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Abstract: We construct the Drinfeld twists (or factorizing F-matrices) of the super-
symmetric model associated with quantum superalgebra U, (gl(m|n)), and obtain the
completely symmetric representations of the creation operators of the model in the
F-basis provided by the F-matrix. As an application of our general results, we present
the explicit expressions of the Bethe vectors in the F-basis for the U, (g/(2|1))-model
(the quantum #-J model).

1. Introduction

It was realized in [1] that for the XXX or XXZ spin chain systems, there exists a non-
degenerate lower-triangular F-matrix (the Drinfeld twists) [2] in terms of which the
R-matrix of the system is factorized:

Rio(uy, u2) = Fy;' (ua, ur) Fio(uy, u2), (L.1)

where the R-matrix acts on the tensor space V @ V with V being a 2-dimensional
U, (gl(2))-module. In the basis provided by the N-site F-matrix, i.e. the so-called
F-basis, the entries of the monodromy matrices of the models appear in completely
symmetric forms. As a result the Bethe vectors of the models are dramatically simplified
and can be written down explicitly. These results enabled the authors in [3, 4] to compute
form factors, correlation functions [5] and spontaneous magnetizations of the systems
analytically and explicitly.

The results of [1] were generalized to other systems. In [6], the Drinfeld twists asso-
ciated with any finite-dimensional irreducible representations of Yangian Y [g/(2)] were
investigated. In [7], Albert et al constructed the F-matrix of the rational g/(m) Hei-
senberg model, obtained a polarization free representation of its creation operators and
resolved the hierarchy of its nested Bethe vectors. In [8, 9], the Drinfeld twists of the
elliptic XYZ and Belavin models were constructed. Recently we have successfully con-
structed the Drinfeld twists for the rational gl (m|n) supersymmetric model and resolved
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the hierarchy of its nested Bethe vectors in the F-basis [10, 11]. Quantum integrable
models associated with Lie superalgebras [12—14] are physically important because they
give strongly correlated fermion models of superconductivity (e.g. [15, 16]).

In this paper, we extend our results in [10, 11] to the quantum (or g-deformed) super-
symmetric model associated the quantum superalgebra U, (g/(m|n)) (including quantum
supersymmetric #-J model as a special case). Such a generalization is non-trivial due
to the following fact. It is well-known that the gl(m|n) rational model has gl(m|n)
symmetry which enables one to express the creation operators C;(u) in terms of the
element Tyy45 m+n(u) of the monodromy matrix 7 (u) and the generators of gl(m|n)
by (anti)commutation relations [7, 11]. However, the corresponding quantum model is
not U, (gl(m|n)) invariant (unless appropriate boundary conditions are imposed). One
of the consequences is that the creation operators C; («) of the quantum model cannot
be expressed in terms of Ty,4, m+n () and the generators of U, (gl(m|n)) by simple
g-(anti)commutation relations. Indeed, it is found in this paper that extra quantum cor-
rection terms are needed, due to the non-trivial coproduct structure of the quantum
superalgebra. Having found such a new recursive relation (3.37) and constructed the
factorizing F-matrices of the quantum model, we obtain the symmetric representa-
tions of the creation operators of the monodromy matrix in the F-basis. These results
make possible a complete resolution of the hierarchy of the nested Bethe vectors of
the U, (gl(m|n)) model. As an example, we give the explicit expressions of the Bethe
vectors of the quantum ¢ — J model associated with U, (g/(2|1)).

The present paper is organized as follows. In Sect. 2, we introduce some basic notation
on the quantum superalgebra U, (g/(m|n)). In Sect. 3, we derive the recursive relation
between the elements of the monodromy matrix and the generators of U, (g/(m|n)). In
Sect. 4, we construct the F-matrix and its inverse of the U, (g/(m|n)) model. In Sect. 5,
we obtain the symmetric representations of the creation operators in the F-basis. As
an application of our general results, the hierarchy of the nested Bethe vectors of the
U, (gl(2]1)) model is resolved in Sect. 6. We conclude the paper by offering some dis-
cussions in Sect. 7. Some detailed technical derivations are given in Appendices A-B.

2. Quantum Superalgebra U, (gl (m|n))

Let us fix two non-negative integers n, m such that n + m > 2 and a positive integer
N(N > 2), and a generic complex number 1 such that the g-deformation parameter,
which is defined by ¢ = €, is not a root of unity. Let V be a Z,-graded (n + m)-dimen-
sional vector space with the orthonormal basis {|i), i = 1, ..., n+m}. The Z,-grading
ischosenas: [1]=---=[m]=1,m+1]=---=[m+n]=0.

Definition 1. The quantum superalgebra U, (gl(m|n)) is a Z,-graded unital associa-
tive superalgebra generated by the generators EX', (i = 1,...,n + m) and E/J+1,
E/TLI (j=1,... ,n+m—1) with the Zp-grading [E"'] = 0, [E/ /] = [E//H!] =
[j1+ [j + 1] by the relations:

[EY ENT =0, [EY, BV =8, =8 4D E, =1, o, 21)
[EM, EFNT] = (8 =8 ) EIT, (2.2)

J _hi
qh —q h ./

[EFIH EITLTT = (—)lls; — =1 ntm—1, (2.3)
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and the Serre relations:

(Em,m+1)2 — (Em+1,m)2 — 0’

(EFIH pIH) = (BN BTN =0, 1 - ] 2 2, (2.4)

(B2 RIELFEIL (0 4 o=l pii ] pitLEl+l g+l
+Ej:|:1,j:|:l+l(Ej,j+l)2 — 0, J ;é m,

(EIFVIEIEFLIEL _ (0 o=V it piltlEl pitl
FEIEFLIEN (RIA LN — ) £ m,

where h/ = (=) EJJ — (—1)UHH EJ+1LJ+] 1 addition to the above Serre relations,
there exist also extra Serre relations [17] which we omit.

Here and throughout, we adopt the convention:

x,yl=xy — (=DM & y e U, (gl(m|n)).

One can easily see that the Zj-graded vector space V supplies the fundamental
U, (gl(m|n))-module and the generators of U, (g/(m|n)) are represented in this space
by

T(EMY = e, m(E Yy = ¢ 41, m(EITY)y =i, (2.5)

where ¢; ; € End(V) is the elementary matrix with elements (e;, j)i = §xdil.

U, (gl(m|n)) is a Z>-graded triangular Hopf superalgebra endowed with Z;-graded
algebra homomorphisms that are coproduct A: U,(gl(m|n)) —> U,(gl(m|n))
® U, (gl(m|n)) defined by

AEN=1QFE" +EN @1, i=1,....n+m, (2.6)
A(EIIHYy = 1 @ EMH 4 Bl @ g7, @27
A(Ej+1,]) — q—h'j ® Ej+lsj + Ej+1sj ® 1’ (28)

and counit €: U, (gl(m|n)) — C defined by
e(ENTY = ¢(E/1 )y = (BN =0, €(1) =1,

and a Z,-graded algebra antiautomorphism (antipode) S: U, (gl (m|n)) —> U, (gl(m|n))
given by

S(EJTy = _Ej,j+1q—h-f’ S(EJTLIy = _thEj—H,j’ S(E) = —Eb,
Multiplications of tensor products are Z, graded:
x@NE ®y) = (HMxy @ yy,
for homogeneous elements x, y, x’, y’ € U, (gl(m|n)) and where [x] € Z; denotes the
grading of x. It should be pointed out that the antipode satisfies the following equation,

for homogeneous elements x, y € U, (gl(m|n)),

S(xy) = (=g (1) S(x),
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and generalizes to inhomogeneous elements through linearity. The coproduct, counit
and antipode satisfy the following relations, Vx € U,(gl(m|n)):

(AQIDA(x) = (d® A)A(x), (2.9)
(e ®id)A(x) =x = (1d ® €)A(x),
m(S Q@id)AKx) =m(id ® S)A(x) = e(x),

where m denote the product of any two elements of U, (gl/(m|n)), ie., m(x ® y) = xy
for x, y € U, (gl(m|n)).

The generators {E/>/ 1} ({E/*1.7}) are the simple raising (lowering) generators of
U, (gl(m|n)) associated with the simple roots. Thanks to the Serre relations, the other
generators associated with the non-simple roots (called the non-simple generators) can
be uniquely constructed through the simple ones by the following relations:

E*Y = EYBEPY —q_(_l)[ﬂ]Eﬁ’yE“’ﬁ, l<a<B<y=<n+m, (2.10)
Ev® = prPppe gV phepyf | <o <B<y<n4m. (210

The coproduct, counit and antipode of the non-simple generators can be obtained through
those of the simple ones. Here, we give the coproduct of non-simple generators which
will be used later.

Lemma 1. The coproduct of the non-simple generators is
A(E%V—l) — q—Z§<:1 hr QEVY I L Evrlgl
-1 A
(U= g2 Lyt @ gy,
i=1
y—Il>1land[>2, (2.12)
A(EV’V'H) —1® EvyH 4 provH ® qu{;lo hy+k
-1
+Z(1 _q—2(—1)lw])Ey+i,y+l®Ey,y+iqzi;li th’
i=1
y+Il<n+mandl>2. (2.13)
Proof. This lemma can be proved by induction using the coproducts of the simple gen-
erators (2.6)-(2.8), the definitions of the non-simple generators (2.10)-(2.11) and the

fact that the coproduct is an algebra homomorphism, as well as (2.1)-(2.3) and the Serre
relation (2.4). O

3. Recursive Relation between Monodromy Matrix Elements and U, (gl (m|n))
Generators

Let R € End(V ® V) be the R-matrix associated with the fundamental U, (gl (m|n))-
module V. The R-matrix depends on the difference of two spectral parameters #; and
uy associated with two copies of V, and is, in the present grading, given by [13, 14, 18]
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Rip(uy, u2) = Rip(uy — uz)

m+n m+n
—C12261l®ell+ Z ell®ell+a12zell®e]j
i=m+1 i#j=1
m+n m+n
+bn > (DVej@eji+ bl Y (=DVlej®eji (3.1)
i>j=1 j>i=1

where

sinh(u1 —uy) +_ g+ =) sinh
= a(uy, up)= —LTHD) ok g uyy =~ ST (3
a = auy, uz) sinh(u1 —u2+n) 12 (1, 102) sinh(u; —uz+n) G2

sinh(u; —uy — n)
= , = — , 3.3
c12 = c(uy, uz) sinh(a; — s £ 1) (3.3)

and 7 is the so-called crossing parameter. One can easily check that the R-matrix satisfies
the unitary relation
RyiRip = 1. (3.4
N+1

—
Let us introduce the (N + 1)-fold tensor product space V ® V --- ® V, whose com-
ponents are labelled by 0, 1... , N from the left to the right. As usual, the 0™ space,
denoted by V ( V; for the i™ space), corresponds to the auxiliary space and the other

N
—
N spaces constitute the quantum space H =V ® V - - - ® V. Moreover, for each factor
space V;,i =0, ..., N, we associate a complex parameter z;. The parameter associated

with the O™ space is usually called the spectral parameter which is set to zo = u in this
paper, and the other parameters are called the inhomogeneous parameters. In this paper
we always assume that all the complex parameters « and {z;|i = 1, ..., N} are generic
ones. Hereafter we adopt the standard notation: for any matrix A € End(V), A; (or

A(jy) is an embedding operator in the tensor product space, which acts as A on the j th
space and as an identity on the other factor spaces; R;; = R;;(z;, z;) is an embedding
operator of R-matrix in the tensor product space, which acts as an identity on the factor
spaces except for the i and j ones.

The R-matrix satisfies the graded Yang-Baxter equation (GYBE)

Ri2R13R»3 = Ra3Ri3R12. (3.5
In terms of the matrix elements defined by
Rw)(i") @ 1) =Y Rw)] (i) ® 1)),
)
the GYBE reads

Z R(uy — uz);j‘/ R(u; — u3) Vi R(uz — u3)’ ( 1)[/ 11+
i/,j/,k/

= > Ry — ua)}f Ry — ua) Rluy — up)ly ) (— 1)l 10D,
/ /k/
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Besides the GYBE, the R-matrix satisfies the following relation:
RipA(x) = PA)P Rz, (3.6)

where P15 is the superpermutation operator, i.e., P12()i) ® |j) = (=D} ) @ [i).

Using the coproduct structure of U,(gl(m|n)), one can define the action of
U, (gl(m|n)) on the (N + 1)-fold tensor product space. For any x € U,(gl(m|n)),
let us denote the action of x on the (N + 1)-fold tensor product space by (x)g. n:

@o..v =AM () = ([d® AV AM). (3.7
By a straightforward calculation, one has
Lemma 2.
N P
(E"o.n =) Egy. i=1....n+m, (38)
k=0
i j+1 ARy i+1 YN h
(EM o v =) ElT ==, j=1,.. n+m—1, (3.9)
k=0

N .
. . _ I.(_lh/. i+1,j X
(B v =Y g Z=0 ol =1 nem =1, (3.10)
k=0

where E zkj) is the embedding of e; j in the tensor product space, which acts as e; j on

the k™ space and as identity on the other factor spaces.

The actions of non-simple generators can be obtained from those of simple ones through
(2.10) and (2.11).

Let Sy+1 denote the permutation group of the N + 1 space labels (0, ... , N). The
GYBE (3.5) and unitary relation (3.4) of R-matrix allow one to introduce the following

mapping.
Definition 2. One can define a mapping from Sy 1 to End(Vy ® H) which associate in

a unique way an element R , € End(Vp ® H) to any element o of the permutation
group Sy 1. The mapping has the following composition law:

(()m;v =P R(();‘/..N P7)~! RGN = Rg/(oi..N) Ry, Yo,0' € Syy1, (3.11)

where P? is the Zj-graded permutation operator on the tensor product space, i.e.,
Plio)©)--- lin)vy = 1io)@©)) -- - lin) ). For any elementary permutation o;
with ;0,...,j,j+1,...,N) =(@©,...,j+1,j,...,N),j =0,...,N, the
corresponding Rg.’: et

Ry v =Rjj. (3.12)
For any element o € Sy, the corresponding R ,, can be constructed through (3.11)
and (3.12) as follows. Let o be decomposed in a minimal way in terms of elementary
permutationas o = og, ...op,, where the positive integer p is the length of o'. The com-
position law enables one to obtain the expression of the associated R . The GYBE
(3.5) and (3.4) guarantee the uniqueness of R{ . For the special element o, of Sy 41,

0c = 0001 ...0y_1, namely, 00(0,1,... ,N)=(1,2,...,N,0), (3.13)
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the associated Rg"‘“ 18 given by
T(u) = Tow) =To,1.~nw) = R} y = RonRon—1--. Ro1. (3.14)

Thus Rgﬁ. 18 the quantum monodromy matrix 7T (u) of the U, (gl (m|n)) spin chain on
an N-site lattice. By the GYBE, one may prove that the monodromy matrix satisfies the
GYBE

Rooy (u — v)To(u) Ty (v) = Toy (v) To(u) Rooy (u — v). (3.15)
Define the transfer matrix 7 (u)
t(u) = stroT (u), (3.16)

where strg denotes the supertrace over the auxiliary space. Then the Hamiltonian of our
model is given by
dInt(u)
 du

This model is integrable thanks to the commutativity of the transfer matrix for different
parameters,

lu=0- (3.17)

[t(u), t(v)] =0, (3.18)

which can be verified by using the GYBE.

The fundamental relation (3.6) and the co-associativity (2.9) of the coproduct of
U, (gl(m|n)) enable one to prove the following result, using the procedure similar to
that in [1] for the non-super case,

Proposition 1. The mapping defined in Definition 2 satisfies the following relation:
R§ y @)o.n=P° ()o.n (P°)" Ry . YxeU,(gl(m[n)), o0 €Snq1.  (3.19)

One may decompose the monodromy matrix 7 («) in terms of the basis of End(Vp) as

n—+m n+m
Tw =Y TiwE =Y Twe,; (3.20)
i,j=1 i,j=1

where the matrix elements 7; ;(u) are operators acting on the quantum space H and
have the Z;-grading: [T; ;(u)] = [e; ;] = [i] + [j]. Similarly, for the quantities defined
in Lemma 2, we have the decomposition:

N
(Ei,i)OmN — EE{)Z) + ZE&Z) =e,;+ (Ei’i)lmN, i=1,...,n+m, (3.21)
k=1
(EJI+Yy, y = E(JO)J+] Yo lh(k) +ZE1 J+1 Z, k+1’1(,>

=ej’j+1q(hj)1--~"’+(E”+1)1 Nj=1.n+m—1, (322

=ejp1j+q (Ef“»f)l...N, j=1....n4+m—1, (3.23)
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where hj = (—1)[1-]6.,',/' — (—1)[j+1]ej+1,j+1. Without confusion, hereafter we adopt
the following convention:

e =Ep. ii'=1...n+m, (3.24)
hj—h(o)—<—1)fe, —(=DV ey, j=1,...,n+m=1,  (3.25)
Eij = (E"). N—ZE(k), i=1....n+m, (3.26)
Hj=(—1)ij,,-—(—1) UtNE; i, j=1,.. ,n+m—1, (3.27)

N
Ejjpn = (B = SR G ISl o1 m =1, (3.28)

N .
. . N NN I
Ejp1j=ET) v=)q Lizi OE, j=1, . ,n+m—1, (329
k=1
and a similar convention for the non-simple generators. Then the operators {E; ;} are

the operators which act non-trivially on the quantum space H and trivially (i.e. as an
identity) on the auxiliary space Vj. From (3.13), we have

P (Wyo.n(Po) ' =h;+Hj, j=1,....,.n+m—1, (3.30)
PO (EIH N (PO = gMi Ejjn+tej iy, j=1,....,n+m—1, (3.31)
P o N (P = g™ + Ejpyjy j=1, . ntm—1. (332)

Using (3.21)-(3.23), (3.30)-(3.32) and Lemma 1, we have
Proposition 2.
E"" No.n=q et hyt Eyy_1teyy-i
31 =P g i ke, By, y — 12 1 and 122,

(3.33)
1
PoEYY o NP =ey, g Xtk L B,

_ i i
+y —PCO e g B ke, iy — 1= Tand 122,

(3.34)

-1
(EY’V_H)O...N :Ey,y+l+ey,y+lq2k=0 Hy 1k
_9(—lr+ -y
3 U—g 20 e i By g Bk y £l <nbm and 122,

(3.35)
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_ -1
PO (EV Y v (PO =)y + qXim0 v B,y
-1
i -1
+Z(l - qu(f])bﬁ ])ey,y+i qzk:i i Eytiyyi, y+l<n+mand[>2.
i=1

(3.36)
Substituting (3.35) and (3.36) into Proposition 1, we obtain our main result in this section:

Theorem 1. The matrix elements T,y pym—1w)(l = 1,...,n + m — 1) of the
monodromy matrix can be expressed in terms of Ty+m n+m(u) and the generators of
U, (gl(m|n)) by the following recursive relation:

Tn+m,n+m—l (Lt) =

—(=1)lntm] — ’7 H, _
:<q =D En+m—l,n+an+m,n+m(u)_Tn+m,n+m(u)En+m—l,n+mq L=t Hoem—

-1
—2(—1 [n+m—a] _ /_ Hysme
_Z(l —-q =D )T;H-m,n+m—ot(M)En+m—l,n+m—otq Lkt Hotm k.
a=1

(3.37)

The proof of this theorem is relegated to Appendix A.

We call the second term in the R.H.S. of (3.37) a quantum correction term, which
vanishes in the rational limit (g — 1). Moreover, such a nontrivial correction term only
occurs in the higher rank models (i.e., when n + m > 3). In the rational limit: ¢ — 1,
(3.37) reduces to the (anti)commutation relations used in [7, 11]. For some special values
of m and n, the associated recursive relations in the present grading become:

e For the U, (gl (1|1)) case:

T (u) = [q_lEl,ZTZ,Z(M) - TZ,Z(M)EI,Z] g . (3.38)

e For the U, (gl(2]1)) case which corresponds to the quantum ¢ — J model:

T2) = (g7 E2aT3300) = Tra@)Ezs | ™™, (3.39)
I31(u) = [q7]E1,3T3,3(M) - T3,3(M)E1,3] g~
~(1 =g T32W)E1 24~ (3.40)

e For the U, (gl(2|2)) case which corresponds to the quantum EKS model [15]:

Ty3) = |q ' EsaTua(u) — Toa)Esq|q™™, (3.41)

Tao() = |q ' ExaTya(u) — Taa(u)Esg | g 712

—(1 =g T3 Ez3q~ "™, (342)
Tu1(u) = |q  E14Tsa(u) — Tya(u)Ey 4| g~ 3~

~(1 =g ) Ta3w) Erzg~ =M
~(1 =g Tu2W)E1 ¢~ (3.43)
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4. Factorizing F-Matrices and Their Inverses

In this section, we construct the Drinfeld twists [2] (factorizing F-matrices) on the N-fold
tensor product space (i.e. the quantum space H) associated with the quantum superal-
gebra U, (gl(m|n)).

4.1. Factorizing F-matrix. Let Sy be the permutation group associated with the indi-
ces (1,...,N) and R‘me the N-site R-matrix associated with o € Sy. R‘me acts
non-trivially on the quantum space H and trivially (i.e as an identity) on the auxiliary
space.

Definition 3. The F-matrix Fi_n(z1,...,zn) is an operator in End(H) and satisfies
the following three properties:

I. lower-triangularity;
II. non-degeneracy;
III. factorization, namely,

Fo)..otN)@a(lys - »Zo(N) R] vy = F1.N(z1, ... ,2N), Yo € Sy. (4.1)
Define the N-site F-matrix:
n+m* N

FN=FinG,....e= Y Y. [][P)S@ a)R] ., (42)

0 €SN Ug(1)---o(N)=1 j=1

where P/ is the embedding of the project operator P* in the i space with (P%)y =
Sk10ka» the sum Z* in (4.2) is over all non-decreasing sequences of the labels o (;):

Qo(i+l) = 0oy if o+ 1) >a(),
U (i+1) > Qo (i) if o(i+1) <o), 4.3)

and S (o, ay) is a c-number function of o, a; and the element ¢;; of the R-matrix, defined
by

N

1

S(o, ay) = exp {5 E (1 — (_1)[aa(k>]> 8%(“,%(,) In(1 + ca(k)(,(l))} . (44
I>k=1

Proposition 3. The F-matrix Fy_ y given by (4.2)-(4.4) satisfies Properties I, I, IlI.

Proof. The definition of F; __y (4.2) and the summation condition (4.3) imply that Fy
is a lower-triangular matrix. Moreover, one can easily check that the F-matrix is non-
degenerate because all diagonal elements are non-zero.

We now prove that the F-matrix (4.2) satisfies Property III. Any given permutation
o € Sy can be decomposed into elementary ones of the group Sy as 0 = oy, ...0j,.
By (3.11), we have, if Property III holds for any elementary permutation o;,

o
Foa.mR] n =
_ Oi Gl iy
= F0i1-~-‘7ik(1~-~N)R(r,-l4..(7,-k71 (1..4N)Ro,-1...Uikiz(l.A.N) Ry
0j Tiy

. k—1
= le‘..of,{_l (lmN)le...a,kfz(l...zv) Ry

oi
=...= FUil(]mN)Rl..l‘N =Fi.N- 4.5)
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For the elementary permutation o;, we have
Foa.mR] y =

*
o0 (j) o;
> 2 1_[ Poio(j) S0 do0) Rg 1 ny Ry y

UGSN aU"Cf(l)"'aaiJ(N) j:l

;
S X s ek

0 €Sy Yoo (1) Uojo(N) j=I
*(i) N

ooy PIOS(@E a5)RT . (4.6)

GESN Y5(1)---A5(N) j=I

* (i)

where ¢ = o;0, and the summation sequences of iz in ) "~ now have the form

A5+ = o5y if 0ia(j+1) > 0;5(j),

A5(j+1) > Q5¢jy if 00 (j+1) < 0i5(j). 4.7
Comparing (4.7) with (4.3), we find that the only difference between them is the trans-
position o; factor in the “if” conditions. For a given 6 € Sy with 6(j) = i and
o(k) = i + 1, we now examine how the elementary transposition o; will affect the
inequalities (4.7). If | j — k| > 1, then o; does not affect the sequence of s at all, that is,
the sign of inequality “>" or “>" between two neighboring root indexes is unchanged
with the action of o;. If |j — k| = 1, then in the summation sequences of oz, when
6(j+1)=i+1landao(j) =i,sign “>" changesto “>", while when o (j + 1) = i and
o6(j) =i+ 1, “>" changes to “>". Thus (4.3) and (4.6) differ only when equal labels
o appear. With the help of the relation ¢21c12 = 1, one may prove that in this case the

pll“)od}lct Fo.(1..n) R?’  still equals Fy_ n (see [10] for a more detailed proof). Thus, we
obtain

RY N1 ... 2Zn) = 0(1 M@y o) FLn @l zy), (48)

and the factorizing F-matrix F  y of U, (gl(m|n)) is proved to satisfy all three proper-
ties. O

From the expression of the F-matrix, one knows that it has an even grading, i.e.,

[Fi.n]1=0. 4.9)

4.2. Inverse of the F-matrix. The non-degenerate property of the F-matrix implies that
we can find the inverse matrix F L 1 n- 1o do so, we first define

n+m*

Ffn=>_ Z S(0, 0) RS, N)]_[Pj‘;’;;% (4.10)

€SN Uo(l)--o(N)=1

where the sum " ** is taken over all possible o; which satisfies the following non-
increasing constraints:

Ao(i+1) S 0oy if o+ 1) <oa(i),
Qo(i+1) < gy if ol +1)>0(). “4.11)
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Proposition 4. The inverse of the F-matrix is given by

Flv=r v 145" (4.12)
i<j
where
sinh(z; —z;
.(Z—’Z/) ifo;>a;
sinh(z; —z+mn)
sinh(z; —z;) .
Bibi_ — fai<aj,
[Aij]a,-aj—aaiﬁi 80[]'/3]' Slnh(zj —Z +n)
1 ifaj=aj=m+1,... ,n+m,
—4 sinh?(z; -zj) cosh? n .
- - ifaj=a;=1,... ,m.
sinh(z; —zj+7) sinh(z; —z; —1)

(4.13)

Proof. We compute the product of Fy_y and F 1* _n- Substituting (4.2) and (4.10) into
the product, we have

FLnFiy=> Y > Y S0.a)S0c, )

oeSy o'eSy Aoy Qo ,30{ .”ﬁall\/

N N
% (i) po o'~ Bo' i)
X H Poiy Ri.NRya..n) 1_[ Poii)
i=1 i=1
k

= > > D S.2)S". Br)

oSy o'eSy Yoy oy ,30{ ...ﬂgl/v
N . N 5
Ao (i) po’' "o o/ (i)
< [T Py RS 2w [T Poviy - (4.14)
i=1 i=1
To evaluate the R.H.S., we examine the matrix element of the R-matrix
Ra’_la
o/(1...N)

Note that the sequence {«,} is non-decreasing and {8’} is non-increasing. Thus the
non-vanishing condition of the matrix element (4.15) requires that o, and B, satisfy

)%(N)--ﬂa(l) 4.15)

Bor(ny-+-Bor (1)

Bo'(N) = a1y, - -+ Bor(1) = do(N)- (4.16)
One can verify [7] that (4.16) is fulfilled only if
o' (N)=0c(),...,0'(1) =a(N). 4.17)
Let 6 be the maximal element of the Sy which reverses the site labels
o(l,... , N)=(N,..., 1. (4.18)
Then from (4.17), we have
o' =o00. (4.19)
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Substituting (4.16) and (4.19) into (4.14), we have

FFii= Y Y Sease ao>l_[P58§”R”(N nl_[PfZS”

oeSy Yoy - Loy

(4.20)

The decomposition of R” in terms of elementary R-matrices is unique modulo the
GYBE. One reduces from (4.20) that F'F* is a diagonal matrix:

Fi.NF| y= HAij~ 4.21)

i<j

Then (4.12) is a simple consequence of the above equation. 0O

5. Monodromy Matrix in the F-Basis

In the previous section, we have constructed the F-matrix and its inverse which act
on the quantum space H. The non-degeneracy of the F-matrix means that its column
vectors also form a complete basis of H, which is called the F-basis. In this section, we
study the generators of U, (g/(m|n)) and the elements of the monodromy matrix in the
F-basis.

5.1. Uy(gl(m|n)) generators in the F-basis. The Cartan generators { E™'} (or { H/}) and
the simple generators {E// T}, {E/+1:/} of U, (gl(m|n)) are realized on H by {E; ;}
(or {H;}), {E; j+1) and {E 41 ;}, respectively, as (3.26)-(3.29). The other non-simple
generators { £ hJ } can be obtained from the simple ones by (2.10) and (2.11), and denote
their realizations on H by {E; ;}. Introduce the generators in the F'-basis:

Eij=F . NE F 'y, i,j=1,....,n+m. (5.1)

Theorem 2. In the F-basis the Cartan and the simple generators of U, (gl(m|n)) are
given by

N
Eii :Ei,iZZEg;{’), i=1,...,n+m, (5.2)
k=1
N
~ 1 .
Ejjri= Y EQ " @um Gl ) j=1 . ondm—1, (53
k=1

j—H] = ZE(k) ®y7£k G(V) j(ks V)v ]: I,...,n+m—1. (54)

Here the diagonal matrices G(/) (i, j) are:
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eForl <y+1<m,

" 2¢ " coshn, k=vy,
(G( 7 G )i = 8u | Qagjcoshm el k=y +1,
1, otherwise,
" 2¢7 " coshn, k=vy+1,
(G?j) Vi, )k =8 { (ajicoshn)~lel, k =y,
1, otherwise,
e Fory =m,
» 2¢ "coshn, k =y,
(G)(/,f;/ U D =08y e, k=y+1,
’ 1, otherwise,
(2aj; cosh m e k =1y,
y+ly, . . _ -1
(G(j) @, j)i = du (aji) e’ k:)/'f‘l,

1, otherwise,

eForl+m <y <n+m,

vytl (aip)~'e" k=y,
Gy @Gk =28ye, k=y+1,
1, otherwise,

4 (@)~ e M k=y+1,
(G’(/j) Y )k =8 { e, k=vy,
1, otherwise.

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

Proof. Using (3.26)-(3.29), Proposition 1 and the composition law of R-matrices (3.11),
one can prove the theorem. Here, without losing generality, we give the proof for the

generator E > as an example.
From the expressions of F__y and its inverse, we have

> Y. S(0,20)S0, Bor)

0,0'€SN Yo (1) % (N) By/(1y---Bo/ (v

N N
%o (i) 1,2 =1 Bs' (i -1
X 1_[ Py R NE"DNRG (N l_[ Poo 1_[ Ajj
i=1

i=1 i<j

> Y. S(0,20)S(0, Bor)

0,0'€SN Yo (1) % (N) Byl (1y---Bo/ (v

Eip

N N
%o (i) 1,2 -1 =1 Borii -1
< [T Pre 1PT N (EY D ~PT IR [T Py T A5
i=1

i=1 i<j

(5.11)
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* sk
1,2 Nohl
= 2 ZEw(l) g=r=nton 37 > 80,0980 o)

o,0'eSy k=1 Ao (1)-+% (N) By (1y-+-Bo’ (N)

agy=I Ay (h=1-2 Cs(N) Bs (i -1
xPr (P )...PU(N)Rg(l"N)l_[P,(I)l—[Aij, (5.12)

i<j

where in (5.11) we have used (3.19) and [ stands for indices between 1 and N such that
o(l) = k. Here and below, 1 — 2 means that 1 is changed to 2; thus a5y = 1 — 2
in (5.12) means that a; ) = 1 is replaced by a5y = 2 on the site a(l) = k. The ele-

=1 ag=1 ag=1—>2 Ao (N) Bo'(w) Bor (1)
ment of R, 7, between P (" ... Py, Py and Pt Py

is denoted as

o(N) o=k a(ll)

(Ra"‘g )arr(lv)--- G139
o’(1...N) Borny-+-Bor (1) : .

We call the sequence {o, ()} normal if it is arranged according to the rules in (4.3),
otherwise, we call it abnormal.

Itis now convenient for us to discuss the non-vanishing condition of the R-matrix ele-
ment (5.13). Comparing (5.13) with (4.15), we find that the difference between them lies
in the k" site. Because the group label in the k™ space has been changed, the sequence
{as } is now an abnormal sequence. However, it can be permuted to the normal sequence
by some permutation 63. Namely, oj—.» in the abnormal sequence can be moved to a
suitable position by using the permutation 6 according to rules in (4.3). (It is easy to
verify that 6, is unique by using (4.3).) Thus, by procedure similar to that in the previous
section, we find that when

O/ = &k06 and ,3(,/(]\/) =0Uo(1)s -+~ » ﬂa/(l) = Ug(N)» (5.14)
the R-matrix element (5.13) is non-vanishing.

Because the non-zero condition of the elementary R-matrix element R; j] isi+j
=i’ 4+ j’, the following R-matrix elements:

N o)=k o(p) o)
Aol d-2.1

=1, A (N)-- -
(Rg al )) : (5.15)
Borvy--Bsr (1)

with 1 < p <[ are also non-vanishing.
Therefore, (5.12) becomes

N *
Eip= Y )" Y 500,0)56:0, as0)

oeSy k=1 g .00

12 SNkl pPem=] ogn=1—2 Ao (N)
[E(G(Z))q =I+1 < ()>P (1) Po(l):k ,,,PG(N)

+...
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1.2 SN it b o) plom=1 g (p)=1—2 oo y=1 Ao (N)
FEgpng == o0 PG Py - Fowy=i - Fow
+ ...
1,2 Zl hl %(1) -2 ag=1 Qo (N)
+E(o(1)>q OF, Y g e
o716, o %00) 1
XRJkU(N .1 Pok(r(z) HA (5.16)
i=1 i<j
N
1,2 1,2 .
= Z E(k) ® j£k G(j) (k, j), 5.17)

where index p runs between 1 and [ and 6y is the element of Sy which permutes the
first abnormal sequence in the square bracket of (5.16) to normal sequence. Using the
similar procedure, one can prove the theorem for other generators. 0O

The non-simple generators E),,,,il (for [ > 2) can be obtained through the simple ones

by (2.10) and (2.11).
Some remarks are in order. Equation (5.2) implies that

Hi=H;, j=1,...,N, (5.18)
which will be used frequently. In the rational limit: n — 0 (org — 1), our results reduce

to those in [11] and those in [7] for the special case m = 0.

5.2. Creation operators in the F-basis. Among the matrix elements of the mondromy
matrix 7; j(u), the operators Ty, 4y ptm—1(u) (I =1, ... ,n+m —1) are called creation
operators [5] and are usually denoted by

Choam—1W) = Tngmnsm—i1u), l=1,... ,n+m—1. (5.19)
In the F'-basis, they become
Crym_i(u) = F]H,NC,,JFm_l(u)Fl_jN, I=1,....n4+m—1. (5.20)
Let us denote Ty 4 n+m (#) by D(u) and the corresponding operator in the F-basis by
D) = Fi_xyDW)F; . (5.21)
Proposition 5. D(u) is a diagonal matrix given by
D) = ®)\_,diag (aoi, - .. , aoi, 1) - (5.22)
Proof. From (3.20), we derive that

D(“)P(’)l+m = Torm,ntm W) entmntm = P(;H_m TO,I...N(”)P(;H_m- (5.23)
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Acting the F-matrix from the left on the both sides of the above equation, we have

* N
FLnD@Py™ = %" Y S, a0) [ [ PseyRY y Py To. n) Py
i=1

0 €SN Ao (1)---%g(N)

* N
=Y > S ]Pl P Tosa.xm@ P RS .
i=1

0€Sy Ao (1)---U5(N)

(5.24)

Following [7], we can split the sum )_* according to the number of occurrences of the
index m + n,

N * N
Fl.__ND(M)Pg_Fm = Z Z Z S(o, a5) 1_[ 8aa(j),m+np(;x?j(§)
oeSy k=0 ao(1)---Us(N) Jj=N—k+1
N—k
Qg (i
x ]‘[ P ]f;> P Ty o1y W PR (5.25)
j=1
Consider the prefactor of RY ;. We have
N—k N
Ao (j
PG TT R oo m@ Py
j=] j=N*k+1
N—k N N
Ug(j) m-+n m+n + +, +
- PG(J'§ H (Roa(j))m+n m+n By To.oq1.N- () Py 1_[ Pgl(j)n
j=I j=N—k+1 j=N—k+1
N—k N
U (j
= Pa(j(;) P6n+nT0ya(]mN,k) (u)PgH_n 1_[ Pf(-}_)n
j=1 j=N—k+1
N—k N—k N
— )Mo %o (j) m+n pntm
- 1_[ (ROU(I))m+naa(i) PG(J) 1_[ PO’(]) PO
i=1 j=1 J=N—k+1
N—k N—k N
Yo (j) + +
=[Taow [1 2] T1 Prl ™™ (5.26)
i=1 j=1 J=N—k+1
where ag; = a(u, z;). Substituting (5.26) into (5.25), we have
Fi.nD() = ®Y diag (aoi, . .. , aoi, Dy Fi..n- (5.27)

This completes the proof of the proposition. O

By means of the expressions of the generators of U, (gl(m|n)) in the previous sub-
section, combining with Theorem 1 and Proposition 5, we have
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Theorem 3. In the F-basis the creation operators Cpypm—j(u)(I =1,... ,n+m —1)
are given by

~ —(_1\[n+m] ~ ~ ~
Cn+m—l(”) = (6] =D En—i—m—l,n—i—mD(u) - D(”)En+m—l,n+m) Zk 1 Htm—i

_2(=Dlntm=al ~ ~ _ 5!
_Z(]_q 2= )Cn+m—a(u)En+m—l,n+m—aq Lkt Hn+m_k~

(5.28)
For some special values of m and n, we have:

e Form = 0 and n = 2 (namely, the U, (g/(2) case), our general results reduce to
those in [1].
e For the U, (gl (2|1)) case,

Co(u) = (61_152,35(14) - E(M)Em) g

e~ =) smhn 23
smh(u —2zi+1n) (@

i=1

sinh(u — z; 2 sinh(u — z;) cosh

®;idiag ( Sioh{u —z) _ 2sinh(u —2,) coshy 1) . (529

sinh(u —z; +n)  sinh(u —z; +n) 0
Ciw) = (q*‘El,zb(u) — D@Er3) g — (1= gHCa) Erog ™
_ Z e~ =2 ¢inh n £l3 ®,4i ding 25i‘nh(u —zj)coshn
sinh(u — z; + 1) Ea sinh(u — z; +n)

smh(u — z;)sinh(z; — z; + 1) 1)

sinh(z; — zj) sinh(u — zj + 1)’ )

N e~ sinh(u — z;) sinh? nle%i~% + 2sinh(z; — Zj)] 2 o B2
sinh(u — z; + n) sinh(u — z; + 1) sinh(z; — z;) (l) (J)

itj=1
i (2 sinh(u — zx) coshn sinh(u — zz) sinh(z; — zx + 1) )
0\ sinh(u — zx + 1) sinh(zi — z¢) sinh(u — zx + 1) ®

(5.30)

6. Bethe Vectors in the F-Basis

The explicit expressions of the creation operators of the U, (gl (m|n)) monodromy matrix
in the F-basis, given in the previous section, enable us to resolve the hierarchy of
the nested Bethe vectors of the model associated with U, (gl(m|n)). Here, we take the
quantum ¢ — J model (i.e. the U, (gl(2|1))-model) as an example to demonstrate the
procedure. The generalization to the general U, (gl(m|n)) case is straightforward.

In the framework of the standard algebraic Bethe ansatz method [19], the Bethe vector
of the quantum supersymmetric ¢-J model is given by

Qv =Y (@)% Cq(1)...Ca,va)lvac), (6.1)
dy...dy
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where « is a positive integer and d; = 1, 2, |vac) is the pseudo-vacuum state

lvac) = @Y (6.2)

- o O

@

and (Q&l))d""d“ are functions of the spectral parameters v, and are the vector compo-
nents of the nested Bethe vector (1. The nested Bethe vector Q(V is given by

o = C(l)(vil))C(l)(vél)) . C(l)(v/(sl))wac)(l), (6.3)

where f is a positive integer and [vac)(V is the nested pseudo-vacuum state
lvac)V = @, <?> : (6.4)
@)

The creation operator of the nested U, (gl/(2)) system CD(u) is the lower-triangular
entry of the nested monodromy matrix 7 (v(D),

TD WD) = rge 0V — ve)rog—1 (VD = ve_1) ... ro1 @V — vy)

AW @Dy B ()
= (CU)(Z(U) D(l)(z(l))>v (6.5)

and the nested R-matrix is

c2 0 0 0
0 apn —bj, 0
0 —bp, a O
0 0 0 cp

rip(uy, up) =rip(uy —uz) = (6.6)

Equation (6.5) implies that the nested system is a U, (g/(2)) spin chain on «-site lattice
and the corresponding inhomogeneous parameters are {v;|i = 1,...,a}. So, in the
following, we shall adopt the same convention for the nested system as that in previous
sections but the inhomogeneous parameters will be replaced by {v;}.

Acting the associated F-matrix on the pseudo-vacuum state (6.2), one finds that the
pseudo-vacuum state is invariant. It is due to the fact that only terms with roots equal
to 3 will produce non-zero results. Therefore, the U, (g/(2|1)) Bethe vector (6.1) in the
F-basis can be written as

QN1 ..., v0) = FI_NQN(QLL ..., Va)
= > (@M1 %Cyy(v1) ... Cy, (va)vac). 6.7)
dy...dy

The c-number coefficient (Qg‘l))d' ~da has to be evaluated in the original basis, not in the
F-basis.
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6.1. Nested Bethe vectors in the F-basis. Let us first compute the nested Bethe vectors
in the F-basis. For the nested R-matrix (6.6), we define the a-site F and F*-matrices
by

2 *
>y Hng;)’)S“)(c, 0, Q)Y s (6.8)

1 _
Fl...a -
0 €Sy Uy (1)t (@)=1 j=1
o
*(1) _ () -1 Ao (j)
Foa=> > Yo, ag)rg(l,,m]_[Pc,(J;, 6.9)
0€Sy U (1)-+-Og (@)=1 j=1

respectively, where the c-number function SV is given by

o
SV (e, 0,00) = expl D Supg.a0p (1 + oo m))- (6.10)
I>k=1

Therefore the inverse of the F-matrix can be represented in terms of the F*-matrix as

(A =FOTI@ ™ (6.11)
l<J
with
A(1) diag 4sinh?(v; — vj) cosh? sin(v; — v;)
sinh(v; — vj + ) sinh(v; — v; — 1) sinh(v; —v; +7)’

sinh(v; — vj) 4 sinh?(v; — vj) cosh?
sinh(v; —vj 4+ 1) sinh(v; — v; + ) sinh(v; — vj — 1)

With the help of the F-matrix (6.8) and its inverse, one may compute the «-site
U, (gl(2)) generator E| > in the F-basis,

e"sinh(vi—vj+n)> 6.12)
)]

o
I 1,2 —
Ei,= E."®;+ |2e "coshn,
1.2 ; W Bir ( ¢ 1 2sinh(v; — vj) coshn

Define D(l)(u) = Fl('].?aD(l)(u)(Fl(‘l'?a)_l. From Proposition 5, we obtain

D(l)( )= sinh(u — v;) sinh(u — v; — 1) 6.13)
" )
Bi=i sinh(u — v; +n) " sinh(u —vi +1) ) ¢y

The creation operator in the F-basis is then obtained with the help of the nested R-matrix
(6.6) and Theorem 3 in the case of m = 2 and n = 0, and is given by

CVw) = (qEI 2D(u) — DW)E; 2)g~ ™

~ Z e~ =) ginh 5 12 o 2sinh(u — vj) coshn
sinh(u — v; + 1) » =7 sinh(u —v; +1n)

(6.14)

sinh(v; — v; +n)sinh(u —v; — 1)
2sinh(v; — v;) sinh(u — v; + 1) coshn )
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)

.o

Applying F’ 1(_1. to the nested Bethe vector Q&l) (6.3), we obtain
A 1 1 1 1 1
QL. .. v = A @O0 v

=s@CVMNCV ) ... O vac)®, (6.15)

where we have used Fl(.]“)alvac)(l) = ]_[i<j(1 + Cij)|UaC>(l) = s(c)|vac)V.

Substituting CV (v) into (6.15), we obtain

fzfj)(v}“, cee v/(gl)) = s(c)é(l)(vil)) - 6(1)(1)/(31)) lvac)®
D, 1 1,2 1,2
=s@ Y. B v . i EG - Egy lvac), (6.16)
i1<...<ig
where
H, . 1
Bé)(v§ ),... ,vé)lvl,... ,vg)

= - 1

oeSp k=1 sinh(vf” = v 6) + 1)

ﬁ sinh(vg ) — vj + 1) sinh(v,(el) —v;—n)

X
; . 1
i) 0 () 2 sinh(vg k) — vj) smh(v,({ ) _ v; +1n)coshn

P 2cosh n sinh(v,({l) — V(1))
X .

- 0 (6.17)
I—k 41 smh(vk — Vo) + 1)

6.2. Bethe vectors of the quantum supersymmetric t-J model in the F-basis. Now
back to the Bethe vector (6.7) of the quantum supersymmetric 7-J model. As is shown
in Appendix B, the Bethe vector is invariant (modulo overall factor) under the exchange
of arbitrary spectral parameters:

~ 1 -
QN(UG(D,... ,vg(a)) = © QN(vl,... ,va), o GSO,, (6.18)

l..a
where ¢{ , has the decomposition law

!

= a (6.19)

and c‘lr’ o« = Ciitl = c(v; ; vi+'1) for an el.ementary pern.luFatior} o;.

This result is a generalization of that in [20, 21]. This invariance enables us to con-
centrate on a particularly simple term in the sum (6.7) of the following form with p;
number of d; = 1 and « — p; number of d; = 2,

Ci(w)...C1(wp)Cawp 1) - - . Calvg). (6.20)
In the F-basis, the commutation relation between C; (v) and C;(u), i.e. (B.4), becomes
~ ~ 1 - ~ b(u,v) ~ ~
Ciw)Cju) = — Ciw)Ci(v) + Ci()Ci(u). (6.21)
a(u, v) a(u, v)
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Then using (6.21), all Cy’s in (6.20) can be moved to the right of all C,’s, yielding

Ci(1) ... Ci(vp)Ca(vp11) ... Ca(va) =
=g, ..., 1)C2(Wp 1) . C2(e)Ci1 (1) ... C1(vp) + ..., (6.22)

where g(vy, ..., Vy) = ,flzl ]_[f‘=p1+] (—1/a(v;, vg)) is the contribution from the first
term of (6.21) and *. . . ” stands for other terms contributed by the second term of (6.21).
It is easy to see that these other terms have the form

C2(Wo (1)) - - - C2(Wo (@) C1 (Vo (1)) - - - C1 (Vg (py)) (6.23)

with o € S,. Substituting (6.22) into the Bethe vector (6.7), we obtain

= b1 e (DN 11..12..2
Qy (v, ..., v0) = (82;7) 1_[ 1_[ ( a(vl,vk))

k=1 I=p;+1
x Co(p141) -+ C2(wa)C1 (V1) ... Ci(vp))|vac) + ..., (6.24)

where and below, we use the up-index p; to denote the Bethe vector corresponding to
the quantum number p;. All other terms in (6.24) (denoted as ““ ... ) are to be obtained
from the first term by the permutation (exchange) symmetry. Then we have,

Qﬁ,‘(vl, L Ug) =
1
— (Q(l) 0)11 12...2 ( )
p1l(a — p1)! g; ,!_[1 ; 1;7_1[+1 a(va(z) Vo (k)
x Ca(Wo(py+1)) - - - C2(6 (@) C1 (Vo (1)) - - - C1 (Vo (py)) lvac) (6.25)

where (Q47)!112-2 = (£, Q") 11-12-2 with £, defined by (B.1) in Appendix B.

‘We now show that (Qfxl) )1-12-2 44 (6.25), which has to be evaluated in the original ba-
sis, is invariant (modulo an overall factor) under the action of the U, (g/(2)) F-matrix, i.e.

(Qt(xl))ll...lz‘.l — (t(c))fl(Q‘(xl))llmlll, (6.26)

where the scalar factor 7 (c) is

P1 o
to= [ a+ap ] a+ap. @ =cwi.v), (6.27)
j>i=l1 j>i=pi+l1

so that it can be expressed in the form of (6.16).
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Write the nested pseudo-vacuum vector in (6.4) as
vac)P =2...2)D, (6.28)
where the number of 2 is «. Then the nested Bethe vector (6.15) can be rewritten as

Q((xl)(vil) (1)) — |Q(1) Z (Q(l))dl dald )(1) (6.29)
dy...dy

Acting the U, (gl(2)) F-matrix F| (1) from the left on the above equation, we have

QP V. vy =100) = FV 10 = Z (©QDydr-d do)V. (6.30)
It follows that

@OYL-12-2 — 1 12,2190y = (1. 12...2|F1<}?a|szg}>>

*
=220y Y ]_[Pj‘(“;;)s(”(c,o,aa)RiT,,O,IQSU

0 €Sy Ao (1)U () j=1

(6.31)
«
=(1...12...2] > ]_[ Pj{}‘f SD(c, 0, ap)|2L)
Qg(1)--Oo (o) j=1 o—=id
(6.32)
=1(c)(1...12...21QW) = r(e) (@) +12+2, (6.33)

where the scalar factor 7 (c) is given by (6.27).
Summarizing, we propose the following form of the U, (g/(2]1)) Bethe vector

pr'(vl,... Vy) =

o

Z 1—[ 1—[ ZSi'nh(vU(,-') — vg(j?) coshn

o — pi)l _
Tl (a ! 7S izl jopip1 S ) — Vo) + 1)
(1)(U(1) (1)|vg(l),... ,vg([)l))
X —————— | C2(Wo(pr41) - - - C2 (Vo ()
]l_[” 1;:_1[+1 ( a(Vs (1), Ua(k))) :
X Cl(vg(l))...él(vg(pl))|vac>. (6.34)

Substituting (5.29) and (5.30) into the above relation, we finally have
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Proposition 6. The nested Bethe vector of the quantum t — J model is given by

fz’”(vl,..., Va)

1
> Y Bup i vy oWz z,)

i1<.. <1pl 1p1+1< <y

o
[T £ H Eg) lvac), (6.35)

Pl'(Ol—Pl)'

j=p1+1
where {i1,i2, ... ,ip Y N {ipi41,ipj42, ... ,ia} = D and
(e8] 1
Ba,pl(vls--~ Vg U1 7. ()|le3 ,Zia):

o

p .
2 6inh (Ve — Vo s h
= Z CT.._QH 1_[ s1.n (Vo (i) — Vo (j)) coshn

0ESy i=1 j=pi+1 sinh(vo (i) — Vo (j) + )

5 ﬁ ﬁ (_ sinh (Vo) — ziy) sinh(Vo ) — Vo) + n)>
sinh(vg (1) — Vo)) Sinh(vg 1y — zip, + 1)

k=1 I=p1+1
X By (Vo (pr+1)s -+ + s Vo(@)|Zip p1s - -+ s Zig)
1
XB;II)(Ui ), e (1)|U0(1)7 RN vo'(pl))B;l (vg(l), e, UO'(Pl)'Zil’ ey Z,‘pl).
(6.36)
Here the function B[";(vl, e Uplze, L, zp) Us given
B*(v], vp|21, e Zp) =
—(—2s ) ginh P 2sinh(ve — h
e sinh n sinh(vg — zg (7)) cosh n
Z sign(e) 1_[ sinh(vg — zZok) + 1) l—[ sinh(vy — zd(z) +n)
€S, o) I=k+1 o®
(6.37)

7. Discussions

We have constructed the factorizing F-matrices for the supersymmetric model associ-
ated with quantum superalgebra U, (gl (m|n)) with generic m and n, which includes the
quantum supersymmetric ¢-J model as a special case. We have obtained the completely
symmetric representations for the creation operators of the model in the F-basis. Our
results make possible a complete resolution of the hierarchy of its nested Bethe vectors.
As an example, we have given the explicit expressions of the Bethe vectors of the quan-
tum ¢ — J model in F-basis. Our results are new even for the special m = 0 case, which
give the results of the general model associated with U, (gl(n)). (Form = 0and n = 2,
our results reduce to those in [1].)

Authors in [22] solved the quantum inverse problem of the supersymmetric ¢-J model

in the original basis. Namely, they reconstructed the local operators (E ék])) in terms of
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operators figuring in the g/(2|1) monodromy matrix. Their results should be generaliz-
able to the U, (g/(2]1)) case. Then together with the results of the present paper in the
F-basis one should be able to get the exact representations of form factors and correla-
tion functions of the quantum supersymmetric #-J model. These are under investigation
and results will be reported elsewhere.

Acknowledgements. This work was financially supported by the Australia Research Council. S. -Y. Zhao
has also been supported by the UQ Postdoctoral Research Fellowship.

Appendix A: Proof of Theorem 1

Proposition 2 allows one to derive the following equations:

-,  Hypm—k
(En+m n+m)0‘..N = En+m—l,n+m ‘i‘en+m—l,n+quk_1 nm=k
-1
—2(—1 [n+m—a] ¢ H, _
+Z(1—6I =D )en—i-m—a,n-i-m En—&-m—l,n+m—ocqz’k’1 nm—k
a=1

Il=1,...,n+m—1, (A.1)

. -, =1 b B
P (En+m n+m)()...N (P°)~" = entm—I,n+m + q2k71 ek Byl ntm
-1
—2(=1)lntm=al Tt M
+Z(1—61 =D )€n+m—l,n+m—o¢ CIZk=' o kEn+m—a,n+m’
i=1

I=1,....,n+m—1. (A.2)
Taking x = E"T"~1.7+" and o = o, and using (3.14), then (3.19) becomes
T () (E™" =4y = PO (B v (PO Tw). (A3)

Substituting (3.20), (A.1) and (A.2) into the above equation, we have, for the L.H.S. of
the resulting relation,

n+m

LHES. = Z(_])([i]+[n+mfl])([n+mfl]+[n+m]+1)e_ S Hypmek

t,n+mTi,n+m—l(u)q
i=1
n+m
+ Y e (=DM ) B tnim
i j=1
n+m [—1 [ |
_(_1\[n+m—-a ; _ _
+ Z Z(l —q 2(=1) )(_1)([l]+[n+m al)([n+m—al+[n+m]+1)
i=1 a=1

o
_ H, _
X€j n+m T ntm—a ("‘)En+m71,n+m7(quk’1 nm—k, (A4)
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Similarly for the R.H.S. of the resulting relation, we obtain

n+m

RHS. = (= 1) Urm =T+l +m I+ DD g Ve Bt g,

i,j=1

n+m71,n+mTi,j(“)

n+m
+ Z(_1)[n+m]+[l]en+mf[,iTn+m,i(“)
i=1
n+m [—1 [ '
_o(_1\[nt+tm—a _ : _
+Z Z(] —q 2(—1) )(_])([n+n1 ]+ ([n+m—al+[n+m]+1)
i=1 a=1

Yizth

nm—k Cn+m—a,i En+m—a,n+m Tn+m —a,i (u).
(A.5)

Xen+m—Il,n+m—aq

Comparing the coefficients of the e, 4, term on both sides, we obtain

—(—=1 [n+m]
q =D Entm—1,n+m Tn+m,n+m(u) =

)
_1 H, —k
= n+m,n+m(u)En+m—l,n+m + Tn-{-m,n+m—l(M)C]X:k_1 nm=k

-1
_o(—1yln+m—a] o
+ Z(l —q 2=D )Tn+m,n+m—a (M)En+m—l,n+m—015[2:k:l Hnerik,
a=1

(A.6)
which leads to the recursive relation (3.37).
Appendix B: The Exchange Symmetry of the Bethe Vector
For the Bethe vector Qy (v, ... , vy) of the quantum supersymmetric #-J model, we
define the exchange operator f, = fgil o Jo by
foQNni, v, ... v) = QN W1)s Vo2)s -« > Vo(a))s (B.1

where 0 € Sy, and {0;} are the elementary permutations of S,.
We first study the exchange symmetry for the elementary exchange operator f,;, which

exchanges the parameter v; and v; 4. Acting fgl. on the Bethe vector of U, (gl(2]1)) (6.7),
we have

A

fO‘iQN(vlav27"' 5v0l) ZQN(U],... 7vi+17via"' ,Ua)

= @P-onydi-dacy (vy)... Cg, (vi41)Cay,, (V1) - - . Ca, (va) |vac), (B.2)
dy,...,dy

where {(Qf),l)’”" )dl"'da} are the vector components of the nested Bethe vector szg“”"
constructed by the nested monodromy matrix

T ) = LY, v) .. L o) LY v - L @ v, (B3)

where the local L-operator is defined by ngl)(u, v) = roi (u, v).
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From the GYBE (3.15), one can derive the commutation relation between C; («) and
C;(v), which is given by

Ciw)Ci() =Y Fu, V)i Cr(w)Crw). (B.4)
k,l

Here the braided r-matrix 7 (u, v) = Pr(u, v), P permutes the tensor product spaces of
the 2-dimensional U, (g/(2))-module. Then, by (B.4), (B.2) becomes

fo@n@iva,. v = Y (@B ).
dy,....dy

X (F(Vj41, vi))]fil.éprl Cr(wi)Ci(vig1) ... Cg, (vy)|vac).
(B.5)

We now compute the action of (F(vj+1, vi))]‘},dl,+1 on (QM-%i )d1 ~do _One checks that the
7-matrix satisfies the YBE,

. 1 1

Fiit1(Vit1, vi)L,(Jr)l (u, Ui)Ll( ), vig1)

1 1 y

= LY, v )L 0 141 i, ) - (B.6)
Therefore, acting # on T1)-% (), we have

Fri1 Wit v)T D% @) = TO @)y 1101 (vigr, vi). (B.7)

Thus, because

Fiit1(Wig1, i) v2 ® v2 = ¢jig1(Wig1, Vi)V2 @ V2 = V2 ® vy,

Cii+l
we obtain
. ) ) 1
Z F(vis1, v[))léiéiﬂ(QC(KI),J,)d|..‘d,d,+1..‘d,1 = (@D)dkda(Bg)
didrir Cii+l

Changing the indices k, [ to d;, d;+1, respectively, and substituting the above relation into
(B.5), we obtain the exchange symmetric relation of the Bethe vector of U, (g/(21)),

A

fo. Qn (v, v2, ..., V) =

Qn(v1, v2, ..., V), (B.9)
Ciitl

for the elementary permutation operator o;.
It follows that under the action of the exchange operator f;,

A~ 1
JoQni1,v2, ..., 0) = = Qy (v, v2,... , Vg), (B.10)

l..«a

where ¢{ , is defined in (6.19).
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