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Abstract: We give an answer to a question posed in physics by Cveti¢ et al. [9] and
recently in mathematics by Bryant [3], namely we show that a compact 7-dimensional
manifold equipped with a G-structure with closed fundamental form is Einstein if and
only if the Riemannian holonomy of the induced metric is contained in G». This could
be considered to be a G, analogue of the Goldberg conjecture in almost Kéhler geometry
and was indicated by Cvetic et al. in [9]. The result was generalized by Bryant to closed
G»-structures with too tightly pinched Ricci tensor. We extend it in another direction
proving that a compact G>-manifold with closed fundamental form and divergence-free
Weyl tensor is a Go-manifold with parallel fundamental form. We introduce a second
symmetric Ricci-type tensor and show that Einstein conditions applied to the two Ricci
tensors on a closed Gj-structure again imply that the induced metric has holonomy
group contained in G».

1. Introduction

A 7-dimensional Riemannian manifold is called a G,-manifold if its structure group
reduces to the exceptional Lie group G». The existence of a G-structure is equivalent
to the existence of a non-degenerate three-form on the manifold, sometimes called the
fundamental form of the G,-manifold. From the purely topological point of view, a
7-dimensional paracompact manifold is a G-manifold if and only if it is an oriented
spin manifold [23].

The geometry of G-structures has also attracted much attention from physicists. The
central issue in physics is that connections with holonomy contained in G, plays a role
in string theory [14, 9, 24, 15, 18]. The G;-connections admitting three-form torsion
have been of particular interest.

In[11], Fernandez and Gray divide G,-manifolds into 16 classes according to how the
covariant derivative of the fundamental three-form behaves with respect to its decompo-
sition into G-irreducible components (see also [7]). If the fundamental form is parallel
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with respect to the Levi-Civita connection then the Riemannian holonomy group is
contained in G,, we will say that the Go-manifold or the G;-structure on the manifold
is parallel. In this case the induced metric on the G-manifold is Ricci-flat, a fact first
observed by Bonan [1]. It was shown by Gray [17] (see also [2, 25]) that a G,-manifold
is parallel precisely when the fundamental form is harmonic. The first examples of com-
plete parallel G;-manifolds were constructed by Bryant and Salamon [5, 16]. Compact
examples of parallel G2-manifolds were obtained first by Joyce [19-21] and recently
by Kovalev [22]. Compact parallel G,-manifolds will be referred to as Joyce spaces.
Examples of G;-manifolds in other Ferndndez-Gray classes may be found in [10, 6]. A
central point in our argument is that the Riemannian scalar curvature of a G>-manifold
may be expressed in terms of the fundamental form and its derivatives and furthermore
the scalar curvature carries a definite sign for certain classes of G,-manifolds [13, 3].

In the present paper we are interested in the geometry of closed G,-structures i.e.,
G>-manifolds with closed fundamental form (sometimes these spaces are called almost
G,-manifolds or calibrated G,-manifolds). In the sense of the Ferndndez-Gray classes,
this is complementary to the physicists’ requirement of three-form torsion [12]. Com-
pact examples of closed G,-manifolds were presented by Fernandez [10]. Topological
quantum field theory on closed G;-manifolds were discussed in [24]. Supersymmetric
string solutions on closed G»-manifolds were investigated in [9] where the authors indi-
cated the G,-analogue of the Goldberg conjecture in almost Kihler geometry. Bryant
shows in [3] that if the scalar curvature of a closed G,-structure is non-negative then
the G>-manifold is parallel. The question whether there are closed G»-structures which
are Einstein but not Ricci-flat then naturally arises. We investigate this question in the
compact and in the non-compact cases.

In the first version of the present article [8] we answered negatively to the
G»-version of the Goldberg conjecture, namely, we proved that there are no closed Ein-
stein Gp-structures (other than the parallel ones) on a compact 7-manifold. In [4] Bryant
generalized this non-existence result for closed G;-structures on compact 7-manifold
whose Ricci tensor is too tightly pinched.

In the present article we obtain a non-existence result involving third derivatives of
the fundamental form. Namely, we prove the following

Main Theorem. A compact Go-manifold with closed fundamental form and harmonic
Weyl tensor (divergence-free Weyl tensor) is a Joyce space.

The second Bianchi identity leads to

Corollary 1.1. A compact Gy-manifold with closed fundamental form and harmonic
curvature (divergence-free curvature tensor) is a Joyce space.

Corollary 1.2. A compact Einstein G,-manifold with closed fundamental form is a Joyce
space.

The latter may be considered to be a G, analogue of the Goldberg conjecture in
almost Kéhler geometry (see e.g. [9]).

The representation theory of G, gives rise to a second symmetric Ricci type tensor
on G>-manifolds. Therefore one may consider two complementary Einstein equations.
We find a connection between the two Ricci tensors and show in Theorem 5.7, with
no compactness assumption, that if both Einstein conditions hold simultaneously on a
G>-manifold with closed fundamental form then the fundamental form is parallel.

Our main tool is the canonical connection of a G-structure and its curvature. We will
show that the Ricci tensor of the canonical connection is proportional to the Riemannian
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Ricci tensor. This leads to the corollary that a compact G,-manifold with closed fun-
damental form which is Einstein with respect to the canonical connection is a Joyce
space.

Our main technical tool is an integral formula which holds on any compact G»-
manifold with closed fundamental form. We derive the Main Theorem as a consequence
of a more general result, Theorem 7.1, which shows that the vanishing of the A%-part
of the divergence of the Weyl tensor implies that a closed G»-structure is parallel on a
compact 7-manifold.

2. General Properties of G,-Structures

We recall some notions of G, geometry. Endow R’ with its standard orientation and

inner product. Let ey, ..., e7 be an oriented orthonormal basis which we identify with

the dual basis via the inner product. Write ¢;,;,..; » for the monomial e;; Aej, A--- Ae; -

We shall omit the > -sign understanding summation on any pair of equal indices.
Consider the three-form w on R’ given by

W = e124 + €35 + €346 + €457 + €561 + €72 + €713. 2.1)

The subgroup of GL(7) fixing w is the exceptional Lie group G,. It is a compact,
connected, simply-connected, simple Lie subgroup of SO(7) of dimension 14 [2].
The Hodge star operator supplies the 4-form *w given by
kW = —€3567 — €4671 — €5712 — €6123 — €7234 — €1345 — €2456. (2.2)

We let the expressions

1

@ = CWijkeijk,
1

*W = ﬂwijkleijkl
define the symbols w;jx and w;jx;. We then obtain the following set of formulae:

Wipq®jpg = 03ij,

WipqWjkpg = —4Wijk,
ijpwkip = —wjjki + 8ik8j1 — 818, (2.3)
WijpgWikipg = —2wjjki +4(8ikdj1 — 8i1 1),

Wi jpWkimp = 8ik@jim — 8 jkWiim + 8i1 W jmk — 8j1Wimk + Sim®@jkl — 8 jmWiki-
Definition 2.1. A G-structure on a 7-manifold M is a reduction of the structure group
of the tangent bundle to the exceptional group G,. Equivalently, there exists a nowhere
vanishing differential three-form w on M and local frames of the cotangent bundle with
respect to which w takes the form (2.1). The three-form w is called the fundamental
form of the G,-manifold M [1].

We will say that the pair (M, ) is a G>-manifold with G,-structure (determined
by) w.

Remark 2.2. Alternatively, a G,-structure can be described by the existence of a two-fold
vector cross product P on the tangent spaces of M.

The fundamental form of a G;-manifold determines a metric through g;; = %wi K@ jki-
This is referred to as the metric induced by w. We write V¢ for the associated Levi-Civita
connection, ||.||? for the tensor norm with respect to g. In addition we will freely identify
vectors and co-vectors via the induced metric g.
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Let (M, w) be a Gy-manifold. The action of G, on the tangent space induces an
action of Go on A (M) splitting the exterior algebra into orthogonal subspaces, where
A;‘ corresponds to an /-dimensional G;-irreducible subspace of AX:

A M)y =AL, A2My=Aa A3, APM)=A @A B A3,
where
A3 = {a € A2(M)|x(a A w) = —2a},
A%y = {a € AX(M)|*(a A w) = al,
A3 = {t.w|t € R},
A ={x(BAw)| B e A (M),
Ay ={y e M)y Aw=0, y A sw =0}
The Hodge star * gives an isometry between Af‘ and Az_k .

More generally, V&l ) will denote the G, representation of highest weight (A1, A2)

of dimension d. Note that V(}),O) = A3 = Af is the trivial representation, A} = V(71’0) is

the standard representation of G, on R’, and the adjoint representation is g, = V(%)41) =

A2,. Also note that V(22?0) = A3, = A%, is isomorphic to the space of traceless sym-
metric tensors S(%V7 on V(71 0)°

3. Ricci Tensors on G;-Manifold

Let (M, w) be a G-manifold with fundamental form . Let g be the associated
Riemannian metric;

Rxy =[V8x, V8y]l — V& x 1]

is then the curvature tensor of the Levi-Civita connection V& of the metric g. The Ricci
tensor p is defined as usual as the contraction p;; = Ry;js, Where Ry;js are the compo-
nents

Rsiji := g(R(es, ei)ej, ef)
of the curvature tensor with respect to an orthonormal basis e, .. ., e7.
Definition 3.1. On (M, ) we may define a second symmetric tensor p* by
Pam = Rijriw;jspim. (3.4)
We will call the p* the x-Ricci tensor of the G,-manifold.

The two Ricci tensors have common trace in the following sense. Lets = trg p = p;;
be the scalar curvature and let the trace of p* be denoted by s* = trg p* = pf;.

Proposition 3.2. On a G,-manifold we have s* = —2s.

Proof. Apply (2.3) to the definition of s* and use skew-symmetry of *w and the Bianchi
identity to conclude that R;jxw;ji; = 0. O
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Definition 3.3. We shall use the term x-Einstein for G,-manifold (M, ) when the
traceless part of the x-Ricci tensor vanishes, i.e., when the equation

holds.
We define associated Ricci three-forms by
Ofjk = Rijim@imk + Rjkim@imi + Riitm@imj,
Pijk = PisWsjk ¥ PjsWski + PksWsij-
In terms of the Ricci forms, the Weitzenbock formula for the fundamental form can be
written as follows:

Proposition 3.4. On any G>-manifold the following formula holds:
dSw +8dw = V8 V8w + p + p*. (3.5)

4. Closed G,-Structures

Let (M7, w) be a Go-manifold with closed fundamental form. The two-form Sw then
takes values in Af4 [3]. As a consequence we get

Proposition 4.1. The following formulas are valid on a closed Go-structure:
dwjjwijr =0, Swipwpjk + 8w jpwpii + dwppwpij = 0. 4.6)
O

It is well-known [17] that a G-structure is parallel if and only if it is closed and
co-closed, dw = dw = 0. The two-form §w thus may be interpreted as the deviation of
o from a parallel G,-structure. We are going to find explicit formulae for the covariant
derivatives of the fundamental form of a closed G,-structure in terms of dw and its
derivatives.

Definition 4.2. The canonical connection V of a closed G,-structure may be defined
by the equation
g(VxY,Z) = g(VExY, Z) — éBw(X, ep)w(e, Y, Z) 4.7
forvector fields X, Y, Z.
Using (4.0) it is easy to see that V is a metric G,-connection, i.e., it satisfies
Vo = 0, v g=0.

The torsion T of V is determined by
1
8(T(X,Y),2) = 650)(2, ep)w(e, X, Y).

On a compact G2-manifold the canonical connection may be characterized as the unique
G,-connection of minimal torsion with respect to the L2-norm on M. It may also be
described by the fact that the difference V& — V takes values in A%, the orthogonal
complement of g, C A? with respect to the metric induced by g.

From the properties of the canonical connection and S one derives
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Proposition 4.3. For a closed G-structure the following relations hold:

1
Véiwju = §3wipijkz, (4.8)
1
VEiwjkim = —3 (8w;jwrim — Swirwimj + Swiiwmjk — SWim® k1) (4.9)

and
VE* Ve, =l||3 I?w; _1(5454. + SwinSw; o SWin S Wi W
Wkl 4 Wi~ Wikl 4 Wip0W;jWpkl Wip0WikWplj Wip wlla)pjk)'
(4.10)

O

Applying (4.7) and (4.8) we get that the curvature R of the canonical connection V
is related to the curvature of the Levi-Civita connection by:

- 1 1
Rijxi = Riju + 3 [Vg,'&()jp — ngSwip] wpkl + §8wi‘v8wjpwspkl

1
3 [Swikdwji — Swiidwik] - 4.11)

5. Curvature of Closed G;-Structures

From here on (M, w) will be a Go-manifold with closed G,-structure. We have

Proposition 5.1. The Ricci tensors of a closed Ga-structure (M, w) are given by

1 1
N 1
Pl = d3s g1 + 801;00m; = 5 15012 8. (5.13)

Proof. The Ricci identities for w, o together with (4.8) and (4.9) lead to the following
useful

Lemma 5.2. If w is a closed Go-structure on M’ then
1 1 1 P
PsrWrkl + ERskirwlir - ERslirwkir = _Z (d(swsjp +V Sawjp) Wpjkl
1
+ Eéa)l,ijxja)klp, (5.14)

—Rsijrorkim — Rsikr@jrim — Rsitr@jkrm — Rsimr @ jkir

1
== [(VgitSwsj — V8 8wij) opim — (VEidws — VE8wik) wim; |

1
*+5 [(VEi8ws — VESwir) wmjk — (VEi8wsm — VEs8wim) wjn]
1
~1 [(Swijéia)sp — Swsjéw,-p) Oplklm — (8wik8a)sp — SwskSa)ip) a)plmj]
1
~7 [(Swiléwsp — 8w518a),-p) Wpmjk — (Sw,-mSwsp — Sa)sméw,-p) ijkl] . (5.15)
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Using (4.7) we get
g ~ 1
VE8wiswism = Vidwiswism + gawkraquwsiqwism = Swpr 8wy, (5.16)

since Véw € A%4. If we multiply (5.14) by wmi; and use the Bianchi identity as well
as (5.16) we obtain (5.12).

Multiplying (5.15) by w;, and again using the Bianchi identity (alternatively: mul-
tiply (4.11) by wgim), we get

Ritrorir = (Vgs&uik - Vgi&osk) + ‘1—‘ (Ba)ijéa)sp - Swsjéwip) wipk.  (5.17)
From (5.17) we get that
Piem = Rsitr @kir Osim
= dSwsiwsim — VErSwiswsim + %b‘wijéa)spa)jpkwsim. (5.18)
The second termis calculated in (5.16). The last term is manipulated using (4.6) and (2.3):

8w;j0wspw jpk Wsim = (—Sa)pjwjk,' — (Sa)kja)ji,,) SwspWsim
= Swsp (5a)jpwkl-ja)sim + Swjkwjipwsim)
= dwspdwip (—a)kjm, + 8ksSjm — 5km3js)
+8a)5p8a)jk (_a)jpsm + 5j56pm — Sjméps)
= — 18l 8m +48wjmdwji, (5.19)

again, since dw € Aﬁ. Substituting (5.19) and (5.16) into (5.18) we obtain (5.13). O
The equality (5.16) leads to
d8wsjmwsim = 3 |6w|* . (5.20)

Taking the trace in (5.12) and using (5.20), we get the formula for the scalar curvature
of a closed G;-structure discovered recently by Bryant in [3].

Corollary 5.3. The scalar curvature of a closed G-structure is non-positive while the
*-scalar curvature is non-negative. These functions are given by

Lisol?, st =1 jswl? (5.21)
s=——6w|*, s*==]dw|". .
4 2
In view of (5.21), the trace-free part of the Ricci tensor p° has the expression
PO = p+— ool g (5.22)
78 . .

Definition 5.4. The canonical connection gives us a third Ricci tensor which we denote
by p:

Pij = Ryijs.
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Corollary 5.5. On a 7-manifold with closed G-structure the Ricci tensor of the
canonical connection is related to the Riemannian Ricci tensor through the following
formula:

.2
p=3p

Proof. Taking the trace of (4.11) we get
~ 1 1
Pil = Pil — Ed(Sij,'a)pjl + 65(0,'55(1)15.
This equality and (5.12) completes the proof. O

Furthermore, we have
Proposition 5.6. The Ricci three-forms of a closed G,-structure are given by
1 1
pitk = =7 80l ju — ddwji — 5 (wnswpiopjt + Sxidwpiop;
+8w;i8wpiwpkt) . (5.23)
R 1
Psik = 2d 8wy + Z (5wij3ija)p§k + kaijpjwpis + Swstija)pki) . (5.29)

Proof. Substitute (4.10) and (5.24) into the Weitzenbock formula (3.5) to get (5.23).
The cyclic sum in the equality (5.17) gives (5.24). O

Theorem 5.7. Let (M7, ) be a Gy-manifold with closed fundamental form. If (M, )
is Einstein and x-Einstein then M is parallel.

Proof. Let (M, w) be a Gy-manifold with closed G-structure w. Suppose that both the
Einstein and x-Einstein equations are satisfied. Proposition 5.1 in this case yields

1 3
Swijbwp; = o 180l Sip,  dSeijreijm = = 15wl S (5.25)
Taking into account (5.25) and the equalities (4.10), (5.23), we obtain
3
Pij = 2d8wiji = oo 180 wijk,
1
VEVEwi = = 18w i, (5.26)
3
pijk = =g 801" wijk.
In view of (5.26), the Weitzenbock formula (3.5) gives
dsw = — 50| (5.27)
w= 1 0|’ w. .

Bryant shows in [3] that on an Einstein manifold with closed G»-structure the A%7—part
of déw is given by the Ag7-part of (8w A Sw). Comparing with (5.27), we see that the
Ag7—part of *(w A dw) vanishes. We need the following algebraic

Lemma 5.8. Let @ be a two-form in A%4. Then the A%-,-part of *(a A «) vanishes if and
only ifa = 0.
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Proof. First note that if « is a two-form in A2, then « ® @ € S?A2, C S?(A?). The
space of symmetric tensors on A%4 decomposes as follows:

242 77 27 1
S A14 == V(O,Z) + V(0,2) + V(O,O)

Recall that the map S?A? — A* given by BV y > B Ay is surjective and equivariant.
By Schur’s Lemma we may conclude thata A o € A‘z‘7 &) A‘l‘ ifa e A%4.
Now suppose (a A o) AL = 0. We may then conclude that @ A o = c*o for some

constant c. However, as « is a two-form on an odd-dimensional space it is degenerate.
Let X € R be a non-zero vector such that X 1o = 0. Then

cXoxo=X_l1(arna)=2X_a)Aa=0.
But the left-hand side vanishes only if ¢ = 0.
Now, Lemma 5.8 implies 6w = 0, whence V8w = 0. O
Remark 5.9. Bryant observe [4] that the following identity holds.
la Aall>=6llal*, «c A}, (5.28)

Clearly (5.28) implies the lemma. Note that the constants have been changed to fit our
conventions.

6. An Integral Formula on Closed G,-Manifold

Our main technical tool to handle the closed G3-structure on a compact manifold is the
next

Proposition 6.1. Let (M, w, g) be a compact G,-manifold with closed fundamental
Jform. Then the following integral formula holds:

1 s 28 00 T 7
M(— 8l + T 110°1 = Sgppidwmben, — 5 @R)niwjudwn;) dV = 0.

24 18
(6.29)
Proof. The first Pontrjagin form p;(V) of a connection V may be defined by

p1(V) = RijabRrianei Nej Neg Ney.

1672

The first Pontrjagin class of 7M which is the de Rham cohomology class whose rep-
resentative element is the first Pontrjagin form of a some affine connection on M is
independent of the connection on M. This implies that (p1 (V8) — pl(V)) is an exact

4-form. Since the fundamental form w is closed, the wedge product ( p1(V8)—p1 (6)) AW
is exact. From Stokes’ theorem we obtain

/M(Pl(vg) — (V) Ao =0. (6.30)

However, we may also express the integrand in terms of the curvatures of V& and V
using that

2
1677 p1(V®) A @ = Rijap Ritab®ijki = Rabij Ridab®ijkis
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and
167%p1(V) A ® = Rijap Ritapwiji-

From this point on the proof is essentially a brute force calculation reducing the differ-
ence of these two expressions to the form (6.29).
Since V is a G-connection we get

Rabijwijki = 2Rapki- (6.31)
Using (4.11), (2.3) and (6.31) we calculate
1677 p1 (V&) A @ = 2Ritap Rapki — %(d(swabp — V& ,8wap)wpki Ritab
—%Swai5wwwyk1 Riiab + gSwakﬁwbz Riiab- (6.32)
Applying (4.11) to (6.32) and using (2.3) we obtain after some calculations that
1672 p1 (V) A w

- - 2 1~
= 2Rytab Rapki + (ddwapp — V& pdwap)wpki (_nglab + nglab)

5 2~ 8 1~
+8wai bwpjw;jki (_l_SRklab + §Rklab) + dwardawp; <§Rk1ab - §Rk1ab)- (6.33)

To calculate the p; (@) term of the integrand we first observe that (4.11) implies

. . 1
Rijii = Ruij + 6(d5wk1p — V& 80 wpij
1 1 1

—g(d(?a),-jp — Vgp(Sa),-j)a)pkl + §8wks8a)zpa)sp,-j — §8a)i38wjpa)spkl. (6.34)

Taking into account (6.31), (6.34) and (2.3), we calculate

. L 2 N
167%p1(V) A @ = 2Ritab Rapit — g(dawabp — V& ,8wap) @ pki Ritab
4 ~ 8 ~
—§3wai5wbjwijkz Ritap + §5wak5wbz Ritap- (6.35)
Subtracting (6.35) from (6.33) we get

167%(p1(V$) — p1(V)) Aw= A+ B +C, (6.36)

where A, B, C are given by

1 -
A = (dswapp — vgpawab)a)pkl(nglab — (Ritab — Rklab))» (6.37)
7 2 -
B = 5wai<3wbjwijk1(§ Rijap — g(Rklab - Rklab))a (6.38)
1 -
C = Swardwp; (_§Rklab + (Ritap — Rklab))- (6.39)

We shall calculate each term in (6.36).
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First observe that (5.28) implies the useful identity
46w Swpidwyjdwp = 18w]]*. (6.40)

Taking into account (4.11), (5.17), (5.12), (5.16), (5.19), (5.20) and (6.40) we obtain
after some calculation that

19 4 1 2 8 g2
A== 80l + 3 [ddway — VE pswar | = S11°)]

4 1
+§P?p5wst80)pt — §(d8a)abp — Vgp8wab)wijp5wai8wbj

1
) (d&oabp — VgpSwab)a)pkla)smawakSSa)lm. (6.41)

Let Xy = Rukpiwsakdwpi, Yy = SwpidwyiSwppwips. Using the first and second Bianchi
identity as well as (5.17), we get

1
Rijapdwardwp = ERakblawak(wal

=3 Raxpi VE swgardwp

1 1
= E(SX + ERakbzwsangs5wbl

L1 I 1
58X + < lldsol” — | V&5’ + 3 V¥ sbh1801i80p0ips
— Lsx — Ly o Dyasor? - L |veso|?

27 74" e 2

1 1
—§||8w||4 + Zdﬁa)sil(Sa)bIwapwips. (6.42)

Applying (5.12) to (6.42), we obtain

1 1 1
Ritapdwardwp = 5ax — ZSY tg ldsw|?

1 » 1
-3 |VEsw|” + on I8wll* = pf, 88y (6.43)
Remark 6.2. Notice that (6.43) is the Weitzenbodck formula
1
8dsw = V8* V85w — m I8w|? 8w + p°Bw, .) + p°(., w) + R(5w)
for the 2-form Sw on a closed G,-structure.

Using (4.11), (5.28) and (6.43) we get that

1 25 1 1
C=——82X—Y)— —— ol — = |dso|? + — || V&0’
36 63.16 54 18

1 1
+5 Py 8wy + c (ddwris — V8 801 wsapdwakSwpi. (6.44)
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Now we calculate B. Denote Z; = Ryjapjkidwp;. Using (4.8) and (5.17) we have
the following sequence of equalities:

1
ERklab(Swaia)ijklawbj = Riiab V8 awjkidwpj
= —8Z+ BR)puw;jridwpj — Ritap®jki Ve adwpj

1 1
= —8Z + (R)puwjuidon; — ¢ ldsw]? — 5 Ve

1
t7 (dSwapj — V8 j8wap) wsij8wasSwp;. (6.45)
Applying (4.11), we get

2 -
—g(Rklab — Ritab)SwaiSwpjwiji
1
= —§(d5wk1s — V& 8wi1) Wsab Wi j1i 8 wai Swp;
2
_Ekasgwlm(swaiwajwsmabwijkl- (6.46)
Denote Vi = wpapSwimdwpjdwg;wijk. Using (4.8), we obtain

EﬁwkswsmabcswzmSwair?whj Wijil = V kOmabSwimSwaiSwpjwijki

3
= —SV—E(fwwklm — V& 80k1) Omab @i jk18wai Swp;

(6.47)
Getting together (6.45), (6.46) and (6.47) we obtain
B = —%5(212 —4V)+ g(3R)bkzwjk13wbj - 514 ldéwl* — 118 “Vg8w||2
+ é(d&wklm — ng(?a)kl)wmabwijkl&a)mSa)bj
+ l(d&oabj - ng(Sa)ab)wslj8was8a)bl. (6.48)

36
Collecting terms from (6.41), (6.44) and (6.48) we obtain the following expression:

} | 1 7. 4
1672 (p1(VE) = p1(V) Ao = 3(_EX+ oV 57+ EV)

139 , 1 s 8 o
- sol* — = |dswl|® — =
856 | 77 déwl 3||/0 I

7 1
+ 6(5R)bklek15wbj *7 (dSewnis
g 13
-V Sgwkl)a)sabéa)akfswbl + g,opl(?a)bﬁwbp. (6.49)

We express the last two terms in a more tractable form. Applying (4.6) we have

d8wabp<3wai3wbjwpij = —dBwabprSwai (5ijw,'bj + 5€0ijwbpj)

—d3wappSwaiSwpjwipj — ASWappdwa;idw;jwppj,
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whence
1 1 4
dSa)abp8a)a,~8wbja)p,~j = Edéa)abpwb,,jéwa,-(Swﬂ = —2pa‘,~8wa,'8a).,',~ + ZH&OH s
(6.50)

where we used (6.40) and (5.12).
The next equalities are a consequence of (5.12), (5.28) and (5.16),

1
V& s Swpwsapdwakdwpr = Y + ZII&UII4 — (dSwsak — V8 a8wrs) wsapdwridewp

= 8Y +4prpdwiidwp,. (6.51)

Substitute (6.50), (6.51) into (6.49), use (5.12) and integrate over the compact M to get

11 1 8 1
/M(——Hawn“ = 57146l = 211p°I12 = So ppdwndon

18.28 18
7
+ 5(3R)bk,w,k,5wbj) dv =0. (6.52)
We calculate from (5.23) that
dsol2 = 2 (15el* + 121100112 — 1200 S5 (6.53)
lldbwl|” = Il 1l P p18@bi8wpy. :

Substitute (6.53) into (6) to obtain (6.29). O

Corollary 6.3. (Integral Weitzenbock formula.) On a compact G,-manifold with
closed fundamental form we have

1 2
/ Rarpi8wakSwp dV =/ (3 ldso|* — || VEsw|| —2,031,560”5601,;) dv.
M M

Proof. The first Bianchi identity implies Ryipiéwaidwpr = 2Ri1apdwakdwp. Apply
(5.22) to (6.43), multiply by two and integrate the obtained equality over the compact
manifold to get the result. O

7. Proof of the Main Theorem

We consider the co-differential of the Weyl tensor, W as an element of T*M &
A%(T*M). According to the splitting of the space of two forms, W splits as follows:

SW =38WE @ sw2,
where 8W124 is a section of T*M ® A%4(T*M) = R’ ® g, while 8W72 is a section of

T*M ® A3(T*M).
The Main Theorem is a consequence of the following general
Theorem 7.1. Let (M, w, g) be a compact G>-manifold with closed fundamental form w.

Suppose that the A%-part of the co-differential of the Weyl tensor vanishes, SW = § W124.
Then (M, w, g) is a Joyce space.
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Proof. On a 7-dimensional Riemannian manifold the Weyl tensor is expressed in terms
of the normalized Ricci tensor & = —% (,o -5 g) as follows:

Wijri = Rfjk, —hikgjt +hjrgit — hjigik + hirgjk-
The second Bianchi identity implies

VEi0jk=VEjpik = SR)ij, dsi =2V8pji, (W)kij = _4(Vgihjk_vgjhik)-

(7.54)
The condition of the theorem reads
4 ¢ < 2
0= (@W)ijwiji = §<V ipjk—V jpik)wijz - Edsiwikb
Consequently,
4 g g
§(5R)kijwij15wkl = (V ipjk—V jpik)wijz5wk1 =0, (7.55)

since dw € A%4.
To apply effectively our integral formula (6.29) we have to evaluate one more term.
Denote K; = w;j;pjxdwi. Equation (7.55) together with (5.12) leads to the equality

1
0K = =2 pjkdwjidon = 2llpll?

which implies, by an integration over the compact M, that

/ pikdwidwy dV = —4/ lpll?dV. (7.56)
M M

The equalities (7.55), (7.56), (5.22) and (6.29) yield

1 14
/ (—Il5w||4+ _||p0||2) dv =0.
m\24 3

Hence, Theorem 7.1 follows. O

Clearly, our Main Theorem follows from Theorem 7.1.
Corollary 5.5 and the main theorem lead to

Theorem 7.2. Any compact 7-manifold with closed G»-structure which is Einstein with
respect to the canonical connection is a Joyce space.
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