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Abstract: Working in the F-basis provided by the factorizing F-matrix, the scalar prod-
ucts of Bethe states for the supersymmetric -J model are represented by determinants.
By means of these results, we obtain determinant representations of correlation functions
for the model.

1. Introduction

The computation of correlation functions is one of the major challenging problems in
the theory of quantum integrable models [1, 2]. There are currently two approaches for
computing the correlation functions of a quantum integrable model. One is the vertex
operator method (see e.g. [3-8]), and another one is based on the detailed analysis of
the structure of the Bethestates [9, 10].

Progress has recently been made in the literature on the second approach with
the help of the Drinfeld twists. Working in the F-bases provided by the F-matrices
(Drinfeld twists), the authors in [11, 12] managed to compute the form factors and
correlation functions of the XXX and XXZ models analytically and expressed them in
compact determinant forms.

Recently we have constructed the Drinfeld twists for both the rational g/(m|n) and
the quantum U, (gl (m|n)) supersymmetric models and resolved the hierarchy of their
nested Bethe vectors in the F-basis [13—15]. In [16], we obtained the determinant rep-
resentation of the scalar products and the correlation functions for the U, (g/(1]1)) free
fermion model.

Quantum integrable models associated with Lie superalgebras [17—19] are physically
important because they give strongly correlated fermion models of superconductivity.
Among them, the #-J model with the Hamiltonian given by

N
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N
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+J D [S5SE, + 5 (871 +88],) = gnjnjal (1.1)
j=1

was proposed in an attempt to understand high-7, superconductivity [20-23]. It is a
strongly correlated electron system with nearest-neighbor hopping () and anti-
ferromagnetic exchange (J) of electrons. When J = 2¢, the 7-J model becomes g/ (2|1)
invariant (i.e. supersymmetric). Using the nested algebraic Bethe ansatz method,
Essler and Korepin obtained the eigenvalues of the supersymmetric ¢#-J model [24]. The
algebraic structure and physical properties of the model were investigated in
[25, 26].

In this paper, using our previous results in [13] and [15], we give the determinant
representation of the scalar products and the correlation functions of the supersymmetric
t-J model. In Sect. 2, we review the background of the supersymmetric #-J model and
its algebraic Bethe ansatz. In Sect. 3, we apply our results on the Drinfeld twists to
construct the determinant representations of the components of the Bethe states. In Sect.
4, we obtain the determinant representation of the scalar products of the Bethe states.
Then in Sect. 5, we compute the correlation functions of the local fermion operators of
the model. We conclude the paper by offering some discussions in Sect. 6.

2. The Supersymmetry ¢-J Model

2.1. Some background of the model . Let V be the 3-dimensional g/(2|1)-module and
R € End(V ® V) the R-matrix associated with this module. V is Z,-graded, and in the
following we choose the FFB grading for V, i.e. [1] = [2] = 1, [3] = 0. The R-matrix
depends on the difference of two spectral parameters A1 and A, associated with the two
copies of V, and is, in the FFB grading, given by

cp 0 0 O O O O 00O
0 ap 0 —=bip 0 0 0 0O
0 0 aln 0 0 0 b12 00
0O —bip 0 ap 0 0 0 0O
Rz, 22) =Rip(A—22)=| 0 0 0 0 ¢20 0 0O},
0O 0 0 0 O0ap 0 b0
0 0 bp O 0 0 ap 00
0 0 0 0 0bp 0 apd
o 0 0O O 0 0 0 01
@2.1)
where
a12=a(k1,X2)EQ, b12=b()\1,/\2)54,
Al —A2+7 A — A +7
A=A
cp=cA, )= —F7— (2.2)
Al =22+

with € C being the crossing parameter. One can easily check that the R-matrix satisfies
the unitary relation
RyiRip = 1. (2.3)
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Here and throughout R;; = R;;(A;, A;). The R-matrix satisfies the graded Yang-Baxter
equation (GYBE)

R12R13R23 = Ra3Ri3R)2. (2.4)
In terms of the matrix elements defined by
RO @) =D RO 0 @), (2.5)
ij
the GYBE reads

>RG4 = 1)l RGa = 120 RO — Aa)l, S (— UMD
l'/ /'/ k/

Z RO2 = 13)5 RGu = 33)0 RO — 1)) (=MD (2.6
/k/

The quantum monodromy matrix 7 (1) of the supersymmetric ¢-J model on a lattice
of length N is defined as

T(X) = Ron (A, §N)Ron—1(X, En—1).. Ro1 (%, §1), 2.7
where the index O refers to the auxiliary space and {§;} are arbitrary inhomogeneous

parameters depending on site i. 7 (1) can be represented in the auxiliary space as the
3 x 3 matrix whose elements are operators acting on the quantum space V®V:

At Ap(d) BV
T =| A2z (d) Axn() Bx(A) . (2.8)
civ)  C(v) D) ©

By using the GYBE, one may prove that the monodromy matrix satisfies the GYBE
Rio(A — )TN T2 () = () Ti (M Ri2(A — ), (2.9)

or in matrix form,

Z RO — W TG} T (w?, (=Dl 10D
= > TG TG RG— oy, (~pUIED, (2.10)
i j
Define the transfer matrix 7 ()
t(A) = stroT (A), (2.11)
where stry denotes the supertrace over the auxiliary space. With the help of the GYBE,

one may check that the transfer matrix satisfies the commutation relation [ (1), f (u)] =
0, ensuring the integrability of the system.
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The transfer matrix gives the Hamiltonian of the system:

_dlnr(n)
BEY

[r=0

N
=D 1 D (01500405, 01410028385, = 8;ST, =S ST+2T T L
J=1 Lo=m.1
(2.12)

where Q,, Q}; ,S, ST, 8% Tare generators of the superalgebra g/(2|1). The fundamental
representations of these operators take the following form:

-100 100 A
S;z 0 %O , Tj= 0%0 . Sk =65, Sk:elgy
0 00 001
Okt = €]3<27 QZ,T = 61537 Ok, = e§1’ QZ,¢ = e’f3, (2.13)

where efj is a 3 x 3 matrix acting on the k" space with elements (elkj)aﬂ = ;a8 p. Using
the standard fermion representation

Z

Sj=cjqCids Sp=cjcins Sj =500 =njy),

1
Qi =(=njo)Cjo. Qf,=0=njo)cj, Tj=1=7nj (214)
nj,azcj.’gc]‘,g, nj=njs+nj,,

one finds that (2.12) gives the Hamiltonian (1.1) at the supersymmetric point J = 2¢.

2.2. Algebraic Bethe ansatz. The transfer matrix (2.11) can be diagonalized by using
the nested algebraic Bethe ansatz. The Bethe state of the supersymmetric z-J model is
defined as follows.

Definition 1. Let |0) be the pseudo-vacuum state of the quantum tensor space V&N, and
10)(D be the pseudo-nested-vacuum state of the nested quantum tensor space (V0)®",
Le.,

0 0

m=el, (0] . OV =, (1) : 2.15)
1/ )
@)

The Bethe state of the supersymmetric t-J model is then defined by

Qv (A D) = D (@M Cay (1) .. Ca,)I0) (k1 # ... # hn). (2.16)
dy...dy

whered; = 1,2, (Qf,l))dl“'d" is a component of the nested Bethe state |2)) via

12,0 = V) cOaMn® G £ £20), @17
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and CV, the creation operator of the nested gl(2) system, is the lower-triangular entry
of the nested monodromy matrix TV

TD0D) = ron 0D = dyron—1 0 = Ayep) i G =)

AD My pM 1)y
(C(l)(k(l)) D(l)(k(l))) (2.18)

with
C12 0 0 0
0 —b1p 0
r2(, k) =t —r) = | _a};?z aléz N E (2.19)

0 O 0 cp2
Similarly, we can also define the dual Bethe state (Q2y|.

Definition 2. With the help of the dual pseudo-vacuum state (0| and the dual pseudo-
nested-vacuum state (0|, the dual Bethe state is defined by

@uluhl= D @)Y THOIB, (a) . B (1) (s # -+ # 111),(2.20)

where (QW)/n--11"is a component of the dual nested Bethe state (Q2|V,

(" PIV = O VBO @) BD @)y # e # uyD) @221

The diagonalization of the transfer matrix 7 (1) (2.11) leads to the following theorem
[24]:

Theorem 1. The Bethe states |2 ({);})) defined by (2.16) are eigenstates of the trans-
fer matrix t (\) if the spectral parameters L; (j = 1,...,n) satisfy the Bethe ansatz
equations (BAE)

Ha(x Ek)Ha_l(A],k(l))_l G=1,....n), (2.22)

k=1
and the nested Bethe ansatz equations (NBAE)

moam 0

(1 _ _
Ha(xj,,\ ) H OO n_l (=1,....m). (2.23)
!

The eigenvalues A (A, {Ar}, {A;l)}) of the transfer matrix t (1) are given by
A (), 2D

n

1
()Y _
—Ila()» Ez)ll (AA)A (2 + llla(kj,k)’ (2.24)

i=1

where AV (L) is the eigenvalues of the nested transfer matrix D) = strgTO W),

ADGy = - TT 42 P! Py ! 225
” Eau,-,»,ﬂm,ksn ]H]a( )H a0,y &%)
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One easily checks that this theorem also holds for the dual Bethe state (2 ({ze;})]
defined by (2.20) if we change the spectral parameters A ; and )LE.D in (2.22)-(2.25) to

wj and ugl), respectively.

3. Symmetric Representations of the Bethe State

3.1. Factorizing F-matrix and its inverse. With the help of the permutation group o €
Sy, one may introduce the R-matrix RY , [11, 27] which can be expressed in terms of

the elementary R-matrix R;;+] = R‘f’  for any elementary permutation o; (i, i + 1) =
(i + 1, i) through the decomposition law R‘f/"N = Rg’(l... N)R‘f./” ~- We proved in [13-
15] that for the R-matrix R{ , there exists a non-degenerate lower-diagonal F-matrix
satisfying the relation

Foa.nEsys - o) R Ny EN) = Fion(Er, ... EN). 3.1
Explicitly,

* N
Fv=, > []r0)Sc o a)R] y. (3.2)

o €SN % (1)---Uo(N) j=1
where the sum > is over all non-decreasing sequences of the labels o (j):
Ao (i+]) = Us(), if o +1) > o),
Ug(i+1) > Ao (i), if o(i+1)<o(i), (3.3)

and the c-number function S(c, o, @) is given by

N

1

S(c,0,a,) =exp [ 3 z (1 — (_1)[aa<k>]) gty ety (1 + cg(k)g(z))} . (34
I>k=1

The inverse of the F-matrix is given by

Ff..lN =Fl n HA:’;’I 3-5)
i<j
with
a,-j ifot,' > Olj
. BiBj aji ifa; < o
[Alj]ﬂliaj- — aaiﬂiso‘jﬂj 1 ifa; = aj = 3, (3.6)
4a,-jaji ifC(i =Qaj = 1,2
and
*% 1 N
_ (i
Fin=2, 2 SeowR g ym][]FG 3.7)
oeSN %s(1)--- U (N) Jj=1

where the sum Z** is taken over all possible «;, which satisfies the following non-
increasing constraints:
Qo(i+l) < 0oy, if o@@+1) <a(i),

. . . (3.8)
Qo (i+l) < Ug(i), if o(i+1)>ao(i).
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3.2. Bethe state in the F-basis. The non-degeneracy of the F-matrix means that its col-
umn vectors form a complete basis, which is called the F-basis. In [15, 13], we found
that in the F-basis, the creation and annihilation operators C;(X) and B;(A) (i = 1, 2)
of the supersymmetrix #-J model have the symmetric form:

N
E,0) = F1_..NC2()»)F17,}N — Zboz'E(zf) ® ji diag (ao;, 2a0;, 1)(]-) , (3.9
i=1
) N
Ciw) = Fi. yCIWF] !y = ZbOiE(ZS ® i diag (2a0j’ aojai;l’ 1)(j)
i=1

N
nbo;ao; . -
= > TV ER @ EF) @i diag (2a00, aoeaz' 1) (3.10)

iy 5i =& ‘ ®

N

Ba0) = By Fy ! = = Db @ ding (a0 a0 2aj) ")
i=1
3.11)

N
Bi(\) = Fi_nBIO)F; 'y = =D boi E})) ® i diag (ao]-(za,»,-r‘,ao,»a;,.l, a;,.l)(/)
i=1

nboiag 1 -
—Z - E(glz) ® E(j) R i, j diag (aOk(Zak]) a()kakil, akil)(k) ,(3.12)
:;e, §i
where apj = a(A, éj) b()j = b()\., SJ)
Acting on the associated F-matrix on the pseudo-vacuum state |0), one finds that the
pseudo-vacuum state is invariant. It is due to the fact that only the term with all roots

equal to 3 will produce non-zero results. Therefore, the g/(2]1) Bethe state (2.16) in the
F-basis can be written as

QN (1) = Fi_n1Qn({3])

= D> (@) Cy(h1) ... Ca, (An)10). (3.13)
dy...d,

Without loss of generality, we will only concentrate on the Bethe state with the quan-
tum number p which indicates the number of d; = 2, and will use the notation
|25 ({Aj}(p,n))) With the subscript pair (p, n) to denote a Bethe state which has quantum
number p and has n spectral parameters.

Proposition 1. The Bethe state of the supersymmetric t-J model can be represented in
the F-basis by

128 ({2} pun)))
=" Yr(Wow} (5 DC200 1) - .- Ca0ho(p)C1 o ps1) - - C1 o) 10) (3.14)

GESN

P n
=3 Ye(oa) 200 S S 2T [ aGon- &)

oeSy i1 <..<ipips1<...<iy =1 k=p+1
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Xdeth()»g(l), e Aa(p)s Sigs s Eip)

p
xdet By—p G (p1)s -+ by’ Sipers -+ &) | [ EG) H Ei10), (3.15)
j Jj=p+1

with the sets {i1, ..., ip} N {ip+1, ..., 1y} = @ and the prefactor Yg being

Yr ({)"U(l)} {A'o'(])})

! (€] 1
'(l’l——p)' nB;zk P()"p+l""’)"£;)|)"5([’+l)’"")‘U(n))

P
« H H<_M) (3.16)

k=pt1 11 N Ao o)

o .. oo _ o o’ . Oi — . —
Here T on has the decomposition law ¢ ° = Cor(.m)CT.n with c|' | = ¢ij+1 =
c(Ai, Ai+1) for an elementary permutation o;, the c-number B;‘, is given by

(1) |
By (W7 P y)

p Y ) p
=2 H( by, )“’("))) H 2a()»l;(k) Aj) [1 20" %00,

oS, k=1 j#o (k),..., I=k+1
and the elements of the n x n matrix B, ({A;}; {§;}) are

a—1

Bu)ap = bha. &) [ [ aO-y. &p). (3.17)
y=I1
—_—
n
In (3.15), we have used the convention H fi = f1... fn. For our later use, we also
i=1

<«
n

introduce the notation H fi=fu... f1.
i=1

Proof. By using the exchange symmetry of the Bethe state

- 1 -
QN (Ao (ph)) = Z—IRN{AD), o € Sn (3.18)

l..n

and the commutation relation between C; (1) and C; (1),

b(x, ) ~
a(k, p)

Ci(wCin) = — CiMCi(w) + Ci(wCi(h), (3.19)

a(k, p)
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we have showed in [13, 15] that the Bethe state (3.13) can be written as

n p
Qv (A ) = D, Ye((ho i} {)»g(j)}) >0 T TeCow &0

oceS, i1<...<ipipy1<..<iy k=p+1 =1

XBp(Ao(1y, - -, )»g(p)|‘§,‘l, cee, %','p)

p
X Bu—p o (pitys - s ko i - &) [ [ EG) H E@)l0),

j=p+l

(3.20)

where
n n
By(hts .o dldiye - &) = D sign(0) [ [ 60w &) [] 200w &ib)-
oeS, k=1 I=k+1

(3.21)

One checks that the function B, (A1, ..., Axl&i,, . .., &, ) is equivalent to the determinant

21 =D/2detB, ({Ar), {&; 1), thus proving the proposition. 0O

By a similar procedure, one may prove the following proposition for the dual Bethe
state (v ({47} (pum)| (2.20):

Proposition 2. The dual Bethe state (Qn ({1 i}p.n)| of the supersymmetric t-J model
can be represented by

(Q@n ) pm|
= > Yiluomh (15 DOBIGlow) - - Bi(ta(pen)

UGSN
X B2 (o (p)) - - - Bato (1) (3.22)
_p(p=D+(n— p)(n p—D

= 2 Nlmah ) 25 2 (D72

oeSy i1<..<ipipy1<...<iy
P n )4 N

[T 11 ewow &[] I o 'G & H H & &)
=1 k=p+1 I=1k#i,ips1,..., in I=p+1 k=1,#i;

xdet By (o (1ys - -+ > o (p)s &iys -+ -5 i)

xdet By—p (Ko (ps1)s -« oy Eiprs - - -+ Ei,) (O] H E“)HE(, . (323)

J=p+l
where the prefactor Y is
YL({Mo(t)} {MJ(J)})
_1 1)
= p'(n p)' nB:;*p(MP+1’""Mn)|l/va([7+1)’""'MU("))

nop
y H 1—[(_261(/10(1(),#0(1)))’ (3.24)

i=pi1 1=\ o) Hok)
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and the c-number By* is given by

1 1
B (Mi),...,uﬁ,)lm,...,up)

] p )

1 | a(ug’s to@))

= > [Ie" oay [l e’ [] #
oS, k=1 j#o (k),....o(p) I=k+1 fo@ Ho®

4. Determinant Representation of the Scalar Product

The scalar product of the Bethe states with a given quantum number p is defined by

Po({iYp.mys (A jYpon) = QA ) 128 {A ) 4.1)

The invariant property of the pseudo-vacuum state under the F-transformation, i.e.
Fi_n|0) = |0) and (0|F1__}N = (0|, implies that in the F-basis, the scalar product
P, is

Po({iei} pnys (A o) = (N U1 Yo 1N AR 1 pom))
= > Yelro (b (1o DY R (o} RS0 D
x (0| By (itg(ny) - - - Bi (Ma/(p+1))1§2(ua/(p)) - Baptor1y)
xC2(ho(1)) - - - C2(ho () C1 o (pe1)) - - - C1 (kg (0))10). (4.2)

To compute the scalar product, following [12], we introduce the following interme-
diate functions:

G(m)({)“k}(p,n)v ULy ooy My Imals ooy in)

n <p_
of TT &3 TT £ Batem) - Batu)
k=p+l k=m+1 . )
XG0 COPCIOp) - CLOI0 > form=p.

n
Of [T E3LBi(m) - . Br(ups1) Ba(ap) Ba (1)
k=m+1

xCa(A1) ... C2(Ap)Ci1(Aps1) ... C1(A)I0 >  form > p+1,

where the lower indices of Eii) and Ea}() satisfy the relations {41 < ... <ip,ips <

.<ipand{iy,...,ip}"{ips1, ..., iy} = @. Thus, the scalar product can be rewritten
as

Po({ieitp.nys {2 j}p.m))
= > Yo({ror)}: {N((yl/)(k)})YR({)Lo(j)}’ {Af;]()k)}) G™ (ro ()} oy o' @) p.m)-

0,0’

(4.4)

We now compute G form < p and m > p + 1 separately.
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4.1. 1 <m < p. We first compute the function G™ form < p.
Inserting a complete set, (4.3) becomes

G(m)({)”k}(p ns Mla cees Mm7 Im+ls -+ s in)

N m+q
=>. (o H G H EgyBaua) ] EG)ED) H EG) H E(;)10)
JFEim+lse-nin  k=p+l k=m+1 k=m+1 k=m+q+1 k=p+1
XG(m_l)({)Lk}(p,n)v MLsenvs Mm—Ts bmtls « o s im+qv Js im+q+1 ey in) 4.5)

O=<g=<p-—m).

In view of (3.11), we have
m+q
(Ol H EGy H EiBaua) |1 EGHED) H EG) H E(;)10)
k=p+1 k=m+1 k=m+1 k=m+q+1 k=p+1

14 n
=—(=D127"" b, &) [] aGun &) ] am. &)
I=m+1 [=p+1
N
< [T a'Gep. (4.6)

k#j»im-l ----- in

Substituting the expressions of C‘l (3.10) and C‘z (3.9) into (4.3), we obtain GO

n
GO panys it i) = O] [ EZbHE(zk)ch(Ak) H C1(30)10)
k=1

k=p+1 k=p+1

p n
p(p=D+(n—p)(n—p—1)
=2 2 [T I] e &)det By, o hpi &y 6

=1 k=p+1
XdetBn—p()\;Hl,-«~,)Ln;‘§ip+1y-~'s$i,,)~ 4.7)

We compute G by using the recursion relation (4.6). One sees that there are two
different determinants in G?), which are labelled by different A’s and &,’s.Form < p
we only focus on the first determinant, i.e. det3 -

To compute G we substitute (4.6) and (4.7) into (4.6) to obtain

GV D (pnys Mlyiz,m, ] )
N q+l _)
= > H E(zk)HE(zuBZ(Ml)HE%Z)E?; EG) H E(i)|0)
JEC /N k=p+1 q+2 k=p+1
XGO Ukt ponys 12, - s igats Joigans - o in)

(=D (P=2)+(n—p)( D L z
p=D(p=2)+(n—p)(n—p—
=2 : IT 11 080 Z (=D b1, &)

=1 k=p+1 JF#i2, .. in
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p
X Ha(m, &)

1=2

N
7] .

X H a (&, &) detBy (Ao Apiiny ooy Eigers §s Eigras -+ i)

K pat s

n

< [T aur.&)detBapGpris - hni iy -0 &) (4.8)

I=p+1

Let Ax (k = 1,...,n) label the row and & (I = i2,..., j,...,ip) label the column of
the matrix ),. From (4.7), one sees that the column indices in (4.8) satisfy the sequence

ir <...<j<...<ip Therefore, moving the j™ column in the matrix B, to the first
column, we have

GV UM (ponys 141512, -+ 4 in)

P n N
(p=D(p=2)+(n—p)(n—p—1)
=-2 2 H H a(r, &) Z b(ur, &)

=1 k=p+1 iz, enin

N

p
< [Tatu. &) ] o' EpdetByGra, .. hpi & &y 6
=2 j

XdetBn—p()\p+la Y sip+11 cees Ein)

(P=D(p=2)+(n—p)(n—p=1) 1
2 detB;,)(M,--.,)»p;Ml,Eiz,-.-,éi,,)

n
< [T atu. &DdetBypGprts ooy hni iy -5 i), (4.9)
I=p+1

where the matrix B;,l)({)\k}, K1 &y, - -, &) is given by

BWap = [] atua &) a1, &,)Bpleg (1< <pand2<p < p),

k=p+1
(4.10)
n N a—1
BDar = ] atar &) D b1, E)b0w. ) [ | athy. &)
k=p+1 Ji2,in y=I1
N
< [ e'@&& d=aszp. 4.11)
k£ oi pi1 s eesin

Using the properties of determinant, one finds that if j = iy, ..., i,, the corresponding
terms in (4.11) contribute zero to the determinant. Thus, without changing the determi-

nant of the matrix Bg,l), the elements (Bf,l))a 1 in (4.11) may be replaced by
n

1 Ao — & Y n n
B = [] 7o Y

k=p+1 a_é:[k+nj7éi1;+1 """ in Ml_sj*"])‘a_g/"'n
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N

§k—§&j+n
x H s; H ) g (4.12)

J k?éjsi]ﬁl

Thanks to the Bethe ansatz equation (2.22), we may construct the function

1

g =2
i

j=p+l Mﬁ—kﬁ')“?

n Oy —up -t e —ug—n |
M‘xﬁ:)w[ H l—[ e — H

I Bt R e e I

=t MBS

o n n el 5, =5
2 I1 ;
1 1 1
, g =20 ag =20 a, =20y
Al e 2D o) =l +n}

1 1 1
i e —AD) A~ 2D

_ﬁ I‘Lﬁ_sk ﬁ lLﬁ_Ei_/"'n )Lot_gij
mwp—8&; e =&+

TN k=p+l#£j Mk
a—1 a—1 p—1 n Ay _)\(1)
Ul Ui )Lt*)‘y*U He*)\y*U j
+ . A
Z Aa *)Ly )Ly _ H A H e *)hy H )L(l)

y=1 BB 1z MM

{152

f[ }”]/_Sij+7] )”Ot_%-ij
k+77.p+1 Ay —&i; ha =&+

- e 0
Ay — e — 7 — He
+ZA H " H e H{H .

e M — Me He — Mﬂ o1, — Me j=ptl He j +7
n _ & _ &
B H e — &k 1—[ e Ezj +1 A Slj @.13)
gt e =8t 2o e =&y o =&y

where )LE.D (j = p+1,...,n) satisfy the NBAE (2.23). By direct computation, one

sees that the residues of My at points p| = )\3.1) - pu=rAy=1...,a-1)
and u; = ue (e = 1,..., B — 1) are zero. Moreover the residues of M, at the points
U1 = Ay are also zero because X, is a solution of the BAE (2.22). Then comparing
(4.12) with (4.13), one finds that as functions of 1, the functions (B;,l))al and My
have the same residues at the simple poles 1 = &§; —n (j # ip+1, ..., 1), and that
when 1 — o0, they tend to zero. Therefore, according to the properties of the rational
functions, we have (Bﬁ,l))al = M.

Then, by using the function G@, G1 and the intermediate function (4.6) repeatedly,
we obtain G (m < p):

G(m)({)“k}(p,n)v My ooy My mats o5 in)

p(p—D—mQ2p—m—D+(n—p)(n—p—1)

=(—=1)"2 2 det BY (Mt oy hps (1 - s i -+ i)

< [T TT aGu. &)detBapGupsrs - hns &y -, &0, (4.14)

I=1 k=p+I
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with the matrix elements

B—1
(B;,m))aﬁ _ Ha(ﬂe,fiﬂ)(gp)aﬂ’ (I<a<p m<B=<p),

e=1 4.15)
(B )ap = Mag, (Isasp 1=p=m.

Equation (4.14) can be proved by induction. Firstly from (4.9), (4.10) and (4.13), (4.14) is
true form = 1. Assume (4.14) for G~ Let us show (4.14) for general m. Substituting
G™m=D and (4.6) into the intermediate function (4.6), we have

G(m)({)\k}(p,n)a My ooy My Imsls o5 in)

N n N
=—(=D27" " b, &) [ awm &) ] a7
JEIme1seees in I=m+1 k#j,p+1,....n
XG(m_l)({)‘k}(p,n)a Mlsees Bm—1sEmals o+ bmtps Jo bmaptls - - in)
N n N
=27 3 b £ [ awm &) [ oG£
JFEIm41s--orin I=m+1 k#j,p+l,...n
XG(m_l)({)"k}(p,n)5 M]5 M} /~’Lm715 ja im+17 M ln)
p(p=D)=m@p—m—D+(n—p)(n—p+1) . .
=(=D"2 2 deth”)(}q,...,)\p;m...,um,zm+1,...,zl,)
m n
[T TT aGu &0)detBupGpris s s &y - i), (4.16)
I=1 k=p+1
where the matrix elements (B;,m))aﬁ are given by
B—1 n
Bap = [ [ atue. &) [] aGa-&)Bpap (1 < <p,m<p<p),
e=1 k=p+1
(BY)ap = Mag (I<a<p, 1<B<m),
n a—1
B am = [] aGa-&) D blum E)b0w. &) [[ aCy. &) 417
k=p+1 JHEmstsein y=1
B—1 N
< [Tawes) ] o 'G.&) (I <a<p).
e=1 k?éj»i17+l ----- in

By the procedure leading to (B;,l))aﬁ, we prove (Bg"))am = M. Therefore we have
proved that the function (4.14) holds for all m < p.
When m = p, we have,
G P (M pumys 1o it -y i)

(n=p)(n—p—1)
= (=172 T T detM (M R (s s )

p n
< [T TT et &) detBuprpsts s s & -0 &)y (4.18)

I=1 k=p+I
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where the matrix elements of M are given by (4.13).
For later use, we rewrite the element of the matrix Mg (1 < @, B < p) in the form

B n
Map = Fap+ 2 [ (7 e, 6)atia ) G

e=1 j=p+1
+ 20 TT (70 810 6)) Mg, (4.19)
where

b(Ag» i
Fop = bOa: 1p) H a g, ny) Ha (1B, tre) H a(ug, k(l))

(l()totvﬂﬂ) ye= =1 j=p+l
S (O] M = Q)] = M (O]
-1
+ 20 | bup b Ga ) [T Gy a3 [T atee 25 [T a7 o057
Jj=p+l y=1 e=1 k#j

a—1 o
b(hasry) b(ry, pp) 1 )
. 2 1y) 2oy 1) [T « oy, A)Ha Oy 1) H alhy,25))

1 =1,#y Jj=p+l
p—1
b
+Zm°"‘“)M ]'[crlwe hy) H Vueone) [[ atwes®). @20
2 alha o) alie. 1 j
= e=1,7e€ j=p+1
b(rg. a—1 B N
P o e [T atup 80 €= p)
c alra, He y=1 k=1 101
ap = -1 N (4.21)

b0, te) ble. g) ° - =
—7[{“&’“6)07(#6%)}'[ (e ) [T @ Mme ne) [Jate. &) (1<e<p—1),

e=1,7#e€ k=1
—1 p—1 N
b(has Ay) b()tya,“vﬁ) E 1 1
HY, = — — P T a7y a0 [T a7 Ogone) [T atry 80 4.22)
op a()»a,)»y)a(xyyllﬁ)tzl £y oy e=1 vt k=1 O (

After a tedious computation, we obtain the determinant of the matrix M,

detM{Aa}, {ug))
=detF({Aa}, {p))

k n »
+ Z/H H a*le(ue,&g) Z (_1)T(j|j2“.jp)

k.lg.0f,, ¢=18=p+1 J1edp=1
N#FEp

p n kI
< IT T1 TTTT[1+55, 0, @Gy —1)]
f'=1 f=p+li=1r=1 '
X (A2)1j,(A2)2j, .- (A2)pj,

k n k& n
+ Z//H H a—le(xe’gig)HH H a(kptr/,é'ig,)detAﬂ{)\a}v{Mﬁ})

k’lkvpfnk e=1 g=p+l t=11'=1g'=p+1
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l/

(e, s,,gf[ I1 H (athy &)

t=11=1g'=p+1

k»lk»Q,’%k k/’ll/c”pfn/’ e=1 g=p+l
k
P
x Z (_l)f(jljZMjp)
_']'1,..,./']7='1
J1#--#Jp
k n 14 p L
<[] [1 I
t=1 f=p+1 s=1 fl=1t'=1
s#E oy b l0fy )
k n p 14 I
<] 1 [T Il
t=1 f=p+1 s=1 fl=11=1
s#E (o b L0k, )
X(A)1j,(A4)2j, ... (Ad)pj,

=T+ h+T1+1,

where t(x1, ...,

oisevenand (o) = 1 if o is odd,

—k+1
, r |p 1 Ik 14
k _k—l 1 1ﬁ 1_—[1
k lk'gmk - k mi= Q{(nk =k
k k
Oy #Cpyy —1+++:€]
lg—r )4
< 1 >
Mh—r= Qicn;r , =k—r
k— k
ka V#ka - —10] "
PR T S N 1o/ s WO
p—1 | p—
> Z H >
klic, ok, k=1 | lx= 1 " my=1 pmk—/(+1
k
pmk#p,,,k,l, vl

xp) =1(0), (0 € §pand (x1, ...,

(16758, 0 (a7 i) = 1)

|:]+3f’ 5/ o, (a(ké,glj)_ 1)]

(4.23)
(4.24)

xp) =0(,...,p), (o) =0if

o1 Pkl =0k

2

le—r!
r=1 iy =0 k=r
k—1 p7k+r725;g)lk_, 1
Z_ lg—!
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lk—r P
T 3 ,
Mi—r =1 p{cn;r_r =k—r+l1
P:{n;ir #/’zl;;i,—l etk

k— k—r+1 k—r+2
Oy e o Y (o)

and the elements (A;)qpg, i = 2, 3, 4, are given by

521

Fop a=1l....p. B=1....p. B#{op}).---.{oh}
(A2)aﬂ = k ' i
gaﬁ Ol=1,-..,p,,3={gmk}(k=1,2,,,,,p)
(4.25)
Fap a=1....pa#ph . Aoh )l B=1..p
(A3)ap = 1. . 7
ﬁ"‘l off az{pmk}(kzl,z,...,p—l)"3:1’._"1)
(4.26)
and
Fap a=1...p skl o)
B=1....p. B#{op) - {oh,)
k = 1 n—1
(Ag)ap = Gap o= 1,/.(..,17, a # oy Aop ) @27)
B=Aom}k=12,....n)
Lok, a=ib k=11, p=1
B+1 of = Wy, =1,...n ,B=1,...,p
respectively.
Thus by using (4.24), the function G (4.18) becomes
G(P)({Ak}(p,n),m,...,up,ip+1,...,in)
4
= ()R Y T
Jj=1
p n
[T TT aGu 0detBupGupr oo b iy i)
I=1 k=p+1
(4.28)

4
=" GV (o 1. - e ipet - n).
j=1
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4.2.m > p+ 1. Then we compute the intermediate functions G for m > p + 1.
Similar to the m < p case, inserting a complete set and noticing (4.28), we have

G(m)({)‘-k}(p,n) H/l s oo Mis Il « v s in)
—
N m+q
_ 13 13
= 2. (0 H EgpBiun) [T EGHEG, H E;)10)
JFEim+1seeoin k=m+1 k=m+1 m+q+1
XG<m_1)({)\k}(p,n)a MLy eves Mimn—1sbmtls « oo bmtgs J> bmtgel « -+ » in)
4
=" G (it pamys 11 s st - ), (4.29)
j=1
(m), (P)s - :
where G ."’s correspond to G j sin (4.28), respectively.

(m)

We ﬁrst compute G, . With the help of the expression of B (3.12), we have

m+q

13 13
(0] H EinBin) T EGHEG) H E(i10)

k=m+1 k=m+1 m+q+1

n N
=—(=D127" b, ) [] atum. &) [ a7 &, €. 4.30)
I=m+1 kj
When m = p + 1, by using the expressions (4.28) and (4.30), the intermediate function
GY’H) is given by

1 . .
G§p+ )({)Lk}(p n)s M1y« ooy Mptls Ip42s ooy in)

e
N p+q+l
_ 13 13
= > (o H EGyBi(upe) [ EGHEG H E i10)
JFips2,enin  k=p+2 k=p+2 p+q+2
XGEP)({)\'](}(PJ!)? K15 ey Mpa ip+29 I ip+q+], j, ip+q+2 ey ln)
(n—p)(n—p—1)—2(n—p—1)
=(=D)"2" 2 detFO. . At e L)
1
*detBY ) Gupats - s ot Eiprs -+ i) (4.31)

where the matrix elements (B,S"i)p)aﬁ (p+l1=<a,B<n

—1
(B(p+l))aﬁ = Ha(,ufs slﬂ)(Bn p)aﬁ» forp+1 <pB <n,

e=1
N a—1
B apsr = D blupse1 EDbOw. ) [] aly s,>]‘[a(ue,é,
JFp+2s--sin y=p+l e=1
N
[Ta "G &p. (4.32)

iy
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As a element of the matrix B,(fl +1), one finds if we take j = ip42, ..., iy in the sum of
(4.32), the added terms will not contribute to the determinant. Therefore we may rewrite

1
B e pa1 as

N a—1
Ui n Ay —§j
(B(P“’])) —
apt ;Mpﬂ —§j+’7)\a_‘§j+77yl_[p+l Ay = §j+n

p N

Me —§&j &k —&j+n
% . 4.33)
H —&j+ H & —§j

e=1

=

Then by using the properties of the rational function again, we construct the function
Mg (p+1=<a,B<n)

N %S Ay — s —n 'y e —mp—n
(Nl)otﬁ = by H V)L r H < p
« TR pn THE o HeTHp
(1) N
« f[ Hp — )‘j _ H g — &k
M _
joprt Hp =2y B TSk
n a—1 (H
Ay — A
n n v j
+ 2 [l —w—
o) (1) (¢V)
i=ptl ;Lﬂ—kj +nka—kj +'7y:p+1)‘y_)‘j +7
B—1 . @1 M
. e Aj H A kj +7
PO OO
e=1 He = Aj T jestj Mk j
B-1 a— B-1

+zki Ui 1—[1 Ay —He—1 H He — e — 1

. N _;;:
< T1 e (434)

j=ptl He — AT+ it Me — Bkt
Here as before, one may prove (B(p ))0, ptl = M) p+1. Moreover, with a similar
procedure, one may prove that for any p + 1 < m < n, the function GE ™) can be written

as

Gﬁm)({)‘k}(p,n)v L« s My bl -+ -5 In)

(n=p)(n=p=1)=(m=p)Cn=—m—p—1)

= (=" 2 AetF Aty .oy hps fh1s -y [p)
X AetBy_pOhpits - s hos i -+ 60, (4.35)

where the matrix elements (B(m) )a;; (p+l1<a,B8<n)

B—1
B ap = [ | alue. &) Bplap.  form < p <n,

e=1

B Dap = NDap. forp+1<pB <m. (4.36)
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Therefore when m = n, we obtain

G (Y pmys (kY pomy) = (=1 detF o, .oy Aps [, -, [hp)
XdetNl()\p+ly---s)\n§/Lp+ls--'vﬂn)- (4.37)

Similarly, the function G(Zn) is given by
G;n)({)‘j}(p,n)a {/‘Lk}(p,n))

/ P .. .
= (=1)" Z D (=TI (AY) (A2 - (A2)p ),

k,l gm /1 ------ jp=1
G J17. ;E]p
Xdeth()\’p+lv'-'a)\'nvl'Lp+ls"'7I‘Ll’l) (4.38)
with
Nt me—ns T me—wp—n S5 Ay —up—n
Mg =TT (H ) T et ] e
Ao = g, \He = g =T c=ia1 MeTHp 0 Ay T HB
P kI
Apr—mp—mn
X HHH[1+8j ' (——1
f ey ;) —
fl=1t=11t=1 ' )\f np
(1
o ﬁ Hp _)‘j H _mp—&
—aM 4 wg —&+n
j=p+l KB — A 1=1 MP
n k ) le—1
U U e —hg  +1)
2 EPTONNSERY( H( YO )
g=p+l HB —Ag TN Aa = Ay  +1 o1\ He =4y
—1 1 -1 1
xﬂl_[ e — 1" "H hy — 28D LR P
0 0 (1)
e—ktl He —Ag 1 Zpi by —Ag F N y_pi2e Ao — Ay

x 148, | —=L—20
el )
f’=1t:lt’=1 Apr—hg +1
N L e — e N P e —pe—n
e € & €
H(—) [ feteer

T e — 1B A ooy \Me = fe — 1] emkilpe Mo T He
n (€8] N
e —A; He — &
@M _
v pil Sy —He jopi He =X+ oy e = EIED
i Afr—te =1
[ He —
X 1+36; - 1
HHH[ ]f’Q;/( )\'f/_u'é )}

fl=lt=1t=1

k
+> a(up. L), (4.39)



525

Supersymmetric ¢-J Model

where the function g>(ug, l.) = 0 when [, = 1; when [,=0

1,—1 /3_1
n n e — te ) e — e — N
g (ug,le) = P (—e - ) I I -
e =g ha = He 21y \Ie' = He =1 sy He— He

() N
— A e — &

Ay —He—1 z He J
) H [ —A§1)+n_gue—éz+n

)\‘)/ He j=p+1 e

y=p+l
p koL
)\f’ —MHe — 1N
x H HH [ 5., (—)\ T 1)} , (4.40)
fl=lt=1t'=1 / ¢

and when [, > 2,
l,—2
1 1 d*
oup,l)=—» — — 1 — )
prie g k! (g — pe +mle=k=1 dxk ‘

Iy—1 B—1 a—1
- ¢ Pe — X —1 Ay =X —n
) H - H Ay — X

)‘a_X

« H (

e'=1,#e He =X =1 e=k+1 He X y=p+l

P kI
Apr—x—n

< TTITT |10y, (525 -

fl=1t=11¢=1

n () N
X — A
< T1 e | cl (4.41)
jeptl X = A l:]X—§l+’7 o

The function G\ is given by

(n) _ n ” .
G (O} pmy (i p) = (=1 D" det A3(ho (), - - -2 Ao () Ho'(l)s - - -+ o' (p)

k,lk,pf,,k
Xdet N3(Apsts -+ oy Ans Upsts - oo s fn) (4.42)
with
-1
o he — g THETN Ty Ay —ug— 1
Nadap = 7— H(x— —) Ar— Il Ay —
o Hp e=1 e T Hp n t=11¢'=1 Hp y=p+l Y Hp
B— n B )\(1) N
e — g — 1 Hp—4; mp —&i
XH — g [ — 2y _Huﬁ—éﬁn
j=pel KB — AT
n B—1 (1 a—1 (1
+ Z n n H He — Ay H Ay = Ay
1 1 1 1
oS =g 0 =g e =g 4 2o dy = ag)
k M o\l kb _,\(1) n )
2 g — 250+
() I g e
(1) OIS (D
e=1 e = Ay r=11=1 ’_)‘ 0 y_pite A T Ag
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B—1 k kI _ _
n n )\e Me n
* Me_ﬂﬁ)\a_ﬂen()\c_ﬂe_n) HH )L’_Me
e=k+1 e=1 t=1¢=1
p—1 -1
fe — e =N TT Ay —He—1
< 1

(H N

e=1.7€ Me — Me yep+l Ay — He
1

" Me
X
j=p+1 e

83(ug, le), (4.43)
— 2Dy HM —$z+n ez g

where the function g3(ug, l.) is given as follows: i) when Hle Hit/:l 8¢ pt, =0,
g3(up, le)

L=l ] k £

d n Ae — X le
-3 (x = 1o (—
— k! (g — ke + e F dxF ‘ ka—x,H e —Xx—1

e'=1,#e
k l’)»f—X—ﬂ afl)\_ _
NIy
y=p+l

t=11¢'=1 ,r X A
B—1 n (1 N
—y — X — A _
» He — X —1 H (I)J _H X—& . (444)
ol HeX T x4 o X &

X=he=1]
ii) when H, | Ht, 1 8¢t = landlo =1, g3(up, L) = 0, and iii) when there is an
t
index 7 (f € {1,...k}) and #' (' € {1,...1;}) such that pi, = e, and l, > 2,
gz(u,s,l )

d* IL—1 1 . he — X fe
= —)\’ e P A
Zk'(u,s—X el | TS )H ( )

It

k At —xX—1 a—1
Py Ay —x—n
X H H pra—— H Ay — X
1=1,#7 t'=1,#1" Py y=p+l Y
-1 o N
x Bem X710 ﬁ X =% _H X — &
Ie = X 2Dy gx =&

=

(4.45)
e=1 Jj=p+l Y =he—7

The function Gf‘") is given by

Gf;")({lj}(p,n), (et p.my)

/ " P P .
=" D] Z D DT (A (A2, - (Ad)pj,

kle.ok, w1, pF Jlseip=1
"k K ’"1/‘/ 115Jé Fp

XdetN4()¥p+ly cees A Mp+ls---s Mn)

(4.46)
with
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k oK _ _p a-1
_ n e — I8 o, “HB TN Ay — g —1
Noas = T (2 ) T 2y
o THE Ly Nre TIE TNy e THRE L Ay T HE
B—1 (1 N
XHMe 1p =1 ﬁ g — A By 1p — &
(D _
=l THE g e — A w0 B T
k I
Im 11 ﬁﬁns 5 M RE
) e \ g = g —n
=1 s=1 fl=1r=1
s#E (o b (0%, )
k p Il g — 1
LT T s (P25 )]
=1 s=1 fi=1r=1
SOy boeenr (0 )
n B—1 ﬂe_)\él) a—1

n n hy = by
+> S TUIG [1 Hm

1
ey e =2 1,2 Ay

k A(l) )L(l) no —A()
XH(M YO )HH [1 o

() (n
=17 1)"_)‘9 0 gopil 29 A9~ Ag

k )4 p LT RO 7
AT T s ()
L 0 .

k p p LT A —A(l) 7

<[] I I1 1+8758; (— 1)
1@y ()

s=1 f/:] =1L I A A + n |

s#E oy b l0fy, )

.‘
I
_

n k L ¥ l ,o —MHe—7
3 P iy [
e M “ﬂ)‘ He . )‘_“_r’ (=1¢=1 T He
B—1 —1
% Mg — He — 1] 3 )\y_l/«e_ﬂ
=1, e Me — Me y=p+1 Ay — Ue
(1) N
z _)“ e — &
X (1) H
= +1M€—A +1 lﬂe—fl""l
£ - LML B — 1k
€
<11 [ HH[H(S]N ’f'Q’( ue—n_l)}
t=1 s=

<,
I
—
X
—_

s# op b 10k )

: = L s = le =11
N €
<[] I1 I L4875 8), 0 |5 — 1
t=1 s=1 fl=11=1 hs = He

s#E oy b lohy )
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k'

+> galup. 1)) + Zgwﬁ, o), (4.47)

e=1 t=1

where g4 (g, I}) is given as follows: i) when Hf;l Hi’,_l 8ept, =0,
=197/,

g4(g, ly)

I,—1 1% /
-y Al PR N, (—AE_X )le
- ] _ I, —k ¢ _ — —

Sk (g — ke + )R dF ha = X 2y e T X T

Kol p —x—n o= 1 A X n

’ y_ -
X
Tl s
t=11=1 P y=p+l
n (H N
fe — X — X—%; xX—&
XII — X [l — 2D+ _le—&+n
e=1 j=p+1 X i T =

k

14 Iy _ -
IO T s, (-]

t=1 =1 =1t'=

s#E o Vol )

©

U

: : 2 A—x—n 1
S0 N B 1 B L e e |
=1 5= '=1t'= B
t Si{p,hl},-l--,{p,’;k}f e

X=he—n

(4.48)
ii) when Hle Hf’,zl 8¢, = 1 and I, =1, ga(up.le) = 0, and iii) when there are
indices 7 (f € {1, ...k}) and 7 (i € {1,...l;}) such that ,ott:, =e,and [, > 2,

ga(up,le)

1 1 a* (= e
= (up — e bR dgE | T

4

_X_77 a—1 )\y_X_r)
ll_I;ét’ I_X H

i
=1,7e t=1,4F 1/

X,II (k-—x—n)

y=pr1 7 X
n (eY] N
e =X =1 X2 X =
XH e — 1 H 0, _H 1+77
e=1 j=p+l X T4
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k - - 14685, 8 Sl N :
U T (U s, (o ,
=1 s=1 fr=1vr=1 s

X=he—1
(4.49)

for the function g} (1, [;), one has: i) g4 (g, ;) = 0 when
P P

l
ne = Z DIDRILIFAEE

fl=11=1
Sl Tl )

ii) when n; = 0,

k LK — =
g 1) = afutl_[( ) [HIT——— &

Mﬁ)\ e=1 )L_'U“t_n t=11=1
p—1 -1
o« He — e — 1 Ay — e — 1
e=1,t He — MUt y=p+l y — Mt
(¢V) N
« - M — A H e — &
)

Mr — Uy — 1]

k P I
<] I1 H 1487158),0r, (M—l)}

s#E oy b l0f, )

iii) when n; > 2,

gu(1p, ne)

ng—2

. 1 1 d* 4

5 k! (g — e + k=T dyk
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It

P p
| [1 [(“f TX WA ps @L]

5= fr=11r=1
s#E(oh V10l )

rK ol oy —p a-—l
,P/Xrl

I I T

« 1=1¢=1 p; y=ps1 "7 X
p—1 (D) N
5 e — X — 1] ﬁ X =2 H X —&
He — X - )ﬁ” — &+
e=1,5t j=p+1 X

k p 14 I
Mt — X
<011 11 11 [ ez (1))
T=1,%t s=1 fl=17v=1 He=x =M

oy bl )

k P P k- 146 )»s—X—’? 1
S 1R S T
=1 s=1 fl=1v'=1 s—X

SOy bl )

X=te=T1]
(4.51)

From (4.4) and (4.6), we have the following theorem:

Theorem 2. Let the spectral parameters {Ay} of the Bethe state |Q2n ({Ak}(p,n))) be solu-
tions of the BAE (2.22). The scalar products Py, ({itx}(p,n)s {Ak}(p,n)) defined by (4.1)
are represented by

Pu({uk}p.nys {2icd(pomy)
= (=" > Yeluor(ph Gy DYR(o () 250D

o0,0'eS,

x {det F(ha(1): -+ Aa(p)s Bo'(1)s - - - » Ho'(p))
xdet N1 Ao (ps1)s - -5 Ao Ko’ (p+1)s -« s Ko’ (n))

p
I e I
+ > > DT Ag)g 1) o) -+ (A2 (o)

kg, ka Jl ««««« Jjp=1

75 #Jp
Xdet Na(Ag (ps1)s - - - s Ao(n)s Mo’ (p+)s - - - » Mo’ (n))
"
+ Z det A3(Ag (1), -+ s Aa(p)s Ho'(1)s - -+ » Ko’ (p))
k,lk,pfnk

Xdet N3(Ag (pa1)s - - - s ho(n)i Mo (p+1)s - - - » Mo’ (n))

p
/! 4 Iy e
DD > DT T I A 1)1y - (Ao (o7

kd.ok, k1, o8, Jredp=l
k K m;(/ ]1#'"75][7

X det Ng(ho (pa1ys - - s Aa(n)s Mo (palys - - -+ o' (n) ] - (4.52)
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Remark. In the derivation of (4.52), the spectral parameters {A;} in the state
|25 ({Aj}(p,n))) are required to satisfy the BAE (2.22). However, the parameters
(j =1,...,n) in the dual state (Q2n ({1t} }(p,n))| do not need to satisfy the BAE.

On the other hand, if we compute the scalar product by starting from the dual state
(2§ ({2} (p,n))|, then by using the same procedure, we have

G (MY (Yo = G U Y ponys ek dpn))- (4.53)

Therefore, the corresponding scalar product PnL Aoy I j}p,my) 1s given by

PnL({)‘k}(p,n)v {Mj}([’v"))
1 1
= > Yellroihh 50 DYR e iy D G Uttor(h)pms o} pm)-

o,0'eS,

(4.54)

In (4.54), we have also assumed that any element of the spectral parameter set {A;}
satisfy the BAE.

5. Correlation Functions

Having obtained the scalar product and the norm, we are now in the position to compute
the k-point correlation functions of the model. In general, a k-point correlation function
is defined by

|k
FE =@y (uslel .. ek 1Qn (), (5.1)
J
ij
superalgebra gl(2|1), and the lower indices i; indicate the positions of the fermion
operators.
The authors in [28] proved that the local spin and field operators of the fundamental
graded models can be represented in terms of monodromy matrix. Specializing to the

current system, we obtain

where €; stand for the local fermion representations, (2.15), of the generators of the

Kk—1 N
A =nepeey = [JrEn-BiEo - [] 1) . (5.2)
j=1 j=K+1
Kk—1 N
A =neeer = [J1En - B - T] 1) (5.3)
j=1 Jj=Kk+1
Kk—1 N
A=nepel, =[]eEn o I 1@ . (5.4)
j=1 j=x+1
n—1 N
(I =ne ety =[]1Ep- G- I 1&) (5.5)
j=1 j=k+l
k—1 N
(I —ne DA =nep) =[]16Ep DG~ [] 1€ (5.6)

j=1 Jj=Kk+1
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Kk—1 N
Si=—T]t¢)-Aanco- [] &) . (5.7)
j=1 j=K+1
Kk—1 N
Se=—[]tEn AnGo- [] &) . (5.8)
j=1 Jj=Kk+1
N
S§=——Hr<s, (A — AnG)) - [] &) .59
Jj=Kk+1

where in the left of (5.6), n, 1,4 = 0 since the double occupancy of lattice sites on the
restriced Hilbert space of the supersymmetric #-J model is excluded.

5.1. One-point functions. We first calculate one point correlation functions for the local
fermion operators (1 —ny | )¢, 4 and (1 —ny, ¢)Ci,¢- According to (5.1), the correlation
functions are given by

F i} oy s i) (petnen)
= (Nt p)) - (I =ne et - 128 (A} pa, n+1)))

= > D> Yilre oo S DYRUro () hg D

0€S, 41 0'€S,

<_ (_ —+)1 n+l
x (0] H Bl(um)HBz(ua @) - A=ne el T[C06m) [T €10,
i=p+1 i=1 i=1 i=p+2
(5.10)
ETN Y pe1ns1)s s (k) (o)
= (QN{Aj}prtne)] - (1 = nm)C,:,T QN {mjtp.n))
1
= > > Yilhohh Ao DYR oo} il D
0'eS, €841
n+1 ,<;+_1 T
<0 [T BiGon] [B2hoi) - (1=nc ) - chwgf(,)) H C1(1o'(1)0),
i=p+2 i=1 i=1 i=p+1
(5.11)

where {u;}, {A} are solutions of BAE, p and p + 1 are quantum numbers of the cor-
responding states. For the representations of the correlation functions, we prove the
following proposition:

Proposition 3. If both the Bethe state |2y ({u;})) and the dual Bethe state (Qn ({u})|
(uj = Aj, uj) are eigenstates of the transfer matrix, then the correlation functions

corresponding to the local fermion operators (1 — n, )¢, 4 and (1 — n,w)c,:T can be
represented by

ENAR Y pnys Ecs I (prtnst)
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=D DT > deihey ()

€S, 11 0'€S,

X Pust (Ec. o' (1)s - - s o' (n)s (Ao ()} (pelne)) » (5.12)

FI Y patnenys € (tid o)
=D T > g hee )

0€8y11 0'€S,

xPL, (Ao ()} (pr1ne1): Ecs Kot (1)s - Bo'(n)) » (5.13)

respectively, where ¢; ({1 }) = Hi:l [T, a Y (w, &).

Proof. We first prove (5.12). From the definition of F”T, we have

FJ+1({Mj}(p,n), Ecs (M) (prinen)

= (Qn{utpm)l - I =ne et - 1N U pr1,neD))
k—1 N

=(@nvUuoa! []1ED - B - [ tEnIQN () psrnsn)
j=1 Jj=Kk+1

n k—1 n+l N

=" S T e e g [ T ¢t 80

0€S,41 0'€S, j=1k=1 j=1k=k+1
X Pust (§cs o' (1)s - -+ Ro'(n)s (ha(j)hpetne)) - (5.14)

Then by using the relation

n

N
[T[e ' 80 =1. (5.15)

j=lk=1

which is from the BAE and the NBAE, we prove (5.12). The proof of (5.13) is similar.
O

For the local operators (1 — 7, 4)c,, ) and (1 — nKT)cI 1 the calculation of their
correlation functions, which are defined by

Fn¢+1({ﬂj}(p,n)’ Eer (Mt (ponen) = (N (et pu)| - (L= p)Ci,y - 1928 Akt (pone)) s
(5.16)

FL 0 ety Een (i ipm) = (@0 (hicd e - (T=ne el | - 198 (1} pan))-
(5.17)

respectively, leads to the following proposition:

Proposition 4. If both the Bethe state |2y ({u;})) and the dual Bethe state (Qn ({u;})|
(uj = Aj, uj) are eigenstates of the transfer matrix, then the correlation functions
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corresponding to the local fermion operators (1 — n, 1)c,, | and (1 — n,m)c,:l can be
represented by

EY e (i s Ecs ) (punet))
=D T g Uuhee ! (ud)

0€Sy410'€Sy

- 1)PH

awaf(,) £ [l (“a/(l) ----- Mo (pys 8ic Mo/ (pa1ys -« s Ma’(nﬁ{ka(/’)}(p,nn))

+ (=P~ lzb(uu () o) T C(l/«gf(k),ptd/(j)) 4 1
1 altgr(jy 8 () (gt kys i) I=1 aliterqys Kot (j))

X Ppiq (”’0‘/(1) ..... Mo (j—1)» &, Mo/ (j+lys -+ Ho' ()

Ha'(j)s Ko (pr1)s -+ Mo’ ()} {Aam}(p,m))

(5.18)
Fylia) Ee i) (pun)
n+1 (WA jI(p.nt1)s Sk Wk (p,n)
=" g1 (hghee )
0€S,41 0'€Sy
P | .
(=P jlj anﬂ ({)Lo(j)}(P+1,lz+l); o/ (1ys«-+» Kol (py» s B! (palys -+ -5 Ma’(n))
pt < Blitgry ) T gy o) 1
+(=1) Z H
a(/Lg () &) fale] (g’ (k) §6) 121 2] a(iter 1y Mo ()
X Pn+1 ({)»a(j)}(p,nﬂ)l Ko/ (1)s - Mol (j—1)r Eics Ba! (alys -+ o' (p)s
Ko’ (j)ys Ro' (p+1)s -+ +» Mg’(n)) ; (5.19)

respectively.

Proof. We first prove (5.18). Considering the definition of F,,¢ the representation of the
local fermion operator (5.3), we have

Fn¢+1 (it pays & Ak (pone1))

Kk—1 N
= (@v(jpa)l- [T1ED  BiGED- T tENI@N U pen))s
j=1 j=Kk+1

=> D be1ro(p Do UttoraoDYLUtor ) Ay DY R (o ()} (A5 D

0e€S, 41 0'eS,

AT p—+)] n+l
x (0] H Bl(un/m)HBz(ua/(l)) BiE) - [[C2000@) [T C100e10). (5.20)
i=p+1 i=1 i=1 i=p+2

From the GYBE (2.9), we have the following commutation relations:

Ba (1) Ba(h) = —c(A, ) Ba(A) Ba (1), (5.21)
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b(, A
By () Ba (o) + )

1
Ba(W)By (L) = —
() Bp(2) AL ) 2 )

By(n)B,(A) (a #b).(5.22)
Then we have

Ba(up) .. Bz(,U«l)Bl(EK)

= (- 1)"Ha( iy B1E0Bap) - Ba(u)

e IZ b, EK)HC(Mk,Mj) ﬁ 1

‘a(uj, & c(fks &) =1 %] a(pr, i4y)
XBI(,U«])BZ(Mp)‘--BZ(Mj+1)B2(‘§/<)BZ(Mj7])~-BZ(M1)~ (5.23)

Substituting the relation into (5.20), we obtain (5.18).
Similarly, by using the commutation relations

CaM)Ca(p) = —c(r, W)Ca()Ca(R), (5.24)

1 b(u, A
Ca(M)Cp(p) = — Cp()Ca(X) + e )Cb(k)Ca(M) (a #D),(5.25)
a(p, A) a(u, 1)

one may prove (5.19). O

For correlation functions associated with the local fermion operators S, and S de-
fined by

FSUu Yoy &es Dt p—1.m) = (N U} )] - S - 198 Ak} (p—1.m)), (5.26)

FyfT({)\j}(p—l,n)s Ees (o) = (N (it o1 - ST 128 Lt} (o))
(5.27)

we have the following proposition:

Proposition 5. If both the Bethe state |2y ({u;})) and the dual Bethe state (Qn ({u;})|
(uj = Aj, uj) are eigenstates of the transfer matrix, then the correlation functions

corresponding to the local fermion operators S and ST can be represented by
F;}g({ﬂj}(p,n)q &, {}\k}(p—l,n))

b, )

=SS g lw,}ml({xwz P’

Y aC, o' (i)
0eSpo0’eS,

. P (Mt (iys Ml (7)) P 1

- | | @) Ho'()) H
(=Pt o e
j=i+l Wiy o' (1) (Ziag @ Wo’ () ) H o'(i)» S

a=1
X Py ({Ma/(l) ----- Kol (i=1)> Ko/ (ixl)s -+ Ko (p)s &5 o/ (pa1)s -+ Bo! ()} (p—1.m)3

{Kam}(p—l.n))

k—1
4 pypi-] ﬁ (kg (iys Mo (j)) P bk () &) (o' 1ys Bo' (k))

=it aliigr iy Mo (j)) et a(ie (ks &) =i+ (g (1ys 6ic)

P 1

< 1

- a(;L /(i) fat) Py {M T(Ays oo ° ,(A_l)’u 1)
m=i+1,#k alko! (mys Ko’ (k) 4 H ot ( o o' (i o/ (i
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Ha!(k—1)> 56 Mo (k1) - - - » Mo (p) Ho! (k) Ha! (p+1)s -+ Mo/ ()} (p—1.n)5 {)»a(j)}(p—l,n)) ,

j—1
+ i bariy ho'() T7 Wotos Ho') 1 CWa'(id Ho't)) ﬁa(u s Ea
@t/ (i): o' () 124y o’ () Ho' ) Ao’ (s o) oy

j=i+l k=i+1 I=i+1,#j
DI —
x| (=P~ — {ngr (1),”.,/16'(,‘_1),#:,/ ey
(i+1) > el (p)’
m—itl (M o (m)’ &)

Eics Mo (pr1): - -+ Ko’ (n) Hp—1,m): {/\a<j)}(p—1,n))

. P
+(=npmimh

m=i+1

blkg iy §) T Wy Hrm) !

7 / T A
Ay gy 1) Waruy 8 vt m A Wor () For ()

n=i+1
x Py ({11g ! G—1)s Mo w &, 1L [T
o'(1) - Pl (i=1) B/ (i41) o/ (m—1) S Pa/ (m+1) * Fo/(p) Po’ (m)°

o/ (p+1)> - o' 0 (p—1.m)3 {Aom}(p—l,n))}

j—1
. i b(SK,Mq’(j)) J C(”’q’(k)ﬁu‘g/(j)) P C(I'Lo' (j)s Ko’ (1))

a
a(Eie, o' (j)) (g’ (k) §i) alitgr(jys o' (1)) H (Ha'(jy- o)

Jj=i+l k=i+1 I=i+1,#j
P
x| o T

m=i+l

1

4 4
m ({Mg (1)5~'~7/’Lo',([—l)s”“a/(i+l)v~~'5M{7/(p)9
m

Ho' (i) Ko (pr1ys -+ Mo’ () }(p—1.m)3 {f\au)}(pfl,n))

. p
+ (=Pl Y

m=i+l

DU 1y Bt ) = U Bry) 1

1" " R TN
ﬂ(llva/(m), Mg’(i)) n—itl C(l/«g/(n), /lg’(,‘)) s=i+1,%m a(“a’(s)’ l/-(,/(m))

" 4 " 4 "
X Py ({/’Lg’(l)s s ol (i=1) Bt (ia1y - Hol gnety Bl ()0 Ho/ mal)s -+ ol (p)e Mo (m):
Ro'(palys - o’ )} (p—1n): {ra () p—1.m) ) (5.28)

FS (O patmys e A1) )

DTS g1 hee (M)Z

0eSy 0'eS,

)4 P N
y (_I)P*l‘ 1_[ C(”’q/(i)’ I’Lg/(J)) 1 H alir;: éa)
allis’ iy Mo (j)) kmit] a(ie’ (kys &) Pl ol@

b, o (i)
a(ée, Mg’ (,))

=i+l
L
x Py ({Aa(d)}(pfl,n)’ (o (1)s s Bt (1= 1)s Bo/ (i41)2 - -+ » Kol (p)» €k »

Ho!(p+1)> o Ma/(n)}(p—l.m)

+(—1pmi=l ﬁ o/ Ho'(j) < Dlitory- 80 T €ltoray: to'y)
a(ior(iys o' (jy) 5y a(or(ys Eic) (o (1y- &)
@ o' () S 0) 0)

j=i+l I=i+1
L 1
< ] 7”61(#/ &) Py ({ro @) (p—1.m)> Mo/ (1) -5 Mot (- 1)
i,k QW m)> Kot (0) o ( o=l et e

Kol (i+1)s - s Ho (k—1)> 8> Ko/ (k1) -+ -5 o' (p)> Kol (k) s o (p1ys -+ Mo’(n)}(p—l,n)) ;
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N
H tl(llaf(j), fa)
a=1

i—1
i blig iy or(j) 7 WMoty Ho'() Ty CWo(i): Ho't))

iS5 WWer Gy ol (1) 2y Sl o' () iyt C el () R’ 1)

p

, 1

< | EOPT ] s B (o@ ot (or ) - o1y
{ A a5 (

M:;r’(i+l)’ cees M;’(p)’ &, Ko/ (p+l)> -+ Mg’(n)}(p—],n))

) p
+ (_l)p—z—l Z

m=i+1

D

DU 1y §6) 2L i ) 1

a(ﬂ;/(m)s &) C('u[{r/(n) ) a(ﬂ;/(s) , ,U,;,(m))

n=i+l1 s=i+1,#m

L .
x Py ({}"o’(d)}(p—l,n)s {Mg’(l) ----- Ro'’(i—1)» M;r’(i+1)’ ce M:r’(mfl)’ 1D M:r’(m+1) -----

/ !
Ma’(p)’ MG,(m)’ ILU/(p+1), e Ma/(n)}(p—l,l’l))

N

H a(ug/(j)v £a)

a=I

j—1
_ i bes or(j) T oy Hol() 1o ot (jys Bor))

S a(Ee, o' (j)) kmit] (g (k) ) [y aliyr(jys o' (1))

P

A 1

)| COPT ] s B (o ()t {71y g7
|: m=i+1 a(,ua,(m), M"’/("))) ( .

" 14
Ko1)o For(py Fol (i) o' (p+1)s -+ lig’(n)}(p—l,n))

. P
+(=nPmimh »

m=i+1

DU 1y Bt @) = W Bory) 2 1

" " 4 "
AWy Mo @) nZiz1 CHgrinys Po' () s=itl.m allyr sy Hor my)

L .
x Py ({)‘o(d)}(pfl,n)s {orys s ot i1y Mg/(m)’ o ~MZ/(,,,_1), Mo (i)

" " "
Kol imaty == Hol (py ol (my> o' (p+1)> ==+ “U’(ﬂ)}(p_l’n)>:| ] ’ o

respectively, where u;/(k) =o'y fork=i+1,...,j—1,j+1,...,p, ,u:T,(k) =

,u(,/(,'),fOI"k = j, Mg/(k) = MU/(k),fork = i+1, .. .,j—l, j+1, ey pand,ug,(k) = %‘K,
fork = j.

In proving this proposition, we have used the commutation relations

AapICo() = “ETWde 0 a0y + 2E T 6, 0 A, (5.30)
a(h — ) a(h — )
_ o \de _
B Ay () = "2 Mbe g By + AT 4L 0Bah). (531
a(k — 1) a(h — )

We do not write down the detailed proof here, since the procedure is similar to that of
the previous propositions.
For the one-point correlation function associated with the fermion operators (1 —
M, ) (1 —ny 1) and S¢,
Frdugt & ) = (@At - (T =i ) = nie 1) - 19y [k p,m)),
(5.32)

FS () & ) = (@8 A idpom)l - 5 128 (i pam) (5.33)

we have the following proposition:
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Proposition 6. If both the Bethe state |2y ({u;})) and the dual Bethe state (Qy ({u;})|
(uj = Aj, puj) are eigenstates of the transfer matrix, then the correlation functions cor-
responding to the local fermion operators (1 —n, | )(1 —n, +) and S* can be represented
by

F:K ({Mj}(p,n), i, {)“k}(p,n))

= (D" D0 D de1ihoy O P & o (b oD,
oceS, 0'eS,
(5.34)

ES i} pmys Ecs Y (o)
=(=D" D0 D el he ()

oS, 0'eS,

i—1

sz:b(fk,)»g(i)) ll—[ c(ro k> Ao(i)) ﬁ (Ao (i) 0(])) Ha(k (i)» Ea)

ol o
P a€e, Ao(iy) k=pil c(ho(kys §k) Cl()xa(l)y J(]))

x Pk ({/La/(d)}(pn)’{/\a(l),~-- Ao(i—1)s EK? a(i+1),.--, cr(n)}(p,n))
(=D ¢K<{ug<,>}>¢ ({xg(@})——F" At} pmys Ecr kb pm)s

oS, 0'eS,
(5.35)
respectively, where
Ple; 8; {no (b (o}
=ﬁ—1 Py (oY Bowlpm)
' a()»g(,-),S) n o’ (j)I(p,n)s Vo (k) s(p,n)
i—1
B i b(ko(j): 8) ]1_[ co), 2o(j)) ﬁ 1
4o, ), il c(Ao k), 8) I<e % aAo 1y, ro(j))
P ((o@)pan oy daters - ha (=1 8. da (b -+ o pum)
Zbag(l),& cha(k),xg(,-)) lﬁl 1 H 1
~a(ho@),8) ;) c(oq)s ) i #ia()ha(j)y)w(i)) 1= p1 a(ro ), ro(i))

i (o @Yo o) Ao - ho-1): 8, datist): - Ao hpm)

-1
_ i b(ro)s 2o (i) H c(ro(m)s Ao (1)) ﬁ 1
L 4Qoys Ao@) |~ Ca(m)s Aoi)) g=pil #a()»a(q),)»a(l))

P, ({Ma’(d)}(p,n); {)»a(l), cesha(e)s e Aa(i=1), 8, Ao (itl)s - - - s

Ao(—1)s Ao (i)s ko (41)s o Ypum) | - (5.36)
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Proof. With the help of the commutation relations (5.25) and

b, A)
C. D(\) —
a0 CWPD =D

by using the similar approach as before, one easily proves (5.34).
From (5.9), we have

D)Ce(n) = CeM)D (), (5.37)

Kk—1 N
1
Si=—5 [11€) (AnG) - anEo) - [] 1@
Jj=1 Jj=K+1
1 Kk—1 N
=116 (160 - Do +24n@)) - [] 1€, (538)
Jj=1 Jj=k+1

Substituting (5.38) into (5.33), we obtain

FS (Y pun & kb pany)
=D > de1luiho b (@y i)l

ceS,0’eS,
1
X - [Azz(&) + E(t(é:x) - D(EK))} 1Nt p.m))- (5.39)

Then by using the commutation relations (5.30) and (5.25), one may prove that (5.39)
gives rise to (5.35). O

5.2. Two-point functions. In principle, by Egs. (5.1)—(5.9) with proper commutation
relations derived from the GYBE, and similar method as that in the previous subsection,
we may obtain any correlation function defined by (5.1).

As an example, in this subsection, we compute the correlation function associated
with two adjacent fermion operators (1 — n, UC;, 1 and (1 —n,41,))Cc+1,4. Considering

the representations of the fermion operators (5.6) and (5.4), the correlation function is
defined by

FJT’T({/Lj}(p,n)v Eics Sty (At pon)
= (@ ;DI - nk,i)cz,T (1= 1, e, 4 192 ()

Kk—1 N
= (@NADI [ ] 1ED - CaEo) BaGes) - ] 1EDIRR D). (5.40)
j=1 j=k+2

Here we have used the following property: for the supersymmetric #-J model with peri-
odic boundary condition, the transfer matrices satisfy the relation vaz 1t(X;) = 1.Then
with the help of the commutation relations (5.24), (5.30), (5.37), and

b, )

By (M) Cp (1) = =Cp (1) Ba(R) + 2o )

[D()Aap(A) — DA Aap ()], (5.41)

one proves the following proposition
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Proposition 7. If both the Bethe state |2y ({u;})) and the dual Bethe state (Qy ({u;})|
(uj = Aj, puj) are eigenstates of the transfer matrix, then the two-point correlation func-

tions associated with the local fermion operators (1 — n,(,i)cz A and (1 —ny41,1)Cie+1,1
can be represented by

Ed Yy e et ) ()

b(§/(+la)‘a(i))
= _ (e} 1 i—17\5k+l Mo @)/
Eﬂ%ﬂm 1 Do k>2< e

i—1
, Zp: b(x+1, 2o () ! oy, Ao(j)) d c(ro(j)s 2o (k)

a(),
a(Ees1. o (j)) PIE) G () ho ) o H (o), be)

Jj=i+l I=i+1 k=i+1,#j

xP (i + 1260y (o @)} (pan)s {}‘Zr(f)}(P,n))

)4 N
o (i)s Ao () . *
— A' . 1. . . A'
| | a(}ha(l) }LU(])) | | a( O‘(l)»got) T (l + 15 &eq1s {l/vg/(d)}(p.n)a{ G(f)}(p,n))

_ ﬁ: bOoty do() T Coyra) Ty CCat) Fot) H G, )
(av}

a(}‘a(l) }‘a(])) I=i+1 a(}“a([)v)‘a(i)) k=itl, ) a()‘a(j) )‘o(k))

x P (i + 15 &l {Ma’(d)}(p,n); {)‘g(f)}(p,n)) ] > (5.42)

where P is given by (5.36) and the spectral parameters \', \* and )" are given by

& (k=1 B
Aoty = ;(k ¥ Ezz+<lk<<kl)< nandk £ j) ot = *o(glf—l) E]’i = é)l) :
E:J(:) k= j) / hoy (I+1<k<n)
§ k=1
and AZ(") - Ait(yk(;)l) El’zflkfikl)f nandk # j)’
Aoy (k=)

respectively.

6. Conclusion and Discussion

In this paper, we constructed the determinant representations of scalar products and the
correlation functions of the supersymmetric 7-J model with the help of the factorizing
F-matrix. Because the 7-J model is an important model in the realm of the high 7, super-
conductivity, we hope our results may enlarge the range of applications in this field. We
also hope our results may offer a new understanding of the mathematical structures of
the model. An interesting problem is to extend the results in this paper to the #-J model
with open boundary condition. This is under consideration and results will be reported
elsewhere.
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