact that « is invertible we can perform the integration over n_; and
nz; in the path integral with the gauge fixed action (5.64). Introducing the following
notation:

W= —iglps, Wi =iglip; wl=—int, yl=—int (5.77)

the result of the integration of 7 is

Sa= / o [0:X 5,0 X7 + vy Vaurd + vl VoyF = Ryl wlyryT ],
(5.78)
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where we adopted the following notation:
N L L R A AR S B T (5.79)

with I" being the Levi—Civita connection and R the corresponding Riemann tensor. The
first term in the action (5.78) can be rewritten as

T . 1 T . ] 5 .
0:X'g;;0.X/ = Ex/ﬁhaﬁaaXlg;jaﬁX] + zeaﬂBaX’ (ig; X!, (5.80)

where the last term is a topological, the pull-back of the Kdhler form w. The BRST
transformations (5.65)-(5.72) become

sXi =i, sX =y, syi=0, sy’ =0, (5.81)
syt =i X'+ T yly!, syt =io X'+ Tty (5.82)

The action (5.78) with the BRST transformations (5.82) corresponds to the topological
sigma model [47] on the Kéhler manifold which corresponds to the A-twistof N = (2, 2)
supersymmetric sigma model [48]. Previously the BV treatment of the A-model has been
discussed in [1]. Here we presented the improved analysis of the relation between the
BV-formulation of PSM and the A-model.

Any symplectic manifold with symplectic structure w is unimodular with the volume
form given by Q = w?/?. Moreover there exists a natural isomorphism between the Lich-
nerowicz—Poisson cohomology and the de Rham cohomology, H} , (M) ~ Hir(M)
which is provided by the symplectic structure w. Therefore the observable corresponding
to a multivector field can be mapped into the observable corresponding to the differential
form through the identification (5.77). Thus the correlator (5.76) can be rewritten as

tro(wi A ... A wg) =/M(t1w1)/\~-~(ttwk), (5.83)

where fw; is a differential form corresponding to a multivector field w; constructed
through the map £ : A*TM — A°T*M defined by the symplectic structure w. Indeed
the correlator (5.83) is the standard one for the A-model and can be interpreted as the
intersection number of the Poincaré dual cycles to fw;. In the full quantum theory the
correlator (5.83) gets corrections from the holomorphic maps on which the theory is
localized. These instanton corrections are related to the Gromov—Witten invariants. This
is well-developed subject, see [23] for a review.

5.4. Zero Poisson structure. As a next example we consider the case of zero Poisson
structure, = 0. In this case the gauge fixed action (5.64) is of the form

Sor =i / o (00X =m0 X+ 0o -0 op ). (584
b
while the BRST transformations (5.65)—(5.72) become

5XI =0, 8XI =0, onf=—0:X, sy =—0.X, (5.85)
8pi =0, op;=0, don;=—0.0, Oonz=—0:p. (5.86)
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Now these transformations are nilpotent off-shell. The action (5.84) is reminiscent of
the action obtained through the infinite volume limit of the A-model [14]. However
our BRST symmetry differs from the one discussed in [14] and thus these are different
theories. As well the action (5.84) with the symmetries (5.85)—(5.86) has appeared in
different context in [52] as a specific gauge fixed version of the “Hitchin sigma model”
[51].

Next we argue that the correlator (5.76) is a full quantum answer for the PSM with
a = 0. We can use the BRST symmetry (5.85)—(5.86) to localize the theory on the
holomorphic maps, 9; X’ = 0. Namely we can add to the action (5.84) the BRST exact
term

—t8/d20 (njg;/E)ng + n;"g,.jazxf) _ t/ o (azxfg;,.azxf + azxig,.jazxf),
X X D) X
(5.87)

where ¢ is any real number and this exact term is positive definite. The addition of this
exact term to the action cannot change the theory and the result is independent from the
parameter ¢. By sending ¢ to infinity the dominant contribution to the path integral will

come from the holomorphic maps, 9: X' = 0 and 9,X i = 0. Moreover we can perform

the integration over i which imposes the conditions 3:X’ = 0 and 3,X’ = 0 which
together with the BRST argument imply that only the constant maps contribute to the
path integrals. Thus in the evaluation of the path integral on the sphere with the insertion
of local observables the only remaining integration is the integration over M and the
corresponding zero modes of B. On the sphere there will be no zero modes for n and n*.

Thus we have proven that for the PSM with zero Poisson structure the leading result
(5.76) for the correlators of local observables is indeed exact. Actually this should not
be a surprise since the Poisson tensor controls /-corrections. In the general action (3.17)
the fields can be rescaled in such way that & appears in front of « only.

5.5. Holomorphic Poisson structure. Another interesting case is when there exists such a
complex structure J that « is a holomorphic Poisson structure. In other words
the (1, 1)-part of « vanishes and thus the gauge fixed action (5.64) is independent of «.
The gauge fixed action for the holomorphic Poisson structure is the same as (5.84) for the
zero Poisson structure. However the Poisson structure enters into the BRST transforma-
tions. For the case of holomorphic Poisson structure the transformations (5.65)—(5.72)
become

sXi = aijﬁj’ (5.88)

5X = alip;, (5.89)

o0t = —0:X' — o nzj — o 2P (590)

o’ = —0.X" — Tn ; — eIt s, G
1 .

oi = 50" BB, (5.92)

86; = = ook B p- (5.93)
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. 1 o

Sn; = —dP; — oo n g By — 53;350!“77;‘?;3;;/3[, (5.94)
1

Snzi = —8:B: — did nzpr — Ea,-asa"ln;?ﬁkﬁl. (5.95)

These transformations are nilpotent 2 = 0 off-shell and the action (5.84) is invariant
under them. Indeed there is not a single BRST transformation but a whole family. In
the transformations (5.88)—(5.95) we can put a complex parameter ¢ € C in front of all

terms containing o’/ and correspondingly 7 in front of terms with &/ . This would define
a complex family of the BRST transformations §, which are nilpotent 8,2 = 0 off-shell
and the action (5.84) is invariant under &;.

We can repeat the argument from the previous subsection. Using the localization with
respect to §, for any ¢ (including zero) and the integration over 1 we arrive at the conclu-
sion that the path integral is localized on the constant maps. Thus again the correlator
(5.76) of local observables is a full quantum result.

The example of holomorphic Poisson structure is provided by the hyperKéhler man-
ifold which admits a holomorphic symplectic structure with respect to the appropriate
complex structure. Therefore the A-model on the hyperKihler manifold can be localized
to constant maps and the semi-classical result is exact. However our results are applica-
ble for the wide class of Poisson holomorphic manifold, e.g. the Del Pezzo surfaces, the
Poisson Fano varieties, C P2, etc. These examples have attracted a lot attention recently,
especially in the context of generalized complex geometry (see [33,16] for the general
discussion and examples [22,17]).

One may observe that the PSM for a holomorphic Poisson manifold has striking sim-
ilarities with the B-model [41] defined for the following generalized complex structure:

(é _O‘Jt ) (5.96)

where o = «?? + ¢©2) s the real part of a holomorphic Poisson structure. However
to define the B-model we need a closed pure spinor

20

p=e" Q

where €2 is a closed holomorphic volume form. Indeed this condition gives the holo-
morphic analog of unimodularity. However for the PSM discussed above we need a real
version of unimodularity of « which is a weaker condition on a real volume form. Thus
the unimodular deformations of holomorphic Poisson structure cannot be mapped to
the corresponding deformations of generalized Calabi-Yau structure corresponding to
(5.96). Therefore for a given geometrical setup the B-model and PSM are two different
models, with different moduli dependence.

6. Conclusions

In this work we have attempted to study the Poisson sigma model beyond the perturba-
tive expansion. The main lesson is that the quantum theory requires the corresponding
Poisson tensor « to be unimodular. We argued this additional property of « in different
ways. In the BV framework the unimodularity is related to the quantum master equation,
which requires additional care in its definition. Moreover for the specific gauge fixing
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we obtained the unimodularity as from the requirement of the BRST invariance of the
zero mode measure.

Alternatively one can provide a different heuristic argument? for the unimodularity
of the Poisson tensor coming from the perturbative analysis as in [6]. In the perturbative
expansion all integrals are absolutely convergent except those containing tadpole dia-
grams. One may try to regularize the tadpoles by point-splitting using the vector field
with no zeros on . However such a vector does not exist on S and thus the tadpoles
should be dealt with differently. Since the tadpoles correspond to the bidifferential oper-
ators involving the divergence of the Poisson tensor then the unimodularity is the way
to eliminate them.

The unimodulary of the Poisson tensor reformulated in terms of pure spinors allows
us to treat the PSM exactly in the same fashion as A- and B-models [23] together with
their generalized complex relatives [25,26,34,41]. Indeed the Poisson structure defines
a real analog of the generalized complex structure and the unimodulary of « is a real
analog of the generalized Calabi-Yau condition. We believe that it is important that all
these models can be treated uniformly and there is an intricate interrelation between all
these models.

There are several open questions we would like to address in the future, in particular
the generalization of the construction of Frobenius manifolds from [2] and [38] for the
case when the dd-lemma fails, as in a generic Poisson case. Also we plan to use further
the localization for PSM along the lines presented in Sect. 5. There is an indication
that the Gromov-Witten story can be generalized for PSM defined over the generalized
Kéhler manifold. Furthermore it would be interesting to develop the present analysis for
PSM for the higher genus surfaces.
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A. The Multivector Calculus

Throughout the Appendices A and B we consider mainly the case of the compact mani-
fold M. This condition can be relaxed if we require the appropriate integrals to be defined
and integration by parts should work without any boundary contributions.

In this Appendix we review the relevant structures on the multivector fields ' (A*T M)
over a smooth manifold M. For further details the reader may consult the textbook by
Vaisman [45].

The Lie bracket on the vector fields can be extended to a bracket on the multivectors.
This bracket is called the Schouten bracket. In local coordinates the multivector fields
P and Q are written as

P = PP, AL Ay,

Q = QMg AL A By,

2 We thank Alberto Cattaneo for sharing this argument with us. Also see [12] for the related discussion and
another interesting work [9] on the relation between the deformation quantization and unimodularity.
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and their Schouten bracket is defined by the following expression:>

[P, Q] = (p pul---up—lpap Qup---quq —q 8pPH1-»-//vp Qp/"/p+l--~ﬂq+p71)
Oy Ao A aﬂw_l. (A.1)

The algebra (I'(A*T M), A, [, 1s) is a Gerstenhaber algebra (see Definition 1).
If further we specify a volume form 2 on M and a closed one-form A then we can
introduce an operator Dgq ;,

Dgq P =divgP +i, P,

where div is a divergence operator defined by €2 and i, is a contraction with one-form
A. In local coordinates with the volume form written as Q = p dx! A --- A dx? the
divergence operator is

1
(divg PY'>1'r = —p=y, (p PM121).
0

Equivalently, in coordinate free notation, the divergence can be written as
divgP = —x'dx P,

where xP = ipS2 provides a map from ['(APT M) to differential forms and d is de
Rham differential.
Assuming that d1 = 0 we have (Dgq, »)2P = 0 and moreover

[P, Qly = (=1)" Do (P A Q)+ (=P (Do P) A Q — P A Do, Q. (A2)

Indeed Dg, , is the most general operator which generates the Schouten bracket [49].
Therefore the algebra (I'(A*T M), A, [, Is, Dg.y) is a BV algebra (see Definition 2).

Definition 4. The bivector a € T'(A*T M) is called a Poisson structure if it satisfies
[ee, ] = 0.
The manifold with such « is called a Poisson manifold.

The Poisson structure defines a Lichnerowicz—Poisson differential dy p on multivector
fields

dipP =[a, Pl;, P eT(ATM).

The corresponding cohomology H; (M) is called the Lichnerowicz—Poisson cohomol-

ogy group.

We assume that M is orientable and thus we can choose a volume form 2. Then we
can study how the Hamiltonian vector fields X y = a(df), f € C°°(M) act on Q. In
particular there exists a vector field ¢q such that

Lx,Q = ¢a()R.

¢q is named the modular vector field. Indeed the vector field ¢ defines a class [¢q] €
H Ll p(M). This class is independent of €2,

1
Ly, (e5Q) = (dm + EdLPg) (e,

and [¢q] is called the Poisson modular class.

3 Our definition differs by the overall factor (—1)1’*l compared to the one in [45].
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Definition 5. A Poisson manifold (M, @) is called unimodular [46] if [¢q] = O. In other
words there exists such S2 that Lx ,$2 = 0 for any Hamiltonian vector field X y. We refer
to such Q as an invariant volume form.

For a Poisson manifold (M, o) we can introduce a (Koszul-)Brylinski differential 65
on the differential forms Q°®(M)

S = igpd — dig,
where i, is a contraction with a Poisson tensor « and d is a de Rham differential [30].

Theorem 6. A Poisson manifold (M, «) is unimodular if and only if there exists a volume
form Q such that §pQ2 = 0 or alternatively Do = 0.

Proof. We use notation Do = Dg . The proof of the theorem follows straightforwardly
from the relation §p 2 = —iy, €2. This relation arises from the definition of the modular
vector field ¢ given above and the following identities:

dix, Q) = —df 82, Ga(FIQ =df AipQ.

Moreover using the definition of Dg the modular vector field can also be defined using
the divergence operator with respect to 2 as Do = —¢gq. For more details and the
related discussion the reader may consult [28,46]. O

Thus we refer to an unimodular Poisson manifold as a triple (M, «, 2), where Q is a
volume form which is closed under the Brylinski differential.

Definition 7. For a manifold M with a volume form 2 we define a trace map over the
multivector fields

trg : T(NPTM) - R

as follows:
trQ(P)Z/ QAIpQ.
M

Theorem 8. For a Poisson manifold (M, o) with a trace map trg the relation
tro(dLpP A Q) = (=)' 1rg(P AdLpQ)
is satisfied if and only if (M, o) is an unimodular and 2 is an invariant volume form.

Proof. To prove this statement we use the formulas from Vaisman’s textbook [45]. The
relation in the theorem is equivalent to the following statement:

/ QAig,mR=0, Wel W TM).
M

For this to hold it would be enough to show that 2 Ai(y, ,w)$2 is an exact d-form. Using
the Lichnerowicz definition of the Schouten bracket (see the formula (1.16) in [45]) we
rewrite

QA ,wR=—QAiwdeQ+ (—D)IIQ A Sp(IwR).
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Assuming that the one-form iw 2 = fdg and using the properties of the Brylinski
differential, we recast the two terms in the above expression as follows:

—QAiwspQ = (-1 Ly, Q.
(=D ASp(fdg) = (=D)Mg. 1 = (—D)Lx, (fQ + (D" fLx Q.

To derive the first relation we have used 6pQ2 = —igp, Q2. If we require that the above
forms are exact for any g and f then the manifold should be unimodular and 2 is an
invariant volume form. Since any one form can be written as the sum of the terms like
fdg we can extend our proof for a generic situation. 0O

We can summarize the relevant properties of an unimodular Poisson manifold in the
following theorem.

Theorem 9. If (M, «, 2) is a unimodular Poisson manifold then (T (A*T M), A, [, Is,
Dq, dp) is a graded differential BV algebra such that

Dqdrp+drpDg = 0.
Moreover there exists a trace map trg such that

tro(drpP A Q) = (=) trq(P AdLpQ),
tro(DoP A Q) = (—1)ptI”Q(P A DgqQ).

Proof. The first part of the theorem has been discussed in [28,49]. We have explained
most of the statements already. The relation between dy p and D, is derived as follows:

DqdrpP = Do (Do(a A P)—a ADqgP)=—Dg(a ADqP) =—drpDqP,

where we use the unimodularity, Do = 0. The property of the trace with respect to
the divergence operator Dg, is valid for any manifold with a volume form and is just a
simple consequence of the Stokes theorem for the differential forms. O

B. Poisson Geometry and Pure Spinors

In this Appendix we reformulate the previous Appendix in a different language. This
allows us to put the whole formalism into the wider context which is related to generalized
geometry on the sum TM @ T*M = T & T* of the tangent and contangent bundles.
Below we review very briefly the notions of generalized complex structure, generalized
Calabi-Yau condition and their real analogs. For more details we refer the reader to the
reviews [15,16,50].

The sum of tangent and cotangent bundles 7' @ 7™ has a natural O(d, d) structure
given by the natural pairing

(V+&,s+X1) = %(ivx + i),

where we adopt the notation (v + &), (s + 1) € ['(T & T™*). We are interested in a real
(complex) Dirac structure which is defined as a maximally isotropic subbundle of T & T*
(or (T & T*) ® C) and this subbundle is involutive with respect to the Courant bracket.
The Dirac structure is an example of the Lie algebroid with the bracket originated from
the restriction of the Courant bracket. In particular we are interested in the case when
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tangent plus cotangent bundles (or its complexification) can be decomposed as a sum of
two real (complex) Dirac structures

TAT* =LpL*, (TOTHRC=L®L"

This decomposition gives us a real (complex) bialgebroid. Furthermore there is the
structure a differential Gerstenhaber algebra [27,35]

(F(/\.L*)’ N, {7 }’ dL),

where {, } is the extension of the Lie bracket from L* to A®L* and d, is the Lie algebroid
differential. In the complex case it is natural to impose an extra condition, namely the
dual space L* is a complex conjugate of L. Thus the corresponding bialgebroid is

T®THRC=L&L.

This special case corresponds to the notion of generalized complex structure [15,20].

Alternatively the Dirac structures can be described by means of the pure spinor lines.
We define the action of a section (v + &) € I'(TM @ T*M) on a differential form
p € D(ANT*M),

w+8)-p=iyp+éAp,
which corresponds to the action of CI(T @ T*) on A*T*. Thus the differential forms

form a natural representation of CI(T & T*). Consider the Dirac structure L and define
a subbundle Uy of A®T* as follows:

L={(v+& eT(T®T", v+&) Uy =0}

We refer to Uy as a pure spinor line. The Dirac structure L induces the alternative grading
on the differential forms
dim M
AT* = P U, U= (ALY - Uy,
k=0

where - stands for the extension of CI(T & T*) action to A°T*. The property that L is
involutive under the Courant bracket is equivalent to the following:

d(I'(Up)) C I'(Uy),

where d is de Rham differential. Indeed we can define a Dirac structure through the
subbundle Uy of A®*T* with the above properties. With respect to the alternative grading
we can decompose the de Rham differential as follows:

d=3+09, T(Ui1) <TU) > T(Ui).

such that 3> = 0 and 3> = 0. We borrow the notation from the generalized complex
geometry and in the present context bar over 9 does not mean complex conjugation.

From now on we assume that the bundle U is trivial and there exists a global section,
a pure spinor form p which defines L completely. The integrability of L is equivalent to
the statement

dp=W+§) - p,

for some section (v + &) € I'(L*). Since for given L the pure spinor p is defined non
uniquely, namely for any f € C*(M) the form e/ p is also a pure spinor. Thus there is
a cohomology class [(v+£)] € H'(d), which is just proportional to the modular class
of the Lie algebroid [11]. Thus we arrive at the following theorem.
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Theorem 10. The Dirac structure L admits the description in terms of closed pure
spinor if and only if the corresponding Uy bundle is trivial and the Lie algebroid L is
unimodular:

Since Uj is a line bundle then its triviality is analyzed differently in the real and com-
plex cases. For instance, in the complex case we have to require the trivial first Chern
class, ¢1(Up) = 0. In the generalized complex case (T & T*) ® C = L & L the ability
to describe L in terms of a closed pure spinor corresponds to the generalized Calabi-
Yau condition, the notion introduced by Hitchin [20]. Thus the generalized Calabi-Yau
condition is equivalent to two requirements, c1(Up) = 0 and the unimodularity of Lie
algebroid L.

From now on we assume that L admits the description in terms of a closed pure
spinor p. For A € T'(A®L*) and a closed pure spinor p there are the following relations:

drA)-p=03(A-p), (DA)-p=203(A-p),

where the last relation can be regarded as the definition of the operator D such that
D? = 0. Indeed D generates the bracket {, } on A®L*. Therefore one can show that
(T(A°L*), A {, 1, D, dy) is adifferential BV-algebra [49,26,34]. In addition the closed
pure spinor provides the isomorphisms of the cohomologies, H*(dy) ~ H*®(d) and
H*(D) ~ H*(9).

There exists an invariant form on spinors which, in the present context, corresponds
to the Mukai pairing of the differential forms

(p,¢) = Z(—l)j(,ozj ANPn—2j+ P2j+1 AN Pp—2j-1),
J
where n = dim M and the forms decomposed by the standard degree p = >’ pi,

¢ = > ¢;. We can introduce the trace map as

trp(A)z/M(p,A-p), A e T(A"LY).

We can summarize these observations in the following theorem:

Theorem 11. For a Lie bialgebroid T & T* = L & L* with L being a Dirac structure
described by the closed pure spinor p,

(C(ALY), A, ), D, dp)
is a differential BV-algebra and there exists a trace map with the following properties:
trp(dLA A B) = (=) A1 (A A dLB),
tro(DA A B) = (—=1)!Altr,(A A DB),
where A, B are sections of A°L*.

Proof. The proof of this theorem is straightforward and the different elements of the
proof are scattered in the literature, see [49,26,34]. Let us sketch the main idea behind
the proof. For any differential form p € I'(A®*T*) and any sections A, B € ['(T & T*),
there is the following identity:

A-B-do=d(A-B-p)+B-d(A-p)—A-d(B-p)+[A,Bl.-p—d(A, B) A p,
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where [, ]. is the Courant bracket and (, ) is the natural pairing on T & T*. If we have
a Lie bialgebroid T & T* = L @ L* with L being a Dirac structure described by the
closed pure spinor p then the above formula implies

d(A-B-p)+B-d(A-p)—A-d(B-p)+{A,B}-p=0,

where now A, B € I'(L*) and {, } is a Lie bracket on L*, which is a restriction of the
Courant bracket to L*. This formula can be extended to the general case when A, B are
sections of definite degree in I'(A®L*). This extension together with the definition

d
dp+D)A-p=d(A-p), AKL* T akelpx akpx B k=tps

allow us to we recover that D generates the bracket on I'(A® L*) and moreover I' (A®L*)
is a differential BV algebra. The properties of the trace map can be proven easily also
using the above properties. 0O

Using this language we now recast the previous definitions in Poisson geometry in a
new language. Let us start from the following theorem.

Theorem 12. The manifold M is a unimodular Poisson manifold if and only there exists
a closed pure spinor of the form

o . 1-2
p=é Q=Q+za9+§za9+-~-,

where o is a bivector and 2 is a volume form.

Proof. If we have a unimodular Poisson manifold (M, o, 2) then we can construct a
pure spinor p = e“<2 which satisfies

1
dp = 55Q+ 65 (i) +-- =0,

since 652 = 0 and 8piy, = i,6p. In the opposite direction we can start from a closed
pure spinor p = €% which defines the following maximally isotropic subbundle of
T®T*:

L =e¢*(T*) = {isa +£ : & € [(TH)).

Since p is closed, L is a Dirac structure and thus « is an Poisson structure. Moreover the
volume 2 would be an invariant volume form with respect to the unimodular Poisson
structure . O

Thus the Poisson structure on M gives the real Lie bialgebroid T @ T* = e*(T*) @ T.
If the Poisson structure is unimodular then there exists a closed pure spinor p = ¢*Q
and I'(A°®T) is a differential BV algebra. Indeed the trace map #rg defined in the pre-
vious appendix coincides with the one defined here, tr,, since only the top form part
contributes in p.

On an unimodular Poisson manifold (M, «, 2) with the pure spinor p = ¢*Q we
can calculate the differentials 0 and 9 associated with the alternative grading on the
differential forms

dim M
AT* = @ (AFT) - e Q.
k=0

Indeed in this case we have d = —8p and @ = d + 8, see the following theorem:
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Theorem 13. For a unimodular Poisson manifold (M, a, Q2) with the closed pure spinor
p = e*Q, the following relations hold:

(DaP)-p=—(d+68p)(P-p),

(drLpP)-p=35p(P-p).
Proof. Letus start from the proof of the first relation. If « = 0 then this is just a definition

of Dq given in the previous appendix. In the general case o # 0 a simple calculation
produces the following formula [10]:

d+8p =e%“de™®,

which together with the definition of Dg, gives the desired relation.
Next we prove the second relation in the theorem. Using the fact that Dg, generates
the Schouten bracket and the manifold is unimodular, Do = 0, we get
(dLpP)-p=(Do@AP)—aADgP)-p
—(d +3B)(igipp) +ia(d +8p)(ipp) = Sp(ipp),

where we used the previously proved relation and the property iyp = dpiy. O

This theorem implies the isomorphism of certain cohomologies. For any Poisson man-
ifold (M, «) there are the following isomorphisms:

Hjx(M) ~ H*(Dg) ~ H*(d +5p).
while for the unimodular Poisson manifold in addition we have

H} p(M) ~ H*(8p).
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