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Abstract: The critical and super-critical dissipative quasi-geostrophic equations are
investigated in R?. We prove local existence of a unique regular solution for arbitrary
initial data in H>~2% which corresponds to the scaling invariant space of the equation.
We also consider the behavior of the solution near + = 0 in the Sobolev space.

1. Introduction

Let us consider the two dimensional dissipative quasi-geostrophic equation:

20 o
—+(=A)%0+u-VO=0 in R* x (0, 00),

! DQG
u=(—R20,Ri0) in R?x (0, 0c0), (DQGy)

Oli—o =6y in RZ,

where the scalar function 6 and the vector field # denote the potential temperature and
the fluid velocity, respectively, and « is a non-negative constant. R; = %(—A)_l/ 2
(i = 1, 2) represents the Riesz transform. We are concerned with the initial value prob-
lem for this equation. It is known that (DQGy,,) is an important model in geophysical fluid
dynamics. Indeed, it is derived from general quasi-geostrophic equations in the special
case of constant potential vorticity and buoyancy frequency. Since there are a number
of applications to the theory of oceanography and meteorology, a lot of mathematical
researches have been devoted to the equation.

The case @« = 1/2 is called critical since its structure is quite similar to that of
the 3-dimensional Navier-Stokes equations. The case « > 1/2 is called sub-critical
and o < 1/2 is called super-critical, respectively. In the sub-critical cases, Constan-
tin and Wu [5], Wu [15] proved global existence of a unique regular solution. How-
ever, in the critical and super-critical cases, global well-posedness for large initial
data is still open. In the critical case, Constantin, Cordoba and Wu [4] constructed a
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global regular solution for the initial data in H' with small L norm. In both criti-
cal and super-critical cases, Chae and Lee [2] and Ju [9] proved global existence of
a unique regular solution for the initial data in the Besov space Bzzflzo‘ and H>~%
under the smallness assumption of each homogeneous norm, respectively. For large
initial data, Cordoba-Cordoba [6] proved local existence of a regular solution for the
initial data in H® with s > 2 — «. Ju [9, 10] improved the admissible exponent up to
s >2—2a.

In this paper we show local existence of a unique regular solution with initial data
in H2~2¢ for both critical and super-critical cases. In Ju [10], he conjectured the local
H'! solution in the critical case without smallness assumption on the initial data. Our
theorem gives a positive answer to his question. Moreover, our theorem improves the
class of initial data to construct the local regular solution. Indeed, H>~2% is larger
than H(s > 2 — 2a). See Remark 1 below. Here the exponent 2 — 2« is impor-
tant, because this is the borderline case with respect to the scaling. We observe that
if 6(x, 1) is the solution of (DQGy), then 6y (x, 1) = A2*~19(Ax, A2%¢) is also a solu-
tion of (DQGy ). Then the homogeneous space H2~ 2 is called scaling invariant, since
6,.¢,0) | 220 = [|0(-, 0)|| y2-—20 holds for all A > 0. The scaling invariant spaces
play an important role for the theory of nonlinear partial differential equations. If the
equation has a class of scaling invariance, then it coincides with the most suitable space
to construct the solution which is expected unique and regular. (See, e.g. Danchin [7],
Koch-Tataru [11].)

We now sketch the idea of our proof. In contrast with other equations, it seems to
be difficult to prove the local existence of regular solutions by the classical approach
such as Fujita-Kato’s argument [8]. As is pointed out in [2], we have difficulty to find
an appropriate space £ which yields the following continuous bilinear estimate of the
Duhamel term:

For @ < 1/2, we see the linear part (—A)“0 in (DQGy) is too weak to control the
nonlinear term u - V6. In fact, the smoothing property of the semigroup e’ =8 jg
not enough to overcome the loss of derivatives in the nonlinear term. To avoid this
difficulty, in [2,9] they applied the cancellation property of the equation to construct
the small global solution. However, it seems to be difficult to adopt their method to
deal with the large initial data. So, in this paper we introduce a modified version of
Fujita-Kato’s argument. To be precise, we derive a family of integral inequalities on
the Littlewood-Paley decomposition of the solution, which makes it possible to uti-
lize the cancellation property of the equation. In the usual Fujita-Kato argument, such
cancellation property seems to be unavailable. In order to apply the cancellation prop-
erty, we establish a new commutator estimate associated with the Littlewood-Paley
operator in the Sobolev space. Such inequality plays an crucial role to estimate the
nonlinear term. Combining with the cancellation property and the commutator esti-
mate we obtain a priori estimates in the scaling invariant spaces. Thus we construct the
local solution for large initial data in H>~2%. As a byproduct of our approach, we can
obtain weighted (in time) estimates of the solution near = 0 in higher order Sobolev
spaces.

The paper is organized as follows. In Sect. 2, we define some function spaces and the
precise statement of our theorem. Section 3 is devoted to establish some useful estimates
such as the commutator estimate. Finally in Sect. 4 we prove the theorem.

< C|0]IE.

/ e (=(=4)" (u-VO)(s)ds
&

0
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2. Definitions and the Statement of the Theorem

In this section we define some function spaces and then state the main theorem. Through-
out this paper we deal with the two-dimensional space R2. Let us first recall the definition
of the Sobolev space. We define Z’ as the topological dual space of Z defined by

Z={fe8 [x*f(x)dx =0 foralla € N2},
where S denotes the space of Schwartz functions.
Let {¢ j};?‘;f  be the Littlewood-Paley decomposition of unity, i.e. ¢ € C3° R\
(0)). suppp C {§ € R*11/2 < 5] < 2)and 352 $(27/8) = 1 except & = 0. We

define the Littlewood-Paley operator A j as A;j = ¢ *, where F(¢;)(§) = ¢3(2‘j &).
_ For1 < p < oo, we define the homogeneous and inhomogeneous Sobolev spaces
H*? and H*? by

1/2
B =1feZflig=|| D @714 <ooy for seR,
JEZL
p

and
HYP ={f €S fllgse = e + 1 fl gor < 00} for s >0,
respectively. We abbreviate H*2 = H* and H*? = H°.

Remark. Let P be the set of all polynomials. Then 2’ ~ S’/P holds. Since we cannot
distinguish zero from other polynomials in S’/P, H*-P seems not to be appropriate as
function spaces to treat equations. Fortunately, if the exponents s and p satisfy the con-
dition s < 2/p, then H*? can be regarded as a subspace of §’. Indeed, for s < 2/p, we
have

H? >~ 1 feS:|fllgy <ooand f=D AjfinS
JEZL

For the details, see, e.g. Kozono-Yamazaki [12].
Now we state the main theorem of this paper.

Theorem 1. Ler 0 < « < 1/2. Suppose that the initial data 6y € H>~>*. Then there
exist a positive constant T and a unique solution 6 of (DQG,) in L>°(0, T, H?>722) N
L0, T; Hz_“). Moreover such a solution 6 belongs to C([0, T); H?72%) and it satis-
fies the following estimate:

]
sup 122 [|0(t) || gr—2ep <00 for 0=<p <2a. 2.1
O<t<T

In particular, we have

lim 15 10(0) | o 2usp =0 for 0 < B < 2. 2.2)
t—
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Remark 1. 1) Ju [9, 10] proved the local existence of a unique solution for the initial
data in H® with s > 2 — 2«. Theorem 1 improves his result on the space of initial
data. Indeed, H229 s larger than H® for s > 2 — 2a.

ii) In contrast with Chae-Lee [2] and Ju [9], we make use of the Fujita-Kato type argu-
ment to construct the solution. This approach provides us the weighted estimate
(2.1) of the solution in higher order Sobolev space.

iii) Ju [9] proved global existence of a solution for the initial data in H>~2% with small
homogeneous norm. Theorem 1 can be regarded as the local version of his result. In
fact, by the argument of our proof, one can also prove the similar global existence
theorem:

Corollary 1. There exists a positive constant & such that if the initial data 6y € H>~>*
satisfies |00 || g2-20 < €, then one can take T = oo in Theorem 1.

3. Littlewood-Paley Operator and the Commutator Estimate

In this section we recall several estimates related to the Littlewood-Paley operator.
Throughout this paper we denote a positive constant by C (or C’, etc.) the value of which
may differ from one occasion to another. On the other hand, we denote C; (i = 1,2, --+)
as the certain constants. We recall Bernstein’s inequality.

Lemma 1. (i) Lets € R, 1 < p < oo. Then there exist positive constants C = C(s, p)
and C' = C'(s, p) such that

C275NA; fllr < I=AY2A; flie < C25|A; flly

holds for all j € Z.
(ii) Let 1 < p < g < oo. Then there exists a positive constant C = C(p, q) such that

IA; fllza < C2H/P=2DI|A; flipe
holds for all j € 7.

We prepare various product estimates in the Sobolev space. For this purpose we recall
paraproduct formula introduced by Bony [1]. Paraproduct operators are defined by

Trg= ) S;ifAjse,
JEZ

R(f.e)= D Aifhjg,

li—jl=2
where S; f = >, <j—3 Ak f. Then we have the formal expression for the product:

fe=Trg+ T, f +R(f, 8.

The following estimates are fundamental properties for the paraproduct operators. For
the proof see, e.g. Runst-Sickel [13].

Lemma?2. (i) Lets < 1,t € R. Then there exists a positive constant C = C(s, t)
such that

1Trgll gsee—r < Cllf I gslIgll g
holds for f € H® and g € H'.
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(1) Let s + t > 0. Then there exists a positive constant C = C(s, t) such that

IRCE, N gsse—1 < ClLf Nl s gl e
holds for f € H® and g € H'
A direct consequence is the following product estimate in the Sobolev space:

Proposition 1. Let s,t < 1 and s +t > 0. Then there exists a positive constant C =
C (s, t) such that

I fgll -1t < Cllfllgsllgl g

holds for f € H® and g € H'.

Finally, we state the commutator estimate associated with the operator A ;, which
plays an important role for the estimate of the nonlinear term.

Proposition 2. Let 1 < s < 2,t < 1 withs +t > 1. Then there exist positive constants
C = C(s,t) such that

ILf. Adg e = €27 Vel £l eligl
holds for j € 7, f € H* and g € H' with ZjeZ c? = 1. Here we denote
[f.Ajlg = fAjg—Aj(fg).
Proof. Let us decompose the commutator [ f, A j]g by paraproduct formula as follows:
[f. Ajlg =1Tr, Ajlg+ R(f, Ajg) — AjR(f, )+ Ta;ef — AjTg f.

We estimate five terms on the right-hand side respectively.
By the definition of paraproduct and localization in frequency, we have

[T, Ajlg = D [Skf. AjlAg.
lk—j1=3

Applying the mean value theorem, we see that the right-hand side is equal to
1

> / / BN - (V) = 79) Arg(x — y)ddy

h—jl<3” 0

. 1 . .
=27 3 [ [ 6010 590 =2 eyt 2T ydedy.

lk—jl=3

Since [ |yll¢(y)|dy < oo, we have

ITr. Ajlgllize < €270 D7 ISV fleellAegll o
lk—j1=3
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where we have taken p < oo ass’ =s+2/p <2and 1/p+1/p* = 1/2. We can
choose such p by the assumption of s. Then Holder’s inequality yields

SV = D 20D f

1<k-3

172
C22=5k (Z(z“’zﬂmvf)z) :

IeZ

IA

Hence we have

1/2
ISV fllzr < €276 =2k (Z(z“’—ZVAN f)z)

leZ Lp
< C27 DRl oy
< C27 DR £ .
By finiteness of the number of the sum on k, we can estimate as follows:
ITr. Ajlgllze < C27C DI fllge D IAkgl
[k—jl=3
N e R VPR VNTI
< C27 VT £ 2T T A g e
< C2 VY £l 327 1A gl 2
< 27 DI Fll s llgll e

where we define c; = @7 Ajgllz2)/1Igll g:- Thus, we obtain the estimate for the first
term.
Let Ak = 2> ;_jj<2 Aj. Then we observe that

R(f.Aj9) = D AcfArhg.
lk—jl=2

which yields the estimate of the second term:

IR(A A2 < D IAcfALA g1

lk—jl<2
< D 1AL leel kA gl
lk—jl1=<2
< 2—(s+t—1)j Z 2k(s —1)”Akf||u,2(s—s +t)k||AkAjg||Lp*

lk—jl<2
- C2_(s+z—l)jcj f s gl ges

where p, s’ and ¢ ;j are chosen as above.
Since s +t > 0, we can apply Lemma 2 to the third term:

IAFR(f )2 < C27 DIy £l pligl o
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with ¢; = QDI AGR(f )1 2)/ 1 £8l sser
For the fourth term, we observe that

Tajef = D SkAjgALf.
k>j—=2

which yields

ITasefllz < ClI Y. MA;QIAS 2

k>j—2
<Al D 18k flliLe

k>j—2
< 27 gl D 1Ak Sl

k>j—2

In the above inequalities, we have used the L?"-boundedness of the Hardy-Littlewood
maximal operator M, where M f(x) = sup,.1/|B(x,r)| fB(x " [ f()|dy.
Since s’ = s +2/p > 1, we have

z |Akf| — Z 2*(S/,1)k2(s’,l)k|Akf|

k>j-2 k>j—=2
172

C2—(S —1)j Z 22(S _1)k|Akf|2
k>j—2

IA

Thus we can estimate the fourth term.
Finally, since ¢ < 1, Lemma 2 shows that

1A Te fllz2 < €27 DI £l g ligl e

with ¢} = QUTDIA; T, fll2) /Il f&ll s O

4. Proof of Theorem

4.1. Linear estimates. In this subsection, we consider the linear dissipative equation.
The following lemma is closely related to Chemin [3, Prop. 2.1], which characterizes
the evolution of the solution to the linear equation.

o 20 A _ . .
Lemma 3. Let ¢ /2% = F~1(e "1™ 4), where F~ denotes the inverse Fourier
transform. Then there exist positive constants A and \'(. < 1) depending only on
o > 0 such that

—02¢j /¢ —t(=A) —02ej 5t
e IAjall 2 < e Ajall 2 < e IAall,»

forallt > 0.
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Proof. Letu(t) = e~""»" A ;a. Then u satisfies

ad
8_1: + (_A)au =0 in Rz X (0’ OO),

ul;=0 = Aja in R2.
Taking the inner product in L? with the first equation and u, we have

1d
ﬁnuniz + (=) ul7, =0.

By Lemma 1, there exist positive constants A and A’ (A < 1) such that
1d ;
Eanuniz + 222 ||ul|7, <0,
and
1d

2 /~2aj 2
5 g Il + 22 Nullz> = 0.

H. Miura

Dividing the above inequalities by ||« ||;2 and then integrating on the interval (0, ¢), we

have
7220(j)t/ 7220(j)\‘
e M)z < llu@li2 <e )]l L2
By definition of u, we obtain the desired result. O

Now we state the smoothing estimates.

Proposition 3. For o > 0 and s > 0, there exists a positive constant C = C(s, «) such

that

S
sup 2 [|e (A"
t>0

allgs = Cllallg2

forall a € L?. In particular, we have

—H(=A)

. S
lim 72« ||e allgs =0,
t—0

foralla e L?. Moreover, if 0 <s < «a, then we have

le™ T a oass 9,00 5y < Cllall 2
foralla € L*.
Proof. We have

1/2

2
_ _ o
e 1A Aja‘
L2

le™ "™l gy = | D22
JEZ

4.1)

4.2)

(4.3)
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On the other hand, it follows from the previous lemma that
—1(=A) 2 —p2aj+ly 2
le™" 2 Ajall;, < e “lAjall?s.
Here, we observe that

Pe 2aj+1 _ 5
sup 2252 <Ct «,

JEZ
which yields
1/2
sup 12 e a4 < C Z||Ajd||iz
O<t<T jez
< llallz>.

To prove (4.2), for any ¢ > 0 we choose the function a, € Cgo satisfying
la —acll;2 < €/2.

Then it follows from (4.1) that

S —(— o s it (— o i (— o
037 e N al < 137 (1T @ = a0 e + e T o)
S
< lla = acll2 + 1% el e

Let 7' = &/(2|lagl zzs)- Then the left-hand side of the above inequality is bounded
by ¢ if t < T’. This proves (4.2).

Next we prove (4.3). Let v; (1) = e‘zzuj’\’HAjaHLz, and v; satisfies

dvj +22°%y; =0 for t>0 and j€Z.

§—

Multiplying this inequality by v?a/ ! and then integrating the above identity in time,

we have
oo X
/0 W22 ()25 dr = Cvj(0)*,

that is,
1250 || 20ss = Cv;(0).

Taking [ 2_norm on both sides of this estimate, we obtain

1/2 1/2

D2l | < C D 030

JEZ JEZ
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Since /s > 1, the left-hand side is estimated from below as follows:

12 12
sjon2 2sj.2
D20l | = D122 0Tl s
JEZ JEZ
1/2
2sj.,,2
> | 222
jGZ Lo/s
12
_ 2sj.2
= 22 v
]EZ L2a/s
So we have
12 172
s | zc(Zvo
JEL L2a/s JEL

From Lemma 3, we obtain (4.3). O

4.2 Proof of Theorem 1

Step 1. A priori estimates. We first show an a priori estimate in L3(0, T; H%%/3) More
precisely, we will prove that there exist a positive constant C; and a bounded function
Iy = I,(T) with

L(T) < Cll6oll g2-2« and  lim I1(T) =0 (4.4)
T—0
such that
10113 2-sers < 1T + CLIONZS o (4.5)

holds for all solutions 6 of (DQG,). Here we write the space L” (0, T’; HY) as L’T’H 5.
Applying the operator A; to (DQG), we obtain

9:0j +(—A)*0; = —Aj(u-V0),
where we denote 6; = A ;0. Adding u - VA ;6 on both sides, we have
00 +(—=A)*0; +u-VA;0 =[u, Aj1V6.

Taking the inner product with the above inequality and 6;, and then applying Lemma 1,
we obtain from the divergence free condition that

1d
2dt
Dividing both sides by [|6;][;2, we have

165117, + 222910, 1, < [I[u, A;1VO] 1211651 2.

d .
7105 llz2 +22%10) 12 < ll[u, AjIVO]| 2.
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Applying Proposition 2 with s = 2 —4«/3 and t = 1 — 4« /3 and Calderén-Zygmund’s
inequality, we obtain

1d :
5 77165022 + 222911011 12 < lllu, Aj1VO]| 2
< Ce; 27 @Dl p2aas VO f1sars

< Cej2m @ 8eByg)2, ..

Integrating both sides in time on the interval (0, 7), we have
_72aj _(n_ . ! _n2aj e
16,1l 2 < e 27216 0)| 2 + Cc;27C 8“/3”/0 eI 0(9) 1%, ds.

Multiplying the above inequality by 22=4a/3)j and then taking the />-norm with respect
to j, we can estimate the H 2-42/3 horm of 9 as:

1/2
_ 2 n2aj+1
1O fosars < | D224 e=2 M 10,0)13,
JEL
1/2
- ! 2aj 2
+C Z(Cj24°‘]/3/ e ? )”(ts)||9(s)||i'124a/3ds)
JEZL 0

=J]+11.

In order to show (4.5), we need to estimate L3T norm of the right-hand side.
According to Lemma 3 and (4.3), we see that the first term is estimated as

12
3 (2(2—4a/3)j e (O)||L2)2 < Cll60ll g2
jeZ 5
Let
1/2
n=| (> (2(2—4(1/3)je_22u'j)”t||9 HOY L2)2
JEZ L;‘

Then absolute continuity of the integral yields (4.4).
Since

sup 24aj/3e—22"‘jk(t—s) <C(t— S)—2/3’
J

we can estimate the second term as:

. t 2aj _ 2
M1l =C Z(cj24“1/3/ Al ”IIG(s)H?;Ha/st)
0

J€ZL

1/2

3
LT

t
<c /0 (t =) 2106z suds

L3
<Clo|?

L3 H24e/3
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where we used Hardy-Littlewood-Sobolev’s inequality in the last inequality. Therefore
we obtain the a priori estimate (4.5).

Similarly to the previous arguments, we can also show that there exists a bounded
function I = I,(T) with

L(T) < Cli6oll g2-2« and Tlimo L(T)=0
satisfying

161113 2o < (T) +ClI61] (4.6)

L3 H2%/3
Moreover, we have
2
1005 220 < 16011 222+ CUON 2 oo
Combining the above estimates with the maximum principle [6]

102 < lI6oll 2.

we obtain the following estimate

2
1011 50 220 = 001 py2-20 + CHON 2 0 - (4.7)

Step 2. Convergence of approximation sequences. To construct the solution, we consider
the following successive approximation:

[ 3,0+ (=A% =0 in R? x R,,

0°,—0 =60 in R?

and
30" + (=AM 4y . Vet =0 in R? x Ry,
u" = (—Ry0", R16") in R?Z x R,,
0,0 =6y in R

forn=0,1,2....

We will establish uniform estimates on 6”. Similarly to the arguments in Step 1, we
can show that there exists a bounded function /; with limy_.¢9 I;(T) = 0 such that

16°0 13 fr2-sos < I (T,
o™ I3 f2-ters < () + CLlO™ N 13 fr2-se3 lo™*! 23 Fr2—des3
forn =0,1,2.... Taking Ty > 0 so small that 11 (7p) < 1/(4C), we have
||9”||L3T1_'12_4a/3 <2L(T) for T < Ty.

By (4.6), we can also show that there exists abounded function I, withlim7_.o Io(T) = 0
such that

167113 2o < I(T) + CUN(T))? for T < Tp. 4.8)
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Moreover, (4.7) yields
16" | Lo 220 < 1601l 220 + C(I3(T))*> for T < Ty, (4.9)

where we write I3(T) = IQ(T) +C (I (T))>. Using (4.8), we will prove the convergence
of the sequence 6" in L H?

Let 89"+ = gn+l — 6”, 8u"+1 =" —y" 500 = 99 and su® = 4", and we have
following equations of the differences:

9,80 4+ (—A)280" L 4y . VSO + 8" - VO =0 inR? x Ry,
Su™ = (—R»80", R186™) in R? x Ry,
860" ,_0 =0 inR2,

forn=0,1,2....
Similarly to the arguments in Step 1, we have

+A22%e

H59n+1
L?

‘69n+1

. . +1 . . +1
o — <A,(u" V86"l + A (Su” - VE"), 56 >
where 30}7” = A;0"1 — A;0". Since divu" = 0, we have
n n+l n+l\ __
(u - Voo, 56+ ) = 0.
By Holder’s inequality, we have

d
. 89}:l+1
dt H J

+.2%0
L2

+1
)597

Lo S, AJIVEO" 2 + A Gu" - VO™ 12,
which yields
t .
Hae}”l(r) H L= c/ e P IMi=9) (|| [0, A V80" 12 + 1A (Su” - V@”)an) ds.
0

(4.10)

By s =2 — o and t = —1/4 in Proposition 2, we have

H V59n+1

2 = C2T O e | e 980" 1y
< €27/ e 110™| oo 186" ] s
On the other hand, by Proposition 1, we have

|Aj@u" - VoM 2 < C27 AT 8w - VO | p3jaca

< C27 O/ 150" || s 167 | e

where 3 c;.z = 1. Multiplying (4.10) by 23/4/, and then taking the />-norm with respect
to j, we have

186" (1) 734
1/2

i 2
=C 2(2“1 / ] L PR P PR B W)ds) ,
; |

JEL
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which yields
1 1
186" 3 s = € (16”2 2 186" 1 o + 186" 4 374167 12 e )
< Coll0" 3 e (186" g s + 1186 g )

By (4.8), there exists 77 > 0 such that ||0”||L%Hz,a < 1/(3Cy) foralln =0,1,2....
Hence we have

1
89n+1 . < _ 89” .
[ ||y;1 34 = 2|| ||Lz;1 34

0 .
=< W”G ||L4}1 E3/4

= ST 1601l f3/4-a/2

= St 1601l 220 -

This shows the existence of the function 6 € L‘}l H3/% satisfying lim, o 0" = 6 in
L‘}l H?3/*. Furthermore, the uniform estimates (4.8) and (4.9) show that 6 also belongs

to L‘;‘I’H 2720 L% H?~%_ We can also prove the uniqueness by similar arguments as
above. Here we can easily check that 6 satisfies (DQGy,).

We next prove continuity of the solution with values in H>~2%. By the standard boot-
strap argument, it suffices to show the right continuity at t = 0. For the purpose, firstly
we prove continuity of the solution with values in H” for 0 < r < 1 — «. Indeed, since
u and 6 satisfy

u, 6 € L*0, Ty; H>™%)
and
360 = —(—A)*0 —u - V0,
we easily see that the right-hand side of the above identity belongs to LlTl H" for0 <r <
1 — &, which yields that € C([0, T1); H"). From the fact that 6 belongs to Lf;fHZ—M,
Lemma 1.4 in [14, Chap. 3] shows that 0 € C,, ([0, T); H>~2*). By (4.7), we have
16 = B0l32-20 < 100 13220 + 160117220 — 2(6(0), 60) 22
< 2016011322 — 2(0(2). 60) 22 + C |02

L% H2—2a>

where (-, -) y2-2« s the inner product of H 2=2¢ Since 6 is weakly continuous, the second
term converges to 2|6 || 22,% as t tends to 0. On the other hand, the third term converges
to 0 as ¢ tends to 0 because of absolute continuity of the L2-norm on ¢ > 0. This shows
continuity of the solution at # = 0 with values in H>~2.

Step 3. Weighted estimates. For the proof of (2.1) and (2.2), it suffices to show

lim sup £ % [[6" (1)]| o205 = O @11

— n>0

for 0 < B < 2«. We divide the proof into two cases 0 < f < @ and ¢ < 8 < 2a.
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Case 1. We prove (4.11) for 0 < B < «. For n = 0 (4.1) shows that

B
sup 12 [10°(0)| -2 < Cl60| pr2-2a- (4.12)
O<t<T

. . B .
In particular, it follows from (4.2) that J1(T) = supy_,_ 12« 16°() | f2—20+p satisfies

Ji(T) < Cllfoll g2—2« and Tlimo Ji(T) = 0.
Forn > 0, 0;”1 satisfies

7 (4.13)

1

n+l1
0j

+ 2%
2

n+l
0

L L L?

Applying Proposition 2 with s =2 — 2o+ fandt = 1 — 2« + 8, we have

H [un7 Aj] vl

L2 S chz—(2—4a+2ﬂ)] ”9?1 “ H27204+ﬂ

‘9n+1

220+ "

Hence from (4.13) we obtain

_72aj
107 Ol < e 210, 0) 2

. t Sai
+ch2—(2—40t+2}3)j / €_2 /}\,(I—S)”en (S)||H272a+ﬂ ||9n+1(s)||1.']272a+/3ds.
0

Similarly to the arguments in Step 1, we have

1/2

B B _ P _n2aj 2

(93 |\9"+1(t)|\;,2—2a+ﬂ <t (Z (2(2 20+B)j ,—2 WMHQj(O)HLZ) )
JEL

172

B o t ajs 2

+Cr2e [ (cj'z(z“ P / e T 10M () pr2-20ep 167! (S>”H2—2"+ﬂds)
JEZ 0

=[+11.

The first term is estimated as in (4.12). Indeed, Lemma 3 and Proposition 3 yield

172

B : oj 2
1= sup rhe [ 3 (2272 Mg, 0)),2) | = Ca).

O<t<T jeZ

Since

i 5
sup 2Qa—p)j ,~2*(t—s) _ Clt —5)~ 1,
JEZL
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we can estimate the second term as follows:

s [ _1+ B
11 < Ct / (t — )72 [|0" ()| fra—2ees 10" (5) | gro—20ep s
0

B B
<C ( sup t2 ||9n(f)||H2—2a+fi) ( sup 2 ||9n+1(t)||l_'12—2a+ﬁ)
O<t<T O<t<T

t
B 1+ _B
thDt/(t—s) Has~ads
0

B B
< C( sup ||9"(f)||H22u+ﬂ) ( sup 2 ||9n+1(t)||H22a+ﬂ)
O<t<T O<t<T

for 0 <t < T, where we have used the assumption 0 < 8 < « in the last line. Thus we
have

B
sup 1% (0™ (0) || ga-2ae
O<t<T

B B

< C3Ji(T)+Cy ( sup t« ||9n(l)||l_'122a+/3) ( sup 2« ||9”+1(t)||1_'122a+ﬁ) .
O<t<T O<t<T

Taking T> > O sufficiently small, we obtain J1(T) < 1/(4C3C4) for T < T>. Hence we

conclude that

B
sup tﬂ||0"(t)||Hzfzu+ﬁ <2Ji(T) for T<T, and n=0,1,2...,
O<t<T

which yields (4.11).

Case 2. We next prove (4.11) for @ < 8 < 2«. For n = 0, again by Proposition 3, there
exists a bounded function J, = J»(T) with

J(T) < Cll6oll 22« and  lim Jo(T) =0
T—0
such that
B
sup 12 0%(0) || ga—2aep < J2(T). (4.14)
O<t<T

For n > 0, we apply Proposition 2 withs =2 —3«/2+8/4and s = 1 —3w/2+ /4
to the right-hand side of (4.13), and it holds
d ‘ +A2%90
L2

dt

Similarly to the previous arguments, we have

n+l
0j

n+1
0j

L < chz—(2—3a+/3/2)] 16" 1| fr2-30/2+p/4 6" *! Il gr2—3a/2+/4 -

1/2
Bl ) £ Q=2a+8)j ,—2%rt . 2
12 [|0" ()| ga-zers < 1% | D (2 e 1670l 2
JEZL
1/2
B [t 2aj C
+Cr % Z(cj-z(“"” 2 / e 2 M0 (5) | pramsagaenss 167 ()] Hz—aa/z+ﬁ/4ds)
7 0
=[/+11.
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The first term / is estimated as in (4.14). So we need to treat only the second term /7.
Since

sup 2@B/Di g 201=5) _ 04— 5y h s

JEZ

’

we have

B ! _1_B n n+l
I < Ct | (t —5)" 27 % 0" ()| ga—sasz+pa 10" ()l r2-30/24/2ds
0

1.8 1.8
< C( sup t3*sa ||9n(l)||[.'12—3a/2+ﬂ/4) ( sup 1473 ||9n+1(t)||yz—3a/2+ﬁ/4)
O<t<T O<t<T

forO0 <t < T.Since 0 < 1/4+ B/(8a) < «, it follows from the previous case that

1.8
sup t4ts« ||9n(t)||H2—3a/2+ﬂ/4 <2Ji(T) for T < T>.
0<t<T

Hence the second term is bounded by 4C(J; (T2 for T < Ts.
From the above estimates, we see estimate (4.11) holds fora < 8 < 2. O

Acknowledgements. The author would like to express deep gratitude to Professor Hideo Kozono for valuable
suggestions and encouragement. He would also like to express sincere thanks to Professors Dongho Chae,
Kenji Nakanishi, Takayoshi Ogawa, and Yoshio Tsutsumi for useful discussions. He is also grateful to Doctor
Jun-ichi Segata and the referee for numerous suggestions on the manuscript.

References

1. Bony, J.-M.: Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles
non linéaires. Ann. Sci. Ecole Norm. Sup. 14, 209-246 (1981)
2. Chae, D., Lee, J.: Global well-posedness in the super-critical dissipative quasi-geostrophic equations.
Commun. Math. Phys. 233, 297-311 (2003)
3. Chemin, Y.: Théoremes d’unicité pour le systeme de Navier-Stokes tridimensionnel. J. Anal. Math. 77,
27-50 (1999)
4. Constantin, P., Cordoba, D., Wu, J.: On the critical dissipative quasi-geostrophic equation. Indiana Univ.
Math. J. 50, 97-107 (2001)
5. Constantin, P., Wu, J.: Behavior of solutions of 2D quasi-geostrophic equations. SIAM J. Math. Anal. 30,
937-948 (1999)
6. Cordoba, A., Cordoba, D.: A maximum principle applied to quasi-geostrophic equations. Commun. Math.
Phys. 249, 511-528 (2004)
7. Danchin, R.: Local theory in critical spaces for compressible viscous and heat-conductive gases. Comm.
Partial Differ. Eq. 26, 1183-1233 (2001)
8. Fujita, H., Kato, T.: On the Navier-Stokes initial value problem I. Arch. Rat. Mech. Anal. 16, 269-315
(1964)
9. Ju, N.: Existence and uniqueness of the solution to the dissipative 2D quasi-geostrophic equations in the
Sobolev space. Commun. Math. Phys. 251, 365-376 (2004)
10. Ju, N.: On the two dimensional quasi-geostrophic equations. Indiana Univ. Math. J. 54, 897-926 (2005)
11. Koch, H., Tataru, D.: Well-posedness for the Navier-Stokes equations. Adv. Math. 157, 22-35 (2001)
12. Kozono, H., Yamazaki, M.: Semilinear heat equations and the Navier-Stokes equation with distributions
in new function spaces as initial data. Comm. Partial Differ. Eq. 19, 959-1014 (1994)
13. Runst, T., Sickel, W.: Sobolev spaces of fractional order, Nemytskij operators, and nonlinear partial differ-
ential equations. de Gruyter Series in Nonlinear Analysis and Applications 3, Berlin: Walter de Gruyter
& Co., 1996
14. Temam, R: Navier-Stokes equations. Theory and numerical analysis. Providence, RI: AMS Chelsea Pub-
lishing, 2001
15. Wu, J.: Dissipative quasi-geostrophic equations with L? data. Electron. J. Differ. Eq. 56, 1-13 (2001)

Communicated by P. Constantin



