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Abstract: We give an answer to a question posed in physics by Cvetič et al. [9] and
recently in mathematics by Bryant [3], namely we show that a compact 7-dimensional
manifold equipped with a G2-structure with closed fundamental form is Einstein if and
only if the Riemannian holonomy of the induced metric is contained in G2. This could
be considered to be a G2 analogue of the Goldberg conjecture in almost Kähler geometry
and was indicated by Cvetič et al. in [9]. The result was generalized by Bryant to closed
G2-structures with too tightly pinched Ricci tensor. We extend it in another direction
proving that a compact G2-manifold with closed fundamental form and divergence-free
Weyl tensor is a G2-manifold with parallel fundamental form. We introduce a second
symmetric Ricci-type tensor and show that Einstein conditions applied to the two Ricci
tensors on a closed G2-structure again imply that the induced metric has holonomy
group contained in G2.

1. Introduction

A 7-dimensional Riemannian manifold is called a G2-manifold if its structure group
reduces to the exceptional Lie group G2. The existence of a G2-structure is equivalent
to the existence of a non-degenerate three-form on the manifold, sometimes called the
fundamental form of the G2-manifold. From the purely topological point of view, a
7-dimensional paracompact manifold is a G2-manifold if and only if it is an oriented
spin manifold [23].

The geometry of G2-structures has also attracted much attention from physicists. The
central issue in physics is that connections with holonomy contained in G2 plays a rôle
in string theory [14, 9, 24, 15, 18]. The G2-connections admitting three-form torsion
have been of particular interest.

In [11], Fernández and Gray divide G2-manifolds into 16 classes according to how the
covariant derivative of the fundamental three-form behaves with respect to its decompo-
sition into G2-irreducible components (see also [7]). If the fundamental form is parallel
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with respect to the Levi-Civita connection then the Riemannian holonomy group is
contained in G2, we will say that the G2-manifold or the G2-structure on the manifold
is parallel. In this case the induced metric on the G2-manifold is Ricci-flat, a fact first
observed by Bonan [1]. It was shown by Gray [17] (see also [2, 25]) that a G2-manifold
is parallel precisely when the fundamental form is harmonic. The first examples of com-
plete parallel G2-manifolds were constructed by Bryant and Salamon [5, 16]. Compact
examples of parallel G2-manifolds were obtained first by Joyce [19–21] and recently
by Kovalev [22]. Compact parallel G2-manifolds will be referred to as Joyce spaces.
Examples of G2-manifolds in other Fernández-Gray classes may be found in [10, 6]. A
central point in our argument is that the Riemannian scalar curvature of a G2-manifold
may be expressed in terms of the fundamental form and its derivatives and furthermore
the scalar curvature carries a definite sign for certain classes of G2-manifolds [13, 3].

In the present paper we are interested in the geometry of closed G2-structures i.e.,
G2-manifolds with closed fundamental form (sometimes these spaces are called almost
G2-manifolds or calibrated G2-manifolds). In the sense of the Fernández-Gray classes,
this is complementary to the physicists’ requirement of three-form torsion [12]. Com-
pact examples of closed G2-manifolds were presented by Fernández [10]. Topological
quantum field theory on closed G2-manifolds were discussed in [24]. Supersymmetric
string solutions on closed G2-manifolds were investigated in [9] where the authors indi-
cated the G2-analogue of the Goldberg conjecture in almost Kähler geometry. Bryant
shows in [3] that if the scalar curvature of a closed G2-structure is non-negative then
the G2-manifold is parallel. The question whether there are closed G2-structures which
are Einstein but not Ricci-flat then naturally arises. We investigate this question in the
compact and in the non-compact cases.

In the first version of the present article [8] we answered negatively to the
G2-version of the Goldberg conjecture, namely, we proved that there are no closed Ein-
stein G2-structures (other than the parallel ones) on a compact 7-manifold. In [4] Bryant
generalized this non-existence result for closed G2-structures on compact 7-manifold
whose Ricci tensor is too tightly pinched.

In the present article we obtain a non-existence result involving third derivatives of
the fundamental form. Namely, we prove the following

Main Theorem. A compact G2-manifold with closed fundamental form and harmonic
Weyl tensor (divergence-free Weyl tensor) is a Joyce space.

The second Bianchi identity leads to

Corollary 1.1. A compact G2-manifold with closed fundamental form and harmonic
curvature (divergence-free curvature tensor) is a Joyce space.

Corollary 1.2. A compact Einstein G2-manifold with closed fundamental form is a Joyce
space.

The latter may be considered to be a G2 analogue of the Goldberg conjecture in
almost Kähler geometry (see e.g. [9]).

The representation theory of G2 gives rise to a second symmetric Ricci type tensor
on G2-manifolds. Therefore one may consider two complementary Einstein equations.
We find a connection between the two Ricci tensors and show in Theorem 5.7, with
no compactness assumption, that if both Einstein conditions hold simultaneously on a
G2-manifold with closed fundamental form then the fundamental form is parallel.

Our main tool is the canonical connection of a G2-structure and its curvature. We will
show that the Ricci tensor of the canonical connection is proportional to the Riemannian
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Ricci tensor. This leads to the corollary that a compact G2-manifold with closed fun-
damental form which is Einstein with respect to the canonical connection is a Joyce
space.

Our main technical tool is an integral formula which holds on any compact G2-
manifold with closed fundamental form. We derive the Main Theorem as a consequence
of a more general result, Theorem 7.1, which shows that the vanishing of the �2

7-part
of the divergence of the Weyl tensor implies that a closed G2-structure is parallel on a
compact 7-manifold.

2. General Properties of G2-Structures

We recall some notions of G2 geometry. Endow R
7 with its standard orientation and

inner product. Let e1, . . . , e7 be an oriented orthonormal basis which we identify with
the dual basis via the inner product. Write ei1i2...i p for the monomial ei1 ∧ ei2 ∧· · ·∧ ei p .
We shall omit the

∑
-sign understanding summation on any pair of equal indices.

Consider the three-form ω on R
7 given by

ω = e124 + e235 + e346 + e457 + e561 + e672 + e713. (2.1)

The subgroup of GL(7) fixing ω is the exceptional Lie group G2. It is a compact,
connected, simply-connected, simple Lie subgroup of SO(7) of dimension 14 [2].

The Hodge star operator supplies the 4-form ∗ω given by

∗ω = −e3567 − e4671 − e5712 − e6123 − e7234 − e1345 − e2456. (2.2)

We let the expressions

ω = 1

6
ωi jkei jk,

∗ω = 1

24
ωi jkl ei jkl

define the symbols ωi jk and ωi jkl . We then obtain the following set of formulae:

ωi pqω j pq = 6δi j ,

ωi pqω jkpq = −4ωi jk,

ωi j pωklp = −ωi jkl + δikδ jl − δilδ jk, (2.3)

ωi j pqωklpq = −2ωi jkl + 4(δikδ jl − δilδ jk),

ωi j pωklmp = δikω jlm − δ jkωilm + δilω jmk − δ jlωimk + δimω jkl − δ jmωikl .

Definition 2.1. A G2-structure on a 7-manifold M is a reduction of the structure group
of the tangent bundle to the exceptional group G2. Equivalently, there exists a nowhere
vanishing differential three-form ω on M and local frames of the cotangent bundle with
respect to which ω takes the form (2.1). The three-form ω is called the fundamental
form of the G2-manifold M [1].

We will say that the pair (M, ω) is a G2-manifold with G2-structure (determined
by) ω.

Remark 2.2. Alternatively, a G2-structure can be described by the existence of a two-fold
vector cross product P on the tangent spaces of M .

The fundamental form of a G2-manifold determines a metric through gi j = 1
6ωiklω jkl .

This is referred to as the metric induced by ω. We write ∇g for the associated Levi-Civita
connection, ||.||2 for the tensor norm with respect to g. In addition we will freely identify
vectors and co-vectors via the induced metric g.
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Let (M, ω) be a G2-manifold. The action of G2 on the tangent space induces an
action of G2 on �k(M) splitting the exterior algebra into orthogonal subspaces, where
�k

l corresponds to an l-dimensional G2-irreducible subspace of �k :

�1(M) = �1
7, �2(M) = �2

7 ⊕ �2
14, �3(M) = �3

1 ⊕ �3
7 ⊕ �3

27,

where

�2
7 = {α ∈ �2(M)|∗(α ∧ ω) = −2α},

�2
14 = {α ∈ �2(M)|∗(α ∧ ω) = α},

�3
1 = {t.ω| t ∈ R},

�3
7 = {∗(β ∧ ω)| β ∈ �1(M)},

�3
27 = {γ ∈ �3(M)| γ ∧ ω = 0, γ ∧ ∗ω = 0}.

The Hodge star ∗ gives an isometry between �k
l and �7−k

l .
More generally, V d

(λ1,λ2)
will denote the G2 representation of highest weight (λ1, λ2)

of dimension d. Note that V 1
(0,0)

∼= �3
1

∼= �4
1 is the trivial representation, �1

7
∼= V 7

(1,0) is

the standard representation of G2 on R
7, and the adjoint representation is g2

∼= V 14
(0,1)

∼=
�2

14. Also note that V 27
(2,0)

∼= �3
27

∼= �4
27 is isomorphic to the space of traceless sym-

metric tensors S2
0 V 7 on V 7

(1,0).

3. Ricci Tensors on G2-Manifold

Let (M, ω) be a G2-manifold with fundamental form ω. Let g be the associated
Riemannian metric;

RX,Y = [∇g
X ,∇g

Y ] − ∇g [X,Y ]

is then the curvature tensor of the Levi-Civita connection ∇g of the metric g. The Ricci
tensor ρ is defined as usual as the contraction ρi j = Rsi js , where Rsi js are the compo-
nents

Rsi jk := g(R(es, ei )e j , ek)

of the curvature tensor with respect to an orthonormal basis e1, . . . , e7.

Definition 3.1. On (M, ω) we may define a second symmetric tensor ρ
 by

ρ

sm := Ri jklωi jsωklm . (3.4)

We will call the ρ
 the 
-Ricci tensor of the G2-manifold.

The two Ricci tensors have common trace in the following sense. Let s = trg ρ = ρi i
be the scalar curvature and let the trace of ρ
 be denoted by s
 = trg ρ
 = ρ


i i .

Proposition 3.2. On a G2-manifold we have s
 = −2s.

Proof. Apply (2.3) to the definition of s
 and use skew-symmetry of ∗ω and the Bianchi
identity to conclude that Ri jklωi jkl = 0. �	
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Definition 3.3. We shall use the term 
-Einstein for G2-manifold (M, ω) when the
traceless part of the 
-Ricci tensor vanishes, i.e., when the equation

ρ
 = s


7
g

holds.
We define associated Ricci three-forms by

ρ

i jk := Ri jlmωlmk + R jklmωlmi + Rkilmωlm j ,

ρi jk := ρisωs jk + ρ jsωski + ρksωsi j .

In terms of the Ricci forms, the Weitzenböck formula for the fundamental form can be
written as follows:

Proposition 3.4. On any G2-manifold the following formula holds:

dδω + δdω = ∇g∗∇gω + ρ + ρ
. (3.5)

�	

4. Closed G2-Structures

Let (M7, ω) be a G2-manifold with closed fundamental form. The two-form δω then
takes values in �2

14 [3]. As a consequence we get

Proposition 4.1. The following formulas are valid on a closed G2-structure:

δωi jωi jk = 0, δωi pωpjk + δω j pωpki + δωkpωpi j = 0. (4.6)

�	
It is well-known [17] that a G2-structure is parallel if and only if it is closed and

co-closed, dω = δω = 0. The two-form δω thus may be interpreted as the deviation of
ω from a parallel G2-structure. We are going to find explicit formulae for the covariant
derivatives of the fundamental form of a closed G2-structure in terms of δω and its
derivatives.

Definition 4.2. The canonical connection ∇̃ of a closed G2-structure may be defined
by the equation

g(∇̃X Y, Z) = g(∇g
X Y, Z) − 1

6
δω(X, ei )ω(ei , Y, Z) (4.7)

for vector fields X, Y, Z.

Using (4.6) it is easy to see that ∇̃ is a metric G2-connection, i.e., it satisfies

∇̃ω = 0, ∇̃g = 0.

The torsion T of ∇̃ is determined by

g(T (X, Y ), Z) = 1

6
δω(Z , ei )ω(ei , X, Y ).

On a compact G2-manifold the canonical connection may be characterized as the unique
G2-connection of minimal torsion with respect to the L2-norm on M . It may also be
described by the fact that the difference ∇g − ∇̃ takes values in �2

7, the orthogonal
complement of g2 ⊂ �2 with respect to the metric induced by g.

From the properties of the canonical connection and δω one derives
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Proposition 4.3. For a closed G2-structure the following relations hold:

∇g
iω jkl = 1

2
δωi pωpjkl , (4.8)

∇g
iω jklm = −1

2

(
δωi jωklm − δωikωlm j + δωilωmjk − δωimω jkl

)
(4.9)

and

∇g∗∇gω jkl = 1

4
‖δω‖2 ω jkl − 1

4

(
δωi pδωi jωpkl + δωi pδωikωpl j + δωi pδωilωpjk

)
.

(4.10)

�	
Applying (4.7) and (4.8) we get that the curvature R̃ of the canonical connection ∇̃

is related to the curvature of the Levi-Civita connection by:

Ri jkl = R̃i jkl +
1

6

[∇g
iδω j p − ∇g

jδωi p
]
ωpkl +

1

9
δωisδω j pωspkl

− 1

36

[
δωikδω jl − δωilδω jk

]
. (4.11)

5. Curvature of Closed G2-Structures

From here on (M7, ω) will be a G2-manifold with closed G2-structure. We have

Proposition 5.1. The Ricci tensors of a closed G2-structure (M, ω) are given by

ρlm = −1

4
dδωs jmωs jl +

1

2
δωl jδωmj ; (5.12)

ρ

lm = dδωs jmωs jl + δωl jδωmj − 1

2
‖δω‖2 δml . (5.13)

Proof. The Ricci identities for ω, ∗ω together with (4.8) and (4.9) lead to the following
useful

Lemma 5.2. If ω is a closed G2-structure on M7 then

ρsrωrkl +
1

2
Rskirωlir − 1

2
Rslirωkir = −1

4

(
dδωs jp + ∇g

sδω j p
)
ωpjkl

+
1

2
δωpjδωs jωklp, (5.14)

−Rsi jrωrklm − Rsikrω jrlm − Rsilrω jkrm − Rsimrω jklr

= 1

2

[(∇g
iδωs j − ∇g

sδωi j
)
ωklm − (∇g

iδωsk − ∇g
sδωik

)
ωlm j

]

+
1

2

[(∇g
iδωsl − ∇g

sδωil
)
ωmjk − (∇g

iδωsm − ∇g
sδωim

)
ω jkl

]

−1

4

[(
δωi jδωsp − δωs jδωi p

)
ωpklm − (

δωikδωsp − δωskδωi p
)
ωplmj

]

−1

4

[(
δωilδωsp − δωslδωi p

)
ωpmjk − (

δωimδωsp − δωsmδωi p
)
ωpjkl

]
. (5.15)

�	
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Using (4.7) we get

∇g
kδωisωism = ∇̃kδωisωism +

1

6
δωkrδωrqωsiqωism = δωkrδωmr , (5.16)

since ∇̃δω ∈ �2
14. If we multiply (5.14) by ωmkl and use the Bianchi identity as well

as (5.16) we obtain (5.12).
Multiplying (5.15) by ωml j , and again using the Bianchi identity (alternatively: mul-

tiply (4.11) by ωklm), we get

Rsilrωklr = (∇g
sδωik − ∇g

iδωsk
)

+
1

4

(
δωi jδωsp − δωs jδωi p

)
ω j pk . (5.17)

From (5.17) we get that

ρ

km = Rsilrωklrωsim

= dδωsikωsim − ∇g
kδωisωsim +

1

2
δωi jδωspω j pkωsim . (5.18)

The second term is calculated in (5.16). The last term is manipulated using (4.6) and (2.3):

δωi jδωspω j pkωsim = (−δωpjω jki − δωk jω j i p
)
δωspωsim

= δωsp
(
δω j pωki jωsim + δω jkω j i pωsim

)

= δωspδω j p
(−ωk jsm + δksδ jm − δkmδ js

)

+δωspδω jk
(−ω j psm + δ jsδpm − δ jmδps

)

= −‖δω‖2 δkm + 4δω jmδω jk, (5.19)

again, since δω ∈ �2
14. Substituting (5.19) and (5.16) into (5.18) we obtain (5.13). �	

The equality (5.16) leads to

dδωs jmωs jm = 3 ‖δω‖2 . (5.20)

Taking the trace in (5.12) and using (5.20), we get the formula for the scalar curvature
of a closed G2-structure discovered recently by Bryant in [3].

Corollary 5.3. The scalar curvature of a closed G2-structure is non-positive while the

-scalar curvature is non-negative. These functions are given by

s = −1

4
‖δω‖2 , s
 = 1

2
‖δω‖2 . (5.21)

In view of (5.21), the trace-free part of the Ricci tensor ρ0 has the expression

ρ0 = ρ +
1

28
‖δω‖2 g. (5.22)

Definition 5.4. The canonical connection gives us a third Ricci tensor which we denote
by ρ̃:

ρ̃i j = R̃si js .
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Corollary 5.5. On a 7-manifold with closed G2-structure the Ricci tensor of the
canonical connection is related to the Riemannian Ricci tensor through the following
formula:

ρ̃ = 2

3
ρ.

Proof. Taking the trace of (4.11) we get

ρil = ρ̃il − 1

12
dδωpjiωpjl +

1

6
δωisδωls .

This equality and (5.12) completes the proof. �	
Furthermore, we have

Proposition 5.6. The Ricci three-forms of a closed G2-structure are given by

ρ jlk = −1

4
‖δω‖2 ω jlk − dδω jlk − 1

2

(
δωliδωpiωpjk + δωkiδωpiωpl j

+ δω j iδωpiωpkl
)
, (5.23)

ρ

sik = 2dδωsik +

1

4

(
δωi jδωpjωpsk + δωk jδωpjωpis + δωs jδωpjωpki

)
. (5.24)

Proof. Substitute (4.10) and (5.24) into the Weitzenböck formula (3.5) to get (5.23).
The cyclic sum in the equality (5.17) gives (5.24). �	
Theorem 5.7. Let (M7, ω) be a G2-manifold with closed fundamental form. If (M, ω)

is Einstein and 
-Einstein then M is parallel.

Proof. Let (M, ω) be a G2-manifold with closed G2-structure ω. Suppose that both the
Einstein and 
-Einstein equations are satisfied. Proposition 5.1 in this case yields

δωi jδωpj = 1

7
‖δω‖2 δi p, dδωi jkωi jm = 3

7
‖δω‖2 δkm . (5.25)

Taking into account (5.25) and the equalities (4.10), (5.23), we obtain

ρ

i jk = 2dδωi jk − 3

28
‖δω‖2 ωi jk,

∇g∗∇gωi jk = 1

7
‖δω‖2 ωi jk, (5.26)

ρi jk = − 3

28
‖δω‖2 ωi jk .

In view of (5.26), the Weitzenböck formula (3.5) gives

dδω = 1

14
‖δω‖2 ω. (5.27)

Bryant shows in [3] that on an Einstein manifold with closed G2-structure the �3
27-part

of dδω is given by the �3
27-part of ∗(δω ∧ δω). Comparing with (5.27), we see that the

�3
27-part of ∗(δω ∧ δω) vanishes. We need the following algebraic

Lemma 5.8. Let α be a two-form in �2
14. Then the �3

27-part of ∗(α ∧α) vanishes if and
only if α = 0.
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Proof. First note that if α is a two-form in �2
14 then α ⊗ α ∈ S2�2

14 ⊂ S2(�2). The
space of symmetric tensors on �2

14 decomposes as follows:

S2�2
14 = V 77

(0,2) + V 27
(0,2) + V 1

(0,0).

Recall that the map S2�2 → �4 given by β ∨ γ �→ β ∧ γ is surjective and equivariant.
By Schur’s Lemma we may conclude that α ∧ α ∈ �4

27 ⊕ �4
1 if α ∈ �2

14.
Now suppose (α ∧ α)�4

27
= 0. We may then conclude that α ∧ α = c∗ω for some

constant c. However, as α is a two-form on an odd-dimensional space it is degenerate.
Let X ∈ R

7 be a non-zero vector such that X � α = 0. Then

cX � ∗ω = X � (α ∧ α) = 2(X � α) ∧ α = 0.

But the left-hand side vanishes only if c = 0.

Now, Lemma 5.8 implies δω = 0, whence ∇gω = 0. �	
Remark 5.9. Bryant observe [4] that the following identity holds.

‖α ∧ α‖2 = 6 ‖α‖4 , α ∈ �2
14. (5.28)

Clearly (5.28) implies the lemma. Note that the constants have been changed to fit our
conventions.

6. An Integral Formula on Closed G2-Manifold

Our main technical tool to handle the closed G2-structure on a compact manifold is the
next

Proposition 6.1. Let (M, ω, g) be a compact G2-manifold with closed fundamental
form. Then the following integral formula holds:

∫

M

( 1

24
‖δω‖4 +

28

9
||ρ0||2 − 7

18
ρ0

plδωblδωbp − 7

9
(δR)bklω jklδωbj

)
dV = 0.

(6.29)

Proof. The first Pontrjagin form p1(∇) of a connection ∇ may be defined by

p1(∇) := 1

16π2 Ri jab Rklabei ∧ e j ∧ ek ∧ el .

The first Pontrjagin class of T M which is the de Rham cohomology class whose rep-
resentative element is the first Pontrjagin form of a some affine connection on M is
independent of the connection on M . This implies that

(
p1(∇g) − p1(∇̃)

)
is an exact

4-form. Since the fundamental form ω is closed, the wedge product
(

p1(∇g)−p1(∇̃)
)∧ω

is exact. From Stokes’ theorem we obtain
∫

M

(
p1(∇g) − p1(∇̃)

) ∧ ω = 0. (6.30)

However, we may also express the integrand in terms of the curvatures of ∇g and ∇̃
using that

16π2 p1(∇g) ∧ ω = Ri jab Rklabωi jkl = Rabi j Rklabωi jkl ,
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and

16π2 p1(∇̃) ∧ ω = R̃i jab R̃klabωi jkl .

From this point on the proof is essentially a brute force calculation reducing the differ-
ence of these two expressions to the form (6.29).

Since ∇̃ is a G2-connection we get

R̃abi jωi jkl = 2R̃abkl . (6.31)

Using (4.11), (2.3) and (6.31) we calculate

16π2 p1(∇g) ∧ ω = 2Rklab R̃abkl − 2

3

(
dδωabp − ∇g

pδωab
)
ωpkl Rklab

− 5

18
δωaiδωbjωi jkl Rklab +

8

9
δωakδωbl Rklab. (6.32)

Applying (4.11) to (6.32) and using (2.3) we obtain after some calculations that

16π2 p1(∇g) ∧ ω

= 2R̃klab R̃abkl +
(
dδωabp − ∇g

pδωab
)
ωpkl

(
−2

3
Rklab +

1

3
R̃klab

)

+δωaiδωbjωi jkl

(
− 5

18
Rklab +

2

9
R̃klab

)
+ δωakδωbl

(8

9
Rklab − 1

9
R̃klab

)
. (6.33)

To calculate the p1(∇̃) term of the integrand we first observe that (4.11) implies

R̃i jkl = R̃kli j +
1

6

(
dδωklp − ∇g

pδωkl
)
ωpi j

−1

6

(
dδωi j p − ∇g

pδωi j
)
ωpkl +

1

9
δωksδωlpωspi j − 1

9
δωisδω j pωspkl . (6.34)

Taking into account (6.31), (6.34) and (2.3), we calculate

16π2 p1(∇̃) ∧ ω = 2R̃klab R̃abkl − 2

3

(
dδωabp − ∇g

pδωab
)
ωpkl R̃klab

−4

9
δωaiδωbjωi jkl R̃klab +

8

9
δωakδωbl R̃klab. (6.35)

Subtracting (6.35) from (6.33) we get

16π2(p1(∇g) − p1(∇̃)
) ∧ ω = A + B + C, (6.36)

where A, B, C are given by

A = (
dδωabp − ∇g

pδωab
)
ωpkl

(1

3
Rklab − (

Rklab − R̃klab
))

, (6.37)

B = δωaiδωbjωi jkl

( 7

18
Rklab − 2

3

(
Rklab − R̃klab

))
, (6.38)

C = δωakδωbl

(
−1

9
Rklab +

(
Rklab − R̃klab

))
. (6.39)

We shall calculate each term in (6.36).
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First observe that (5.28) implies the useful identity

4δωaiδωbiδωajδωbj = ||δω||4. (6.40)

Taking into account (4.11), (5.17), (5.12), (5.16), (5.19), (5.20) and (6.40) we obtain
after some calculation that

A = − 19

24.7
‖δω‖4 +

1

3

∥
∥dδωabp − ∇g

pδωab
∥
∥2 − 8

3
||ρ0||2

+
4

3
ρ0

spδωstδωpt − 1

9

(
dδωabp − ∇g

pδωab
)
ωi j pδωaiδωbj

−1

9

(
dδωabp − ∇g

pδωab
)
ωpklωsmabδωksδωlm . (6.41)

Let Xs = Rakblωsakδωbl , Ys = δωblδωliδωbpωi ps . Using the first and second Bianchi
identity as well as (5.17), we get

Rklabδωakδωbl = 1

2
Rakblδωakδωbl

= −1

2
Rakbl∇g

sωsakδωbl

= 1

2
δX +

1

2
Rakblωsak∇g

sδωbl

= 1

2
δX +

1

6
‖dδω‖2 − 1

2

∥
∥∇gδω

∥
∥2 +

1

4
∇g

sδωblδωliδωbpωi ps

= 1

2
δX − 1

4
δY +

1

6
‖dδω‖2 − 1

2

∥
∥∇gδω

∥
∥2

−1

8
||δω||4 +

1

4
dδωsilδωblδωbpωi ps . (6.42)

Applying (5.12) to (6.42), we obtain

Rklabδωakδωbl = 1

2
δX − 1

4
δY +

1

6
‖dδω‖2

−1

2

∥
∥∇gδω

∥
∥2 +

1

28
‖δω‖4 − ρ0

spδωstδωpt . (6.43)

Remark 6.2. Notice that (6.43) is the Weitzenböck formula

δdδω = ∇g∗∇gδω − 1

14
‖δω‖2 δω + ρ0(δω, .) + ρ0(., δω) + R(δω)

for the 2-form δω on a closed G2-structure.

Using (4.11), (5.28) and (6.43) we get that

C = − 1

36
δ(2X − Y ) − 25

63.16
‖δω‖4 − 1

54
‖dδω‖2 +

1

18

∥
∥∇gδω

∥
∥2

+
1

9
ρ0

spδωstδωpt +
1

6

(
dδωkls − ∇g

sδωkl
)
ωsabδωakδωbl . (6.44)
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Now we calculate B. Denote Za = Rklabω jklδωbj . Using (4.8) and (5.17) we have
the following sequence of equalities:

1

2
Rklabδωaiωi jklδωbj = Rklab∇g

aω jklδωbj

= −δZ + (δR)bklω jklδωbj − Rklabω jkl∇g
aδωbj

= −δZ + (δR)bklω jklδωbj − 1

6
‖dδω‖2 − 1

2

∥
∥∇gδω

∥
∥2

+
1

4

(
dδωabj − ∇g

jδωab
)
ωsl jδωasδωbl . (6.45)

Applying (4.11), we get

−2

3

(
Rklab − R̃klab

)
δωaiδωbjωi jkl

= −1

9

(
dδωkls − ∇g

sδωkl
)
ωsabωi jklδωaiδωbj

− 2

27
δωksδωlmδωaiδωbjωsmabωi jkl . (6.46)

Denote Vk = ωmabδωlmδωbjδωaiωi jkl . Using (4.8), we obtain

1

2
δωksωsmabδωlmδωaiδωbjωi jkl = ∇g

kωmabδωlmδωaiδωbjωi jkl

= −δV − 3

2

(
dδωklm − ∇g

mδωkl
)
ωmabωi jklδωaiδωbj .

(6.47)

Getting together (6.45), (6.46) and (6.47) we obtain

B = − 1

27
δ(21Z − 4V ) +

7

9
(δR)bklω jklδωbj − 7

54
‖dδω‖2 − 7

18

∥
∥∇gδω

∥
∥2

+
1

9

(
dδωklm − ∇g

mδωkl
)
ωmabωi jklδωaiδωbj

+
7

36

(
dδωabj − ∇g

jδωab
)
ωsl jδωasδωbl . (6.48)

Collecting terms from (6.41), (6.44) and (6.48) we obtain the following expression:

16π2(p1(∇g) − p1(∇̃)
) ∧ ω = δ

(
− 1

18
X +

1

36
Y − 7

9
Z +

4

27
V

)

− 139

18.56
‖δω‖4 − 1

27
‖dδω‖2 − 8

3
||ρ0||2

+
7

9
(δR)bklω jklδωbj +

1

4

(
dδωkls

−∇g
sδωkl

)
ωsabδωakδωbl +

13

9
ρ0

plδωblδωbp. (6.49)

We express the last two terms in a more tractable form. Applying (4.6) we have

dδωabpδωaiδωbjωpi j = −dδωabpδωai
(
δωpjωibj + δωi jωbpj

)

= −dδωapbδωaiδωbjωi pj − dδωabpδωaiδωi jωbpj ,
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whence

dδωabpδωaiδωbjωpi j = 1

2
dδωabpωbpjδωaiδω j i = −2ρajδωaiδω j i +

1

4
||δω||4,

(6.50)

where we used (6.40) and (5.12).
The next equalities are a consequence of (5.12), (5.28) and (5.16),

∇g
sδωklωsabδωakδωbl = δY +

1

4
||δω||4 − (

dδωsak − ∇g
aδωks

)
ωsabδωklδωbl

= δY + 4ρkbδωklδωbl . (6.51)

Substitute (6.50), (6.51) into (6.49), use (5.12) and integrate over the compact M to get
∫

M

(
− 11

18.28
||δω||4 − 1

27
||dδω||2 − 8

3
||ρ0||2 − 1

18
ρ0

plδωblδωbp

+
7

9
(δR)bklω jklδωbj

)
dV = 0. (6.52)

We calculate from (5.23) that

||dδω||2 = 15

28
||δω||4 + 12||ρ0||2 − 12ρ0

plδωblδωbp. (6.53)

Substitute (6.53) into (6) to obtain (6.29). �	
Corollary 6.3. (Integral Weitzenböck formula.) On a compact G2-manifold with
closed fundamental form we have

∫

M
Rakblδωakδωbl dV =

∫

M

(1

3
‖dδω‖2 − ∥

∥∇gδω
∥
∥2 − 2ρspδωstδωpt

)
dV .

Proof. The first Bianchi identity implies Rakblδωakδωbl = 2Rklabδωakδωbl . Apply
(5.22) to (6.43), multiply by two and integrate the obtained equality over the compact
manifold to get the result. �	

7. Proof of the Main Theorem

We consider the co-differential of the Weyl tensor, δW as an element of T ∗M ⊗
�2(T ∗M). According to the splitting of the space of two forms, δW splits as follows:

δW = δW 2
14 ⊕ δW 2

7 ,

where δW 2
14 is a section of T ∗M ⊗ �2

14(T
∗M) ∼= R

7 ⊗ g2 while δW 2
7 is a section of

T ∗M ⊗ �2
7(T

∗M).
The Main Theorem is a consequence of the following general

Theorem 7.1. Let (M, ω, g) be a compact G2-manifold with closed fundamental formω.
Suppose that the �2

7-part of the co-differential of the Weyl tensor vanishes, δW = δW 2
14.

Then (M, ω, g) is a Joyce space.
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Proof. On a 7-dimensional Riemannian manifold the Weyl tensor is expressed in terms
of the normalized Ricci tensor h = − 1

5

(
ρ − s

12 g
)

as follows:

Wi jkl = Rg
i jkl − hik g jl + h jk gil − h jl gik + hil g jk .

The second Bianchi identity implies

∇g
iρ jk −∇g

jρik = (δR)ki j , dsi = 2∇g
jρ j i , (δW )ki j = −4

(
∇g

i h jk −∇g
j hik

)
.

(7.54)

The condition of the theorem reads

0 = (δW )ki jωi jl = 4

5

(
∇g

iρ jk − ∇g
jρik

)
ωi jl − 2

15
dsiωikl .

Consequently,

4

5
(δR)ki jωi jlδωkl =

(
∇g

iρ jk − ∇g
jρik

)
ωi jlδωkl = 0, (7.55)

since δω ∈ �2
14.

To apply effectively our integral formula (6.29) we have to evaluate one more term.
Denote Ki = ωi jlρ jkδωkl . Equation (7.55) together with (5.12) leads to the equality

δK = −1

2
ρ jkδω jlδωkl − 2||ρ||2

which implies, by an integration over the compact M , that
∫

M
ρ jkδω jlδωkl dV = −4

∫

M
||ρ||2 dV . (7.56)

The equalities (7.55), (7.56), (5.22) and (6.29) yield
∫

M

( 1

24
||δω||4 +

14

3
||ρ0||2

)
dV = 0.

Hence, Theorem 7.1 follows. �	
Clearly, our Main Theorem follows from Theorem 7.1.
Corollary 5.5 and the main theorem lead to

Theorem 7.2. Any compact 7-manifold with closed G2-structure which is Einstein with
respect to the canonical connection is a Joyce space.
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