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Abstract: This paper investigates the spectral zeta function of the non-commutative har-
monic oscillator studied in [PW1, 2]. It is shown, as one of the basic analytic properties,
that the spectral zeta function is extended to a meromorphic function in the whole com-
plex plane with a simple pole ats = 1, and further thatithas a zero at all non-positive even
integers, i.e. ats = 0 and at those negative even integers where the Riemann zeta function
has the so-called trivial zeros. As a by-product of the study, both the upper and the lower
bounds are also given for the first eigenvalue of the non-commutative harmonic oscillator.

1. Introduction

When we try to study the so-called spectral zeta function associated with some given
operator, basically it seems difficult to expect it to share with the Riemann zeta function
too many properties such as a precise information of the location of the poles/zeros (apart
from the so-called essential zeros in the strip 0 < Re s < 1), the functional equation,
the Euler product and so forth. However, we might understand part of the information
concerning the analytic continuation from the absolutely convergent region to the left,
an exact knowledge of the first singularity, etc. (see e.g. [MP]). Furthermore, once we
get such information, it even allows us to show the so-called Weyl law which describes
the number of eigenvalues of the operator less than x for x — oo.

The aim of the present paper is then to investigate the spectral zeta function of the
non-commutative harmonic oscillators. It is defined via the spectrum of the following
ordinary differential operator introduced in [PW1, 2]:

32 x? 1 d
Q(x,Dx)=A(—7+7)+J(xax+5), xeR, fi=o— (L)
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g 2 and J = (1) _01 ) We assume that «, 8 € R are positive and
aff > 1. Then it is known that Q defines a positive, self-adjoint operator in the Hilbert
space LZ(R) ® C? which has only a discrete spectrum (0 <)A; < A2 < ... <A, <

. — oo with uniformly bounded multiplicity (see [PW2, 3]). Then the spectral zeta

function £ (s) of the system is defined as

where A =

21
to(9) =Y /\7 (1.2)
j=1"1

for sufficiently large Re s > 0. We can prove in fact ([IW]) that the series converges
absolutely in Re s > 1.

As described in [PW2], when o = B the system becomes unitarily equivalent to a
couple of the usual quantum harmonic oscillators, whereas this cannot hold otherwise. In
particular, if« = 8 = /2 then one knows that 0=0p= %(—83 +x2)1, with 7 being
the 2 x 2 identity matrix, where the intertwining unitary operator is also constructed
(see Corollary 4.1 in [PW2]). Therefore its spectrum is known and actually given by
{n+ %} (n=0,1,2,...) with multiplicity two. This implies the spectral zeta function
£, (s) is explicitly calculated as

e¢]

1
Coo(9) =22 oy =227 = X, (1.3)

n=0 2

where ¢(s) = Zf;ozl n~* is the Riemann zeta function. From this expression, the zeta
function ¢ ¢ (s) introduced above can be considered as a deformation of the Riemann zeta
function (see Corollary 4.7). Though theoretically, the spectrum is described by using
certain continued fractions (see [PW2, 4]) almost nothing is known in reality about the
eigenvalues when o # B (see [NNW] for some numerical observation), since we cannot
expect the existence of the annihilation and the creation operators which enable us to
easily understand a structure of the system like the usual quantum harmonic oscillator.
Thus the main concern of the study of ¢ (s) is to discuss the following questions:

(1) Does the zeta function £ (s) have an analytic continuation to the whole complex
plane ?

(2) What can one say about a Weyl law for the eigenvalues ?

(3) Does one have information about the location of zeros and poles ?

(4) Isitpossible to calculate the special values, for instance, at the integer points, etc. ?

As to questions (1), (2) and part of (3), we have good answers. In fact, we first recall
that the series (1.2) defining ¢ (s) converges absolutely in the region Re s > 1, that is,
¢ (s) is holomorphic there (see Theorem 3.3 in [IW]), and, based on this result, prove
that it has a simple pole at s = 1 as in the case of {(s) (see §2). From this fact with the
information about the residue at s = 1 (see below), one can conclude that Weyl’s law in
the present case is stated as

a+p
Zl W}C (X—)OO)

Furthermore, studying the heat kernel of the operator we prove that £ o (s) can be extended
meromorphically to the whole complex plane C. To be remarkable, we can show that
Lo (s) possesses a kind of “trivial zero” at each non-positive even integer point. In fact,
the main theorem of the paper can be formulated as follows.

An<x



Zeta Functions for the Spectrum of the Non-Commutative Harmonic Oscillators 699

Main Theorem. There exist constants Cg j (j = 1,2, ...) such that for every positive
integer n one has

1 a+ B 1 . Co
g“Q“)_rm[ aﬂ(ocﬂ—l)s—lJrjX_;erZj—l+HQ’"(S)}’ 4

where Hg ,(s) is a holomorphic function in Re s > —2n. Consequently, the spectral
zeta function {g(s) is meromorphic in the whole complex plane with a simple pole at
s = 1 and has zeros for s being non-positive even integers.

Obviously question (3) above should also be related to the question whether or not
there exists a functional equation and/or an Euler product. However, in our case, it seems
very hard to expect any functional equation or any Euler product expression. Hence the
problem is still mysterious whether the “essential zeros” of ¢ (s) are all situated in the
same critical strip 0 < Re s < 1 as those of ¢(s) or not. Actually, it is not yet known if
Lo(s) is free from zero in the half plane Re s > 1, although in the case of the Riemann
zeta function the corresponding fact immediately follows from its Euler product expres-
sion £(s) = [],.primes(1 — p~*)~! for Re s > 1. We only note (see Proposition 2.10)
that £ (s) does not vanish in the region Re s > o¢ with a sufficiently large og > 1.
But still, in this connection, as a by-product of the study, we give the upper and lower
bounds for the first eigenvalue of the operator Q (Theorem 2.9), which are best possible
in the sense that both these bounds coincide when « = f, i.e. when Q is essentially a
couple of the harmonic oscillators.

We will start the proof of the main theorem in §2 early and finally complete it at the
very end of §4, the last section. The method we develop here to prove the main theorem
is based on the asymptotic expansion of the trace of the heat kernel, the integral kernel
of the self-adjoint semigroup e~'€ for r | 0. In this sense, the numbers Cop,j in the
theorem are regarded as analogues of Bernoulli’s numbers (see e.g. [E, T]). As to this
point, we also refer to Remark 2 in the last section. Such an approach as made in the
paper may be in a vein similar to the study [MP].

We have not treated here question (4), which describes the special values of the spec-
tral zeta function at the positive integral points. But in [[W] we have observed that these
values are closely related to certain integrals which involve elliptic integrals and further,
at least in the case where n is small, there is a close connection between the special val-
ues and the solutions of certain singly confluent Heun’s ordinary differential equations.
Here the so-called Heun differential equation is a Fuchsian type ordinary differential
equation with four regular singular points in a complex domain (see, e.g. [WW, SL]).
In fact, the values of {p(s) at n = 2, 3 are described in terms of the solutions of such
confluent Heun’s equations [IW]. In this sense, it is quite interesting to understand the
relation between the values p(—2m + 1) = 2m — 1)! Cgp ,» and {o(2m) through
Heun’s equations.

2. Heat Kernel and its Expansion

Consider the self-adjoint operator [PW1] defined by

1 1
Q = Qupy (v, D) = A (=0 +27) + J(xax + 5), @.1)
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a0 0—
08 10
[PW1] that Q has only a discrete spectrum. Let K (¢, x, y) be the heat kernel for Q, i.e.
the integral kernel of the self-adjoint semigroup K (¢) := e~'€. Throughout this paper,
Tr stands for the operator trace, while tr does for the 2 x 2-matrix trace.

We now use Tr K (t) = ftrK(t, x, x)dx to define the zeta function ¢ (s) for the
operator Q through the Mellin transform

1

where A = with positive o, B and @ > 1, and J = . It is known

_ L OO s—1
Lo(s) = F(s)/o £ Tr K (t)dt, (2.2)

which makes sense for the moment at least for Re s sufficiently large. Now, let K1 (¢) be
the operator with integral kernel K (¢, x, y) given by the pseudo-differential operator

K\ (1) f)(x) = / Ki(tox. y) f ()dy

= ! [[ e enp[ o4 4 272+ ayit) | Fndyas,
(2.3)

for f € S(R, C?) = S(R) ® C2. Then we put
R2(t)=K(t)_Kl(t) or R2(t1x1y)=K(t1x1y)_K1(tsxsy)' (24)
Since K (¢, x, y) satisfies the heat equation

0 = (at + Q)K(tsxa )’)
:(at+Q)K1(t7x7y)+(al+Q)RZ(t7x7y)s t>01 (xsy)esz

we have
(0 + Q)Ra(t, x,y) = =0 + Q)K (1, x, y) = F(t, x, y), (2.5)
and
Ry(t,x,y) — 01, t]0,

because we can check that K (¢, x, y) — 8(x — y)I as t | 0. Therefore, by the defi-
nition of F (¢, x, y) in (2.5), we have by Duhamel’s principle (see e.g., pp.202-204 in
[CH]) that

t
Ry(t) = / e "W F ) du,
0
where

(F(u) f)(x) = f F(t.x.y) f()dy
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and also
t
Ry(t,x,y) = / du/e_(’_“)Q(x, 2)F(u, z, y)dz
0
t
= / du/K(t —u,x,2)F(u, z,y)dz
0
t
= f du/Kl(t —u,x,2)F(u, z,y)dz
0
t
—i—/ du/Rz(t —u,x,2)F(u, z,y)dz. (2.6)
0
In view of the definition of F(z, x, y) in (2.5) again we have
[ Faxnfoy
- f @+ K11, %, ) F )y

m o [T avie) - (4755 s 1)

x[eiwwfe*f[“ # “ﬂfl]f(wdyds

2 2
L/f ei(x—y)s[(A'f “;y +Jy,-g)e—t[A$2?"z+Jyts]
T

2, .2
_<A§ +x e—z[Agzj"ZHyig])
2

2.2 2,2
—J(xig oA ayig] le—z[A‘E 1
2

L // 08 [ 4
T

1 —1 i(x—y)E _AERl Ly i£]
—5(271) TS Je 2 Yl £ (y)dydé.

' ]>]f(y)dyd$

2
Ty — x)ig]e—f[f‘

Hence we obtain

1 ; 2 _x2 202
F(t,x,y) = Z/ez(xfy)S[Ay 2x +J(y—x)i$]eft[’4 = +1yigl gg

1 / 0% AR g g
4r

=:Fi(t,x,y)+ F(t,x, ). 2.7)

We now write {g(s) as

_ 1 : s—1 1 * s—1
to(s) = ﬁ/ot Tr K (¢t)dt + ﬁ 1 *Tr K (t)dt

=1 Zo(s) + Zoo(s). (2.8)
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We show first that Z,(s) is holomorphic, and study Z(s) later. Actually, putting

Zoo(s) = I'(s)Zxo(s), we prove the following assertion with the aid of the result
obtained in [IW].

Proposition 2.1. The function Zoo (s) = f 100 t*~ITr K (t)dt is holomorphic in the whole
complex plane. As a result, it is also true for Z~(s).

Proof. We have only to show that Zoo(s) is holomorphic, since % is holomorphic. Let

{An};2; be the eigenvalues of Q. They are all positive. We have Tr K (¢) = > el
so that

OO(S) = F(S)Zoo(s) = Z/oo [S_le_)\ntdt.
n=1 1

We need to show that the last member above converges absolutely and locally uniformly
in the complex plane. Note that t%¢™" < (a/e)? forallt > 0 anda > 0.

Suppose first that 0 = Res < 1. Then, since Y .-, A;z < 00 (§3 in [IW] or by
Lemma 2.8 below), we have

1 Zoo(5)] < Z / i =3

1 l’l

—An

1 o
<=3y a2
n=1
Next suppose that 0 = Re s > 1. Then

o0 )
| Zoo(s)] < Z/ hn/2)~ D (ot /207 e 2112) o0t 2
n=1 1

< (U_l / (An/2)” (0=1) p=2nt/2

e

(2 S

This proves the assertion of Proposition 2.1. O

o —1\o-1__ >\ e~ hnl?
:( " ) 2 Z % <0o0.

n=1 n

Pl/

Before coming to the study of Zy(s) in (2.8), we explain briefly what we are going
to do for our £ (s) from now on, by illustrating the Riemann zeta function case. It is
easy to derive by the integral representation of the gamma function that

tvl
“)_rm/

This corresponds exactly to Eq. (2.2) above for o (s). Lett /(e — 1) = thio(Bn/n Ne"
(It] < 2m) be the Taylor expansion of #/(e’ — 1) att = 0, where B,, are the Bernoulli
numbers [E]. Using this expansion, we immediately get through the Mellin transform

1 [ < B 1 oo sl
= — o — —dt|.
¢(s) F(s)[nZ_:n! s—l—n—1+/1 el —1 ]
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Obviously, the integral on the right-hand side defines an entire function, just by the same
reasoning as in Proposition 2.1 above. Hence ¢ (s) is meromorphically extended to the
whole complex plane. In particular, since By;;,+1 = Oform = 1,2, ..., this shows ¢ (s)
has a zero at each negative integer (see Remark 2 in §4). However, to get a meromorphic
extension of ¢ (s) in this way, we notice that what one needs is only to find an asymptotic
expansion of t/(e’ — 1) for small ¢+ > 0, since there is no problem for large t > 0,
although, one has had actually the Taylor expansion of ¢/(e’ — 1).

Thus, in the study of the property of £ (s), the main point is to investigate the behav-
ior of Tr K(t) when t | 0, so that the problem is reduced to seeking an asymptotic
expansion of Tr K (¢). As in the case of the usual harmonic oscillator, we expect the
expansion to start from the term for r~! like

TrK (1) ~ c—1t~ 4 cot® + c11 + cot® + e3> + -+ . (2.9)
In order to get this expansion (2.9), we now come back to study Zy(s) in (2.8):
| |
Zo(s) = —/ PTTr K () dt + —— ! 7'Tr Ry(t) dt
I'(s) Jo I'(s) Jo
=: Zo1(s) + Zyy(s). (2.10)

The first task turns out to determine the very first coefficient c_; in (2.9).

Proposition 2.2. For the trace of K| (t) defined in (2.3), one has

Tk () = 2P -1 (2.11a)
JaB@h - D
a+p 1 1
Zoi(s) = (2.11b)

JaB@p—DI(s) s—1
Proof. We have by (2.3) and by change of variables &’ = ¢1/2¢, x' = t!/%x,

Tr K(t) =ftrK1(t,x,x)dx

_ sz /f tr exp[—(A(g2 222+ ing)]dxdg.

To calculate the last integral of the exponential or its matrix trace, we use the polar
coordinates £ = pcosf, x = psinf, 0 < p <00, 0 <6 < 2x.Then

[/ exp[—(A(Ez 122+ ing)]dxdg
_ /Ooo /Ozn exp[—02/2 (i siﬁze —i Slignw)]pdpde

oo p2m ..
_ i o —isin@ ’ oy
_/0 /0 exp[ 0 (isin@’ B )]d,o dao’.

Integrating first in o” and next in 8, we see the last integral is equal to

2nd6/  « —ising - [_ o —isin@’ ] p=ce
0 isind B CXP| =P \isine’ B »

P

2m a —ising\ " 2m B isind 5
:/0 de/(isine/ B ) Z/O de(—isin@ a )/(ozﬂ—sin 0).
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Therefore we have

a+p [P do

TrK @) =
vk 2wt Jo aﬁ—sin29

_Oé+,3/” do _l o+ B
Comt Jo @B-D+Lcos20 1 VaB@p—1)

This proves the first assertion of Proposition 2.2. Here we have used the well-known
formula

) p
/oa+bcos9: =0 4> 1Bl (2.12)

For the second part, taking the Mellin transform of Tr K (), we have for Res > 1,

1 1
Z01) = 1 /O SV K (1) di
= 1 Ol+/3 1t371t71dt: Ol+ﬂ 1
L) Vapp —1) Jo VaB@B —DTI(s)(s—1)

This ends the proof of Proposition 2.2. O

We next study the trace of the remainder term R>(?) in (2.4).
Since by (2.6)

t t
Ry(t) = / Ki(t —u)F(u)du —l—/ Ry(t —u)F(u)du =: Kr(t) + R3(¢),
0 0

by iteration we get

t t—uy

R3(t) = /o dul/o K(t —uy —u2)F(u2) F(uy) dus
t —uy

= /(; dul/(; Ki(t —uy —up)F(u2) F(uy) duy

t t—uy
+/ dulf Rolt — 1 — u2) F(uz) F ) du
0 0

=: K3(1) + Ra(1).
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In this way we define K,,(¢), 1 <m < n, and R4+ (t) successively by

n
Kt)=e"C=Y" Ku®) + Ruy1(0), (2.13a)
m=1
t t—uy t—up—uy t—Ul—UYP——Up—2
K, (1) :f du1/ du2/ du3~-~/ duy,_1
0 0 0 0
xKi(t —uy —up— - —up_1)
XFum-1)Fm—2)--- Fu) F(uy), 1=<m=n, (2.13b)
t t—uy
Ron) = [ aun [ du
0 0
r—up—up t—uy—up—-—uy_|
x/ du3~-~/ Kt —uy—uy—--—up)
0 0

XFup)F(up—1) - Fu2) F(uy) duy,.
(2.13¢)

Further, based on the decomposition F(u) = Fi(u) + F>(u) in (2.7), we introduce a
way of decomposing K, (¢) into the sum

Kn(®)= Y Kne(, (2.14)
seZ’z"’l
where ¢ = (e1,...,&n—1) € Z'Z"_l = {4}~ ! and each €; is so determined as to

be +/— according as, in the decomposition of F'(u,—1) F (u;y—2) - - - F(u2) F (1) in the
integrand of K, (¢), one chooses F(u;)/F>(u;). For instance, we have

Ky, (+.—+) (@)
t r—uy I—uyp—uy
=/ dul/ duz/ dusKi(t —uy —uz — u3) Fi(u3) Fa(uz) Fi(uy).
0 0 0
We first observe the asymptotic behavior of R, (#) when ¢ | 0.

Proposition 2.3. One has

|Tr Ra(¢)] < C(e)t™¢ forevery ¢ > 0,
" (2.15)
ITr Ry 1 (0] < C" st = 2.

Here C(¢) is a positive constant independent of t but dependent on ¢ > 0, and C a
positive constant independent of t and n.

To prove this proposition, we provide the following lemma. If 7 is a compact oper-
ator on a Hilbert space with singular values {u,};2 |, we denote by || T, for p > 1,
the norm ||T||, = (Zsil wH/P For instance, || T||; is the trace norm and ||T'||> the
Hilbert—Schmidt norm.

Lemma 2.4. For smallt > 0,

IF@)|l2 = 0@, (2.16)
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Proof. With F(t) = Fi(t) + F>(t) in (2.7), we have only to show that

IF )2 = 06", (2.17a)
_ atp V2 —1/2
| F2(@®)2 = (m) t . (2.17b)

First consider F;(t). Note that f e ¥ dy = 2m8(%). Using this, we can calculate
| F2()113 = Tr[F5 (1) Fa ()] as

||Fz(r>||%

/ /// —i(y—x)& 7t[AE a? +Jxi&]
(477)2

'7

dx

=X

//// iy(n—¢&) tx(é n) t[Ag +x +sz$] —t[AL +X +Jx’”]d$dndydx
(477)2

(4 )2tr/// 2m8(n — %.)ezx(é M 7t[AE +a? +Jxi&] 7t[A'7 +x? +szn]d€_.dndx

L e

Let A% (x, £) be the two eigenvalues of the matrix

(— J)ez(y z)n]eft[A +Jzzn] d%_dﬂdy]

2 2 %‘2+x2 .
g0, 6) = A ”ZLX + Jxig = (“ 2 ﬁz) (2.18a)

It is clear that

1
At 8) = Z[(a +B)E + D)+ \/(a — B)2(E2 + x2)% + 16x2£2]. (2.18b)
Then, from the calculation above we obtain
1 _
||F2([)||% — g /f[e—2lk+(X»E) +e—2t)u (X,E)]d%‘dx
_ b // [e—g[a(sz+x2)+ b2 (E2+x2)2+16x22]

toslaE+a?)— b2(§2+x2)2+16x2§2]]d§dx
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where we puta := o + f and b := o — B. Putting £ = pcos6, x = psinf, we have

2 Y 7ﬁ[a+ b2+16 cos? 6 sin? 0]
1F20)13 o™tV r16c0st0s

+e—4[“—m]] pdpdd

1 [ 1 1
— + do
87 Jo Lt[a+ b2 +4sin? 20]  tla — /b2 + 4sin? 20]

RS e 2a 1 /27’ (o + B)
20 — 1+ cosf

do = —
8mt Jo a2 — b2 —4sin? 20 8t Jo

_etp 1
8VaBlep—Dt’

Here in the last equality we have used the integral formula (2.12). This proves (2.17b).
We next consider || Fy(¢)[l2 = Tr [F}'(t) F1(t)]. We have

Fi(D)|? = —i(y=2)§, AL L i)
IO = st /Uf/

2
x
x[A5E + (0= -]
, 2_ .2 2,2
Xez(y—z)n[AZ . Y LI — y)in]e—’[A%JFJZ”’] dédndy:| dx

=X

_ i=nGE=, ~1AL2E2 4 gxig) _

- (2n)2 //// [A 2 +J(x y)ls]

X[Ax — +J(x y)ln]e_t[A +J’”’7]dé‘§a'7]a?yd)c

2
2,2 i
= (21)2tr ///[ €iZ(S_n)e_t[Aé 7 +JXIS]|:(A)C +Ji&)z + AZ2/2:|
/4

77

x [(Ax L Jinz+ AZZ/Z] ~MATEE 5 g dndzdy (2= x — y)

1 A . . 1 : iz
= " ////e AT+ ‘5]([(Ax—i—]l&)(—l35)+§A(—18§)2]e ‘f)

"I

1 ,
x([cax + gima,) + EA(i&,,)z]e"Z”) AT L5 g g i,
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where we write 85 = 8 £ On = Bi Then first, by integration by parts, we have

IF®I3 = (Zn)zu I/ / / i2e-)

€24
e

+(—18§) e

[]e

1
+§A(—ia,,)2e—f[f‘

— (—idg)e A

]

(A.x+.]l7])( lan)e An +X +Jxﬂl]

n+x
2

+J"i’7]]d§dndzdx

2.,2 )
B (z2 S / / [-e T — iage”
/g

2 X2 .
+(_ia§)2€—t[‘4é ; +th§](A/2)]
[Je_’[As —idg)e™! AEE i)
]dsdx (2.19)
By integrating in z again with use of [ e2E=Mdz = 278(5 — 1), we have
2 1 AR L gy
IA®IE = 5 / / e [e— MAEE2 4 e (FI1)
1AL —lag)e*’ (FI2)
A5 ”’”élj(A/z)(lag)2 —flA (FI3)
—(—iag)e—f“i”xifl(Ax + JiS)Je_’[AE (FI4)
—(—idg)e” 2(—idg)e” (FI5)
—(—ide)e 2,455
(FI6)
+(idg) e +””f'(A/z)Je*”Ag (FI7)
+(ide) e +J“E](A/2)(Ax + Jig)(—idg)e”
(FI8)
+(iag)2e—’ ZemHA :|d$dx (FI19)

Among the integrals (FI1)-(FI9), we see easily that (FI1) + (FI2) + (FI4) = 0. In fact,
by integration by parts, we have

11 . o\ AR 4 ig)
(FI2) = (FI4) = —— — // tr J(Ax + Jig)(—ide)e ? ]dsdx

( 12 —2[A
22 //r

5 S dgd = ——(FII)
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So by cancelling out these three integrals, we have by change of variables £’ = /£, x' =

Vix,

1RO =5 / / tr[ te (FI3)
—(—iag)e_[A 2 —iag)e_[A (FIS5)
—t(—idg)e 1A +J“¥](Ax + JiE)(A/2)(idg) e E52 4 xig)
(F16)
~|—t(i8s§)2e_ 02 4 gaig) (A/2)Je (FI7)
+t(i85)ze_[A
(FI8)

£2+4

J4) (00 )% 1A ]dgdx (F19)

It follows that || Fy(¢)|l» = O ~'/?). This proves (2.17a). Thus we can conclude that
IF®Oll2 < IF1@)]l2 + [|[F2(0)]l2 = O(@~'/?). This shows (2.16). This completes the
proof of Lemma 2.4. O

Proof of Proposition 2.3. First we treat the case n = 2, i.e. consider R»(¢). Since
t
Tr Ry (1) = / Tr (e~ "~ F(u))du, (2.20)
0

we get
ITrle“2Fw)] < le” " CFw)l < le” 2L Fwl2.  (2.21)
‘We notice here that
le=1="2)1, < Ca(e)(t — u)~1/2+9), (2.22)

with an arbitrary & > 0 and a constant C>(¢) > 0 dependent on ¢. Indeed, if {A,}7° | is
the set of the eigenvalues of Q, since A, — +00 we have

o0
=02, = (Z 672(I7u))»,,)1/2

n=1

— (Z(Z(t _ M))\.n)_(l+8){(2(t _ u))\n)l+se—2(t—u)kn}>l/2

n=1

14+e\0+0/2 /on o\ /2 e
() ) Mo

n=1

whence the bound (2.22) follows from the fact that o (s) = ZZOZ 1 A, * is bounded in
Re s > 1+ ¢ for every ¢ > 0 (see Theorem 3.3 in [IW] or by Lemma 2.8 below).

Hence by (2.21) we obtain that [Tr [e~C—C F(u)]| < CC(e)(t — u)~ G+ u~7 by use
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of | F(w)|2 < Cu~'/? in Lemma 2.4. It follows from (2.20) that | Tr R»(1)| < C(e)t™¢
for every ¢ > 0.

We next study the case n > 2. Since by Lemma 2.4 we have ||F(u)|l2x-1) <
| F(u)]l» < Cu~'/? with a constant C > 0, and

|F(up—1)--- Fu) F(u)ll2 < 1F@n—Dl2—1) - - 1 F @) 20— ) 1 F @) 12021y
we obtain forn > 2,

ITr Ry 1 (D] < ITr Ry 1 () [t

t t—uq t—u1—uy f—up—up—-—Uy—1
5/ du1/ du2/ du3~--/ duy,
0 0 0 0

x |le™ T m2 == Q B ()5 | F (up—1) - - - F(u2) F (1)l

t t—uy t—u1—uy T—Ul—Up—-—Uy—1
< / du / du2[ dus-- / du,
0 0 0 0

x [le™ 2= QI () |2 | F (p—1) - - F(u2) F (1)l

t t—uy
< C"/ dul/ duy
0 0

t—uy—uy t—up—uy—-—Uy—1
X / dus- / (Upuy_1 - - ~u2u1)_1/2du,,
0

3
0
1 1—uy
= Cntn/Z/ du1/ duy
0 0
1—uy—us l—uy—up——up—1
X/ d“S"'/ (ntt—1 - - ugup)~du,
0 0

2L (1/2)"T(1) 2 _ cn ra/2)” 2
L'(l+n/2) ra+n/2)
Here in the second to last equality we have made the change of variables u’j =u;/t,j=

" as the u; again. This shows (2.15), ending

1,2, ..., n, and then rewritten the new u [

the proof of Proposition 2.3. O
To proceed further, we now recall (2.2) for o(s), (2.8), (2.10) for Zy(s) =
T(s)~ 1 Zo(s):
Co(s) = Zo(s) + Zoo(s), (2.23a)
Zo(s) = Zoi(s) + Z{p(s), (2.23b)
and Proposition 2.1 for Z,.(s) = F(s)_lzoo(s) and Proposition 2.2 for Zyi(s) =:
()™ Zoi (5).

We perform now analytic continuation of £ (s), one step to the left from the region
Res > 1.

Proposition 2.5. ¢ (s) is holomorphic inc = Res > 0, except at s = 1, and

oa+p 1 1 n 1 3
JaBB —1DTIs)s—1  T(s)
h(s) := Z{(5) + Zoo(s). (2.24)

(s),

Lo(s) =
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Here Zog (s) is holomorphic in the whole complex plane, while l;(s) is holomorphic in
Res > 0 and uniformly bounded in Re s > ¢ for every ¢ > 0.

Proof. Putting Zéz(s) = I'(s)Z(,(s), we have only to show 262(3) is holomorphic
o = Res > 0, because ﬁ is holomorphic in the whole complex plane. We have by
Proposition 2.3 with n = 1 that

C(e)

1 1
|20 (5)| 5/ 1~V Tr Ry(t)|dt < C(s)/ 7 =
0 0 o — &

for any ¢ > 0 with a constant C(¢) > 0, so that 262 (s) is holomorphicino = Re s > 0.
This together with the previous observation shows the assertion of Proposition 2.5. O

As an application of the proposition we now show the so-called Weyl law for the
spectrum of our Q. Note that each eigenvalue A ; is positive. To count the number of the
eigenvalues of Q less thana given T > 0, we define the counting function of eigenvalues
by

No(T) =#{Aj € SpecQ; A; < T}.
As a corollary of Proposition 2.5 we have the following estimate of No(T').

Corollary 2.6. One has

o+ B

N~ Zep—D

T (T — o0).
Proof. Since for a > 0 we have

o
e ¥ :/ eS18(t — a)dt,
0

it follows that, if A; > 1,

o
A= es1ogh; =/ e 18t —logAj)dt. (2.25)
0

Since we can write No(T') = ZA,-<T 1 we have

Z 8(t —logrj) = No(e') — Z 1.

A.j>1 )»jfl

Note that the last sum is finite. Hence by the formula (2.25) we obtain

Cols) = Y a7 = /OO e*S’(NQ(e’) -y l)dt

<l 0 rj<l
0 1
— f e ' No(e')dt — - Z 1, (2.26)
0 gV

for Re s > 0. By Proposition 2.5 we know that {o (s) can be written as

a+p 1
JaBap —1)s —1

So(s) = + h(s),
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where A (s) is holomorphic in Re s > 0. Hence by (2.26) we have
a+p 1
Japap —1)s —

for some function f (s) which is holomorphic in Re s > 0. We now recall the following
Tauberian theorem due to Wiener—lkehara (see e.g. [Wi]). O

/ - ¢ ' No(ehdr = -+ ) (2.27)
0

Lemma 2.7. Let g(t) be a non-decreasing and positive function defined on t > 0. Sup-
pose that the integral fooo e S g(t)dt is expressed as

/ e leg()dt = b + f(s)
0 s—1

in a domain containing Re s > 1 with some continuous function f (s) inRe s > 1. Then
we have

gt)~e (t— 00). O
By the expression (2.27) it immediately follows that

Vapap —1)

at B NQ(e’) ~eée  (t > 00).

This actually shows the assertion of the corollary with T = ¢'. 0O
In order to describe a zero free region of o (s) we need the following result.

Lemma28. Let Q' = A~1/20A°1/2 = %(—8)% +x%) + yJ(x0 + %), where y =
(aB) V2. Then for real s satisfying s > 1 it holds that

(max{e, B STrQ'° < TrQ~* < (min{e, B}) "TrQ'". (2.28)
In other words, for s > 1 one has
(max{a, B)72(1 — yH) 22" — D) < ¢o(s)
< (min{a, BHT2(1 — yH 225 — DE(s). (2.29)

Proof. The proofs of the left and right inequalities of (2.28) are similar, where we use
the Lieb-Thirring inequality ([LT,Ar]). We have given a proof to the right one in [IW]

as Eq.(2.28). Instead of repeating it, we show here only the left one. Since Q’ -
AI/ZQ_lAl/z, we have for s > 1,
Tr Q'™ = Tr (A2 -1 A1/2)s

S TrAS/ZQ*SAS/2

— TI. AS Q—S — TI. Q—S/ZAS Q—S/2

< (max{a, B})*Tr Q.
This proves (2.28). To show (2.29), it is enough to recall the following formula (see
Eq.(3.16) in [IW]):

Lor(s) =Tr Q™" =2(1 = y*) 22" = D& ().

Hence the lemma follows. 0O
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Remark 1. The operator Q" above is unitarily equivalent to («¢8)~'/? times a couple of

the usual harmonic oscillators with mass 1 and classical oscillator frequency /o — 1
(see Corollaries 4.5 and 4.1 in [PW2]), i.e.

2 _
0= (aﬂr”z[—% + %21%2]1.

Using the inequality (2.29), we can give the bounds of the first eigenvalue A of the

operator Q.

Theorem 2.9. The first eigenvalue Ay of the operator Q satisfies

min{a, B}v/1 — 1/(aB) < 271 < max{a, B}v/1 — 1/(@p). (2.30)

Moreover, let m g be the multiplicity of the first eigenvalue X1. Then,

mg <2 when A = %min{a, Biv1—1/(ap),
mg >2 when A = %max{ot,,B}\/l —1/(ap).

Proof. Though there is a simpler second proof of (2.30), as in Remark 3 below, which
is based on the fact noted in Remark 1 above, we will give here a direct proof in due
course. Let m o be the multiplicity of the first eigenvalue A;. Since

to(o) =moi” + Z 2,7 = 2{minfa, B}y 1 —1/(@B)} 7 (2% = 1)¢(0)

An>A1

by the right inequality of (2.29), we have

m (min{a,ﬂ}vl - 1/(01/3)>0 n Z <min{a,ﬁ}v1 - 1/(0513))U
0 2A1 2y

An>A1
o

<22 _

= 20

{(0) > 2 (0 — +00), (2.31)

because { (o) — 1. Here we used the fact that ¢ (o) < 1 + floo ff—ﬁ,‘ = JUTI foro > 1.
This implies in particular the inequality

min{e, B}v1 —1/(@f) _ !
201 -
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Further, if the equality holds above, we obviously have m oy < 2. Similarly we have from
the left of (2.29) that

o

-1
—~¢(0)

(max{a ﬂ}x/l —1/@B)\’ N

>\

<mg

(max{a, BIVIT = 1/(aﬁ))"
2hn

mQ(max{a, BIVT = 1/(aﬂ>>”

<max{a ,B}«/il T/ (@p) ) -2 <max{oc,ﬁ}«/—1 = 1/(aﬂ)>2
+ >
201 Py 2

max{a, B}/T—1/(@B)\’
=mg 201

! ’ =7 o—2 2
“ (max{a ﬁ}z«/k] /(Otﬂ)> {max{a,ﬂ} 1— 1/@3)} o2 (2.32)

for o > 2, whence letting 0 — 400 we obtain the inequality
| < max{a, B}/1 — 1/(ap)
- 201 '
Otherwise, the last member of (3.32) should go to 0, contradicting the factthat{ (o) — 1

aso — +o0. If the equality holds above, itis also clear that 2 < m . Hence the assertion
follows. 0O

Remark 2. Suppose o # B. It is known [NNW] that mp = 1 when « and 8 are large
enough. 0O

Remark 3. We have given above a direct proof to the bounds (2.30) of the first eigen-
value A1 of Q in Theorem 2.9. However, we can give a simpler proof, appealing to the
non-trivial fact on Q" noted in Remark 1 to Lemma 2.8. Indeed, this implies that the
first eigenvalue of Q' is (aﬂ)’l/z%«/aﬁ —1= %«/1 — 1/(ap). Therefore, for the lower
bound, since Q = A/2Q’AY2, we have foru € S(R) @ C?,

(Qu, 1) 2 3T 1/@H (A, w) =  minfe, BT~ 1/(@P)(u, ).

It follows that A > % min{a, B}4/1 — 1/(aB). This lower bound coincides with the one

in (2.30). On the other hand, for the upper bound, since Q' = A~120A~Y2in turn, and
since (Qu, u) = (Q'A™V2u, A=V2u) > A (A" u, u) for u € S(R) ® CZ, we obtain

Tz /@B >y minfa~!, g~} = — 2L
2 =7 : ~ max{a, B}
Hence A < %max{oz, BYv/1 —1/(af). This upper bound coincides with the one in
(2.30).

We note also that our result (2.30) is explicitly refining an assertion, Corollary 7.11,
p-596, in [PW2], that the first eigenvalue A of Q is in an unspecified neighborhood of

the point ;1,3 (o, B) = JaBJ/aB — 1/(ax + B), because this point lies between our two
bounds obtained in (2.30). O
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Related to these bounds of the first eigenvalue of Q, one can show the following

Proposition 2.10. There exists a oy > 1 large enough such that the zeta function £g(s)
does not vanish in Re s > oy.

Proof. Since

£o(s) = A;S[mQ + 3 (%)_} (2.33)

An>A1

if o = Re s satisfies the condition

2

An>A

—0

A
u <mg, (2.34)

m

we have ¢¢(s) # 0. Obviously this can be achieved if we take o sufficiently large. This
proves the proposition. O

Remark 4. We try to find og in Proposition 2.10 as small as possible. First note that (2.34)
is equivalent to

Lo(0)A] < 2my. (2.34)

So we need to let oy satisfy (2.34°). Indeed, it does by the right inequality of (2.29), so
long as oy satisfies

(minfa, B))~72(1 — y3) =227 — )¢ (00) < 2moAr;”
or

290 — 1
200

(2.35)

C(o0) < m | mintes YU = yH2\%
0 Q 201 '
Ifx = %min{a, BIv1—1/(ap), wesee,since (o) < J"Tl foro > 1, that there exists

aog > m’ggl which satisfies (2.35), so that o (s) # 0 when Re s > o¢. However, if

Al > % min{a, B}+/1 — 1/(aB), there may necessarily exist no op > 1 which satisfies
(2.35), since, as oy — o0, the right-hand side of (2.35) tends to 0, while the left-hand
side of (2.35) tends to 1, again because 1 < ¢(0) < UUTI foro > 1.

In particular, when & = B = +/2, i.e. in the case of a couple of the harmonic oscilla-
tors Q = Qy, the right-hand side of (2.35) is equal to 2 because A} = % and mgp, = 2,

so that 2?0_1 ¢(09) < 2. Therefore, applying the above analysis to the Riemann zeta

function case can only give the result that there exists ogp with 1 < o9 < % such that
£ (s) does not vanish for Re s > oy, though ¢(s) does not vanish in factin Re s > 1,
what can be indeed assured by the Euler product. O
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3. Asymptotic Behavior of Tr K>(¢)
In this section, we establish the asymptotic expansion of Tr K»(¢) for ¢+ | 0. This is a
preparation to learn how the general case will go in the subsequent section. We shall
present necessary ideas to provide lemmas which enable us to develop the arguments in
the general case, that is, the asymptotic expansion for Tr K, (¢).
The main purpose of this section is then to show the following proposition.

Proposition 3.1. For small t > 0,

(e.¢]

Tr Ka(t) ~ > eajt/, (3.1)

j=0
with ¢z j = 0 for j = 2€ being nonnegative even integers.
Proof. Let F = F1 + F, be in (2.7). Then, by (2.14) we may write K, (¢) as

Ko(t) = Ko+ (t) + K2 —(2),

where from K;(¢) in (2.13b) we have
t
Ko (1) = /O K\t — u)Fy()du,
t
Ky _(t) = / Ki(t —u)F>(u)du.
0
Then, for instance, for K> (¢) we have

fK2+(t x,x)dx = 2 )2/ //// =2 == ”)[An 5 yin)
-2

X[Ax +J(x—z)1§] ia=0)§ g—ul

/ //// =) (—8) p— (-1 ATFE i)
(27T)2

—2 T(x — z)zs]

x[A

We hence get by change of variables u’ = tu, x' = /tx, 7/ = /tz, & = Jt&, n =

NUB
/ Ko o (t, x, x)dx = (27‘[)2t / / / / / -2/t

][Ax

e~ (1-wI[A

+ J(x — z)lé]

—u[AE

3.2)
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Similarly we have

1 :
f Ky, (1, x,x)dx = ——2(21)2t/ du //// ei(x—z)(n—é)/te—(l—u)[A"2;“2+sz]
0 0

2.2 )
x J e MAST=HINE gy dedy. (3.3)

For the traces of both K> 4 (f) and K _(¢), we are going to show the following
lemma.

Lemma 3.2. Fort | 0, one has

(1) Tr K2 4+(¢) ~ 0.
(2) Tr Ko —(t) ~ Z?o Oc(2 )tj, with 05.2’_) = 0 for j = 2¢ being nonnegative even
integers.

Proof of Proposition 3.1. Since Tr Ko (t) = Tr K2 4 (¢) + Tr K2, _(¢), it is clear that the
assertion of Proposition 3.1 immediately follows from this lemma by taking c3 ; =

2.-)
¢;7 7. O
Now we give a proof of Lemma 3.2, which is a little lengthy. First we prove (1).

Proof of Lemma 3.2 (1). Write Tr K5 4 (¢t) = T1(t) + T»(t). Here we put
+ p
/ dutr //// i(x=2)(n=§)/1 ,—(1—- u)A”Jr +Jzin]

T en )2
X[A -2 ] —ul AR

D du tr i(x=2)(n=8)/1 ,—(1—w)[AT= 242 | i)
o | e

x[J(x —z)ile”
We show that Tr K 4 (¢) is real and T (¢) = 0. For T1(t) we have

2r) le(t)—/ dutr //// —amD =8/~ (1-w)lA

[Ax _Z :Ieiu[AE

/ dutr //f/ i(x—=2)(n—=§)/1 ,— (1= u)[A”+~ +Jzin]

W[4t (1> =0, & > —§)

/ dutr ///f i(x=2)(n—=£)/1 ,—(1—w)[AT5 242 i)

)C—Z

5
x [A ]e_”[A ) g e dx

= Q2n)*t Ty (1).
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Hence we have T () = Ti(¢). In the same way we have T»(f) = T(¢). This proves
Tr K2 4+(2) is real.
Next, we show T7(¢) = 0. This is seen, because

/ du tr /ff/ i(x=2)(n=§)/t ,—(1—- u)[A”+ +Jzin]

xA—e [As
/ dutr //// i(x=2)(n—£)/1 ,—(1— u)[A”+ —Jzin]
XA i | —u < u)
/ dute //f/ (=2 =)/t~ (1) A 4 i)
xA ’“[Ag
2 ¢

where we used the relation tr (ABC) = tr (C* B*A*) at the last equality.

Thus, in order to show that Tr K> 4 (¢) ~ 0, it suffices to prove that 7> () ~ 0. We need
the following lemma.

Lemma 3.3. (Asymptotic Formula). The asymptotic expansion holds:

I S(x)0%8(y)
i\ kX
&MY ~ 2 E e A — 00, (3.4)

in the sense of tempered distributions in R?, i.e. in S'(R?).

The statement of this lemma means that for all f € S (R2), we have, for every positive
integer m,

— S(x)akf?(y)
A
Z T D
k=0
m—1 .
// e £ (x, y)dxdy — 2nzk'/\k+la§a§‘ (0, 0)
=0 "y A > 0. (3.5)

Note that the lemma is stated in [EK], p. 225, but seems rather involved. So we will give
a direct proof.

Proof of Lemma 3.3. We show (3.5). Since S(R?) = S(R)®S(R), where the tensor
product is completed in the - and/or e-tensor product topology, because these spaces
are nuclear spaces, we have only to show it for f(x, y) = ¢(x)¥(y) with ¢, ¥ € S(R).
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By Taylor’s theorem

m—1 (k) 0 m 1
P(x) = ];) 14 k!( ) & + (mx_ ¥ [0 (1—6)""1p™ ©Ox)do, (3.6)
m—1 (k) 0 m 1
V() = ];) wkf Dk (my_l)!/o =6ty ™@eyds. 3.7
Then we have by (3.6)
f / M (g (y)dxdy

1 ‘
=3 // Vo /MY (y)dxdy (x" = hx)

2 )
- g / 9 G /A)P(—x) dx

27 3 ®(0) . NGz
U RAPY: /xk‘[’(_x)dx Y=

1
x/x’" / (1 —0)" o™ Ox/0)d6 Y (—x) dx
0
= L, (A) + Ru(M), (3.8)

where 1} is the Fourier transform of .
To calculate I, (1), we see that

/x"x&(—x)dx = (—1)"/x"&(x)dx = (—1)’</e"x5x"1&(x)dxé
- (—1)"@(—1'35)"1//(5)0‘5_0: V2rify®(0). (3.9)

Therefore

m=l o S® 0y ® (0
L) =27 Y ik%. (3.10)
k=0

To estimate R, (1), we have

1
‘/xm / (1 —0)" o™ 6x/1)d ¥ (—x) dx
0

1
= '(_1)m/xmf (1 —0)" o™ (0x/1)d6 ¥ (x) dx
0

1
/xm/ (1= 0)" L™ Ox/1)d0 ¥ (x)(1 +x>)(1 + x> dx
0

< 7 sup 9™ (x)] sup |x"™ (1 + xH) P (x)| =: Cp',
X X
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because f (1 + x3)~'dx = 7. Hence we obtain

[Rn(M)| < V27 Cp' < Cpr~ D, (3.11)

1) y)hm+l
Thus with (3.10) and (3.11) we have proved Lemma 3.3. O

Let us return to the proof of 75(¢) ~ 0.

In the following, we shall abuse the notation to write the distributional inner product
like the first member of (3.5) as the integral

0% 8 (x)088(y)
// ’M‘ -2 Z ik A )f(x,y)dxdy.

Then by Lemma 3.3 above we have for small r > 0,

© 4 S — 2)0ls(n — )
T5(1) ;0(271)% fo aure [[[[ e j,

Xe*(lfu)lAnzzrzerJzi??lJ(x Z)lf;:e +sz$])dndzd%_dx
= j ! i 772+z2 .
_ ﬂ/ dutr ////5(x —2)8(n _5)375 (e—(l—u)[A 3 +sz]>
T 0
j=0
Xa,{ (J(x 2)ike +sz§ )dndzdédx. (3.12)
oo (2,+)

In other words, if we write To(¢) ~ > j=0C; tl, by the Leibniz formula we obtain

1 i/ ! ; :
2+ _ - _ ] —(1-u)[A
€ _27rj'./ dutr/f/é(x z)B ¢ )

[szg(af Lo mulASFEA Il | g )i (a) et AT ]dzdsdx
1/ !
S
2t )y

4TzET : pig (ai—1 —u[AEE L]
- )mg(ax p ; )dgdx. (3.13)

i

We are hence going to show all the 3

i vanish. To estimate the integrand of the last

z[/ﬁ

integral in (3.13), we use the Taylor expansion of e
if A7 (x, &) is the smaller one of the two positive eigenvalues (see (2. 1 8ab)) of the matrix

£24x7 ; : : :
[A>—=— + Jxi&], then its matrix norm obeys:

2 X2 . —
”e—t[As * HIXE)| = ot (8) < o=t (E+x?) (3.14)
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for all (x, &) with ¢ := c¢(a, B) = m > 0. Indeed, to see this, we use

the polar coordinates £ = r cosf, x = rsinf to get

r2

)F(x,f;‘):Z[(a+ﬂ)—\/(a—ﬂ)2+45in22e]z of —1 2

@+P+Ve—prrd

when o8 > 1.
We now recall the Taylor theorem for a matrix M:

n

—t j ) —t n+1 1
M — Z QMJ + %M”JA / = ‘E)neand‘l:,
n: 0

!

=0 7

Then
2,2 ) n AV 2 2 —t n+l 2 2
e—t[A§++sz§]=Z( ) [AS +x +iné]p+( ) [AS +x 4 Jxig!
p! 2 n! 2
p=0
1 2.2 .
x/ (1 = 7yl THATT = +IxiEl g (3.15)
0

Taking the x-derivatives 8){, we have

R .
a){e t[A > +Jxi&]

n 2 2 +1 2 2
)P _; +x ) —1)" ; +x )
-y ( ') dI[AS . + i)+ ¢ n)' &{([As o+ i)
p=ti21 P :

1 $2+x2 .
X / (1 _ _L_)I‘le—l’f[A 7 +sz$]d'[).
0

(3.16)

Hence, by virtue of the estimate (3.14) we obtain

S 2 )
8,{6 HA—F—+Jxi§]
n

(=D B :
> o 3l 1A > FIxEV + T 5,8, (A7)
p=1j/2]+1 ’

where the matrix norm of Tn(i)l (t, x, &) satisfies

tn+1

1T 2, )l < O (R 4] R4, (3.18)

with £2+4x2 < R?.The same is valid for the &-derivatives. Thus we see that the expansion

o0

2 2
e_t[A$242rx2 +Jxik] _ Z (—t)P [AS +x

+ Jxi&)? (3.19)
p=0
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is, together with all its x- and £-derivatives, convergent in the matrix norm uniformly
on each closed disc, 52 + x2 < R?, with radius R > 0.

We introduce a radially symmetric cutoff function xg(x, £) for R > 0. Let p(r) be
a nonnegative C*°-function in r > 0 with p(r) = 1 forr < 1/2 and = O for r > 1. Put
xr(x, &) = p((E2 +x2)Y/2/R). Then, from (3.13) we see that
1

i
2n¢c(.2’+) = lim du

i/ R—o00 Jo

Jj —(- )[A’52+"2+J i1\ ;s j—1 [A52+2 €]
o e e e T (i s )
(3.20)
Now using (3.17) we see for the (&, x)-integral in (3.20) that
i . . 2,.2

o [[ nces) (a0 1) jJig @i e AT |dgax

” —(1 - P . 2 2
—tr // xr(e 6)| CA=mhippt erx + Jxig]?

1
p= [1/2]+1 ’

+T9 (1 —u,x, 5)]

. (o £+ x? ) -1
x[;]zé( Yo el AT 4 sl + 797w, x, g))]dgdx.
a=t/n 1
The integrals on the right-hand side above except the ones involving the remainders

T(/ )1(1 —u,x,&) or Tn(il l)(u, x, £) vanish, because the integrands of these integrals

are odd in x or £, or by taking the matrix trace. Thus we arrive at the estimate

trf/ XR(x,E)~-~‘

o
< [[ asax e[ S SRS A -

p=Lj/2]+1

1
+ Z qu”Tm (1=, O+ 1T, = x, ONTL wx, 0)1]
/2]
, R2n+4+j-1 4 R2n+4+] RAn+06+2j—1

n! (n!)?

SCn[eR ] — 0, n— oo,

for fixed R > 0. This shows the desired assertion c(.2’+)

; = 0 and hence completes the
proof of (1) of Lemma 3.2. O

We come now to the proof of (2) of Lemma 3.2.

Proof of Proposition 3.2 (2). From the expression (3.3) of Tr K> _(t) ~ ZOO_O c
we have with the aid of Lemma 3.3,

2,-) —(1—u ”* 2
=g e -5

x Jaf( e )dndzdgdx. (3.21)

2, )t,
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Now we show that the ¢'>™

We have from (3.21) that

G = O e [ s
2© = 22m) 20! Jy SO

20 —(1— )[A”2“2+J in] 20( — [Af2+ 2 j
x 02 <e AL Z’")JBX (e ulAS= )dndzdgdx

1 (=Dt ! 22
_ (=D dute 79 (e—u[Ag % +sz§]>3€24
2027) 20! Jo

s (em A=A g gy

. 1 (=Dt ! 2 —ulAEEE 4 yxig]) 420
=— lim —— dutr Xr(x,&)J0; (e 2 )85
R—00 2(21) (20)! Jy

x (e*“*“)[A‘EZY2 ) g dx. (3.22)

In the same reasoning as used before, we have only to show that for every R > 0,

2 —ul AL L gxie]\ 20 [ —(—)[AEED Txig] _

tr Xr(x,8)J0; (e 2 9 (e 2 dédx=0.

(3.23)

Using (3.17) and its counterparts for the £-derivative, one finds the integrand in the last
member of (3.22) turns out to be

noo 2
r // dedx XR(x,g)J( 3 ( :')p aM[As er 1 Ixig]? +Tnﬁ‘f(u,x,g))

p=t+1

vanish with j = 2¢ being non-negative even integers.

n 1 2
(¥ (=a ”))qagﬁmf T g + 70 — ., ).

!
q=0+1 q: 2

Then, by analogous arguments used before, we see that the integrals except the ones
involving the remainder terms Tn( +1) (u,x,&) and T, n(izl)(l — u, x, &) vanish, by taking
the matrix trace or because the integrands are odd in x or £. Therefore, for fixed R > 0,
the left-hand side of (3.23) obeys

trf/XR(x,S)-“‘

<t //dédxx;e(x s)[ > - o R T (1~ x. )]

p=t+1
(1 2 2¢ 20
+ Z =07 g 2750 2, ONHITE) (=, x, ONTSE ., x, 6)
g=t+1 !
) R2n+4 + R2n+4 R4n+6+4€
an[eR ] — 0, n— o0.
n! (n")?

This yields (3.23) and hence 05.2’_) = 0 when j = 2{ is a non-negative even integer.
This completes the proof of (2) of Lemma 3.2. O
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Corollary 3.4. With Zoo (s) in Proposition 2.1,

tols) = —2FF Lo !
08 = JeB@B —D 6 — DI(s) | T(s)
k
€22i—1 A~ A~ N
X[;—Hz;_ I +h1(s)+h2(s)+zoo(s):|v (3.24)

where h1(s) is holomorphicinRe s > —2k—1, having a bound |h, (s)| < C1(k)/(Re s+
2k + 1) for every positive integer k with a positive constant C1(k) dependent on k, and
flz(s) is holomorphic in Res > —1, having a bound |f12(s)| < Cy/(Res + 1) with a
positive constant C».

Proof. We have by (2.2)/(2.13a),
1

[e'e) 1
Co(s) = [/ 7 Tre ™€ dr +/ ST [K () + Ko () + R3(z)]dt}
L) LN 0

1 [e'¢) 1 k )
—[/ "I Tre="9 dt+/ PR () + Y ot
re L, 0 =

k
HEK2 () =Y eanjat T + Rg(t)]dt]
j=1
oa+f 1
VeB@B —1) (s — DI'(s)

= Zoo(s) +

+1 Xk: j : + hi(s) + ha(s)
F(s)j:162’2]_1s+2j—1 1(s 2(5),

where we have by Proposition 3.1 and by (2.15),

1 k
hi(s) := F(s)hl(s)=/ T {Ko(t) = Y canjt* T dt
0 =
1
— / tsjlo([2k+l)dt,
0
1 1
ha(s) := T(s)ha(s) :/ f—lTrR3(t)dt=/ 1o @) dr.
0 0

From these expressions, it is easy to verify that hy(s) is holomorphicinRe s > —2k —1

and h(s) is holomorphic in Re s > —1, respectively, with their bounds mentioned in
the assertion. This proves Corollary 3.4. O

4. Asymptotic Behavior of Tr K,,,(¢) and the Main Theorem

In this section, we study the trace of K,,(), m = 3,4, ..., in general. Actually, we
show the following asymptotic expansion of Tr K, () for small # > 0 by developing
the idea used in the previous section. Using this result, we will obtain the asymptotic
expansion of Tr K (¢) and hence the main theorem of the present paper.
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Theorem 4.1. Form = 2,3, ..., one has fort | 0,

o
Tr K (1) ~ Y cm jt’. (4.1)
j=0

with ¢y, j = 0for0 < j <m —2and j = 2L being positive even integers.

To save space and argument we shall use the following notations: Let V (x) be a linear
space of formal power series in x. We denote by V¢V*"*(x) (resp. Vodd (x)) the subspace
of V(x) consisting of the even (resp. odd) power series. Let DV (resp. D7) be the space
of all diagonal (resp. anti-diagonal) 2 x 2 matrices with entries in C.

Since D*D* ¢ DY, D*D¥ ¢ D—, D¥D* c D, we can see from the Taylor
expansion, already given in (3.19),

o 2 2
e*u[A#JrJéix] _ Z (—u)? (A%‘ +x +in§>f’
p! 2
p=0

the following

Lemma 4.2.

2.2 )
e—u[AE%-‘rJEZX] c Veven(x) ® Veven(g) ® D-‘r + Vodd(x) ® V()dd(g) ® D_(42)

Here the parameter u is regarded as a positive number and each tensor product R is
understood to be commutative. O

From this fact, for each positive integer j, it immediately follows that

2j-1 a5 4 Jgix] dd ve +
8)( e u ) X c v(} ()C) ® Ve Ln(g) ® D

+Vr(x) @ V9 E) @ DT, 4.3)
. 2,2 .
8)%] e—u[Aé er +J&ix] c Veven(x) ® Veven(%-) ® D+
+Vd(xy @ V&) @ D (4.4)

The above formulas obviously hold also for the differentiation d¢ in place of d. (For

. . R £24x2 | e
explicit calculation of the derivatives of e ™[4 2 +/§*I by x and &, see Lemma 4.9

below, though we don’t use them in the discussion in the sequel.)
We are now trying to illustrate with the present notations how to recover our result
obtained in Proposition 3.1 by means of the following

Example. InProposition 3.1/Lemma 3.2, we have shown that in the expansion TrK (, ()
~ Z?io cﬁ.z’*)t/ , all the coefficients C%’i) of the even powers of ¢ vanish. In the proof
of Lemma 3.2, we have used the Taylor theorem to estimate the remainder terms. As a
result, we have shown these remainder terms did not give any effect on the evaluation of
the values of the coefficients cng_). Therefore, since the integrals like (3.22) are guar-
anteed to converge because they are essentially Gaussian integrals, it turns out that only
what we have to perform is termwise integration for the terms coming from the Taylor

expansion (3.19), by taking account of the parity in & or x, or the matrix trace.
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Thus, by the expression (3.22) we have
(—1)j+]471(2j)!c(2.’_)
=/ dutr // 92] g-ul A5 +Ixig] 2] =1 —u[a e +th§]d%—dx]

cv [[[rfvrrwovere et v viim o veiie o )

Xiveven(x) ® Veven(é.) ® Dt + Vodd(x) ® Vodd(%-) ® D‘}]dédx

cu f f [1{veerc @ vern@) @ D + vedd ) @ vedd €) @ D |agax
— D" x / / Vold(x) @ VO (€)dedx = {0},

which reproduces the desired assertion in Lemma 3.2 (2). O
Now we deal with the general case. Let
A ==, ) €R™TN S up >0, w4 uog < 1)
be the simplex in R™" ' du =duy---duy_; and denote by 6,,—1 (1) the characteristic
function of the simplex AL Namely, for instance, 6y () = 0 (u)0(1 —u) if m = 2,

and 6, (u1, up) = 0(u1)0(1 —u)0(u2)0(1 —uy)0(1 — uy — uo) if m = 3, etc., where
0 (u) is the Heaviside function. Put

2,2
T+()C,y,§) = +J()C—y)l€,
1
T_(x,y,&) =—=J.
(x,y,8) 3
Fore = (e1,...,em—1) € Zg’_l,where gj = &, we denote by £(e) =#{j ; &; =+,

(1 < j < m — 1)} the number of the + in ¢. Note that the function T is homoge-

neous; T+(t%x, t%y, t%é) =tT4(x,y, &) fort > 0. Recall the decomposition (2.14) of
K (¢). Then it is not hard to see from (2.13b) with (2.3) and (2.7) that Tr K,,, - (¢) can
be represented as

®2m M

Tr K (t) = t_l(g)_lf du Gm—l(”)/ l_[dg] 1_[ dZJ Qr )m
Am—1

x @0 =2m=1Em~+@m—1=2m-2)5m -1+ +(11 Zo)El ]/f

*(1*M1*~'~*Mm—1)[ fit
X tr {e

7m|+1‘§m11m 1:|

1 £2422
m— Sj— .
_u,-[A L] 1+Js,-zz,-1]}

HTsj(Zj—hz,-,Sj)e

j=1
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= te-1 / du O (1)
m—1

®2m m m—1 1 m—1
. . i(2j=2j-1)Ej=Em)/t
[ Lt e o T 00

£2 422 1
—(I—uy—-—up-1) A%"‘nglimfl
xtr{e
(_ 2,2
n 7uj|:A§j+;j_]+JSjiZj71:|
17 o1z e L@s
j=l1

Here we note that

m—1
(20 — Zm—1)m + @m—1 — Zm-2)m—1 + -+ + (21 — 20)81 = Z(z; —z;-1)E — &)

j=1
and use the convention
m—t m—1
[[Bi=Buw1--B. [][Bj=Bi Bu (4.6)
j=1 j=1

for matrices B;.
Using the asymptotic expansion formula described in Lemma 3.3, we see that

fom 1 ad 0 il1+"'+em—lt£l+“‘+£m_1+m—1

1_[ el(zl'_zj—l)(;/_s’n)/t ~ (zn)m—l Z .

i El' . em—ll

j=1 £1=0 L—1=0
m—1 . .
[T 058G — 25— 8655 — ). @.7)
j=1

Integration by parts for each &;-variable therefore yields

O bt

1 00

TrKpe(t) ~ = > -+ — 1
’ ... |
27 =0 (mil:()ﬂl. em—l-

®2m m m—1
X/NH du@m_l(u)/ ﬂd;,- Jl_!)de

bt tlm—1+m—L(e)—2

m—1 m—1
x [T=0%a: 86 —zj-0) [T (=D6; — &)
j=1 Jj=1
Sty

%ﬁlﬁ‘JSmimel] }

—(1—u1—~-—um71)[A
X tr {e
24,2

0; —u-[A — +JE'lZ'71:|
x [T Ty jmr ziogpe L7 L s
j=1
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Here we note that there are no terms with respect to X with k negative integers in the
asymptotic expansion (4.8) for small ¢ > 0, because we see by (2.13abc) and (2.15) that
K, () is part of Ry, (¢) and [Tr R, (2)| < Cput™=D/2 with a constant C, > 0 dependent
on m for m large.

Now we introduce the following convention: Assign a pair of integers k, j to each

of the four cases

f(x, &) e

to write

veven (x)y @ Veven(g) @ DE : k=j=0 mod?2,
veeery @ vedd@E) @ b 0 k=0, j=1

vodd (xy @ veven(g) @ D : k=1, j=0 mod?2,
vedd(x) @ Vodd (&) @ D* . k=j=1 mod?2,

f(x, &) = x(k)E)D* .

The idea of the following lemma is useful.

Lemma 4.3. For each non-negative integer L one has

£2442

/S(x—Z)BXL{T_(x,Z,E)e_u[A : +]éix]}dz

= x(L)§(0)D™ +x(1 4+ L)§(1)DT,

52+X2 . :I
+JE
2 X }dz

/a(x —9oH{ Tz, E)e_“[A
= x(0)&(L)D™ +x(1)&(1 + L)D™,

/ 5(x — 2) BXL{TJF()C, . E)eiu [A 52}2 +J§ix] }dz

_ !x(L)S(O)D+ +x(L+DsMD™ (L =1),

0 (L=0),

2,.2
i +Jsix]}

/a(x —2) a;{n(x, z, g)[”[A

Proof. By the formulas (4.2) and (4.3) after Lemma 4.2, note first that

X

Since J D* c DT, we have the first two assertions (4.9)/(4.10) immediately.

2,.2
al‘ fuliA“E erx +J$ix:|
e

mod 2,

dz = 0.

=x(L)§O)DT +x(1+ L)E()D™.

(4.9)

(4.10)

@.11)

4.12)

(4.13)

Now we prove the third, (4.11). It is clear in the case L = 0, so we may assume
L > 1. Then by (4.13) we see that
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—u[Aszgxz
o[ Tex 2. e

+JEix]}
2_ 2 _[Ashﬂﬂ.]
zaxL{(A)C 2Z +J(x—z)i§)e ‘0 S”‘}

2.2
_ L(LZ— 1)A8)CL?2€_M[A& ;

2,..2
+Jsix] ul:AE 1 +JSix]

+ L(Ax + Ji§)ok e

x2_ 72

—u [A g2 +J§ix]
+J(x —z)ig)afe .

+(A
Hence we have

52+x2
fuliA >

/a(x ~ 90Tz e +Jm]}dz

= L(L — D{x(L —2)£(0)AD™ 4+ x(L — DE(1)AD™}
+Lx{x(L — DEO0)AD" + x(L)§(1)AD™}
+LE{x(L — &) DT +x(L)E(1)J D™}

= L(L — D{x(L —2)€(0)D" +x(L — DE(1)D™}
+L{x(L)§)D" + x(L + 1E(1)D™}
+L{x(L — DE()D™ 4+ x(L)E(0)D"}

= L(L — D{x(L)EQO)DT +x(L + DE(1)D™} + L{x(L)E(0)D™
+x(L + DE(1)D™}

= L{x(L)s(0)D" 4+ x(L + DE(1)D}.

This proves the third assertion. The last assertion (4.12) is clear because there is always
a factor x — z and it holds that x§(x) = 0. This completes the proof of the lemma. 0O
In order to prove the terms of 12* with integers k > 0 are absent from the asymptotic
expansion of Tr K, (¢) for small ¢, we need a little more preparation. First, by analogous
arguments made in the proof of Lemma 4.3 above, we see also that

[AEZHZ +JEi ] [A$2+x2+JS' ]
—u ix —u ix
a;[n(x, 2. E)e 2 } €D (x— 23l e 2
2_ 2 _ A52+X2+].]
+(AT— I - pig)oke o[t

€ D™(x - 2)(*(OEL — DDF + x(DEL)D")
+((x2 D+ (x — z)sD*) (x(O)é(L)DJ“ +x(DEL + 1)D*).
We may regard
D™ (x — z)(x(O)E(L — Dt -I—x(l)é(L)D’)

=D (x —2)§ (x(O)é(L)DJr +x(D)EL + l)D_>,
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since we only have to keep the parity of functions. Hence we obtain

L —u [A 52?‘2 +Jéix:|
oL Th(x 2. 0)e |

e ((2=AD* + (v = 9EDT ) (xOEWDT +¥(DEL + D). (4.14)

A relation with T_(x, z, £) in place of T4 (x, z, &) also is easily obtained, rather as a
special case of (4.14). Thus, defining

1 if &=+,
"(e)_{o if oe=—,

we have shown by (4.14) the following

Lemma 4.4.

I —u[AEZerXZ +J$ix:|
o7z 9)e |

c [K(S)A(x, ZE)+ (- ;c(g))z)—}(x(o)g(L)D+ +x(DE(L + l)D_),
(4.15)
where
A(x,z,8) = (x* =)Dt +(x —2)ED ™. O

We are now in a position to show that the coefficients of #>* with k non-negative
integers vanish in the asymptotic expansion of Tr K, (¢) for ¢ | 0.

Proposition 4.5. For m > 2, one has c;,,2¢ = 0 for every integer £ > Q.

Proof. Since K, (1) = ZseZgH K¢ (1), we have

k=Y. ", (4.16)
e€ly” !
so that the assertion immediately follows if we prove c2 Z = 0. Note by (4.8) that the
coefficient c(m #) of K in the asymptotic expansion Tr Ky, (1) ~ > po ¢ (m Otk is given
by
) = > e, (4.17a)
£ lyp—1>0;
L)+ Aly 1 +m—L(e)—2=k
(m.e) i(|+~"+€m_1
¢, = duBpm_1(u
bt 20y gy ! /A,,H =1 00)

m—1 m—1

®2m M
x/ Hdéj ndz] 1_[32/ 8(zj —zj— 1)1_[5(51 &m)

j=1 j=0 j=1 j=1
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5,2,,+z,2"71 .
—(l—uy—-—um_1) Af“!‘fgmlzm*l
X tr [e }

1 AT .
2 —u [A I _J +]E-lz>1:|
x [Toc {7 imrnzjigpe L7 T (4.17b)
j=1

Hence by Lemmas 4.2 and 4.4 it is easy to verify with £,, = O that

®m m—1 m—1

Z.
e [ dutneso [as [T az [T 0 -0
j=0  j=1

x [ I1 {zj_1(0)$(€j)D+ +zjo1(DEE; + 1)D—]
j=1

m—1
x [T {xepae 1.0 +a —K(s,-»D—}}. (4.18)
j=1

Note here that it is legitimate to change the order of the products in the integrand above
because we have the relation DT D~ = D~ DT = D, etc.
Integration by parts with respect to zg therefore yields

Cxq,f),ﬂmfl et /Am—l At Om—1 (1) / dé/ 1_[ 4 1_[ az;ﬁl(s(zj S
j=0  j=2
m
X[H {Zj,l(o)g(zzj)D+ + zj—1(DEE; + I)D_}
j=2
m—1

< [T {cenac1.2.6 + (1 =}

j=2
x8(z1 = 20004 { (2006 ) DT + 20(DE(Es + HDT)

x(K(e1)A(Zo,Z1,S)+(1 —K(el))D—)H. (4.19)
Here we use the Leibniz formula to calculate the 35! derivative as
91 { (0 DT +20(DE W + D7) (kD) Ao, 21,8) + (1 = (e D™ )}
= /é) (Ekl) {r’if(}_"(zo(o)fE(ﬁl)D+ + zo(DE; + 1)D—)}

x|k (k(enAto. z1,6) + (1 = k(D) }
€ (Zo(fl)ff(ﬁl)DJr + 20061 + DEW + I)D*>

x (ke A0, 21,8) + (1 = k(1) D)



732 T. Ichinose, M. Wakayama

+ (20061 = DEEDD* +20(€)E € + DD Jic(en) oD* +£D7)
+(20(61 = DEEHD* + 2061 = DEE + DD (e D*
C (z0(e08(E)D* + 2061 + DE(E1 + 1DD7)

x (ke (D + A0, 21.6) + (1 = k(@) D7) (4.20)
Thus by (4.20) we see that (4.19) becomes

Q@m—1m—1 m—1 ¢
Cgl’f’f‘),lmfl el Am—] du 9m7] (u) / dé »/ 1—[ dzj 1_[ az;ilS(Zj - Zji])
=l =

J

X

| TT fes1 @D + 2500 + 007
J

2

-1

[T {xenacr.z.0+a = e}
j=2

x|z E0EENDT + 2101+ DEEr + 1)D—}](K<sl>D+ + (1= k(e)D7).

(4.21)
By integration by parts with respect to the next variable z;, we see by (4.20) that

@m—1m—1 m—1

e.
c%’-?),emq etr /Amil du 9m—1(u)/d§/ 1_[ dzj l_[ 018z = 2j-1)
j=1 j=3

X[H [/ 1) D* + 21 ks + 1D}
j=3

m—1

x {K(sj)A(zj_l,Zj,s)Jr(l—K(sj))D*}
Jj=3

x8(z2 = 2092 (21€DE@ + )DT + 214 + DE@ + 2+ 1)D7)
x (ke AG1 22.6) + (1 - K(Sz))D_>}]
x(K(el)Dﬂr(l —K(sl))D*). (4.22)
Calculation of the Bf 7 derivative, similar to (4.20), gives
aﬁf{(zl(el)g(el +0)DY + 218 + DEW + 6 + 1)D—)
x(k(e)Ar, 2,6) + (1 = k(2D ) |
& (2161 + )6 + )DY + 216 + &+ DEE + &+ D)D)

« (K(Sz)(D+ +A(z1, 22, 8) + (1 — K(ez))D_>. (4.22)
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Hence it follows from (4.21) that

@m—2m—1 m—1 ‘
it e [ dutnaaw [ae [ TTaz [Tl 06 =20
j= =3

x [ [T{zi-1@&@pD* + 221 (Dgce; + 107
Jj=3
m—1
X 1_[ [K(Ej)A(Zj_th,é) + (1 —K(sj))Df}
j=3

X[zz(ﬁl +0)EE + L)DT +z2(0) + €2 + DEWE + €2 + 1)D}:|
2
<1 (K(Sk)D+ (- K(Sk))D_). (4.23)
k=1

Continuing this procedure successively and recalling ¢,, = 0, we now arrive at the
following result. O

Lemma 4.6.

cg"‘f)‘zm_] I= tr|:/Am—l du Qm_l(u)/fdgdzm_l

xfano1 (€14 e DE@ + -+ ) DT

Famo1 (€1 b+ DEE + -+ + by + DD

m—1

<[] (K(aj)D+ +( —K(gj))D—)] O (4.24)

j=1

Proof of Proposition 4.5 (continuation). It follows from Lemma 4.6 that

cyl"f}’lw etr [/Am_. du Gm_l(u)/dé

xe(@i 4+ Lao)DF £+ + by + DD JOHO DO

Ctr |:/d§{§(£1 4.+ me])(D_)m_l_Z(s)
FEW + -+l + 1)(D—)m—£(s)}i| = (o}, 4.25)

whenever £1 + - - - + £,,_1 +m — £(¢) is even. Thus the coefficient cZ"’f_’j_) ¢, vanishes

when {14 - -+£€,,_1 +m—£(¢) is even. This completes the proof of the proposition. O

What remains for the proof of Theorem 4.1 is to show the following proposition.
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Proposition 4.7. Suppose m > 2. The coefficients ¢, i vanish fork < m — 2.

(m

Proof. Recall the coefficients ¢ ) and cé'ln’f) Gy in (4.17ab) with respect to ¢ in the

asymptotic expansion Tr Ky, ¢ (1) ~ Y pe c,((m’g)tk. Therefore, to show the assertion, it

suffices to check that CZ"’.‘?_) by = Owhen &1 +--- 4+ £,,_1 < £(g). In this case, since

£(e) < m — 1, there exists some { with 1 <i <m — 1 such that ¢; = 0 and &; = +.
Hence, by analogous arguments used to derive (4.19) from (4.18), we can see that there
is a factor §(zj4+1 — zi)A(zi, Zi+1, &) in the integrand. Since §(x)x = 0, we have the
assertion. This proves the proposition. O

Itis clear that Theorem 4.1 immediately follows from Proposition 4.5 and Proposition
4.7. In particular, the fact we have shown, that those coefficients {c;,, ;} in the asymptotic
expansion (4.1) are arranged in an (almost) triangular array, is highly non-trivial and is
quite important. As a result, we can show that the spectral zeta function £¢ (s) has a zero
at each non-positive even integer, i.e. at s = 0 and at the same point as the Riemann zeta
function has. In fact, we have the following theorem.

Theorem 4.8. One has
a+p 1 1
Lo(s) =
JaBp —1)TI'(s)s —1

1 - C2j—1 N n .
To) [Z st =1 M)+ Zoo<s)] (4.26)

j=l1

where fll(s) is holomorphic in 0 = Res > —2n — 1, having a bound |ﬁ1(s)| <
Ci(n)/(Res + 2n + 1), and hy(s) holomorphic in o = Res > —n/2, having a bound
lha(s)| < Ca(n)/(Res+n/2), for every positive integer n with positive constants C1(n)
and C(n) dependent on n. Consequently, g (s) is meromorphic in the whole complex
plane with a simple pole at s = 1, and has zeros for s being non-positive even integers.
Proof. Note that Tr K(1) = Y, _ Tr K (t) + Tr Ry41(¢), where | Tr Ryq1(2)| <
cn L2 4n/2 with a constant C > 0, by (2.13) and Proposition 2.3. Hence by Theorem

T (1+n/2)
4.1 together with Proposition 2.2 we have

a+p
vap(ap —1)

Tr K(t) ~ L 1t + 62,3t3 + 6‘2,51‘5 + Cz’7t7 + 6279t9 + .-

+ c3,1t + 03,3t3 + C3,st5 + 03,7t7 + C3,9t9 +-
-1-64,3t3 + C4’5t5 + C4,7t7 + C4’9t9 + -
+65,3t3 + C5’5l5 + 6‘5,71‘7 + C5,9l9 + -

+C6,5t5 + C6’7t7 + C6,9t9 + -

. 2j+2
Thus, putting c; =0 and ¢z = ZES ce2j—1, we have

n
o .
Tr K (1) ~ _eth Y cojat* !
j=1

Vap(ap —1)

- ~ . C"I'(1/2)"
— . 2j-1 A= n/2
+{m§:2Ter(t) j§:lc2]_1t }+ Ta +n/2)0(’ ).
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Noting this fact, to show the remaining part of the assertion we may use exactly the same
argument as in the proof of Corollary 3.4. Here we have for /1 (s) and A, (s) in (4.26) ,

1 n n
|hi(s)] = ‘/ ST T K@) = Y eajmit¥ Y ar
O .
j=1

m=2

Ci(n)

1
<C tRes+2ndt -
- 1(”)/0 Res+2n 41

and

1
lha(s)] < / 57 Tr Rypy (1)dt
0

W DAY [ ke, CTA2
- T(d+4nr/2) Jy IF'(l+n/2)Res+n/2’

Thus the theorem has been shown. O

Putting Cg,j := c2j—1, the main theorem in the Introduction follows immediately
from Theorem 4.8.

ForRes > 1,itis easy to verify thatin the classical limit, i.e. the limit whenq := o/
approaches 1, £o(s) yields (¢ — 1)75/2 . 2(2° — 1)¢(s) (see [PW1] or Lemma 2.8).
Moreover, since the theorem above is true for all positive &, 8 withap > 1, we conclude
that the classical limit of £ (s) essentially becomes the Riemann zeta function.

Corollary 4.9. Asa/B — 1, {o(s) converges to (% —1)7%/2.2(25 — 1)¢(s) as mero-
morphic functions. Of course, this agrees with the well-known fact that ¢ (s) has a simple
pole at s = 1 with residue 1. 0O

Remark 1. Tt is furthermore interesting to study the situation in the limit when the ratio
q = /B tends to 0 (or +00) with the value of the product «f kept fixed, and to com-
pare it with a so-called g-analogue [KKW] of the Riemann zeta function as well as the
corresponding crystal zeta function [KWY]. See also [P] for a study of a perturbation
of the spectrum of the non-commutative harmonic oscillator which may provide some
idea to this direction. O

As a concluding remark of the paper, we discuss whether or not one can take the limit

n — o0 in (4.26) in Theorem 4.8, namely, (1.4) in the main theorem. First we note that
though we have Ca(n) = % — 0asn — oo, we cannot conclude that the C{(n)

tend to O nor are even bounded. In fact, it is not easy to get an effective estimate which
allows us to conclude that the series Z;'.:l szj—]’il converges as n — 00. To explain the

situation we try to give some estimation of 3% BgM e~ which is necessary to have a

good bound of c,(('"’g). Here recall (2.18a), that is,

£2 4 x2 . LS S
gx, ) =A + Jxi& = 2 22 |-
2 xi& ,BST
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Lemma 4.10. The matrix Z)XL 85M e~ 45 s hermitian for any non-negative integers L
and M when x, & € R. One has

dee 1) = P(x, £)e MITE) = U p(y £)* 4.27)
with P(x, &) = Pi(x,§) +1P2(x, &), where Pj(x, &) are hermitian matrices given by

Pi(x,§) = —0:q(x, 5)u = —(A§ + Jix)u,
Py(x,€) = i[8:q(x, §), q(x,§)]

x2_€2 2 2

=-— X[J, Alu? = —(a — B)~ f

xu’K.

Here the commutator of matrices M| and M is denoted by [M, My] = M1 M, — M, M,

and K = (1) (1)) A similar equation also holds for the differentiation with respect to x

in place of &. Moreover, for higher order derivatives, it holds that for any non-negative
integers L, M there is a matrix-valued polynomial f1, p(x, &) of degree 3(L + M) such
that

3)53?’16—”4(%,5) = fL.u(x, s)e—uq(xf) — e_uq(x’S)fL,M(x, £)*.
Proof. The first assertion is obvious. For the second, note that

x4+ (§ + h)? h?

qx,E+h)=A > —i—Jix(f;‘—f—h):q(x,é)—i—A&h—f-A?—l-Jixh

2
=q(x, &)+ (AE + Jix)h + Ah? =q(x, &) + dq(x, E)h + O ().

We employ the Campbell-Hausdorff formula (see, e.g. [H]) which says that
exp(tA) exp(tB) = exp (tA +1tB+ %[A, B] + 0(1‘3)). Then we have

l(efuqoc,sm) _ efuq(x,é)) _ l(efuq(x,sw)euq(x,s) _ 1) o)
h h
1
- Z[exp{ — udeq(x. E)h
2
- [Peax, &), g OJh+ 00D — 1] e,

Thus taking the limit 7 — 0 we see that

12
e ™08 = —(udeq (x. §) + T [9q (6. §). gx. §)])e7 .

Then we have
xZ _ %-2

4

dee 1) = —((A& + Jix)u +i(a — p) xKu?)e 148,
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since

2_|_%-2

[AE + Jix, AT

%-2
= 5 ix[J, A1+ EixE[A, J]

[9:4(x. ). g(x.8)] + Jixk]

2 2 %-2

_x g ]A_
=— ix[ i(a —ﬂ)

This proves the first equality of (4.27). The second one follows by taking the adjoint.
The last assertion follows from the first formula. O

e~14%8) obeys e.g.

From this lemma we easily see that the hermitian matrix 3 8;”

12
||3){‘8§’Ie—u4(x,§)||2 = [tr (fL,M(X, £) frm(x, S)*e—2uq(x,§))i|

< N frm @, ©)lafle™ @)

Here we denote the norm and the Hilbert-Schmidt norm for a matrix by the same nota-
tions || - || and || - ||, respectively, as used for an operator in §2. Obviously, [le~#48)|| =
e’“ﬂ(’“’é), and || fr m(x, €)|2 is a polynomial in x and £ of degree 3(L + M), though
of degree L + M when a = B because the term P, (x, &) disappears. Therefore, for
instance, if L =0, M = 1, we have

I fo.1(x, )13 = I1P(x, &)]13 = tr (P1(x, &) — i Pa(x, £))(Pi (x, &) +iPz(x £)))
2
= u?tr ((A§ + Jix)?) +u*tr (((a _prt xK) )

4
— w20 + BHEL + 2u%x% + —(a — B2 (x? — D22,

Accordingly, the observation above together with Lemma 4.10 will suggest to us only to
hold that the absolute values of the coefficients c¢pj_; are dominated by

73172 /1, which is clearly insufficient when « # 8 to prove the convergence of the se-

ries “ Zi‘;l v—f-22];il ". It would be desirable to elucidate whether this estimate |c2j 1] <

(constant) x j3//2/j! for all sufficiently large j is best possible or the same estimate
|c2j—1| < (constant) x j /2 /i1 holds as in the case where @ = 8 (see Remark 3 below).
In the latter case we may let n — oo in Theorem 4.8, but not in the former case.

Remark 2. Note the zero of £o(s) at s = 0 is simple. We conjecture also that the zeros
of £ (s) (which are at least produced by ['(s)~") at the negative even integer s = —2j
are all simple. O

Remark 3. Recall Bernoulli’s numbers B,, (see e.g. [E], p.11) are defined by

t > Buw_y_ 1, 12 1 t4+ 146 11l < 2m)
el =1 20620 304! 426!

Note that By;,,+1 = 0form =1, 2, .... (Notice that the definition of Bernoulli’s number
in [T] is different from the present one.) Then it is well-known that
BZm

1
5(0)2—5, ¢(=2m) =0, ¢ —2m )——2— (m=1,2,...). (427
m



738 T. Ichinose, M. Wakayama

Since Q = Qg = %(—83 + x%)I when @ = B = /2, the trace of the heat kernel is
given by
TrK(t) = Tre~ Q0!

o0
1 1
=2 et = ezt

—2{1+ L l(lt)2+ l(lr)3+ 1<1t)4+ }
a 20 21\2 31\2 41\2

x[l—l+BzL—B4£+~-]

t 2 2! 4!

:2|:t_1_lt+<1.iBz_l.L_'_L)tz
8 2 2! 2 2122 3123

T I L AL N
( 23123 T2 T and T 4 4)
14

=2t*1—lt+—t3+---,
4" a1

because By = %, By = %, etc. Note here that the equation above is the Laurent

expansion of Tr K () = (sinh %)_1 att = 0 (0 < |t| < 2m). Since the coefficients
of this expansion are closely involved with Bernoulli’s numbers, we are suggested to
consider the constants C ; defined in the proof of the main theorem above as analogues
of Bernoulli’s numbers.

Notice also that when o« = B we may take the limit # — oo in Theorem 4.8 (hence
in the main theorem) because |3 1| are dominated by j4/2/j!. This is compatible with
the fact that 2% — 0 (see §2). Actually, since 52 = 2(—1)"~'(27)~2"¢(2n) and
|£(s)] — O when Re s — oo, from the Euler product expression we have (l;%!
and By, 41 =0forn > 1.

Moreover, by the partial fraction expansion of sec z, the functional equation ¢ (s) =

F(s)_IZS_lns(cos %>_1§(1 — 5) of £(s) ([E], [T]) yields

-0

0]

1 —1)Jtl
Cou) =22 = 1¢0) = s et Y D
J

T'(s) =ms—2j+1}m_s)‘

Hence, this equation together with the above interpretation of Cg ; shows the main
theorem may be considered to give a quasi-functional equation of g (s). O
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