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Abstract: We address the question whether Bohmian trajectories exist for all times.
Bohmian trajectories are solutions of an ordinary differential equation involving a wave-
function obeying either the Schrodinger or the Dirac equation. Some trajectories may
end in finite time, for example by running into a node of the wavefunction, where the
law of motion is ill-defined. The aim is to show, under suitable assumptions on the initial
wavefunction and the potential, global existence of almost all solutions. We provide an
alternative proof of the known global existence result for spinless Schrodinger particles
and extend the result to particles with spin, to the presence of magnetic fields, and to
Dirac wavefunctions. Our main new result is conditions on the current vector field on
configuration-space-time which are sufficient for almost-sure global existence.

1. Introduction

We study a mathematical question arising from and relevant to Bohmian mechanics
[5, 1, 11, 3, 10] and its variant based on the Dirac equation [6, 7] (henceforth referred
to as the “Bohm-Dirac theory”). In these theories, the motion of particles is defined
by ordinary differential equations (ODEs) involving the wavefunction, see (3) and (5)
below. The mathematical question we address is global existence, i.e., whether (under
what conditions and how often) the particle trajectories are well defined for all times.
One obstruction to global existence is that the velocity given by (3) or (5) is singular at
the nodes (i.e., zeros) of the wavefunction. In particular, there are trajectories that are not
defined for all times because they run into a node. Thus, the strongest statement one can
expect to be true is that global existence holds for almost all solutions of the equation of
motion. As we show, this is in fact true for suitable potentials and initial wavefunctions.
As a by-product, one obtains from almost-sure global existence the equivariance of the
|, |? distributions; the definition of the notion of equivariance is given and elucidated
in Sect. 2.4 below.


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


350 S. Teufel, R. Tumulka

The relevance of Bohmian mechanics to the foundations of quantum mechanics arises
from the fact that a world governed by Bohmian mechanics satisfies all probability rules
of quantum mechanics [5, 1, 11, 3, 10]. Bohmian mechanics thus provides an example of
a “quantum theory without observers,” one in which no reference to observers is needed
for the formulation of the theory, and an explanation of the quantum probabilities in
terms of objective events.

The authoritative paper on global existence of Bohmian trajectories is by Berndl
et al. [4]; see also [2]. We note that the proof given by Holland [15, p. 85] is incorrect
(see [4] for details). We also remark that the general existence theory for first order ODEs
with velocity vector fields that are not Lipschitz but only in some Sobolev space [9] does
not apply to Bohmian trajectories. The results of [9] hold for vector fields with bounded
divergence, while the divergence of a Bohmian velocity field, such as in (3) and (4),
typically diverges at nodes of the wave function. Berndl et al. [4] already proved almost-
sure global existence for suitable potentials and initial wavefunctions; while they give
a proof only for spinless nonrelativistic particles, a similar proof could presumably be
devised for Bohmian mechanics with spin [1, 3] and the Bohm—Dirac theory. We provide
here an alternative proof that covers, in particular, all cases covered by their existence
theorem; in addition, our result also covers Bohmian mechanics with spin and magnetic
fields and Bohm—Dirac theory; for the latter our result and its proof become particularly
simple thanks to the fact that the Bohm-Dirac velocities are bounded by the speed of
light. Even more generally, our result can be applied to any Bohm-type dynamics, as
we formulate conditions on the current vector field on configuration-space-time that are
sufficient for almost-sure global existence.

There are three ways in which a trajectory can fail to exist globally: it can approach a
node of the wavefunction (where the equation of motion is not defined), it can approach
a singularity of the potential (where the equation of motion need not be defined), or it
can escape to infinity in finite time. Hence, the main work of any existence proof for
Bohm-type dynamics is to show that almost every trajectory avoids the “bad points”
(nodes, singularities, infinity) in configuration space. The method of Berndl et al. is
based on estimating the probability flux across surfaces surrounding the bad points and
pushing these surfaces closer to the bad points; in the limit in which the surfaces reach
the bad points, the flux vanishes.

Our method, in contrast, is based on considering a suitable nonnegative quantity along
the trajectory that becomes infinite when the trajectory approaches a bad point; if such
a quantity has finite expectation, at least locally, then the set of initial configurations for
which it becomes infinite must be a null set. That the expectation be locally finite can
be paraphrased as an integral condition on the current vector field.

To illustrate our method, we briefly describe an argument of this kind: the total dis-
tance D traveled in configuration space in the time interval [0, T'] becomes infinite when
the trajectory escapes to infinity during [0, T']. To prove that D is almost surely finite,
we prove that it has finite expectation. A calculation shows that

T
EDS/dt /dq|J|, (1)

0 R3N

where J is the spatial component of the current vector field. Thus, the finiteness of
the right-hand side of (1) is a natural condition on the current ensuring that almost no
trajectory escapes to infinity in [0, T'].
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This argument was already sketched in [14]; it was inspired by a similar consideration
in the global existence proof of [13] for Bell’s jump process for lattice quantum field
theory, another Markov process depending on a wavefunction v; and having distribution
|, |? at any time ¢; the quantity considered there was the number of jumps during [0, T'].
Finally, a related argument was also described in Remark 3.4.6 of [4], see our Remark 5
for a comparison.

Another difference between our method and that of Berndl et al. is that we do not
make use of a certain nontrivial fact that Berndl et al. need, namely that the | |?>-prob-
ability of crossing a surface ¥ in configuration-space-time is bounded by fz |do - jl,
where do is the normal on ¥ with length equal to the area of the surface element and j
is the current vector field. Indeed, we use this fact only for surfaces lying in ¢t = const.
slices of configuration-space-time, for which it is much simpler to prove, see Lemma 1.
To be sure, the statement about general surfaces is interesting in its own right and also
relevant to other applications such as scattering theory, but its proof takes several pages
in [2].

While our innovation concerns sufficient conditions on the current for almost-sure
global existence, there remains the functional analytic question of deriving these condi-
tions from conditions on the potential and the initial wavefunction. We carry this out in
several example cases but contribute nothing original; we employ the same arguments
as Berndl et al. or standard arguments.

This article is organized as follows. In Sect. 2 we give the definition of Bohmian
trajectories for both the Schrodinger and the Dirac equation; we elucidate the relevance
of the current vector field to the trajectories and their distribution. In Sect. 3 we state
and prove our results in terms of a current vector field. In Sect. 4 we state and prove
our results for Bohm—Dirac theory. Finally, in Sect. 5 we state and prove our results for
Bohmian mechanics.

2. Setup

We briefly recall Bohmian mechanics and the Bohm-Dirac theory for a system of N
particles. Then we describe what singularities we will allow in the potential. Finally,
we point out how for both Bohmian mechanics and Bohm-Dirac theory the trajectories
arise from a current vector field on configuration-space-time.

2.1. Equations of motion. In Bohmian mechanics, the wavefunction is a function ¥ :
RxR3N — Ck where R represents the time axis, R3V the configuration space of N parti-
cles, and C¥ the value space of the wavefunction representing the internal degrees of free-
dom of the particles such as spin (and possibly quark flavor, etc.). v = ¥ (¢, g, ... , qn)
evolves according to the Schrédinger equation

N

0y hz ie; 2
ih—"- =—;2—mi(vq,. ~ HA@)) Y V@ g 2)
where m; and e; denote mass and charge of the i’" particle, ¢ the speed of light, A
is the external electromagnetic vector potential, and V is the potential, which may be
Hermitian k x k-matrix valued. For particles with spin in the presence of magnetic fields,

the potential includes a term ) ; 2};"_"0 (V x A)(q;) - o; where o; is the vector of spin




352 S. Teufel, R. Tumulka

operators (Pauli matrices for spin-%) acting on the spin index of particle #; this form of
the Schrodinger equation is known as the Pauli equation.
The law of motion for the trajectory Q; () of the i’ I particle reads

dg, h ¥ (Vg — 5AG))Y

—L()=—I —< t, 0@1)), 3

o @ p— e (r, (1)) 3)
where O = (@1, ..., Q) is the configuration, and v *¢ denotes the inner product in

Ck. The right-hand side of (3) is ill-defined when and only when either ¥ (¢, Q) = 0
(node of i) or v is not differentiable at (¢, Q). For an explicit example of a trajectory
that runs into a node of v, see [4].

. . . . N
In Bohm-Dirac theory, the wavefunction is a function ¢ : R x R?V — C* =
(CH®N evolving according to the Dirac equation

v o
ih¥=—;icha,- N+ V@G, ... gV, 4)

where o; denotes the vector of Dirac alpha matrices acting on the spin index of particle i;
we have included the mass terms in the potential V, which is Hermitian 4" x 4" -matrix
valued. In the presence of magnetic fields, V includes a term — ) ", ¢; A(q;) - o;.
The law of motion for the trajectory Q;(¢) of the i’" particle reads
dQ; *oy
Q) _ Vv
dt L'
The right-hand side is ill-defined at nodes of v and only there.

(t, Q1)) . (&)

2.2. Singularities of the potential. Among the physically relevant examples of potentials
V=V(q,,...,qy) is the Coulomb potential,

O INEDS

i<j

€iej

— (6)
lg; —q;l

which is singular at coincidence configurations (those with g; = ¢ ; for some i # j).

This motivates us to allow that V is defined only on a subset Q@ C R3N: e.g. in the
case of Coulomb interaction, Q is the set of non-coincidence configurations; in the
case of an external Coulomb potential generated by charges located at zy, ..., Zuy,
Q = (R*\ {z1,...,zu}". One cannot expect a Schrodinger wavefunction to be
differentiable on the singular set R3V \ Q of the potential, as exemplified by the ground
state of the hydrogen atom, which is proportional to exp(—A|q|) for suitable A > 0. Thus,
the right-hand side of (3) may be ill-defined on R3¥ \ Q, and we will use differentiability
of ¢ only on Q. For the Coulomb interaction and the external Coulomb potential, Q is
of the form Q = R? \ Uy, S¢, where S, are hyperplanes. Our method of proof allows
somewhat weaker assumptions:

A closed set S C RY is admissible, if there is a § > 0 such that the distance function
g + dist(g, S) is differentiable on the open set (S + &) \ S, where S + 8 = {g € R? :
dist(q, S) < §}. Then the configuration space Q is

m
either Q = R% or Q =R\ U Se, @)
=1
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where Si, ... , Sy are admissible sets. For example hyperplanes are obviously admissi-
ble sets.

2.3. The current vector field. There is a common structure behind the laws of motion
(3) and (5): they are of the form

40 It 00
ar " 6 0wy ®

where j = (Jj 0 g ) is the current vector field on configuration-space-time R x Q, defined
by

j= (R Emy* (Vg = S A@D)V. .. e Im g (Y, = G A@V)V) ©)
in the Schrodinger case and
j=(WPevay. ... .cvrayy) (10)

in the Dirac case. Provided that i is sufficiently differentiable, j has the following
properties, which we take to be the defining properties of a current vector field:

j=(° J)isaC! vector field on R x Q, (11a)
d
divj =Y 8,j" =0, (11b)
n=0
jO > 0 whenever j # 0, (11c)
qu %t,q)=1 VieR. (11d)
Q

We will call points in A4 = {(t,q) € R x Q : j(t,q) = 0} the nodes of j. We write
N ={q € Q: j(t, q) = 0} for the set of nodes at time ¢.

Let Q,(?) denote the maximal solution of (8) starting in ¢ € Q \ .4 defined for
t e (rq_ , rq“' ). It is a reparameterization of an integral curve of j, see Remark 8 for
details. We will formulate our existence theorem first purely in terms of the current
vector field, and then apply our result to the currents (9) and (10).

2.4. Equivariance. We now explain the notion of equivariance, and what needs to be
shown to prove equivariance. We first remark that equivariance is a crucial property of
Bohm-type dynamics, in fact the basis of the statistical analysis of Bohmian mechanics
[11] and thus the basis of the agreement between the predictions of Bohmian mechanics
and the prescriptions of quantum mechanics. We also remark that, while full equivari-
ance will be a consequence of the existence result, a kind of partial equivariance can
be obtained before, see Lemma 1 below; our existence proof will exploit this partial
equivariance.
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Before we define equivariance, we introduce some notation. Let .7 (Q) denote the
Borel o-algebra of Q. Let 1, be the measure on <7 (Q) with density j%(r) relative to
Lebesgue measure,

14(B) = f dq j°(t, q) (12)

B

for all B € o/(Q). By (11d), u, is a probability measure; in Bohmian mechanics and
Bohm-Dirac theory, u; is the |y (¢) |2 distribution. We introduce a formal cemetery con-
figuration <> and set Qg4 (7) := < forallz ¢ (7, 1), respectively, if (0, ¢) is a node of
J,Qq(t) :=<forallr #0.Letg; : Q — QUG ¢:(q) = Q4 (¢), denote the flow map
of (8),andlety : R x Q — R x (QU{<}) be the flow map on configuration-space-time
defined by ¢(t, q) = (1. @i(9)). Let O = {g € Q\ A : 77 <t < 77} = ¢ (D).
Standard theorems (see, e.g., Chapter II of [16]) on ODEs imply that ¢ is C' on the
maximal domain {(¢,q) € R x (@ \ A9) : ¢:(q) # <}, which is open; in particular,
also Q; is an open set.
Let p; be the distribution of Q, (?) if ¢ has distribution 1, i.e.,

pr=poop . (13)

One says that the family of measures (i, is equivariant on the time interval I if p, = 1,
for all t € I. (The interval I may be finite or infinite.)

Let % = ¢;(Q;) = ¢;(Q) N Q be the image of the flow map in Q at time ¢. The
following lemma formulates “partial equivariance.”

Lemma 1. Let j = (j°, J) satisfy (11a), (11b), and (11c). Then for all B € </ (Q) and
allt e R,

pi(B) = (BN .J). (14)

We know of two ways of proving this lemma, requiring comparable effort. One proof,
given in [4] and in more detail in [2], goes as follows. p; has a density that obeys a conti-
nuity equation, and j satisfies the same continuity equation. By uniqueness of solutions
of this linear partial differential equation, one obtains that jO(r) coincides with the den-
sity of p; on .#. An alternative proof, which we give below, is based on applying the
Ostrogradski—Gauss integral formula to j on a cylinder formed by the trajectories over
a polyhedron in Q.

Proof (of Lemma 1). Without loss of generality, + > 0. For any d-chain of singular
simplices E in Q;, the cylinder F formed by the trajectories over E, F = ¢([0, t] X E),
is a d 4+ 1-chain in configuration-space-time R x Q. Applying the Ostrogradski—-Gauss
integral formula to j and F', we obtain

o“éb)/dtdqdivj =/do~j,

F IF

where do is the outward pointing surface normal with length |do| equal to the area of
the surface element. The surface d F of the cylinder consists of three parts: the mantle
¢([0, t] x OF), the lid ¢({t} x E), and the bottom ¢ ({0} x E). The integral over the
mantle vanishes as the mantle consists of integral curves of j and is thus tangent to j.
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The integral over the lid is f(p’(E) dq jO(t, ¢) and that over the bottom is — fE dq j°(0, ¢).
Therefore, we obtain

0= wi (@ (E)) — po(E) = ps (@ (E)) — pr (@ (E)) .

Any two measures that agree on the d-chains (and thus in particular on the compact
rectangles) agree on a N-stable generator of the o -algebra <7 (Q,) and are, by a standard
theorem, equal. Since ¢; is a bijection Q; — %, we obtain (14). O

What remains to be shown to prove equivariance is that u,(Q \ %) = 0.

3. A General Existence Theorem
Let 2(Q) denote the set of all bounded Borel sets in Q.

Theorem 1. Ler Q C R? be a configuration space as defined in (7) and let j = (j°, J)
be a current as defined in (11). Let T > 0 and let ¢, : Q@ — Q U {} denote the flow
map of (8). Suppose that

T
3 J
VB € A(Q) : /dt qu ‘<E+,—O~Vq>j°(t,q) < o0, (15)
J
0 BN
T
VB e B(Q) : /dr /dq ‘J(z,qy'q—' < o0, (16)
q
NINES!
and, if Q = R4 \ UgSy, in addition that for every £ € {1, ... ,m},
; J
t, .
35 >0 VB € B(Q) : /dt /dql(q € (S, +5))M <o0. (17)
dist(q, S¢)
0 o (B\{O}

Here dist(q, S¢) is the Euclidean distance of q from S¢ and e¢(q) = —V,dist(q, S¢)
is the radial unit vector towards Sy at q € Q. Recall that for § sufficiently small the
distance function is differentiable on Sy + 8.

Then for almost every q € Q relative to the measure puo(dg) = j°(0, q)dq, the
solution of (8) starting at Q(0) = q exists at least up to time T, and the family of mea-
sures wi(dq) = j°(t, q) dq is equivariant on [0, T1. In particular, if (15), (16) and, if
appropriate, (17) are true for every T > 0, then for wo-almost every g € Q the solution
of (8) starting at q exists for all times t > 0.

Remarks. 1. We can formulate the meaning of each of the conditions (15), (16), and
(17) as follows. If (15) holds, then pg-almost no trajectory approaches a node during
[0, T]. If (16) holds, then pg-almost no trajectory escapes to oo during [0, T]. If (17)
holds, then pp-almost no trajectory approaches a point in the singular set Uy’ | S,
during [0, T].
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2. To obtain existence also for negative times, one can apply Theorem 1 to the time
reversed current

it 9 = (=t @), —J(~t,q)) . (18)

The integral curves of j are the time reverses of the integral curves of j. Obviously,
with j also j satisfies (11). If j satisfies (15), (16), and, if appropriate, (17) for T > 0,
we obtain almost-sure global existence of Q,(¢) on [-T, 0].

3. It suffices to consider in (15), (16) and (17) for the sets B instead of all bounded
Borel sets just the balls around the origin. This is because enlarging B cannot shrink
the integral. For the same reason, it suffices to integrate over Q \ .4{ instead of the
not easily accessible sets ¢; (B) \ {<}.

4. Actually the proof of Theorem 1 works in the same way with the following slightly
weaker conditions. Instead of (16) it suffices to assume that

VB e #A(Q) IR <0 : fdt /dq 1(lq| > R) ‘J(t,q).i < 00,

lg!
0 @B\

and (17) can be replaced by

T
[J(t,q) - ee(q)]
VB € £ 35 > 0 d dgl S $)) —————
€ B(Q) B> /r 01(q < (5,+ )
0 @ (B)\{<}

We chose to state the theorem with the stronger assumption to simplify the presenta-
tion and because the weaker assumptions will not be used in the following.

Proof (of Theorem 1). Let Q4 (t) be the maximal solution of (8) starting in ¢, as described
in Sect. 2.3. Since we deal only with positive times in the following, we write 7, for r;‘ .

There are three ways in which Q,(¢) can fail to exist globally: the trajectory can
approach a node, approach a point on the singular set USy, or escape to infinity in finite
time. More precisely, if g ¢ A and t; < o0 there exists an increasing sequence
(tn)neN With t, — 14 such that either there is x € Ji/tq U U?:l Se with Qg (t,) — x or
1, (ta)] — .

To see this, suppose that 7, < oo and that such a sequence did not exist. Then
Q, ={t, Qs®) :t €(0,75)} C R x Q) \ A would remain bounded and bounded
away from the complement (R x US;) U 4. Since (R x Q) \ .4 is open, there would
be a compact set K C (R x Q) \ 4 such that Q, C K°, with K° the interior of K.
However, the vector field (1, J/ jo) isClon (R x Q) \ /" and thus uniformly Lipschitz
on K. Therefore, all of its maximal integral curves either exist for all times or hit the
boundary of K, in contradiction to the hypotheses.

Letnow g ¢ Ap and 7, < T.1If there is x € .47, and (#,) such that O, (#,) — x,

then jo(tn, Q4 (ty)) — 0. Hence, the total variation of ¢ — log jo(t, Q4 (1)) up to time
T diverges, i.e., Ly = 00, where

min(7,74)

d
L, = /dt‘alogjo(t,Qq(t))‘ forg € Q\ Ap. (19)
0
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We now show that Lo, :={g € @\ A) : Ly = oo} is a uo-null set. For this it suffices
to show that for any bounded set B € %(Q), B N L is a pp-null set. For this in turn,
it suffices that the average of L, over B relative to the measure p¢ be finite:

min(7,74)

d -0
' . T 7Q (t))‘
J OO, L :/d 00’ / d M:
Bf qJ 0.9) Ly J 9. q) J 00, 0,0

[the order of integration can be changed since the integrand is nonnegative]

, Q4(0)
/dt/dqj 0,9) 1(zg > 1) O(r( 0 ?m)'
q

|@/81 + <5 - Vg1, q)l

Z/dt /p’(dq) °(t q)

0 @(B\{O}
[by Lemma 1]
T
’ J ;0 INESL
= | at dq' [(8/0t + 55 - V) (t.q)| < oo,
0 @(B\{O}

This shows o(Lso) = 0 and thus that the solution Q, (¢) of (8) wo-almost surely does
not approach a node during [0, T].
Now we consider the cases that either

lim [Qg(7,)| = 00
n—oQ
or
IxeUp_ 1 Se: Quty) — x.

Hence, for such initial conditions either the total variation of t — |Q,(?)] is infinite,
ie., D, = oo where

min(7,74)

d
D, = / dt‘EIQq(tﬂ‘ forg € Q\ Ao,

0

or the total variation of # > log dist(Q, (¢), S¢) restricted to S + § is infinite for some

¢e{l,...,m}andany § > 0, in particular for the one in (17), i.e., V, ¢ = 00, where
min(T,t4)
d .
S / dt I(Qq(t) € (S¢ + 8)) ‘E log dist(Q, (1), Se) forg e Q\ 4.
0

Therefore it suffices to show that Doy :={q € Q\ A : Dy = oo} and Vo :={g €
Q\ A : V¢ = oo} are po-null sets, and for this we proceed as for L
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Let B € #(Q). Then (8), followed by exactly the same arguments as for L, shows
that local expectations of D, are finite, i.e.

T
[dq j°0,9) Dy = fdt /dq’

B 0 (B}

(16)
< 0

q/
J(t.q") - 7l

Hence (o(Dso) = 0. For local expectations of V, ¢ we obtain, again with (8) and
Lemma 1

min(7,74)

/ dq j°0,q) Vyu = / dq j°(0,¢) f dt1(Qq(t) € (S +9))
B B 0
T

= /dt qu/l(q/ € (Se +8)) ‘
0 e (B}

04(t) - ee(Qy (1))
dist(Qy (1), Se)
J(t,q") - e(g) ] an
dist(q’, Se)

Hence also o(Veo,¢) = 0, concluding the existence part of the theorem.

It remains to show equivariance. Since the probability of reaching <> before time
T vanishes, we have p,(Q) = 1 for all ¢+ € [0, T]. Since p; < u, by Lemma 1 and
u:(Q) = 1 by (11d), we must have p; = u;, which is equivariance. O

Remarks. 5. A reasoning closely related to our method of proof is also applied in [4],
Remark 3.4.6. There, an expression analogous to (15) is used to control the probability
of reaching an e-neighborhood of .4 before letting ¢ — 0. Apart from the fact that
the argument is applied there only to the nodes and not to singularities and infinity,
it is also unnecessarily complicated, mainly because it considers an e-neighborhood
instead of fully exploiting the integral (19).

6. The proof of equivariance was the only place where we used the property (11d) of a
current vector field. The existence statement of Theorem 1 holds as well if j satisfies
(11) except for (11d); in particular, we may allow u;(Q) = oo.

7. Here is another equivariance result that does not use (11d): Let Q be a configuration
space as in (7) and let j satisfy (11) except for (11d). Suppose that almost-sure global
existence holds in both time directions, starting from any time. Then the family of
measures [i; is equivariant on R.

To see this, note that for equivariance we need to show merely that Q \ .#; is a u,-null
set, or, in other words, that for j,-almost every ¢ € Q the integral curve of j starting
in (¢, ¢) reaches back in time to time 0. But this is immediate from almost-sure global
existence in the other time direction, starting at time 7.

Thus, if both j and j as defined in (18) and their time translates satisfy (15), (16),
and, if appropriate, (17) for all T > 0, we obtain equivariance without (11d).

8. Condition (16) can be replaced by the condition

the first order derivatives of J are bounded on [0, T'] x Q. (20)

To show this, we show that under this assumption every unbounded solution Q, ()
with 7y < T has L, = 0o, with L, defined in (19).
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To see this, first note that the solutions of (8) are reparameterizations of the inte-
gral curves of j. In more detail, let y,(s) = (yg(s), Iy (s)) be the unique maximal
integral curve to j,

qu (s)
ds

=Jj(yg(s)), 21

starting in (0, ¢) € R x (Q\ 4p) and defined for s € (o, aq‘"). Since j* > 0 outside
nodes, yqo (s) is monotonically increasing, and hence the map

) dyo S
s 10 =0 = [[as L = [a5 2,6
0 0
is invertible on its image (7, rq"’ ), where r[;t = lim_, ok t4(s), with inverse s, (¢).
Since
d J (¥ (s4(1))
—T,(s,(1)) = %
dt JO(y (s4 (@)

Q4() = I'y(s4(2)) is the unique maximal solution of (8) with Q,(0) = g; it is
defined for ¢ € (¢, r,;r).

Now suppose that |Q, (t,)| — oo for some 1, — r;“. Then also [T, (s4 ()| — 0.
Since the derivatives of J are bounded, there are constants A, R > 0 such that
[J(t,q)| < Alg|forallt € [0,T] and all ¢ € Q with |g| > R. Since dI';/ds =
J (y4(s)), it follows that [y (s)| < max(|T'y(0), R) e5; thus, an integral curve of j
cannot escape to spatial infinity in a finite interval of the parameter s; in other words,

cr(;r = 00. But then

7y = /0 ds j (g (5)) < o0

implies the existence of an increasing sequence (s,) with s, — oo such that
7%y (sn)) — 0, and therefore L, = occ.

4. Global Existence of Bohm-Dirac Theory

The Dirac Hamiltonian for N particles is

N
Hp= - iche; Vg, +V(qy. .. .qn).
i=1

where we assume a nonsingular V € C®(R3", Herm((C4N)). According to [8], Hp is
essentially self-adjoint on C3° (R3N, (C4N) and we denote by Hp the unique self-adjoint
extension.

Since the Dirac matrices & have eigenvalues +1, the velocities in (5) are bounded
by ¢. Consequently, the Dirac current (10) satisfies |J| < ¢ +/N j°. This fact makes the
proof of global existence particularly simple, as expressed in the following corollary to
Theorem 1.
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Corollary 1. Let Q@ = R? and let j = (j°, J) be a current as defined in (11). Suppose
that there is a global bound on velocities, i.e., a constant ¢ > 0 such that |J| < ¢ jo.

Then for po-almost all g € RY, the solution of (8) starting at Q(0) = q exists for
all times, and the family of measures |, is equivariant.

Proof (of Corollary 1). We show that assumptions (15) and (16) of Theorem 1 are
satisfied for any T > 0. The key observation is that due to the bound on velocities,
bounded sets in configuration space stay bounded under the flow. More explicitly, for
any bounded set B € %’(Rd ) contained in, say, the ball B, of radius » > 0 around the
origin, ¢;(B) \ {<} will be contained in Br+ct and thus in Biser provided t [0, T].
Now |3 + <5 - V) j°| = [8:°] +¢[Vq)° 4|

are continuous and therefore bounded on the compact set [0, T] X BHCT. Hence the
integrals in (15) and (16) are finite. This implies existence for all positive times. For
negative times apply the same argument to the time-reversed current j, for which the
same velocity bound holds. O

Applying Corollary 1 to Bohm-Dirac theory, we obtain global existence of Bohm—
Dirac trajectories under very general conditions.

Theorem 2. Let V. e C®@R3YN, Herm(C*")) and ¥ (1) = =MD 4 (0) with ¥ (0) €
C®M®R3N, "y N L2R3N, 4"y and |y (0)|| = 1.

Then the solution Q4(t) = (Q1(@), ..., QN @) of (5) with Q,4(0) = g exists glob-
ally in time for almost all g € R3N relative to the measure no(dq) = |, q)|2dq, and
the |y (t)|? distributions are equivariant.

Proof. According to [8], for ¥(0) € C§°(R3N, C4") one has V(1) € CP RN, 4y
and ¥ (1, ) € C*R x R3V, C4N). But then linearity and the finite propagation speed
(Proposition 1.1 in [8]) imply that ¥ (t,g) € C®(R x RV, (C4N) also for ¥ (0) e

CR@3N, ¥y N L2(R3N, C*"). Hence, the Dirac current (10) satisfies (11). Since
|J| <c VN jo, Corollary 1 implies the theorem. O

Corollary 2. Let now Q = R? \ UyL, Se, where Sy is a hyperplane with codimension >
2fort = 1,...,m, and let j = (j°,J) be a current as defined in (11). Suppose
that there is a global bound c on velocities, |J| < ¢ jO, and that J and the first order
derivatives of j° are bounded on bounded sets.

Then for po-almost all g € RY, the solution of (8) starting at Q(0) = q exists for
all times, and the family of measures |1, is equivariant.

Proof. First note that R? \ Q is a Lebesgue-null set and hence also a yo-null set. For
q € Q we apply Theorem 1. The conditions (15) and (16) of Theorem 1 follow as in the
proof of Corollary 1 using the fact that J and the derivatives of j° are locally bounded.

To check (17), let dy be the dimension of S, and assume without loss of generality

that Sy contains the origin. Then with |J | < C on Br 47 the ball of radius r + ¢T

around the origin in R?, and BY, . C Br et X B;i +ijf we find that
J(z,
/dt/ |(Q)|_ / / y—<oo
dlst(q, Se)
H"T r+cT l+z‘T
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5. Global Existence of Bohmian Mechanics

We now apply Theorem 1 to Bohmian mechanics and consider the abstract Hamiltonian
1 _1 . 2 00 k
Hy = =3 (m75(Y, —iA@)) 1o+ V@,  D(H) =CF@.ChH. @)

where, for the moment, A € Hch(Rdv R?) and V € LIZOC(Q, Herm(CF)). The mass
matrix m = diag(m, ... ,my) has positive entries m; > 0. These conditions assure
that Hy is well defined and symmetric on Cgo(Q, Ck). Since Hy commutes with com-
plex conjugation, Hyp has at least one self-adjoint extension. We also assume that Q =
R4 \UyL, S¢, where each Sy is a (d —3)-dimensional hyperplane in R4, As to be explained
in the example below, for d = 3N the coincidence set of N particles moving in R has
exactly this structure and therefore singular pair-potentials like the Coulomb potential
are included. In these abstract terms the Bohmian equation of motion reads

d *(V, —iA
—Q(t) =m_llm—l/j (Vs )V

dt vy
Theorem 3. Let H be a self-adjoint extension of Hy as in (22) with domain D (H). Sup-
pose that for some (0) € D(H) with ||y (0)|| = 1 the solution Y (t) = e_”Hlp(O) of
the Schrodinger equation satisfies

(i) ¥ € C2R x Q,Ch,

(ii) for every T > O there is a constant Ct < 0o such that

(t, Q1)) (23)

T
det (Ve O+ 1Ay O+ 14- VY0 1?) < Cr.

Then the solution Q,(t) of (23) with Q,4(0) = q exists globally in time for almost all

g € R4 relative to the measure po(dq) = |V (0, ¢)|*dq, and the | (t)|? distributions
are equivariant.

Remarks. 9. Note that condition (i) in Theorem 3 is typically satisfied only if the poten-
tials A and V are sufficiently smooth on @, more than we required after (22). We
decided to state the condition in terms of Y since the exact type of smoothness
required for A and V depends on, among other factors, the dimension d.

Proof (of Theorem 3). First note that R? \ Q is a Lebesgue-null set and hence also a
wo-null set. For ¢ € Q we apply Theorem 1. According to Sect. 2.3 and by virtue of (i),
the Schrodinger current

j@) = (V5@ v, mT Iy (Y — i4@) ¥ (1, )

satisfies (11). We now check (15), (16) and (17), in order to prove existence for positive
times. For negative times one concludes analogously by applying exactly the same argu-
ments to the time reversed current.

With (1) = e H ¥ (0), the Cauchy—Schwarz inequality, and (ii) we obtain

Jos
Q

0/ 0| = /R dg [9: (™6, ¥ (1, )] < szd dgq [y (6, Y HY (1, )]
< 2| HYy )l = 2 HY O]



362 S. Teufel, R. Tumulka

For the second term in (15) we find, after a straightforward computation involving
Cauchy—Schwarz first on C* and then on LZ(R?) and finally on L2([0, TY), that

T

J
dt /dq —
/ Jj°

0 Q\/V

v, q)‘

] dq v q + | A Cr+TC
<m / / <| W(l» )|2 | ([»q)H (q)vw(z"q)|)<¥,
mo
0 R4

where mg = min{my, ... , mg}. Hence, (15) holds. Analogously (16) follows from

T

T
1
/df /dq IJ(t,q)ISfdt P qu W@ ) (VY @, O + [A@QY (2, @) <
(o) 0 e

JTCr
my )

We now come to (17). Since Sy is a (d — 3)-dimensional hyperplane, it can be written
as Sy = {g € RY : yo(q) = ag) with y, : R > R3, g > (¢ - yl},q . ylg,q ~yg), where
yll, yg, yf are 3 orthogonal unit vectors normal to the hyperplane Sy and a; € R’ is a
constant. The distance to the hyperplane is given by dist(q, S¢) = |ye(g) — ael.

To prove (17) for 6 = oo, we use the generalized Hardy inequality introduced in [4],
Eq. (25). It states that for all ¢ € H' (R, C), the first Sobolev space,

¢ (q)I? / 2
dg ————— dg |V .
fu 9 35y = = J 1o

Hence,
T
/dr/ 17, q) - ee(@)| _i/dt/ dq [*(t, )(V —iA(g) ¥ (¢, q)
dist(q, S))  ~ mo Rd lye(q) — ael
< L/dt/ dq [, DIV, @) + A, g)])
mo R |ye(q) — agl
Lof W P\
<— | dt (/ dq —qz> VYOI + TTAY @1 1D
mo Rd  |ye(q) — agl
1 ; 3C
< —/dl CIUIVEOLI? + VYOI AV O] ) < =T o
mo mo
0

We shall not try to verify the assumptions of Theorem 3 under as general as possible
conditions on A and V. Instead we consider two examples where they can be checked
without too much effort.
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Our first example concerns a molecular system in external fields. More precisely we
consider N electrons in R with configuration ¢ = qy,....qy) € R3V interacting
through Coulomb potentials

Vel(q) = Z Z —

lljl+1

in the electric potential

Viu(g) = Z Z

i=1j= 1|q,—z,

of M static nuclei located at z; € R3 with charges Z;, j =1, ..., M. Furthermore we

allow for an external magnetic field B(x) = V x A(x) with A € C % (R3, R?) such that
V-A =0and B and A are bounded. The Hamiltonian of the system thus is

N
Hinol = (—% > (Vg +iA@)) + Ve(g) + vnu<q>> Lc2en — Y B(g) -0
i=1 i=1
(24)

with domain D(Hpe) = H2(R3VN, (C2)®N). Here o, is the vector of Pauli matrices act-
ing on the spin index of particle i. Itis well known that V|, Vi, and V,; are infinitesimally

bounded with respect to A,. Hence Hpmol = —%Aq + R with

N N
R = <_% Z(ZiA(Qi) : Vq[_ A(qi)z) + Vei(g) + Vnu(‘])) 1((C2)®N — Z B(qi) c 0

i=1 i=1
is self-adjoint by virtue of Kato’s theorem.

Corollary 3. Let ¥ (1) = e Hmoly(0) with 1(0) € C®°(Hmol) = N>, D(H] ) and
I (0)|| = 1. Then the Bohmian trajectories Qq(t) exist globally in time for almost
all ¢ € R3N relative to the measure |y (0, ¢)|>dq, and the |\ (t)|* distributions are
equivariant.

Proof. First note that Hpg is of the form (22) with d = 3N and k = 2V. The configu-
ration space of the system is

0 =R\ ((U51UL, (g e BV: g, = g))) U (U, UL g € B g, =2)))

where the N(N — 1)/2 electron—electron and the N M electron—nucleus coincidence
hyperplanes are all (3N — 3)-dimensional. As remarked above, Hp is self-adjoint on
H*(R3N (C?)®N) and thus satisfies the hypotheses of Theorem 3. Hence it suffices to
check that 1/ (¢) satisfies the hypotheses (i) and (ii) of Theorem 3. As for (i), note that
all potentials in (24) are C*° on Q. Then methods of elliptic regularity can be applied
to show that for ¥ (0) € C*(Hpo) the solution of the Schridinger equation satisfies
Y € C®(R x Q). For details see the appendix in [4]. Finally notice that, since A is
assumed to be bounded and since ||y (¢)]| = |[¥ (0)||, (ii) follows if we can show that
the kinetic energy || [V (¢)| || remains bounded. This is also standard but we give the
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short argument anyway: since R is infinitesimally bounded with respect to A, there
are constants 0 < a < 1 and » > O such that ||R¢| < a||%A¢|| + b||¢| for all

¢ € H? = D(Hpmo). Hence

IAY O] = 2IGGA = R+ Ry @) < 2 HY @)l + 2[Ry (1)
=2MHY Ol +al Ay Ol +2b[¥ ()l

together with | Hy ()|l = [Hy (0)[l and ||y (1) | = [|¥(0) || implies

2IHY Ol + 2611y O _ c
1—a

AV (DI =
But then also
VYO = (VY @), -V (D) = =¥ @), Ay ) < [¥ O AY O] < [y (©O)] C.
O
The last corollary coincides exactly with the result of [4] (see their Corollary 3.2).

Corollary 4. In (22) letk =1, A=0and V = Vi + V, € C*(Q, C), where V| is
bounded below and V> is —%A—form bounded with relative bound < 1. Then the form
sum H = —%A + V is a self-adjoint extension of Hy and for ¥ (t) = e "H(0) with
V¥ (0) € C®(H) = N2 D(H"), [[¥(0)|| = 1, the Bohmian trajectories Q4(t) exist
globally in time for almost all ¢ € R? relative to the measure |y (0, q)|*dq, and the
|V (1)|? distributions are equivariant.

Proof. For the statement about the form sum see [12]. Again, as shown in the appendix
of [4], elliptic regularity implies that ¥ € C*°(R x Q). Hence, in order to apply Theo-
rem 3 it suffices to show that || [V (¢)| || remains bounded. This follows by an argument
analogous to the one given in the proof of Corollary 3. For the details see the proof of
Corollary 3.2in [4]. O
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