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Abstract: This paper attempts to develop a theory of sufficiency in the setting of non-
commutative algebras parallel to the ideas in classical mathematical statistics. Suffi-
ciency of a coarse-graining means that all information is extracted about the mutual
relation of a given family of states. In the paper sufficient coarse-grainings are charac-
terized in several equivalent ways and the non-commutative analogue of the factorization
theorem is obtained. As an application we discuss exponential families. Our factoriza-
tion theorem also implies two further important results, previously known only in finite
Hilbert space dimension, but proved here in generality: the Koashi-Imoto theorem on
maps leaving a family of states invariant, and the characterization of the general form
of states in the equality case of strong subadditivity.

1. Introduction

A quantum mechanical system is described by a C*-algebra, the dynamical variables (or
observables) correspond to the self-adjoint elements and the physical states of the system
are modelled by the normalized positive functionals of the algebra, see [4, 5]. The evolu-
tion of the system M can be described in the Heisenberg picture in which an observable
A € M moves into «(A), where « is a linear transformation. « is an automorphism in
the case of the time evolution of a closed system but it could be the irreversible evolution
of an open system. The Schrodinger picture is dual, it gives the transformation of the
states, the state ¢ € M™ moves into ¢ o «. The algebra of a quantum system is typi-
cally non-commutative but the mathematical formalism supports commutative algebras
as well. A simple measurement is usually modelled by a family of pairwise orthogonal
projections, or more generally, by a partition of unity, (E;)_,. Since all E; are supposed
to be positive and ) , E; = I, B : C" — M, (z1,22,....20) > _; zi E; gives a
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positive unital mapping from the commutative C*-algebra C" to the non-commutative
algebra M. Every positive unital mapping occurs in this way. The essential concept
in quantum information theory is the state transformation which is affine and the dual
of a positive unital mapping. All these and several other situations justify the study of
positive unital mappings between C*-algebras from a quantum statistical viewpoint.

If the algebra M is “small” and N is “large”, and the mapping o : M — N sends
the state ¢ of the system of interest to the state ¢ o o at our disposal, then loss of
information takes place and the problem of statistical inference is to reconstruct the real
state from partial information. In this paper we mostly consider parametric statistical
models, a parametric family S := {¢p : 0 € O} of states is given and on the basis of the
partial information the correct value of the parameter should be decided. If the partial
information is the outcome of a measurement, then we have statistical inference in the
very strong sense. However, there are “more quantum” situations, to decide between
quantum states on the basis of quantum data, see Example 4 below. The problem we
discuss is not the procedure of the decision about the true state of the system but the
circumstances under which this is perfectly possible.

The paper is organized as follows. In the next section we summarize the relevant
basic concepts both in classical statistics and in the non-commutative framework. The
first part of Sect. 3 is about sufficient subalgebras, or subsystems of a quantum sys-
tem. The second part is devoted to sufficient coarse-grainings. Most of the result of this
section has been known in a more restricted situation of faithful states, see Chap. 9 in
[12]. The importance of the multiplicative domain of a completely positive mapping is
emphasized here. This concept allows us to give a sufficient subalgebra determined by
a sufficient coarse-graining.

The quantum factorization theorem of Sect. 4 is the main result of the paper. The fac-
torization of the states corresponds to a special structure of the algebras and the sufficient
coarse-grainings. We use the properties of the von Neumann entropy and of the modular
group to prove this result in some infinite dimensional situations (where the essential
condition is the finiteness of the von Neumann entropy). The factorization implies a
generalization of the Koashi-Imoto Theorem [7].

In Sect. 5 the equality case in the strong subadditivity of the von Neumann entropy
is discussed in a possibly infinite dimensional framework and the factorization result is
applied.

2. Preliminaries

In this paper, C*-algebras always have a unit /. Given a C*-algebra M, a state ¢ of M
is a linear function M — C such that ¢(I) = 1 = ||¢||. (Note that the second condition
is equivalent to the positivity of ¢.) The books [4, 5] — among many others — explain the
basic facts about C*-algebras. The class of finite dimensional full matrix algebras form a
small and algebraically rather trivial subclass of C*-algebras, but from the view-point of
non-commutative statistics, almost all ideas and concepts appear in this setting. A matrix
algebra M,,(C) admits a canonical trace Tr and all states are described by their densities
with respect to Tr. The correspondence is given by ¢(A) = TrDy,A (A € M,(C))
and we can simply identify the functional ¢ by the density D,. Note that the density is
a positive (semi-definite) matrix of trace 1.
Let M and A be C*-algebras. Recall that 2-positivity of & : M — A means that

a(A) a(B) . AB
|:a(C)a(D):|20 if [c D]ZO
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for 2 x 2 matrices with operator entries. It is well-known that a 2-positive unit-preserving
mapping « satisfies the Schwarz inequality

a(A*A) > a(A)*a(A). (1)

A 2-positive unital mapping between C*-algebras will be called coarse-graining.
Here are two fundamental examples.

Example 1. Let X be a finite set and A/ be a C*-algebra. Assume that for each x € X a
positive operator E(x) € N is given and ), E(x) = I. In quantum mechanics such a
setting is a model for a measurement with values in X'.

The space C (X) of function on X is a C*-algebra and the partition of unity E induces
a coarse-graining o : C(X) — N givenby a(f) = Y, f(x)E(x). Therefore a coarse-
graining defined on a commutative algebra is an equivalent way to give a measurement.
(Note that the condition of 2-positivity is automatically fulfilled on a commutative alge-
bra.) O

Example 2. Let M be the algebra of all bounded operators acting on a Hilbert space H
and let AV be the infinite tensor product M ® M ® .. .. (To understand the essence of
the example one does not need the very formal definition of the infinite tensor product.)
If ¥ denotes the right shift on A\, then we can define a sequence o, of coarse-grainings

M= N

1 n—1
on(A) = Z(A +y(A) + -+ " (A).
oy, 1s the quantum analogue of the sample mean. O

Let (X;, A;, i) be a measure space (i = 1,2). Recall that a positive linear map
M : L®°(Xy, Ay, u1) — L (X2, Az, up) is called a Markov operator if it satisfies
M1 = 1and f,, N\ 0implies M f, N\ 0. For mappings defined between von Neumann
algebras, the monotone continuity is called normality. In the case that M and N are von
Neumann algebras, a coarse-graining M — AN will be always supposed to be normal.
Our concept of coarse-graining is the analogue of the Markov operator.

We mostly mean that a coarse-graining transforms observables to observables corre-
sponding to the Heisenberg picture and in this case we assume that it is unit preserving.
The dual of such a mapping acts on states or on density matrices and it will be called
coarse-graining as well.

We recall some well-known results from mathematical statistics, see [24] for details.

Let (X, A) be a measurable space and let P = {Py : 6 € ©} be a set of probability
measures on (X, A). A sub-o-algebra Ay C A is sufficient for P if forall A € A, there
is an Ag-measurable function f4 such that for all 6,

fa = Py(AlAg) Py — almost everywhere,

that is,
Po(AN Ag) = / Sfad Py 2
Ao

for all Ag € Ag and for all 6. It is clear from this definition that if Ay is sufficient then
for all Py there is a common version of the conditional expectation Eg[g|.Ag] for any
measurable step function g, or, more generally, for any function g € Ngece L1(X, A, Py).
In the most important case, the family P is dominated, that is there is a o -finite
measure p such that Py is absolutely continuous with respect to u for all 9, this will be
denoted by P << u. The following lemma is a useful tool in examining sufficiency.
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Lemma 1. If P is dominated, then there is a countable subset {Py, P;. ...} C P such
that Py(A) = 0 holds for all 0 € © if and only if P,(A) = 0 holds for alln € N.

It follows that if P is dominated then there is a (possibly infinite) convex combination
Py =73, cuPy, P, € P,suchthat P = Py, thatis, Py << Pp and P(A) = 0 forall 6
implies Py(A) = 0.

For our purposes, it is more suitable to use the following characterization of suffi-
ciency in terms of randomization.

Let P; = {P; ¢ : 0 € ©} be dominated families of probability measures on (X;, A4;),
suchthat P; = p;,i = 1, 2. Wesay that (X3, A, P,) isarandomizationof (X, A;, P1),
if there exists a Markov operator M : L*°(X3, Az, u2) — L*®(X1, Ay, 1), satisfying

/(Mf)dpo,l = / fdPs> 0 €0, fel™Xa, A, P2)).

Ifalso (X1, A1, P1) isarandomization of (X7, Ay, P»), then (X1, A, P1) and (X, A3,
P,) are statistically equivalent.

For example, let P = Py and let 4y € A be a subalgebra. Then (X, Ao, P|4,) is
obviously a randomization of (X, A, P), where the Markov operator is the inclusion
L>®(X, Ao, Pol 4.) = L (X, A, Py). On the other hand, if A is sufficient, then the
map

f = ELflAo], E[f|Ao]l = Eg[f|Ao]l, Py almost everywhere,
is a Markov operator L (X, A, Py) — L*°(X, Ao, Pyl 4,) and

/E[fle]dPele = / fdPy  (f € L®(X, A Py, 0 €0O).

We have the following characterizations of sufficient subalgebras.

Proposition 1. Let P be a dominated family and let Ay C A be a subalgebra. The
following are equivalent.

(i) Ao is sufficient for P.

(ii) There exists a measure Py such that P = Py and d Py/d Py is Ao-measurable for
all 6.

(iii) (X, A, P) and (X, Ao, P| 4,) are statistically equivalent.

Let F be a family of measurable mappings (X, .A) — (X1, A1), then the o-algebra
generated by F is the sub-o-algebra in A, generated by {f~'(B) : f € F, B € A;}.
It follows from the above proposition that if P = Py, then the o-algebra generated by
{dPy/d Py : 0 € ®} is sufficient for P, moreover, it is contained in any other sufficient
subalgebra in 4. Such subalgebras are called minimal sufficient.

A classical sufficient statistic for the family P is ameasurable mapping 7" : (X, A) —
(X1, A1) such that the sub-o-algebra generated by T is sufficient for PP. To any statistic
T, we associate a Markov operator

T: L™®(X1, A1, PJ) — LO(X, A, Py), (Tg)(x) =g(T(x)).

Obviously, (X1, Aj, PT) is arandomization of (X, A, P). As in the case of subalgebras,
we have

Proposition 2. The statistic T : (X, A) — (X1, A1) is sufficient for P if and only
if (X, A, P)and (X1, A1, PT) are statistically equivalent.
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Proposition 3. (Factorization criterion). Let P << . The statistic T : (X, A) —
(X1, Ay) is sufficient for P if and only if there is an Ay-measurable function gg for all
0 and an A-measurable function h such that

dP,
d_e(x) = go(T(x))h(x) Py — almost everywhere.
n

We describe an important example of a dominated family.

Example 3. A set of measures P = {Py, 6 € ®} < u is an exponential family if there
are functions &1, ...,&, : ® — R and measurable functions 77, ..., 7T, : X —- R
such that for all 6 € ©,

1 m
D= 75 P (;1 & (e)mx)) h(x),

where Z(0) = f exp (Z;-"zl & (Q)T,-(x)) h(x)du. The parameter space ® is usually
supposed to be an open set such that the integral Z(6) converges for 6 € ©.

All elements in an exponential family PP are mutually equivalent, that is, Py, << Py,
for all 61, 6, € ©. We therefore have P = Py := Py, for arbitrary 9y € . If P <
is a family of probability measures such that the elements are mutually equivalent, then
‘P is an exponential family if and only if the linear space spanned by the functions

{log g—ﬁ P € P}, is finite dimensional.
From Proposition 2 and the remarks following it, it is clear that (T, ..., T,) is a
sufficient statistic and the o -algebra generated by the functions {77, ..., 7,,} is minimal

sufficient for P. More about exponential families can be found, for example, in [2]. O

Next we formulate the non-commutative setting. Let M be a von Neumann algebra
and M be its von Neumann subalgebra. Assume that a family S := {gy : 0 € O}
of normal states are given. (M, S) is called statistical experiment. The subalgebra
Moy C M is sufficient for (M, S) if for every a € M, there is a(a) € M such that

po(a) = pp(a(a)) (0 € ©) 3)

and the correspondence a — «a/(a) is a coarse-graining. (Note that a positive mapping
is automatically completely positive if it is defined on a commutative algebra.)

Example 4. Consider a bipartite system H = H4 ® Hp and a family {¢y : 6 € O}
of states on H. Assume that the expectation value of all observables localized at A is
known to us, that is, we know the restriction of @y’s to B(H 4) (or the reduced density
matrices). This information is not sufficient in general to decide about 8. We impose the
further condition that H4 = H; ® Hg and the factorization

Qo = (P(g) ® ¢RB,

where gag is a state on B(H ) and the state prp of B(Hg) ® B(Hp) is independent of
the parameter 6. In this case the restriction of the unknown state to B(H ) determines
the true value of the parameter 6 and ¢y is recovered uniquely. Even in the case that
we do not know all expectations of observables on A, sufficiency of B(} ) means that
having access to L is as good as having access to all of AB, for any estimation task.

This example is close to typical. In the general case, however, the relation of the
subalgebras B(H ) and B(H 4) is more subtle. O
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For a normal state ¢ on a von Neumann algebra, we denote its support projection by
supp ¢. The following lemma is a quantum version of Lemma 1.

Lemma 2. Assume that the von Neumann algebra M admits a faithful normal state .
Let S = {pg : 0 € O} be a family of normal states on M. Then there is a sequence
(¢n) of states in S and a normal state

00
w = Z An®n
n=1

such that supp ¢y < supp o for all 6 € ©.

Proof. Let{p; : i € I}beasetof pairwise orthogonal projectionsin M, then ¥ (p;) > 0
and 1//(Zi pi) < 1, therefore any such set must be at most countable.
We set

P ={po =suppys : 0 € O}

and show that there is a countable subset { p1, p2, ...} C P, suchthatsup, py = sup, pn.

Let C be the set of at most countable subsets in P, ordered by inclusion. Consider
all chains in C, such that if C C D in the chain, then sup C # sup D. It is clear that
each such chain has at most countably many elements. Let {C1, Ca, ...} be a maximal
such chain and let C = U,C, = {p1, p2,...}. Then sup, p, = supy pg. Indeed, if
sup, pn # supy po, then there is an element p € P, such that sup C # sup C U {p},
which contradicts the maximality of {Cy, C», ...}.

Let now ¢, ¢, ... be elements in S such that supp ¢, = p,. Choose a sequence
A1, A2,...suchthatA, > Oforallnand ) , A, = 1 and put w = ) A,@,. Then it is
clear that supp w = sup,, p, and suppgg < suppw forall6. O

Throughout the paper, we suppose that the hypothesis of the above lemma is satisfied,
that is, the von Neumann algebras considered admit a faithful normal state. The algebra
B('H) satisfies this condition if and only if the Hilbert space  is separable.

When the states ¢, belong to S and for

o
w = Z An®n
n=1

the condition supp ¢y < supp w holds for all 6 € ©, we say that S is dominated by w.
3. Sufficient Subalgebras and Coarse-Grainings

In the study of sufficient subalgebras monotone quasi-entropy quantities play an impor-
tant role. The relative entropy and the transition probability are examples of those
[15,12].

Let ¢ and w be normal states of a von Neumann algebra and let &, and &, be the
representing vectors of these states from the natural positive cone (see below). Then the
transition probability is defined as

PA((D, CL)) = (E(/H Ew)

In case of density matrices this reduces to P4 (D1, D>) = Tr(Di/zD;/Z).

The next theorem is essentially Thm 9.5 from [12].
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Theorem 1. Let (M, {@pg : 0 € ®O}) be a statistical experiment and let My C M be
von Neumann algebras. Assume that {¢g : 0 € O} is dominated by a faithful normal
state w. Then the following conditions are equivalent:

(i) My is sufficient for (M, @g).

(ii) Pa(ps, w) = Pal(ps| Mo, w| M) for all 0.

(iii) [Dgg, Dw); = [D(pg|My), D(w|Mg)]; for every real t and for every 6.

(iv) [Dgg, Dw); € My for all real t and every 6.

(v) The generalized conditional expectation E,, : M — My leaves all the states @g
invariant.

We omit the proof but explain the conditions. Since w is assumed to be faithful and
normal, it is convenient to consider a representation of M on a Hilbert space H such that
w is induced by a cyclic and separating vector 2. Given a normal state i the quadratic
form aQ — ¥ (aa™) (a € M) determines the relative modular operator A (v/w) as

Y(aa*) = [AW/w)aQl*  (a e M).

The vector A(y/w)'/>S is the representative of v from the so-called natural positive
cone (which is actually the set of all such vectors). The Connes’ cocycle

[DY, Dol = A(Y/0) Alw/w) ™"

is a one-parameter family of contractions in M, unitaries when v is faithful. The modular
group of w is a group of automorphisms defined as

o1(a) = Aw/w)'aA(w/w)™t  (t € R).

The Connes’ cocycle is the quantum analogue of the Radon-Nikodym derivative of
measures.
The generalized conditional expectation E,, : M — M is defined as

E, (@) = JoPJa%,

where J is the modular conjugation on the Hilbert space H, Jy is that on the closure H)
of Mo and P : H — 'Hp is the orthogonal projection [1] . There are several equiv-
alent conditions which guarantee that E, is a conditional expectation, for example,
o0:(Mg) C Mg (Takesaki’s theorem, [12]).

More generally, let M and M3 be von Neumann algebras and let o : M| — M>
be a coarse-graining. Suppose that a normal state ¢, is given and ¢ := @3 o ¢ is normal
as well. Let ®; be the representing vectors in given natural positive cones and J; be the
modular conjugations (i = 1, 2).

From the modular theory we know that

pi = JiM;®;

is the support projection of ¢; (i = 1, 2).
The dual cr(;jz : paMapr — p1Mip; of o is characterized by the property

(a1 @1, J10p, (a2)P1) = (0 (a1) D2, JoarP2) (a; e M;,i=1,2) “4)

(see Prop. 8.3 in [12]).
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Example 5. Let M be a von Neumann algebra and w be a normal state. For a € M?*¢
define the state [w“] as the minimizer of

V= S(Y, w) —¥(a). &)

We define the quantum exponential family as
S ={po = [0Xi%],6 € O}, (©)
where ay, as, . . ., a, are self-adjoint operators from M and ® C R” is the parameter

space. Let M be finite dimensional, and assume that the density of w is written in the
form e, H = H* € M. Then the density of ¢y is nothing else but

_exp (H+Y, 6ia;)
T 1y exp (H+ Y, 6ia;)’

(N

which is a direct analogue of the classical exponential family.

Returning to the general case, note that the support of the states ¢y is supp w. For more
details about perturbation of states, see Chap. 12 of [12], here we recall the analogue of
(7) in the general case. We assume that the von Neumann algebra is in a standard form
and the representative of w is 2 from the positive cone. Let A, be the modular operator
of w then gy of (6) is the vector state induced by the unit vector

exp%(log Ap+D; Qiai)SZ

Dy = .
¢ 1 a: )0
exp 5| log Ay, + ) Oia;

®)

(This formula holds in the strict sense if w is faithful, since A, is invertible in this case.
For non-faithful w the formula is modified by the support projection.)

In the next theorem o, denotes the modular automorphism group of w, ¢,°(a) =
Ait a A—it
w @ °

Theorem 2 ([14]). Let M be a von Neumann algebra with a faithful normal state w and
M be a subalgebra. Foray, ay, . .., a, € A% the following conditions are equivalent:

(i) Mo is sufficient for the exponential family (6).

(ii) of(a;) € Moforallt e Rand1 <i <n.

(iii) For the generalized conditional expectation E,, : M — My, E,(a;) = a; holds,
1<i<n.

Note that Theorem 1 (iv) and Theorem 2 implies that if the subalgebra My is suffi-
cient for the finite set of states {[w®'], ..., [@%]}, then it is sufficient for the whole
exponential family (6).

We will now define sufficient coarse-grainings. Let N/, M be C*-algebras and let
o : N — M be a coarse-graining. By Proposition 2, the classical definition of suffi-
ciency can be generalized in the following way: we say that o is sufficient for the
statistical experiment (M, @y) if there exists a coarse-graining 8 : M — A such that
@g 00 o B = g for every 6.

Let us recall the following well-known property of coarse-grainings, see 9.2 in [23].
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Lemma 3. Let M and N be C*-algebras and let o : N' — M be a coarse-graining.
Then

Ny :={a e N :o(a*a) =o(a)o(a)* and o (aa™*) = o(a)*o(a)} 9)
is a subalgebra of N and
o(ab) =o(a)o(b) and o(ba) =o(b)o(a) (10)

holds for alla € Ny and b € N.

We call the subalgebra N, the multiplicative domain of o.
Let now N and M be von Neumann algebras and let w be a faithful normal state on
M such that w o o is also faithful. Let

M ={aeN, o,o00(a)=a}.

It was proved in [16] that A7 is a subalgebra of A, moreover, a € N if and only if
o(a*a) = o(a)*o(a) and o (0,°°° (a)) = o,*(o(a)). The restriction of o to N is an
isomorphism onto

Mi={beM, oo0}(b)=Db}.
The following theorem was proved in [16] in the case when ¢y are faithful states.

Theorem 3. Let M and N be von Neumann algebras and let o : N — M be a
coarse-graining. Suppose that (M, @g) is a statistical experiment dominated by a state
w such that both w and w o o are faithful and normal. Then the following properties are
equivalent:

(i) o (Ny) is a sufficient subalgebra for (M, @g).
(ii) o is a sufficient coarse-graining for (M, @p).
(iii) Pa(pg, w) = Pa(@g 00, w0 0).

(iv) o([Dgg oo, Dwooc]) =[Dgy, Dwl;.

(v) My is a sufficient subalgebra for (M, ¢g).
(vi) wgoo ooy =g

Proof. Suppose (i), then there is a coarse-graining y : M — o (N,), preserving gg. It
is easy to see that the restriction of o to N, is invertible. Let o be the inverse of this
restriction and put

ﬂ:(xoy.

Then B : M — N is a coarse-graining such that ¢y o o o 8 = @y and (ii) is proved.
The implication (ii) = (iii) follows from monotonicity of the transition probability,
(iii) = (iv) was proved in [12, 16] (faithfulness of ¢y is not needed in that proof).
Suppose (iv) and denote u; = [Dgg o o, Dw o 0'];, vy = [Dgy, Dw];. Then we have
o(us) = v forall z. Let pg = supp ¢y, g9 = supp ¢p o o. Putting = 0 in the condition
(iv), we get o (gg) = po and

o (uuy) = 0(qe) = pg = vv; = o (U)o (uy)*.
On the other hand, o (u;)*o (u;) < o (ufu,) by Schwartz inequality and from

w(o U)oU) = o v) = oo (pe)) = w(po),
w(oufuy)) = woo(ufu) = wooa(o(qe)) = w(po),
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we get o (ufu;) = o(u)*o(ur). Hence u, € Ny for all . Further, by the cocycle
condition and Lemma 3,

0 (0% (ur)) = 0 (Ugts4) = V5 V145 = 0 (0 (ur)),

therefore v; € M/ and by Theorem 1, M is sufficient and (v) is proved. As M is a
subalgebra in o (N5 ), this implies (i).

Finally, we prove that (ii) is equivalent to (vi). First, note that a coarse-graining is
sufficient for (M, ¢y) if and only if it is sufficient for (M, 1g), where

Vo =epp + (1 — 9w

for some 0 < ¢ < 1.

As the states g are faithful and w = ), A, ¥y, it follows from the results in [16]
that o is sufficient if and only if ¥y o 0 0 6 = Wy for all 6. Since, by definition,
w o0 o0, = w,this is equivalent to (vi). O

The previous theorem applies to a measurement which is essentially a positive map-
ping N' — M from a commutative algebra. The concept of sufficient measurement
appeared also in [3]. For a non-commuting family of states, there is no sufficient mea-
surement.

We also have the following characterization of sufficient coarse-grainings in terms
of relative entropy, see [14].

Proposition 4. Under the conditions of Theorem 3, suppose that S(pg, w) is finite for
all 0. Then o is a sufficient coarse-graining if and only if

S(pp, w) = S(pg oo, wo0).

The equality in inequalities for entropy quantities was studied also in [19, 20]. For
density matrices, it was shown that the equality in Proposition 4 is equivalent to

o(logo™(Dg) — log6*(De,)) = log Dg — log D,,,

where o* is the dual mapping of ¢ on density matrices.

Let us now show how Theorems 1 and 3 can be applied if the dominating state w
is not faithful. Suppose that p = suppw, ¢ = suppw o o. We define the map o :
gNg — pMpbya(a) = po(a)p. Then « is a coarse-graining such that &), = o and
@p 0 0 (a) = gy o a(qagq) for all 6. We check that « is sufficient for (pMp, @gl,r1p)
if and only if o is sufficient for (M, ¢y). Indeed, let B : pMp — gNg be a coarse-
graining such that gg|, A1y 0 @ 0B = 90| pMmp and let B : M — N be defined by

B(@) = B(pap) + w(@)(1 — q).
Then g is a coarse-graining and

g0 00 0 Ba) = gy 05 (qB(a)q)) = g o & o B(pap) = wg(pap) = ¢p(a).

The converse is proved similarly, taking S(a) = gB(a)q fora € pMp.
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4. Factorization

Let M be a von Neumann algebra and let @ be a faithful state on M. Let Mo C M
be a subalgebra and assume that it is invariant under the modular group o;” of w. Let
M| = /\/16 N M be the relative commutant. We show that M is invariant under o;” as
well. If a € Mg and b € M, then for r € R, we have

ao’(b) = o/ (Uﬁ’l (a)b) = Ul“’(bcrf’t (a)) =o/(b)a.

Hence M is invariant under o;. Let wp, w1 be the restrictions of w to Mo and M.
Then 0| Mo = 0" and 6| M = o,°" are known facts in modular theory.
Recall that the entropy of a state ¢ of a C*-algebra is defined as

St) i=sup | D 1iS@i0) 1 Y hioi = o},

see (6.9) in [12]. For the sake of simplicity, we will suppose in the rest of this section
that the state w has finite von Neumann entropy S(w). Then M must be a countable
direct sum of type I factors, see Theorem 6.10. in [12]. Let T be the canonical normal
semifinite trace on M and let D, be the density of w with respect to 7, then

0”(a) = D'aD_", a € M.

As the subalgebras Mg and M are invariant under o”, we have by
Proposition 6.7. in [12] that S(wg), S(w1) < S(w) < oo. It follows that both My
and M| must be countable direct sums of type I factors as well.

Let D,, € Mg and D, € M; be the densities of wp and w; with respect to the
canonical traces 1y := 7|Mj and 1| := 7| M. Then for a € M,

D'aD;" = 6% (a) = 0" (a) = DZOaDa_)(fl.

It follows that w, := D" D!! is a unitary operator in M and the operators D! and D%
commute for all z, s € R. Itis easy to see that w; is a strongly continuous one-parameter
group. Moreover, we have fora € My,

o N o
wiaw; = DijaD," = 0" (a) = D}y aD_".

Therefore, the unitary z; = Daj]i’ wy is in the center of M. Again, w; and ijl commute

for all £, s and it is easy to see that z; = z'/ for some positive element z in the center of
M. Putting all together, we get

Dy = DyyDy, z - 11
The following theorem is a generalization of the classical factorization theorem.

Theorem 4. Let (M, S) be a statistical experiment dominated by a faithful normal state
w such that S(w) < oco. Let My C M be a von Neumann subalgebra invariant with
respect to the modular group o°. Then M is sufficient for S if and only if

Dy = Dy oDy, z, (12)

where Dy, Dg o and D,,, are the densities of g, 9| Mo and a)|./\/l6 N M, respectively
and z is a positive operator from the center of M N M.
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Proof. By the assumptions and (11), we have D! = Défo D(‘;fl 7' If My is sufficient,
then
uy == Dj D" = [Dgy, Dw); = [Dgg|pm,. Daxle = Dy D",
hence DY} = u,Di! = Dé{ODgl 7' and (12) followg
Conversely, let (12) be true, then u; = D’Q{ OD;(;I and My is sufficient. 0O

The essence of the factorization (12) is that the first factor is the reduced density and
the rest is independent of 6.

From Theorem 1 (iv), it follows that the subalgebra generated by the partial isometries
{[Dgg, Dw]; : t € R} is minimal sufficient, that is, it is sufficient and contained in any
sufficient subalgebra. Moreover, it is invariant under o,”. We will denote this subalgebra
by Ms. By Theorem 4, we have the decompositions:

Dy = Ds gDRrzs, D, = Dg ,DRrzs, (13)

where Dg g, Ds ,, are the densities of the restrictions ¢ | M s and w| M s with respect to
the canonical trace tg, it will be called the S-decomposition. The next theorem shows
that each decomposition of the form (12) is given by an invariant sufficient subalgebra
and (13) is the maximal one.

Theorem 5. Let us suppose that there is a decomposition Dg = Lg R, with some positive
operators Lg, R in M, such that supp R = I and R commutes with all Lg. Let M|
be the von Neumann algebra generated by {Lg : 6 € ®}. Then M is sufficient and
invariant under o°. Moreover,

Ly =DsgRo,

where Dg g is given by (13) and Ry € My is a positive element commuting with all
DS’Q.

Proof. Wehave Dy, =", AyDy, =Y, AnLg, R, hence D, A, Ly, converges strongly
to some positive operator L,, € M, such that D, = L,R. Fora € My, we get

it py—it ity —it
DjaD," = LjaL" € My,
and M is invariant under o;”. It follows also that there is a density operator D,,, € M|
of the restriction wy, := w|Mp, such that D, ¢ = L, for some ¢ € M’L N M. More-
over, it is easy to see that Mg C My, so that M is sufficient and the densities of
| M satisfy
Dy ;" = [Dgg| ML, Dwr]: D, ¢'" = [Dgy, Dol Ly, = Ly .

By Theorem 4, there is a decomposition Dy ;, = Dgs ¢Dg 121, such that D 1z €
/\/l:S N M. Putting all together, we get

Ly =Dy rc=DsgRo,

where Ry = DR pz.c € MgN M. O
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It is easy to see that the S-decomposition is, up to a central element in Mg, the
unique decomposition having the property described in the previous theorem.

Keeping the assumptions of Theorem 4, let us suppose that M acts on some Hilbert
space H. The relative commutant M := M6 N M is a countable direct sum of factors
of type I, hence there is an orthogonal family of minimal central projections p, such
that Zn pn = 1. Therefore, z = Zn Zn Pn, With some z, > 0. Moreover, there is a
decomposition

H=PHr @M, — pi: H—>Hy @HS (14)
n
such that, up to isomorphism,

My =@ Chy @ BHY), (M) =P B(Hy) ® Cly

n

From D, € M; and Dy 9 € Mo C (M), we have
PnDoy = cf Iy ® DY), paDpo = ¢y (0)(Dy (6) ® Iyqr),

where D,If is a density operator in B(’Hf ), D,I; (0) is a density operator in B(H,f) and
c,’f, c,f (6) > 0. From this, we get

Dy = DgoDuz =Y  2upnDo0pnDuy = Y ¢6(p)DE@O) @ DX (15)
n

n

Let now M = B(H) for some Hilbert space H and let Ms € B(H) be the min-
imal sufficient subalgebra. From (14) and (15), we obtain the following form of the
S-decomposition:

H=EPH, ®HF. py H—>H @HY,

Dy = DsyDrzs = y_¢o(py) D5 (0) @ DY

n

Note that if the dimension of H is finite, then it can be shown from Theorem 5 that this
gives the maximal decomposition, obtained by Koashi and Imoto in [7].

Let KC be a Hilbert space. The next theorem shows how sufficient mappings B(C) —
B(H) can be characterized in terms of the S-decomposition.

Theorem 6. A coarse-graining o : B(K) — B(H) is sufficient for the experiment
(B(H), S) if and only if there is a decomposition K = @, Ko KR ¢, K —
/C,I; ® /C,If, unitaries U, : IC,I; — 'H;ls and coarse-grainings o3 p, : B(IC,If) — B(HZ})
such that

(i) foralln, a(q,) = pf and the restriction oy, ‘= a|q, B(K)qy has the form
oy =1y Qo p, al,n(a) = UnaU:’ ae B(K:yl;)v

(ii) the densities are decomposed as

a*(Dy) = a}(Ds g)a*(DRzs) = Y ¢o(py) Ui Dy (0)U, @ o5, (D).

n
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Moreover, (ii) is the S o a-decomposition of a*(Dg).

Proof. Let Mgs., C B(K) be the minimal sufficient subalgebra for the experiment
(B(K), S o ). If « is sufficient, then by Theorem 3, Mg, is in the multiplicative
domain of « and the restriction o| M s, is a *-isomorphism onto M. Hence, M s,y
has the same structure as M s. Namely, there is a decomposition K = P, KL ® KF
such that

Mseq =P BKL) ® Clycr

and the corresponding central projections satisfy «(q,) = p;? . Moreover, there are uni-
taries Uy, : lC,f — Hf, suchthatifa € Mgoy,a =), a,®Iicr forsomea, € B(IC,%),

thena(a) = 3, UnanUy ® Ipyr.
Letb € M5, then fora € Ms,

ab)a = ab)a(e" (@) = a(ba™ () = a(a”Ha)b) = aa(b),

so that a(b) € M. Consequently, a(bg,) = ab)ps € M:Sp;? and if b, € B(KF),
then oy (Iicr ® bn) = Ipys ® by, for some by, € B(H). It is clear that the map a7, :
by > b), is a coarse-graining B (IC,If ) — B(H,,R). We also have

o (an @ b) = an((an ® Iicp) Uyt © bn)) = e (an @ Iicgp)an (Tt © b)
= UnCan;lk ®a2,n(bn)y

hence o, = @1, ® a2, and (i) is proved.

Let Dy 1 be the density of the restriction of ¢y o o to Mg, With respect to the
canonical trace 11 = tg o «. Then it is clear that Dy ; = O(_I(DS,Q) = o) (Dsp). Let
a € B(K), then

Tra*(Dg)a = Tr Dga(a) = Tra(Dy,1) Drzsa(a) = Tr Dy ja*(Drzs)a

and (ii) follows.
Conversely, if (i) and (ii) are satisfied, then it is quite clear that the Connes’ cocycles
satisfy a([Dgy o o, Dw o a];) = [Dgy, Dw]; and « is sufficient. O

Corollary 1. Let H and K be finite dimensional and suppose that « : B(KC) — B(H)
is a completely positive map, with the Kraus representation o(a) = )_; ViaV/*. Then o

is sufficient for (B(H), S) if and only if there is a decomposition K = @, /C,% ® IC,If
and

Vi = Z Un & Li,ns
n

where U, : Kk — HS are unitary and L; , © KE — HR are linear maps such that
Y LinLf, = Iyr.
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Proof. By Theorem 6, if « is sufficient, then there is a decomposition K = P, IC,]; ® IC,If
and the corresponding projections g, satisfy «(gnagn) = p;? a(a) p;g . Consequently

a@) =Y pre| > aaq | py =" pSalgmagm)py
n,m k,l

n,m

-3 (Sotvan ) (S
i n m
Let Vi, := pSVign, then Vi, 1 B(KE @ KF) - B(HS ® H) and

> VinaVih, = an(a). a € B(KE @ KRy,

Moreover, there are unitaries U, : Kk — HS and coarse-grainings a , : B(KXF) —
B (H,?) suchthat o, = a1, ®2 5, in fact, itis easy to see that a ;, have to be completely
positive. This implies that there are linear maps K ,, : IC,If — HnR, Y KinKF, = Iyr,
such that
an(@) =Y (Up ® Kin) a(Uy ® Kin)*
i

is another Kraus representation of a,. Hence there are {11}’ ;}, 3 i ;] = 8k, such
that V;,, = U, ® Zj ,u?,jKj,n. Similarly, there are v; j, > ; Vi, jVi.x = 8; . such that

Vi= Z Vi,j(z Vj,n) = Z U, ® Li,m
j n n

where L; , = Zj’k Vi,jM;'-,kKk,n- The converse is obvious. 0O

As another corollary, we obtain a result previously proved in [7].

Corollary 2. Let ‘H be a finite dimensional Hilbert space and let @ : B(H) — B(H)
be completely positive, with Kraus representation a(a) = ) ; V;aV}. Then « preserves
all states g € S if and only if

Vi=Y Ips ® Lin,
n

where Zi L,-,nL;"’n = IHZz and L; , commutes with D,szor alli, n.

Proof. Let a satisfy gy oa = ¢y for all 6, then « is obviously sufficient and by Theorem
6 and Corollary 1, V; =", U, ® L; , and

Dy = a*(Dg) = Y @o(ps)Uy Dy (0)Up ® a3, (D).
n

It follows that U, Dy (0)U;r = Dy (0) and a3 (D) = Y, L}, DR L; , = D]} for all

nLn
0 and n. By construction of the S-decomposition, the operators DS (6) generate B(HS)
hence U,, = Is . Moreover, the operator DR is in the fixed point space of &5 , if and
only if it commutes with the Kraus operators L; , for all i, [6].
The converse statement is obvious. 0O
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5. Strong Subadditivity of Entropy

Let H ="Hs ® Hp ® Hc and let wapc be a normal state on B(H) with restrictions
wp, wap and wpc. The von Neumann entropies satisfies the strong subadditivity

S(wapc) + S(wp) < S(wap) + S(wpc) , (16)

which was obtained by Lieb and Ruskai [8]. A concise proof using the Jensen operator
inequality is contained in [15] and [11] is a didactical presentation of the same ideas.
As we want to investigate the case of equality mostly, we suppose below that all the
involved entropies are finite. The case of equality was studied in several papers recently
but always restricted to finite dimensional Hilbert spaces [6, 9]. Our aim now is to allow
infinite dimensional spaces.

The strong subadditivity is equivalent to

S(wap, ¢ @ wp) < S(wapc, ¢ @ wpC), (17)

where ¢ is any state on B(H 4) of finite entropy. This inequality is a consequence of
monotonicity of the relative entropy. Clearly, the equality in (16) is equivalent to equality
in (17).

Theorem 7. Let wpc be a normal state on B(H) such that the von Neumann entropies
S(wapc), S(wpc) and S(wp) are finite. Suppose that

S(wapc) + S(wp) = S(wap) + S(wpc).

Then there is a decomposition pgHp = €D, 'HfB ® HfB, pB = supp wp, such that the
density operator of wapc satisfies

Dagc =) wp(p))Dy @ DY, (18)
n

where D,f € B(Ha) ® B(H,fB) and D,If € B(HfB) ® B(Hc) are density operators
and p,, € B(Hp) are the orthogonal projections Hgp — 'HﬁB ® 'H,IfB.

Proof. Let ¢ be a faithful state on B(H 4) with finite entropy. Then equality in the strong
subadditivity is equivalent to

S(wag, p ® wp) = S(wapc, ¢  wpC).

Let p and g be the support projection of ¢ ® wpc and ¢ ® wp, respectively. Then p =
I ® ppc and g = I, ® pp, where ppc = supp wpc and pp = supp wp. Consider the
restricted experiment (p B(H) p, S), where S := {wapc|pB(H)p, o Qwpc|pB(H)p}.
Then S is dominated by the faithful state ¢ @ wpc|p B(H) p with finite entropy, and the
results of Sect. 4 apply.

Leta : gB(Hap)q — pB(H)p be the map

a:ar pa®lc)p,
then « is a coarse-graining and

S(wapclpB(H))p, ¢ @ wpclpB(H)p)
= S(wapclpB(H))poa,¢ @ wpc|pB(H)p o).



Sufficiency in quantum statistical inference 275

By Proposition 4, « is sufficient for the experiment (pB(H)p, S), equivalently, the
subalgebra M is sufficient for this experiment, by Theorem 3, (v). Since M is invari-

ant under o7®”5¢, the factorization results now imply that

Dapc = DEDRz,

where DL € M|, DR ¢ ./\/l’] are density operators and z > 0 is in the center of M.
We will now investigate the subalgebra M.

Let N1 = {a € ¢B(HAB)q, Qg ©@(a) = a}, then My = a(N). Eacha € N
is in the multiplicative domain of «, that is

pa*a®Ic)p =pa* ®Ic)pa® Ic)p. (19)

This implies (I — p)(a @ Ic)p = p(a @ Ic)(I — p) = 0, hence (19) is satisfied
if and only if p commutes with @ ® Ic. There is some D§ € N, such that DI =
p(Dt ® Ic)p = (Df ® I¢) p. Further, we clearly have p M/ p € (N} ® I¢)'. From
this and from supp wapc < p we get

Dapc = pDagcp = (D§ ® Ic)pD® pz = (D§ ® 1c) Do,

where DY is an element in N ® B(Hc) and z is in the center of N} ® Ic.
On the other hand, V] is the algebra of elements a € g B(H ap)q, satisfying (19) and

p(@?® (@) ® Ic)p = 07”5 (a @ I¢).

Since p = I4 ® pac. ¢ = I4 ® pp and N is invariant under o"%“% | it is easy

to see that N7 = B(Ha) ® Np, where N is a subalgebra in pg B(Hp)pp, invari-
ant under o,”%. Therefore, S(wp|Np) < S(wp) < oo and we obtain a decomposition
peHs = @, MLy ® HE, such that

Ny =@ BHp ©Clyx Ny =D Chy ® B,

which implies (18). O

The structure (18) of the density matrix wpc is similar to the finite dimensional
situation discussed in [6, 9], however the direct sum decomposition may be infinite.

When the state w4 pc is pure, Eq. (18) simplifies. In this case, the strong subadditivity
reduces to

S(wac) < S(wa) + S(we),

which is simply the subadditivity. The equality holds here if wac = wa ® wc. Since
the purification of a product state is a product vector, we have the product structure (18),
without the summation over n. Note that this kind of states were discussed in [21].

The decomposition (18) has a continuous version formulated in terms of direct inte-
grals (see [13] for references about the direct integral of fields of Hilbert spaces and
operators or [22]). Let (X, n) be a measure space. Assume that for x € X density matri-
ces DE(x) € B(Ha) ® B(HE(x)) and DR (x) € B(H® (x)) ® B(Hc) such that HE (x)
and HR (x) are measurable fields of Hilbert spaces and the operator fields DL (x) and
DR (x) are measurable as well, x € X. Given a probability density p(x) on X,

wABC = / p()DE(x) ® DR (x) du(x) (20)
&
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is a density on the Hilbert space H4 ® Hp ® Hc, where
Hp = [ HE) @ HR () dp(x) .
@

Then B(H ) ® B(Hp) is a sufficient subalgebra for the states wspc and wa @ wpc. If
the measure p is not atomic, then S(wapc) = oo.
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