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Abstract: In this paper we prove that, for a C? (non-invertible but non-degenerate) map
on a compact manifold, an invariant measure satisfies an equality relating entropy, fold-
ing entropy and negative Lyapunov exponents if and, under a condition on the Jacobian
of the map, only if the measure has absolutely continuous conditional measures on the
stable manifolds.

1. Introduction

Let M be a connected compact Riemannian manifold without boundary, f : M — M
a C? non-invertible map and  an f-invariant measure. The entropy production e, (f)
of the dynamical system ( f, w) is defined by Ruelle [10] as

en(f) = Fulf) — / log | det Ty f| dy,

where F, (f) := Hy(e | f ~l¢) with € being the partition of M into single points and
it is called the folding entropy of (f, u). Let h, (f) be the (measure-theoretic) entropy
of (f, n) and, for p-a.e. x, let —oo < Aj(x) < A2(x) < -+ < Ap(x)(x) < +00 be the
Lyapunov exponents of f at x with m; (x) denoting the multiplicity of A; (x). Under a set
of conditions on degenerate points of the map, Liu [3] proved the following inequality
conjectured by Ruelle [10]:

hu(f) = Fu(f) —/Zki(X)_mz'(X) du (1.1)
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(where a™ := min{a, 0}). When u satisfies the Pesin entropy formula
) = [ S min) du (1.2)
i
with a* := max{a, 0} (such a measure p is sometimes called an SRB measure), one

obtains the non-negativity of the entropy production since
en(f) = Fu(f) —/IOgIdet Ty fldu

= Fu(f) - / D hil)Tmi(x) dp = hy(f)

() = [ 00 mi) d
> 0. l

In this article, we further investigate the question when e, (f) = 0 or e, (f) > 0. We
show that, when f has no degenerate points, the formula

hu(f) = Fu(f) —/Z)»i(X)_mi(X) du (1.3)

holds if and, under a somewhat restrictive condition on the Jacobian of (f, i), only if u
has absolutely continuous conditional measures on the stable manifolds of (f, ).

This paper is organized in the following way. Section 2 is devoted to the definitions
and statement of the results. The rest of the sections are devoted to the proofs.

2. Definitions and Statement of the Results

Let f : M — M be a C? non-invertible map such that 7, f is non-degenerate at every
x € M (ie.detT, f # 0 atevery x € M), and let  be an invariant measure of f.
Choose a Borel set A such that u(A) =1, fA C A and every point x € A is regular
in the sense of Oseledec, that is, there exist a sequence of subspaces of T, M,

{0} =Wox) CcVilx) C--- C Vr(x)(x) =T:M,

such that

1
lim —log|Ty f"v] = A; (x)
n—+o0o n
forallv e Vi(x)\Vi1(x), 1 <i <r(x).

Setl ={xe A: Aj(x)>0forall ]l <i <r(x)} and A = A\I.For x € I, define
WS(x) = {x}. For x € A, define

1
Wi(x) ={y € M : limsup —logd(f"y, f"x) < 0}
n—+oo N

(log 0 := —o00) and call it the stable manifold of f at x. The arguments in Liu and Qian
[5, Sects. III.1-I11.3] restricted to a deterministic map show that, for u-a.e. x € A, there
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exist a sequence of C!'! embedded k-dimensional discs {W (f ") (k = dim E* (x)
and ES(x) = UA,—(x)<O V;(x)) such that fW(f"x) C W(f"'x) foralln > 0 and

+00
W) = |J £ W,

n=0

Let V¥ (x) denote the arc connected component of W* (x) which contains x. Itisa C L1
immersed submanifold of M.

Let B,,(M) denote the completion of the Borel o-algebra of M with respect to 1 so
that (M, B,.(M), 1) constitutes a Lebesgue space.

Definition 2.1. A measurable partition & of (M, B, (M), ) is said to be subordinate
to the W*-manifolds of (f, n) if for u-a.e. x one has £(x) C W*(x) (§(x) denotes the
element of & which contains x) and &(x) contains an open neighborhood of x in V*(x)
(with respect to the submanifold topology of V*(x)).

Definition 2.2. u is said to have absolutely continuous conditional measures (abbrevi-
ated as accm) on the stable manifolds if for every measurable partition & subordinate
to the W* -manifolds of (f, u) one has for p-a.e. x,

1 < A8
where ui is the conditional measure of u on &(x) and )5, denotes the Lebesgue mea-

sure on W3 (x) induced by its inherited Riemannian structure as a submanifold of M
(A =8 if W (x) = {x}).

Theorem 2.3 (Sufficiency). Let (f, ) be as given at the beginning of Sect. 2. If i has
accm on the stable manifolds, then the equality (1.3) holds true.

Remark 2.4. If f has no negative Lyapunov exponents at jt-a.e. x, one has
hu(f) = Fu(f)~

This follows directly from the inequality (1.1) and the fact that 2, (f) > H, (€| f —ley =
Fu(f).

In order to prove that i having accm on W*-manifolds is necessary for the equality
(1.3), we make further assumptions. Recall now the notion of Jacobian of measure-
preserving transformations (Parry [7]). Let T : (X, A,v) — (Y, B, p) be a measure-
preserving transformation between two probability spaces. Assume that there is a
countable partition of X (v-mod 0) into measurable sets « = {A;} such that for each A;
the map T; := T'|4; : A; — Y is absolutely continuous (with respect to v and p), i.e.,

(1) T; is injective;
(ii) T; A is measurable if A is a measurable subset of A;;
(iii) p(T;A) =0if A C A; is measurable and v(A) = 0.

(i) and (ii) allow us to define a measure vy, on each A; by vr, (A) := p(T; A) for
measurable A C A;. By (iii), vy, < v. Define

dl)T. .
JT(x)=d—’(x) if x € A;.
v
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Clearly the definition of Jr is v-mod 0 independent of the choice of the partition «. J7
is called the Jacobian of T. It is clear that

Jr(x) =1, v—a.e.x. (2.1)

When (X, A, v) and (Y, 3, p) are both Lebesgue spaces and € is the partition of ¥ into
single points, Parry [7, Lemma 10.5] gives a very useful property of the Jacobian

—logv! '€ ({x}) = log Jr(x), v —ae. x. 2.2)

For a C! measure-preserving map g : (M, B(M),v) <> with v(Z) = 0, where
¥ ={x € M :detT,g = 0}, it is always possible to define the Jacobian of g on a
measurable set of full v-measure. In fact, since T, g is non-degenerate for any x € M\ %,
a countable Borel partition « = {A;} of M\ X satisfying (i)—(ii) above clearly exists. Let

F={xeM\X: ¢ “(x}) >0}

Clearly v(I') = 1 and it is easy to check that g|s,nr : A; N I" — M and v satisfy (iii)
for each A; and hence J, is well defined on I". Moreover, if v(X U gX) = 0, then, since
g preserves v, one has for v-a.e. y € M,

1
=1. 2.3
Z Jg(2) (23)

z2:8z=y

We now make an assumption on the Jacobian of f : (M, i) <= which seems rather
restrictive.

(H) There is a Holder continuous function Jy : M — [1, +00) such that

W(fB) = /B IrO) du(y) (2.4)

for any Borel B C M whichis so that f : B — f B is injective.
Assumption (H) clearly implies that (2.3) is true for every y € M. Actually we need the

following weaker conditions.

, . s +oo Jr(f*x)
(H)* For p-a.e. x, Jr(y) is well defined on V*(x), szo 77

bounded away from 0 and +o0o on any given neighborhood of x in V*(x) whose
d®-diameter is finite, where d* is the distance along V* (x); moreover, (2.3) is true
A3 almost everywhere on V*(x).

converges and is

Assumption (H) clearly implies (H)’. The author does not know how often (H)’ is
satisfied, but it is an almost necessary condition for . having accm on the W¥-manifolds
(see Subsect. 4.1). In some particular cases, Jy = [ is constant everywhere, where
[ =#f""{x}forany x € M.

Example 2.5. Let f : M — M be a C' map so that T f is non-degenerate for every
x € M.Let] =#f"{x}) forall x € M. Take xo € M. Let j1; be the probability so that
urz}) = llk for any z € f*{xo}. Let u be any weak limit point of {% ZZ;(I) Wk In>0-
Then p is an f-invariant measure and f : (M, u) <> has constant Jacobian J; = [
which satisfies (2.4).
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Theorem 2.6 (Necessity). Let (f, u) be as given at the beginning of Sect. 2 and assume
(H) or (H)". If (1.3) holds true, then . has accm on the stable manifolds.

Guess 2.7. If p is hyperbolic (thatis, A; (x) # 0,1 < i < r(x) for u-a.e. x), has property
(H) or (H)’ and satisfies both formulae (1.2) and (1.3), then p is absolutely continuous
with respect to the Lebesgue measure on M.

Note that, when  satisfies the Pesin formula (1.2), the entropy productione, () =0
if and only if p satisfies the formula (1.3). Hence, Guess 2.7 implies that, if u is moreover
hyperbolic and satisfies (H) or (H)’, e, (f) = 0 if (see Remark 2.9 below) and only if 1
is absolutely continuous with respect to the Lebesgue measure on M.

Remark 2.8. The referee indicated to the author the following outline of an argument
which hopefully can confirm that Guess 2.7 is true (a rigorous proof is, however, still
lacking). In the natural extension or inverse limit system (f, iu) of (f, 1), 0 has abso-
lutely continuous conditional measures along the unstable manifolds ([8]). On M, the
stable foliation is absolutely continuous. To describe the transverse measure, one should
take a transversal T and project i on T along local stable leaves. By projection from
[, the measure p is an average of the projections from the natural extension of the
conditional measures on unstable manifolds. Each of these projections is an absolutely
continuous measure on the projection of the corresponding unstable manifold, which is
transversal to the stable foliation. By absolute continuity of the stable foliation, these
are carried to T into an absolutely continuous measure on 7. The transversal measure
on T, which is an average of these last ones, is also absolutely continuous. Now, by
Theorem 2.6, the measure 1 has moreover absolutely continuous conditional measures
on the stable manifolds. Pairing with an absolutely continuous measure on transversals
yields an absolutely continuous measure on M.

Remark 2.9. For any C? measure-preserving map f : (M, i) <= (possibly with degen-
erate points), if u is absolutely continuous with respect to the Lebesgue, then u satisfies
both formulae (1.2) and (1.3) and hence e, (f) = 0. In fact, p satisfying (1.2) is proved

in Liu [4]. On the other hand,
d(fx)
Jr(x) = ———|det Ty f|, pn—a.e.x,
! oo T

where ¢ = du/dLeb. By (2.2),

-1
—logul “({x}) =logJr(x), p—ae.x.

By Liu [4], log|det Ty f| € L'(M, ) (this follows from the fact that u <Leb.) and
log ‘p;’)fdy, = 0. Hence

Hy(elf~'e) = / g id ' ()

:/log ¢(;£C);)du+/log|dethf|du

= / D ki) mix) dp+ / D ki) mi) dp,

and thus

Fu(f) - / D ki) Tmi(x) dp = / D hi) mi(x) dp = hy(f).
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3. Proof of Theorem 2.3

By Liu [3], (1.1) holds true for (f, i) since we assume here that f has no degenerate
points. It remains to prove

hu(f) = Fu(f) - / > ki) mix) dp. 3.1)

With a little modification of the sets chosen in Sect. 2, take a Borel set A with
w(A) =1, fA C Aand A = I U A so that, for every x € I, A;(x) > 0 for all i and
W*(x) = {x}, and, for every x € A, A1(x) < 0 and W*(x) = U;ioo "W (f"x). We
may take A so that W¥(x) C A for every x € A.

Lemma 3.1. There exists a measurable partition n of (A, i|a) which has the following
properties:

(1) f_lr] < n (meaning that (f_ln)(x) D n(x) for p-a.e. x € A);
(2) n is subordinate to the W*-manifolds of (f, iu);
(3) for every Borel set B the function

Pp(x) = Ay (n(x) N B)

is measurable and is |1 almost everywhere finite on A.

The proof of this lemma is omitted here since it is almost the same as that of Liu and
Qian [5, Prop. IV.2.1] restricted to the case of a deterministic map.
Property (3) just above allows one to define a o-finite Borel measure A* on A by

M(B) = / A0 N B) dpe

for each Borel B C A. From the assumption of p having accm on W*-manifolds it
follows that < A*. Put

Tdae

By arguments similar to Ledrappier and Strelcyn [1, Prop. 4.1] or [5, Prop. IV.2.2] we
have for p-a.e. x € A,

_du

h=
dis

A5 almost everywhere on 1(x). 3.2)

Let x € A and consider the measure-preserving map between Lebesgue spaces
foo= 1] ) -1 ™ n
x = Jlpx) - ((f7m&x), px ) — m(fx), fo)-

-1
Since T f is non-degenerate at every x € M and u;(f T« A3 and ,u;x < )v}x, we
know that f, admits a Jacobian which, using (3.2), is given by

1 .h(fz)

Jr () = I
wl Ty M@

<[ det(T flEs )]
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-1
for Mf Tae.ze( f -1 n)(x). With a bit of abuse of notations, let € be the partition of

-1
n(x) into single points. By (2.2), for li){ Tae ze (fT M),
—1 -1
—log(u! MY “((z)) = log Iy, (2)

which, by the transitivity of conditional measures, implies that for p-a.e. z € A,

I —1 h
(e = —log ! "(5(2)) +log ,fé ?

-

—log +log | det(T, f|gs(z)l. (3.3)

—1
Since [ —log ! CUz)duz) <1 (torecall, | = # £~ {x} for all x € M), we know
that the left hand of (3.3) is j4-integrable. Since, by Ruelle inequality [11], 4, (f) < +00,

—1
we know that — log M-{ T(n(2)) € L'(w) since Hu(n|f’1n) < hu(f). The last term
in the right side of (3.3) is clearly integrable. Thus

h
/log %du(x) =0.

Taking integration of the two sides of (3.3), we have
—1 —1
/ —logu! “(zhdu = / —loguz "(n(2)dn +/ D ki) mi(2) dp.
A A AT
l

Letting n = € on I, the above equality clearly holds true with A being replaced by /.
Thus

Hu(elfe) = Hu(nlf_ln)+/MZ?»i(z)_mi(z) m
which implies

ml) = Byl s ) = Futh) = [ S hi@mi ) du.

4. Proof of Theorem 2.6

In this section we largely use the strategy of Ledrappier and Young [2] which deals with
unstable manifolds of diffeomorphisms. Our maps under consideration are non-invertible
and unstable manifolds can not be defined for the system f : (M, u) < (but can be
defined for its inverse limit system). We deal with stable manifolds and use the Jacobian
and the inverse limit space.

4.1. Increasing partitions subordinate to W*-manifolds and the necessity. We first
assume that (f, n) is ergodic. Let —00 < A1 < A2 < - -+ < A, < +00 be the Lyapunov
exponents of (f, u) with m; being the multiplicity of A;. If A; > 0, W¥(x) = {x} for
n-a.e. x € M and the conditional measure of © on W¥(x) is §,, Theorem 2.6 is trivial
in this case (cf. Remark 2.4). We will assume that A\; < Oand A <Ay < - <Ay <O
are all the negative exponents.
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Let M = (x=0C(C-,x_1,x0,x1,---) : x; € M, fx; = xj41,1 € Z} be the inverse
limit space of (M, f),m : M — M, x — xp the natural projection, T : M — M the
left shift transformation, and i the unique t-invariant measure such that 71 = u.

Proposition 4.1.1. There exists a measurable partition & of (M, B,,(M), jn) with the
following properties:

(1) f~'& <&, and £ is subordinate to the W*-manifolds of (f, j1);
(2) \/;;o:oo " (wLE) is the partition of M into single points.

This result and its proof are similar to Lemma 3.1 (see [5, Prop. IV.2.1] for details).
We will give an outline of the proof here since it produces certain additional properties of
the partition that will be useful in the next subsection. This is similar to [2, Lemma 3.1.1].
Outline of construction. There is a measurable set S with the following properties:

@ n(S) > 0;

(b) S is the disjoint union of a continuous family of embedded discs { D, } where each
Dy, is an open neighborhood of x, in V* (xy);

(¢c) For u-a.e. x, there is an open neighborhood U, of x in V¥ (x) such that, for each
n > 0, either f"U, NS =W or f"U, C Dy for some a;

(d) Thereis y > 0 such that: i) the d*-diameter of every D, in S is less than y; ii)
if x, y € § are such that y € V%(x) and d*(x, y) > v, then x, y lie on distinct
D,-discs.

Let £ be the partition of M defined by

. Dy  ifx € Dq,
s(x) = M\S ifx¢S.

Then & := §_ = \/ZOZOO f _"é is the partition we desire. O

The partitions whose construction is just outlined have the following alternate char-
acterization: There is a set S satisfying (a)—(d) such that, if o = \/ZOZOO 7S, M\ S},
then, for every x € M,y € &(x) if and only if y € o(x) and &°(f"y, f"x) < y
whenever f"x € S.

Proposition 4.1.2. Let & be a partition given in Proposition 4.1.1. Then

hu(f) = Hy (81 f718).

A discussion of the proof of this proposition will be given in Subsect. 4.2. We first show

HyE1f7'8) = Fu(f) = D aimi = pf <23 for p—ae.x.  (4.1.1)

1

Let D%(x) = |det(Ty f|gs(x))|. Suppose we know that ,ui & AS for p-a.e. x. Then

d Mi = hdA5 p almost everywhere for some function £ (see (3.2)). By Liu [4, Proof of
Claim 2.1], this function must satisfy

1 h(y)

e _
J25¢ (S(x))—lf(y) o)

<[ det(Ty flEs ()]
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for A§-a.e. y € £(x) and hence

o) _ By Jpe) 1det(Ty flgs)l
he) R Tp() 1detT g o)

-1 Jr(f*x) D'(f*y)
s Jr(fy)y D (fha
= Ax, y)

as long as ZE;Q{; — 1l as k — 400 and A(x, y) is well defined. A candidate for # is
then

Ax, y)
Jeoy A AR ()

h(y) = Vy € £(x). (4.1.2)

Also note that the same observation holds if we replace & by f~"& form > 0.

Lemma 4.1.3. Let m > 0. There exists a measurable function h,, : M — (0, +00) such
that for n-a.e. x,

A(x, y)
Jipmeyy A MAAL ()
This lemma follows from our assumption (H) or (H)” in Sect. 2 and the fact that

E*(y) is Lipschitz continuous along each V*(x). The detailed proof is the same as that
of [5, Lemma VI.8.2] and is omitted here.

Vy € (f &) (x). (4.1.3)

hm(y) =

Lemma 4.1.4. For u-a.e. x one has

Jr(x)
A(x, )AL (y) = =
/(fls)u) ! DS (x) Jerx)

Proof. Let yo € &(fx). Since T f is assumed to be non-degenerate at any z € M,
there is an open neighborhood Uy, of yo in M such that f _lUy0 = ngl V., where
zi € f~Yyo) and V., is an open neighborhood of z; so that f; := f|Vz,- 1V, = Uy is
a diffeomorphism. For any Borel set B C Uy, N &(fx), put C; = V,,; N f~'B. Then

A(fx, y)dr%, (). (4.1.4)

/ A(x, 2) dAS(2)
f'B
l
=3 [ awadne
i=1 7 Ci

I
= [ e g o] i )
i=1

/ -1
Ax, f;
=3 [ T
i—1 /B | det( fi_lyflEx(f,-_ly)H
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+00

Jr(ffx)  DACFRET ) 1 :
= . ! . dr® x( )
; /B ,E) LTy T DR ey Y

T7(x) : 1
= — A(fx,y) dX}
D’ (x) /B ; Jr(fy) (o6 3) dps )

_ I
D) Jy

A(fx,y) dry (),

the last equality uses (2.3). Taking a finite cover of £(fx) by open sets of the type of
Uy,, we get (4.1.4). O

Let (M, 7, i) be the inverse limit system of (M, f, u) and set_§ = 771 We
now define a Borel probability v on M by letting v = i on B(§), the o-algebra

é on 5(2) (where x =

(- ,X_1,Xx0,X1,---) € M ) in the following way. For every cylinder set

generated by &, and by introducing a conditional measure ¥

C={3=C-,y-1.00),-)EM: yi €Ay, i=—p,---,=1,0,1,--- g},
let

C={ye(fPOG_p): yeA_p fyeA pu, -, [Ty e Ay
and define

Jo AG—p, y)dry ()
Jirrora ) BG—py) dr_ ()

B (C) =

From Lemma 4.1.4 and its proof we know that for any Borel B C £(fx),

Jrp A YA [y Afx.y) diy, ()
S 160 DG ASG)  feipe ASE Y AR ()

This implies that ﬁé is well defined.
Replacing & with f_(’"_l)s in Lemma 4.1.4, we get form > 1,

s Jrx) - Jr(fm 1)
Alx,y)dr,(y) =
/(fmsxx) (. 3) dd ) Ds(x) -+ DS(f™=1x) Je(pma

AC™x, )dX S ().

(4.1.5)

Lemma 4.1.5. Form > 1,

1 —é mgNc= ==\ _ -
Z/M —log vz ((t"€) (X)) dji(X) = Fu(f) in m;.
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Proof. Put L(x) = fé(xo) A(xo, y) dA3, (y). Then

fé(x,m) AX—m,y) dA’fg_m )
Jirmery AGE=ms ) AR5 ()
_L@™"x) D*(x_p)---D*(x-1)
B L(x) ’ Jr(xzm) - Jp(x_y) :

g (F) 1= D5 ((1"E) (7)) =

+Lot’

Since g, (x) <1and log D* andlog J 7 are u-integrable, we know f log™ =—dp <+00
and hence [log 22" dji = 0. This yields
m m
/ ~log g (%) dft = / D logJy(x—j) di(3) — / D log D' (x—)) dfu(¥)
j=1 j=1

=m |:/ log J ¢ (x) dp(x) —/ log D* (x) du(x)]

=m [Fﬂm - fom,} :
i
This proves the lemma. O

Lemma 4.1.6. 1 H; (t"& | §) = F,(f) — > A, m; implies v = i on B(x"£).

The proof of this lemma is similar to that of [2, Lemma 6.1.3] and is omitted here.
Noting that %H,—L(tmé |€) = 1 aHu & f7"E) = h,(f) and \/m iy T is the partition
of M into single points, we know that v = i1, and hence 7v = m & = w. This completes
the proof of the ergodic case of Theorem 2.6.

In what follows we complete the proof of Theorem 2.6 in the non-ergodic case. The
arguments are similar to [2, Subsect. (6.2)] or [5, Subsect. VI.8.B] and are only outlined.
Given (f, i), by Rokhlin [9], there is a unique («-mod 0) measurable partition ¢ = {C}
of (M, B;,(M), i) such that f_lC = Cforeach C € ¢ and f|c : (C,uc) <« is
ergodic for u;-a.e. C € M/¢, where puc is the conditional measure of © on C and
(M /¢, ) is the factor space of (M, ) with respect to ¢. Suppose

hu(f) = Fu(f) = / > k@) mix) dpe.
Since

h”(f):/M/; hyue (f) dpg (C)

and

Fu(f)— / D hil) Tmi(x) dp = /M . [me - / Y (X)_mi(X)duc} dpe (O,
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by the inequality (1.1), we have
hee ) = Fue () = [ 300 mi()due

for u;-a.e. C. Let & be a measurable partition of M subordinate to the W*-manifolds of
(M, ). Since, by [5, Lemma IV.2.2], £ refines ¢, we have

Wi = (ne)i ifxecC,

and hence /,Li K A5 for p-ae. x.

4.2. Proof of Proposition 4.1.2 in the hyperbolic case. The proof follows largely the
arguments of Ledrappier and Young [2], but we will use the inverse limit space and
some modifications are necessary. A complete proof is quite long and it is in fact more
similar to the arguments in [5, Chap. V] where a version of [2] for random diffeomor-
phisms is presented. In order to avoid similar arguments, we will only present a proof for
the case when ( f, ) is hyperbolic, that s, ( f, n) does not have zero Lyapunov exponent.
Though it is much simpler than that for the general case, such a presentation is sufficient
for the reader to get the full flavor of the necessary modifications of [2] for the complete
proof.

Lyapunov charts. Since T, f is assumed to be non-degenerate for any x € M, there are
00, p1 > 0 such that, for any x € M, fr 1= flB,py) : B(x, p0) — M is a diffeo-
morphism to the image which contains B(fx, p1). Let fx_1 . fB(x, po) = B(x, po)
denote the local inverse.

Assume (f, u) is ergodic and let A1 < A2 < --- < A, be all the Lyapunov exponents
with A; # O for all i. Then there is a Borel set I'g C M with 1 (I'g) = 1 and for each
x € I'g there exists a measurable (in x) splitting

Ty M = E\(X) ® E2(X) @ -+ ® E (X)

such that foreach 1 <i <r,

1
lim —log|D(x,n)v|=2; for0#v e E;j(x),

n—+oon

where D(x, n) = Ty, f" forn > 0and D(%,n) = (Ty, f) Lo -o(Ty_, f)~! forn < 0.

Put E¥(x) = @y, <0Ei (%), E*(X) = ®y,;>0Ei(x), s = dim E*(X), u = dim E¥ (%),
d =dim M.

For (v*, v*) € R® x R¥, define ||(v*, v*)| = max{||v®]|s, [[v*].} where || - ||s and
Il - Il are the usual Euclidean norms on R* and R* respectively. The closed disk in R®
of radius p centered at O is denoted by R*(p) and R(p) := R*(p) x R*(p).

Put A~ = max{ A; : A; < O}and A* = min{ A; : A; > 0}. Let0 < ¢ <
min{—A~/100, A*/100} be given. Then there is a Borel set ' C ' with (") = 1 and
7" = T and there is a measurable function / : I' — [1, +o00) with [(z¥!X) < €fl(X)
such that for each ¥ € I one can define an embedding ®5 : R(/(X)~!) — M with the
following properties:
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i) @;(0) = xg, ToP; takes R*, R* to E*(x), E"(x) respectively.
it) Put f; := _i] o f o ®; and f)-c_1 =01 o fx__ll o @y, defined wherever they

T T’I)E
make sense. Then

| To fzv]l < e* *|jv|| for v € R®
and
ITo fzvll = ¢ =%l for v € RY.
iii) Let L(g) denote the Lipschitz constant of a map g. Then

L(fs—Tofo) <&, L(fi'—Tofih<e
and
L(T. fe) <1(X), L(T.f7") <1(%).

iv) | fzvll < ekl|v|| and ||fi_1v|| < eA||v|| for all v € R(e_)‘_al(i)_l), where
A > 0 is a number depending only on ¢ and the exponents. In particular,
fIRE @™ cRAG D).

v) Forany v, v' € R(I(X)~") we have

K~ ld(@zv, @zv') < v — 0| < 1(@)d(Pzv, Pev)
for some universal constant K > 0.

The proof of the above facts is similar to [2, Appendix] or [5, Proof of Proposition
VIL.3.1] (by replacing w with x) and is omitted here. Any system of local charts {®; :
x € I'} satisfying 1)-v) above will be referred to as (¢, [)-charts.

Let {®; : x € '} be a system of (g, [)-charts and let 0 < § < 1 be a reduction factor.
For x € I" define

S3E) ={z e RUG N 1 @1 o f" o ®iz| < 81(z"%)™", Vn > 0}

X

Then @S5 (x) C V*(xo) for i-a.e. x € I'. And, when § > Ois small, S5 (x) is the graph
of a function hz : R*(81(¥)~1) — R*(81(x)~") with h5(0) = 0 and | Ths|| < 1.

Partitions adapted to Lyapunov charts. A measurable partition P of (M, j1) is said
to be adapted to ({®3}, d) if for p-a.e. x € I' one has 7P~ (x) C CID);Sg (x), where
P_ - \/;ioo T_np.

Lemma 4.2.1. Given {®z} and0 < § < 1, there is a finite entropy partition P of (M, 1)
such that P is adapted to ({3}, §).

Proof. Fix some [y > 0 so that A := {x € " : [(x) < lp} has positive ;i measure.
For x € A, let r(x) be the smallest positive integer k such that %% € A. Define
Y M — (0, +00) by

@) = min{8, po} if x € A,
v = min{8ly 2e= @ | pol if ¥ € A.

Then v is defined 2 almost everywhere and log  is ji-integrable since | Ar@dp = 1.
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Take numbers C > 0 and r9 > 0 such that, for any 0 < r < r¢, there exists a
measurable partition ¢, of M which satisfies

diam o (x) <r forallx e M

1 d
|ty | SC(_) s
r

where |o; | denotes the number of elements of o;-. B
Put U, = {x € M : e~ "D < y/(X) < ¢7"}. Define a partition P of M by requiring
that P > {U, :n >0} and P|y, = {(r~'A: A € a, }|u,, where r, = e~"*D. Clearly

and

diam 7P(X) < ¥(x) foranyx € M,

and, by the fi-integrability of log ¥ one has Hz (P) < +oo (see Mané [6]).

We now check that 7P~ (x) ¢ ®;R(8/(x)~") for ji-ae. X € UnZO T " A. This
clearly implies that 7P~ (x) C ®zS5(x) for ji-ae. x € M. First consider ¥ € A.
By the choice of P, we have 7P~ (x) C nP(x) C B(xo_, ¥ (x)) which is contained
in ®zR(81(¥)~") because I(¥) Y (¥) = I(X) - 81y 2 +® < 51(%)~!. Suppose now
X ¢ A and n > 0 is the smallest positive integer n such that t”x € A. Then

at"PT(xX) C aP”(t"X) C B(x,, ¥ (X))
C Oz R(8I(" %) L= Mo (@0

Now
TP~ (x) C CD);ftjzl 0-+-0 f;{l)_c o .fr_n}%R((Sl(.[n)z)—le—()\.+8)r(‘[n_f))

C CD;R((SI(T”)E)_le_()&g)r(fni)ekn)
C @RI,

since n < r(t"x). This completes the proof. 0O
Proof of H,, (§ | f_lé) = h,(f). Fix arbitrarily « > 0. Given {®z} and 0 < § < 1,
take a finite entropy partition P of (M, fu) such that P refines 7 ~'{S, M\ S} (where S is
the set given in the outline of the proof of Proposition 4.1.1), P is adapted to ({5}, 5)
and hp(t, P) = hp(t) —k = h,(f) — k.
Put
m=&EVP  and =P

(recall that & = 7~'&). Then

hi(T.m) = hi(, P) @.2.1)

and

hi(t,m) = Hy(E | T'8). (4.2.2)
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The equality (4.2.1) is straightforward. The proof of (4.2.2) is similar to [2, Lemma 3.2.1]
and we present it here for completeness.
ha(t, m) = ha(t, EvT"P7)
= HyEVvt"P~ |t g v mthpT)
= HyGE |t 'Ev e " DPpT)y 4 Hy(P™ | e v TP,
where the first term is < Hj (€ | T™'€) and the second term goes to 0 as n — +00 since
T"& goes to the partition of M into single points. On the other hand,

hi(t, m) = hu(x, EVP) = hi(z, &),

since Hj (P) < +o0. This proves (4.2.2).
‘We now show that for sufficiently small § > 0 we have

P (%) =(EVP)EX), p—ae. X, (4.2.3)
which implies
Hu(E|P7)=0. (4.2.4)

In order to prove (4.2.3), it is sufficient to show that, if y € P~ (x), then yp € £(xo). Since
P refines 7 ~!{S, M\ S} and € P~ (%), it suffices to prove that d*( f"yo, f"xo) < y
whenever f"xo € S. This is in fact true for all n > 0 since

d*(f"yo, f"x0) < K - | f£ @7 yo — f1 @7 %0l
<K% oy — o7 x| < K 20107 <y
Then, by (4.2.4), we know that
Hy (& | £7'8) = ha(e, m) = ha(r, m) = hu(f) — «.

Since k > 0 is arbitrary, we get H,, (§ | fle) = hy(f).

Acknowledgement. The author expresses his sincere thanks to the anonymous referee for careful reading of
the manuscript and, in particular, for indicating the arguments in Remark 2.8.
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