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Abstract: This paper contains the generalization of the Feigin-Stoyanovsky construc-
tion to all integrable sl; | -modules. We give formulas for the g-characters of any highest-
weight integrable module of sl as a linear combination of the fermionic g-characters
of the fusion products of a special set of integrable modules. The coefficients in the sum
are the entries of the inverse matrix of generalized Kostka polynomials in ¢ ~!. We prove
the conjecture of Feigin and Loktev regarding the g-multiplicities of irreducible modules
in the graded tensor product of rectangular highest weight-modules in the case of sl 1.
We also give the fermionic formulas for the g-characters of the (non-level-restricted)
fusion products of rectangular highest-weight integrable s[, 1 1-modules.

1. Introduction

Fermionic formulz for characters of highest-weight modules of affine algebras or vertex
algebras first appeared in a purely algebraic context [17]. They were later shown [13, 12]
to be related to the partition functions of certain statistical mechanical systems at their
critical points. These character formule have desirable combinatorial properties, such
as the manifest positivity of the coefficients that represent weight-space multiplicities.
They also have a physical significance because they reflect the quasi-particle content
of the statistical mechanical system. Consequently, algebraic constructions of bases for
representations which reveal this combinatorial structure are important, and have been
studied using several methods in the past dozen years.

One such method is that of Feigin and Stoyanovskii [23]. These authors used a theo-
rem of Primc [21] to give an interesting construction of the vacuum integrable modules
of the affine algebra g associated to any simple Lie algebra g. Their construction relies on
the loop generators of the affine algebra. Physical systems associated with such integra-
ble g-modules are generalizations of the Heisenberg spin chain in statistical mechanics,
or the WZW model in conformal field theory.
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The formula of Feigin-Stoyanovskil [23] have an attractive interpretation in terms
of (a bosonic version of) non-abelian quantum Hall states [19, 2]. In these states there
are r “types” of particles that obey a generalized exclusion principle: the wave function
vanishes if any k + 1 particles occupy the same state. Here r is the rank of the algebra and
k is the level of the integrable g-module. In the presence of quasi-particle excitations, the
wave functions can also vanish if fewer than k 4 1 particles occupy the same state. The
statistics of the quasi-particles is ‘dual’ to the statistics of the fundamental particles [1].

The original construction of Feigin-Stoyanovskii can be used to compute [23] char-
acters of vacuum (with highest weight kA) representations of affine algebras. Later,
Georgiev [10, 9] generalized it to some modules in the ADE series, with particularly
simple highest weights, of the form lw; + kAo, corresponding to special rectangular
Young diagrams. (Here w; are certain fundamental g-weights, and [ € Zx¢.)

In general, no fermionic formulz are available for arbitrary highest-weight, integrable
‘g-modules. In this paper, we resolve this problem for the case of sl 1.

We explain, in terms of the functional realization of Feigin and Stoyanovski, why such
‘rectangular highest weight’ modules are very special, and why there is no direct ferm-
ionic construction for other modules. However, we prove that it is possible to compute
the character of any module as a finite sum of fermionic characters of the ‘rectangu-
lar’ highest-weight modules. The coefficients in this sum are the entries of the inverse
matrix of generalized Kostka polynomials. These coefficients are, however, not mani-
festly positive (or even of positive degree).

In our construction we are naturally led to the graded tensor product of Feigin and
Loktev [8] of finite-dimensional g-modules. In the case of irreducible sl -modules
with highest weights of the form /w; (where w; is any fundamental weight), we com-
pute the explicit fermionic form of the graded multiplicities of irreducible modules in
the Feigin-Loktev tensor product, thus proving two of the conjectures of [8]: That the
graded tensor product in this case is independent of the evaluation parameters, and that
it is related to the generalized Kostka polynomials of [22, 16].

The plan of the paper is as follows. In Sect. 2 we give the basic definitions of the
algebra and its modules. In Sects. 3 and 4, we supply the details of the generalized con-
struction of [23] for integrable modules of sl 1, with highest weights corresponding
to rectangular Young diagrams. In Sect. 5, we explain a similar calculation of graded
characters of conformal blocks or coinvariants (the fusion product of [8]), which turn
out to be related to the generalized Kostka polynomials of [22, 16]. We then use this cal-
culation in Sect. 6 to compute the characters of arbitrary highest-weight representations.
See Theorem 6.3 for the main result.

Although, for the sake of clarity, we concentrate in this paper on the case of
g = sl,41, the generalization to affine algebras associated with other simple Lie algebras
is possible, but in that case one should replace the notion of integrable g-modules with
irreducible g-modules as their top component with those which have (the degeneration
to the classical case of) Kirillov-Reshetikhin modules as their top component. We will
give this construction in a future publication.

2. Notation

2.1. Current generators of affine algebras. Let g = sl and let [1 = {o; | i =
1,...,r} denote its simple roots, and {w; | i = 1,...,r} the fundamental weights.
Let {e,;, = ¢; | i = 1,...,r} denote the corresponding generators of n,, and
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{fo, = fili =1,...,r} those of n_. We have the Cartan decomposition sl 1 =~
ngy @ b @ n_, where b is the Cartan subalgebra.

Irreducible, finite-dimensional highest-weight g-modules i, are parametrized by
weights A € P, thatis, A = [jw| +- - -+ @, with [; € Z>0. The subset of P consist-
ing of weights A such that ) ;_, /; < k is called the set of level-k restricted weights, Pk+ .

The affine Lie algebra associated with g is g, where

T~g®Clt,t'1®CcdCd,
where c is central and

[d,x®@t"] = —nx 1". (2.1

def
We denote the current generators by x[n] = x® t", x € sl41. Let (x,y) be the
symmetric bilinear form on sl,4 . Then the relations between the currents are

[x ® f(1), y @ g()]lg =[x, ylgf(1)g(1) + ¢ {x, y) ?g . f(Dgt)dt,
1=l

where [-, -]4 is the corresponding commutator in g.
The Cartan decomposition is e ) b ®n_ withtiy = ny ® (sl @ FIC[rE])
and b h@® Cc @ Cd. The algebray is the algebra obtained by dropping the generator d.
We will frequently use generating functions for current generators of the affine alge-
bra, which we define by

x(@) =Y xlnle™!, x € sl 2.2)
nez

Note that the convention for the current generators in (2.2) is different from that used
by [23, 4].

2.2. Affine algebra modules. On any irreducible ar+1-module, c acts by a constant k
called the level of the representation. A cyclic highest-weight g-module with highest
weight A = A + kAo + md is a cyclic module generated by the action of g on a
highest-weight vector v;, such that

v, =0, (2.3)
hvy = A(h)vy, forh e h Cg, cvy =kvy, dvy =muv,. 2.4)

The universal such module is the Verma module M(A) ~ U(m_).If k ¢ Nand A €
P,:r , the quotient of the Verma module by its maximal submodule is an irreducible,
highest-weight integrable g-module, which we denote by V; (we assume k is fixed in
this notation). The structure of the cyclic module generated by a highest-weight vector
v, is independent of m, so it is generally convenient to set m = 0.

Definition 2.1. Let M be an irreducible cyclic highest-weight module with highest
weight A = L + kAo, generated by the highest-weight vector vy. The subspace gener-
ated by the action of the subalgebra g ® 1 >~ g on v, is called the top component of
M. It is isomorphic as a g-module to ).
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The irreducible, finite-dimensional g-module 7, is characterized as the quotient of
the Verma module of g by the left ideal in g generated by fili + Similarly, the integrable
module V; is the quotient of the Verma module of g, M (A), by the leftideal in'g generated
by £;[0]%*!, plus one additional generator, eg[—11¥"¢®+! where 6 = a; + - - - + a,..

A characterization of the maximal proper submodule M’(A) of M (A) in the case of
integrable modules was given in [21] in terms of the algebra of current generators.

Note that on any highest-weight module, the current (2.2) acts as a Laurent series in z.
Therefore, products of currents make sense when acting on a highest-weight module,
and one can consider the associative algebra of currents. Formally, the coefficients of z”
in products of currents of the form x(z)y(z) exist only in a completion U of U (g).

Theorem 2.2 [21]. Let M(A) be a Verma module with highest weight A = A + kAo,
with A € P,:r and k € N. Denote its maximal proper submodule by M'(A), such that

Vi, >~ M(A)/M'(A). Let R be the subspace in U generated by the adjoint action of
U (sl,41) on the coefficients of eg(z)*t!. Then M'(A) = RM(A).

Again, the elements in R act as well-defined elements of U (g) on M (A). We call the
set of currents which result from the adjoint action of sl, 1 on the current eg (z)**! the
integrability conditions. For example, for any root o, the coefficients of e, (z)¥*! are in R.

3. The Semi-Infinite Construction of Feigin and Stoyanovskii

Theorem 2.2 was used by Feigin and Stoyanovskil [23] to give a construction of the
integrable modules in the case where A = kA(. The construction naturally gives rise to
fermionic formulz for the characters of integrable modules. We will explain the details
of the construction of [23] below.

3.1. Principal subspaces. For arbitrary integrable highest weight A = A + kAo, let vy,
be the highest-weight vector of V). Consider the subalgebra

i a_ecC

acting on vj,.

Definition 3.1. Define the principal subspace W) = W)EO) = U@W_)vy C Vy. Similarly,

define the principal subspaces W;N) = UM_)Tnvy, where Ty = ty() is the affine
Weyl translation corresponding to the root a(N) = ) ; Nja; (in the notation of [11]
(6.5.2)), where N; are positive integers such that (C,N)y = 2N for all o, and C, is the
Cartan matrix of sl, 1.

Lemma 3.2. This choice of a(N) gives a sequence of inclusions
wocwlc...cwc..., 3.1)

such that the inductive limit of the sequence (3.1) as N — oo is the integrable module V.
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The inclusions follow from the fact that v, € W)EN). The fact that the inductive limit
indeed gives the full module is not obvious (see [20, 5]) but follows from the fact that
the module is integrable. N

In fact, this theorem was proven in [23] for the following cases: sl for arbitrary high-
est weight, and s(3 with A = kAg. This was done by computing the characters in the
limit N — o0, and comparing them with the known character formulz for V) of [17].

In [10, 9], certain combinatorial proofs were provided using ideas related to those of
[23] (with differently defined principal subspaces) for rectangular highest weights, for
all simply laced algebras. The principal subspaces of that paper are different from those
used here, as [10] uses what amounts to a different subalgebra to generate the subspace.

In this paper, we will continue this program by giving the character formul® for
arbitrary highest-weight modules of s[,1 1. It turns out that the methods of [23] are not
sufficient for the case of non-rectangular representations, and instead we must resort to
computing the characters of certain fusion products of representations, and decomposing
them in terms of irreducible modules. The result is a formula which is a sum of fermionic
formulasl of the form found in [23, 10, 9], where the coefficients in the sum are elements
of Z[g~"].

3.2. Relations in the principal subspace. Let us characterize the ideal I, where W, ~
U®_)/I,. Using a PBW-type argument, it is easy to see that Wy, = U(n_ ® Clt—vy,
because the highest-weight vector v, is annihilated by n_ ® tC[¢]. Thus, I, includes the
left ideal generated by { fy[n] | n > 0, « € I1}.

The ideal contains the two-sided ideal generated by relations in the Lie algebra. In
terms of generating functions, these relations are

_Jo. i Jjl#1
o @), Joy 1= {w‘a(w/mfa,.wj(z), i—jl=1"

[foi @), [fo; W), fayuy )] =0, (3.3)

where §(z) = ), .7 2" These two relations together mean that matrix elements involv-
ing the product f;(z) fi+1(w) have a simple pole whenever z = w, and that the residue
of this pole commutes with f;(u).

The integrability condition

(3.2)

i@ v =0, veV, 1<i<r (3.4)

implies that 7, contains the two-sided ideal generated by the coefficients of z” of f; (z)*!
(in the appropriate completion of the universal enveloping algebra).

Finally there are the relations which follow from the integrability of the top com-
ponent 7; of Vj, which is a subspace of W, also. Therefore, I, contains the left ideal
generated by £;[0]*!. The integrability condition involving eg[—1] does not play a
role, because it is not an element of U (n_).

3.3. Construction of the dual space. In order to compute the characters of the principal
subspace W), we describe its dual space. This will enable us to calculate the character
for sufficiently simple A. The dual space is spanned by the coefficients of monomials of
the form x'' - - - x,;" of matrix elements in the set

Fo={wlfiyxD) - fi,Gem)lv2) | we Vi, m=0,1<i,<r},
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where V¥ is the restricted dual module. Given an ordering of the generators, the function
above is defined in the region |x;| > |x;+1[, and therefore the coefficient of x;“ R
for given integers n; is given by the expansion in this regime. Below, we shall refer to
the function space JF) itself as the dual space, and specify an appropriate pairing. This

space can be characterized by its pole structure and vanishing conditions.

3.3.1. The dual spaceto U(M_). Letus first consider the larger function space G, dual to
the universal enveloping algebra U = U (). The algebra U is spanned by words in the
letters { fo;[n] | i =1,...,r, n € Z}, and it is h and d-graded. The graded component
Ulm]y, wherem = (m\", ..., m®)7 is spanned by the elements f;,[n1]--- f;, [nm],
of h-weight Y, m®a = > joi;and =3 n =d.

The dual space to U is also h- and d-graded. Denote by U [m] the h-graded compo-
nent, and by §[m] the dual to it. This is a space of functions in the variables

X:{xl.(a)|i=l,...,m(“),a=1,...,r},

where xl-(a) is the variable corresponding to a generator of the form f,, (xi(a)). We define

the pairing (-, -) between U and G inductively, as follows:
1, H=1

1
(g(x), Mfy[n]) = (— %M_O(x;a))ng(x)dxfa)’ M) , MelU, (3.5)

2mi

where the contour of integration is taken counter-clockwise around the point x{a) =0,

in such a way that all other points are excluded, |x{a)| < |x§a,) |. Similarly,

1 ad)\n o
(), fulnlM) = (z—m 75(&) (@ g0, M) ,
Xl =

the contour is taken clockwise.
The commutation relations between the currents are equivalent to the operator prod-
uct expansion (OPE)

fi@ fix1i(w) =

()
Joitoi (W) + regular terms,
Z—w

where “regular terms” refers to terms which have no pole at z = w, and the expansion of

the denominator is taken in the region |z| > |w/|. Due to the OPE’s, it is clear that func-
tions in §[m] will have at most a simple pole whenever x@ = x,ﬁ“il). Thus, functions

j
in §[m] are rational functions of the form

g1(x)
(xi(a) _ x;a+1))’

g(x) = (3.6)

i,j,a

where g1 (x) are polynomials in (xi(a))il.
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Again using the OPE’s, we can construct the pairing between all other elements of
U and §. For example,

1 £1
(8(). Mfurectrln) = | 5~ f CEY @ =2 e @) ) e A\ M)
Tl Jx®=0 XY=

where the contour excludes all other points, and

(&(X), M fyt...ta+nlnl)

1

(@)\n (@) (a+1)
= | — X X — X
(27”. fif“):o( (@0 _ pleth)

h—1 h
- (X{OH_ ) _ X}DH_ ))g(X)

dxga), M) .

Xfa)=“~=)€§u+h)

The function g;(x) is not completely arbitrary, due to the Serre relation (3.3). The
Serre relation implies that the function

1
(o — x@ Dy e(x)

xfa)=x§a+l)
has no poles at the points x;wrl) = xl(a) and x;a) = x](aH), where j > 1. This implies
that the function g (x) has the property that
gl(x)|xi(a)=x;a)=xl((aj:l) =0. 3.7

Finally, it is clear that since [ f;(z), fi(w)] = 0, g1(x) is symmetric under the ex-

(

change of variables xi“) <~ x;a). In summary, we have

Theorem 3.3. The space of functions G[m] dual to the graded component U[m] of the
universal enveloping algebra of W_, with the pairing defined inductively by (3.5), is the
space of functions in the variables {x(a)} withj=1,..., m® anda =1,...,r, of the

J
form (3.6), where g1(X) is a polynomial in (xj(-a))il, symmetric under the exchange of

variables with the same superscript, and which vanishes wheneverx}a) = xéa) = xfail).
3.3.2. Dual to the principal subspace W,. Next, we consider the space F)[m], which
is defined as the graded component of the space J, the subset of matrix elements of
U[m] in ;. The space ¥, [m] is the dual space to W, [m] (the weight subspace of W, of
h-weight A — m” @) with the pairing defined as in (3.5), where 1 € U is replaced by v;.

The dual space F; [m] is the subspace of §[m], which couples trivially via the pairing
(3.5) to the ideal I, C U. Apart from the two-sided ideal coming from the relations in
the algebra, which we have already accounted for in constructing G[m], the ideal I
contains the relations coming from the highest-weight conditions (2.4), and from the
integrability conditions (3.4).

The integrability conditions mean that U f; (x)**1U c I, which means that

gl(x)'x{"‘)=~~=x,ﬁ‘fl =0, (3.8)

for all g(x) € F,[m] and for all «.
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The ideal I, contains the left ideal generated by f,[n], n > O for any o. We see from
(3.5) that for functions in F; [m], g (x) can have at most a simple pole at xfa) =0. Let

us define the function g»(x) by

§2(x)
[l ) Tl & = a0y
where g»(X) is a polynomial in x,.(a) for all i, «.

In order to account for the relation U fg[n] C I for B = a; + - -+ + a4y, Where
n > 0, we need to impose an additional restriction on g»(x), because of the prefac-

g(x) = (3.9)

tor (x(“) @+ (‘Hh)) Uin (3.9). The function g1 (x), after evaluation at the point
u = x{“) = xfo‘H) =...= i‘Hh), must be of degree greater than or equal to —1 in

the variable u if it is to couple trivially to fg[n] for n > 0. Therefore, we see that g»(x)
satisfies:

hasu — 0. (3.10)

gZ(X)|X§a):x{aJrl):m:x{aJrh):u vanishes as u

Finally we need to take into account the integrability conditions for the top compo-
nent: U fg [01*®)+] < I, for each positive root 8. For simple roots, this means that

X o o == 0 31 1
82(X)] ¢ ==, =0 (3.11)
When 8 is not a simple root, then the relations are more complicated, involving variables
corresponding to different roots. These are sufficiently complicated that we do not know
how to compute the character of the space in this case.

However, at this point let us note that for the special case of rectangular represen-
tations, the situation is much simpler. The relation (3.10) is automatically satisfied for
such representations. For suppose we consider the representation with /g # 0 for at most
one index S. Then since U f[0] ¢ I, whereas U f,[0] C I, for o # B, we have that in
this special case,

g1 = [« g2, (3.12)
j

where g (x) is a polynomial in all the variables, satisfying (3.11) for the index § only,
as well as the integrability conditions and the Serre relation. The relation (3.10) is not
an extra condition in this case.

Let us summarize the result for rectangular representations, therefore.

Theorem 3.4. Let Ag = lwg + kAg for some 1 < B < r. Then the dual space of func-
tions to the graded component of the principal subspace Wi, [m] is the space of rational

functions of the form (3.6), where g1(X) is a function of the form (3.12), where g>(X) is a

()

polynomial in the variables x; " satisfying the Serre relation (3.7), symmetric under the

exchange of variables x( PN x( )for all a, vanishing when x(ﬁ) s = xl(f)l =0, or
when any k + 1 variables of the same superscript coincide, xl(a) = = x,ii)l forany a.

In the next section, we will show how to compute the character of this space using a
filtration on the space.

For non-rectangular representations there is no such simple description of the space.
The purpose of this paper is to explain how to compute the character for non-rectangular
representations as a linear combination of characters of rectangular representations.
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3.4. Filtration of the dual space J. In this subsection, we will assume that A = Ag =
A+kAo, . = Ag = lwg for some fixed 1 < B < r. This corresponds to a Young diagram
of rectangular form (with [ columns and 8 rows).

As explained above, the space F), is h-graded, F) = P, F1[m], where F,[m] is a

subspace of the space of rational functions in the variables x = {xl.(“) la=1,...,r;i=
1,...,m®} of the form
G(x) §(x) (3.13)

- B\ 71 @ _ _(atDy’
[Ti (x; )nglni,j(xja _xja )

where g(x) is polynomial, symmetric under exchange of variables with the same value
of a (which we will refer to as the color index), x l.(a) <~ x](.a). The index B corresponds
to the fundamental weight wg, where Ag = lwg. In addition, g(x) vanishes when any

of the following conditions is met

== (3.14)
2 = = x Y, (3.15)
P = ZXff)l —0. (3.16)

Our goal is to compute the character of this space, for which purpose we will introduce
a filtration and an associated graded space. We will be able to compute the characters of
the graded pieces easily.

To simplify the calculations below, let us define the closely related space F; [m]. This
space is a subspace of the space of all rational functions in the variables x, which are
given by

g(x)

G(x) =
-1 (@) (a+1D)y’
[Tezi Hi,j(xia _xja )

(3.17)

where g(x) is as in (3.13), so G(x) = I xi(ﬂ)G(x). In the following, we will fix m and

1, and study a filtration of this space F; [m] (which we will refer to by F), which can be
described as follows.
Letu = (u®, ..., u™) be a collection of partitions, where each 1(*) is a partition

of m® and has mff‘) rows of length a.

We can now rename the variables xl.(a) by associating each of them to a box of the

Young diagram associated with the partitions +(%). As a result of this renaming, we have
o
column j of the i’ row (counted from top to bottom) of length a. See the left part of
Fig. 1 for an explicit example. In the proofs which follow, we will simplify this notation
as much as possible. Note that, due to the symmetry properties of g(x), how we rename
the variables is irrelevant.

variables x j which correspond to the Young diagram of partition (%), namely to

Let H be the space of rational functions in the variables y = { yb(lai) la=1,...,r;a>
L,i=1,..., m;"‘)}. Define the evaluation map Yu@, which sets all the variables in the

same row of the (Young diagram associated to the) partition 1@ to the same value,

(o) (o

Xgij P> ya’i). The effect of the evaluation map on the variables corresponding to the
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(@) (@) (@) (@) (a) (a) () (@)
Tria  |Tei2 | 77770 Th1 k-1 | Th,1,k Yk Yea | 7777 Yk,1 Yia
I I I I
I I I I
() (@) () (@) (a) (@) ()
T my,1 | Thomy 2 Tiu,)m o Hem Yene | Yk,me Yeome | Yk,ma
() (@) (@) (@) (@) (@)
Tr-1,1,1 |Tk=1,1,2 Th-1,1,k+41 Ye-11  |Yk-11 Yr-1,1
I I I I
I I I I
o) ) () | ()
| — | B
I , I ,
! / ! /
| ; | ;
| // | //
(a) (a) (@) (a)
To11 [T2,1,2 Y2,1 Y2,1
I I I I
I I I I
(@) (a) (o) (@)
L2 ma1 [ T2,ma,2 Y2.ms Y2,ma
(@) (a)
T1,1,1 Yi,1
I I
1 1
( (
-Tﬁ?)nhl ?/10:37]

Fig. 1. The evaluation map for the variables 1@ Note that we dropped the superscripts («) in méa)

partition «(® is shown in Fig. 1. We define the evaluation map O : F — H to be
ou = [Toz Ppu@-

By (3.14), ¢, (g(x)) = 0 (where g(x) is as in (3.13) with G(x) € ?), if any of the
partitions 4% has a part which is greater than k. Hence, in the following, we will assume
that none of the partitions has a part greater than k, and refer to these (multi)-partitions
as k-restricted. .

Our strategy will be to study the image of J under the evaluation map.

Definition 3.5. Let H, be the space of functions in the variables'y, and let UTC,L C Hp
be the subspace spanned by functions of the form

H(y) = Hu(y)h(y), (3.18)
where h(y) is an arbitrary polynomial in 'y, symmetric under the exchange y[(fi) < y;‘f/).,

and

a +D\— a y —1
Hy(y)= l_[ (ylg‘?‘i) _ y}g(,)l})ZA b 1_[ (ylgl?‘i) _ ylgl,xj )) Aab l_[ (y‘(lli))max(o a=1).
(a,i)

a=1,...,r a=l1,...,r—1

(a,0)>(b,)) (a,i); (b, ))

(3.19)

Here, Ay, = min(a, b) and (a,i) € Iy x Ly, (where I, = {1, ... ,m}). The ordering

(a,i) > (b, j) is defined as follows. The index i increases downwards, and we say that
(a,i) > (b, j)ifa > b, or, ifa = b, when i < j.
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Let us define a lexicographic ordering on multi-partitions. That is, the usual lexico-
graphic ordering is taken on partitions £®, and v > p if v® = ;@ forall @ < y and
v > ),

Let ker ¢, be the kernel of the evaluation map ¢, acting on F. We can now define
the subspaces

T, = ﬂ kerg, , T = ﬂ Ker @y. (3.20)
v>[ vZpH

Thus, I'y, is the space of rational functions which are annihilated by every evaluation
map with v > p.

By definition, I'y C I'y if v < p, and F;L C I'y. In addition, lem(]),..‘,lm(")) = {0}.
Therefore, I'y, defines a filtration on J. Define the associated graded space
GrT = @Gru T, (3.21)
n

where Gr, I' =T,/ F;L and the sum is over multi-partitions of m. The main purpose of
this section is to prove

Theorem 3.6. The induced map
@, :Grp T — 3, (3.22)

is an isomorphism of graded vector spaces.

o~

This is very similar to the proof found in [7] for the case which corresponds to sl3, and
we use the same ideas here.
To prove the theorem, we need to show three things. First, the evaluation map

ou Tu = Hy (3.23)

is well-defined. Second, it is surjective, and third, the induced map (3.22) is well defined
and injective.

3.4.1. The evaluation map is well-defined. To prove that the map ¢, : I'y — ﬁﬂ, is
well defined, we must show that the rational functions obtained after the evaluation are
indeed of the form (3.18) and (3.19). We will do this by showing that the structure of
the poles and zeros of the image of the functions (3.17) in F, under the evaluation map
is precisely of the form (3.19).

Lemma 3.7. Let G(X) € [y. Then, the function @, (G(x)) has a zero of order at least
2min(a, a’) when yc(l‘f‘i) = y;’fi)i,, Va.

Proof. The proof is independent of «, and so we can use the argument used in the case
of sl in [2]. We will repeat that argument here for completeness.

It is sufficient to consider the dependence of G (x) on the two sets of variables of the
same color &, which we denote by {x,; |i = 1,... ,a}and {xy i |i'=1,...,a'}. We
can assume that a > a’ without loss of generality.

We can carry out the evaluation map in two steps: ¢, = ¢? o '. Here ¢! consists
of evaluating all the variables except the set {x, ;» | i’ = 1,...,d’} and @? consists of
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setting x,/ 1 = -+ = Xg/.o/ = Yo (note that under ¢!, the variables Xa,1s -+ s Xa,q AT
all set to y,).
Let
810V Xar 15 -+ Xara) = @' (G(X)). (3.24)

Because G(x) € I’ w» G (x) is annihilated by all ¢, with v > . Therefore

810V Xa/ 1s - Xar )| ~=0forall i/, (3.25)

Xy i"=Ya

because this corresponds to an evaluation corresponding to a multi-partition greater than
. Therefore,

a/
&10as Xar s Xara) = | [0 = X0 i) Gas Xar 15+ Xara). (3.26)

i'=1

()

Now g1(a; Xa’,1, - - - » X o) Was obtained from a symmetric function in x;”’, and
so, for each i’,
0 0
&1 =g 8! (3.27)
aya Xo! i =Ya axa’i’ Xy it =Ya
However (3.26) tells us that, again for each i’,
081 9g1 L -
- =[] 0 —xaim@ . (328
8)’(4 Xy i'=Ya axa/’i/ Xy i1=Ya i"=1

xa’,i’:ya

the prime on the product meaning that the term with i” = i’ is to be omitted. The
only way to reconcile (3.27) with (3.28) is for gi|x,, ,=y, to be zero. Thus the zero at
Xg'ir = Yq 1s at least of order two

’

a
810 Xar 10 X a) = [ [Oa = X082 as X 1 - X)) (3.29)

i'=1

We now evaluate the right-hand-side of (3.29) atx,/ | = -+ = Xy/.o* = Y and, recalling
the condition that a > a’, we have

Pu(G)) = [ [a = ya)* ' G. (3.30)
m}

Lemma 3.8. The image under the evaluation map ¢, of any function in F (and hence

I"y) has a pole of maximal order min(a, a’) whenever y;ai) = yi‘,x?l).
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Proof. We will prove this lemma by looking at the zeros of g(x), which arise because

we need to satisfy the Serre relations, 8l@_ @_, @) = 0 and 8l @ _ylat) _ et = 0
1 =2 -2

fora = 1,...,r — 1. These relations depend on two sets of varlables only.

Consider the dependence of g on the two sets of variables x; = xi(a), with
i=1,...,aand x; = xﬁail) with j = 1,...,d’. Under the evaluation map, these
variables map to ¢, (x;) = y and ¢, (X;) = y respectively.

Note that x and x are variables corresponding to two adjacent roots. Again without
loss of generality, assume thata > a’.

When x1 = X| = X or x; = x; = X1, g vanishes, so we find

8L v Xay X1y s Xty ) =R =2

a a
=[] =20 [[Gi =208 @isxas oo xas v Ka o). (B3D)

Repeating the argument for g’ we find

/ P byl .
g (X2, .. Xay X2, oo Xy o) ==z,

a

a
=[] -2 [[Gi — 228" 1o 22133, .. xai B30 Kari ). (332)

=3 j=3

We can repeat this argument @’ times with the result

g('x17~"a-xa;-f]a'-' 7'fa, )|{x1—x1—21, |
a’ a a’ a
= l_[ l_[ (x;j —Z,')l_[ 1_[ (Xjr —2)8@1s - s 2 Xal g1y -+ 5 Xas - - ).
i=1 j=i+l i=1j'=i+1

(3.33)

We find that ¢, (¢) has a zero of order at least aa’ —min(a, a’) when y = y, by counting
the number of zeros in (3.33) and using that a’ < a. Taking into account the poles
of (3.17), which after applying the evaluation map becomes a pole of order aa’ when
y = ¥, we find that the image of Fp, has a pole of order at most min(a, a’), when
(oz) (a£l) O
Xaj = Xg i s
Lemma 3.9. The image of ¢, acting on a function GeTl u has a zero of order at least
max (0, a — ) when y(ﬂ) =0.
Proof. To prove this lemma, we will study the effect of the evaluation map on g(x) in
Eq. (3.13). We focus on the variables of a row of length a (where we assume thata > /),

{x (ﬁ) |7 =1,...,a}.Under the evaluation map, these variables map to ¢, (x(ﬁ)) =y®,
We know that the function
a1 =gl o (3.34)

contains a factor [ ] =i+ x ), because it vanishes if any of the remaining variables xP

is set to zero (because of the condition (3.16) on g(x)). Thus, the image of g; under the
evaluation map has a zero of order at least max(0, a — I) whenever yt(tﬁi) =0. O
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Lemma 3.10. The map ¢, : 'y, — ﬁﬂ is well defined.

Proof. This follows from Lemmas 3.7, 3.8, 3.9 and the definition of the space ﬁﬂ. m]

3.4.2. Proof of surjectivity We will continue with the proof that the map (3.23) is sur-
jective. We have to prove that for each function of the form defined by (3.18) and (3.19),
there is at least one function in the pre-image in I'j,. We do this by explicitly giving the
form of these pre-images, showing that they are elements of F and finally, proving that
these pre-images are indeed in the kernel of ¢, for each v > u, which shows that they

arein I',.
For each (k-restricted) multi-partition g, we consider the function
S
F(x) = Lf(x)’ (3.35)
p(x)

where f(x) and p(x) are a polynomials of the form (we identify the variables

(@) (@)

X =X

a,i,a+1 = "a,i,l
B) (o) (o+1)
F® = fx) l_[xalj l—[ (x Yajij T Xait
Otal
']>l !’ a/l {
ai'sj'#j
() (Ol) () (o)
< Il =l pedtlin =i (3.36)

(a, t)>(a D)
el @
j=lem

1
py =[] =250, (3.37)

where f(x) is an arbitrary polynomial. The symmetrization is over each of the r sets

of variables {xl.(“)} with the same value of «. As we did before, we will drop as many
indices as possible in the following lemmas.

Lemma 3.11. The functions F (x) of (3.35) are elements of 7.

Proof. We have to show that f(x) satisfies the vanishing conditions (3.14), (3.15) and
(3.16). First of all, we easily see that f(x) is zero when any k + 1 variables of the same
color are set to the same value. Because the partitions have rows of maximum length k,
these k + 1 variables can not all be placed in the same row, which implies that the factor

]_[(x(“.) - x(‘,x), j») evaluates to zero under ¢

a,l,]
To show that the Serre relations are satisfied, we have to show that the zeros
(@) L@t
]_[ (X7 ) = Xt (3.38)
a, l i
ai'sj'#j
satisfy the Serre relations. Let x4, ; = x; l) j and X, j» = x(‘,x't ),, for some choice of «,

iandi’.
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For every x, there is a zero with every x, except those appearing in the column which
has the same number as the x (i.e. for j = j’). Note that if we set two variables x,
which belong to the same column, to the same value, f(x) is zero, because the factor

]_[(xfi)’j —x;',)i)i,,j,) is zero in that case. Hence, we set x, j = Xy j» = X (j" # j).Focus-
ing on this variable, we find the following zeros (¥ — X4,;)(X — X4 i) I—[a//.i//# (&=
Xav, )2 So, indeed ¥ has zero with every x. Similarly, we find that there is at least a zero
of order one when we set x; = x| = x».

To complete the proof of this lemma, we need to show that f (x) satisfies the condition

(3.16). This easily follows from the factor [ | >l P

i) combined with the zeros which
give rise to the condition (3.14). O

Remark 3.12. Tt is instructive to note that all the zeros in (3.38) are necessary to satisfy
the Serre relations. We need to show that if we remove any of these zeros, we will violate
a Serre relation.

To show that this is true, it is important that we take the zeros between variables of the
same color into account. Let us remove the zero (x,,; — X, j), where j # j’. Without
loss of generality, we can assume that j < j’. The two variables are indicated in Fig. 2
by the black boxes. The gray boxes denote the zeros with the variables corresponding
to the black box from the same partition.

All we need to do is show that there is at least one variable, of either partition, such
that when this variable is set to the same value as the two ‘black variables’, we do not
get a zero, and thus violate a Serre relation. This variable is taken to be of color (« + 1),
(if j > j',itis of color (a)). More precisely, it is the variable X,/ ;, taken from the same
row as X, - (denoted by the ‘slanted’ box), which always exists, because j < j'.

There isno zero atx,/ jy = X, j, because both variables are taken from the same row.
In addition, there is no zero at x,,; = X, j, because it is not present in the factor (3.38)
and the zero at x,, j = X, j is the one we removed. We conclude that after we remove
the (arbitrary) zero at x,,; = X,/ j7, we do not have a zero when x4, ; = X/ j» = Xu ;.
Thus, we have shown that by removing any of the zeros in (3.38), we violate a Serre
condition. We conclude that the zeros are indeed necessary.

Lemma 3.13. The function F(X) of (3.35) associated to a k-restricted multi-partition
I is an element of the kernel of ¢, for any v > .

(a+1

Fig. 2. A violation of the Serre relations if the zero corresponding to the black squares is removed from
(3.36). The left partition corresponds to the variables of color («), the right one to color (@ + 1). The
‘slanted’ box is the third variable, in addition to the two black ones, for which the Serre condition is
violated. The gray boxes denote the zeros with the variable corresponding to the black box of the same
partition, coming from the integrability conditions
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Proof. Letus take a v > g, and let v(® be the first partition such that v > ;@) We
will focus on the variables x@ and show that the function F(x) can not be non-zero
under the evaluation map ¢,,.

Two variables in the same column of 11(*) have a zero, so they can not be placed in
the same row in v(@ | if the result is to be non-zero, because in that case, acting with the
evaluation map gives a zero.

However, because v® > ;L("‘), we can not avoid placing variables of the same col-
umn in *) in the same row of v(®. To show this, let us denote the length of the rows of

the partitions by /Ll@ and vi(a), such that the index i is increasing going downwards. The

only way to avoid placing variables of the same column of /1® in the same row of v(®

is by placing the variables of 1% in rows of the same length in v(¥). However, because
i(“) > p.lga). Let us focus on the smallest 7. We

with i > 7 in the row v/%). Because 1@ < u@,
i l 1

@ > ;@ there will be an 7 such that v
(@)

have to place a variable of a row u;
this variable belongs to the same column of another variable in vl.(a). We conclude that

F(x) is zero under the evaluation map ¢, withv > u. 0O
Lemma 3.14. The function F (x) of (3.35) is an element of T',.
Proof. This follows from Lemmas 3.11 and 3.13. O

As a last step in the proof of surjectivity, we have to show that the image of F(x)
under the evaluation map is indeed of the form (3.18) and (3.19). In particular, it con-

tains as a factor the functions /4 (y), which are symmetric under the exchange of variables
() (o)

Yaji <7 Ya,ir

Lemma 3.15. The image of F (x) under the evaluation map ¢, is a scalar multiple of

the function H (y) in (3.18).

Proof. To prove this lemma, we can follow the same approach as we did in our paper on

the sl case, because the argument does not depend on the color of the variables. We will
focus on the variables x(®), and determine the permutations o, for which ¢, (f (o (x @)yy)
is non-zero. So, we consider

> flex ). (3.39)

UESm(a)

In the following, we will omit the label «.. Recall that the variable x, ; ; corresponds to
the j’h column in the i’ row of length a. Under the evaluation map, x,,;,j +> Ya,i VJ.

Suppose that for some o, we have o (x4, ;) = Xy 7 j With (a’,i") < (a,i) and
that (a, 7) is the largest row for which this is true. This means that all rows above (a, i)
undergo only a permutation within the row. Suppose that the pre-factor

ouoo | [] Gaiy—Xair))Xaijr — Xarir ) (3.40)

(a,i)>(a’,i")

is to be non-zero. Then x,/ ;7 ;> can not be in a column directly below or to the left of the
permutation image of any other element from row (a, i). This means that at least one
other element from row (a, i) should be mapped to a row below (a, i). If it is mapped
to the row (a’, i") it can appear in any column other than j’. If it is mapped to any other
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row, it can appear in any other column than j’ and an adjacent column (to the right or
left depending on whether it is above or below (a’,i").) Now we repeat this argument
for this new element, concluding that at least one more element of row (a, i) is mapped
to a lower row, and so forth, until eventually we find that all elements are permuted to
arow below (a, i). If the elements are permuted to the same row, they can be placed in
adjacent columns. Elements which are permuted to different rows can not be placed in
adjacent columns, this being due to the factor linking adjacent columns in the pre-factor.
There are at most a columns in u(“) in rows below (a, i), and hence the elements must
all appear in the same row, which is therefore of length a. Thus all the variables in rows
of length a are mapped to another row of length a, for the same reason. As a result, the
only permutations which give a non-zero contribution to ¢, (f (o (x @)))) are those that
permute variables within each row, or those that permute rows of equal length. Under the
evaluation map, the former contribute equal terms to the sum, while row interchanges

correspond to the symmetrization over the variables y w1th the same values of « and a
in h(y). Note that the other factors in the function F are symmetrlc under the permutation
of rows of equal length, so these factors do not interfere with the argument above. 0O

Lemma 3.16. The map ¢, : 'y, — ﬁu is surjective.

Proof. This follows from Lemmas 3.14 and 3.15. O

3.4.3. Injectivity proof
Lemma 3.17. The induced map ¢, : Gr, T — ﬁﬂ (3.22) is well defined and injective.

Proof. To prove that the map (3.22) is well defined, we use Lemma 3.10 and observe
that the image of F;L under ¢, is zero by using the definition of F;L. It follows that we

can define the induced map @, acting on the quotient Gry, I' = 'y, / F;L. Moreover, the
difference between two different functions in I', that map to the same rational function

in 3(,, is in T',,. Hence, the map is also injective. O

We have now completed the proof of Theorem 3.6, because the theorem follows from
Lemmas 3.17 and 3.16.

The map (3.22) is degree preserving, and thus we can count the functions of homo-
geneous degree d in I u to obtain the character of the space 7.

To compute the character of F), we add the poles ]_[(xt(lﬂl) j) !, which are present in
the functions G (x) in (3.13). The only thing in the calculation of the character which

changes is the fact that due to these poles, the zeros ]_[(yt(l/i))ma"(o’“_l) in (3.19) become
pOleS H(y('(z/i))— min(a,l) .

3.5. Character of the dual space. Using the results of the previous section, we can
calculate the character of the dual space J, where A = lwg.
First, let us define the character of W, as follows:

chyW, = > dim Wy[m]y g%e*~* C;m (3.41)
d,m@®

where W [m]y is the subspace generated by elements in U (_) of homogeneous degree
m@® in f«, and homogeneous degree —d in ¢. Here, w = (wy, ... , wr)T.
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The space ), is a space of functions in the variables xi(a) .If wedefineits (m, d)-graded

component to be the space of functions in m(®) variables xfa) and total homogeneous

degree d in all the variables, then, due to the way we defined the generating functions
fu (x) (or, equivalently, the coupling), we have that F; [m] is the dual to Wy [m],, where

d=d+Y,m®.
Thus,

chy Wi = Y chWm] = Y 3 g4 Zam® = Cm gim(F; (m)y,  (3.42)
m m J

where dim (3, [m])4 denotes the dimension of the subspace of functions in ¥, [m] which
have homogeneous degree d. The powers of z correspond to the components of the
weights in terms of the simple roots. Recall that here, . = Ag = lwg.

We will calculate this character by actually summing over all the functions in JH, and
counting their homogeneous degree. The character of the space of symmetric functions

h(y) in m( ) yvariables is given by

1
T ,
| [ (@)@

where (¢)m = [/, (1 — ¢') form € Nand ()9 = 1.
The homogeneous degree of the rational function Hy (y), combined with the addi-

tional poles [, (¥,

deg <M> = Z 1 (a)(cr)aa’Aaa ZA lm Zm

H(a l)(y(a))a

(3.43)

@ )) 4 is given by

o ot/,a,a
(3.44)
It follows that the character of W;O) is
1—>T — . = (B)
;m (C;®A)m—(id®Am),
chy Wi = 3 * elopmetam, (3.45)
(@

rxk
meZZo

Here (A),,, = min(a, b) is a k x k matrix, and C, is the Cartan matrix of sl, ;1. Also, m

denotes the vector (m(ll), o m,((l); . mY), e m,(cr)). We made use of the definition

rok
(@D = [1 l_[(q)mi,"‘)'

a=1a=1

4. Characters for Rectangular Highest-Weight ;[,+1-M0dules

In this section, we will show that we can use the characters of the principal subspace
W,. to obtain the character of the full integrable module V. We will be able to do this
by using the invariance of the weight multiplicities of V) under the action of the affine
Weyl group, in particular the affine Weyl translations #,. More specifically, we will show
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that acting with an affine Weyl translation on the principal subspace, and taking an
appropriate limit, we obtain the full integrable module.
Let A be an affine weight of level k. It can be written as

A=hr+kAo—ms,

where X is the weight with respect to h € sl,11. Let ¢, be the affine Weyl translation cor-
responding to the root « (see [11], Eq. (6.5.2)), and define the translation ty = [ [; tn,q;

where N = (Ny, ..., N,)T. Then
1
IN(A) = A+ kNT - + kAo — (m + N7 ~l+§kNTC,N)8. 4.1)

Again, 1= (ly, ..., lr)T, where A = Zi liwj,anda = (ay, ..., ozr)T. Also note that
in terms of the weights is given by & = C,®.

Consider the principal subspace W™ = U@_)tNvy. It has a dual space description
which is similar to &), if we choose the vector N carefully. Given that if f,[m]v, =0,
then fy[m + (C, - N)yltNnva = 0 (since the Weyl group preserves weight space multi-
plicities), we choose N such that (C, - N), = 2N for all «, for some N € Z,. In the
case of sl,41, we have (N); = Ni(r + 1 —i).

Then fu[2N + 84 gltNvy = 0, where A = lwg, and fu[2N — 1+ 84 gltNva # 0.

Note also that the extremal vector fNv, is a basis for the one-dimensional weight
subspace of weight

1
N = A+ kNTa + kAo — (A, NTa) + szTcrN)a.
In the case of interest here, this becomes

tn(wp) = lwg + kN + kAo — (INg + kN|N|)S,

where IN| = )", N;.
Thus, the space dual to W)EN) is the space of functions of the form

[T 6w,

o,

where G (x) is the function in Eq. (3.13).

Thus, we find that the character of W, Clj ) differs from the character of Wl(o) by a
change in the exponent of g by INg + kN|N| — 2N |m| (where jm| = )", m("‘)) and a
change in the weight by w” C,kN, which leads to

T, @nm— (d@Am)?

(@

m
ch WI(N) _ Z q 2 INg+kNIN|=2Nm| ,lop—o" C; (m—kN)
wg .

q

A form suitable for taking the limit N — oo is obtained by eliminating the summa-
@ in favor of m@ = Y*_ am® . This gives for the character of Wl( )

tion variable m;,
(we define m@ = Z 1 amy ))
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chy wO =

{0 Z qkaTc,mﬁlmU’) lop—w! C,m
B

meZ’,

qzm (c,®c 1hm—((dec; 1)m) 81k

x 3 , 4.2)

ezt [Tez Hu=1(61)m§g> @) wo_mt@

where the prime on the sum denotes the constraints m® < m@ and m@ = m©@
mod k. Here, Cr_1 denotes the Cartan matrix of sl;. The symbol §; ¢ is 1 for the inte-
gersintherange/ = 1, ...,k — 1 and zero otherwise.

The character of Wl(wl\g has an extra factor of
qlNﬂ-i-%kNTCrN—mTC,N

Combining this power of g with the power in the first line of (4.2), we use the change

of variables %(“) =m@® — k Ny, since the combined power in this new variable is
I 7 T T | RPN
—m’C,m kN C/N — mCN—— B — kNP = —m’ C.i— P,
2% *3 (m )= g Crm = m

Making this substltutlon we have
N _ T'Cofi—Lig e,
ch Wl Z qka m— mp lwp—e m
m>—kN

q2m "¢ oC ! Hm—((dec;! 1)m) 81t

3 , 4.3)

X
ﬁezr;a(kfl) Ha:l nazl (q)ml(la) (q)ﬁ(’l);m(”) N,

where the prime denotes the constraints m@ <m@ 4+ kN, and Mm@ = 7@ mod k.

We can now easily obtain the characters of the integrable level-k modules corre-
sponding to rectangular highest weights by taking the limit N — oo while keeping m
finite. This gives

ch WI(OO) Z qka C,m——lm(ﬁ) la)ﬂ —ol C,m

meZ’r

1 rq
. 2

o0 — —
mezt "

Im' Cectpm-(adec!pm),” s

. (44
()3 4

with the constraint 77® = 7 mod k.

The nice feature of this character formula is that it manifestly splits the character into
a sum over all the finite weights, each of which contributes a string function to the full
character. These string functions are proportional to ‘the second line’ of Eq. 4.4.

We can make the appearance of the characters slightly more compact, by rewriting

. . — . . .
it in terms of the r x k-vector m again. This results in

=T — B
- 1 g™ (CreAm- (dgaym), .
ch. W o) _ ela)ﬂf(u Crm’ (45)
1 lwﬂ (Q)go 2 1_[:;-{:1 R l_[a<k(q)m£10f)
m
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which, again, holds in the case of rectangular representations. Comparing this to the
known character formulz for the integrable representations which appear, for example,
in [9], we see that this is indeed the character of the integrable, level-k sl -module
with highest weight A = lwg, i.e. the module Vj,,. Hence, we have the following result

Theorem 4.1. The character of the integrable, level-k ;[r_,_] -module with highest weight
A = lwg is given by

chy Viw, = chy W57,

where chy WZS;) is given by Eq. (4.5).

The remainder of the paper will be devoted to obtaining character formula for general
irreducible representations.

5. Conformal Blocks and Their Dual Spaces

5.1. Modules localized at { # 0. Above, we considered the standard action of the cen-
tral extension of the loop algebra, § = g ® C[z, 7~ '] on integrable modules V;, of level
k. Such modules can be considered as “localized” at the point 0.

For a generic point ¢ € CP!, let t; =t — ¢ denote a local variable at ¢, and consider

the action of the current algebra E(;) =g ® Clt, tg 1] on a module V, (¢), “localized”
at the point ¢, which is isomorphic to V.

Specifically, the generator x ® tg acts as x[n] on the module V; (¢). In the physics
literature [3], this action is sometimes denoted by x,(¢). Equivalently, in terms of the
generating current x(z) = ), .7 x[n)z7"" 1, let v € V;.(¢). The action of x ® tg’ may
be written as

xX® t? v =

Lf dz(z — §)"x(2)v,

2mi Cy

where C; is a contour around ¢.
The central extension of §(;) is isomorphic to g’, where the cocycle acts in the same
way as on modules localized at 0:

1
(x® fio). y ® gt0) = (x, y>%7§ FG)a e
tr=

where (x, y) is the symmetric bilinear form on g. We call the centrally extended algebra
with this cocycle /9\2 o) Obviously, its representations are isomorphic to those of g'.
We also allow the point { = oo, and at that point we choose the local variable to be
-1
too =t 1.

5.2. Fusion product ofﬁg -modules. Let N € Nandlet (¢q, ..., {y)be N distinct, finite

points in CP! (for convenience we choose ¢ » # 0). Denote the local variable at each
pointby t, =t — {p.

At each point ¢, we localize an integrable 'g”@p)-module Vp = Vy,(&p) of level k,
and top component 7, = 7, ,. We choose to consider only modules with highest weights
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of the form u, = apwa,,, where 1 < o), < r and a, € Z>o. That is, highest weights
corresponding to rectangular Young diagrams.

The completed loop algebra U = @ ,g ® C[t,, t;l] C g ® C(¢) acts on the tensor
product of these modules, V] ® - - - ® Vi by the usual coproduct,

N

A @ f0) =) (x® fltp+¢p), )

p=1
where the p" term in the sum above acts on the p™ factor in the tensor product only:
XpWI @ @uUN =w Q@ - ®x w,®---Quy, x €U

Here, by C(¢) we mean rational functions in ¢, although we need only consider for our
purposes the smaller space of rational functions with poles at at most ¢, ... , {n.
This action has a central extension, where the cocycle acts as

N
(x®@f(1),y®g®) =(x,y) Z 2—my§ . frgmde, f(t), g@t) € C).
p=1 =t

Thus, the level of the action of the centrally extended, completed algebra U=UCcis
also k, which is the same as the level of each localized module V;. This action is called
the fusion action in the physics literature. Since it differs from the usual action on the
tensor product of g-modules (which has level Nk), it is denoted in [4] by the symbol X
rather than the usual ®:

V@) E V@) B BV (On) = (a1, ... 1y). (5.1)

5.3. Coinvariant spaces. The fusion product is an integrable g’-module of level-k, thus,
there is a sense in which it is completely reducible (see Appendix I of [6] for the precise
explanation and proofs). The “multiplicity” of the irreducible g’-module V3 (0) in the

fusion product is given by the Verlinde numbers [24], which we denote by K ik;L Ifk
is sufficiently large (that is, k > ) pa p), these numbers are just the sums of products
of the usual Richardson-Littlewood coefficients. In this paper, we only need to consider

this case in order to obtain the character formule.

Remark 5.1. In the case where ), = 1 for all p and k is sufficiently large, the multiplici-
ties are the usual Kostka numbers KX, M in the notation of [18], where u = (ay, ... ,ay)
and A is a partition of length  + 1 with [X| = ||, such that A; — X; 41 = A(a;), where
«; are the simple roots.

In complete generality, the multiplicity K }(Lk:L is equal to the dimension of the coin-
variant space [24, 6]

Cru (@) = Vix(c0) BV,u(8)/(g ® A),

where the quotient is taken with respect to the image of g ® A acting on the fusion prod-
uct, where A is the space of meromorphic functions with possible poles at the points ¢,
and oo (it has trivial central extension). Here, A* refers to the highest weight of the dual
module to m;: A* = —wp (1) where wy is the longest element in the Weyl group.
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5.4. The coinvariant space as a quotient of principal subspaces. The dimension of the
coinvariant space Cy_, was the subject of the paper [4], where a grading was defined on
the space, compatible with the action of the current algebra. We will use the results about
this space here, and compute the graded dimension for the special case of rectangular
Young diagrams, with sufficiently large k.

Theorem 5.2 ([4] (1.6), slightly modified). There is a surjective map
() @my @ ---@my — €y pu(0),

where u)x(00) is the lowest weight vector of the top component of the module V)x(00)
with respect to the action of g, and 1), are the top components of the modules V,, ,(¢p).

Thus we can conclude that the coinvariant is a quotient of the fusion product of prin-
cipal subspaces W, = W, p(g“) =Un_® (C[t;]])vp, where v, is the highest-weight
vector of V), because 7w, C W),. The fusion product of principal subspaces is the space

W) =WiK - BWy=Un_-®C@)v ®- - Q vy,

where we allow poles at r = ¢,.

That is, in exactly the same way as for the integrable modules, the fusion product of
principal subspaces can be decomposed as a direct sum of principal subspaces W, (0),
with multiplicities given by the Verlinde numbers K *) .

We can compute these multiplicities by computing fﬁe dimension of the space of high-
est-weight vectors (with respect to the action of g) in the space U (n_QC[t v ®- - -Quy.
Notice that x ® " acts on the p™ factor by x&,. (Here, we do not allow poles at ¢,
because they generate vectors in W, which are not in the top component 7,.)

Remark 5.3. The naturally graded version of the space described in the previous para-
graph is the Feigin-Loktev “fusion product” [8].

5.5. Dual space of functions to the coinvariant. Again, in this paper, we do not incor-
porate the level-restriction for k, but we simply assume & to be sufficiently large, with
respect to the collection of weights p1: if ) = apwq,, then the assumption is equiv-

alentto k > > »ap- In this case, the Verlinde number K ik; is equal to the Littlewood
Richardson coefficient K, ;. This is all we need in this paper to compute the characters
of W, for generic A € Pk+.

Consider the space of matrix elements C;,_ ,, also known as the space of conformal
blocks:

Crop =l [UMm- Q@ CltDv1($1) @ -+ - @ vy (EN))} - (5.2)

Here, u,~ is the lowest weight vector of V«(00), considered as §(p)-module with g
acting to the left. (Thus, n_ ® C[t~ 1] acts on u;+ trivially.)

If ¢; are pairwise distinct, the action of n_ ® C[¢] on the product of highest-weight
vectors generates all of 71 ® - - - @ ;y (cf. the fusion product of [8]). The multiplicity
of vy € m;, in this tensor product is the Littlewood Richardson coefficient Ky .

This space has a filtration by degree in ¢ inherited from the corresponding filtration on
the universal enveloping algebra. Let U=" be the subspace of elements in U (n_ ® C[¢])
of degree less than or equal to n in ¢. Let C fz be the subspace of matrix elements of
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U=". Let C;, uln] = Gr, C; , be the graded component of degree n. We define the
graded coefficients XK, ,L(q_l) to be

Krwlg™) =g " dim Crylnl. (5.3)

We choose powers of ¢! rather than ¢ in order to be consistent with the grading in

the last section, where we defined the degree of f[n] to be —n, as in (2.1). Therefore,
X, u(g) is a polynomial in positive powers of g. (Notice that this is by definition the
coefficient of 7, in the fusion product of Feigin and Loktev [8].)

Let G(¢),.,u be the space of generating functions for matrix elements of the form
(5.2). That is,

Gu®) = {0 for )+ S, Gl puiED @ - @unen |, 54
where fo (x) =Y, fu nlx " land 1 <& <r.

Obviously, for this matrix element to be non-zero, the sum of the h-weights should be
0, that is, the matrix element should be g-invariant. If there are exactly m® generating

currents of the form f, (xl.(a)) in the matrix element (5.4), definem = (m™V, ..., m®)T.
Then m is fixed by the zero-weight condition on the matrix element. Specifically, let
w=(wi,..., a)r)T. Then the zero-weight condition on m is
> up—o'Cm—1r=0. (5.5)
P
Recall the notation » = Y, ly@e, and 1 = (I1, ... ,[,)T. Let

ng") = number of weights of the form u, = awy,

and n® =Y an,(la), n=ub, . .. 2T Then Zp wp = >, nYwy. We can
rewrite (5.5) more compactly as

m=C""(n-1, (5.6)

where C; is the Cartan matrix of sl,4 1.

Let g(x) € G u(¢), where x = {xl.(“),i =1,...,m%;q =1,...,r}). We define
the pairing between functions g(x) and an element in U (n— ® C(¢)) of the form M (f, ®
tl';)(p), where M € U(n_ ® C[t]) and x(,) is an element in the algebra which acts on

the p'M factor only. The pairing is again defined inductively as in (3.5), but the integral
is modified to

n 1 @ n g, @
(800, M(fa ® 1)) = (5 7% g0 —¢p)dx( M), (5D

where C,, is a contour around the point £, and so forth.

We now describe the zero and pole structure of the space of functions G , (¢). First
we note that G, , () is a subspace of the dual space §[m] to U(n_ ® Cf[t, ~1D[m],
which is described in Theorem 3.3:

g1(x)

G[m] = { —H(xi(a) ~ x;a+1))

81X @ _@_ @ =0, gl(X)lega)ex;_a) = gl(X)-} .
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Also, recall that fy ® tg = fal01(¢p) acts trivially on v, unless , = apwy, in

which case, (f,[0])% 1! acts trivially on v p- In addition, f, ® t;,’ acts trivially on v, for
alln > 0 and all «.
This implies, from the pairing (5.7), that for g(x) € G, 4 (¢), g1(x) in Eq. (3.6) can

l;a;/: at H}I%St a simple pole whenever xi(a” ) — ¢p. There is no pole when xl.(ﬁ ) = {p if
op. Thatis,
82(X)
g(x) = € 9.n(0), (5.8)
1 (ap) ’
M6 =TT, = )
where the function g;(x) satisfies
oap o == 0, V . 59
gz(X)Ix: »_ “'*sz,ffl ., p (5.9
(Recall that we assume ¢, # 0, so that there is no pole at x = 0.) Thus, g>(x) is a

polynomial in x( @)
Finally, the currents in U(n_- ® C[t]) may act to the left, on u, sitting at infinity.
The pairing at infinity is

1 o n o
(X)), (fa ®1") 00y M) = (2_7117% g @@y dx®, M )

1
= (5 f ()2 ()T 6, e M)
T Jc

(the contour around infinity is clockwise). Since f,[n] acts trivially at co if n < 0, this
integral should be zero for n < 0if g(x) € G, ,(¢). This shows that

degxgm gx) <=2 forall i, . (5.10)

In summary, we have that, for k sufficiently large,

Theorem 5.4. The dual space G, () to the space coinvariants Cy, (&), with respect

to the pairing (5.7), is the space of functions in the variables X = {xl.(a) la=1,...,r;
i=1,...,m®)}, where m® is determined by (5.6), of the form (5.8), where g>(X) is a
polynomial, symmetric with respect to exchange of variables with the same superscript
(), satisfying the Serre relation (3.7) and the vanishing condition (5.9), with the degree
of g(x) in each variable less than or equal to —2.

In the next section, we compute the character of this space.

5.6. Filtration of the dual space. The space G;, ;,(¢) is filtered by homogeneous (total)

degree in xl.(“). Let Gy x(&)[n] be the graded component. This space is dual to the space
Cx,uln + Im|] (because the definition of the pairing involves taking the residue). We
normalize the degree of the cyclic vector to be 0. Therefore we have

chyCy = chyCy =g ™chy G 1 (@) =Y g7 ™G w(@)Inl =Ky ulg™").
! (5.11)
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We use the same filtration argument as in Sect. 3. That is, consider the lexicographic
ordering on r-tuples of partitions v, where v is a partition of m®). (Since k plays no
role in the filtration argument except in limiting the types of partitions allowed in the
filtration, there is no difference in the zero and pole structure related to k). We act with
the evaluation maps ¢, on the space G;, () and consider the image in the space H[m]
of functions in the variables

09 azi=1,...,m® m® = Cad((® =a))

of the subspaces I', = N,/ ,Kerg, . We take the associated graded space, and compute
the character of the graded components Fv/ I, where I', = Ny ,Kerg, . Define H,
to be the image of the induced map p,, : I,/ F/

The results are as follows.

Lemma 5.5. Let g(x) € Gy, x(8). Then
$e) =[] 08 =y hiy).
a;(a,i)<(@,i’)

Proof. This follows from Lemma 3.7. The only difference in the two situations is that
the partitions are only restricted by m®, not k. O

The next lemma gives the pole structure due to the nontrivial commutation relations
together with the Serre relations. Its proof is identical to Lemma 3.8.

Lemma 5.6. Let h1(y) be defined as in Lemma 5.5. Then

h(y) = H [T 08 = ySiD) A ny(y),

a=la,a,i,i’

where hy(y) is regular when y l = y(“'H).

The following lemma is a slight modification of Lemma 3.9.

Lemma 5.7. Let hy(y) be as in Lemma 5.6. Then h(y) as a pole of order at most
(o p)

min(a, ap) whenever y, " = ¢p.
Thus, we have
(@) _ (06)
[10, (@) _
$o(8(X) = h(y) = ——5 (M ﬂ( =Ty, (5.12)

l_[(ya,i = Yar it a.d

where h3(y) is a polynomial in the variables {yfz‘i.) la > 1,i = 1,...,m%,

o =1,...,r}, with Za am[(,“) = m@®, symmetric under the exchange of variables

y;al) < y;“i),. Here, m,(fl) is the number of parts of length a in the partition v®.
Remark 5.8. It is important to note that, since we are only interested in the character of
the space of functions of the form (5.12), we can now set all ¢, = 0 in the space of
polynomials without changing the character of the space.
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There is a further restriction on /(y) coming from the degree restriction (5.10) on
g(x). (This ensures that the space of coinvariants is finite-dimensional.) The evaluation
map is degree preserving, which implies that

degy(a) h(y) < —2a.

This gives the following restriction on the degree of 43(y):

Lemma 5.9. Let h3(y) be as in Eq. (5.12). Then h3(y) is a polynomial in the variables
() .
{ Ya.i }, with

0 < deg wh3(¥) = = Y (CapAasmy’ + Y Aapny”,
a,i b,ﬁ b

where n,(,a) is the number of g-modules with highest weight aw,.

The injectivity of the induced map @, : I',,/I'/, — 3, follows from the injectivity
argument of Lemma 3.17.

We do not show surjectivity. Instead, we compute the graded character of the coin-
variant using the above space of functions, evaluate it at ¢ = 1, and show that it is equal
to the desired multiplicity given by the Littlewood-Richardson rule, by comparing with
the known result [15] for generalized Kostka polynomials.

The argument is as follows. The injectivity of the map ¢,,, which is a degree preserving
map, implies that

dim G, (&)[n] < Y dim 3, [n],

where by [n] means the graded component with respect to the homogeneous grading
in the variables y. We will show that dim G, ,,(¢) = ), dim H,, by computing the
g-character of H,, and showing that dim }H, = K} ,, which is the dimension of the
space of coinvariants. This proves the surjectivity of the evaluation map @,, and also
gives the g-character of G, ().

Define the character of the space H, to be

ch, 3, = Zq_"ﬂ-(,,[n].

This character can be computed by setting ¢, — 0 for all p. Recall that we must multiply
by ¢ ™I to obtain the character of the coinvariant. We use the Gaussian polynomial,

|:m+n] _ (@mn
q

=———, m,n € Z>yp.
m (@m(@n =

Lemma 5.10. Let H,, be the space of functions of the form (5.12) with degree restrictions
(5.9), and ¢, = 0. Then

() ()
g~ ™ch, 36, = g2 [ [Pa +my ] ’
a,o

ml(f‘)
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where
1
om.m =2 3" m (CoupAasm) = Y m Agn;”
a,b,a,p a,b,a
and

P =3 Agpni = > (ColapAapmy.
b B.b

Here, m,(la) is the number of parts of v® of length a, and néa) is the number of g-modules
of highest weight aw,,.
Since the evaluation maps ¢, are degree preserving, we can conclude that

chyGru(@) <Y chyHy,

v

where by the inequality, we mean the inequality in the coefficient of each power of g.
Recall the identity
[m + n:| _ mn |:m + n:|
m =4 m L
q q

We can now conclude that we have an equality.

Theorem 5.11. The graded character of the space of conformal blocks Cy, y is Ky, p (g~ b,
where

m((,“)

—T — (@) (@)
Konlg) =Y g™ Cf@“‘k'“]"[[" a F M } : (5.13)
- q
m

where m is a vector with entries mﬁ,"‘) restricted by (5.6), namely m = C;] (m—=1), and

g . — —
P=(G(d®An — (C; ® Ay)m.

Proof. A direct comparison of the fermionic formula on the right hand side of (5.13)
with Eq. (2.6) of [15] shows that

Ko@) = Kyt (@), (5.14)

in the notation of [15] (where K g(q) is the co-charge Kostka polynomial). Here, A is
the Young diagram obtained from the weight A by adjoining to the corresponding Young
diagram of A columns of length r + 1, so that the equality |A| = |R] is satisfied (the
Kostka polynomial is zero unless |R| — |A| =0 mod (r + 1), as a consequence of the
restriction on the summation over m$, see part (4) of Lemma 5.12 below). The sequence
R = (Ry, ..., Ry),with R, = (ap)®?, is the sequence of rectangular Young diagrams
corresponding to the weights 1.
We use a duality theorem for generalized Kostka polynomials [14]

Kir (@) = ¢"® K r(g™h, (5.15)
where n(R) = 2151?<p/SN min(ap, o) min(ay, a, ). Then using the fact that
K r(1) =dim Homg(my, 0 @ - - @ py)

(where g = sl, 41 or gl ) is the dimension of the space of conformal blocks Cy,,, we
conclude the equality of g-dimensions in the theorem holds. O
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5.7. A remark about the structure of X, ,(q). In this paper, since we are concerned
with representations of sl 1, we have labeled the representations with highest weight A
with respect to the sl weights, A = ljw1 + - - - 4+ [, w,, and similarly for the weights
Up = apWqy, witha), <.

Define SX,C) to be the set of all unordered N-tuples of sl,;; dominant weights of the
form ) = apwaq,, with Zp ap < k. Let P(r, k) be the set of partitions of length at

most » and width at most k. Define v : 85{,() — P(r, k) to be the “horizontal concatena-
tion” map:

,
@)=y n®, 1<p=rpesy.
a=p

Note that this map is surjective but in general not injective.
Let S, be the subset of Sr(k) consisting of precisely r weights of the form u, = a,w),
(again with Zap < k). That is, n@ = ay. Then v is now a natural isomorphism,

v S, = P(r, k). The inverse map is v’l(,u) =pu = (U1,..., }U), wWith u, =
(Lp — Mps1)wp, With i, 11 = 0 by definition.

In this paper we need to consider only the cases where u € 8, and A € P(r, k). In
this special case, we have the following properties of the Kostka polynomial.

Lemma 5.12. Let p € S, and & € P(r, k). Then the following statements are true for
the Kostka polynomial of Eq. (5.13):

L. Xou(@) = Lifv(p) =4

2. Ko ulg) =0if > v(p);

3. Kou(@) =0if Ay = v(p)1 and kg > v(R)s, where s is the smallest integer such
that As # v(R)s;

4. Ko@) = 0if ()| — A]) & Zzo.

Let K(g) be the matrix with entries (K(¢));, vu) = Ki pu(g) with g € §, and
A € P(r, k). The lemma implies in particular that K(g) is upper unitriangular with
respect to the ordering on partitions which looks like the lexicographic ordering on par-
titions, applied to partitions which are not of the same size: A < p if A; = w; for all
i <s<r,and Ay < UUs.

Proof. 1. The constraint C,m = n—Imeans, whenn =1(.e. A = v(n)), thatm® =0

for all o, hence only the term with m;” = 0 contributes to the sum.
2. Suppose that A; > v(u)1, which implies that Z;:l (n®@ —1,) < 0. However, the
constraint implies that

r r
Z(n("‘) —ly) = Z(Crm)a =m® +m", (5.16)

a=1 a=1

and since m@ > 0 for non-zero Kostka polynomials, this gives the desired result.

3. Arguments similar to the proof of item (2) show that A; = v(u); implies m! =
m® = 0, and also that s < r. Note that from A, = V(i) for @ < s — 1 it follows
that n® = I, for @« < s — 2. From the constraint, we now obtain the relations

'
Z(Crm)a =mD 4+ m® — ) = O — D = ¢ 1<t<s-—2,

a=1
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which imply that m® = 0 for 1 <t < s — 1, in order for the Kostka polynomials to
be non-zero. From the assumption that A; > v(p),, we obtain [y < n8=D_ Thus,
we find that

s—1
Z(Crm)a =mW b0 5 — ) — =D I_1 >0,

a=1

which implies that the Kostka polynomial indeed vanishes, because m®) < 0.
4. This comes from the fact that m”) € Z, and

1
r+1

()| = IAD).

(5.17)

r r
1
m® =3 (€ Dra® —lo) = —— > ljam(“’ —la) =
=

a=1

O

We can also make contact with the usual combinatorial notation for Kostka polyno-
mials, which are labeled by Young diagrams, that is, gl, | representations. Let A be the
partition of length at most » + 1, obtained from A by defining

Xﬂzm(r)—i-)\,ﬁ, 1<B<r+1,

where m = Cr_1 (m —1). Let it = v(u). Then Eq. (5.17) implies || = ||, which is the
usual condition in the Kostka polynomial labeled by gl,  -weights. The partition A can
be pictured as that obtained by adding m") columns of length r + 1 to the left of the
Young diagram corresponding to A.

The Kostka polynomial is defined for any r. If we choose to fix |ix| = m, and choose
r sufficiently large (r > m), then n'® = I, = 0 if « > m. We have the following
generalization of the triangularity property for Kostka polynomials:

Lemma 5.13. The generalized Kostka polynomial X; ,(q) = 0 unless » <7 = v(p)
according to the dominance ordering on partitions.

Proof. The dominance ordering on partitions is

B B
> ke ) Wy, forallpel,....r+1.
a=1

a=l1
Recast in terms of the variables n and 1 this means that
Am—Ng —Bly1 = A —1g — pm” >0 forall B. (5.18)

For B = r + 1 the equality holds due to the condition |A| = [z, so we need only consider
B < r. Using the fact that

1 r
(r)y _ (@) _
m') = P aE_IOl(n la),

Eq. (5.18) becomes

r ,3 3 -
O;(Aﬂa — DO ) = (€ =)y = m .

Since m® > 0 in the summation in X 1 (), this proves the lemma. O
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Note also that if m® = 0 for all 8, then A = 1. In that special case, Kynlg) = 1.

To tie in with the usual notion of the unitriangularity of the Kostka matrix, let 8, [m] ~
P (r, k)[m] be the subsets of (multi-) partitions of m, and fix max(k, r) > m. The num-
ber of elements of both sets is the number of partitions of m. Let A — m. The last
lemma implies that the square matrix K(q), with entries indexed lexicographically by
the partitions v(g) with w € S,[m] and X is upper unitriangular. That is, define

K@)5z=%p  pESIml, I =vp), maxk,r) = |2 = |7l.

Then K(¢);; = 0 if A > 1, and it is equal to 1 if A = 71.

In the case in which we are interested, in which r is fixed and may be smaller than
[7z|, we take the subset of the elements of this matrix which have the length of & to be
at most r, and the length of A to be at most r + 1.

6. Characters for Arbitrary Highest-Weight ;[,_H-Modules

LetX € Pk+ and let V), be the highest-weight ;[r+1-module of level k. We are interested
in computing a fermionic formula for the character of this space, for arbitrary A, similar
in form to the one found in Sect. 3.

We compute this character in several steps. First, we compute the character of
the fusion product of several principal subspaces corresponding to rectangular high-
est weights 1 ,. We then use a Weyl translation to find the character of the fusion product
of integrable modules corresponding to the same highest weights.

At this point, we choose a very particular set of r rectangular highest weights, of the
form u, = ap,w, with p =1, ..., r. We use the decomposition of the fusion product
into the graded sum over irreducible highest-weight modules, with coefficients given by
the generalized Kostka polynomials. This means that the character of the fusion product
is the sum over characters of irreducible modules, with coefficients given by the Kostka
polynomial.

This relation between the characters is invertible, so we use it to write the character
of the irreducible module in terms of a finite sum over characters of particular fusion
products. The coefficients in the sum are polynomials in g~ whose coefficients are not
necessarily positive, since they are given by the entries of the inverse of the matrix of

generalized Kostka polynomials in ¢ .

6.1. Character of the fusion product of principal subspaces. Consider the fusion product
of principal subspaces:

Wu@) =W)X - KBWyEn) =UMm-Q@C))Hv1 @ ® v,

where we allow singularities at7 = ¢,. Here, v), is the highest-weight vector of V), , (¢p),
the module of level-k, with highest weight of the form 1), = a,wy,, localized at ¢).

We choose k sufficiently large — that is, k > ) p@ps SO that the level-restriction in
the decomposition coefficients does not play a role.

Note once more that the algebra U (n_ ® C(¢)) is filtered by degree in ¢, and that,
defining the cyclic vector ®v,, to have degree 0, the fusion product W () inherits
this filtration. Hence, we can define the g-character of W, (¢) as the Hilbert series of
the associated graded space — it is a Laurent series in g, which we can compute for
sufficiently simple 1.
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Asann_ ® C[t, t~']-module, W, (¢) decomposes as a direct sum of principal sub-
spaces W, (0), with graded coefficients which are equal to the generalized Kostka poly-
nomials in the previous section. This follows from the fact that W, (0) is generated by
the action of n_ ® C[z, =] on the highest weight vector of V) (0), and in the previous
section we computed the graded space of multiplicities of these highest-weight vectors
in the fusion product of integrable modules to be generalized Kostka polynomials.

Thus, we can see that

chy Wy (&) =D Ky ulq~")chy Wy (6.1)
A

Note that the sum over A is finite, because X, ,(¢) = 0 when A1 > (v(p))1.

In this subsection we will compute the character of the fusion W (¢), by character-
izing the dual space of n_ ® C(¢) acting on the cyclic vector @u,,.

The dual space is the space of generating functions for matrix elements of the form

{WlUM-®@CE)v1 @ ®vy), | we Wy=(c0), L € P}

Thus, the dual space J, (¢) is the space of functions in the variables xi(“) (withl <a <r
and 1 < i < m®), with pairing defined in the same way as in Eq. (5.7). Thus it is the

space of functions with possible simple poles at xl.(a" ) = ¢p and xl-(a) = x;ail), such
that the polynomial f(x) defined by
Jf(x)
F(x) = € Fu(®) (6.2)

(ap) -1 ) +1)
[0 " =) [Tomi j,k(x;'a _xlga )

()

is symmetric under the exchange x;”" <> x}a). In addition, it vanishes due to the Serre

relation whenever

(@) _ (@) _ (a£])
X, =x =X .

There is no degree restriction on f(x), since we allow for poles at infinity in
Um_ ® C(t)), as well as at t = ¢,. We do not allow for zeros at t = ¢, so the
pole structure at t = ¢, is as before. Moreover we have, as in the calculation of the
coinvariant, the condition that f(x) vanishes whenever

A o

Finally, it is possible now to have currents f, (z)**! acting non-trivially on the tensor
product of highest-weight vectors. Since W, (0) is a subspace of an integrable module,
where such currents act trivially, the dual space is in the subspace which couples trivially
to such currents. That is, we must impose the integrability condition, that f(x) vanishes
whenever

== (6.4)

These conditions characterize the space F,(¢). In order to compute the character
of the h-graded component F (¢)[m], we introduce the same filtration as in Sect. 3.4.

That is, let v be a multi-partition consisting of r partitions, where v® + m®, (we
denote this as v - m). We order multi-partitions lexicographically, and introduce the
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evaluation maps ¢, as in Sect. 3.4. The evaluation maps act on the space F,(¢). Let
I'y = Ny~ ker ¢y etc., where the kernel now refers to that of the evaluation map acting
on ¥, (¢). Define the graded components Gr, = I'y/ T}

We compute the image of the induced map @, : Gr, — J{,. Here, J{, is the space
of rational functions in the variables

yz{y;,’,,-|1§a5r,1§i5m£j’),1§a§k},

where m® is the number of rows of length @ in v(®, with possible poles at y(gal) = yc(;/le)

and at y( o =¢p.

Definition 6.1. Let 5:(,, C H,y be the subspace of functions spanned by functions of the
form

H(y) = Hy(y)h(y), (6.5)

where h(y) is a polynomial, symmetric under the exchange of variables with the same
values of o« and a, and

1
Hy) = [ o=y T] o8 -ysih=

a=l1,...,r a=l1,...,r—1
(a,i)>(a’,i") (a,i); (@i
(ap) —Aqa
X 1_[ (Va.i Pr—gp) e, (6.6)
p.(a,i)

By using almost identical arguments to those in Sect. 3.4, we conclude that
Theorem 6.2. The induced map
@, :Gr, T — X, 6.7)
is an isomorphism of graded vector spaces.

Therefore we have that

chgTu(@) =Y chyH,.

m yFm

To compute the character of 3~{v we can set £, = 01in H,(y), as it does not change the
character. Also recall that ch, W, (¢)[m] = ¢™/ch,F, (£). Thus we have

—T - =T —
q%m (C;®A)m—m (id®A)n

T o ol C.
ch,W,(¢) = Z D e® Mm@ Cm (6.8)

r_ﬁelrzﬁk m
Recall thatn = 0V, ..., n)7T with n©® = Za>0 an[(, ), where n( ) is the number

of highest weights of the form u, = awy.

In order to calculate the character for general principal subspaces of sl 1, we can
restrict ourselves to sequences of r partitions of the form ), = apwp,withp =1,...,r.
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The results of Sect. 5.7 show that the matrix K(g) with elements (K(¢));, v(u) =
X, u(q) is invertible, so we can invert the relation (6.1) and conclude that the character
of the principal subspace of a general highest weight is given by

chy Wi =Y K™ uguy.x chy Wi (), (6.9)
n
where the finite sum is over sequences of partitions of the form u = (n(l)wl 714 )a),),

i.e. sequences of rectangular weights, such that v(@) < A (in the sense of Lemma 5.12).

6.2. Characters for general highest-weight modules ofs:\[rH. We can now use the results
of Sect. 4, to obtain the character formule for the Weyl translated principal subspac-
es and, in particular, the characters of general integrable irreducible representations of
slr41.

Let us denote the limit of N — oo of TNcth,L(;‘) (where N is chosen in such a way
that (C, - N)o = 2N, for all a) by ch,; V. (¢). Using the results and notation of Sect. 4,
we find

Chqvﬂ(;) — Z qﬁﬁlTC,ﬁl—%nT»ﬁl ewT-n—wTC,ﬁl
mez’

|~>T 1\ —T . 1\
;m (C;®C, - )m—n (d®C,_,)m

1 roq
X ——— , (6.10)
<q>goaez,¥w Mot Tt (@),
>0
where the prime denotes the constraint Z - améa) = m® mod k. As in the case of

the fusion of the pr1n01pa1 spaces, the second line of Eq. (6.10) leads to an expression
for the string functions, in this case associated to general modules of 5[,+ 1. However,

we can make the character simpler in appearance by reintroducing m! k ) in favor of m@.
This gives

T - T . —
q%m (C;@Am-n (deAm

e@' Mm@ Cm g 1)

1
chy Vi (8)=
e (q)go % l_[a lna l(q) (0‘)

m]({a)EZ (0() €Z>0

This character decomposes into characters of the integrable modules in the following
way

chyVu@) = > Kuulg™h)chyVi, (6.12)
AZv(p)

where the sum is over dominant weights of sl .
We can now invert the relation (6.12), to obtain the character of a general integrable
highest-weight module of s, ;.

Theorem 6.3. The character ch, V), of any integrable, level-k 5/:\[r+] module with highest
weight A is given by

chg Vi =Y (K™ (g™ ))uqu.x chy Vi(d), (6.13)
"
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where chyV (8) is given by Eq. (6.11) and the elements of the invertible matrix K are
given by (K(g))sv(u) = K, u(q), where X, (q) is given by Eq. (5.13). The finite sum
is over sequences of rectangular partitions of the form p = nWwy, ..., nPw,), such
that v() < A in the sense of Lemma 5.12.

‘We note some features of this formula. It is a finite sum, with coefficients in Z[q_l].
Therefore, not only is the positivity of the coefficients of ¢” not manifest from this
formula, neither is the fact that the character is in fact a series in positive powers of g
only.

6.3. Some examples. Let us consider some explicit examples of the matrices of gener-
alized Kostka polynomials, and, as a result, some character formul for non-rectangular
representations. We will do this for sl3 in full generality, and for sl at fixed level.

o~

6.3.1. The case sl3. In this case, it is very easy to write down the elements of the matrix
Ky v(u)- For a given partition A, let /; = A;;11 — A;. Using this notation, we have the
following result

Ky by —ia—j) = 8i.j4" (6.14)

where we have the constraints 0 < i, j < min(l, I). The non-zero elements of K-!
are also easily obtained

—1
Kanwy:am@ =1, (6.15)

-1
Kiw-1n-n@ =-¢ h.L>0, (6.16)

while all the other elements are zero. For the characters of arbitrary 5/1\[3 representations,
this implies for non-rectangular representations (i.e. /1, [ > 0),

1
chy Vi 1) = chy Vi 1) (&) — C—IChq Vi, -1,-1)(8), (6.17)

where ch,; V,(¢) is given by Eq. (6.10) or (6.11).

o~

6.3.2. An sl example. We give an explicit example for the matrix K for representations
of sly, with level k < 4. In addition, we will restrict ourselves to representations with

Zi3=1 il; = Omod 4 (see Sect. 5.7). There are 10 representations of this kind, and we
will use the ordering

0,0,0); (1,0, 1),(0,2,0); (2, 1,0), (0, 1, 2); (4,0, 0),
(2,0,2),(1,2,1),(0,4,0),(0,0,4).
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With this ordering, we obtain the following Kostka matrix

1lg0[00/0g>2 0 00

0[10/gql0 g ¢> 00

00 1/00/0 0 g+4200

0001000 ¢ 00

K@) = | Siooio 0T 000 6.15)

0000001 0 00

0000000 1 00

0000000 0 10

0000000 0 01

The inverse is
1|l—g 0/¢% ¢*10 0 —¢*> 00
01 0[—g —ql0—¢ ¢> 00
000 1/0 00 0 —g—4¢200
00001 0[00 —¢ 00
K-'(g)= 0000 100 —g 00 (6.19)

0000 O[T O 0 00
0000 0101 0 00
0000 01[00 1 00
00 00 01[00 0 10
00 0/0 01[00 0 01

Note that the inverse Kostka matrix has off-diagonal elements with both signs. As an
example, we find that (by making use of Eq. (6.13))

1 1
chy V1) = chy Vi 21)(&) — gCth(ll,O)(C) - ;Cth(o,l,z)@)

1 1 1 1
—(—+ ;)Cth(O,ZO)(C) + pcth(l,o,l)(C) - q—30th(0,0,0)(§),

q
(6.20)
with ch, V(&) given by Eq. (6.10).

7. Conclusion

The main purpose of this paper was to find explicit fermionic character formule for arbi-
trary integrable highest-weight modules of ?[r“, using a generalization of the methods
of Feigin and Stoyanovskii [23]. Because the functional realization of the dual space for
non-rectangular highest weights is too complex for computation of a fermionic character
(see Sect. 3.3.2), we did not compute purely fermionic characters, which would have the
nice feature that they are manifestly power series in ¢, with non-negative coefficients.
Instead, we found explicit character formule as a finite sum of fermionic characters with
coefficients in Z[q_l].

To obtain these explicit characters, we used the following strategy: we computed the
fermionic character formula for the (non level-restricted) fusion product of N integrable
modules with rectangular highest weights 1), = a,wg,, Eq. (6.11), and of the space of
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conformal blocks associated with this fusion product, the generalized Kostka polynomial
of Theorem 5.11.

We thus provided a proof of the conjecture of Feigin and Loktev [8], concerning the
relation between their graded tensor product and the generalized Kostka polynomials
[22, 16] in this case. It is also a direct proof of the independence of the dimension of
the FL-fusion product of the evaluation parameters (the points £,), since the associated
graded space whose character we computed corresponds to the limit £, — 0 for all p.

We then used the characters for the special case of these fusion products, together
with the relation (6.12), to obtain a formula for the characters of integrable modules
of sl 41 of arbitrary (non-rectangular) highest weight, in terms of the inverse matrix of
certain generalized Kostka polynomials, see Theorem 6.3.

The generalization of the discussion in this paper to other simple Lie algebras requires
us to consider the so-called Kirillov-Reshetikhin modules (or rather, their limit to the
loop algebra case, as KR-modules were originally defined for Yangians). These take
the place of irreducible g-modules with rectangular highest weights but as g-modules,
they are not necessarily irreducible. We will explain this generalization in an upcoming
publication.
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