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Abstract: In this paper we obtain sufficient conditions on the regularity of the weak
solutions to guarantee conservation of the energy and the helicity for the incompressible
Euler equations. The regularity of the weak solutions are measured in terms of the Trie-
bel-Lizorkin type of norms, Ḟ s

p,q and the Besov norms, Ḃs
p,q . In particular, in the Besov

space case, our results refine the previous ones due to Constantin-E-Titi (energy) and
the author of this paper (helicity), where the regularity is measured by a special class
of the Besov space norm Ḃs

p,∞ = Ṅ s
p, which is the Nikolskii space. We also obtain a

sufficient regularity condition for the conservation of the L p-norm of the temperature
function in the weak solutions of the quasi-geostrophic equation.

1. Introduction and the Main Results

The Euler equations for the homogeneous incompressible fluid flows in R
n , n = 2, 3,

are

(E)






∂v
∂t + (v · ∇)v = −∇ p, (x, t) ∈ R

n × (0, T )
div v = 0,
v(x, 0) = v0(x),

where v = (v1, · · · , vn), v j = v j (x, t), j = 1, · · · , n, is the velocity of the fluid flows,
p = p(x, t) is the scalar pressure, and v0 is the given initial velocity satisfying div
v0 = 0. It is well-known that for smooth solutions of the Euler equations the energy
E(t) = 1

2

∫

Rn |v(x, t)|2dx is preserved in time. For nonsmooth(weak) solutions it is
not at all obvious that we still have energy conservation. Thus, there comes the very
interesting question of how much smoothness we need to assume for the solution to
have energy conservation property. Regarding this question L. Onsager conjectured that
a Hölder continuous weak solution with the Hölder exponent 1/3 preserve the energy,
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and this is sharp. Considering Kolmogorov’s scaling argument on the energy correlation
in the homogeneous turbulence the exponent 1/3 is natural. The sufficiency part of this
conjecture is proved in a positive direction by a simple but very elegant argument by
Constantin-E-Titi[5], using the Besov space norm, Ḃs

3,∞ with s > 1/3 (see below for
precise definitions of the function spaces) for the velocity. Remarkably enough Shnir-
elman[13] later constructed an example of weak solution of 3D Euler equations, which
does not preserve energy. The problem of finding the optimal regularity condition for
a weak solution to have conservation property can also be considered for the helicity,
which is defined by H(t) = ∫

Rn v(x, t) · ω(x, t)dx, where ω = curl v is the vortic-
ity. In particular, the helicity is closely related to the topological invariants, e.g. the
knottedness of vortex tubes (see [1] for the details and other significance of the helic-
ity conservation). Thus, in [2] the author of this paper obtained a sufficient regularity
condition for the helicity conservation, using the function space Ḃs

9
5 ,∞

, s > 1/3, for the

vorticity. One of the purposes of this paper is to refine those results, using the Triebel-
Lizorkin type of spaces, Ḟ s

p,q , and the Besov spaces Ḃs
p,q with similar values for s, p,

but allowing full range of values for q ∈ [1,∞](for a precise statement of the results
see the theorems below). When we restrict q = ∞, our Besov space results for Euler
equations reduce to the previous ones described above. On the other hand, our results
for Triebel-Lizorkin type of space are completely new. We also extend our arguments to
consider the L p-norm conservation in the weak solutions of the 2D quasi-geostrophic
equations.

By a weak solution of (E) in R
n × (0, T ) with initial data v0 we mean a vector field

v ∈ C([0, T ); L2
loc(R

n)) satisfying the integral identity:

−
∫ T

0

∫

Rn
v(x, t) · ∂φ(x, t)

∂t
dxdt −

∫

Rn
v0(x) · φ(x, 0)dx

−
∫ T

0

∫

Rn
v(x, t)⊗ v(x, t) : ∇φ(x, t)dxdt

−
∫ T

0

∫

Rn
div φ(x, t)p(x, t)dxdt = 0, (1.1)

∫ T

0

∫

Rn
v(x, t) · ∇ψ(x, t)dxdt = 0 (1.2)

for every vector test function φ = (φ1, . . . , φn) ∈ C∞
0 (R

n ×[0, T )), and for every scalar
test function ψ ∈ C∞

0 (R
n × [0, T )). Here we used the notation (u ⊗ v)i j = uiv j , and

A : B = ∑n
i, j=1 Ai j Bi j for n × n matrices A and B. In the case when we discuss the

helicity conservation of the weak solution we impose further regularity for the vorticity,

ω(·, t) ∈ L
3
2 (R3) for almost every t ∈ [0, T ] in order to define the helicity for such a

weak solution. In order to state our main theorems we introduce function spaces. Given
0 < s < 1, 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, the function space Ḟ s

p,q is defined by the
seminorm,

‖ f ‖Ḟ s
p,q

=






∥
∥
∥
∥
∥

(∫

Rn

| f (x)− f (x − y)|q
|y|n+sq

dy

) 1
q

∥
∥
∥
∥
∥

L p(Rn ,dx)

if 1 ≤ p ≤∞, 1 ≤ q <∞
∥
∥
∥
∥
∥

ess sup
|y|>0

| f (x)− f (x − y)|
|y|s

∥
∥
∥
∥
∥

L p(Rn ,dx)

if 1 ≤ p ≤ ∞, q = ∞
.
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On the other hand, the space Ḃs
p,q is defined by the seminorm,

‖ f ‖Ḃs
p,q

=






(
∫

Rn
‖ f (·)− f (·−y)‖q

L p

|y|n+sq dy

) 1
q

if 1 ≤ p ≤ ∞, 1 ≤ q < ∞
ess sup|y|>0

‖ f (·)− f (·−y)‖L p

|y|s if 1 ≤ p ≤ ∞, q = ∞
.

Observe that, in particular, Ḟ s∞,∞ = Ḃs∞,∞ = Cs , which is the usual Hölder seminor-
med space. We also note that when q = ∞ we have the equivalence, Ḃs

p,∞ = Ṅ s
p, which

is the Nikolskii space, used in [5] and [2].
In order to compare this space with other more classical function spaces let us intro-

duce the Banach space F s
p,q , Bs

p,q by defining its norm,

‖ f ‖F s
p,q

= ‖ f ‖L p + ‖ f ‖Ḟ s
p,q
, ‖ f ‖Bs

p,q
= ‖ f ‖L p + ‖ f ‖Ḃs

p,q
,

respectively. We note that for 0 < s < 1, 2 ≤ p < ∞, q = 2, F s
p,2

∼= L p
s (R

n) =
(1−�)− s

2 L p(Rn), the fractional order Sobolev space (or the Bessel potential space)(see
p. 163,[14]). If n

min{p,q} < s < 1, n < p < ∞ and n < q ≤ ∞, then F s
p,q coincides

with the Triebel-Lizorkin space Fs
p,q(R

n) defined by the Littlewood-Paley decomposi-
tion(see p. 101, [15]). On the other hand, for wider range of parameters, 0 < s < 1,
0 < p ≤ ∞, 0 < q ≤ ∞, Bs

p,q coincides with the Besov space Bs
p,q(R

n)(see p. 110,
[15]). We also note the equivalence,

Ḟ s
p,p = Ḃs

p,p, F s
p,p = Bs

p,p

for 1 ≤ p ≤ ∞. Hereafter, we use the notation Ẋ s
p,q (resp. Xs

p,q ) to represent Ḟ s
p,q (resp.

F s
p,q ) or Ḃs

p,q (resp. Bs
p,q ).

Theorem 1.1. Let s > 1
3 and q ∈ [2,∞] be given. Suppose v is a weak solution of

the n−dimensional Euler equations with v ∈ C([0, T ]; L2(Rn))∩ L3(0, T ; Ẋ s
3,q(R

n)).
Then, the energy is preserved in time, namely

∫

Rn
|v(x, t)|2dx =

∫

Rn
|v0(x)|2dx (1.3)

for all t ∈ [0, T ).

Theorem 1.2. Let s > 1
3 , q ∈ [2,∞], and r1 ∈ [2,∞], r2 ∈ [1,∞] be given, satis-

fying 2/r1 + 1/r2 = 1. Suppose v is a weak solution of the 3-D Euler equations with
v ∈ C([0, T ]; L2(R3)) ∩ Lr1(0, T ; Ẋ s

9
2 ,q
(R3)) and ω ∈ Lr2(0, T ; Ẋ s

9
5 ,q
(R3)), where

the curl operation is in the sense of distribution. Then, the helicity is preserved in time,
namely

∫

R3
v(x, t) · ω(x, t)dx =

∫

R3
v0(x) · ω0(x)dx (1.4)

for all t ∈ [0, T ).

Similarly to [2], as an application of the above theorem we have the following esti-
mate from below of the vorticity by a constant depending on the initial data for the weak
solutions of the 3-D Euler equations.
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Corollary 1.1. Suppose v is a weak solution of the 3-D Euler equations satisfying the
conditions of Theorem 1.2. Then, we have the following estimate:

‖ω(·, t)‖2

L
3
2

≥ C H0, ∀t ∈ [0, T ), (1.5)

where H0 = ∫

Rn v0(x) · ω0(x)dx is the initial helicity, and C is an absolute constant.

Next we are concerned with the L p-norm conservation for the weak solutions of the
2D quasi-geostrophic equation,

(QG)






∂θ
∂t + (v · ∇)θ = 0,
v(x, t) = −∇⊥ ∫

R2
θ(y,t)
|x−y| dy,

θ(x, 0) = θ0(x),

where θ(x, t) is a scalar function representing the temperature, v(x, t) is the velocity
field of the fluid, and ∇⊥ = (−∂x2 , ∂x1). The system (QG) is of intensive interest recently
(see e.g. [4, 6, 16, 7, 8, 3], and references therein), since the equation has very similar
structure to the 3-D Euler equations, and also it has direct connections to the physical
phenomena in atmospheric science.

Let p ∈ [2,∞). By a weak solution of (QG) in D × (0, T ) with initial data v0 we

mean a scalar field θ ∈ C([0, T ); L p(R2) ∩ L
p

p−1 (R2)) satisfying the integral identity:

−
∫ T

0

∫

R2
θ(x, t)

[
∂

∂t
+ v · ∇

]

φ(x, t)dxdt −
∫

R2
θ0(x)φ(x, 0)dx = 0 (1.6)

v(x, t) = −∇⊥
∫

R2

θ(y, t)

|x − y|dy (1.7)

for every test function φ ∈ C∞
0 (R

2 × [0, T )), where ∇⊥ in (1.7) is in the sense of
distribution. We note that contrary to the case of 3-D Euler equations there is a global
existence result for the weak solutions of (QG) for p = 2([12]).

Theorem 1.3. Let s > 1
3 , p ∈ [2,∞), q ∈ [1,∞], and r1 ∈ [p,∞], r2 ∈ [1,∞]

be given, satisfying p/r1 + 1/r2 = 1. Suppose θ is a weak solution of (QG) with θ ∈
C([0, T ]; L p(R2)∩L

p
p−1 (R2))∩Lr1(0, T ; Xs

p+1,q(R
2))andv ∈ Lr2(0, T ; Ẋ s

p+1,q(R
2)).

Then, the L p norm of θ(·, t) is preserved,

‖θ(t)‖L p = ‖θ0‖L p (1.8)

for all t ∈ [0, T ].

2. Proof of the Main Theorems

Let ϕ(x) ∈ C∞
0 (R

n) be the standard mollifier with ϕ ≥ 0, supp ϕ ⊂ {x ∈ R
n | |x | ≤ 1}.

Let ϕε(x) = 1
εn ϕ(

x
ε
). Given f ∈ L1

loc(R
n), we denote by f ε(x) = ( f ∗ ϕε)(x).

Lemma 2.1. Let k ∈ N, s ∈ (0, 1) and p, q ∈ [1,∞]. Then, there exist constants C
depending on k, s, q, n such that the following inequalities hold:

‖Dk f ε‖L p ≤ Cεs−k‖ f ‖Ẋ s
p,q
, (2.1)

‖ f − f ε‖L p ≤ Cεs‖ f ‖Ẋ s
p,q
. (2.2)
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Proof. By integration by part we deduce

Dk f ε(x) =
∫

Rn
Dk

x f (x − y)ϕε(y)dy = (−1)k
∫

Rn
Dk

y f (x − y)ϕε(y)dy

=
∫

Rn
f (x − y)Dk

yϕ
ε(y)dy = 1

εn+k

∫

Rn
f (x − y)(Dkϕ)

( y

ε

)
dy

= 1

εn+k

∫

Rn
[ f (x − y)− f (x)](Dkϕ)

( y

ε

)
dy,

where we used the fact
∫

Rn
f (x)(Dkϕ)

( y

ε

)
dy = f (x)

∫

Rn
(Dkϕ)

( y

ε

)
dy = 0.

Hence,

|Dk f ε(x)| ≤ 1

εn+k

∫

Rn
| f (x − y)− f (x)|

∣
∣
∣(Dkϕ)

( y

ε

)∣
∣
∣ dy

≤ 1

εn+k

(∫

Rn

| f (x − y)− f (x)|q
|y|n+sq

dy

) 1
q
(∫

Rn

∣
∣
∣Dkϕ

(y

ε

)∣
∣
∣
q ′

|y|( n
q +s)q ′

dy

) 1
q′

= εs−k
(∫

Rn

| f (x − y)− f (x)|q
|y|n+sq

dy

) 1
q
(∫

Rn
|Dkϕ(y)|q ′ |y|( n

q +s)q ′
dy

) 1
q′

= Cεs−k
(∫

Rn

| f (x−y)− f (x)|q
|y|n+sq

dy

) 1
q

, (2.3)

where 1/q +1/q ′ = 1. Taking L p(dx) norm of (2.3), we obtain (2.1) with Ẋ s
p,q = Ḟ s

p,q .

In order to have the corresponding inequality for the norm of Ḃs
p,q , we use the Minkowski

inequality and the Hölder inequality to estimate

‖Dk f ε‖L p ≤ 1

εn+k

{∫

Rn

[∫

Rn
| f (x − y)− f (x)|

∣
∣
∣(Dkϕ)

( y

ε

)∣
∣
∣ dy

]p

dx

} 1
p

≤ 1

εn+k

∫

Rn
‖ f (·−y)− f (·)‖L p

∣
∣
∣Dkϕ

( y

ε

)∣
∣
∣ dy

≤ 1

εn+k

(∫

Rn

‖ f (·−y)− f (·)‖q
L p

|y|n+sq
dy

) 1
q(∫

Rn

∣
∣
∣Dkϕ

( y

ε

)∣
∣
∣
q ′

|y|( n
q +s)q ′

dy

) 1
q′

= Cεs−k‖ f ‖Ḃs
p,q
, (2.4)

where 1/q + 1/q ′ = 1. Next, we prove (2.2).

| f (x)− f ε(x)| =
∣
∣
∣
∣

∫

Rn
[ f (x)− f (x − y)]ϕε(y)dy

∣
∣
∣
∣

≤
∫

Rn
| f (x)− f (x − y)|ϕε(y)dy
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≤
(∫

Rn

| f (x)− f (x − y)|q
|y|n+sq

dy

) 1
q

(∫

Rn

∣
∣ϕε(y)

∣
∣q ′ |y|( n

q +s)q ′
dy

) 1
q′

= Cεs
(∫

Rn

| f (x)− f (x − y)|q
|y|n+sq

dy

) 1
q

, (2.5)

where 1/q +1/q ′ = 1. Taking L p(dx) norm of (2.5), we obtain (2.2) with Ẋ s
p,q = Ḟ s

p,q .
On the other hand, using the Minkowski and the Hölder inequalities again, we have

‖ f − f ε‖L p ≤
[∫

Rn

(∫

Rn
| f (x)− f (x − y)|ϕε(y)dy

)p

dx

] 1
p

≤
∫

Rn
‖ f (·)− f (· − y)‖L pϕε(y)dy

≤
(∫

Rn

‖ f (·)− f (· − y)‖q
L p

|y|n+sq
dy

) 1
q (∫

Rn

∣
∣ϕε(y)

∣
∣q ′ |y|( n

q +s)q ′
dy

) 1
q′

= Cεs‖ f ‖Ḃs
p,q
. (2.6)

��
Proof of Theorem 1.1. We note the identity,

(u ⊗ v)ε = uε ⊗ vε +
∫

Rn
ϕε(y) (u(x − y)− u(x))⊗ (v(x − y)− v(x)) dy

−(u − uε)⊗ (v − vε) (2.7)

for all u, v ∈ L2
loc(R

n), which was first observed in [5]. Suppose v(x, t) is a weak
solution of (E). Let ξ(t) ∈ C∞

0 ([0, T )). Given y ∈ R
n , choosing the test functions

φ(x, t) = ξ(t)(ϕε(x − y), 0, 0), ξ(t)(0, ϕε(x − y), 0) and ξ(t)(0, 0, ϕε(x − y)) in (1.1),
we obtain each component of

∂vε

∂t
+ div (v ⊗ v)ε = −∇ pε, (2.8)

and choosing ψ(x, t) = ξ(t)ϕε(x − y) in (1.2), we derive div vε = 0. We take L2(Rn)

inner product (2.8) with vε. Then, integrating by part, and using the identity (2.7), we
obtain

1

2

d

dt

∫

Rn
|vε|2dx =

∫

Rn
(v ⊗ v)ε : ∇vεdx −

∫

Rn
∇ pε · vεdx

=
∫

Rn

{∫

Rn
ϕε(y)(v(x − y)− v(x))⊗ (v(x − y)− v(x))dy

}

: ∇vε(x)dx

−
∫

Rn
[(v − vε)⊗ (v − vε)] : ∇vεdx

:= I + I I, (2.9)

where we used the facts,
∫

Rn
∇ pε · vεdx = −

∫

Rn
pεdiv vεdx = 0,
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and
∫

Rn
vε ⊗ vε : ∇vεdx =

n∑

i, j=1

∫

Rn
vεi v

ε
j

∂vεj

∂xi
dx = 1

2

∫

Rn
(vε · ∇)|vε|2dx

= −1

2

∫

Rn
(div vε)|vε|2dx = 0.

We estimate I and I I separately:

I ≤
∫

Rn

{∫

Rn
|ϕε(y)||v(x − y)− v(x)|2dy

}

|∇vε(x)|dx

≤
∫

Rn

(∫

Rn
|ϕε(y)|q ′ |y|( 2n

q +2s)q ′
dy

) 1
q′ (∫

Rn

|v(x − y)− v(x)|q
|y|n+sq

dy

) 2
q |∇vε(x)|dx

≤ Cε2s

[∫

Rn

(∫

Rn

|v(x − y)− v(x)|q
|y|n+sq

dy

) 3
q

dx

] 2
3

‖∇vε‖L3

≤ Cε3s−1‖v‖3
Ḟ s

3,q
, (2.10)

where 2/q + 1/q ′ = 1, q ∈ [2,∞], and we used (2.1) in the last step. For the estimate in
Ḃs

3,q norm we first use the Fubini theorem, and the use the Hölder inequality to deduce,

I ≤
∫

Rn

{∫

Rn
|ϕε(y)||v(x − y)− v(x)|2|∇vε(x)|dx

}

dy

≤
∫

Rn
|ϕε(y)|‖v(· − y)− v(·)‖2

L3‖∇vε‖L3 dy

≤
(∫

Rn
|ϕε(y)|q ′ |y|( 2n

q +2s)q ′
dy

) 1
q′ (∫

Rn

‖v(· − y)− v(·)‖q

|y|n+sq
dy

) 2
q ‖∇vε‖L3

≤ Cε2s−1‖v‖2
Ḃs

3,q
· εs‖v‖2

Ḃs
3,q

≤ Cε3s−1‖v‖3
Ḃs

3,q
, (2.11)

where we used (2.1) again. We note that the estimate (2.10) has obvious end point exten-
sion for q = 2(q ′ = ∞) and q = ∞(q ′ = 1), although we do not write down those
estimates separately. The estimate of I I is simpler as follows.

I I ≤
∫

Rn
|v(x)− vε(x)|2|∇vε(x)|dx

≤ ‖v − vε‖2
L3‖∇vε‖L3

≤ Cε3s−1‖v‖3
Ẋ s

3,q
, (2.12)

where we used (2.1) and (2.2) directly. Taking into account the estimates (2.10)–(2.12),
and integrating (2.9) over [0, t] ⊂ [0, T ], we have

∣
∣
∣‖vε(t)‖2

L2 − ‖vε0‖2
L2

∣
∣
∣ ≤ Cε3s−1

∫ T

0
‖v(τ)‖3

Ẋ s
3,q

dτ.

For s > 1
3 , passing ε → 0, we have ‖v(t)‖L2 = ‖v0‖L2 if v ∈ L3(0, T ; Ẋ s

3,q(R
n)). ��
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Proof of Theorem 1.2. Suppose v(x, t) is a weak solution of (E), and ω = curl v
in the sense of distribution. Let ξ(t) ∈ C∞

0 ([0, T )). Given y ∈ R
3, choosing the

test functions, φ(x, t) = ξ(t)curlx (ϕ
ε(x − y), 0, 0), ξ(t)curlx (0, ϕε(x − y), 0) and

ξ(t)curlx (0, 0, ϕε(x − y)) in (1.1), and integrating by part, we obtain the three compo-
nents of

∂ωε

∂t
+ div (v ⊗ ω)ε − div (ω ⊗ v)ε = 0. (2.13)

We compute

d

dt

∫

R3
vε · ωεdx =

∫

R3

∂vε

∂t
· ωεdx +

∫

R3
vε · ∂ω

ε

∂t
dx

= −
∫

R3
div (v ⊗ v)ε · ωεdx −

∫

R3
vε · div (v ⊗ ω)εdx

+
∫

R3
vε · div (ω ⊗ v)εdx

= I + I I + I I I. (2.14)

Integrating by part, and using the formula (2.7), we derive

I =
∫

R3
(v ⊗ v)ε : ∇ωεdx

=
∫

R3
vε ⊗ vε : ∇ωεdx +

∫

R3
rε(v, v) : ∇ωεdx−

∫

R3
(v−vε)⊗ (v−vε) : ∇ωεdx,

where we set

rε(u, v) =
∫

R3
ϕε(y) (u(x − y)− u(x))⊗ (v(x − y)− v(x)) dy.

Similarly,

I I =
∫

R3
(v ⊗ ω)ε : ∇vεdx

=
∫

R3
vε ⊗ ωε : ∇vεdx +

∫

R3
rε(v, ω) : ∇vεdx

−
∫

R3
(v−vε)⊗ (ω−ωε) : ∇vεdx,

I I I =−
∫

R3
(ω ⊗ v)ε : ∇vεdx

=−
∫

R3
ωε ⊗ vε : ∇vεdx−

∫

R3
rε(ω, v) : ∇vεdx

+
∫

R3
(ω−ωε)⊗ (v−vε) : ∇vεdx
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respectively. Since div vε = 0, we have by integration by part,

∫

R3
vε ⊗ vε : ∇ωεdx =

3∑

i, j=1

∫

R3
vεi v

ε
j

∂ωεj

∂xi
dx

= −
3∑

i, j=1

∫

R3
vεi

∂vεj

∂xi
ωεj dx

= −
∫

R3
vε ⊗ ωε : ∇vεdx . (2.15)

Also, using the fact div ωε = 0, we have by integration by part,

∫

R3
ωε ⊗ vε : ∇vεdx =

3∑

i, j=1

∫

R3
ωεi v

ε
j

∂vεj

∂xi
dx

= −
3∑

i, j=1

∫

R3
ωεi

∂vεj

∂xi
vεj dx

= −
∫

R3
ωε ⊗ vε : ∇vεdx = 0. (2.16)

Hence, we find that the sum of the first terms of I, I I and I I I cancels out, and after
rearrangement of the remaining terms we obtain,

I + I I + I I I =
∫

R3
rε(v, v) : ∇ωεdx +

∫

R3
rε(v, ω) : ∇vεdx

−
∫

R3
rε(ω, v) : ∇vεdx

−
∫

R3
(v − vε)⊗ (v − vε) : ∇ωεdx

−
∫

R3
(v − vε)⊗ (ω − ωε) : ∇vεdx

+
∫

R3
(ω − ωε)⊗ (v − vε) : ∇vεdx

= J1 + J2 + J3 + J4 + J5 + J6. (2.17)

We estimate (2.17) term by term starting from J1:

|J1| =
∣
∣
∣
∣

∫

R3

{∫

R3
ϕε(y)(v(x − y)− v(x))⊗ (v(x − y)− v(x))dy

}

: ∇ωε(x)dx

∣
∣
∣
∣

≤
∫

R3

{∫

R3
ϕε(y)|v(x − y)− v(x)|2dy

}

|∇ωε(x)|dx

≤
∫

R3

(∫

R3
|ϕε(y)|q ′ |y|( 6

q +2s)q ′
dy

) 1
q′(∫

R3

|v(x − y)− v(x)|q
|y|3+sq

dy

) 2
q |∇ωε(x)|dx
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≤ Cε2s

[∫

R3

(∫

R3

|v(x−y)−v(x)|q
|y|3+sq

dy

) 9
2q

dx

] 4
9

‖∇ωε‖
L

9
5

≤ Cε3s−1‖v‖2
Ḟ s

9
2 ,q

‖ω‖Ḟ s
9
5 ,q
, (2.18)

where 1/q + 1/q ′ = 1, and we used (2.1) in the last step. For the Besov space norm
estimate we use the Fubini theorem and the Hölder inequality as previously:

|J1| ≤
∫

R3

{∫

R3
ϕε(y)|v(x − y)− v(x)|2|∇ωε(x)|dx

}

dy

≤
∫

R3
ϕε(y)‖v(· − y)− v(·)‖2

L
9
2
‖∇ωε‖

L
9
5

dy

≤
∫

R3

(∫

R3
|ϕε(y)|q ′ |y|( 6

q +2s)q ′
dy

) 1
q′




∫

R3

‖v(· − y)− v(·)‖q

L
9
2

|y|3+sq
dy





2
q

‖∇ωε‖
L

9
5

≤ Cε3s−1‖v‖2
Ḃs

9
2 ,q

‖ω‖Ḃs
9
5 ,q
. (2.19)

We estimate J2 as follows:

|J2| =
∣
∣
∣
∣

∫

R3

{∫

R3
ϕε(y)(v(x − y)− v(x))⊗ (ω(x − y)− ω(x))dy

}

: ∇vε(x)dx

∣
∣
∣
∣

≤
∫

R3

{∫

R3
ϕε(y)|v(x − y)− v(x)||ω(x − y)− ω(x)|dy

}

|∇vε(x)|dx

≤
(∫

R3
|ϕε(y)|q ′ |y|( 6

q +2s)q ′
dy

) 1
q′

×
∫

R3

(∫

R3

|v(x − y)− v(x)|q
|y|3+sq

dy

) 1
q
(∫

R3

|ω(x−y)−ω(x)|q
|y|3+sq

dy

) 1
q|∇vε(x)|dx

≤ Cε2s

[∫

R3

(∫

R3

|v(x − y)− v(x)|q
|y|3+sq

dy

) 9
2q

dx

] 2
9

×
[∫

R3

(∫

R3

|ω(x − y)− ω(x)|q
|y|3+sq

dy

) 9
5q

dx

] 5
9

‖∇vε‖
L

9
2

≤ Cε3s−1‖v‖2
Ḟ s

9
2 ,q

‖ω‖Ḟ s
9
5 ,q
, (2.20)

where 2/q + 1/q ′ = 1. Next, we estimate in the Besov norm:

|J2| ≤
∫

R3

{∫

R3
ϕε(y)|v(x − y)− v(x)||ω(x − y)− ω(x)||∇vε(x)|dx

}

dy

≤
∫

R3
ϕε(y)‖v(· − y)− v(·)‖

L
9
2
‖ω(· − y)− ω(·)‖

L
9
5
‖∇vε‖

L
9
2

dy
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≤
(∫

R3
|ϕε(y)|q ′ |y|( 6

q +2s)q ′
dy

) 1
q′

×
∫

R3





∫

R3

‖v(·−y)−v(·)‖q

L
9
2

|y|3+sq
dy





1
q




∫

R3

‖ω(· − y)− ω(·)‖q

L
9
5

|y|3+sq
dy





1
q

‖∇vε‖
L

9
2

≤ Cε3s−1‖v‖2
Ḃs

9
2 ,q

‖ω‖Ḃs
9
5 ,q
. (2.21)

The estimate of J3 is similar to that of J2, and we have

|J3| ≤ Cε3s−1‖v‖2
Ẋ s

9
2 ,q

‖ω‖Ẋ s
9
5 ,q
. (2.22)

We estimate J4 as follows:

|J4| =
∣
∣
∣
∣

∫

R3
[(v − vε)⊗ (v − vε)] : ∇ωεdx

∣
∣
∣
∣

≤
∫

R3
|v − vε|2|∇ωε|dx ≤ ‖v − vε‖2

L
9
2
‖∇ωε‖

L
9
5

≤ Cε3s−1‖v‖2
Ẋ s

9
2 ,q

‖ω‖Ẋ s
9
5 ,q
, (2.23)

where we used (2.1) and (2.2). Similarly, we estimate J5:

|J5| =
∣
∣
∣
∣

∫

R3
[(v − vε)⊗ (ω − ωε)] : ∇vεdx

∣
∣
∣
∣

≤
∫

R3
|v − vε||ω − ωε||∇vε|dx ≤ ‖v − vε‖

L
9
2
‖ω − ωε‖

L
9
5
‖∇vε‖

L
9
2

≤ Cε3s−1‖v‖2
Ẋ s

9
2 ,q

‖ω‖Ẋ s
9
5 ,q
. (2.24)

The estimates of J6 is similar to that of J5, and we have

|J6| ≤ Cε3s−1‖v‖2
Ẋ s

9
2 ,q

‖ω‖Ẋ s
9
5 ,q
. (2.25)

Taking into account the estimates (2.18)–(2.25), and integrating (2.17) over [0, t] ⊂
[0, T ], we have

∣
∣
∣
∣

∫

R3
vε(x, t) · ωε(x, t)dx −

∫

R3
vε0(x) · ωε0(x)dx

∣
∣
∣
∣

≤ Cε3s−1
∫ T

0
‖v(t)‖2

Ẋ s
9
2 ,q

‖ω(t)‖Ẋ s
9
5 ,q

dt

≤ Cε3s−1

(∫ T

0
‖v(t)‖r1

Ẋ s
9
2 ,q

dt

) 2
r1

(∫ T

0
‖ω(t)‖r1

Ẋ s
9
5 ,q

dt

) 1
r2

,

where 2/r1 + 1/r2 = 1. Passing ε → 0, we find that
∫

R3
ω(x, t) · v(x, t)dx =

∫

R3
ω0(x) · v0(x)dx

for s > 1
3 . ��
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Proof of Corollary 1.1. We estimate the helicity,
∫

R3
v(x, t) · ω(x, t)dx ≤ ‖v(·, t)‖L3‖ω(·, t)‖

L
3
2

≤ C‖∇v(·, t)‖
L

3
2
‖ω(·, t)‖

L
3
2

≤ C‖ω(·, t)‖2

L
3
2
, (2.26)

where we used the Sobolev inequality and the Calderon-Zygmund inequality. Combining
(2.26) with Theorem 1.2, we obtain the desired conclusion. ��
Proof of Theorem 1.3. Suppose θ(x, t) is a weak solution of (QG) in the sense of (1.6)–
(1.7). Let ξ(t) ∈ C∞

0 ([0, T )). Given y ∈ R
2, choosing the test function φ(x, t) =

ξ(t)ϕε(x − y) in (1.6) we obtain

∂θε

∂t
+ div (vθ)ε = 0. (2.27)

We take the L2(R2) inner product (2.27) with θε|θε|p−2. Then, integrating by part, and
using the identity (2.7), we obtain

1

p

d

dt

∫

R2
|θε|pdx = (p−1)

∫

R2
(vθ)ε · ∇θε|θε|p−2dx

= (p−1)
∫

R2

{∫

R2
ϕε(y)(v(x − y)−v(x))(θ(x − y)−θ(x))dy

}

·∇θε(x)|θε(x)|p−2dx

−(p − 1)
∫

R2
[(v − vε)(θ − θε)] · ∇θε(x)|θε(x)|p−2dx

:= (p − 1)[I + I I ], (2.28)

where we used the fact,
∫

R2
vεθε · ∇θε|θε|p−2dx = 1

p

∫

R2
(vε · ∇)|θε|pdx = − 1

p

∫

R2
(div vε)|θε|pdx = 0.

We estimate I and I I separately:

I ≤
∫

R2

{∫

R2
|ϕε(y)||v(x − y)− v(x)||θ(x − y)− θ(x)|dy

}

|∇θε(x)||θε(x)|p−2dx

≤
∫

R2

(∫

R2
|ϕε(y)|q ′ |y|( 4

q +2s)q ′
dy

) 1
q′ (∫

R2

|v(x − y)− v(x)|q
|y|2+sq

dy

) 1
q

×
(∫

R2

|θ(x − y)− θ(x))|q
|y|2+sq

dy

) 1
q |∇θε(x)||θε(x)|p−2dx

≤ Cε2s





∫

R2

(∫

R2

|v(x − y)− v(x)|q
|y|2+sq

dy

) p+1
q

dx





1
p+1

×




∫

R2

(∫

R2

|θ(x − y)− θ(x)|q
|y|2+sq

dy

) p+1
q

dx





1
p+1

‖∇θε‖L p+1‖θε‖p−2
L p+1

≤ Cε3s−1‖v‖Ḟ s
p+1,q

‖θ‖2
Ḟ s

p+1,q
‖θ‖p−2

L p+1 , (2.29)
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where 1/q + 1/q ′ = 1, q ∈ [1,∞], and we used (2.1) in the last step. The estimate in
the Besov space norm is the following.

I ≤
∫

R2

{∫

R2
|ϕε(y)||v(x − y)− v(x)||θ(x − y)− θ(x)||∇θε(x)||θε(x)|p−2dx

}

dy

≤
∫

R2
ϕε(y)‖v(· − y)− v(·)‖L p+1‖θ(· − y)− θ(·)‖L p+1‖∇θε‖L p+1‖θε‖p−2

L p+1 dy

≤
(∫

R2
|ϕε(y)|q ′ |y|( 4

q +2s)q ′
dy

) 1
q′

(∫

R2

‖v(· − y)− v(·)‖q
L p+1

|y|2+sq
dy

) 1
q

×
(∫

R2

‖θ(· − y)− θ(·)‖q
L p+1

|y|2+sq
dy

) 1
q

‖∇θε‖L p+1‖θε‖p−2
L p+1

≤ Cε3s−1‖v‖Ḃs
p+1,q

‖θ‖2
Ḃs

p+1,q
‖θ‖p−2

L p+1 . (2.30)

Using (2.1) and (2.2) directly, we estimate

I I ≤
∫

R3
|v(x)− vε(x)||θ(x)− θε(x)||∇θε(x)||θε(x)|p−2dx

≤ ‖v − vε‖L p+1‖θ − θε‖L p+1‖∇θε‖L p+1‖θε‖p−2
L p+1

≤ Cε3s−1‖v‖Ẋ s
p+1,q

‖θ‖2
Ẋ s

p+1,q
‖θ‖p−2

L p+1 . (2.31)

Taking into account the estimates (2.29)–(2.31), and integrating (2.28) over [0, t] ⊂
[0, T ], we have

∣
∣‖θε(t)‖p

L p − ‖θε0 ‖p
L p

∣
∣ ≤ Cε3s−1

∫ T

0
‖v(τ)‖Ẋ s

p+1,q
‖θ(τ )‖2

Ẋ s
p+1,q

‖θ(τ )‖p−2
L p+1 dτ

≤ Cε3s−1
∫ T

0
‖v(τ)‖Ẋ s

p+1,q
‖θ(τ )‖p

Xs
p+1,q

dτ

≤ Cε3s−1
(∫ T

0
‖v(τ)‖r2

Ẋ s
p+1,q

dτ

) 1
r2

(∫ T

0
‖θ(τ )‖r1

Xs
p+1,q

dτ

) p
r1

,

where p/r1 + 1/r2 = 1. For s > 1
3 , passing ε → 0, we have ‖θ(t)‖L p = ‖θ0‖L p , if

v ∈ Lr2(0, T ; Ẋ s
p+1,q(R

2)) and θ ∈ Lr1(0, T ; Xs
p+1,q(R

2)). ��
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