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Abstract: Consider Dyson’s Hermitian Brownian motion model after a finite time S,
where the process is started at N equidistant points on the real line. These N points after
time S form a determinantal process and has a limit as N — oo. This limting determi-
nantal process has the interesting feature that it shows number variance saturation. The
variance of the number of particles in an interval converges to a limiting value as the
length of the interval goes to infinity. Number variance saturation is also seen for exam-
ple in the zeros of the Riemann ¢-function, [21, 2]. The process can also be constructed
using non-intersecting paths and we consider several variants of this construction. One
construction leads to a model which shows a transition from a non-universal behaviour
with number variance saturation to a universal sine-kernel behaviour as we go up the
line.

1. Introduction

The Bohigas-Gianonni-Schmidt conjecture, [5], says that the spectrum {E;}j>1, E; —
o0 as j — 00, of a quantum system whose classical dynamics is fully chaotic, has
random matrix statistics in the large energy limit, £; — oo. For finite E; the spectrum
has non-universal features depending on the particular system, but as we go higher up
in the spectrum the statistical properties become more and more like those from the
universal point processes obtained from random matrix theory. The zeros of Riemann’s
¢-function, {E;};>1,0 < E1 < E» < ... (assuming the Riemann hypothesis) show a
similar behaviour and has been popular as a model system in quantum chaos, [3], since
there are many analogies. The number of zeros < E, denoted by N/ (E), is approximately
E _E

% log 5= — 5. If we unfold the zeros by letting x; = N (E ), so that the mean spacing

becomes 1, it is conjectured by Montgomery, [20], and tested numerically by Odlyzko,
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[21], that the statistics of the x;’s as j — 00, is like the statistics of a determinantal
point process with correlation functions

(R "
i,j=1

n(x,- —)Cj)

m > 1. Weak forms of this have been proved in [13, 22].

This determinantal point process is obtained as a scaling limit of GUE or the clas-
sical compact groups, e.g. U (n), and also as the universal scaling limit of many other
hermitian random matrix ensembles. If we count the number of particles (eigenvalues)
in an interval of length L in a process on R with correlation functions (1.1) we get a
random variable whose variance is called the number variance, and was first introduced
in random matrix theory by Dyson and Mehta, [10]. For the sine kernel point process the
number variance goes like -5 log L as L — oo (an exact formula for finite L is given
in (2.33) below). A feature in the quantum chaos model and for the Riemann zeros is
number variance saturation, [2, 23]. If we consider the Riemann zeros and intervals of
length L at height E, where L <« E, and compute the variance by considering many
disjoint intervals of length L, the dependence on L is such that for small L < log 2£ it

behaves like — log L butas L grows it saturates, actually oscillates around an average

value which is approx1rnately — log(log E)’ see the work of Berry, [2], for interesting
precise predictions. Hence the sine kernel determinantal point process is only a good
model in a restricted range which becomes longer as we go up the line. The question that
we address in this paper is whether it is possible to construct a determinantal process
which shows number variance saturation? Can we construct a determinantal process
on [0, co) which shows a transition from a non-universal regime to a universal regime
described by (1.1) as we go further and further away from the origin? It is not possible
to get number variance saturation with a translation invariant kernel, like in (1.1), since
the sine kernel is the kernel with the slowest growth of the number variance among all
translation invariant kernels which define a determinantal point process, [24].

In this paper we will construct models having these properties by taking suitable scal-
ing limits of determinantal process defined using non-intersecting Brownian motions.
These models will not be translation invariant. We can restore translation invariance by
averaging, but then we will no longer have a determinantal point process. One of the
kernels obtained is given approximately by

sint(x —y) dcosm(x+y)+ (y—x)sinm(y+ x)
m(x —y) m(d® + (y — x)?)

where d > 0 is a parameter, see (2.23) below. (The exact kernel has corrections
of order exp(—Cd).) This model will have a number variance with saturation level
~ L log2rd).

here are other connections between L-functions and random matrix theory. Katz
and Sarnak, [16], study low-lying zeros of families of L-functions and connect their sta-
tistical behaviour with that obtained for the eigenvalues close to special points of random
matrices from the compact classical groups with respect to Haar measure. This leads to
a classification of the L-functions into different symmetry classes. Three different laws
for the distribution of the lowest zero are obtained. We will see below that these three
laws can also be obtained from the non-intersecting Brownian motions by choosing
different boundary conditions, see also [11]. Another recent development is the study of
characteristic polynomials of matrices from the classical groups which have been used

; (1.2)
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to model L-functions, and led to interesting conjectures for their moments, see [17]. See
also [8] for a discussion of linear statistics of zeros.

In this paper we will have nothing to say about quantum chaos or L-functions. The
above discussion only serves as a background and a motivation for discussing the prob-
abilistic models that we will introduce. For a discussion of bounded variance in another
context see [1].

2. Models and Results

2.1. The model. A point process on B C R with correlation functions p, (x1, ..., X»),
n > 1,[24], has determinantal correlation functions if thereis a function K : BxB — R,
the correlation kernel, such that

pn(x1, ..., xp) = det(K (xi, X))} 1 (2.1)
n > 1. The interpretation of p, is that p,(xy, ..., x,)dx ...dx, is the probability of
finding particles in infinitesimal intervals dxi, ..., dx, around xp, ...Xx,. In particular

p1(x) = K(x, x) is the local density at x.

Below we will construct kernels K by taking appropriate limits of other kernels and
it is natural to ask if there is a determinantal point process whose correlation kernel is
K . This can be answered using the following theorem.

Theorem 2.1. Let px n (X1, ..., Xk), k > 1, be the correlation functions of a determi-
nantal point process on I C R with continuous correlation kernel Ky (x,y), N > 1.
Assume that Ky (x, y) — K (x, y) uniformly on compact subsets of 1>. Then there is a
point process on I with correlation functions

pr(xr, ... ) = det(K () ;i (2.2)

k> 1
The theorem will be proved at the end of Sect. 3.
Let ¢ (1), ¥;(t), i > 1 be functions in LZ(X, ). Then, [6, 25],

1
uy (0d” () = — det(i ()7 det(Wi () 4" (x) (2.3)

defines a measure on X"V with determinantal correlation functions. If we have u y (x) > 0
for all x € XV and

Z= fo det(¢; ()c,'))f\fj-:1 det(¥; (e, 1V px) > 0, 0.4

we get a probability measure. We can think of a symmetric probability measure on XV
as a point process on X with exactly N particles. In this paper we will have X = R or
[0, oc) and p will be Lebesgue measure. The correlation kernel is given by

N
KnGe,y) =Yy (A i), 2.5)
i,j=1
where A = (fX ¢>,-(x)1/fj(x)du(x))f?'i:1. Note thatdet A = Z > 0.

One natural way to obtain probability measures of the form (2.3) is from non-inter-
secting paths using the Karlin-McGregor theorem, [15]. Consider N one-dimensional
Brownian motions started at y; < --- < yy at time O and conditioned to stop at
71 < --- < zy attime S + T and not to intersect (coincide) in the whole time interval
[0, S + T]. The induced measure on the positions xi, ..., xy at time S is then
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1
P57 (0) = — det(ps(yi, x))iYj—y det(pr (i, 2)))7) o1, (2.6)
where

2
e~ =72t

pt(x9y)= \/ﬁ

is the transition kernel for one-dimensional Brownian motion. From the results discussed
above it follows that (2.6) defines a point process on R with determinantal correlation
functions. The correlation kernel is given by

Knsr@v)= Y psGiw)(A prv,z)). 2.7)
k,j=1
where
A =det(psyr (i )} =1 (2.8)

In the limit 7 — oo this model converges to Dyson’s Brownian motion model, [9], with
B = 2, and was considered in [14], see also [12].

We can also consider the same type of measure but on [0, co) and with appropriate
boundary conditions at the origin. We will consider reflecting or absorbing boundary
conditions, where we have the transition kernels, [7],

pii(x,y) = pi(x,y) + pi(x, —y) (2.9)

and
PP (x, ) = pe(x, ¥) — pi(x, —y) (2.10)

respectively. We simply replace pg, pr in (2.6) with pX S , DT O S, p%b. In these cases
we have initial points 0 < y; < --- < yy and final points 0 < z; < --- < z. We will
be interested in these models as N — oo with fixed S, T or with S fixed and T — o0.

2.2. Correlation kernels. We want to obtain useful expressions for the correlation kernel
(2.7) with equidistant final positions, compare [14], Prop. 2.3.

Theorem 2.2. Let FL :R>t— L+it, L € R, andlet y be a simple closed curve that
surrounds yo < --- < ya; Lissolargethat 'y andy do not intersect. Setzj = a(j—n)

forsomea > 0,0 < j < 2n. Consider the model (2.6) with (y,)2"O as initial conditions,
and (z; )2”0 as final points, and with no boundary. Then

—(u2+v2)/2T
Kont1,s,7(, v) = (2711)2S(S T /l"L dw/ dzea(w Z)/(T+S) — (2.11)

2n W/ (T+S) _ pay;j/(T+S)

o~ maEs L= 0P+ = R0 s - w)

0 eaz/(T+S) _ pay;/(T+S) *

The theorem will be proved in Sect. 3.

The T — oo limit of this formula appears in [14], compare Theorem 2.3 below.
There are analogues of the formula (2.11) for the absorbing and reflecting cases. We have
not been able to write down a useful formula for the case of general final positions. The
expressionin (2.11)is more useful computationally than (2.5) but still rather complicated.
We will obtain simpler formulas in certain special cases. First we will give a double
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contour integral formula for the case T = oo in the absorbing and reflecting cases. We
will also consider the N — oo formula in the absorbing case. Then we will specialize to
the case when the initial points are also equidistant and 7 = oo or T = S. In these last
two cases we can obtain very nice formulas that are not in terms of contour integrals.
The next theorem gives the analogue of Proposition 2.3 in [14] in the absorbing and
reflecting cases.

Theorem 2.3. Let I'y, be as in Theorem 2.2 and assume that y surrounds yi, ..., YN
and does not intersect I'y. Set z; = j — 1 and assume 0 < y; < --- < yp. Then,

uniformly for (u, v) in a compact set in [0, 00)?,

1 2 2
li ab ’ ab 7 . / d / dzeW—V7/28 (,—(2—u)*/28
Jim Ky s, v) =Ky su,v) = @S . w ; ze (e

N 2
_emehu?/as) 2 5 ]_[ v y’ (2.12)
joi 7Y

and

1 2 2
li K¢ i — K¢ i - d d (w—v)~/2S  —(z—u)“/28
Tgnoo N’S'T(u v) N’S(u v) (27Ti)25 /I"L wf ze (e

N w2 _ y2

—(z4u)?/28 J
+e ) . (2.13)

w2 — l:[ Z — y]2

The theorem will be proved in Sect. 3.

We will also write down a contour integral formula for the N — oo limit of
K f{,b g, v) under an assumption on the y;’s. (We could write a similar formula in
the reflecting case, but we will omit it.)

Theorem 2.4. Let I';, be as above, L arbitrary, and yu the two linesR >t — Ft+iM
with M > 0. Let 0 < y; < y < ... and assume that Z;’il 1/)’]2' < 00. Define

00 2
Fo) =] (1 —~ %) , (2.14)

j=1 J

which converges uniformly on all compact subsets of C. Set

K§ (u,v) = —/ dw/ dzetw-vs—mwrps L WEW) ) )
5. @ri2S Jr, Ly z—w zF(2)
1 L+Mi 2 2
K&, (u,v) = W25 == /28 gy, (2.16)
5.2 27Tl L—Mi
- 1

and K3(u, v) = Kg"] (u, v)—}—K;f’z(u, v). Then uniformly on compact subsets of [0, 00)2,
Jim Ko, v) = K&, v) = Kiu, v) — Ki(—u, v). (2.17)
—00 ’

The theorem will be proved in Section 3.

‘We now come to the case when the initial points y; are equidistant. The next theorem
is what makes it possible to compute the number variance in this case. To compute the
number variance using the double contour integrals seems difficult.
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Theorem 2.5. Lety; = A+a(j —n), 1 < j<2n—1,0< A <a,a > 0. Set

= 2.18)
Then, uniformly for (u, v) in a compact subset of R?,
Nli_r)nooKN,s(u,v):Kg(u—A,v—A), (2.19)
where Ks(u,v) =a 'Ls(a 'u,a" "), and
Ls(x,y) = %Re Ze—”d"“—”%. (2.20)
nez
Furthermore, if y; = aj, j = 1, then uniformly on compact subsets of [0, 00)?,
Jim K@, v) = K§(u,v) = Ks(u, v) — Ks(—u, v), (2.21)
and
I\Jiinw Ky su,v) = K¢ (u,v) = Ks(u, v) + Ks(—u, v). (2.22)

The theorem will be proved in Sect. 3.
The leading contribution to (2.20) comes from the terms n = 0 and n = 1. The other
terms are exponentially small in d. The leading part is

sint(x —y) dcosm(x+y)+ (y—x)sinm(y + x)
T(x—y) m(d? + (y —x)?)

LS,appr(xv y) = s (2.23)

so we have the ordinary sine kernel plus a non-translation invariant term. In particular
for the density we have

1 cosru/a)
K appr(u, u) = ; 14 T , (2.24)

so we have an oscillating density reflecting the initial configuration.
It is also possible to give a more explicit formula in the case 7 = S. We have the
following theorem.

Theorem 2.6. Let 0; (x; w), i = 1,2, 3,4, be the Jacobi theta functions, see (3.43), let
yvi=A+a(j—n),1<j<2n—-10=<A <a,a >0, andletd beasin(2.18).
Then, uniformly on compact subsets of R,

Nlim Kn,ss(u,v) =Kgsw—A,v—A), (2.25)
— 00

where Kg s(u, v) = a_lLS,s(a_lu, a ') and
. 1
~ 02(0; id)/05(0; id)04 (0; id)
» 3(u +v; 2id)01(u — v; 2id)  Gr(u + v; 2id)04(u — v; 2id)
sinh(w(u — v)/2d) cosh(w(u — v)/2d) '

Lg s(u,v) (2.26)
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If we neglect contributions which are exponentially small in d the leading part of
(2.26) is

sin (1 — v) cos (1 + v)

- . (2.27)
2d sinh(wr(u — v)/2d) = 2d cosh(w(u — v)/2d)

LS,S,appr(’/h v) =

Note that as d — oo both Lg and Lg s converge to the sine kernel. We see from (2.23)
and (2.27) that Lg, s decays much faster than L at long distances.

We can also consider an averaged model by averaging over A in Theorems 2.5 and
2.6. The averaged model has correlation functions

1 a
—/ det(K(x; — A, xj — A))f”jzldA, (2.28)
a Jo ’

where K is the appropriate kernel Kg or K, 5. This averaging will restore translation
invariance. The density in the averaged process will be a constant equal to 1/a. In
particular we have

1 [¢ Sil’lz T(x=y) d2 _ ():)2
—/ Ks(x—=A,y=AM)Ks(y—A,x—A)dA=—5—"=+ 4 L
b T e (e (2Y)
(2.29)
plus terms exponentially small in d. If we instead consider Kg s we get
sin” —"<xa_y) N 1 (2.30)
4a2d? sinh® &Y 84242 cosh? TN '

2.3. The number variance. Let I C R be an interval and denote by #/ the number of
particles contained in /. We are interested in the variance, Varg (#1), of this random
variable in the determinantal point process with kernel K. The kernel K = Ky s r that
we have considered above is a reproducing kernel, i.e.

/ K, y)K(y,2)dy = K(x, 2). (2.31)
R

This is immediately clear from (2.7) and (2.8) and the same also holds in the absorbing
and reflecting cases with integration over [0, c0) instead, and the reproducing property
is inherited by the limiting kernels obtained above. Using (2.31) and the determinantal
form of the correlation functions it follows that

Varg #I) = /dx/ dyK (x, y)K (v, x). (2.32)
I Ic
The sine kernel W with density 1/a has the number variance, I = [0, L],
1 2L 2wl /m /27 L 2n L /27 L
Vsinekernel(L):_2 10g +J/+1+—(——Sl ( ))—COS——CI( ) s
T a a 2 a a a

(2.33)
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where y is Eulers constant. The Sine and Cosine integrals, Si and Ci, are defined in
(4.16) and (4.17). In the averaged models we get (we denote the averaging over A by
<>),

1 a
< Varg (#1) >:/dx/ dy—/ Kx—A,y—A)K(y—A,x—A)dA, (2.34)
I c a Jo

where K is K5 or K5 _s. The formulas above for the correlation functions and the formu-
las for the number variance are used to prove the next theorems. We will only consider
the contributions from the leading parts of the kernels, (2.23) and (2.27). Also, we will
not use the reflecting and absorbing kernels. If the intervals are high up, I = [R, R+ L]
with R large, then the contribution from Kg(—u, v) in (2.21) and (2.22) will be small
(like O (1/R)).

Theorem 2.7. Consider the kernel K s of Theorem 2.5. Define @ and ¢ by R/a—[R/a] =
0/m and L/a — [L/a]l = ¢/m. The contribution to Varg,(#[R, R + L]) coming from
the leading part of the kernel (2.23) is, A = nL/a,

1 - cos2(0 + ¢) + cos 26 o 2w Ad

n? nd Vv T 22d2
1 T .
+5 (1 + ZA(E _si (2A)) — cos 2A>

+y—Ci (2A))

+—2nl3d {(cos2(0 + ¢) + c0s 20) (h3(2ind) — h3(2A + 2ind))
+(sin 26 + ¢) — sin20)(hy QA + 2iwd) + 7w — 25i (2A))}

sin 2¢ ) . ’
+ 55y 1h2QA +2imd)(sind(0 + ) — sin 49)
—h4(2QA 4 2ind)(cos 4(0 + ¢) + cos40)}, (2.35)

where h1(z) = 2Re f(z), ha(z) = 2Im f(2), h3(2) = 2Re g(2), h4(z) = 2Im g(2) and

> gint  cost
_ dr | - dr, 2.36
f@ /o P g(@) fo P (2.36)

for Rez > 0 or Rez = 0, Imz # 0. These functions have the asymptotics f(z) =
1/z2-2/22+0(1/z%, g(z) = 1/22 + 0(1/z*) as 7 — oo.

The theorem will be proved in Sect. 4.

If we average the expression for the variance over 6 or equivalently consider the
averaged model, we get that the contribution to the number variance from the leading
part is

1 [ 2nld/a

og ———
V12/a? ¥ &2

/2L 2nL /1 L/2nL 2L
+y+1—C1( ) (——Sl( ))—cos—
a a

72 2 a

(2.37)

Apart from the logarithmic term we have exactly the same formula as for the sine kernel,
(2.33). It is not difficult to obtain (2.37) using the averaged correlation functions, (2.29).
The proof is then analogous to that in the sine kernel case, see Sect. 4. The proof of
(2.34) is a lengthy but rather straightforward computation.
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Note that when L is small compared to d the leading term in (2.37) is # log(2rw L /a),
which is what we have for the sine kernel. When L— oo the expression (2.37) converges to

%(log@nd) +y+1) (2.38)

so the number variance saturates. Note that the saturation level does not depend directly
on the mean spacing. If we rescale the model, see below, we get the same saturation level.

We can also compute the number variance for the (S,S)-model where we have the
kernel K, s. In this case we will only consider the averaged model.

Theorem 2.8. Denote by V(L) the leading part of the averaged number variance of
an interval of length L for the model with kernel Ks s, i.e. (2.27), where d is given by

(2.18). Then
2 (rLlla s yprd  \?sinfu
Va(l) = — - du
72 Jy sinh(u/2md) u
2L /00 ( u/2nd )2 sin? u
+— . du
ma Jxpq \sinh(u/27nd) u?
1 [ min(u, L/2ad)
t— | —— " du. (2.39)
7= Jo cosh” u
Also,
lim Vy(L) = 1. (2.40)

d— 00 # log d L—oo
If we compare (2.39) with the integrals which lead to (2.33), we see that there is a trun-
cation effect which depends on d and which is responsible for the saturation. The limit
(2.40) shows that the saturation level is similar to (2.38) for large d.

As mentioned in the introduction the unitary group U (n) has been used in [17] to
model the ¢-function at height 7', where n = log(7/2m). This n is obtained by equat-
ing the mean spacing in U (n), 27 /n, with the mean spacing of the zeros at height T,
which is 2z (log(T/ 27))~!. Note that the eigenvalues of a random matrix from U (n)
with respect to the Haar measure also show a kind of number variance saturation. The
variance for the number of eigenvalues in an interval on T of length a, 0 < a < 27 is
given by

2
Var g (@) = ”—n S Sy S (2.41)

This increases as a function of a for 0 < a < 7 and then decreases symmetrically. We
have a maximum variance when a = i, i.e when we have a half circle. This maximum
variance is

1 1
—(log2n) +y + 1) + 0(—), (2.42)
T n

which is analogous to (2.38) if we set md = n. Note that the number variance for the
Riemann zeros at height T saturates at the mean level # log(log(T /27m)) + const, [2],
so equating the saturation levels (disregarding constant terms) leads to n = log(7 /2m)
again. This may be a more natural argument in a sense since it is not changed under
rescaling.
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2.4. Approximation. Consider the situation in Theorem 2.4, the absorbing (S, co)-model,
where the y;’s are not equally spaced but are givenby y; = F ~1(j) for some increasing
function F. If F is nice and does not vary too quickly, the y;’s will be almost equally
spaced for long stretches of j, and hence we expect that the kernel (2.17) should be well
approximated by (2.21) in a region where the average spacing is a. We will not attempt to
make this clear in the greatest possible generality. Our goal is an approximation theorem
valid for a certain class of functions F. Denote the correlation kernel K ;b(u, v) with
initial points y = (y.,')?‘;l by K ;b(X, u, v) to indicate the dependence on y. We will
prove the following approximation theorem:

Theorem 2.9. Assume that F : [0, 0c0) — [0,00) isa C 2—function that satisfies

(i) F(x) < Cx'*3 forall x > 0, for some § € (0, 1) and some constant C,
(ii) F'(0) =0 and F'(x) > 0 for x > 0,
(iii) F” is decreasing.

Fix a (large) and € > 0 so that 1 + 8 + € < 2. Also, fix S € [F'(F(a), 1]. Define
y= (yj);?il byy; = F7l'(), j= landy_; = —yj for j > 0. Form > 1 set

o]

2ym — Ym—j — Ym+j
Enm = : (2.43)
" ; m = Ym=)Omtj = ¥m)

Al = F'(ym) and ny = F" (ym). Also let &y = ym — ES. There isanm = m(a) > 1
such that & — a < Ay. We have roughly m(a) ~ F(a). Set A(a) = Ap@) ~
(F'(F~ Y a) ™, n(a) = ey ~ F"(F~'(@)) and

1
4/n(@)’

Define y = {jj}?":], byy; = AMa)j, j = 1. Assume that 0 < T < To(a). There are
constants co, C, which depend on F and €, but not «, such that

To(@) = min < m(a)(H‘S)z/z(l‘S)). (2.44)

e E@UD KD (i, 0) - KPGru— (@), 0 — c@)]

< C[M@) S RS L (T2 4 Rym(a) -/ g-1] (2.45)

forallu,v € [0« — T, a + T] provided R? lies in the interval

2/(1—
2 max [ (= 1 pitsreg T8 m(@)1=97A+D | (2.46)
0 Aa) ’ T )

Note that K?b(jz; X, y) is given by (2.21) with a = A(«), so provided the right hand
side of (2.45) is small we have an approximation with a kernel having equally spaced
initial points. The factor exp(—£&(«)(u — v)) in front of Kg‘b(X; u,v) in (2.45) does
not affect the correlation functions corresponding to this kernel since it cancels in the
determinant. Let us consider two examples of Theorem 2.8.
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Example 2.10. Let F(x) = x'1% with0 < § < 1 and fix € > 0 small. Then A(ex) ! ~
(1 4+ 8)a® I+ n() ~ 81 + 8)a=1=9/0+9) and m(a) ~ a!*¥ as @« — oo. Choose
S=1.If0<T< a(l_‘s)z/z, then

T2

o (1=92=28/[(1—e)(1+8)]°
(2.47)

e_g(“)(”_”)K?b(X; u,v) — K?b(i; u—<¢@,v—2g@)| =C

forallu, v € [ — T, o+ T]. We see that this is only interesting if 6 < 2 — \/g, otherwise
the right hand side of (2.47) does not go to zero as @ — oo unless we also let 7 — 0.
It also follows that

lim e*f(a)(xfy)/)u(a)Kl (o + X y _ sin(x — y)

wr o 7@ i@ T 7e oy (2.48)

uniformly for x, y in a compact set, so as we go up the line we see the sine kernel
process. Note that when x and y belong to a compact set we can take T = CA(«) and
the right-hand side of (2.47) goes to zero as @ — oo for § < 1 provided we choose €
small enough. Thus we can extend (2.48) to all 0 < § < 1 We see a transition from a
non-universal regime for small « to the universal sine kernel regime for large .

Example 2.11. Let F(x) = 5-1log 5 — 5. This F' does not satisfy all the conditions in
Theorem 2.9 but we can modify it for small x so that it does without changing the y;’s.
Then A(a)% log% — 1,2ran(a) > land m(a)/F (o) — lasa — 00.Fixep > 0
small and let § = €, where (1 —€)?/(1 +¢€) —2¢ = 1 — €. Pick R = coT'/**€a€. The
theorem then shows thatif 1 < 7 < «!/27¢, then $s=1

e UK (v, v) = Ky (33w, v)| < CT %1 (2.49)

foru,v € [ — T, o 4+ T]. We see that the parameter d for the approximate kernel is

2 873
AMe)?  (log(a/2m))*

da) =

The saturation level is the (disregarding constants)

1 2 o
~ —logd(a) ~ — log | log — |. (2.50)
2 w2 2

This differs by a factor 2 from what we would like to have if we want to model the
¢-function. Note that the mean spacing at height « is the same as for the ¢-function.
However the saturation level does not change in the equidistant case if we rescale the
point process linearly (the distance a between the y;’s is not changed, it is the con-
structed point process that is rescaled). Hence the mean spacing and the saturation level
are independent. We can make a better model of the ¢-function by picking a suitable F,
see below, and then make a non-linear rescaling. Below we will construct a model for
the unfolded zeros s; = N (E)).

Consider a determinantal point process on [0, co) with correlation kernel K and let
G (x) be a strictly increasing C!-function. Then

K(x,y) = K(G(x), Gy)VG' (X)G'(y) 2.51)
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defines a new, rescaled point process. The density for the new process is p (G (x))G’(x)
if p(x) is the density for the original process.

Lety; =F -1 (j), j = 1, where F satisfies the conditions of Theorem 2.9. The den-
sity at x is then F’(x) and if we rescale with G we get F/(G(x))G'(x) = %F(G(x)).
Hence to get a constant density we should pick G(x) = F ~1(x). Choose

. 12
Foo =1+ / (10g L) dt (2.52)
2 2

e

for x > 2me and define it for 0 < x < 2me so that the conditions in Theorem 2.9 are
satisfied. Consider the model corresponding to this F and rescale it using G = F~! as
in (2.51). We will say “approximately” below without being too precise. The estimates
involved can be made precise with a little effort. By Theorem 2.9 at height T', the kernel
will be approximately (S = 1)

K1 F' ) = 1), F' ) = FA o (F- Yy 0Py ) 2.53)

for x, y in a neighbourhood of T', where y; = AMFYTY)j, j =1, Ma) ' ~ Fl(a).

(We have approximated ¢ (o) with «v.) Now, for x close to T we have F 1o —F T ~

(x =T)(F~YHY(T).Setb = (F~Y(T) ~ A(T). By (2.53) and (2.23) at height T (large)

the kernel will approximately equal

sinw(x — y)

L -T,y—-T)= ———=

S,appr(x y ) 7Gx —y)

+dcosn(x +y=2T)+ (y —x)sinm(x +y —2T)

n(d? 4 (y — x)?) ’

(2.54)

where d = 27 /A(T)*. We have A(T) ~ (log 5=)""/2. As T — 00 ,d — oo and we
see that the kernel in (2.54) converges to the sine kernel. The point process we have
constructed thus has the correct universal asymptotics as we go up the line, and it is
non-universal for small 7', since it depends on the particular F we have chosen. The
saturation level for the kernel in (2.54) is

1 1 T
— log(2nd) ~ — log | log — |, (2.55)
w2 w2 2

when T is large, which is exactly what we would like to have at height 7. We have thus
constructed a determinantal point process in [0, o) which has, in some aspects, similar
behaviour to the unfolded zeros of the ¢-function.

2.5. Correlation kernels close to the origin. Consider the kernels Ks on R, and K glb
and K ge on [0, co) in Theorem 2.5. If we are interested in, say, the distribution of the
first particle to the right of the origin we have to compute the probability of having no
particle in [0, £]. Let X be the position of the first particle to the right of the origin. Then,
if the correlation kernel is K,

P[X < &] =1 — P[no particle in [0, £]]
=1 —det(I = K) 270} (2.56)
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where the second equality is a standard result for determinantal point processes. If we
vary a and S in such a way that S/a*> — oo, it follows from Theorem 2.5 that

sin (1 — v)

lim aKgs(au,av) = ———, 2.57)
S/at— o0 (U —v)
lim aK?b(au, av) = sin (14 — v) B sin(u + v) (2.58)
S/a2— o0 7(u — v) w(u + v)
and
lim  aK®(au, av) = sinz(u—v)  sinw(+v) (2.59)

S/a2—o0 (U — v) (1 + v)

These kernels can also be obtained from the classical compact groups and have been used
by Katz and Sarnak to model the lowest zeros in families of L-functions, see [16]. The
above results show that they can also be obtained in a natural way from non-intersecting
paths with appropriate boundary conditions.

The kernels in the right hand side of (2.58) and (2.59) are directly related to special
instances of the Bessel kernel,

V2T VL0V — eV y 2,0 01 ?)
2(x — ) ’

where J,, (x) is the ordinary Bessel function. In fact a simple computation shows that if
we define the rescaled Bessel kernel B, by

By (x,y) = +/272x272y B, (7%x2, 72y?), (2.61)

By,(x,y) = (2.60)

then

~ _sinn(u—v) sin(u + v)
Biip(x,y) = ) F et (2.62)

When v is an integer the kernel B, appears in the scaling limit around the smallest
eigenvalue in LUE, the Laguerre Unitary Ensemble. If x1, ..., xy are the eigenvalues
of M*M, where M isa (v+ N) x N complex matrix with independent standard complex
Gaussian elements, N (0, 1/2) +iN(0, 1/2), then x1, ..., xy is a finite determinantal
point process with correlation kernel Ky, and

Y

m) = By(x, ). (2.63)

lim —— kY
im — —_—,
Nooo 4N NY4N

This interpretation does not work for v = £1/2.

3. Computation of the Correlation Functions

In this section we will use the formula (2.7) to compute the correlation functions. If A
is a matrix and b a column vector we will denote by (A|b); the matrix where column k
in A is replaced by b. Let
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= (pr(v.20) ... pr(v,zv)’,
where z; = a(j —n),0 < j < N = 2n. By (2.7) and Kramers rule we have

det(A|p)
Ko s.7(y; u, v) = Zps(y 0= (3.1)

where A = (ps+r1 (i, Zk))?k:O' If Cpsisthecontourt — t+iM, M e R, t € R, we
have

T + S .
pr(v.zi) = = el /2T / 2 pr i s(Gr(@), 2)e ORI+ g (32
Cu

where yy = Vi (v) = v(T + S)/T +it/S(T + S)/T;setalso y; = y; if i # k. Then,

s 2i
det(Alp _ [T+ Se—u2/2T / o~ AT /2THS) det(pr+s(yj, Zi))i,'}zodr
det A 2xT c det(prs(yj, 2));"—o

M
(3.3)

Since z; = a(j — n) the determinants in the quotient in the right hand side of (3.3) can
be computed using Vandermonde’s determinant and we find

e/ (T+S) _ payj/(T+S)
canc/(T1S) _ pav;/(T+8)"

Y2—=53)/2(T +S)+an(yx— yk)/2(T+S)l_[

Inserting this into (3.2) and making the change of variables w = y;(t) we obtain

detCApe _ L 27322 +8)+aya/(T+5)

detA ;278

T+S J(T+S
X/ dweT =T+ T /2S(T+8)~nwa/(T+S) 1—[ WS — wi/(T+5)
'y

e/ (T+S8) _ payj/(T+S)"

(3.4)

We can now use the expression in (3.4) and insert it into (3.1) to get

2n
e—v2/2T+u2/2T Ze—T(yk—(T+S)u/T)2/ZS(T+S)

K U, V) =
2n,8,7(y; u, V) %S

k=0
aw/(T+S) _ eayj/(T+S)

xf dweT W—(T+8/T)2/2S(T+S) na(y— w)/(T+S)1_[
'y

J#

e/ (T+8) _ payj/(T+S)"

(3.5)

This is the basic formula from which the others will be derived. It is now straightforward
to prove Theorem 2.2.

Proof of Theorem 2.2. If we apply the residue theorem in (2.11) we get the expression
(3.5). Since I', and y do not intersect the w = z singularity does not contribute. O

We turn next to Theorem 2.3.
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Proof of Theorem 2.3. Consider first the absorbing case. We use the formulas (3.1) and
(3.3) but with pf‘b instead of p;. The evaluation of the two determinants can now be done
using the following Vandermonde type identity

det(e(Zifl)xj _ (2! ])X/)N
i,j=1

&N — M) 1_[ (" — e_xj)z — (" — e_xf)2). (3.6)

1<i<j<N

I
e

Using this identity we find

v : v :
det(A|pab)k T + S 2(T+S) %/ _% gTJrl T(T+S) __ 6777l T(T+5)
= e e g
Yk Y
det A V 27T Cu eTTAs _ e—T—J’r‘S

b iy Py v \?
el TT+3) TS e r+5 — e TS
<1 .
el Yk k2 i _2i )
J# (@ T+§ — e T+S ) — | eT+S — e T+S

(3.7)

In this expression we can expand the exponentials and take the T — oo limit. We find

that
ab w? — y?
det(A[p®) _ 1 e(wwﬂ/ﬁﬂn Y] dw (3.8)

2
im - By
T—oo detA i2mS Jry, Y g Yie =Y

uniformly for (u, v) in a compact set. Here we have changed the integration variable by
putting w = v + it+/S. Hence

N
1 2 2
lim K2 ) = Z( —(k—u)?/28 _ = (tu) /2S>
i Kws.r (. v) amis =\ ‘

x/ (w-v?/2s 2 ]_[—_ " (3.9)
ry Yk /;ﬁk yk_y]

That this expression equals the expression in (2.12) follows from the residue theorem.
The proof of (2.13) is completely analogous. Instead of (3.6) we use the identity

, . N
det (U700 —e=UD5) T = [T (@9 +e™) = (% =™ (3.10)
Y

Proof (of Theorem 2.5). Set

N 2
Fy@ =[] (1 -~ Z—2> , G.11)
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so that, by (2.12),

ll}—Uz I—U 2 Z u2
Kﬁ}’s(u, v) = / / dze( ) e( S0 e( $1) 2w FN(w).
’ (Zm)zS ro Jyj w? — 2% Fy(2)

" (3.12)

Here y;,;,r is the curve givenby t - —t +im,t > rands —» r Fis,—-M <s < M,
where 0 < r < yj. The fact that Fy(z) — F(z) uniformly on compact subsets of C,
together with estimates like (5.10) and (5.11) below, which can be used to restrict the
z— and w— integrations, shows that

1 (w=v)?
— / dw/ dze 8
2mi)*S Jr, Vi

M,r

(Z—u)z (z+u)2 2w F(U)) . b
x <g 25 —e 25 > -2 F0 = K5 (u,v), (3.13)

lim K% o(u,v) =
N—o00 ?

uniformly for (u, v) in a compact set. Let y,, . be the contour which is the image of
y[[; . under z — —z. Using

2w W 1 1
wr—z22 z\w—-z w+z/)’

we see that K;b(u, v) = K5(u, v) — K§(—u, v), where

w=v? _ (- u>2 1 F
K§(u,v) = ——>~ / / dze 25 whw)
(27”) S Jry Vit z—w zF(2)
VM. r = J/[[,; r Vi If we let r — 04 we pick up a contribution from the pole z = w.
This leads to K§ = | + K5 , as stated in the theorem. O

Next we consider Theorem 2.5.

Proof of Theorem 2.5. 1t suffices to consider the case A = 0, otherwise we replace
(u, v) with (u — A, v — A). From the proof of Proposition 2.3 in [14], the T — oo limit
of (3.5) is

KN,S(M, U) = lim KN,S,T(Uy v) (3.14)
T— 00
1 1 wew? w=v)? - w —aj
= 27isS Z e 28 dwe 25 1_[ T
Tl ke Iy =k a aj
Now,
n w—ai (—l)kw n w2 k—1 n— i
I1 J IT(1-=5)T] S (3.15)
k—aj w-—ak (aj)? n+1+j

‘ L, a ; .
Jj=—n,j#k Jj=1 J=0
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It follows from (3.14) and (3.15) that

lim Ky s(u,v)= Ks(u,v)
N—o00

T 1 (A N
= e we — .
2miS = . (@j)?

L j:l

uniformly for (u, v) in a compact set. To prove the convergence we need some estimates
so that we can cut off the k-summation and the w-integration. We omit the details. Now,

o]

a . 1
H( (aj)2> —sin —w. (3.17)

Hence,

(w—v)*—(ak—u)~ v)2 (ak u)2 ( l)k LTTw
Ks(u,v) = — ZZSZ/F sin —dw, (3.18)

w — ak a

where L is arbitrary. Replace w by w 4+ v — u + ak in the integral in (3.18) and use
Cauchy’s theorem to get

we—2uw —2uu k(zw sin l(LU +v— M)
K v B R————
s, v) = 272 lSZ/r w4v—u v

wo—2uw —2uw kau sin & (w +v—- M)
—d
27T lS Z ./r] w+v—u v

a e(wz—ZMwD)/ZS sin 2 (w + v — u)
_2n2iS/ eaw/S — 1 wH+v—u

dw, (3.19)

where I' = I'_; + I'y. The function e“*/S — 1 has simple zeros at w = 27 Sni /a,n € Z
and hence by the residue theorem applied to the last integral in (3.19),

(3.20)

2nns ; _
Ks(u,v) = l Zefzn%zs/azfzmni/a sin 7 ( i+v u)
b4

2nnS _
nel ==i+4+v—u

If we set L(x, y) = aK (ax, ay) and define d as in (2.18) we find

1 —mdn®—2mnix sinz(ndi +y — x)
L(x,y):—Ze ndi +y—x

nez

1 —mdn?—mnd

€ wi(y—(2n+1)x)
= —_— —_—
2 Z —nd +i(y —x)
nez

77m'n +mnd

Z m‘(y+(2n71)x). (321)
= —nd +i(y — x)

If we change n to —n in the first sum we get (2.20).
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In the absorbing case we have by (3.9), (3.11) and the identity

Hw—y,_< 1 1 )FN(w)
Ve g e—yi \w=w wy) FyOo

that

(ak u)z (ak+u)2
1 K 25
1rn NS(“ v) = 702 ZSZ/F ( —e )

1 1 P4
X — (—1)" sin —wdw. (3.22)
w—Yyr W+ Yk a

If we now note that

aK—u auz
Z( 1)k< (k) e(k2+s)>< 1 3 1 )
wW—Yk WYk

afuz — k a u2 — k
:Ze_(kzs) (-1 —Ze_(k;rs) (-1 (3.23)

w — ak w —ak
keZ keZ

then (3.18) and (3.22) give (2.21). The proof of (2.22) is completely analogous. 0O

The proof of Theorem 2.6 is a similar but somewhat more complicated computation
where we have to use 6-function identities.

Proof of Theorem 2.6. Our starting point is the formula (3.5) with 7 = S. We can
assume that A =0 sothaty; =a(j —n),0 < j < 2n. Set

n n
Fa@g) =[]a-¢/2][0-q//2, (3.24)
j=0 =1
where
q = e @28 — gmm/d (3.25)
Then (3.5) and a short computation gives
e~ —u?)/28
Kz”“‘l’S’S(u’v) 2(27.”)252 /;,L dw/dz a(w— Z)/ZS 1
Pl(W=20)>—(z=2u)’1/28 Fy(e™/?%; q) (3.26)

F, (eaz/2S q)

where y surrounds y; = a(j —n), 0 < j < 2n and does not interesect I'.. Let yp be
t — Ft £ iM. Replacing y by yys in (3.26) we pick up a contribution from the pole
z = w, when |[Imw| < M. Hence

—(v2—
ae (v"—u

2)/28 |
R B dg——
2(27i)2 82 /FL w/m 2 aw-0/28 _ |

28.
[(w 20)2—(z— 2u)2]/4SF (e’ w/ 1 q)
F, (eaz/2S q)

L+iM 5 2
/ lw—20)"—(=2w)%1/4S 4. (3.27)
L—iM

Konq1,s,s(u, v) =

e(vz—uz) /28

2mi
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In this expression we can control the n — oo limit (using some estimates of F;,, compare
(5.10), (5.11)). Set

Fog=[la-d/a][a-4q'/2. (3.28)
It follows from (3.27) that

) ae— W 2_u?))28 1
Kss@,v)= lim Kynp1s50,0) = — 77 /FL dw /VM dzm

2(2mi)?S?
2S.
elw= 20)2—(z—2u)* ]/4SF(€—/)
F(e92/2S; q)
2_u2y/28  pL+iM
_ermom / T 20— 2was gy,
2mi L—iM

(3.29)

We now compute the z-integral in (3.29) using the residue theorem. Apart from the pole
z = w if [Imw| < M we have simple poles at z = ak, k € Z. We obtain

—(wr—u?)/28
e
Ks s(u, v) = . Z/ duwel(0=207—(~20)21/45
2mwiS r
keZ 'L
1 F(g~"/)

q—w/a+k q—kF/(q—k) : (3.30)

In the integral in (3.30) we make the change of variables w — a(w+k) and use Cauchy’s
theorem. A computation shows that

ko G _
Fla™a™") = qgempe F@). (3.31)
k k (_ )k ' 5 2
TF'@Th = PR (I—4g"", (3.32)
n=1

which gives

1 Flg™*q™) _ q’““ —w
P ey H( —q" P P,

If we set
o0
Gz =[]0 -d'(1—q/2), (3.33)
j=1
we obtain
—(2—u?) /28
_ ae L (awtak—2v)2—(ak—2u)?]
Ks s(u,v) = 77iS Z/ dwe?s

keZ
wkatw2s @ @)

3.34
G(1;q) (339
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Make the change of variables w — w + (v — u)/a and perform the k-summation to get

Kss(u,v) =—

—(v2+u2)/25 (aw—u—v)z/S G —w+(u—v)/a.
ae /e (9 9D g, (3.35)
r

27i S e—a*w/S _ 1 G(1; q)

where I' = I'1 — I'_ as before. The integrand in (3.35) has simple poles at w = dni,
n € Z, and the residue theorem gives

—(+u?)/28 G(g—dni+—v)/a.
e ; 3
K5, v) = = Y eladnizu=v)¥/s @ _ D 336
a = G(1;q)
n

A computation leads to

Lg s(u,v) =aKg s(au, av)

—nm(u—v)/d.
_ 20 Y ot pmnitery GV TG ) g

= G(l: g)

If we write ¢ = T @ = i/d, p = e Cy = ]_[flozl(l — qZ”), it follows from the
product representations of the 8-functions that

I 01(x; @)0s(x; w)

G(p*q) = ,
P59 2C3q1/4 sin 7w x
1 Oh(x; 0)b3(x; 0)
G(—p? q) = , 3.38
=r5 ) 2C3q1/4 cosTx (3.38)
Write o’ = —2/w = 2id. If we insert the formulas (3.38) into (3.37) we obtain
_ﬂ(ufv)z . .
Ls(u,v) = ze 1/42d . Z {einw’n22nni(u+v) 91(%(14 B ?)),ﬂ(,:)94(%(u —V); ®)
2C5qY*G(1; q) ~ sin %52 (1 — v)
im0 (1= 12— an—1yi (utv) 02(5 (1 — 0); 0)03(F (u — v); ®) }
te 2 T
cos %= (u — v)
7TLl—U2
e M5 {93(M + ;)01 (§ (1 — v); ©)04(§ U — v); W)
T 20%q9V4G(1; q) sin B2 (u — v)
Or(u+v; 0N (2w —v); w0:3(2(w —v); w
n 2( )2(2(M) ); w)83 (5 ( ) )}, (3.39)
cos 5= (u — v)

where we have used the series expansions of the 8-functions, see (3.43) below.
We can simplify (3.39) somewhat by using some 6-function identities. The first is
Jacobi’s transformations:

O ) Ok (x; —1/w)

wxX; W) = —,

k O{k(_ia))I/Zemwx2

k=1,2,3,4, where ¢ = —i and «p = o3 = a4 = 1, and the formulas [18], p. 17,

01(x; w)02(x; w) = 01(2x; 2w)04(0; 2w),
03 (x; @)04(x; w) = 04(2x; 2w)604(0; 2w). (3.40)
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This leads to

i04(0; —2/w) ]93(u+v;w/)91(u—v; @) G(u+v; 0)0s(u—v; )
Lg(u,v)= Y=y ———ma; o, .
2wCiq G(l,q)[ i sin 52 (4 — v) i cos 552 (u—v)
(3.41)

Now, by the product formulas for the values of the §-functions at the origin we have

o0
04(0; )61 (0, w)
G(l;q) = | —gh)y2=—2 "1~ 7
(1 9) n|=|1( q°) 27 C2q 1A

and consequently
1
254G (1 g) = —64(0: )6} (0 )
1 1 1 1,
= ——04(0; =—)603(0; ——)62(0; ——) (3.42)
w w w w

by Jacobi’s transformation and the formula
61(0; w) = 62(0; w)63(0; @)64(0; w).

By Landen’s transformation

04(0; —2/w) = \/63(0; —1/)64(0; —1/w),
and hence
i64(0; =2/w) iw
20C3q 4G5 q)  62(0; —1/w)2/03(0; —1/)04(0; —1/w)

If we insert this into (3.27) we obtain (2.26) and the theorem is proved. That the leading
behaviour of the kernel is given by (2.27) follows from the series expansions of the
0-functions:

01(x;T) =i Z(_1)nenir(n71/2)2+ni(2nfl)x,
nez
0r(x; T) = Zenir(n71/2)2+n'i(2n71)x’
nez
03(x:T) = enim2+2ninx’
3(x; 7) ZZ
O4(x: 7) = Z(_l)nenirnz—ﬂninx. (3.43)
nez

We should also prove Theorem 2.1.

Proof. We will use the following criterion of Lenard, [19, 24]: A family of locally inte-
grable functions p : [ k 5 R, k=1,2,... are the correlation functions of some point
process if and only if the following two conditions are satisfied
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a) (Symmetry) For any o € S,
Pr(Xo(1ys - -+ Xo (k) = (X1, - -+, Xk).

b) (Positivity) For any finite set of measurable bounded functions ¢ : [ k5 R,
k=0,..., N, with compact support, such that

N
o+ Y, ¢k, x;,) =0 (3.44)
k=1 iy iy
for all (xi,...,xy) € IV it holds that
N
dot Y [ ol mp e dndx 20 (345)
k=171

The uniform convergence of K to K on compact sets implies that K is continuous and
hence py is locally integrable. It is also symmetric. We know that (3.45) holds with p n
instead of pi since pi n are the correlation functions of a point process. Since all ¢y
have compact support and are bounded we can use the uniform convergence of Ky to
K and take N — oo to get (3.45). This completes the proof. O

4. Computation of the Number Variance

We will first show how (2.37) can be obtained from (2.29). By (2.34) we want to compute
L [e'e) L 0
/ dx/ dyf(x—y)+/ dx/ dyf(x —y), 4.1)
0 L 0 —00

sin? ZX d* — (x/a)?
= Y st ajane

where

4.2)
X

Since f(x) is even we see that (4.1) equals

0 oo L o0
2/ dx/ dyf(x —y) :2/ / dyf(x +y)
—L 0 0 0

L o0
_2 /0 ( / f(y)dy) dx
L [e’e)
= 2/ xf(x)dx + ZL/ f(x)dx. 4.3)
0 L

If we take f(x) = (sin? wx)/72x? in (4.3) we get (2.33) using (4.16) and (4.17) below.
Inserting (4.2) into (4.3) and computing the integrals we obtain (2.37). A similar com-
putation using (2.29) leads to (2.39). To prove (2.40) we have to show that

du = 1. (4.4)

2 /OO u?  sin?2xud
0

lim
d—oo logd sinh? i u
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Using sinh? u > u? we get

% 242 §in?27ud L) — cos2mud ©  du
— du < | ———= " du+ —
o sinh“u u 0 u 1 sinh“u

2md | _ cosx *  du
0 X 1 sinh“u

. *  du
=log(2nd) +y — Ci(2nd) + —5— 4.5)
1 sinh“u
and hence
[e'e) 2 : 22 d
lim sup / 'uz St s du < 1.
d—oo logd sinh” u u
Given € > 0 we can choose § > 0 so that [x ! sinhx — 1| < € if |x| < §. Thus
© 24 sin®2mud 2 8 sin? 2mwud
- du > du
o sinhZu u (1+¢€)? u
1
log(2mdd) + Ci(2ndsé 4.6
= oy log@mds) +y — Ci 2mds)), (4.6)
which gives
00 2 : 22 d
lim inf / ke PP
d—oo logd sinh>u  u
and we have proved (4.4). This completes the proof of Theorem 2.8.
Proof of Theorem 2.7. We have
R+L o0
Varg,(#[R, R+ L]) = / dx/ dyK(x, y)K(y, x)
0 R+L
R+L R
+/ dx/ dyK (x, y)K(y, x).
R —00
Set L*(x,y) = +L(%, 1), and
A 00
v(A,0) = / dx/ dyL*(—x+0,y+0)L*(y + 6, —x + 0).
0 0
A computation shows that
L L
Varg,(#[R, R+ L]) = v(—,9+¢> +v(—, —9). 4.7
a a

Hence we have to compute v(A, 6). If we set

A e’} e—2i((n+k)x+(m+k)y)
Gn,m,k) = dx d - - , 4.8
. m. 1) /0 /o Y rdn + i(y +x))(xdm + i(y + x)) *+8)
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then

1 .
V(A, 0) = 47[_2 Z e—dn(n—l)eZI(n—m)G

m,ne’
x [e_d’”(”’+1)G(n, m, 0) + ¢~ "M =D G, m, —1)] fee  (49)
If we neglect the terms that are exponentially small in d we get
4n2v(A, 0) =—-G(0,0,0)+ G(,0,—1) + G(1,1,-1)
+e*?[G(1,0,—1) — G(0, —1,0) — G(1,0,0)] + e **G(0, 1, —1)
"G, —-1,0) + c.c. (4.10)
(Note that G(0, 0, 0) and G(0, 0, —1) are not individually convergent but have to be

considered together.)
We will now outline how (4.10) can be computed without giving all the details. Set

A 1— e—Zinx
Hi(A;n,m) :/ —dx, “4.11)
o mdm+ix
A>0,nmeZ,d > 0and
o0 e—2inx
Haainm =[x, “.12)
A mwdm—+ix
A>0,d>0,n+#0,n,m e 7Z. Some computation now gives
_ e—Zi(n—m)A
Gn,m, k) = ——S [H2(A;m +k,m) — Hy(A; m + k, n)]
2wid(n — m)?

— _[Hi(A; k,n) — Hy(A; k,
+27n'd(n—m)2[ 1(Asm +k,n) — Hi(A;m + k, m)

+Hi(A;n+k,m)— Hi(A;n+k, n)] (4.13)
ifn #m,
; 1
Gn,n, k) =1— ¢ 20thA _ 3 log(A% + 7%d?)
: wdn T

+i arctan e + log(wd) — zEsgn (n)

—2(A —midn)(n + k)Hy(A; n + k, n)

—2midn(n + k)Hy(O;n + k,n) + i Hi(A;n + k, n) (4.14)
if n # 0 and

G(0,0,k) — G(0,0,0) = 1 — e 2*A _2kAH,(A: k,0) + Hi(A: k,0).  (4.15)

The next step is to express the functions H; and H» in terms of f(z) and g(z) defined
by (2.36), and in terms of the sine and cosine integrals:

. Asiny b4 )  sin y
Si(A) = dy : = —Si(A) = dy, (4.16)
oy 2 A Y

® cosy

Al —cosy . )
——dy=y+1logA—-Ci(A) ; Ci(4A)=- dy. (4.17)
0 A

y
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After some computation we obtain

Hi(A;n,m) = —ilogv A% + n2d?m? + i log |mdm| + arg(A — widm)
+ arg(ridm) + iG(=2midm|n|) — i(cos 2nA)g(2A|n| — 2widm|n])
+ i(sin2|n|A) fRA|n| — 2widm|n|) + f(—2mwidm|n|)sgn (n)

— (cos2nA) fRQA|n|2midm|n|)sgn (n) —(sin2nA)g(2A|n| 2mwidm|n]),
(4.18)

ifn#0,m#0,

Hi(A;n,0) = —i(y +log(2A|n]) — Ci (2|n]A) — sgn (n)Si 2A|n]), (4.19)
Hy(A;n,m) = —i(cos2nA)g(2A|n| — 2widm|n|)
+i(sin2|n|A) f(2A|n| — 2widm|n|)
—(cos2nA)gf(QA|n| — 2rwidm|n|)sgn (n)
—(sin2nA)g(2A|n| — 2xidm|n|), (4.20)

ifm £0,n %0,
. T .
Ha(A; n, 0) = iCi (2A|n]) — sgn (n)(E —si (2A|n|)) 421)
if n £ 0, and finally

Hy(A;0,0) — Hy(A;0,1) = ilog A — i log v A2 + 72d? + arg(A — id).  (4.22)

If we use these formulas in (4.10), (4.13), (4.14) and (4.15) we end up with (2.35). The
asymptotics for f(z) and g(z) are easy to obtain using integration by parts. O

5. Proof of the Approximation Theorem

5.1. Main part of proof. We will use the formulas (2.15)—(2.17) for Kgb (u, v). Given a
sequence {c;}j>1 of complex numbers # 0, we define the counting function,

ne@®) =#{j = 1; |cj| < t}.
Ifn.(t) < Ct!19 for some 8,0 < § < 1, we can define the convergent canonical product
= Z
Pe2) =[] <1 - —) elei, (5.1
, ¢j
j=l1
It follows from Lemma 5.1 below that &,,, as defined by (2.43) is finite. Define
Ci=Cim=Yj+m —Ym 3 bj=bjm=Ym— Ym_j. (5.2)
We will first show that

(W 4 yn) P+ Ym) _ gy WPe(w) Po(—0)
@+ ym)F G+ ym) 2P Py(—2)

(5.3)
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provided z is not a zero of P, or —z a zero of Py. Note that P, and P, are well defined
by assumption (i) in the theorem. The left hand side of (5.3) is

— (W + ym)?

=1 y] (Z+ym)2

lim 2t Ym l—[ i = Om +wNj + ym +w)
N=>0o Z+ Ym joi ;= Om+NDQj+Iym+2)
— lim w+yn1 l_[ y]_Ym_w
N—oo 7+ Ym j=on Vi -z
m—1 N
=lim—1_[yj Ym wl—[)’j Ym — W
Nﬁoozj=_N yj_ym_zj:m-H Vi = Ym — 2
N-+m

+
lim 2 I Ym = Ym—j +w l—[ Yjtm = Ym — W
N—oo Z =1 Ym = Ym—j +2 =1 Yj+m — Ym — 2

N+m
1 b _ .
= 1im 2 ] tw/ 1—[ w/e;
N—oo 7 iz 1+Z/b ]_Z/Cj
N+m _w(%_i%) N+m .
L U] ] S BCmE®
Noee Zja eiZ(#fﬁ) j=N-m+1 Py(—2) Pe(z)
which gives the right hand side of (5.3) since, ZN+m 1
fixed m.

J=N-m+1 g — 0as N — oo fora

Write u,, = u — &, Vi = v — &y (We write just m instead of m(«)). Then

|um| <TH+xrn |, |Um| <T++ rp. (55)
Note that
WHyn =0 @tym—w® _ w—va)® (= um)’
28 28 h 28

oy TEmw—ztu—v)

(5.6)
If we make the change of variables z — z + Vi + U, W — W + Y + Uy in (2.15) we
obtain, using (5.3),
Em (U—v)
K§i0) =2 - / dw/ oW /25-22/28
’ (27Tl)2S Fa Ym
1

(W + v) Pe(w + vp) Pp(—w —

Um) (5.7)
Z—wHu—v @+ um)Pe(@+ um)Po(—2 — ) '

where we have taken L = o + y,;, + v,;. The number o will be specified later and
satisfies || < A,. We will choose M = m §/A,, for reasons that will be clear below.
Note that M > 1 if « is large enough by our assumption on the allowed values of §
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Below we will need the following estimates of the canonical products. Fix an € > 0.
There are constants ¢, ¢co > 0 such that

| Py(w), | Pe(w)] < cqe2Cn Il (5.8)
for all w € C and
|Py(@)], | Pe(2)] = ¢y temealha kIO (5.9)
if [Im z| > 1. These estimates are proved using the estimate
np(t) < ne(t) <17+ Cr'P,

see (5.52) below, and the following inequalities in [4], pp. 19-22.If x = {xk},fi | satisfies
ne() < Ct't 0<8 < 1,t>0and r = |z|, then

10g|Px(Z)|§8{r/ "()dr+ foo”’;—gt)dt} (5.10)
0 r N

forall z € C, and

2 t t 2r ¢

log | Pc(2)] = —n(2r) log(2r) + f m® g2 / () f O
o I o 1 o 12

(5.11)

provided |z — x| > 1 forall j > 1.
Next we will prove an estimate which allows us to restrict the domain of integration
in (5.7). Fix R > 0. Introduce the following contours:

R :[-R,R]>t— o +it,
o g R\[-R,RI>t— o +it,
yMR :[—R,R]2t—> Ft+iM,
Virr : R\[-R.RI >t — Ft +iM. (5.12)

Let (y, ¥') denote either (T, y,fLR) or (Fg,R, vu ). We will show that there is a constant
co such that if

g\ /(-6 Tl+egy /2
R > ¢o max (—) ,(T1H+eg)l/2, <—> (5.13)
Am Am

then

lf jdw] / dz) et =125 ! [ & V|
s J, y |z —wHu—v| |z 4 up

’ Pe(w + ) Pp(—w — vpy) < Chm o R2/8S

S3 72 ¢

(5.14)
Pe(z +um) Pp(—2 — upm)

Write g(t) = A, 't + 70 and h(t) = A, 't17€ +¢179+€ and Iz = [~ R, R]. It follows
from (5.8) and (5.9) that the integral in (5.14) is

/ ds/ dtes 24o2—124M?) /28 1
_MS R, Ig k> V(Ft =0 +u—v)2+ (Fs + M)?

x 8 @ Fom) 252 eh(/ Fitun )2+ M) (5.15)
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for some constant ¢ > 0. Here we have used |z + u,,| > M and r < exp(g(¢)). We can
now use g(t +s) < 2(g(¢) + g(s)) and similarly for % to see that the integral in (5.15) is

_C o2+ M? L c N h Y
T (T (g(o D) + g(lvm]) (ltml) ( )))

/ S./
R IC ¢

o R (t—a—i—u—v)z—i—(s—M)2
< MR Cleol) + gllumd +h )—i—hM))
< e T 25+ C&UoD + (v + h(unl) +h(M))
exp (—5 + C(g(lsh) + h(lr]) )
/a’s dt
¢<t—o+u—v)2+<s—M>2
o2+ M> R?
—MSWeXp( 23 —E+C(g(|0|)+g(|vm|)+h(|um|)+h(M))+A)
(5.16)
where

52412 e —13
A:(rga;ﬁy - + C(g(Is|V'S) + h(jt|VS)) ) < CST< A, ",
s,t)e

since 1 > S > A, (essentially). We see that we need
R®> o24 M?
PR —
8S — 28

which holds if R satisfies (5.13). Here we have used |o| < A, (5.5) and M = 7 S/A;y,.
This proves (5.14).
We will also need the following estimate. There is a constant C such that

e 2
+ C(g(Io]) + g(uml) + hllum]) + h(M)) + CSTEa, T,

i T(W+Um)
1 W22 1 sin 25T tm) C
—/ ldw| | |dz||e“ = AR (5.17)
S Jr, ot |z —w+u— v sin@ S
The left-hand side of (5.17) is
1 /‘ J / J o(—T2—1* 402 +M?) /25 sin ﬁ(vm +o+4it) 5.18)
— T t . .
R R |Fttu—v+ilo+1F in = (uy £t F
s | i M)] |sin = (u =1 F M)
Now,
2
b4 2nt 2t
sinr(vm+o+it) §ZCoshT <den (5.19)
m m
and hence
. T . s
sin — (v, + 0 +it)| < 2eWn.
Am
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Also, by our choice of M,

/4 M s
sin — +tF M)| > sinh = sinh ——. 5.20
o (um £t F M)| = o 2 (5.20)
Hence the integral in (5.18) is
C e )‘m 15 (r— )2 tz

drdt. (5.21)

=<
SSll’lh 42 \/(t—(u—v))2+(tj:a:|:”5)2

The contribution to the integral from (¢ — (u — )2+ (r+o £ JTS/)\m)2 <lis<C
and from the contribution from the complementary region is < CS. This proves (5.17).
It follows from (5.14) that

1 “)2_ 2 1
—&Em(U—v) pr* . —
€ K yu,v) = R dw dze 2§ -
salyiu.v) (2mi)2s /FU,R /VM’R Z—wHu—v

(W + V) Pe(w =+ vy) Po(—w — vyy)

+Riy, (5.22
Ct um) P tm) Bo(—z — ) T O
where
Chy _p2
Ril = S3ze /%, (5.23)
provided R satisfies (5.13). Let ay = Ak, kK > 1. Then
T
2Pa(2) Pa(—2) = sin 3, (5.24)

m
and we write
(W + Vi) Pe(w + v) Py(—w — v,) _ SIN 50w + vm)
(2 + um) Pz + um) Po(—2 —up)  sin 7z + um)

<Pc(w + ) Po(—w — vy) Py(z + up) Po(—2 — up) _ ) sin%(w + Um)
Py(w + vy) Pa(—w — V) Pe(z + um) Pp(—2 — ) sin )%(Z + um)

(5.25)
The argument above with F(t) = )erlt gives
K%, Giu,v) :[ dw;z/ dge 1 in %(w—i—vm) R 526
: Tor Q28 Jyy T wta— v s (et em)
where
Ra| = ?}5 RS, (5.27)

provided R satisfies (5.13) (with an appropriate constant ¢ that does not depend on A,).
Here Kg‘ 1(z; u, v) is given by (2.15) with L = o + vy,.
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Set

1 w?—z2 1 sin 5= (w + vy)
R3 = — / dw/ dze 25 —
2ri)=S Jr, & VMR z—w—+u—v smm(z+um)
(Pc(w+ V) Po(—w — vy) Po(z +up) Po(—2 —up) _
Po(w +vp) Po(—w — V) Pe(z +um) Po(—2 — up)

) . (5.28)
Then, by (5.22), (5.25) and (5.26),
e_‘fm(”_”)l(;l(z; u,v) = Kg (35 u,v) + R1 — Ra + R3. (5.29)

We need an estimate of R3. For this we need estimates of

Pe(w + vy)

Potw o) w0+ o) (5.30)

P,
—1‘ and ‘a(z—{_um) 1’

Pe(z + um) -

and the same expression with b instead of ¢ and a change of sign. We have the identity

Pewtom) _ /°° W +vn)? ne®) —na® 7 (5.31)
P, (w + vy) 0 wHuv, —t 12
Hence
00 2 _
Pe(w + vp) — 1| <exp / (w +vp) |ne(t) na(t)|dt _1 (5.32)
Py(w + vy) 0 w4+ vy, —t 12
Here we can use Lemma 5.2 below with
2 2
gty = LIt (5.33)

Vo +vm =02+

where w = o +is. Letk;, = [vy/Am —1/2] and choose o0 = 0y, = Ay (ki +1/2) — vy
Then |o),| < A, and we have, by (5.5), |0y + vp| < T + 2X,,. By assumption 7 <
To < 1/4/1m, (2.44), and it follows that k,, < K = [(ZAm\/n_m)’]] if m (i.e. o) is
large enough. Using the notation of Lemma 5.2 we see that if |t — A,,,k| < o, then

A
|om + vm — ] > ?’”qk — k| + 1), (5.34)
1 <k < K. Here we have used that oy < A,,/4if 1 <k < K.Ift > KX, then
t
lom + v — 2] = 7 (5.35)

if m is large enough. It follows from (5.34) and (5.35) that

(T + 24m)* + 52
g < Sm (5.36)

if [t — Apk| < ag forl <k < K, and

2 2
g(t) < 4% (5.37)
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if t > KA,,. We can now use Lemma 5.2 to conclude that

© ne(t) — ng(t)| . |
fo g(r)t—zdrs[(rwxm) +R](nmlog(xmm

1-5?2

<cC [(T 202 + R2] m— (5.38)

) + (Amnmﬂ—a)

where we have used |s| < R, )»,;1 < Cmb, Nm < Cmfﬁ and A,, < C. Hence, by
(5.32),

1-5)2
5

< exp (Cm(H [(T + 24 + R2D — 1. (5.39)

‘Pc(w""vm) 1

Pa(w + v)

A very similar computation using Lemma 5.4 instead gives

Pp(=w —vm)
Po(—w — vp)

1

N 2, p2]) _
<exp(Cm™ 0 [(T + 20, + R 1. (5.40)

‘We also have the estimate

P,(z+uy) /oo [ne(t) — ng (1)l :|
— " 1| <ex ) —————dt|—1, 5.41
‘Pc<z+um> = p[o s G4D
where now
2 _ 2 4 2
gty = | & um) | S A )+ , (5.42)
Ztuy —t Vs + um — 02+ M?

if z belongs to the upper part of ys, g (the other case is completely analogous). We have
Is| < Rand 2(R + T + A,) < 1/2. /0 if m is sufficiently large by our assumptions
on R and the factthat T < Ty. If r > 1/2. /0, we get

R% 4 (T + Ap)?

gty <C ;

(5.43)
If0 <t < 1/2 /N, it could happen that —s + u,, is close to 7. Here we use a similar
estimate as above,

R%Z 4+ (T + ap)?
gy <C + (T A ) (5.44)
VA2 Ik — ky|? + M?

with an appropriate k. (depending on —s + u,,). Using the estimates (5.43) and (5.44)
in (5.41) and Lemma 5.2 we again get

2
< exp (Cm( H[(T + 20,) + R2]> —1, (5.45)

‘Pa(z‘i‘um)_l

Pe(z +upm)

and similarly, using Lemma 5.4 instead,

52
ST 4 20 + RZ]) -1 (5.46)

‘Pa(_z_um) _1

Py(—=z —up)

< exp <Cm_



142 K. Johansson

By our assumptions on R and T" we see that the expression in the exponent in (5.46) is
bounded by a constant. Hence by (5.17), (5.28), (5.39), (5.40), (5.45) and (5.46) we get

Ral < Cm="F (T2 + RY). (5.47)

From (5.29), (5.23), (5.27) and (5.47) it follows that

_ _ - C Chp o2
TR (v, 0) = K5 (F5 s om) | < g T4 R + e T,
(5.48)

Here KS 1(y, u, v) is given by (2.15) with L = o + y;;, + vy, and Ks 1(y, Up, V) 18
given by (2.15) with L = o + v,,. Thus,

1 o+Ym+vm+Mi 1 2 2
eI KE () = e—smw—v)/ o35 (=02 =w=w?) g,
20 ; g

2mi +Ym+vm—Mi
1 o+v,+Mi . ) )
= —27” . i @23((w_v) —(w—u) )dw = K;,Z(X; U, Um).
o+v,—Mi

(5.49)
Hence (5.48) also gives
UK (i 0) = K§ (5 s, o) = —m (12 4 R + 3/"; RS,
(5.50)

Note that

K§ (v —u,v) = f dw f dzeds (-2 —Groy_ 1 wF@)
s, 1, —H, (27”)23 r, o z—w zF(2)

- —2/ dwf dzeﬁ((w—v)z—(z—u)%;ﬂ(z)
@7i)=S Jr, ym z+w zF(2)

since F(—z) = F(z). We can carry out the same type of computation as above to
see that (5.50) also holds for Kgb(z, u,v). Now Kgb(z, Um, V) 1s approximated by

Ks(um,vy), given by Kg(u, v) = a '"Lg(a='u,a 'v) and Ly as in (2.20), with error
< SC , which is smaller than the error term we have in the theorem. This completes the
proof of the approximation theorem.

5.2. Some lemmas. Inthe proof above we need some facts about certain numbers defined
in the theorem.

Lemma 5.1. The number &, defined by (2.43) is finite. Also if we set &y = Ym — Em'S,
there is, for sufficiently large a, an m = m (o) such that

[Sm(e) — & < Am(e)- 5.51)

Proof. In the proof we will need some rather simple facts which we will prove later.
They are immediate consequences of our assumptions on F.



Determinantal Processes with Number Variance Saturation 143

(@) F'(t+s)<F'(t)+ F'(s), forall ¢, s > 0.
) F Yt +s) < F () + F~(s), forall 7, s > 0.
(c) tF'(t) <4F(),forallt > 0.
(d) tF"@) < F'(t), forall t > 0.
() |F(F~Ym)+1t) —m — x| < nput?forallm > 1, > 0.
® |F(F~Ym) +1) —m| <2't +Ct'* forallm > 1,1 > 0.
(&) Am — Amtj < nm)\i/[jaj > 1.
() Ant1 < Ymt1 — Ym < A
Let ¢j,, and b ;, be defined by (5.2). Then n.(t) = [F(F~Y(m) +t) — m], where
[-] denotes the integer part, and hence by (f),

ne(t) < A7+ cr't? (5.52)
for r > 0. We have
oo
1 1
=3 (s a) 659
j=1 ' '

and since F isconvex,bj, > Cjm.Thus0 < b —Cjm =2Ym+Yjm—Yj+m =< 2Ym,
and we see from (5.53) that &,, > 0 and

o]

2Ym
- . 5.54
E ; (yj+m - Ym)(ym + yjfm) ( )

Since F(x) < Cx!'*% we have
yi=F'(j) = ¢jla, (5.55)

and it follows that the series in (5.54) is convergent.
To prove the other statement in the lemma, (5.51), we want to estimate |§,, — &,,+1]-
From (5.53) we have

o0

Aymii — A Aym_;i — A

é‘m—ém+1=2[ Tty — 2 Dm y’"], (5.56)
oL CimCimt bjmbjmii

where we have used the notation Ayy = yr4+1 — yx. If we take t = Ay,, in (e) and use
(h) we get

Am = Aym| < 2, (5.57)
and together with (g) this gives
| AVt j = Byl < dim (J +2), (5.58)
for j, m > 1. Since 1, is decreasing in m, (h) gives
Cjm = Ym+j — Ym = jhm+j- (5.59)

Hence, if 1 < j < m,

. 1.
CimCjm+1 = ]2)‘%;" = Z]z)hyzn- (5.60)
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Here we have used

b F'FT'@m) _ F'(F~m) + F~l(m) _

— = 2 5.61
Aom  F/(F~Y(m)) — F'(F~1(m)) - G-6D
by (a) and (b). Combining (5.58) and (5.60) we get
m—1 m
A i — A 4+ 2
3o 2 T O < Y % < 367 logm (5.62)
; CjmCj 1 ;
=1 Jj.mCj,m+ j=1
if m > 2. From (c), (d) and (5.55) we get
4F -
M = F"(ym) < (Zy”’) < Cm T, (5.63)
m
and thus (5.62) gives
m—1
A i— A _
DIt T2\ - Clog m)ym T A (5.64)

=1 CimCjm+1

By (h) and the fact that A,, is decreasing we get |Ay,+; — Aynu| < 2. Hence, by
(5.52),

o0 o0
A i — A 1 © dn.(t
> Dbl Z 2 < 93, Yoo = 2)”"/ n;z( )

o CimCime =

0o a3 =14 cpl+é 1 1
< 4 / %d; < Chm +—=]. (565
C

1
m,m mCm.m Cm,m

By (h) and (5.61), cu.m = Yom — Ym = Aom = %mkm. It follows that the right hand side
of (5.65) is < Chp ((mA2)~! 4 (mA,)>~1). Now, by (c),

F() _ 1 (F@® 2 . 12 o ol
F'()?2 F@ \F'@)) ~—16F@) — ’
and consequently by (5.55),
F(F~'(m)) _ 1=
2 _ 1-68
mAm = W > Ym > Cm1+s, (566)
We find
o0
3 BVmtj = BIm| _ o=t (5.67)
i=m CjmCjm+1
Combining (5.64) and (5.67) we find
o0
3 Amtj = B | _ o —1535 (5.68)
= CimCjm+1
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The same argument that led to (5.64) gives

m/2
Amj = Bom | _ =585 (5.69)

j=1 bjymbjsm+]
Using bj mbjm+1 > €jmCjm+1 and Ayy,_j = Ayj_y—1 for j > m, we see by similar
arguments as above that

AYm—j — Aym = Aym 18

j=3m/2 bj,mbj,m-H j=m/2 bj,mbj,m_H

It remains to consider

3m/2 m/2

|Avmjl Ay,

< e — (5.71)
bj,mbj,m-i-l =1 bm—j,mbm—j,m+l

j=m/2

Now, by (h), by jm = ym —y; = (m — j)Ay and hence, by (5.66), (c) and straightfor-
ward estimates,

m/2 Ay 1-8 1-5
3 Ji < 2" 1A, < Cm~ 5, (5.72)
= bm—j,mbm—j,m+1

Combining this with (5.69), (5.70) and (5.71) we obtain

> Aym—j — Aym

< C(log mym™ 153 hn. (5.73)
Djmbjm+

J=1

From (5.56), (5.68) and (5.73) we now get the desired estimate

1-68
& — Eny1l < Cogm + 1)m™ 1554, (5.74)
for m > 1. Using (5.74) and (h) we get, for 1 <r <m — 1,

m—1

m—1
1-8
lEml < &1+ D €1 — &l <& +C Y (logm + 1m ™1 Aye_y
Jj=1 Jj=1

1-6
=& + Cy, + Clogr + Dr™ 15 (ym—1 — yr—1)- (5.75)

Consequently &,,/y, — 0asm — oo and since S < 1, we see that ¢, = y,,, — S&, —
oo as m — 00. Since Ay, /Ay, — 1 asm — oo it follows from (5.74) that

_ Aym _ SEm+1 — &m)
| A Ao

Em+1 — Cm
Am

as m — oo. Hence |&n+1 — &m| < 3An,/2 if m is sufficiently large. If we take o suffi-
ciently large the closest &, is thus within distance 31,,/4 or 3X,,4+1/4, which is < A,
and we take this m as our m(e). O
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Our next lemma is

Lemma5.2. Letaj = Ay j, j = land cj = c¢j,m, j = 1 as above. If g is a bounded
measurable function on [0, 00) we have

'/ |nc(t) ”a(t)| ‘
k=1

1/)“mnm 2 oo t o0 1
+5nm/ lg(0)ldt + = ls®1, +c/ 15 )|d 1.(5.76)
/2. m I a1 Vi 117

(/**m*“k|g<n|d
k

Am—0lk t

where o = 13, 0m (k + D% K = [ /1m) 1.

Proof. We have n.(t) = [F(t + F~'(m)) —m] and n, (1) = [k,;lt]. The proof of (5.76)
is based on the following claim which we will prove below.

Claim 5.3. Assumethat0 <t < A, K,1 <k < K.Thenn.(t) = n,(t)if |t — k| > oy
and |ne(t) — ng ()| < 1if |t — Apk| < a.

Using the claim we have that the left hand side of (5.76) is

K ko l2()| |ne(t) — na(t)|
Pelr/J  TaVvl 5.77

B k=1 Am—0l t

It follows from (e) that |n.(t) — n,(t)| < nmt2 + 1 and from (f) we get

2 1+6
ne(t) = na(O)] = ne(t) +na(t) = =14 Cr7"

m

Using these estimates in the second integral in (5.77) we obtain (5.76). O

Proof of Claim 5.3. If0 <t < A, K,thent € [Ayk, Am(k+1)]for somek,0 <k < K.
If furthermore ¢ € [A,k + ok, Ay (kK + 1) — ak41], then (A~ 1#] = k, since A;lak =
k,znnm(k—l— 1)2 < Az r/mK2 < 1/4, by our choice of K. Also, A,, I — [k,;lt] > A;lak >
nmt2 since t < A,(k+ 1), and Amlt — ([Am t|+1) < —Am U1 < —nmtz since
t < Am(k + 1). Combined with (e) this gives 0 < F(t + F~!(m)) —m — [x,,'1] < 1,
i.e. ne(t) = ngy(t). On the other hand, if 0 < ¢t < A, K and |t — A k| < ok, then n.(t)
and n, (¢) can differ by at most 1. O

We have a similar lemma for n, instead.

Lemma 5.4. Using the same notation as in Lemma 5.2 we have

V NG mm' i/mmmwm
k=1"k

— Am —0lg t2
/2 ! 2 [* 1@ g
+/ 18(O1(=5 + 20m2)dt + —/ B+ C/ gH dr,
1/4 /T2 t Am Jmam2 1 mim/2 L
(5.78)

where the second integral in the right hand side is present only if mA,, /2 > 1/4 /T2
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Proof. An integration by parts and the fact that F” is decreasing gives
m — F(F~'m) — 1) = 3, 1] < 2002t

if 0 <t < ym — Ymy2. Note that by (h), y — ym2 > md,, /2. Now, np(t) equals
[m — F(F_l(m) —n]if0 <t < ypandm +ny(t — yy) if t > yu. Itis clear that
np(t) < Ay,'t for0 <t < yu. Ift > y,, then using ny (1) < F(r) we find

np(t) < F(F~'m)) + F(t — F~'(m)) < F(1) < Ct'+°.
The proof of (5.78) now proceeds in the same way as the proof of Lemma 5.2. O

It remains to prove the statements in the beginning of this subsection. (a) and (b) are
immediate consequences of our assumptions on F'. To prove (c) write

! ’ ! , r ./t
F(f)=/0 F(S)dsz/t/zF(s)dsz 5F (5)

since F’ is increasing. By (a), F'(t) < 2F'(t/2), and (c) follows. The statement (d)

follows from the fact that F” is decreasing. To prove () write

F~Ym)+t
|F(F~Ym)4+1) —m — 21| = / (F~Ym) + 1t — s)F"(s)ds

F=1(m)
< F'(F Y m)t* = nut?, (5.79)
since F” is decreasing. For (f) write
F~l(m)+t
F(F'm)+1) —m = / F'(s)ds < tF'(F~'(m) +1)
F=1(m)

<tF'(F 'm)) +tF'(t) < 7't + Ce'8, (5.80)

by (a), (c) and the fact that F’ is increasing. To prove (g) write

Am — )Vm—&-j =

F'(F~'(m + j)) — F'(F~'(m)) <! f " F"(s)ds
F(F-Ym)F'(F-Ym+j)) ~ F'(m? ),

2 o _ L _odr 3

< Nmhiy Om+j — Ym) = NmAy, F/(F~1(1)) = M J-

(5.81)

Finally, to prove (h) we write

_/m-H dt
Ym+1 — Ym = . F’(F_l(l‘))'

Since F' o F~1is increasing the right hand side is < A, and > A;,41.
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