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Abstract: The Cauchy problem for the Navier—Stokes system for vorticity on plane is
considered. If the Fourier transform of the initial data decays as a power at infinity, then
at any positive time the Fourier transform of the solution decays exponentially, i.e. the
solution is analytic.

1. Introduction. Main Results

We consider the Cauchy problem for the Navier—Stokes system on R? in its vorticity
formulation:

000D 4y, 225D 4, 225D L awn + fn, (1)
ot 0x1 dx2
0l 1) = dur(x,t) _ duq(x, t)’ 2)
dx1 0Xx2
1‘im lu(x,t)] =0, t=0, 3)
w(x,0) = wo(x). “4)

Here the spatial variable x belongs to the Euclidean space R? with the inner product
(-,), w : R? x Ry — Ris the vorticity of the velocity field u : R* x R, — R? which
is assumed to be divergence-free (i.e. (V,u) = 0), f : R?> x Ry — R is the vorticity
of the external forcing, v > 0 is the viscosity parameter and wg : R?> — R is the initial
data.

The theory of existence and uniqueness of solutions for the 2-dimensional Navier—
Stokes system was developed by Leray and Ladyzhenskaya, see, e.g. the survey [8].
The following existence and uniqueness theorem for the vorticity system (1) — (4) was
proved in [10].
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Theorem 1. Suppose wy € L'(R?) N L®°(R2) and all second derivatives of wy are
uniformly Hélder in R? with some exponent . > 0. Let T > 0 be such that f €
L! (Qr) N L*®(Q71), where Q1 = R2 x [0, T] and f is locally Holder with the same
exponent A with respect to spatial variables for allt € [0, T]. Then there exists a bounded
classical solution w to the Cauchy problem (1)—(4) on [0, T]. All the derivatives of the
solution arising in the statement of the Cauchy problem are bounded and continuous on
Or.

This solution is unique in the class of functions which are bounded for every t > 0,

sup [loC. Ol e + loC Ol @]
t€[0,T]

< llwollp w2y + llwollp w2y + T fllLeor) + 1Lt
and for every t the following representation (the Biot-Savart law) holds true:

u(,t) =K xw(-,1t), &)

x1

where x means convolution and K (x) = %W xt = (—xa, x1) forx = (x1,x2) € R2,

This result allows to consider the uniquely determined global (i.e. defined on R )
solution w.

The problem (1) — (4) was also studied in e.g. [1, 2, 6, 7] where some existence-
uniqueness theorems were obtained as well as some regularity properties of solutions.

In this note we are concerned with the study of regularity of solution w (x, t) in terms
of its Fourier transform under the conditions of Theorem 1.

The Gevrey class regularity of solutions to the Navier-Stokes system on 2-dimen-
sional torus (the periodic case) was obtained in [4]. It is shown in a recent paper [3] how
the techniques of [4] can be used to prove analyticity of solutions in the 3-dimensional
situation under some modest regularity assumptions on solutions to a mollified Navier—
Stokes system. This approach can be also adapted to the 2-dimensional non-periodic
case under study in this paper. However we prove analyticity for this case assuming only
minimal regularity properties of the initial data and the forcing.

Our results and techniques are parallel to those of [9] where the 2-dimensional peri-
odic case was studied. The results are stated in this section and their proofs are given in
Sect. 2.

By Fourier transform of a function f with respect to the spatial variable we mean the
function

A 1 H k
fo)y=— / e f(xydx.
2 R2

For the properties of Fourier transform and its inverse see [12].
To state the main theorem we need the following notation for an arbitrary function
f:R? > R:

[ Fly = sup — T O
SN TN g Pk
[fly =1fly0, v >0.

Thus, if | f|,, is finite then f (k) decays as a power at infinity and if | |,  is finite
then f (k) decays exponentially.

a>0,y >0,
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Theorem 2. Let the initial data wo and the forcing f satisfy the conditions of Theo-
rem 1. Suppose that |wol, < oo for some y > 0 and |f(~, Dy« < Cy for some
a>0,Cr >0, allt > 0and the same y. Then there exist nondecreasing and positive
fort > 0 functions B(t) and D(t) such that the solution w of the Cauchy problem (1)—(4)
satisfies inequality

(. Dy, pa) < D(1).

There exist positive constants B and T suchthat (t) = Bt fort € [0, T]and B(t) = BT
fort > T. The function D(t) may be chosen to be linear fort > T. If the external forcing
is absent then D(t) may be chosen to be constant fort > T.

Remark 1. If y > 4 in this theorem then the conditions of Theorem 1 are satisfied
automatically. This remark is also applicable to the auxiliary Theorems 3—35 below.

Remark 2. Theorem 2 means that if the Fourier transform of the initial data decays as a
negative power when |k| — oo, then for any positive time the Fourier transform of the
solution decays exponentially at infinity, i.e. the solution is analytic.

Remark 3. In the case of unforced system analyticity of the solution for t > 0 was
proved in [11]. For unforced system with nondecaying initial velocity C°°-smoothness
of solutions has been obtained, see [5] and references therein.

The proof of Theorem 2 is based on the study of the following system describing the
evolution of the Fourier transform of vorticity:

3(,’(\)(]{, t) _ |k|2’\(k t)+i/ A(l [)A(k—l [)wd1+ A(k [) (6)
TR = e T
R2

The proof will be conducted in several steps. First, we shall obtain the following result
(the demonstration is given in Sect. 2) on invariance of the set of functions decaying as
a negative power at infinity.

Theorem 3. Let the initial data wo and forcing f satisfy the conditions of Theorem 1.
Suppose that |wol, < oo for some y > 0 and |f(-, Hly < Cy for some constant
Cy > Oandallt > 0. Then there exists a function D(t) such that the solution w of the
Cauchy problem (1)—(4) satisfies | (-, By < D) forallt > 0. The function D(t) may
be chosen to grow linearly and if the forcing is absent then D(t) may be chosen to be
constant.

Then, using the same method and appropriate changes of variables we shall prove The-
orems 4 and 5 which immediately imply Theorem 2. Sketches of the proofs are given in
Sect. 2.

Theorem 4. Let the initial data wqy and forcing f satisfy the conditions of Theorem 1.
Suppose that |@ol,,o < 00 for some y, a > 0 and |f(~, Dy« < Cy for some constant
Cr >0, allt > 0and the same y, a.

Then there exists a function D(t) such that the solution w of the Cauchy problem
(1)—(4) satisfies |0(-, )|« < D(t) forall t > 0. The function D(t) may be chosen to
grow linearly and if the forcing is absent then D(t) may be chosen to be constant.
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Theorem 5. Let the initial data wqy and forcing f satisfy the conditions of Theorem 1.
Suppose that |wol, < oo for some y > 0 and |fA(', Dly.a < Cy for some constant
Cr > 0,allt > 0, the same y and some o > 0. Then there exist a time T > 0 and
a nondecreasing function D(t) such that for t € [0, T] the solution w of the Cauchy
problem (1)—~(4) satisfies |&(-, 1)|y.1a < D(1).

2. Proofs

The following estimate of the nonlinear term in (6) plays the key role in the proof of
Theorems 3—35.

Lemma 1. Let D, = |v|, V ||v| 2 for a function v : R? — Rand y > 0. There exists
a constant Q@ = Q(y) such that

1 (k,11) OD, Dy lk|" 7 T+ In[k], |k|>1
— Dwk — )——"Ldl| < 7
‘271 /sz()w( e ' :QDva, k<1, D
Proof. We shall prove
(k, > OD, Dy k'Y JT+Inlk], |k| =2
o [ v =0T a . ®)
1] OD,D,, k| <2,

with some Q which will immediately imply (7).
First, consider the case |k| > 2. Denote J the integral we are interested in and split
the domain of integration into four parts:

J=h+h+ I+ 1= +/ +/ . 9
l|<1 1<|l1<[k]/2 kl/2<|11<2]k| 2[k| <]

In the first term |k — I| > |k| — 1 and |w(k — [)| < Dy (Jk| — D)™V for |k| > 2. Using
inequality

[k, 1) |k]
—— < — (10)
112 ]
and the conditions of the lemma we obtain
1 _ 1 1—
J1 < =Dy Dylk|(|k] = D77 —dl <2V DyDy k|77 (11)
2 IISHL

For the second term in (9) we have |k — [| > |k|/2 and |w(k — [)| < 2Y Dy, /|k|Y. The
conditions of the lemma, inequality (10) and the Cauchy-Schwartz inequality imply

2r _ v()] v B dl \ /2
J < k! VDw/ —2dl < k'Y Dy |lvll2 / —
2z 1<i<ikly2 M 2 1<i< k)2 1

2V

< —— Dy Dy k|7 [In(lk| /2)]V>. 12
N k""" [In(|k]/2)] (12)
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For the third term in (9) we have |v(l)| < 2Y Dy|k|™" and L& < 2 The Cauchy-

Il\z
Schwartz inequality gives
21+)/
< S pk [ ik — Dldl
2n k| /2<|1|<2 k|
Sty 12
< ——Duylk| 7 wll2 dl
2
7 |kl/2<]l]<2(k]
2147 115\ /2 _
<G <§) Dy Dy k|77 (13)

The last term can be estimated by means of the Cauchy-Schwartz inequality and (10):

1/2
1 |v(l>|2
Jo < —Iklwl (/ di
2z k<t 117
1 | 172
< GaymkivlD, (/2|k| )

1
S Q)12 2 H1/2)1/2

k|'™ Dy Dy. (14)

Now (8) for |k| > 2 follows from (9) and (11)—(14).
In the case of |k| < 2 let us split the domain of integration in two parts:

J=NI+h= / +/ .
[11<4 [1|>4

1 dl
Ji < —DyDy —4D,D,
<4 1]

Then

2

If |I| > 4 and |k| < 2 then [k — | > |I|/2 and

B <~ k]w] / POF 1/2< 2 wl2D /OO L)
< — ———dr
TR A AT Qo WPl | Ty

2 1
<
S e E oy P

These estimates for J; and J, imply inequality (8) for |k| <2. O

Proof of Theorem 3. First, let us prove the following local theorem of existence and
uniqueness of the solution with finite norm | - |,

Lemma 2. Under the conditions of Theorem 3 there exist ¢, t > 0 depending only on
viscosity v and | - |,,-norms of the initial data and the forcing such that on the time
interval [0, t] the solution & of (6) satisfies |&(-, t)|, < ¢ and it is continuous in time
with respect to | - |.
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Proof. Consider the integral form of (6):

1 (! k, I+
ok, 1) = e P10k, 0) + —/ e—”'k'z“—“)f@(z, otk —1, s)gdlds
27 Jo 1112
RZ
t
+/ e VIE=9) £k 5)ds, (15)
0

and the following approximation scheme. Let &1 (k, 1) = &g (k) forallk € R%, t € Ry,
and forn > 1,

G (k1) = e~ Mg k)

1 t k ZJ_

b [ [, 1nk— 19 dtas

27 Jo U

R2

t

+/ eI Pk syds. (16)
0

Let |w,(k, s)| < C,(1 A |k|7Y) fors € [0, t] some ¢t and all k € R2. Then for k| < 1
Lemma 1 implies that

t t
(g1 (k. )] < e g (k)] + QC2 f eI ds / eV IIE £k 1)ds
0 0
< Co+ QC2t + Cyt, (17)

where constants Q and C f are defined in the statements of Lemma 1 and Theorem 3
respectively and Co = |@oy .
If |k| > 1, then Lemma 1 implies

t
(1 (k, D] < e W g (k)] + QC2 k| / e I || /T Tn k]ds
0
t
+/ VK f (ke p)ds = I + b + 5. (18)
0

Clearly, IT < Colk|™7, I < tCylk|™7, and I may be estimated using the Holder
inequality:

! 1
t vk NP o2\ 7
B s QG (/ e ds) </ (1+1In e e 5" dS)
0 0

1
L p—s)lk? ¥ 20—
X e 3 ds = an|k| VJ1]2J3
0

for p,q,r > 1, % + cl, + % = 1. If we choose p > 2, then J; will be bounded by some

constant, independent of ¢. Under arbitrary choice of g > 0 the same holds for J>. In J3
a bounded function is integrated. Hence,

L < KCX'r
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for a constant K = K (v, r) > Q. Here r > 2 because of the imposed restrictions on p
and q.
Finally we have

|@n1(k, DIIK]Y < Co+ Kt'/" + Ct.
So, [@nt1(k, )] < Cp1 (1A k|77,
Cus1 < Co+ KCHY" 4 Cy1. (19)

Let us show that the sequence (C,) is bounded for sufficiently small ¢ > 0. For small
t the quadratic equation

Kt'"x* —x 4+ Co+Cyt =0

has two real roots. It is easily verified that if

1 — \/1 — 4K 117 (Co+ Cyt)
‘<= 2Kt1/r

is the smallest root then the segment [0, c] is mapped into itself under the map x +—
Kt'/"x? + Cy + Crt. Besides that, inequality /1 +x < 1 + x/2 which is true for
|x| < 1 implies that 0 < Cy < c. Hence, C,, < ¢ for all n.

Now let us estimate the difference between two successive approximations obtained
according to (16):

|Ony1(k, 1) — @p(k, 1)

I k, 1+
S / oule ontk =1, )= nathk — 1. )L aray
2 0 |l|
R2
1 ! k, lJ_
+o— / e V=) / 60, $) = dur (0 aork =1 ) ET s,
2 0 |l|
R2

(20)

Let |@p41(k, 1) — @p(k, 1)| < Ap(1 Ak|7Y). Then estimates involving Lemma 1 anal-
ogous to those derived above show that one may choose

Apt1 < 2Kt 7 e,

So, for some T > 0 and 7 < 7 the series Y .-, A, is convergent. Hence &, is a Cauchy

sequence with respect to the norm | f(-, -)|,, = supy, % and converges to some
limiting function. Passing to the limit in (16), we have that this limiting function is a
solution of (6) and hence coincides with @. So, |®|, < limsup|@,|, < c. Itis easy to
verify along the same lines that the family of functions (®,) is equicontinuous on [0, 7]
with respect to | - |,,. Consequently, the limiting function & is continuous with respect

to this norm. Lemma 2 is proved. O

Coming back to the proof of Theorem 3, let us denote @V = Rd, ®? = I® and
rewrite the system (6) as
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oDk, 1)

—vlkPoW (k. ¢
a7 vkl (k, 1)

1
o f O, 6Dk —1, 1) — 6@ DD Kk —1, 1]
JT
RZ

(k, I+)
e

dl + fVk, 1), (1)

0@ (k, 1)

kPP k. ¢
» vIk|*@ 7 (k, 1)

1
+2—/[é)<1>(1, NPk —1, 1)+ oV, NPk —1, 1)]
T
R2

(k, ')
172

X

dl + fPk, ), (22)

Theorem 1 implies that there exists a nondecreasing linear function E (¢) such that

loG, Ol < E@),t >0, (23)
loG, Ollre < E@®),t >0, (24)
Ic?)oly < E(0). 25)
Then
1&C, D2 = oG, Dl < VIeC Dot Dl < E@®), (26)
oG, )L < %IIG)IILl < E@). (27

Results from [6] imply that if there is no forcing term then function £ may be chosen
constant.

Denoting D(t) = Dk, (t) = E(t)Kg for Ko > 1, we get |@(k, )| < Dg,(t)(1 A
|k|~Y) forall t > 0 and |k| < K.

In order to show that this inequality is fulfilled also for all the other values of k
let us assume that, on the contrary, |&(-, )|, > Dg,(¢) at some time ¢ € (0, t]. Let
11 be the infimum of such times. Since |&(-, 1)|,, depends on ¢ continuously, we have
|&(, 1), < Dg,(t) whent € [0, 7].

11 < r, k| > Ko.i € (1.2} 6@k )] > Dry()lk|™ /2, then 920ED —

—sgn®® (k, 1). Indeed (for definiteness we suppose @ (k,r) > 0 without loss of
generality), Lemma 1 and (26) imply

dd\ (k, t) _ _
— +2D%, (HQIk|' T+ In[k| + Cflk| ™7,

i.e. the derivative is negative for sufficiently large K¢ and |k| > K. This contradicts the
assumption made, because for all 7 in the time interval under consideration Ic?)(i) (k,1)] <
Dg,(1)/+/2 and |&(., BHly < Dg,y(t) fort € [0, T].

Using Lemma 2 we always can continue the solution continuously in time on a time
interval of positive length. On this interval we can apply again the estimate |&(-, 1)], <
D(t). Iterating this procedure we obtain this estimate for all # € R. The theorem is
proved. O

D, (t
< —v|k|2_7’—K§()
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Proof of Theorem 4. Consider the function
Ok, 1) = dk, 1)e*k!,
It suffices to show that |v(-, )|, < D(¢). To this end we rewrite (6) as

av(k, t N
WE D _ 2ok 1)
ot

+—/ UKD 50 ok — 1, 1) e >dl+f(k ek,
R2

Since |k| < |I| + |k — 1|, we have e~ UlIHk=I=kD — 1 and Theorem 4 may be
proved by the literal repetition of the proof of Theorem 3. O

Proof of Theorem 5. Consider the function
Dk, 1) = &k, ek,

It suffices to show that |v(-, )|, < D(¢). We rewrite (6) as

v (k, t R R
% — k2o, 1)+ ralk|bk, 1)
+—/ =KD 1 ek — 1, L) 12 Lal + fk, e
[
J ]
Since e '@ UIHIk=II=IkD) 1 and for sufficiently small ¢ the term to|k|0(k, t) is small

compared to v|k|?0(k, t) for |k| > Ko and sufficiently large Ky, the proof of Theorem
5 may be obtained by an obvious modification of the proof of Theorem 3. O
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