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Abstract: In the present paper, degeneration phenomena in conformal field theories
are studied. For this purpose, a notion of convergent sequences of CFTs is introduced.
Properties of the resulting limit structure are used to associate geometric degenerations
to degenerating sequences of CFTs, which, as familiar from large volume limits of non-
linear sigma models, can be regarded as commutative degenerations of the corresponding
“quantum geometries”.

As an application, the large level limit of the A-series of unitary Virasoro minimal
models is investigated in detail. In particular, its geometric interpretation is determined.

Introduction

Limits and degenerations of conformal field theories (CFTs) have occurred in various
ways in the context of compactifications of moduli spaces of CFTs, in particular in con-
nection with string theory. For example, zero curvature or large volume limits of CFTs
that correspond to sigma models are known to give boundary points of the respective
moduli spaces [A-G-M, Mo]. These limits provide the connection between string the-
ory and classical geometry which for instance is used in the study of D-branes. In the
Strominger/Yau/Zaslow mirror construction [V-W, S-Y-Z, Gr], boundary points play a
prominent role. In fact, Kontsevich and Soibelman have proposed a mirror construction
on the basis of the Strominger/Yau/Zaslow conjecture which relies on the structure of
the boundary of certain CFT moduli spaces [K-S].

All the examples mentioned above feature interesting degeneration phenomena.
Namely, subspaces of the Hilbert space which are confined to be finite dimensional
for a well-defined CFT achieve infinite dimensions in the limit. In fact, such degen-
erations are expected if the limit is formulated in terms of non-linear sigma models,
where at large volume, the algebra of low energy observables is expected to yield a non-
commutative deformation of an algebra A% of functions on the target space. The algebra
of observables whose energy converges to zero then reduces to A at infinite volume.
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An entire non-commutative geometry can be extracted from the underlying CFT, which
approaches the target space geometry in the limit [F-G]. By construction, this formula-
tion should encode geometry in terms of Connes’ spectral triples [Col, Co2, Co3].

By the above, degeneration phenomena are crucial in order to single out an algebra
which encodes geometry in CFTs. An intrinsic understanding of limiting processes in
CFT language is therefore desirable. This will also be necessary in order to take advan-
tage of the geometric tools mentioned before, away from those limits. Vice versa, a good
understanding of such limiting processes in CFTs could allow to take advantage of the
rich CFT structure in geometry.

The main aim of the present work is to establish an intrinsic notion of such limiting
processes in pure CFT language and to apply it to some interesting examples. To this end,
we give a definition of convergence for sequences of CFTs, such that the corresponding
limit has the following structure: There is a limiting pre-Hilbert space H°° which carries
the action of a Virasoro algebra, and similar to ordinary CFTs to each state in H* we
assign a tower of modes. Under an additional condition the limit even has the structure
of a full CFT on the sphere. This is the case in all known examples, and in particular,
our notion of limiting processes is compatible with deformation theory of CFTs.

If the limit of a converging sequence of CFTs has the structure of a CFT on the sphere,
but is not a full CFT, then this is due to a degeneration as mentioned above. In particular,
the degeneration of the vacuum sector can be used to read off a geometry from such
a degenerate limit. Namely, in our limits the algebra of zero modes assigned to those
states in H°° with vanishing energy is commutative and can therefore be interpreted
as an algebra of smooth functions on some manifold M. The asymptotic behaviour of
the associated energy eigenvalues allows to read off a degenerating metric on M and
an additional smooth function corresponding to the dilaton as well. Moreover, being a
module of this commutative algebra, H°° can be interpreted as a space of sections of a
sheaf over M as is explained in [K-S].

Simple examples which we can apply our techniques to are the torus models, where
our limit structure yields geometric degenerations of the corresponding target space tori
a la Cheeger-Gromov [C-G1, C-G2]. In this case, H* is the space of sections of a
trivial vector bundle over the respective target space torus. Similar statements are true
for orbifolds of torus models, only that in this case the fiber structure of H* over the
respective torus orbifold is non-trivial. Namely, the twisted sectors contribute sections
of skyscraper sheaves localized on the orbifold fixed points.

Our favorite example, which in fact was the starting point of our investigations, is the
family of unitary Virasoro minimal models. Some of their structure constants have a very
regular behaviour under the variation of the level of the individual models. We use this
to show that the A-series of unitary Virasoro minimal models constitutes a convergent
sequence of CFTs. All fields in its limit theory at infinite level can be constructed in terms
of operators in the su(2); WZW model. The sequence degenerates, and the limit has
a geometric interpretation in the above sense on the interval [0, 7] equipped with the
(dilaton-corrected) metric g(x) = % sinx (in fact, the x-dependent contribution is
entirely due to the dilaton). This also allows us to read off the geometry of D-branes in
these models. Though this means that the vacuum sector of our limit is well understood,
it remains an interesting open problem to investigate the full fusion rules in detail, in
particular whether an appropriate limiting S-matrix can be found.

A different limit for the A-series of unitary Virasoro minimal models at infinite
level was proposed in [G-R-W, R-W1, R-W2]. It is described by a well-defined non-
rational CFT of central charge one, which bears some resemblance to Liouville theory. In
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particular, its spectrum is continuous, but degenerations do not occur. Our techniques
can also be used to describe this latter limit. The relation between the two different limit
structures is best compared to the case of a free boson, compactified on a circle of large
radius, where apart from the degenerate limit described above one can also obtain the
decompactified free boson. While the limit investigated in this article has the advantage
that it leads to a consistent geometric interpretation, the one which corresponds to the
decompactified free boson gives a new well-defined non-rational CFT.

This work is organized as follows: In Sect. 1 we explain how non-commutative geom-
etries can be extracted from CFTs, after giving a brief overview of some of the basic
concepts. Section. 2 contains our definitions of sequences, convergence, and limits, and
is the technical heart of this paper. Moreover, the geometric interpretations of degener-
ate limits are discussed. Section. 3 is devoted to the study of torus models and orbifolds
thereof, where we exemplify our techniques. In Sect. 4 we present our results on the
A-series of unitary Virasoro minimal models. We end with a discussion in Sect. 5. Several
appendices contain background material and lengthy calculations.

1. From Geometry to Conformal Field Theory, and Back to Geometry

String theory establishes a natural map which associates CFTs to certain, sometimes
degenerate geometries. Conversely, one can associate a geometric interpretation to cer-
tain CFTs, and the latter construction is made precise by using Connes’ definition of
spectral triples and non-commutative geometry.

In Sect. 1.1 we very briefly remind the reader of spectral triples, explaining how they
encode geometric data. Somewhat relaxing the conditions on spectral triples we define
spectral pre-triples which will be used in Sect. 1.2. There, we recall the basic structure
of CFTs and show how to extract spectral pre-triples from them. If the spectral pre-triple
defines a spectral triple, then this will generate a non-commutative geometry from a
given CFT. In Sect. 1.3 we explain how in favorable cases we can generate commutative
geometries from CFTs. In the context of string theory, this prescription gives back the
original geometric data of the compactification space.

Much of this Sect. 1 consists of a summary of known results [Co2, F-G, Co3, Re,
K-S], but it also serves to introduce our notations.

1.1. From Riemannian geometry to spectral triples. For a compact Riemannian mani-
fold (M, g), which for simplicity we assume to be smooth and connected, the spectrum
of the associated Laplace-Beltrami operator A,: C*°(M) — C°°(M) encodes certain
geometric data of (M, g). However, in general one cannot hear the shape of a drum, and
more information than the set of eigenvalues of Ag is needed in order to recover (M, g).

By the Gel’fand-Naimark theorem, the point set topology of M is completely encoded
in CO(M) = C>(M): We can recover each point p € M from the ideal of functions
which vanish at p. In other words, given the structure of C°° (M) as a C*-algebra and
its completion C°(M), M is homeomorphic to the set of closed points of Spec(Oy),
where Oy is the sheaf of regular functions on M. Connes’ dual prescription uses C*-
algebra homomorphisms x: C*°(M) — C, instead, such that p € M corresponds to
Xp: CX¥(M) — C with x,(f) := f(p); the Gel’fand-Naimark theorem ensures that
for every commutative C*-algebra A there exists a Hausdorff space M with A = CO(M).
M is compact if A is unital.
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Example 1.1.1. Let R € RT, then M = S}e = R!'/ ~ with coordinate x ~ x 4+ 27 R

has the Laplacian A = —%. Its eigenfunctions |m) g, m € Z, obey
VmeZ:  |m)g: x > MR LAImyg = 22 |m) g:
2 2R (1.1.1)
Ym,m' € ZL: Im)g - Im')g = |m +m'),

and they form a basis of CO(M) and C*° (M) with respect to the appropriate norms.
Any smooth manifold is homeomorphic to S }e» equipped with the Zariski topology, if its
algebra of continuous functions has a basis f™, m € Z, which obeys the multiplication

law f™ - fm’ — fm—i-m’.

To recover the Riemannian metric g on M as well, we consider the spectral triple
(H = L2(M, dvoly), H := %Ag, A= COO(M)), where H is viewed as a self-adjoint
operator which is densely defined on the Hilbert space H, and .A is interpreted as an
algebra of bounded operators which acts on elements of H by pointwise multiplication.
Following [Co2, F-G, Co3], we can define a distance functional d; on the topological
space M by considering

Fi={feA|Gr=If1H fl==(fPcH+Hof?)+2fcHof
obeys Yh € C®(M): |G sh| < |hl}.

One now sets

Vx,yeM: dg(x,y):=sup|f(x)— f(I. (1.1.2)
feF

In Ex. 1.1.1 with M = S}e one checks that for all f,h € C*(M):Gsh = (f"2h,
and in general Gyh = g(V f,V f)h. In fact, by definition [B-G-V, Prop. 2.3], any
second-order differential operator O satisfying [ f, [%0, f1l = g(Vf,Vf)isa gener-
alized Laplacian. Using the time coordinate of a geodesic from x to y and truncating
and smoothing it appropriately one checks that (1.1.2) indeed gives back the geodesic
distance between x and y which corresponds to the metric g. In other words, (M, g) can
be recovered from the spectral triple (H, H, A).

More generally, consider a spectral triple (H, H, .4) with H a Hilbert space, H a
self-adjoint positive semi-definite operator, which on H is densely defined with Hy ¢ :=
ker(H) = C, and A a C*-algebra of bounded operators acting on H. In fact, in the above
let us assume that M is spin and replace H = 5 A, by the corresponding Dirac operator

Dand H = L*(M, dvoly) by the Hilbert space H' of square-integrable sections of the
spinor bundle on M. Note that H can be calculated from D, see (1.1.3) and (1.1.5). More-
over, we assume that (H', D, A) obeys the seven axioms of non-commutative geometry
[Co3, p.159]. Roughly speaking, these axioms ensure that the eigenvalues of H have
the correct growth behaviour (1.1.4), that D defines a map V on A with

VieA: Vf=[D fl:H ->H; VYheA: [Vf£h=0 (1.13)

where in the above examples V f acts on H' by Clifford multiplication, and that A gives
smooth coordinates on an “orientable geometry”’; furthermore, there are finiteness and
reality conditions as well as a type of Poincaré duality on the K-groups of A. If all
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these assumptions hold, then by (1.1.2) the triple (H', D, .A) defines a non-commutative
geometry a la Connes [Col, Co2, Co3]. If the algebra A is commutative, then the triple
(H', D, A) in fact defines a unique ordinary Riemannian geometry (M, g) [Co3, p.162].
The claim that the differentiable and the spin structure of (M, g) can be fully recovered
is detailed in' [Re].

Following [F-G], instead of studying spectral triples (H', D, A), we will be less
ambitious and mainly focus on triples (H, H, A), somewhat relaxing the defining con-
ditions:

Definition 1.1.2. We call (H, H, A) a spectral pre-triple if H is a pre-Hilbert space over
C, H is a self-adjoint positive semi-definite operator on H with Ho o := ker(H) = C,
and Ais an algebra of operators acting on H. Since Ho o = C 5 1, we can view A — H
byAr A-1.

If additionally the eigenvalues of H have the appropriate growth behaviour, i.e. for
somey € RandV € R:

E—o0

N(E) :=dimc | P {p e H| Hp=ro} |, N@E) <7 V-E"?  (1.14)
A<E

then (H, H, A) is called a spectral pre-triple of dimension y.
If there exists an operator D which is densely defined on a Hilbert space H' that
carries an action of A with(1.1.3) such that

Vihed (Vf Vhyg=2(f Hh)g (1.1.5)

and such that (H', D, A) obeys the seven axioms of non-commutative geometry, then we
call (H, H, A) a spectral triple or a non-commutative geometry of dimension y.

Remark 1.1.3. Note that our condition (1.1.5) for the operator H does not imply H =
%A g on L*(M, dvol ¢)- Infact, H will in general be a generalized Laplacian with respect
to a metric § = (g;;) in the conformal class of g. More precisely, we will have dvol, =

e*®dvoly with ® € C®(M), and with ! = (),

2H = —¢ > /detg! ) 3;e*®/det 3 3 9; (1.1.6)
ij

with respect to local coordinates, in accord with (1.1.5). We call g the dilaton corrected
metric with dilaton ®. Note that g is easily read off from the symbol of H, allowing to
determine @ from dvol, = ¢>®dvolz.

A generalization of Connes’ approach, which is natural from our point of view, is
given in [Lo]. There, the Dirac operator on the spinor bundle of M is replaced by the
Dirac type operator D = d + d* on H' = A*(T*M). Since Ay = D2, (1.1.3)—(1.1.5)
remain true, but the list of axioms reduces considerably to the definition of a Riemannian
non-commutative geometry [Lo, I11.2]. However, our main emphasis lies on the recovery
of the metric structure (M, g) rather than the differentiable structure. Similarly, in [K-S]
the main emphasis lies on triples (M, RTg, ), where ¢: M — M is a map into an
appropriate moduli space M of CFTs.

1" We thank Diarmuid Crowley for bringing this paper to our attention.
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It will be easy to associate a spectral pre-triple to every CFT. Using degenerations
of CFTs in the spirit of [K-S], one can often associate spectral pre-triples of dimension
y = c to a CFT with central charge c. A general theorem, however, which allows to
associate non-commutative geometries to arbitrary CFTs seems out of reach. In all cases
we are aware of where a non-commutative geometry is obtained from CFTs; this is in
fact proven by deforming an appropriate commutative geometry. In Sect. 4, we present
a non-standard example of this type which should lead to interesting non-commutative
geometries by deformation.

1.2. Spectral triples from CFTs. We do not attempt to give a complete definition of CFT's
in this section; the interested reader may consult, e.g., [B-P-Z, M-S2, Gi, M-S1, F-M-S§,
G-G]. Some further properties of CFTs that are needed in the main text are collected in
App. A.

A unitary two-dimensional conformal field theory (CFT) is specified by the following
data:

— a C-vector space H of states with scalar product (-|-). This scalar product is positive
definite, since we restrict our discussion to unitary CFTs;

— an anti-C-linear involution * on H, often called charge conjugation;

— an action of two commuting copies Vir,, Vlrc of a Virasoro algebra (A.1) with central
charge c € Ron H, with generators L, L, neZ, which3 commutes with *. The
Virasoro generators Ly and Lg are diagonalizable on H, such that H decomposes
into eigenspaces®

P " (1.2.1)
h,heR,
h—heZ

and we set H, 7 := {0} if h — h & 7. The decomposition (1.2.1) is orthogonal with
respect to (-|-); _
— a growth condition for the eigenvalues &, hin (1.2.1): Forsome v € R* and V € R:

VEERY oo > dim| @ H,z Ei‘”exp<vﬁ). (1.2.2)
(h+h)V<E

In particular, for all 4, h € R we have H; = =M, 5, and we define

@Hhh;

h,heR

— aunique *-invariant vacuum Q € Ho o = C, as well as adual Q* € H* characterized
by (A.2);

2 As a matter of convenience, we always assume left- and right-handed central charges to agree.
3 The indexing of all modes below corresponds to energy, not to its negative.
4 In this work, we restrict our investigations to bosonic CFTs.
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— amap C : H* @ H®? —> C that encodes the coefficients of the operator product
expansion (OPE), such that

CC.Q,):H'®H — C, (¥, x) — W(x), (1.2.3)

i.e. the induced map is the canonical pairing. The OPE-coefficients C obey (A.10)
and (A.12) and can be used to define an isomorphism

H —> H*

Vv Y,

There are many properties of the map C, like the sewing relations, that have to be
fulfilled for reasons of consistency, and which we will not indulge to list explicitly. Some

properties of CFTs that follow from these consistency conditions should be kept in mind,
however:

s.th. VyeH: v ) =CH* Qx) =lx). (124

- ¢ € H is alowest weight vector (Iwv) with respect to the action of Vire, Vire, i.e. a
primary state, iff forall> n e N—{0}: L_,¢ =0, L_,0 = 0.
For any Z-graded algebra £ = @ L, we define
nez

£*:= P L. (12.5)

+n>0
HE = kerL™ = {peH|VneN—{0}, Vwe L, wp=0}.

In other words, setting £ = Vir = Vir, & Vir, by abuse of notation, HYI' denotes
the subspace of primary states in 'H.

— The OPE, which we encode in the map C as introduced above, allows to associate to
each ¢ € Hatower ¢, g, i, it € R, of linear operators ¢, : H, j; — Hh+u,ﬁ+ﬁ’
called (Fourier) modes, see (A.13). In particular, the elements L,, L,, n € Z, of
Vir., Vir, can be interpreted as the Fourier modes of the holomorphic and antiho-
lomorphic parts T, T of the energy-momentum tensor. Moreover, Qp o acts as an
identity on H, and all other modes of €2 act by multiplication with zero. By abuse of
notation we write 7 = L2 € Ha o, T=LQ¢ Ho 2 for the Virasoro states in 'H.

A sextuple C = (H, *, Q, T, T, C) with H, %, Q, T, T, C as above specifies
aCFT. Two CFTs C = (H, %, Q, T, T, C) and C' = (H', ¥, @, T', T, C') are
equivalent, if there exists a vector space homomorphism I : H —> H’, such that
L, T, T (2, T, T)and ¥ =Tl o%,C' =Co(I*®I® I).

Instead of primary states in HV”, below, we will be interested in primary states with
respect to a larger algebra than Vir, namely the (generic) holomorphic and antiholomor-
phic W-algebra W* & W, see (A.15). By (1.2.5) the primary states with respect to a
subalgebra W of W* @ W are

HY = ket W™ ={p e H|¥neN—{0}, Vw e W_,: wp =0}.

To truncate the OPE to primaries note that by (1.2.2) for given ¢ € H and x € Hh,ﬁ’
we have ¢, 7x # 0 for a discrete set of (i, 7z) € R?. Hence, whenever the set

.0 = [ ) € B [ 39 € 12 v @) # 0]
5 We agree on 0 € N, as argued in [Bo, IV.4.1,R.6.2].



596 D. Roggenkamp, K. Wendland

is finite, we can define the truncated OPE ¢ @ as the orthogonal projection of

> @umx onto HV:
(. mehw (g, x)

ﬁw = i(p e HW |VX e HW: [Iw (e, )| < oo};

Vo e Y. Vy e WV - (12.6)
pEx e HWsth vy e HV: y*@mx) = CW* ¢, x).

Let us remark that the above definition of @ may well be too restrictive: By intro-
ducing appropriate (partial) completions of the relevant vector spaces one can attempt to
replace our finiteness condition in (1.2.6) by a condition on normalizability and thereby
get rid of the restriction to HW Although in most of our examples we find HW =HW,
for the orbifolds discussed in Sect. 3.2, H"Y — HW contains all twisted ground states.
The latter do not enter into the discussion of the zero mode algebra, which is relevant
for finding geometric interpretations (see Sect. 2.2). Summarizing, our definition of @&,
above, is well adapted to our purposes, though it may be too restrictive in general. By
construction, .

Vo e HV: PEQL=QB¢ = ¢.

Let us extract a spectral pre-triple from a CFT C = (H, %, Q, T, T, C). By defi-
nition of the adjoint (see (A.5), (A.11)), Lo acts as self-adjoint operator on H, and
LI = L_;. Moreover, 2Ly = [L], L1] shows that L is positive semi-definite, and sim-
ilarly for L. Therefore, to associate a spectral pre-triple to a CFT C, we will always use
H := Lo + Lo, which by the uniqueness of Q obeys ker(H) = Hoo = C. Following
[F-G], we let N

H:=H"Y =ker W~

denote the space of primaries in  with respect to an appropriate subalgebra WV of

the holomorphic and antiholomorphic W-algebras. Moreover, to every ¢ € HW we
associate an operator A, on H which acts by the truncated OPE ¢ @ as in (1.2.6). The

o ~
operators Ay, ¢ € HW, generate our algebra A with the obvious vector space structure
and with composition of operators as multiplication:

VoeHW: Ayl — M, Ay(x) =pmx; /T:=<A¢‘goeHW>. (1.2.7)

It is not hard to see that (H H, A) obeys Def. 1.1.2 thus deﬁnmg a spectral pre-triple.
As a word of caution, we remark that in general for ¢, x € faidd yApoAy # Apmy-

Several other attempts to associate an algebra to a CFT can be found in the literature.
Truncation of the OPE to leading terms, as suggested in [K-S, 2.2], gives a straight-
forward algebra structure but seems not to capture enough of the algebraic information
encoded in the OPE: On the one hand, if all states in 1" are given by simple currents,
e.g. for the toroidal theories focused on in [K-S], then truncation of the OPE to leading
terms is equivalent to our truncation (1.2.6). On the other hand, for the example that we
present in Sect. 4, it is not, and we show how our truncation (1.2.6) gives a convincing
geometric interpretation. For holomorphic vertex operator algebras, Zhu’s commutative
algebra is a commutative associative algebra which can be constructed using the normal
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ordered product by modding out by its associator (see [Zh, B-N, G-N]), and it is isomor-
phic to the zero-mode algebra [B-N]. Although to our knowledge Zhu’s commutative
algebra has not been generalized to the non-holomorphic case, it is very likely that such a
generalization would yield the same geometric interpretations for degenerate CFTs that
we propose below; this is related to the fact that A, 0 A, = Ay, holds for the relevant
states in these degenerate CFTs, see Lemma 2.2.3 and Prop. 2.2.4. Summarizing, our
truncation (1.2.6), which goes back to [F-G], seems to unite the useful aspects of both
the truncation of the OPE to leading terms and Zhu’s algebra.

An application of Tauber’s theorem known as Kawamata’s theorem [Wi, Thm. 4.2]
shows that the growth condition (1.2.2) ensures the eigenvalues of H to obey (1.1.4)
for y = v. In general, y will not coincide with the central charge c of the CFT, but in
many examples with integral ¢ we find y = 2c, see e.g. Ex. 1.2.2 below. So far, we have
shown:

Proposition 1.2.1. 7o any CFT C = (H, %, Q, T, T, C ) of central charge ¢ which
obeys (1.2.2) with y = v € R, after the choice of a subalgebra VW of the holomorphic
and antiholomorphic W-algebras, we associate a triple

(]ﬁl =MW =kerW™, H:= Lo+ Lo, A:= (A, | g € ﬁW>).

Then (IﬁL H, .Z) is a spectral pre-triple of dimension y = v as in Def. 1.1.2.

The operator V := L + Ly - H obeys (1.1.5) as well as a Leibniz rule. How-
ever, for general CFTs we are unable to show that (H, H, A) gives a spectral triple of
a specific dimension, i.e. a non-commutative geometry according to Def. 1.1.2. A need
not, in general, act by bounded operators, and we are unable to check all seven axioms
of Connes’ or their reduction in [Lo], including the fact that A is a C*-algebra. Neither
are we aware of any attempt to do so in the literature, see also [F-G-R] for a discussion
of some unsolved problems that this approach poses. _

For toroidal CFTs, the above construction indeed gives a C*-algebra A of bounded
operators [F-G]. We illustrate this by

Example 1.2.2. Let Cg, R € R™, denote the circle theory at radius R, i.e. the CFT with
central charge ¢ = 1 that describes a boson compactified on a circle® of radius R. All
Cr possess a subalgebra YW = u(1) @ u(1) of the holomorphic and antiholomorphic W-
algebra’ (see App. B), and the pre-Hilbert space H g of Cg decomposes into irreducible
representations of V. The latter can be labeled by left- and right-handed dimension and
charge hg, Qg and hig, Qp of their Iwvs, where hg = 3 Q% hg = %@i The space
of primaries of Cg with respect to W is

.= HWY = spangc {|QR§§R> =

2
%7 QR>®

72 .
%, QR>

dm,neZ: QR:\L@(%—i-nR),ER:\%(%—nR)],

6 Qur normalizations are such that the boson compactified on a circle of radius R = 1 is described by
the s1(2); WZW model.

7 To clear notations, our symbol g always denotes the loop algebra associated to the Lie group G with
Lie algebra g, and gj denotes its central extension of level k.
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see (B.4). To obtain the spectral pre-triple associated to Cg by Prop. 1.2.1 from H=H"
we need to consider the truncated OPE (1.2.6). By (1.2.7) and (B.6), orthonormalizing
the |Qr; Og) asin (B.3), we have

A A — (= 1)(CrTOR(QR—0p)/2 4

10k:Cr) © 0% 0R) |Qr+Q%: Or+0g)

= 410400 BI04 T (1.2.8)
We see that H"Y = H" and A := (Ay ’ ¢ € H"W) is generated by the A, with
@ € HW as a vector space, i.e. @ defines an (associative!) product on HYW, which
simplifies the situation considerably in comparison to the general case. The algebra A
is clearly non-commutative. It is a straightforward non-commutative extension of the
product (1.1.1) of the algebra of smooth functions on the circle, taking winding and

momentum modes into account. In fact, A is the twisted group algebra C.[I'] of the
u(l) @ u(1)- charge lattice

= {(0k: 0r) = Qi O) = 25 (% +1R): (% = nR))|m.n € 2]
(1.2.9)
(see (B.4)), twisted by the two-cocycle ¢ of (B.6), yielding a non-commutative gener-
alization of the algebra of smooth functions on S}Q X S} /R Moreover, one checks that

(ﬁl, H, .Z) is a spectral pre-triple of dimension 2 = 2c¢, and we have

Or = 75 (g TnR). Qg = 5 (§ —nR) (1.2.10)
= H|Q: Og) = (hr + )| Qk; Or) = (252 + &) 10x: Op),

in perfect agreement with (1.1.1).

1.3. Commutative (sub)-geometries. By Prop. 1.2.1, there is a spectral pre-triple associ-
ated to every CFT. However, this construction is not very satisfactory. Namely, it depends
on the choice of a W-subalgebra W, and it does not allow us to extract a non-commutative
geometry a la Connes in a straightforward manner. Moreover, if we start e.g. with the
one-dimensional Riemannian geometry (Sk, ) discussed in Ex. 1.1.1, from its asso-
ciated CFT we read off a spectral pre-triple (]HI H, A) of dimension 2 in Ex. 1.2.2.
The original one-dimensional spectral pre- trlple (]HI = LS} ,dvolg), H = lAg,

A=C>®(S! )) can of course be obtained from (H, H, A) by restriction:
H = spanc {|m)R | m e Z}
= spanc {|0r: O) € Fl| Or = O = Sz m € Z} = kerOV™ jo—To),
where jo, j, denote the zero modes of generators j, 7 of u(l), u(1l) as in (B.1). In

(1.2.10) we have checked that H has the correct eigenvalues on the generators of H.
Also, by (1.2.8), @ is associative and commutative on H = ker(W~, jo — ), and

A= (A, | @ € H). This motivates
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Definition 1.3.1. Let C denote a CFT with central charge ¢, VW a subalgebra of its
holomorphic and antiholomorphic W-algebras, and (H = ker W™, H, A) the associ-
ated spectral pre-triple of dimension y as in Prop. 1.2.1. A spectral pre- trlple (H, H, A)
of dimension c is called a geometric interpretation of C if H C H, A = (A,|y | ¢ €

H) is commutative, and if there are appropriate completions H, AofH, A such _that
(H, H, A) is a spectral triple of dimension c, i.e. H = L*(M, dvolg), H = %Ag, A=
C°(M) for some Riemannian manifold (M, g) of dimension ¢ and dvolg, = emdvolg,
® € C®(M).

One checks that each CFT Cg, R € R™, of Ex. 1.2.2 has precisely two geometric
interpretations (Hf, H, A%) with H§ =ker(W~, joFJjo) = Lz(S;,il ). The ambiguity
is not a problem but a well-known virtue, since the CFTs Cr and Cp-1 are equivalent
according to the definition given before Eq. (1.2.6). On the other hand, the non-linear
sigma model construction with target the geometric interpretation S}eil of Cg gives back
the CFT Cg, yielding the notion of geometric interpretation introduced in Def. 1.3.1 very
natural. For general (M, g), however, arigorous construction of a non-linear sigma model
with target M is problematic: Renormalization is necessary, and perturbative methods
give good approximations only for M with large volume. Hence we can only expect
those properties of Ex. 1.2.2 to generalize which characterize Cg = Cg-1 at R*!1 > 0.
In fact, Hzls is generated by the |Qgs1; Qp+1) € H with Qpet = £Qps1 = #,

m € Z. Hence by (1.2 10) for RT! >> 0 the geometric 1nterpretat10n (Hi, H, Ai) is

obtained from (]HI H, A) by restriction to those states in H which at large volume retain
bounded energy:

Definition 1.3.2. Let C denote a CFT (or a limit of a sequence of CFTs, see Def.
2.1.6) with associated spectral pre-triple (H, H, A) and geometric interpretation (H C
H, H, A C A). Assume that there is an ¢ > 0, ¢ <K 1, such that

Ao = (Agly | ¢ € H, [Ho| < elpl) obeys H = spanc (Ao (Hoo))-

Then C is called degenerate and (H, H, A) or (M, g) with H = L*(M, dvoly), H =

% fACE and A = C®(M) as in Def. 1.3.1 is called preferred geometric interpretation
of C.

The preferred geometric interpretations are exactly those geometric interpretations
proposed and studied in [F-G]. It is believed that a degenerate CFT C with preferred geo-
metric interpretation (M, g) in fact yields a degenerate Riemannian geometry (M, g).
More precisely, in [K-S], families C, of degenerate CFTs with ¢ > 0 as in Def. 1.3.2 are
studied as ¢ — 0, where the preferred geometric interpretations (Mg, g:), ¢ > 0, all
yield the same topological manifold M, = M. Then (M, g.).— ¢ is believed to describe
a Gromov-Hausdorff limit of a metric on M, where some cycles collapse while keeping
the curvature bounded. Such limits of metrics have been studied in [C-G1, C-G2]. In
the physics literature, the limiting geometries which arise from degenerate CFTs are
sometimes referred to as large volume limits, see [Mo] for a useful account.

Since each collapse of cycles (M, g¢).—0 in [C-G1, C-G2] gives a boundary point of
the moduli space of Riemannian metrics on M, it is natural to use sequences (Cg)e—0 as
above to construct corresponding boundary points of moduli spaces of CFTs. In a more
general context, such a possibility was alluded to in [K-S]. It presumes the definition of
topological data on the families of CFTs under consideration:
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Definition 1.3.3. A CFT-space is given by the following data: A sheaf S over a topo-
logical Hausdorff space M, such that for each p € M, Cp, is a CFT with associated
pre-Hilbert space H, = Sp. Furthermore Q, T, T are global sections of S, and all
CFT-structures as e.g. OPE-coefficients, evaluated on local sections of S, are continu-
ous. If M is a D-dimensional variety, then D is called the dimension of the CFT-space
S.

If S is obtained as a deformation space of CFTs in the sense of conformal deforma-
tion theory, then M comes equipped with a metric, the Zamolodchikov metric, which
induces a standard topology on M as well as flat connections on S [Sch, Ka, R-S-Z].
This is in particular true for the family (Cg) ger+ studied in Ex. 1.2.2.

Intuitively, it is now clear how boundary points of CFT-spaces S over M could be
constructed: One considers continuous paths p : [0, co) — M giving rise to one-dimen-
sional CFT-subspaces S, of S with (S5),); = H () for t € [0, 00). If for t — oo the
CFT-structures of the C(;) converge in a suitable sense, e.g. as specified in Sect. 2, then
the limit structure gives rise to a boundary point of the CFT-space S, If lim;_. o p(t) =
P € M, then the CFT-structures converge to the corresponding structures of C5, and
the boundary point of the CFI-subspace &, just corresponds to this CFT. If however

P € M — M, then the boundary point of the CFT-subfamily S|p can be considered as
a boundary point of S.

Moreover, assume that to each C ;) we can associate a spectral pre-triple (H, (), H,
Ap ) obtained from an appropriate subspace of constant sections along p. If there
is an N € N such that for every constant section ¢ from such a subspace one has

[Hopm/1ep@)] 220 O(t=N), and if all structure constants of My, H, Apy) con-
verge fort — 0o, then we obtain a limiting spectral pre-triple (H*, H, A°°). The above
assumption that all eigenvalues of H on H,,) converge with the same speed ox—M
allows to define H® := lim;_, o, #Y H and should allow to read off a non-degenerate
Riemannian geometry from (H®, H>, A%).

For now, instead of considering CFTs, let us stay in the regime of function spaces
and inspect limits of commutative geometries in terms of spectral triples. This serves
as a motivation for Sect. 2 and also leads to some ambiguities which should be kept in
mind.

Example 1.3.4. We consider possible limiting procedures for the spectral triples
(Hg = L*(SY), H = A, Ag = C®(S%)) as R — oco. By (1.1.1), each Hp is gener-
ated by @,,¢7 an with V,f := spanc{|m) g} an eigenspace of H with eigenvalue %. It
is therefore natural to choose constant sections ® = {¢™ | m € Z} of the sheaf S over
RT with Sg = Hpg by @R = |m)g. Since the sections are constant with respect to the
inner product on the Hilbert spaces Hg, R € R™, they are in particular compatible with
the Hilbert space structure, which allows us to formally define a limiting Hilbert space

HEY, == @D spanc {Im)oo} with [m)oo := {Im)g | R € R*}.

meZ

By (1.1.1), ™ - " = @™t for all m,m’ € Z, so we are lead to set Ay |m’)oe =
|m 4+ m') s and thus obtain a commutative algebra of bounded operators A‘(’lo) = (Anm |

m € Z) on H?f). The H-eigenvalues of all |m) g converge to zero with the same speed
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2 .
as R — o0, hence we can naturally define H, (01‘; [m)eo 1= mT |m)~ to obtain the commu-

tative geometry (H‘(’f) = LZ(S%), H(’f;, .A‘(’f) =C C>O(S})) in the limit.

Mathematically, having |m)s, represent the sequence {|m)r | R € RT} means
that spanc {|m)eo} is the direct limit (see, e.g. [Do]) of the {V,X, R € R*}, where for
R, R € RT, we use fg g S}e’ — S}? with fr g/ (x) == x - % to construct a direct
system (Hpg, f;,R/)' Then, H((’f) is the direct limit of (Hg, f;’R,).

We have used the category I; with objects Ob (I;) = R the circles of radii R € R™
and morphisms the diffeomorphisms between the circles. Note that there is precisely one
diffeomorphism fg g for every pair of circles® (S}e" S}e)~ The limit (H‘(’f), H(Of; , A‘(’f)) is
the inductive limit of the functor F|: I} — Vect which on objects maps S}e — COO(S}Q),
and on morphisms maps fr g > f;’R,.

Instead of I, there is another quite obvious category I> we could have chosen, namely
with objects Ob (I;) = Ob (I;) = R™ the circles of radii R € RT and morphisms
the isogenies (i.e. local isometries) between circles. That is, there exists a morphism
gr Rt Sk, — Sk with gg g/(x) := x precisely if %/ € N. The inductive limit of the
functor F,: I, — Vect which on objects maps S}e > COO(S}Q), and on morphisms
maps gg g’ —> gZ’R, is

HY = P spanc {le ® 0)oo} ® € spanc {Ir)oo)

0€R/Q relR*
with Yo € R/Q: [0 8 0)oo := {|O)no | N € Z},
Vr e R%: Moo == {In)nsr | n € Z}.

Here, R/Q denotes classes of real numbers which are commensurable over Q. We
have [0 #0)oo = 1forall o € R/Q, and foralln € Z—{0}: |n),,,: x — €'*". Hence we

naturally define H(02<;|Q e 0) := 0 for o € R/Q, and H&‘;V)o@ = %lr)@<> forr € R.

This again yields a degenerate limit, but we cannot rescale H &‘; as before. Namely, to
interpret the |r)s in terms of sections ¢”, r € R of S over RT, Sg = Hy (where the

label r = O is replaced by r = 0 ¢ 0, 0 € R/Q), we have to set ¢, := [rR)R iff rR € Z

((pf;o = 10)g iff R = ¢ in R/Q) and ¢}, := 0, otherwise. To yield the ¢}, continuous,

we need to introduce a discrete topology on R™. Then we can also naturally define a
spectral triple (Hz’é’), H(%‘;, AE’;’)),With A, € Az’é’),r € R,actingby A, ") oo = [r+7") 05
A;|r' @ 0)oo = | iff ¥ and r’ are commensurable over Q, i.e. r = r’ in R/Q, and
Arlr')oo =0, Ar|r’ @0) o = 0, otherwise. Similarly, for o € R/Q we have Agye0 € A?;)
acting by Age0lr Yoo = 1) oo, Apen|r’  0)oo = |1’ @ 0) iff 0 = 7’ in R/Q and
AQ.O|r/)OQ =0, AQ.0|r’ ¢ 0)oc = 0, otherwise. In other words, A,40 acts as a projec-
tion, and {AQ.O |o € R/Q} defines a “partition of identity”, Ag := deR/Q Ape0. This
indeed gives a commutative geometry, namely R with the flat metric and an interesting
topology.

Summarizing, Ex. 1.3.4 motivates the use of direct limits for the construction of lim-
its of spectral pre-triples and CFTs. Moreover, as a word of caution, we have found two
different limiting geometries for the spectral triples

8 We use oriented circles with base points to get rid of the translations and reflections.
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(HR = LZ(S}Q), H=1A Az = COO(S}Q)) as R — oo, depending on the choice of
the constant sections of S over RT with Sgp = Hg. Both limits are natural in their own

right. (H‘(’f) ,H ﬁo) , A‘(’f)) is motivated by the approach of [F-G, K-S], whereas (H‘(’g) L H (%% ,

‘(’%) corresponds to a decompactification of S}e as R — oo equipped with a discrete
topology. Similarly, the definition of limits for CFTs that we propose in Sect. 2 will
incorporate some ambiguity.

Remark 1.3.5. We do not claim that direct limits yield the only sensible construction
for limits of algebras or spectral triples as in Ex. 1.3.4. There, we have already per-
formed a generalization from direct limits of ordered systems to direct limits of merely
partially ordered systems. However, an ordered set (A;, o;, (., .);)ics Of algebras with
non-degenerate bilinear forms need not be a direct system at all in order to make sense
of its “limit”.

Since we mainly focus on the more natural direct limit construction, below, we do
not give a formal definition of the more general one, here. The main idea, however, is to
regard a vector space A as limit of the ordered set (A;);¢s if for every i € I there is an
epimorphism f; : A — A;, such that for each ¢ € A — {0} there exists an N € I with
fi(p) # O0foralli > N.]If the respective limits, below, exist, then we can equip A with
a limit bilinear form and algebra structure by setting

(. x) = lim(fi(¢). fi GO - (V. @ o) = lm(fi (). fi(¢) & fiCOi -

Note that this only defines an algebra structure on A if (-, -) is non-degenerate.
As an example let us discuss the limit of the algebras C*°(S }e) of Ex. 1.3.4, equipped
with the Hermitian form

27 R

(@, X)r = 27[_R A X)) x (x)dx .

The radii R € R™ of the circles S}e constitute the ordered index set /. As limit space A
we choose the space C°(R) of compactly supported smooth functions on R. Then, we
define

fr 1 CE(R) — C®(Sk)
) = fr@O) = —= Y e R
U 2 e

meZ

which is a discrete version of a Fourier transform. Indeed, (C Oo(S}e), fR) rer+ ful-
fills all the conditions mentioned above, and the limit algebra structure on A = C2°(R),
corresponding to the ordinary product of the Fourier transformed functions, is the con-
volution product

pex(x)= fR<p(x —x(dy.

This construction can be extended to a limit of spectral triples as in Ex. 1.3.4, and the
limit geometry is R with the standard topology.
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2. Limits of Conformal Field Theories: Definitions

This section gives our main definitions and is the technical heart of the paper. As explained
above, our construction is motivated by the ideas of [F-G, K-S]. The guiding example
is that of the circle theories discussed in Exs. 1.1.1, 1.2.2, 1.3.4, or more generally the
toroidal CFTs discussed in Sect. 3.1, since these models as well as their large volume
limits are well understood. Further motivation arises from the observation that the family
of unitary Virasoro minimal models M(m, m + 1), m € N — {0, 1}, can be treated by
our techniques, too, as detailed in Sect. 4.

Section. 2.1 is devoted to the definition of sequences of CFTs and their limits; we
propose a list of conditions which ensure that the limit possesses enough structure in
order to realize some of the ideas of [F-G, K-S]. In Sect. 2.2 we explain how our limits
can give rise to geometric interpretations.

2.1. Sequences of CFTs and their limits. In Ex. 1.3.4 we have given a motivation for our
general approach to limiting processes for CFTs, which uses direct systems and direct
limits”. We recall the basic definitions below but refer the reader to the literature for a
more detailed exposition, see e.g. [Do]. We start by defining sequences of CFTs:

Definition 2.1.1. Let (C');ey = (H', *, QF, T, Ti, Ch)jen denote a family of CFTs
with left and right central charges c;. Given vector space homomorphisms fl.] such that

Vi,jeNi<j: f/:H — M, and @2.1.1)
fl@h =9, fi = idyy,
fl.f_(T’:)sz:, andVi, j,keN,i<j<k: f]kfl/:fik,

—1 —_— . : H .
;@ =T, Wl = i,

we call (C*, fij ) a sequence of conformal field theories.

Note that we do not demand any further CFT-structure to be preserved by the mor-

phisms fl’ , which therefore are not morphisms of CFTs. Hence a sequence of CFTs
cannot be regarded as a direct system of CFTs. However, (2.1.1) by definition gives a

direct system of vector spaces (H’, fij ). It allows us to define a direct limit vector space
[Do]

K :=li_r)nHk ~ [@Hk} /spanc [(pi —J‘ij((pi) li, jeN,i<j, ¢ GH[} ,
keN

where by abuse of notation for i € N we have omitted the inclusion homomorphisms
1!t H — @y HE. The above definition of K> means that for each ¢ € K> there

exist k € N and ¢ e H¥ such that ¢ is represented by ¢*, i.e. ¢ = [¢f] = [f,f ("]

9 Although not spelled out in this language, in [M-S2, §6] a notion of classical limits of CFTs in terms
of direct limits was introduced.
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for all [ > k. In the following, ¢* will always denote a representative of this form for
¢ € K*. By

VieN: f~: H & @Hk Lk O
keN

we denote the homomorphisms given by the composition of inclusion and projection,
with f;’oofi/ = f°fori, j € N, i < j.Withtheabove notations, ¢ = fkoo((pk) € K.

Similarly, fori, j € N,i < j and ¢ € H' we define (f/)*(¢*) := (f/ (¥))*. This
gives a direct system ((ﬁ*)i, ( fl’ )*). Its direct limit is denoted (Ié*)oo, and we have
projections (f*)*° = (f>°)* as above.

By (2.1.1), the limits C*° and (K*)>® possess special elements Q, T, T and Q*, and
an involution *. However, the definition of CFT-like structures on the limit vector space
KC® requires some more conditions on a sequence of CFTs, which we shall discuss now.
In particular, we need a notion of convergence.

In the following, let (Ci, fl’ ) denote a sequence of CFTs.
Condition 1. The OPE-coefficients C' of C' converge with respect to the fl.j , Le.

Vo e H', x e H/, v e HF:
(U @D*, 1), 1160) "5 € (U W, £2@), £700) e C.

The limits C of the OPE-coefficients only depend on elements of the direct limits

%, (K*)° and are trilinear. Thus a sequence of CFTs (C', fl.j ) fulfilling Cond. 1 gives
rise to a trilinear function

C®: (K¥)* KX @ K® — C.

C!, %, and the map H' — (7'vli)*, Y — ¥* with (1.2.3), (1.2.4) determine the
Hermitian structure of 7'. Since the homomorphisms fl:’ are compatible with this
structure, if Cond. 1 holds, then the vector space ™ inherits a limiting bilinear form
(-|Yoo = C®(-*, &, -), which may be degenerate, though. Define N> C K to be the
space of null vectors of (-|-)oo in K=, i.e.

N® = (v e K®|C®0W*, Q,v) =0}. (2.1.2)

Since the Cauchy-Schwarz inequality is valid for all (-]-); = C/(-*, Q, ), Cond. 1
implies that C*°(-*, 2, -) defines a non-degenerate bilinear form on

H® = K®/N*®  with 7% :K* — H* the projection. (2.1.3)

In the following, we will frequently use elements ¢ € K° to represent a class in H*°
and by abuse of notation write ¢ € H*. Note that 7°° is compatible with C* only if
the following condition holds:
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Condition 2. All OPE-constants involving null vectors v € N as in (2.1.2) vanish in
the limit, i.e. the following conditions hold:

YveN® Vo, x e L®: C®(x*v,9)=0
C®(x* p,v) =0 = C®0W*, ¢, x).

By (A.10), the latter two conditions are equivalent.

Condition. 2 implies that C* descends to a well-defined map

C®: (H®)*@H® @H® — C.

Though short and elegant, Cond. 2 seems not to be very convenient to check in our
applications. See Rem. 2.1.5.ii for a simplification and note that in our Def. 2.1.3 we
avoid this difficulty.

In order to recover a CFT-like structure in the limit, we will introduce a direct limit
of the decomposition (1.2.1) on H°. To this end, we will need
Condition 3. There are decompositions of the vector spaces H' into common Lg- and

Zé)-eigenspaces, which are preserved by the fl/ , L.e.

H =@ Hy. Lol =hiidyg. Lolyy =hyidy
C{EI,‘

Vi.jeN.Ye el 3pe;: f/(H) cHy: fl @) =8
In fact, the induced maps f; J : Z; — I; defined by Cond. 3 constitute a direct sys-
tem on the index sets, whose direct limit w111 be called 7, := 11m Z;. The preservation
of the decompositions by the fi] guarantees the existence of a decomposition

~=p k. (2.1.4)

a€lso

Cond. 3 even guarantees that if Cond. 1 is satisfied as well, then (2.1.4) imposes an
analogous decomposition of A/*° and therefore results in

~= H. (2.1.5)

a€Zls

For ¢ € H® withor = [aF], ¢ #£ 0,

—k
Chh T eY g CHEHNT Y
CE(ghyx, @k, @by T 7 7 T CR(eh)r, @, oh)

hot = hy =

give the (LK, Zg) eigenvalues of ¢¥. By Conds. 1 and 2 all limits

hy 1= 11mhk, he := lim h

k— 00 k— 00

ak
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exist. Therefore, we can define the following operators on H:
Ly Hee = hy id')—(go , Z()’,ch = Ea ingo .

These give rise to a coarser decomposition of H*° than (2.1.5) into (Lo, Lo) eigenspaces,

00 __ o0
H™ = @ Hhﬁ'
h,heR,
h—heZ
In particular, as opposed to a well-defined CFT, it is not guaranteed that all H;"ﬁ
are finite dimensional. Indeed, the H;‘loﬁ will be infinite dimensional for some of the

examples studied in Sects. 3 and 4. In order to nevertheless allow a definition of modes
analogously to (A.13), we will therefore need

Condition 4. For all « € Zoo and all 9 € H™, x € HZ,

Tug(p. 0 = {B e Tl M 2 o L 30 e HE: C¥W 0,00 #0)
is finite, such that
Virle. )= P HF
,BEI;L.H((p»X)

is finite dimensional.

Condition. 4 can also be derived from a version of uniform convergence on the C!
which we discuss in Rem. 2.1.5.v.

To summarize, a sequence of CFTs which obeys Conds. 14 gives rise to a limit vector
space H®° with non-degenerate bilinear form (-|-)oo = C*°(-*, 2, -) and an OPE-like
structure, which assigns modes to each vector in this vector space analogously to (A.13):

VoeH®, Vu, I, eR, Ya € T, V) eH;zﬁ : (2.1.6)

o

CuiX € Vug(o, x) sth. Y € Vo, )+ ¥ (@unx) = CTW™, ¢, x).

Recall that for a well-defined CFT, the modes of specific subsectors form closed
algebras, like the holomorphic and antiholomorphic W-algebras. However, we need
additional conditions which ensure that this algebra structure is preserved in (2.1.6). We
first specify

Definition 2.1.2. For a sequence (C', fl/ ) of CFTs, let Wi denote a sequence of finite

subsets of ker Zg @ ker Lé with T, Ti e Wi and fij (Wi) = VT/j, which generate
subalgebras

W= ((p,,,o, Qon|p € span(cVNV", ne Z)

of the holomorphic and antiholomorphic W-algebras. Assume that the W' are all of the
same type, i.e. they differ only by their structure constants with respect to the elements
of W', Then the family W' D Vir., @ Vit is called the stable W-algebra, and the
elements of W' are called W-states.
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By definition, the Virasoro algebra is stable in every sequence of CFTs, and we denote
W™ = nwﬁ“(ﬂii).

To guarantee that (2.1.6) induces the action of a W-algebra on H°, the stable W-algebras
have to obey the following two conditions:

Condition 5. The fij preserve the primaries of the W', which never become null:
ViijeN: f () c oY, and 2 ()Y — o)) NN =1

Condition 6. For every holomorphic W-state w and x € K, n € Z, the sequence
wz’O x' converges weakly to w, ox as defined by (2.1.6), that is:

Vx, v e K, Vw, e W°, VneZ:
CEW™, W, wa0x) = lim C(WH" B, w, 0x), @17

and analogously for antiholomorphic W-states w.

Indeed, a sequence of CFTs with stable W-algebras W' which obeys Conds. 1 — 6
features a W-algebra action of W* on H>°, generated by the modes of all W-states in
W™, and with structure constants obtained as limits of the structure constants of the
W . The stable W-algebras W' are non-trivial by definition, since at least Vir,; and Vlrc;
are stable. Hence, for example

¢ =2 C%(Q, T, L) “E" 2 lim €' (@), T, LiQ)) = lim ¢;
l*)OO

gives the central charge of the limiting Virasoro algebras Vir., Vir. C W*. Analo-
gously, as expected, for ¢ € H;’loﬁ, ¢ # 0, we have

h=3C®@* T.Ligp)/lpl>.  h=3C®*.T,.Lip)/l¢|*. (2.1.8)

Finally, in order to introduce a limit of the truncated OPE (1.2.6) for all states that are
relevant for our geometric interpretations in Sect. 2.2, we will need

Condition 7. Forall o, B € Iog and all p € HY, x € H%", let

1o 0 = | e B |3y € = (V) : v @) # 0
as in (1.2.6). If Hg® C HgY, then |1 (¢, x)| < oo.

We would like to point out that Cond. 7 is required to ensure the finiteness condition used
in the definition of the truncated OPE @ (1.2.6) in the limit. As mentioned there, this

finiteness condition however seems to be very restrictive and can probably be replaced

by appropriate normalizability of the vectors > eumxfore, x € H". Then

(wmehy (e, x)
Cond. 7 would be dispensable.

We are now ready to give a definition of convergence for CFTs which we find nat-
ural: Any sequence of CFTs obeying Conds. 1 — 7 will carry an OPE-like structure on
‘H® with an action of the limiting W-algebra YW*° on H> which is compatible with
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the mode construction. However, so far, we have used an “algebraic” approach to CFTs
as described at the beginning of Sect. 1.2 and in App. A. This approach has the draw-
back that the “analytic” structure of CFT n-point functions, also explained in App. A,
is encoded in a rather complicated way. It makes some of the above conditions quite
intricate, but does not ensure the existence of n-point functions in the limit. On the other
hand, some of these conditions follow from convergence of four-point functions on the
sphere. In fact, Conds. 1 — 7 alone turn out to be problematic in view of our aim to find
geometric interpretations of the limit, similar to Def. 1.3.2: We have not succeeded to
derive commutativity of the relevant algebra .4°° from them, see Prop. 2.2.4. There-
fore, we formulate a notion of convergence of sequences of CFTs which poses stronger
conditions by incorporating the “analytic” structure of CFTs:

Definition 2.1.3. Let (C', fl.j ) denote a sequence of CFTs with stable W-algebras W',

whose four-point functions on P' converge with respect to the fil as real analytic func-
tions outside the partial diagonals, with the standard behaviour near the singularities
(see App. A). In other words, foralli € N, ¢, x, ¥, w € H',

@2 — Jim (@I @D 0@ DI @)

exists as a real analytic function of z,7 € C\{0, 1} = P'\{0, 1, oo} with expansions
(A.4) around the points 0, 1, co. If the sequence moreover fulfills Conds. 3 -7, then it
is called fully convergent.

As a word of caution we remark that in general, the limits of four-point functions do
not descend to well-defined objects on (H®)®4,

Proposition 2.1.4. Let (C', fl-j ) denote a fully convergent sequence of CFTs with stable
W-algebras W'. Then this sequence obeys Conds. 1 —17.

Proof. We need to show that Conds. 1 and 2 follow from the convergence of four-point
functions on the sphere and Conds. 3 — 7. '
Indeed, Cond. 1 is an immediate consequence, since for ¢, x, ¥ € H':

(Wlo(L DR (2. DIx) = Wle, Dix)i = ¢l ™. ¢, ).

and f/(Q) = Q/.
To see that Cond. 2 is satisfied, first assume that there are vectors v € ./\/aOO ,Q € ICb >

x € K2 such that C*°(v*, ¢, x) # 0, and choose a sequence {1// }j of orthogonal bases
of the H’ 1//’ € H’ i which converges weakly to an orthogonal basis of IC°°. Using

(A.10), we can expand the following four-point function around z = 0 as in (A.9):

Cl((lﬂ})*, @', x') 2 hi—bi—ci B 5 g
—_— | Z J V4 J .

~—— 2.1.9
Ik @19

KD L D @ DI =Y |
J

In particular, we can choose @i := v’ and obtain a contradiction to the convergence
of four-point functions. By (A.10), this also contradicts the existence of v, ¢, x as above
with C*°(x*, ¢, v) #0.
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Finally, (A.12) shows that C*°(y¥*, v, x) = 0 follows for all v € N*°, x € K%,
and primary ¢ € K. But all three-point functions on the sphere which involve descen-
dants can be obtained from those involving the corresponding primaries by application
of differential operators. Hence the convergence of four-point functions on the sphere
together with Conds. 5, 6 ensure that this suffices to prove the claim. O

Although in the limit of a sequence of CFTs we get well-defined OPE-coefficients
by construction, we cannot expect convergence of all correlation functions, as e.g. torus
partition functions. This means that the limit of a converging sequence of CFTs is not a
CFT, in general. It may be possible to pose more restrictive conditions on the notion of
convergence in order to ensure the limit to be described by a well-defined CFT. How-
ever, we are interested in certain degeneration phenomena, which for example occur
in the large volume limits mentioned in Exs. 1.2.2, 1.3.4. These limits do not have a
well-defined torus partition function. So from our viewpoint it is not even desirable to
have a CFT as a limit of a converging sequence, in general. We wish to emphasize that
a limit in the above sense severely depends on the choice of the homomorphisms fl.j

in our sequence (C', fij ) of CFTs. This is analogous to the ambiguity described in Ex.
1.3.4.

Remark 2.1.5. i. Since for ¥ € H; ; in a convergent sequence of CFTs (QHQI, 1)

V(D) = CHUQH*, ¥, )z 277" the convergence of the (Lo, Lo) eigen-
values for states with non-vanishing norm follows independently from the arguments
given after Cond. 3.

ii. The crucial step in the proof of Prop. 2.1.4 is the observation that each coefficient
in (2.1.9) remains bounded in the limit. The latter is equivalent to the following
condition:

For x, ¥ € K®set u' = hyi —hyi, T :=hyi —h (2.1.10)

then Vo € K : |(pLi ﬁixi| is bounded as i — oo.

Hence (2.1.10) implies Cond. 2 and is equivalent to the convergence of four-point
functions (x'|(¢")T(1, D' (z, D) x")i. o

iii. In general, null vectors of a representation of the Virasoro algebras Vir,, Vir, are
defined to be states that descend from a lowest weight vector but vanish under the
action of each L,, L, withn < 0. Although our definition (2.1.2) of null vectors
is different, a fully convergent sequence of CFTs has stable Virasoro algebras and
allows us to define the action of Vir., Vir. on H* such that null vectors in this
conventional sense are not present, either.

iv. Our definition of a fully convergent sequence of CFTs with stable W-algebras W'
simplifies greatly if A" as in (2.1.2) reduces to {0}. Then Cond. 2 is void. Moreover,
Cond. 6 follows from the convergence of four-point functions, since the limiting
four-point functions are well-defined on H*° and the factorization properties (A.9),
(A.17) — (A.18) of four-point functions remain valid in the limit. As in ordinary CFTs,
this also implies associativity of the OPE in the limit, and the existence of all n-point
functions on P'.

v. It is not hard to show that Cond. 4 is equivalent to a version of uniform convergence
of the OPE-constants:
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VoeH®, Vx e H®, a € Ioo, Y, € R,Ve >0 3II €N:

o

Vi>1I, Yy e V(e x) withC®W*, ¢, x) #0:
CHWD o' X)) = W 0. 0| <2 |C®W g, 0]

The above notion of full convergence turns out to be too restrictive for our purposes. In
fact, we would like to allow for diverging conformal weights and other structure con-
stants in decoupled sectors of the CFTs. This happens for example in the large radius
limit of the free boson on the circle, where the winding modes get infinitely massive as
R — 00, see (1.2.10). As motivated by Def. 1.3.2, in these cases we should restrict our
considerations to the closed sectors with converging conformal weights:

Definition 2.1.6. We call a sequence (6’7, f;j) of CFTs C = (ﬁi, QT Ti, 6i)
convergent, if the following holds:
Foreveryi € N, the subspace H' C 'H' consisting of those vectors whose conformal

weights converge under the ]/‘7 is closed under the OPE. Moreover,

. Do i_ 7 i ._ i i .o

Vi,jeN i<j: fl:=f 1, C:= Cl\(ﬁ*)i@;ﬁi@w’ *! ._ik\?H,-

defines a fully convergent system (H', C', fl.j ) with stable W-algebras W' > Vir, ©
Wci. The corresponding direct limit

C® = (H® := (imH) /N, %, @, T, T, C%)

is called limit of the sequence (5’ , ]/(;j) of CFTs. The stable VW-algebras are called
preserved W-algebras.

Remark 2.1.7. The discussion of convergence of sequences of CFTs generalizes to one-

dimensional CFT-spaces S (see Def. 1.3.3). Instead of the homomorphisms fij we
specify a connection (i.e. the parallel sections) on the sheaf S. Sequences can then be
defined on local trivializations of S by parallel transport. If such a sequence converges in
the sense of Def. 2.1.6, then the limit structures discussed above give rise to a boundary
point of the CFT-space.

For a general CFT-space S over M with non-compact M, equipped with a flat con-
nection (e.g. obtained from deformation theory), we can then construct boundary points
as limits of convergent sequences which come from one-dimensional CFT-subspaces as
above. We will discuss such a boundary of the CFT-space of toroidal CFTs!? in Sect.
3.1.

2.2. Geometric interpretations. As mentioned above, our notion of convergence admits
the occurrence of degeneration phenomena. One of them is the vacuum degeneracy, i.e.
the degeneration of the subspace of states with vanishing conformal weights. While this
subspace is one-dimensional in a well-defined CFT, it may become higher-dimensional,
and even infinite-dimensional, in the limit of CFTs. In Def. 1.3.2 we have introduced

10 1y fact, CFT-spaces of toroidal models, more generally of WZW- and coset-models (see [F-R]) or
of orbifolds thereof, and discrete sequences of CFTs are the only well known examples of CFT-spaces.
Although the moduli space M of N = (4, 4) SCFTs on K 3 is known [A-M], the corresponding CFT-space
S over M has not yet been constructed.
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preferred geometric interpretations of CFTs; in this section we will argue that limits of
CFTs with an appropriate vacuum degeneracy can be expected to allow such geometric
interpretations. Similar approaches have been proposed in [M-S1, §6] as well as [F-G,
K-S]J, but with no general definitions of sequences and limits of CFTs at hand.

In the following, let (C');eny = (H', ', QI, T, T, C!);en denote a convergent
sequence of CFTs. As in Def. 2.1.6, its limit is denoted C*° = (H*™ := RN, %2,
Q, T, T, C*®).By Cond. 5 we can set

H® .= £ ((Hi)Vir> C H®, and H™ :=ker (Lg) Nker (Zo) =Hgo C H*™.

Note that H*® ¢ H*, since descendants cannot have vanishing dimensions. To every
¢ € H> we associate an operator A, on H* by truncation of the OPE, as before: By

Conds. 4 and 7, for x € H* we can copy (1.2.6) verbatim to define ¢ & x. Then
Ay(x) = @ @x. Let A% denote the algebra generated by all these operators:
Vo e H®: Ayt e — e, Ag(X) =pm@yx; AY:= (A(p‘ x= ]HI‘X’),

where YV € fee. Y e@Ex) = CCW™, 0, x).

We first collect some properties of A:

Lemma 2.2.1. In the limit of a sequence of CFTs, for every state ¢ € H* of vanishing
conformal weights one has L1p = L1g = 0. Moreover, A, preserves weights, i.e. with

H;?E = H>*® N H;%, forall h, h € R we find Ay (HZ%) C HZ?E. In particular, A%
acts on H*.
Proof. Fix ¢ € H*. Note that L’igoi converges weakly to L1¢ by Cond. 6. Using this,

we first show that in K> = limH!, L¢ is a null vector, i.e. L1p € N°°. Indeed,
—

2.1.6) A1) ———— (2.1.8
C™((L19)*, 2. L1g) “LY c®((L1p)*. T. p) "2” T= (. T, Lip) 2% 0,

which by Definition (2.1.2) proves Li¢ € N'°°. Similarly, L1p € N'*°.

Using weak convergence, Cond. 2, and (A.14), since ¢ has vanishing conformal
weights, we find

Vi e H;‘l‘;%, X € HZ?,EX: (hy —hy) C®W*, @, x) =C®W*, Lig, x) =0.

Hence C®°(Y*, @, x) = ¥*(Ayx) # O only if i, = hy, and similarly &, = hy. This
proves the claim. O

By the above, the only non-trivial mode of each ¢ € H* is ¢ o. This motivates

Definition 2.2.2. In the limit C* of a converging sequence of CFTs we set H™ := Hg,
and call A® := (Ay| ¢ € H*) the zero mode algebra.
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To fix notations, we now choose an orthonormal basis {w i }/ n Of H* such that (/) =

Y forall j € N and 1//’ € H’ e where as always 1//’ is a representative of ¥, i.e.
] J

V= f,-oo(lﬂj) in H*°. We set

(A.10) (A.12)

Va,b,c e N:  CS = COWE, Ya, Vi) ch. ct. (2.2.1)

Following [F-G], we expect the zero mode algebra of a limit of CFTs to give rise to a
spectral triple which defines a commutative geometry. In fact,

Lemma 2.2.3. The zero mode algebra A® of the limit of a sequence of CFTs is com-
mutative if and only if

Vo, x eH®: Ayo0Ay =Apzy-
Proof. With respect to the orthonormal basis {w | }j <y chosen before (2.2.1), we have

Va,beN: Y, @Yp = ZCC{I;%"
J

One therefore checks:

Vd,bGN: AW{! OA‘/fb = A‘pb OAl//a
2.1 o o
Z C;dcl{c = Z C[idc({c Ve,d e N 2.2.2)
J J
Q2.1
& Ay oAy, = Avgue

O

Proposition 2.2.4. The zero mode algebra A> of the limit of a convergent sequence of
CFTs is commutative.

Proof. By the proof of Lemma 2.2.3, the claim is equivalent to (2.2.2). This equation fol-
lows from the relations imposed on the OPE-constants by crossing symmetry. Namely,
forall a, b, ¢, d € N, both sides of

WAL DY@ D) = Wi, Dyh™ L 2 Y gy, 2 ez %y (223)

converge to real analytic functions on C — {0, 1} = P! — {0, 1, oo} with power series
expansions in z, Z; z ', 77!, respectively. Since by Cond. 5 the sum over primaries in
(A.16) does not contain contributions from null vectors, we can use (A.16) — (A.18) to
analyze the structure of (2.2.3): Both sides converge to formal power series in z, z !,
respectively, with non-negative integer exponents, only. Hence both sides must be con-
stant, receiving only contributions from the leading terms in the conformal blocks. Then

(A.18) shows Zj C({bC Z deCb which by (2.2.1) is equivalent to (2.2.2). O
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Remark 2.2.5. i. Similarly to Rem. 2.1.5.iv, the proof of Prop. 2.2.4 simplifies consid-
erably if null vectors are not present in XC°°. Then the proof of Lemma 2.2.3 shows
L1¥,=0 as an element of I for all ¥, € H, such that for all ¥, ¥p, V¥, VYg
€ H:

0
0= (Yalvc(, DL1Va(z, DIYp) = B—Z(I/fdlllfc(l, Da(z, 2) ).

In other words, all conformal blocks are constant, and crossing symmetry can be used
directly to show Prop. 2.2.4.

ii. Our definitions easily generalize to the case where the central charges of the left-
and right-handed Virasoro algebras do not coincide. Then the situation greatly sim-
plifies if all CFTs under consideration are chiral: One immediately identifies Ay (x),
@, x € H*®, with the normal ordered product of ¢ and x. Since H® = K® /N>
with A"* containing the ideal generated by L;H>, H* belongs to Zhu’s commu-
tative associative algebra [Zh, B-N, G-N], which is known to be isomorphic to the
zero-mode algebra [B-N]. It would be desirable to generalize the notion of Zhu’s
algebra to non-chiral theories, and it would be interesting to know if such a notion
can reproduce .4 in the limit of convergent sequences of CFTs.

By Prop. 2.2.4, limits of CFTs are naturally expected to possess preferred geometric
interpretations:

Definition 2.2.6. Let C*° denote the limit of a convergent sequence of CFTs with limiting
central charge ¢ and zero mode algebra A®. Let N € N be maximal such that for all
g e H® withg = f(¢"), ¢' € th» 5’

kg = il_i)n;oiN(h,- +h;) < oo, H®¢ = )\gw.

Then the linear extension of H* is a self-adjoint operator H*: H*>® — H®>.
If there exist completions H™, A% of H*®, A% such that M ™, H®, A) is a
spectral triple of dimension c, then the latter is called a geometric interpretation of
o

The above definition may seem artificial, since we cannot prove a general result
allowing to give geometric interpretations for arbitrary limits of CFTs. However, below
we will see that there are interesting examples which do allow such geometric inter-
pretations, in particular a non-standard one which we present in Sect. 4. Moreover,
from the viewpoint of non-linear sigma model constructions and large volume limits of
their underlying geometries, Def. 2.2.6 formalizes the expected encoding of geometry
in CFTs, see [M-S1, F-G, K-S], which justifies our definition.

3. Limits of Conformal Field Theories: Simple Examples

This section consists in a collection of known examples, where we discuss limits of
CFTs and their geometric interpretations in the language introduced in Sect. 2. Sections.
3.1 and 3.2 deal with toroidal CFTs and orbifolds thereof, respectively. We confirm that
our techniques apply to these cases and that they yield the expected results. In particular,
the discussion of toroidal CFTs fits our approach into the picture drawn in [F-G, K-S].
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3.1. Torus models. As a first set of examples, let us discuss bosonic toroidal CFTs.

These are u(l)d -WZW models, whose W-algebras contain u(l)d ® u(l)d-subalgebras
generated by the modes of the respective u(1)? = R9-valued currents. That is, (B.1)
generalizes to

Fo =Y d " Fo=Ya" k=1..4

nez nez
[ay, apl =m8"Spin0, (@ @1 =m Spino,  lay, a@,1=0.
Holomorphic and antiholomorphic energy-momentum tensors can be obtained as T =
% Dok kjk T = %Z X :7/‘71‘.. Their modes give rise to holomorphic and antiholomor-
phic Virasoro algebras with central charges ¢ = d.
The pre-Hilbert space Hr of a toroidal CFT Cr decomposes into irreducible lowest

weight representations of u(1)? @ u(l)d, which are completely characterized by their
holomorphic and antiholomorphic u(D? @ u(l)d-charges (Q; Q) e T Cc R%:

d
D Vi eve,
(Q;Q)el
The corresponding norm-1 Iwvs |Q; Q) have conformal weights'!

oo =10%.  hgg =30,

and, by definition, the corresponding fields V‘ 0:0) (z,7) (see (A.7)) obey

0"V 0,922

V5@ = +reg., G.1.1)

(w—72)
—k
k(5 o _ 2093
]k(w)‘/lQ,E)(Z’ Z) = W +reg.

The n-point functions of the V, 02 reduce to products of the respective holomor-
phic and antiholomorphic conformal blocks

O1V0,.5,) @20, . Vig gy G Tl0p ~ [ @ =222 G —7)22s.
1<i<j<n

(3.1.2)

Recall that the right-hand side gives a well-defined function for z;, z; € C away
from the partial diagonals, iff all Q; Q; — Q; 0O j € Z. Indeed, the charges (Q; Q) of
Iwvs in a toroidal CFT constitute an even integral selfdual Lorentzian lattice I’ C Rd’d
of signature (d, d), where the quadratic form is given by the double spin 2(h — h) of
the respective state, and addition corresponds to fusion. We denote by U¢ the unique
even integral selfdual Lorentzian lattice of signature (d, d) and regard I" as the image of

an embedding'? ¢ : U4 S T c R4 of U4 into R4, Making use of the OPE (3.1.1)

' For [ORS R4, Q2 denotes the standard quadratic form on RY.
12 The embedding is only specified up to automorphisms of U9,
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and contour integration, the n-point functions of descendants can also be extracted from

(3.1.2). This procedure only involves derivation and multiplication by charges Q*, Ek.

To determine the OPE-constants of Iwvs from (3.1.2) note that the overall sign on the
right-hand side of this equation depends on the ordering of the fields ‘/IQi;§i>(Zi’ Zi)-
This is due to the cocycle factors which for d = 1 have the simple form (B.6). To state
a general formula, we first have to generalize (B.4). Given a toroidal CFT with charge
lattice ((U4) = T' ¢ R%4, one can always find a lattice A C R? of rank d and a linear
map B:RY — (RY)*, such that with respect to appropriate coordinates on R%¢ the
following holds: Denote by A* C (RY)* the Z-dual of A and identify (R?)* with R?
by means of the standard scalar product on R?. Then B is skew-symmetric and

F={(Q;@)z\%(,u—BA—H»;M—B)\—A)|(M,A)eA*xA}. (3.1.3)

Moreover,

for (0V; 0" = % (MW —BAD 420,00 _ B0 N) eT:  (3.14)

c(10+0:0+0)%10:0).1050)) = (",

with all other OPE-constants vanishing. Note that for d = 1, Eq. (3.1.4) simplifies to
(B.4) — (B.5) due to the absence of the B-field.
By the above, a toroidal CFT C = Cr is completely characterized by its charge lattice
', and thus the moduli space of these models is the Narain moduli space
M =0(d,d, Z)\Od,d)/0(d) x O(d)

Narain

of even integral selfdual Lorentzian lattices i_n R4-d [C-E-N-T, Nar].
We will discuss sequences (€= Cr;, fi] ) of toroidal CFTs in MY, with stable

Narain
W-algebra u(1)? @ u(l)d and fixed ¢; : U? — T such that

Vi,j,eN, reU4, P,PeClxl,....x{,x}, ..., x4, .. ]: (3.1.5)
£ P (@) P (@) 1y — P (@) P (@) 1560,

This choice of sequence is natural from the point of view of deformation theory and
completion of M, .., see Rem. 2.1.7. Indeed, the OPE of Iwvs is constant under the

f/ defined in (3.1.5), and OPE as well as all correlation functions of such sequences
converge if and only if the lattices I'; = ¢; (U dy converge in R%4 Tn this case, (3.1.5) is
fully convergent in the sense of Def. 2.1.3. Furthermore N**° = {0}, which implies that
the limiting n-point functions have the usual factorization properties (cf. Rem. 2.1.5.iv).
In fact, the lattices I'; converge within Mﬁarain, such that no degeneration phenomena
occur. All n-point functions on surfaces with positive genus converge as well, and the
limit of such a sequence is again a toroidal CFT with charge lattice 'oo = lim;_ oo I';.

On the other hand, MdNarain is not complete, and a sequence of lattices I'; may degen-
erate but still give a convergent sequence in the sense of Def. 2.1.6. Namely, given any
primitive null-sublattice N C U? of rank § € N, one can construct convergent sequences
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such that the images (; (N1) converge with 1; (N) collapsing to {0}, while the images of
lattice points in U¢ — N diverge. In fact, we can split!

Ul'=N*®& N =N"oNoM, (3.1.6)
such that N* is null with N* @ N = U?. Then the lattice in the limit,

I := lim ;(N1) = lim ;(M),
11— 00 1—>00

is again an even integral selfdual Lorentzian lattice in R%¢, however with smaller rank:
Foo = U,

Every sequence (3.1.5) showing this kind of degeneration is convergent in the sense
of Def. 2.1.6. The limiting pre-Hilbert space is a u(D? @ u(l)d-module

H® ~Hr, @ PVEL) © Vi(” (3.1.7)

rLEN

As before, we have N = {0} and therefore the usual factorization properties of the
limiting n-point functions on the sphere. However, the degeneration of the lattice results
in a diverging torus partition function, and the limit only has the structure of a CFT on
surfaces of genus O with an infinitely degenerate vacuum sector.

In the spirit of Rem. 2.1.7, we regard these degenerate limits as boundary points of
the CFT-space S over O(d, d)/0O(d) x O(d) of toroidal CFTs. The underlying Hausdorff
space of such boundary points has a stratification

398 (O(d, d)/0(d) x O(d)) = U O(d —8,d—8)/0(d —8) x O(d —§).
1<é<d

If one furthermore takes into account the possibly different speeds of degeneration, then
one ends up with the compactification described in [K-S], which also includes higher
boundary strata.

As explained in Sect. 1.2, we can extract a spectral pre-triple (H H, .A) with asso-
ciative algebra A from every CFT. For a toroidal CFT with charge lattice I", (3.1.4) and
a direct generalization of the discussion in Ex. 1.2.2 lead us to the twisted group algebra

Ar=carl, (0.5 0)— ™, 318

i.e.
10; 0|0 0)= (D" |0+ 00+ 0)

with notations as in (3.1.4). For any N as above, the Iwys corresponding to elements in
N generate a commutative subalgebra Ay = C[N] C Ar. Similarly to the one-dimen-
sional case discussed in Sect. 1.3, restriction to Ay gives a commutative geometry. In
fact, Ay is isomorphic to the algebra of smooth functions on a §-dimensional torus
Tuvy = R® /27 Ag, where As is a lattice of rank 8 such that (N) C T in (3.1.3) is
described by restricting to lattice vectors with (i, A) = (i, 0), u € A§ C A*.

The zero mode algebra A> associated to the degenerate vacuum sector of (3.1.7)
(see Sect. 2.2) is isomorphic to AN = C[N], whose closure is the algebra of smooth
functions on a topological torus Ty. More precisely, each i € A} corresponds to a

13 Here, @ denotes the direct sum, not the orthogonal direct sum.
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function Ty(y) 3 x +— M) ¢ C. It is an eigenfunction of the Laplacian on 7,(y),
equipped with the standard metric inherited from R?®, with eigenvalue u2. The latter
goes to zero as i — 00.

Since N’ = {0}, A also acts on the entire limiting pre-Hilbert space H*°, which
is a projective module of finite type over .4 and can therefore be regarded as the space
of sections of a vector bundle over Ty = Spec(A>°). Thus, in the limit we find a CFT-
fibration over the moduli space Ty of ground states of the limit theory as described in
[K-S]. In fact, with a suitable choice of coordinates as in (3.1.3), the limiting structure
of such degenerating sequences of toroidal CFTs can be regarded as the large volume
limit, where T, (x) is the sequence of subtori obtaining infinite radii, while their duals
collapse. It is a geometric interpretation in the sense of Def. 2.2.6, if N is a maximal
null sublattice, i.e. if § = d. Otherwise, it can be viewed as a geometric interpretation
of an appropriate subtheory with central charge ¢’ = §.

Remark 3.1.1. As described in Ex. 1.3.4 for the case of spectral triples of circles, we can
also use partially ordered systems to obtain limits of toroidal CFTs different from the
ones discussed above. For instance, in the case of circle models Cg, R € RT (see Ex.
1.2.2, App. B), we can define a partially ordered system analogously to the construction
given in Ex. 1.3.4. In the latter case, the limit spectral triple for functions on circles cor-
responds to R with a complicated topology. Similarly, the limit of the partially ordered
system of circle theories decomposes into subsectors which only couple through the
vacuum.

However, as explained in Rem. 1.3.5, one does not have to use the direct limit con-
struction to define limits of spectral triples, and the same is true for limits of CFTs. Let
us briefly discuss this in the case of the infinite radius limit of circle models.

To define a limit of the ordered set (Cgr) ger+ of CFTs without a given direct system,
we have to find an appropriate Hermitian limit vector space H*° and epimorphisms
fr : H® — Hg, R € R, by hand. In fact, using notations as in (1.2.9),

H™® := C°(R) ® Clxy, x2, ...]%? (3.1.9)
together with

1
VR

satisfy conditions similar to those stated in Rem. 1.3.5. Since the respective limits exist,
we can define limit correlation functions by

fRX®P®P) :=—=> x(¥V20un)P@)P@)|Qnn; Q)  (3.1.10)

(Olg1(z1.21) - - @n(zn. Z)|0) := lim (01 fR(@1)(z1.21) - . fR(¢n)(@n. Z) 00 -

and similarly obtain limit OPE-constants.

The notion of convergence of sequences of CFTs introduced in Defs. 2.1.3, 2.1.6
can be generalized to such a limit construction of ordered sets of CFTs. Indeed, the sys-
tem (Cg, fr)rer+ defined by (3.1.9) — (3.1.10) is convergent in this generalized sense.
Its limit is a full CFT, namely the uncompactified free bosonic theory with pre-Hilbert

space!*
_ u(l) o u)
H=PVv, @V, .
QeR
14 This pre-Hilbert space is a closure of H*° defined in (3.1.9).
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and in particular does not show any degeneration phenomena. We emphasize that H>°
and the fr had to be constructed by hand and are not compatible with CFT-deformation
theory, which is our reason for preferring the direct limit construction of Sect. 2.

3.2. Torus orbifolds. If a given CFT allows an appropriate action of a finite symmetry
group!?, then one can construct a new model from these data by orbifolding, see e.g.
[D-V-V-V]. Since from our point of view the main ideas are apparent already in the
simplest examples of torus orbifold models, namely the S'/Z;-orbifold theories CZZ,
R € R, that is the Z;-orbifolds of the circle models Cg described in Ex. 1.2.2 and App.
B, we will restrict our discussion to this family.

On the pre-Hilbert space Hg of the circle theory Cg, the non-trivial element of Z,
acts by B . B .

P(an)P(an)|Qr; Qr) —> P(—apn) P(—an)| — Qr; —Qr)

for P, P € C[x1, x2, ...]. The pre-Hilbert space of the resulting orbifold model C%z
consists of the Zj-invariant part of Hg and additional twisted sectors. Each sector
decomposes into lowest-weight representations of the generic orbifold W-algebra W =
W2,4) W(2 4 cu()y® u(l) as detailed in [Nah]: In the untwisted sector, there are
norm-1 lwvs f|QR QR)Z2 = | ORr; — QR)Zz of conformal weights 4 = 5 Lo2,

h = 5 Q r foreach Z,- equlvalence class of charges (B.4) appearing in the original circle
theory. An additional norm-1 lwv |®g) of conformal weights # = h = 1 occurs in the
basic u(1) ®u(l) representatron with Qg = Qg = 0. Furthermore in the twisted sector,
there are four lwvs |0R) |‘L'R) [ €{0, 1}, with h = h = h =h= 16’ respectively.

The OPE in the circle theories is invariant under the Zz-action, and the OPE in the
orbifold models respects the Z,-grading on the pre-Hilbert spaces. Hence the correlation
functions and OPE of states in the invariant sectors of the orbifold models coincide with
the respective data in the circle theories. Correlation functions containing states in the
twisted sectors have been discussed in [D-F-M-S, D-V-V], and the OPE between lwvs
can be extracted from them. _

Given a sequence (R;);cy in R™, we consider the sequence (Cl%iz, fij ) of St /Zo-orbi-

foldmodels such thatonwvs /(| Or;: Or,)™) = |Qr,: Or;)™. f (1Ok,) = ),
fl.j (|O’}Qi )) = |‘71lej)’ fl.j (|T§e,v)) = |rf,ei). This definition naturally extends to the descen-

dants as in (3.1.5).
Then, as in the case of toroidal models, all correlation functions and the OPE converge

with respect to the f/ if and only if (R;);cN converges in R, lim; oo R; = R > 0.In
this case, (C » i J ) is a fully convergent sequence of CFTs in the sense of Def. 2.1.3, and

N® = {0}, 1mply1ng the existence of correlation functions on P! (see Rem. 2.1.5.iv).
No degeneration occurs, which means that correlation functions on surfaces of positive
genus converge, too. Thus, in the limit we obtain a full CFT, namely the s! /Zo-model
at radius R

If R — 0or R; — o0, our sequence of CFTs is convergent in the sense of Def.
2.1.6. Indeed, all correlation functions between states with convergent weights converge,
N = {0}, and in the limit we obtain a well-defined CFT on the sphere with degener-
ate vacuum sector. In the language of Sect. 3.1, for R; — oo we can use (3.1.6) with

15 That is, the group acts as the group of automorphisms on the pre-Hilbert space of our theory leaving
the n-point functions invariant, and the level matching conditions [D-H-V-W] are obeyed.
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_ N N R B *
— {0} and N = {ﬁ(m,m)|meZ},N - {ﬁ(n, n)|neZ},andN<—>N

if R; — 0.
By Prop. 1.2.1 we can associate a spectral pre-triple (]HI H, .A) to each orbifold model

C . As mentioned after (1.2.6), here we find H"Y 3 HW By [D-F-M-S, D-V-V] the
OPE constants including twisted ground states are glven by

— (A.10),(A.12) —
CR(1ok)", 100 B )™ 10%)) @ EM CR (1@ B )™ 0K). 1))

2(—=1)ms
= L’;*“‘ (3.2.1)
sz Pl+inJ’l

with notations as in (1.2.9). Hence the Iy (01’3, Ué) used in (1.2.6) are infinite. On the

other hand, A contains a subalgebra given by the Z,-invariant part A= Ce[I" ]%2 of
the respective algebra of the underlying circle theory, cf. (3.1.8). |©@g) acts on A’ as
a second order differential operator, and A is an .A’-module. Thus, A can be regarded
as the space of sections of a sheaf over the non-commutative space associated to the
restricted spectral pre-triple (H', H', A).

If R; — oo, the zero mode algebra A>* = ClZ1% is generated by the lwvs rep-

resented by |ﬁ' ﬁ)ZZ m € Z. It is the algebra of Z,-symmetric functions on

the circle, i.e. the functions on S'/Z,. In fact, the |m)oo = f ('fR ; \/’1’ )Zz> are
characterized by the recursion relation
m 4+ 132 = 1m)Z @132 — Im - D22,

which agrees with the recursion relation for the (rescaled) Chebyshev polynomials of the
first kind, see e.g. [He]:

Tpn(cosx) :=2cos(mx), formeN, x €[0,n].
Hence |m)%o2 should be identified with the function x — T, (cos x). This is not sur-

prising, since the Iwvs |m)%o2 are Zp-symmetric combinations of lwvs in the underlying
circle theories, which in turn correspond to exponential functions.

Indeed, {To/ﬁ, Ty, T», } is an orthonormal basis of L2([0,7r],dvolg) with

dvol, = dx/2m,i.e. with the flat standard metric g on [0, 7] = S'/Z,. Hence the meth-
ods of Sect. 1.1 yield H® = L*(S!/Z,, dx /27), A® = C>®(S'/Z,), which according
to Def. 2.2.6 for the limit gives the expected geometric interpretation on S' /Z; with the
flat metric g induced from the standard metric on S! and a trivial dilaton ®. Note also that
the m™P Chebyshev polynomial 7, is an eigenfunction of the Laplacian %A g == % %
2

with eigenvalue %m , as expected from

H®m)22 = 32 |m)22

. 2 7 — =
with A, hm R (hl‘Q 0:0mo >+h|Qm.o:Qm_o>) -

l—
3

As for the toroidal CFTs discussed in Sect. 3.1, A% acts on the entire pre-Hilbert space
H* which can be regarded as the space of sections of a sheaf over S! /Z,. Let us restrict
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the discussion to the states |0)o 1= i <|afei)>. The action of A% on them can be
extracted from the OPE-coefficients (3.2.1):

260" e

. Z Ly _
|Qm,ns Qm,n) 2|UR> - 2ann+§’2n" R )

—  mZ2@lo)e =2(=1)" o).

It follows that the sections corresponding to |o,l{,> are peaked around the respective
Z»-fixed points, i.e. the endpoints of the interval [0, 7 ]. In the limit their support in fact
shrinks to these points. The same holds true for all other states in the twisted sectors.
They are sections of skyscraper sheaves over the fixed points of the orbifold action. As
expected, in the limit the OPE of two states in the twisted sectors vanishes, unless the
corresponding sections have common support. This gives a nice geometric interpretation
of the twisted sectors.

4. The m — oo, ¢ — 1 Limit of the Unitary Virasoro Minimal Models

M(m,m+1)

The present section contains the main results of this work: In Sect. 4.1 we show that the
techniques introduced in Sect. 2 for the study of limits and degeneration phenomena also
apply to the family of diagonal unitary Virasoro minimal models M(m,m + 1), m €
N — {0, 1}, which gives a fully convergent sequence of CFTs. In Sect. 4.2 we determine
and study a geometric interpretation of its limit My, as m — 0o, and we discuss the
inherent D-brane geometry.

4.1. The unitary Virasoro minimal models M(m, m + 1),,—. . Both outset and favor-
ite example for our investigation are the unitary Virasoro minimal models M,, =
M(@m,m+1), m € N—{0, 1} [B-P-Z], which correspond to the (A, A) (left-right sym-
metric) modular invariant partition functions in the CIZ classification [C-I-Z2, C-I-Z1].
In this section, we explain how a fully convergent sequence (C”, f;}) with C" = M,,
form € N — {0, 1} can be defined according to Def. 2.1.3. To our knowledge, such a
construction was first alluded to in [D-F1, §6 and App. B] as well as in [M-S1, §6].
Our approach also allows us to determine a geometric interpretation of the limit of this
sequence as m — 00, according to Def. 2.2.6.

Let us start by recalling some of the main properties of the CFT M,,. Since this
model is diagonal, we can restrict our discussion to the action of the holomorphic Viras-
oro algebra. The pre-Hilbert space of M,, decomposes into a finite sum of irreducible
representations of the Virasoro algebra Vir,,, with central charge

6
mim+1)
These irreducible representations are labeled by N,, = {(r,s)|r,s € N, 1 <r <

m, 1 <s<m+1}/~with(r,s) ~(m—r,m+1—s),ie.r+s~2m+1—r —s,
such that by choosing appropriate representatives we can write

“.1.1)

cn =1

Nop={r)|l<r<m, 1<s<m+1, r+s<2m+1—r—s}. 4.1.2)
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Each irreducible Virasoro module Vz'r’ 5’ (r, s) € Ny, hasanlwv |r, s),, of conformal
dimension

pm (r(m+l)—sm)2—l m— o0 (r—s)2 r2—s2 521
) = 4m(m + 1) 4 dm 4m?

(4.1.3)

We choose the |r, 5),, to be orthonormal.

The n-point functions for M,, are discussed in [D-F1], in particular all OPE-coeffi-
cients C™ are determined in [D-F1, D-F2], see App. C. The calculations make use of
the Feigin-Fuks integral representation [F-F] of n-point functions, assuming that M,,
has a Coulomb-gas representation. That the latter is indeed true is shown in [Fel].

To construct a sequence of CFTs according to Def. 2.1.1 we note that there are
well-defined embeddings'®

Ny = Npx1, (r,s) — (1,5).

We will extend these embeddings to vector space homomorphisms f+! between
the corresponding irreducible Virasoro modules. To meet Cond. 5 of Sect. 2.1, we must
map lwvs to lwvs:

Vi, = Vet (4.1.4)

P (L;”) |ry $)m —> P (L?“) 17, $Ym+1

similarly to (3.1.5). Here, P, P are elements of the same degree in the weighted poly-
nomial ring C[x1, x2, ...] with degx, = n, and we substitute x, = L} or x, = Ler
in lexicographical order (see Def. 4.1.1).

To construct consistent maps of type (4.1.4), recall from [B-P-Z] that the characteris-
tic feature of the representation V(r s is the fact that the Verma module built by the action
1—Cn1/24Xhz‘i‘:2) (C]) and then as
in (B.7) contains a proper non-trivial submodule of singular vectors, that is of lwvs
of Vir,,, at positive level. The occurrence of these singular vectors, which have been
quotiented out to obtain V(r 5 makes our construction slightly delicate. However, the
very properties of direct limits allow us to solve this problem. For later convenience, we
give the following technical

of the Virasoro algebra Vir,,, on |r, s), with character g

Deﬁnition 4.1.1. Let m € N —{0,1} and (r,s) € N,,. For each N € N choose a set
(r s)(N ) of monomials with weighted degree N, such that

{P(Lz’)|r, Shu | P € Pl (N), N € N} (4.1.5)

is a basis ofV(r 5y where for P € P"

)(N), P(x,) = ]_[xa” witha; € Nand Y a, -n =
N, n

(r,s
P(Lf;1 = (Lﬁ”)“1 o (L’2”)“2 o

16" Qur choice of embeddings is quite natural and has been used already in [Za2] in the context of
slightly relevant perturbations of M,,. However, there are other choices, leading to different limits of
CFTs.
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IfB(’f’S) € N obeys
VN,N'eN: N+ N <B[, = P, N)-Py(N) C Pl (N+N,

then B("; ) € N is called an energy bound ofP(r 9= (P(r 5y V) Nen- A system P(r 5)
with maximal energy bound among all systems giving bases (4.1.5) of Vm ) 18 called a
basic monomial system of weight h’" )- A sequence (P(r s))m=m Of monomzal systems

is called special if for allm > M andfor all N < B(r 5 (r S)(N) P(’:’Jsr)l (N), where
B(r 5) are the respective energy bounds, and almost all P(r 5) are basic.

Note that the relations which arise from the existence of singular vectors in the Verma
module over |r, s),,, up to a global pre-factor (m(m + 1))~K with K € N, are linear
with respect to all monomials P(L}}) of a given weighted degree N, with coefficients
ap € R[m] of degree at most 2/N. Moreover, as follows from the explicit character for-
mula (C.1), the singular vectors which under the action of Vir., generate the submodules
of singular vectors have weights h(r+m —sm+1) and h?ﬁ,—s-fz(mﬂ))’ i.e. levels rs and
(m —r)(m + 1 — s), respectively. We conclude that for fixed r, s € N — {0}, the energy
bound of basic monomial systems 73(’” of weights hm 1s monotonic increasing in m.

Moreover,

Lemma 4.1.2. For every pair r,s € N — {0} with (r,s) € Ny (M minimal), we can
choose a special sequence (77(';’ s))mz M of monomial systems according to Def. 4.1.1,
and the respective energy bounds approach infinity as m — 00.

In the following, (P(’;’ 5))m=M will always denote a fixed special sequence of monomial
systems of weights h’” ) as in Lemma 4.1.2. Note that we can depict these monomial

systems in terms of a convex polyhedron, as is customary in toric geometry. We then
define

VNeN, VP ePl (N): fut [P s)m] = PELHIr s)msr. (4.1.6)
Finally, we linearly extend the f,f{‘“ to vector space homomorphisms
— . I, +1 - i 1. '
S = idvy o T Ve = Vit Sn= fio o ST Vily = V.
Then by construction,

Lemma 4.1.3. The sequence (M, f,,/;) is a sequence of CFTs with stable Virasoro
algebra according to Defs. 2.1.1 and 2.1.2.

In the following, we show that the sequence (M,,, f,ﬂ) is fully convergent according to
Def. 2.1.3. Although above we have made a lot of choices, we will argue that our limit
is independent of all choices, including the use of monomials and lexicographical order
for their interpretation.
First note that by (4.1.1) and (4.1.3),

on "2 =1, B S R = 2 @.1.7)
i.e. all structure constants of the stable Virasoro algebras Vir., converge. Moreover,
setting

ClD = C" (P ) 1 15 5)m) (4.18)
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with respect to orthonormal |r, s}, as in [D-F3], our calculations (C.3)-(C.8) imply

@.p)

(pp) m*)w (pp) Ennsa
c AL 4 D) e

(n',n)(s',s) (n
».p ».p)
with A(n n)(y 5 € R, and E(n n)(v 5 = 0 for non-vanishing A(n n)(v 5)
Hence each OPE-constant C((n ). (sls) CONVErges to a finite limit as m — oo. In fact, the

properties of basic monomial systems and (4.1.6) directly imply

by Lemma C.1.

Lemma 4.1.4. For the sequence (M,,, f,‘,/;), Conds. 1 and 3 — 6 of Sect. 2.1 hold.

To meet Def. 2.1.3, we need the more general

Lemma 4.1.5. For the sequence (M,p, f,{;), all n-point functions on P! converge with

respect to the f;) as real analytic functions away from the partial diagonals, with the
standard behaviour near the singularities (see App. A).

Proof. By Lemma 4.1.4, all structure constants of the Virasoro algebra converge as
m — oo. It will therefore suffice to prove convergence of those n-point functions which
only contain primaries |r, s),,, since all others can be obtained from them by applica-
tion of differential operators with coefficients depending polynomially on the structure
constants of the Virasoro algebra. Let V('ZX) (z, ) denote the field which creates |r, s),;,
as in (A.7). By [D-F1, D-F3], an n-point function

(0| (1, S[)(Zl Zl) (V .8 )(Zna Zn)|0>

on P! is a bilinear combination of a finite (m-independent) number of specific conformal
blocks (see (4.1.10)) with coefficients given by OPE-constants. Since by Lemma 4.1.4
all OPE-constants converge as m — 00, it remains to prove that the conformal blocks
converge. To this end we use their Feigin-Fuks integral representations for M,,. In par-
ticular, we employ the Coulomb-gas formalism, i.e. a BRST construction of the V(”;,S)
(see [Fel]), which is adequate since the OPE-constants in M, have been calculated
by this technique in the first place [D-F2]. In fact, the correction [Fe2] to [Fel, (3.14)]
ensures that the BRST charges remain well-defined operators as m — oo, yielding the
Coulomb-gas description valid in our limit.

Recall (see, e.g., [Fel, A-G-S-G]) that in the Coulomb-gas formalism the V(’f 5 are
obtained by a BRST construction from charged Fock spaces, built by the action of the
Heisenberg algebra on |r, s),,. In particular, primary fields of M,, are given by BRST
invariant operators with screening charges, such that U (1) representation theory can be
used to calculate the n-point functions. That is, in an n-point function the field V’;’S) (z,2)
can be represented in terms of products of holomorphic screened vertex operators

Vol @ _fdul fdu,ffdvl ygdv, (4.1.9)

Vg @ Vo @) - Vo i) Vo (v1) -+ - Vg (v))

and their antiholomorphic counterparts. Here, each V,, denotes the holomorphic part of
a vertex operator of charge « as in Sect. 3.1: V| 0:0) (z,2) =Vg (z)VE(Z), and

m m +1/2 m 1 m m
ol =+ <m_+1) LAl = A= Pal (=),
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Each conformal block is proportional to some

fdul---jg duNfdvl---?g dvar (01 Vi (21) - Vg (2) Vo (00)  (4.1.10)
Cq Cy S1 Sm
Vo () - - Vom (un) Vom (v1) - - - Vo (0ar)|0) 1

with o' := af’}i‘ 5) Here, M and N are determined by the r;, s;, only, such that the
explicit numbers of screening charges which have to be introduced is independent of
m. The choice of integration contours C;, S; C ]P’l\{zl, ..., 2Zn} 1n (4.1.10) determines
the specific conformal block and is independent of m. This yields the description of
conformal blocks by representations with screened vertex operators valid in our limit.
By [D-F1, D-F3] the contours can be chosen in such a way that the minimal distance
between them as well as the minimal distance between the contours and the z; is bounded
away from zero by a constant. Since the integrand of (4.1.10) is the well-known n-point
function of vertex operators for the free bosonic theory, see (3.1.2), it therefore converges
uniformly on the integration domain implying that limit and integration can be inter-
changed. Hence the integral of the limit function is well-defined because the integration
domain is compact and does not hit singularities of the integrand. O

Combining the above results, we find

Proposition 4.1.6. The sequence (M,,, f,{;) of unitary Virasoro minimal models con-
verges fully to a limit Mo according to Def. 2.1.3.

Proof. Inview of Lemmas 4.1.4 and 4.1.5 and by Def. 2.1.3 it only remains to be shown
that Cond. 7 of Sect. 2.1 holds. We set

Vr,s e N={0): |1, 8)o0 = £ (17, 8)m)-
By (4.1.7) we have

H> = HG% = spanc {|Ir, r)oo | r € N—{0}}. 4.1.11)

Then by Lemma 2.2.1 for all r,s’,s € N—{0}and h = h = (s' — s)2/4, the
OPE-constant C* (y*, |r, ) oo, |5, §)oo) must vanish for every primary ¥ € H with
v & H;OE' This is directly confirmed by Lemma C.1. Moreover, (C.2) implies that

C™ (Up", pym)*, Ir, F)m, |5’ $)m) vanishes for all m unless |r — 5| + 1 < p¥ <
min{r +s” —1,2m — 1 —r —s?} and p” + r 4+ s = 1(2). This restricts p and p’
to a finite number of possibilities as m — oo, implying Cond. 7 of Sect. 2.1. In fact, a
straightforward calculation using (C.4)-(C.8) shows

il =1 forlr—s|+l<p<r+s—1 p+r+s=1Q2).

Therefore,
r+s—1
VrseN={0)  Inne@lsslo= ) 1P Plo. (4.1.12)
p=lr—sl|+1,
pHr+s=1(2)
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Note that although we have made many choices in our construction above, the actual
structure of the limit M, is independent of those choices. This is largely due to the
fact that Conds. 1 — 7 of Sect. 2.1 are rather restrictive. For example, recall the two basic
singular vectors of levels rs and (m — r)(m + 1 — ) in the Verma module built on the
primary |r, s),,. The latter state does not play a role in the limit, since its level becomes
infinite as m — oo. In the language of our basic monomial systems of Def. 4.1.1 it
always lies above the energy bound. On the other hand, the singular vector at level rs
has dimension %(r + 5)? and implies that there also is a polynomial P, of degree rs
such that P.¢(L,)|r, $)oo = 0. Since up to normalization, P, is uniquely determined by
r, s, and by the structure constants of Vir.—1, the dependence on the choice of the basic

monomial system (P(’;l s)(N))NeN drops out in the limit.

Remark 4.1.7. In contrast to the examples discussed in Sect. 3, for the limit of (M,,, f,,];)
we obtain additional null vectors, i.e. A’® = {0}. This is due to the fact that the confor-
mal weights of lwvs |r, s),, converge to (r — s)?/4, while the central charge converges
to 1 (see (4.1.7)). By the above discussion of singular vectors, the characters of the limit
Virasoro modules before quotienting out the null vectors are given by
1 ( r—s)%/4 _ <r+s)2/4>
q q .
n(q)
But at ¢ = 1 there are null vectors (B.8) in the Fock spaces built on lwvs with confor-

mal weight £, 24/l € N, and the limit characters decompose into characters (B.9) of
irreducible representations of the Virasoro algebra of central charge ¢ = 1,

min{r,s}—1

1 ( 2 2
(r—s)2/4 _ _(r+s) /4)_
q q = X1 (lr—s|+2k0)2 -
1(q) =

Those submodules of K, where K> /N> = H> as in (2.1.3), which correspond to
Iwvs at positive levels consist of limit-null vectors, whose norms converge to zero for
m — oo. For instance, the norm of f° (L’I” |r, 7)m), r > 1, is given by the limit of

m— 00 r2—1

L1, P)l? = C (L ) QL L2, Pw) = 2K —

(4.1.13)

Thus this vector and all its descendants are elements of N,

As alluded to in Rem. 2.1.5.iv, the quotienting out by additional null vectors in (2.1.3)
spoils the factorization properties of the limit-correlation functions on P'. However, as
pointed out in [G-R-W, Sect. 3.1.1] it is possible to modify the definition of the f;; in

such a way that A'* = {0}. This is achieved by scaling up the additional null vectors.
For example, we can set

(L7, r)ml

Lirr) |.frfl(LT|r,r>m)-
11Ty

Ly Irr)m) =

Indeed, homomorphisms f,,’, can be constructed in such a way that (M,,, f,',’;) is a
sequence of CFTs with stable Virasoro algebras according to Defs. 2.1.1, 2.1.2, which
does not lead to additional null vectors as m — oo. However, the modification f;; — fy
could destroy the convergence of correlation functions. That this is not the case, and that
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in fact the sequence (M,,, ﬁ{,) of CFTs is fully convergent follows from the Cou-
lomb-gas formalism. In the proof of Lemma 4.1.5 we have already pointed out that the
expressions obtained from the Coulomb-gas formalism remain well-defined as m — oo.
Recall that the Fock space representation of elements of V"’ in the Coulomb-gas rep-
resentation is formally obtained from an action of the posmve modes of the Heisenberg
algebra on |r, s5),,. Hence singular vectors with respect to the action of Vir,,, on |r, 5),,
are automatically zero, see Ex. 4.1.8 for an illustration. Namely, each singular vector
v € K% is of the form v = f2°(v™) with v = Q™|r, 5),,, where Q™ is an operator
on H™ which can formally be written as a polynomial in the positive modes of the
Heisenberg algebra, with each coefficient converging to zero as m — oo. In fact, each
coefficient is a power series in % with vanishing constant term. Therefore, our rescaling
yields V = f,;,’o(v”‘) = é|r, $)oo With an operator é on H* which again can formally
be obtained as a polynomial in the positive modes of the Heisenberg algebra. Hence all
correlation functions involving Q|r, )0 also converge.

This way, we can obtain a limit of the A-series of Virasoro minimal models whose
correlation functions on P! have the usual factorization properties. As a model case, in
Lemma C.2 we also show by direct calculation that no divergences are introduced in
C(p), p)iss L1Ir, 7)o, |8, $)00) When the singular vectors L |r, r)oo are scaled up.

Example 4.1.8. Asin Ex. 1.2.2letCg,, i € N, denote the CFT with central charge c = 1

that describes a boson compactified on a circle of radius R;, here with R; := 1 + ‘/Ti
See in particular (1.2.9) for notations. According to (B.7) — (B.9) the Verma module built

on each |Qm n @in,,,%‘, m, n € Z, by the action of the Virasoro algebra is irreducible if

(m, n) # (0, 0) because all our Rl.2 are irrational. We can therefore define a direct system
(H', ) by

VOonm) # 0.0 J7 (P TR Qi Ophi) = PUL LD 10hs O
where P denotes a polynomial in the Lg, ZE, k,k > 0. In the vacuum sector we use
77 (Pal: @ 10;0) := P(af: @) 10; 0);

asin (3.1.5), where as usual a,i, EiE denote the modes of the generators j, 7 of u(1)@u(l)

in Cg, . One checks that this gives a convergent sequence (F', J/‘;j) of CFTs, but the direct
limit K possesses null vectors in N, where H*>® = K% /N . For example,

V= (Lg - (Lfl)z) 10} 0: O} o) (4.1.14)
—i _ 1 i—00 L L —' _
Qo= 7 — phi=h=
I®T =2 Z,Wthh gives a null vector v = foo(v)

On the other hand, in Sect. 3.1 we have already constructed a fully convergent
sequence (H', fij ) of CFTs via

. i
where for |Qf o; Q) g)i we have Q) , =

1
4(R;

£ (P@s @) 105 Opui)i) = Pal: @) Qs Oy
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with P as above. Now the limit is the su(2); WZW model, i.e. a full fledged well-
defined CFT. Note that in terms of the latter Fock space representation, v’ in (4.1.14) is
given by

v = 3@)? (1-26)?) 10} 03 0r0) = 3@)? (1= (R)72) 101 43 ) )i

Hence f %o (pi) g 0 in H>® = K. The direct system (H', f; J ) yields the vectors
(an?| L 7 f>oo,a2| 7 \/»)oo as linearly independent elements ofH . 1, Where the

44

combination (az -2 2(ay) ) |T' 7>OO is Virasoro primary. For (HE, fi 124 ), the corre-
sponding vectors (L1)? | 7 f><>o, L2| 7 f> differ by the null vector v and are thus

identified in H°° . However, the above directly implies how the f; 77 can be redefined

by scaling up the addltlonal null vectors, and then both limits give the same well-defined
CFT.

To approach the full limit structure obtained on the pre-Hilbert space H>°, recall
that in the proof of Lemma 4.1.5 and in Rem. 4.1.7 we have argued that the correlation
functions in M, are adequately described in terms of the Coulomb-gas formalism. A
closer study of this formalism also shows that it should be possible to represent the oper-
ator product algebra of the limit within the s1(2); WZW model'”. Namely, as follows
from performing the limit in (4.1.9), the operator corresponding to |r, §)s in a given
correlation function should be represented by a combination of the left-right symmetric
u(1l) vertex operator V‘ Q:%@:%> (z, ) of the circle model Cg—; and the zero modes

QO+ of the holomorphic fields Ji(z) which create |Q; 0) =|+ V2 0) as in (B.10),
along with their antiholomorphic counterparts.

4.2. Geometric interpretation of M(m, m+1),,_, . Note thatby (4.1.7) the limit M,
of the sequence of unitary Virasoro minimal models has an infinite degeneracy of every
energy level. This means that we cannot interpret M, as part of a well-defined CFT.
However, the degeneration of the vacuum sector allows us to apply the techniques intro-
duced in Sect. 2.2 and to find a geometric interpretation of the limit. Indeed, in Prop.
4.2.2 below we identify the algebra A obtained from H*® by (4.1.12) with the algebra
generated by the Chebyshev polynomials of the second kind, i.e. with the algebra of
continuous functions on an interval:

Lemma 4.2.1. For every r € N — {0}, let U, denote the rth Chebyshev polynomial of
the second kind:

U (cosx) i= S0 0 x]. 42.1)

sin x

Then U, (t = cos x) is a polynomial of degreer — 1 int € [—1, 1], and the U, (t) form
an orthonormal system of polynomials with respect to the scalar product

1
f. 8o :=/lmg(t)w(t)dt, o(t) = 2112, (4.2.2)

17 This is in accord with [D-V-V, p- 655], where it is stated that the su(2); WZW model “in some
sense can be regarded as the limit ¢ — 1 of the discrete unitary series”.
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Moreover, the Chebyshev polynomials of the second kind obey the recursion relation

r+s—1

VrseN—{0L Vre[-111:  U0U= Y  Up®n. (423)
p=lr—sl+1,
pHrs=12)

The proof of Lemma 4.2.1 is a straightforward calculation, see e.g. [He, Problems
3.1.10(a)]. Note in particular that this lemma implies

o0
Viel[-1,1], Vx € [0, 7] Scosx (1) = Z Up(t)U p(cos x) %sinx. (4.2.4)
p=l1

We are now in the position to give a geometric interpretation for our limit according to
Def. 2.2.6:

Proposition 4.2.2. The limit Moo of the sequence (M,,, f,{;) of unitary Virasoro min-
imal models has a geometric interpretation on the interval [0, w] equipped with the
dilaton-corrected metric g(x) = % sin*x and dilaton ® such that 2 = % sinZx for
x €0, m].

Proof. As a first step, we need to construct a spectral pre-triple (H*°, H*°, A%®) from
our limit M, according to Def. 2.2.6. In fact, by Def. 2.2.2, H* is given in (4.1.11), and
A is the associated zero-mode algebra specified in (4.1.12). Moreover, (4.1.3) shows
that on H*, according to Def. 2.2.6, we need to set

: _ .
VreN—{0}: a%:= mlinoomz (h,(n) +h'3,r>) Y

r2

H®Ir r)o i= 51 1, r)oo.  (42.5)

Comparison of (4.1.12) with (4.2.3) shows that A* agrees with the algebra gener-
ated by the Chebyshev polynomials of the second kind. Here, similarly to the discussion
of Chebyshev polynomials of the first kind at the end of Sect. 3.2, we view the U, as
functions x +— U, (cosx) with x € [0, ]. Therefore, A% can be identified with the
algebra of smooth functions on [0, ], and (4.2.2) shows that [0, 7] is equipped with
the dilaton-corrected metric g with dvol, = 4/g(x)dx = %Sinzx dx as claimed. By
the discussion in Sect. 1.1 it therefore remains to identify H in (4.2.5) with the gen-
eralized Laplacian H as defined in (1.1.6) and to read off the dilaton ®. To this end
we use the characterization (1.1.5), that is, for all f, 2 € C®([0, 7]) we must have
(f,2Hh), = {f', k). Since

(f,2HR)w = (f, 1)y 422 /n OO (x) 2 sin’x dx
0

= — /ﬂ m% (sinzx h’(x)) %dx,
0

2 20(x) _ 2

e

wededucethat2H = — sin’zx% sin x%, andthusg(x) = lande sin®x.
2
-

With (4.2.1) one now checks that HU,(cos x) = — 1 U, (cos x), in perfect agreement
with (4.2.5). O
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Remark 4.2.3. The distance functional, which is associated to the dilaton-corrected met-
ric g(x) = % sin*x on the interval [0, 7] determined in Prop. 4.2.2, is

Ya,b e [0, ]: d(a,b) = % (@) — &)  with  &(t) := 27 — sin(27).

Here, £(7/2) is the x-coordinate of a regular cycloid in Cartesian coordinates. That is,
if we consider a unit wheel which rolls horizontally at unit speed, then 27 d(0, 7/2)
measures the distance that the point (2, 0) on the wheel travels horizontally within the
time t.

Remark 4.2.4. On the level of topological manifolds, our geometric interpretation of
M onaninterval could have been predicted from the discussion in [F-G, §3.3]. Namely,
the unitary Virasoro minimal model M, can be obtained by an su(2)-coset construction:

sU(2)m—2 ® su(2);
SU2)m-1

M m

In this language, the labels r and s in |r, s),, refer to the relevant representations of
su(2),—2 and su(2),,—1, respectively. Loosely speaking, since only states with » = s
enter in our zero-mode algebra, our geometric interpretation can be expected to yield
a semiclassical limit of the coset WZW model su(2),,/su(2),, as m — oo. That is,
by [F-G, (3.25)-(3.26)] the limit should have a geometric interpretation on the space
SU2)/Ad(SU(2)) ~ T/W with T the Cartan subgroup and W the Weyl group of
SU(2). Indeed, with T = U(1), W = Z; we obtain T/W =~ [0, w]. An analogous
observation was already made in [R-W2]. There, it was also pointed out that'® the geo-
metric interpretation of M, on the interval fits nicely with an analysis of the qualitative
Landau-Ginzburg description for the minimal models M,, [Zal]: As m — oo, the
Landau-Ginzburg potential approaches a square well with walls at X = %1, forcing the
scalar field X of the Landau-Ginzburg theory to take values on the interval [—1, 1].

The sigma model metric, in principle, could also be obtained by a gauged WZW
model construction as was done in [M-M-S] in the case of su(2);/u(1).

Remark 4.2.5. Apart from the direct limit construction studied above, one can introduce
other sensible limits for the family M,, asm — oo, similarly to Rem. 3.1.1. In particular,
if there is a system of epimorphisms f,,: H*® — H™ such that all limits

Ole1(z1, 2 -+ @n(zn, Z0)|0) := M (0] fin (@) (@1, Z0) - - fin(@n) (Zns Zn) 10}

of n-point functions exist, then H® can be interpreted as a pre-Hilbert space of a limit
theory M. We believe that this is the structure underlying the ideas of [G-R-W, R-W1,
R-W2]. Indeed, there the authors find a limiting pre-Hilbert space of the form

where for h € RT with 2/ ¢ N, then denotes the generic representation of the
Virasoro algebra Vir.—; with character (B.7). Analogously to the situation in Rem. 3.1.1,
no degeneration phenomena occur in this procedure, and the limit M, is conjectured
to be part of a well-defined non-rational CFT with central charge ¢ = 1, which has

18 according to J. Cardy



630 D. Roggenkamp, K. Wendland

an interesting resemblance to Liouville theory. Evidence for this conjecture is given in
[R-W1], where in particular crossing symmetry is proven in some model cases.

It seems that the two limits M, and Mo, are complementary in many respects: For
instance, the representation content of H* is complementary to the one we have found
in H®°, see (4.1.7). Moreover, while the limit M, seems to be a well-defined CFT, M
shows the degeneration phenomena discussed above, which allow to extract a geometric
interpretation from the limit structures.

A third approach to limiting processes is taken in [Fu-S]. There, limits of WZW
models at infinite level are introduced by means of inverse limits instead of direct lim-
its. While our direct limit construction takes advantage of those structures which the
pre-Hilbert spaces of minimal models M,, share at m >> 0 and for sufficiently low
conformal dimensions, the inverse limit construction of [Fu-S] allows to interpret the
collection of fusion rings of g—WZW models as a category and to identify a projective
system in it. Clearly, as mentioned above, we cannot view the family (M) neN—{0,1}
of minimal models as a direct system of CFTs with the natural ordering induced by N.
The same is true already on the level of g—WZW models; however, in [Fu-S] a suitable
non-standard partial ordering is found for the latter. Whether geometric interpretations
of (Mp)m— oo With the expected properties arise from this construction remains to be
seen.

We have not worked out the details of an application of our techniques to g-WZW
models at infinite level. However, we expect that the results of [F-G] should tie in natu-
rally thus leading to a direct limit construction with the expected geometric interpretation
on the group manifold G.

The results of Prop. 4.2.2 and Rem. 4.2.4 imply that under the coordinate change
t = cos x, our limit M, has a geometric interpretation on the unit interval. By the ideas
of [F-G] this also means that each unitary Virasoro minimal model M, with m > 0
can be regarded as a sigma model on the unit interval. We therefore expect to gain
some insight!? into the shape of the D-branes in this bulk-geometry by considering the
bulk-boundary couplings for m > 0.

Recall that for each M,, we use the diagonal, that is the charge conjugation invari-
ant partition function. Hence the Ishibashi states |p’, p)),, are labeled by (p’, p) € N
with V,, as in (4.1.2). Moreover, each (r,s) € N, labels a boundary condition. Its
bulk-boundary coupling with respect to | p’, p), is given by

D) _ _Sew.p)

) N
1.D(p,p)
N E VAW 5P
Losin (=05 ) sin (0 (4.2.6)

— (r+s)(p+p) 8 4
= (DD (8

In order to investigate the geometry of the D-branes, we can restrict to the couplings of
the bulk-fields (p’, p’) which by Prop. 4.2.2 correspond to the Chebyshev polynomials
U,y of the second kind. This means that we will focus on the bulk-boundary couplings

19" Strictly speaking, after extending our constructions of Sect. 2 to the boundary sector
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B((;" ;)p ? and the bulk-boundary coupling support functions

1 m—1
—2(_8 \* r.p)
f(r;l's)(t) T (m(m+1)> Z Up/(t)B(r,s) .
p=1

In the above definition of f(’:f 5) We have introduced the appropriate pre-factor corre-
sponding to the rescaling in (4.2.5) by hand. In order to analyze f(’fs) (t) form > 0, we

use t = cos x as before, and divide the domain of the definition of x, the interval [0, ],
equidistantly. That is, we set

V(l’, S) ENm: Xy 1= rw )"C‘s — ST

m’ m+1-

Note the following useful reformulation of (4.2.1) for all p,r € N — {0}:
Uy (cos(xp)) sin(x,) = sin(rxp) = sin(px,) = Up(cos(x,)) sin(x,), “4.2.7)

and analogously for X, X,. Using x, ~ X, for m > 0, we therefore find:

(4.2.6) ol sin(rx ) sin(sX )
firy@® "= %ZUW) P P

o /sin(x ) sin(x )

m—1
“2.7) rd i in(X,
=72 Z Up(t) Ur(cos(xp)) Us(cos(x ) (/sin(x ) sin(X )
p=1
o0
m— 00 i
2% 23 Ul1) Uy (cos(x,)) Uy (cos(x,) sin(x,)
p=l
a2z S .-
@23 Yo 23 Uy Upleos(xp)) sin(xpy)
p=lr—s|+1,  p=l1
pHr+s=1(2)

r+s—1 00
“27) Y 23 Upe) Upleos(xy)) sin(xy)

p=lr—si+1,  p=l
pHr+s=1(2)

r+s—1

4.2.4)
= Z 5cos(xp)(t) .

p=lr—s|+1,
pHr+s=1(2)

We interpret this calculation in the form of

Remark 4.2.6. For the unitary Virasoro minimal models M,, at m >> 0, the D-branes
corresponding to stable boundary states labeled by (r, 1) which are elementary in the
sense of [R-R-S] and the D-branes corresponding to the unstable boundary states (1, s)
can be interpreted as being localized in the points t = cos(x;) = cos(%) and t =

mﬂi . ) on the interval [—1, 1], respectively. On the other hand, D-branes

corresponding to the unstable boundary states (r, s) with r % 1, s # 1 are supported on
a union of these points. In view of Rem. 4.2.4 this is in accord with the general shape of
D-branes in coset models [Gaw, Fr-S].

cos(X;) = cos (
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5. Discussion

To conclude, let us address some open questions arising from our investigations. Of
course, there are several interesting unsolved problems concerning the degenerating
limit M, of the A-series of unitary Virasoro minimal models of Sect. 4. For example,
it would be interesting to gain more insight into the representation of this limit within
the su(2); WZW model, as mentioned at the end of Sect. 4.1. In particular, there are
two fusion closed subsectors in M, corresponding to the states |r, 1)oo, 7 € N — {0},
and |1, s)e0, s € N — {0}, respectively. We expect them to have a comparatively sim-
ple description in terms of the su(2); WZW model, because no additional null vectors
occur in the corresponding Verma modules. Moreover, by acting with the zero mode
algebra A on one of these subsectors, one can generate the entire limit pre-Hilbert
space H®°. Thus an understanding of these subsectors should also allow some insight
into the geometry of the entire .A* module H>, for instance the fiber structure of the
corresponding sheaf. Finally, one could try to extract the non-commutative geometries
from the Virasoro minimal models at finite level which at infinite level reduce to the
limit geometry on the interval determined in Prop. 4.2.2.

Next, a generalization of our discussion in Sect. 4 to WZW models and their cosets
in general would be nice, e.g. to the families of unitary super-Virasoro minimal models.

More generally, for all limits of degenerating sequences of CFTs, it would be inter-
esting to understand the compatibility of the limit structures with the action of the zero
mode algebra A%. In particular, the limit OPE-constants are A homogeneous and
therefore should be induced by a corresponding fiberwise structure on the sheaf with
H° as the space of sections. It is likely that the entire limit can be understood in terms of
such fiberwise structures together with the A% action. This is in accord with the results
of [K-S].

In fact, the zero mode algebra would be an interesting object to study in its own right,
not least because there seems to be a relation to Zhu’s algebra as mentioned in Sect. 1.2.

Finally, it would be natural to extend our constructions to the boundary sector. This
could allow a more conceptual understanding of geometric interpretations of D-branes,
for example in terms of the K-theory of A,

A. Properties of Conformal Field Theories

In this Appendix, we collect some properties of CFTs that are used in the main text.
Recall the Virasoro algebra Vir, at central charge ¢, with generators L,,, n € Z,

Vm,n€Z: [Lp Lal = —=m)Lpn + (300" =m8pino. (A1)

Ina given CFTC = (H, %, Q, T, T, C), the vacuum Q € H and its dual Q* € FH*
are characterized by

*(Q)=Q QLE@=1; Vn<l:L,Q=L,Q=0; L Q" :ZZ(Q*) =0.
(A.2)
The map H — H*, ¥ = ¥* of (1.2.4) can be explained by the relation between
our OPE-coefficients C and the n-point functions

H¥ 501 ®@ - Q¢s +—>  (0lg1(z1,21) - .- n(2n, Z0)|0) 5 (A3)
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of a CFT. Here, X is a conformal surface, and the right-hand side of (A.3) denotes
a real analytic function ¥"\D — C outside the partial diagonals D = U; ; D; ; with
D; ;i :={(z1,...,22) € £"| z; = z;}. Moreover, the right-hand side of (A.3) possesses
expansions around the partial diagonals D; ;:

Y arRL TG UL T G L T 5 2 Zn) (2= 2) G —2)) . (A4)
(r,7)ER;

Here, R; j C RR? is countable without accumulation points, and only finitely many a,7
are non-zero for r + 7 < 0. Furthermore, the a,7 themselves are linear combinations of
(n — 1)-point functions with OPE-coefficients as linear factors. Finally, the right-hand
side of (A.3) is invariant under permutation of the ¢; (z;, Z;). One says that the correlation
functions constitute a representation of the OPE.

It is a basic feature of CFTs that each state ¥ € H possesses an adjoint ' € H[x]
such that two-point functions on the sphere ¥ = C U {00} = P! encode the metric on
H:

V. v eH: (Ylx)= Oy @, wx(c, OI0)p . (A.5)

lim
w,{—0
Using conformal invariance one can determine 1//T(z ,Z) as the image of xV(z, 7)

under the transformation f : z +— 1/z, Z +> 1/z. In particular, if ¢ € H,, ; is real and
quasi-primary (e.g. ¢ = T), then we can write

ot@ e Y =@, oz (A.6)

As an abbreviation, one defines in- and out-states by setting
Vi eH: (= lim Oly'@ ! wh,

Ix) = lim x (£, 2)|0)pi. (A7)
—0
Now the OPE-coefficients C can be recovered as

Vo, x, v eH: CW* 0, x) = Wlpd, Dix) @A
Oy @, w e, Dx(E, 0)|0)p:.

lim
w,{—0
Similarly, with ¢, xx € H,, 3 , four-point functions can be brought into the form

(walop(D@e(z, Dl@a) = wli{rg()(OprZ(w_‘, wHes(1, Dee(z, D)ga(C, D10)p1.
They have the following expansion around z = 0:
(alop(D@e(z, DIga) =Y C(@k, @b, WNC W, ge, pa)2"i~hehazhiheha (A.9)
J

where {v;}; denotes a suitable orthonormal basis of H.
Using the above characterization of @N, conformal invariance, and (A.6), one finds

if ¢ is quasi-
primary

Vo, x. ¥y e H: CW* 0, %) CO™, *9, ¥). (A.10)
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Note that the OPE-coefficients involving only real states x¢ = @, xx = x, ¥} = ¢
are always real. Moreover, using (A.6) one shows

YneZ: LZ:L_,,; Yy, v eH: L) x =v*(L_yyx). (A.11)

Since up to possible phases, n-point functions (A.3) are invariant under permutations
of the ¢;(z;, z;), the second and third arguments in C(-, -, -) can be interchanged, up
to a phase and contributions of descendants to the OPE. However, the characterization
(1.2.5) of primaries together with (A.11) ensures that every primary state is orthogonal
to each descendant. Hence,

V(ﬂ’ X w € H Wlth () € Hh@'ﬁiﬂ’ X € Hh)(aﬁx’ I/f <] Hh,/,,ﬁll, N Hvir .
COW*, . x) = (Dl thehohithy C(y* y g). (A12)

To define modes associated to each ¢ € 'H, note that for all A, n, u, 1, the space
Hh+uﬁ+ﬁ is finite dimensional by (1.2.2), so we can set

VoeH, Vu, I h, heR, Vx eHyy: (A.13)
PupX € Hh+ﬂﬁ+ﬁ s.th. Vi € Hh.;.,,,ﬁ_:,.ﬁ : w*((pu,ﬁX) =CW*, ¢, x).
If ¢ € H), 7, then ¢, ;; obeys ¢ = ¢, 3,€2. This gives

[Lo, ‘Phj] = hﬁahﬁ’ [ZO, (Phﬁ] = Eﬂﬁh,ﬁ‘

In general, all three-point functions in a CFT can be obtained as linear combinations of
three-point functions of the primaries, acted on by differential operators. For example,
ifp e thﬁw, X € Hhxﬁx’ Ve th/fﬁw’ then

CW™ Lig, x) = (hy —hy —hy) CWO™, 0, X)), (A.14)

and analogously for L. On the other hand, analogously to (A.9), all n-point functions
of a CFT can be recovered from its OPE-constants. This imposes many consistency
conditions on the latter. An important example for this is crossing symmetry (A.18) of
four-point functions on the sphere.

Before discussing crossing symmetry, let us introduce W-algebras, since we will use
them to rewrite (A.9) in a slightly different way. Namely, for ¢ € ker(Lo) and x € H, 7,
@u,ux 7 0implies (1, &) = (n,0) with n € Z, and similarly for elements of ker(Lo)
with y, 7z interchanged. The modes associated to states in ker(Lo), ker(L() generate a
holomorphic or antiholomorphic W-algebra W* O Vir, W" > Vir, defined by

W* := spanc {¢n.0 | n € Z, ¢ € ker(Lo)} (A.15)
= @W:, Wy = {w € W* | [Lo, w] :nw},
nez

and analogously for W or any subalgebra W of W* @ W*. We suppose that H decom-
poses into a sum of tensor products of irreducible lowest weight representations V;/V 5,

o

ng of the holomorphic and antiholomorphic W-algebras,

H= P W eV .
(a,a)el
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Moreover, the OPE determines the commutative associative product on the representa-
tion ring of W* ® W~ which is known as fusion:

[a] ® [pp] = Z ab [@c]

for conformal families [¢,] with ¢, € V,, etc.
We now consider an orthonormal basis {10 I }j o of primaries of a given CFT with

respect to a subalgebra W of the holomorphic and antiholomorphic W-algebra as in
(1.2.5). Without loss of generality we can assume that *y; = ¥; and ¥; € thﬁ,- for

all j € N. Moreover, let {I//{k’k}}keK 7ex With K, K C ®,N” denote a basis of the

descendants of v ;, which is (Lo, Lo)- -homogeneous, with bi-degree of 1// glven by
(hj + |k|,h + |k|), |k|, |k| € Nforallk € K,k € K.Fora, b, j € N we set

Cly=CWlva ).  vi"V =y,

ﬁj{k}

Then, there are constants ,3’ k) € R, such that

VieN, VkeK, keK: (A.16)

kk i ik} ik kk KK
(@ van ) =Yl Bl Bl | € (u/,; b, @,y }>.
KK

j{()}

Here, ,3[{,50} Bu, = 1.Now,foralla, b, c,d, j € Nthe conformal blocks are given

by
ab Pay (*.0)
fj[cd](Z) =2 - (W&kﬂ/fc,wj’ )z”f*”"*hﬁ“", (A.17)
£’ Bay. (OB ;T —Tip
fj|:c d](Z) = Z a ; C(%ﬁ(}k, Wc’wj‘ ) ) Zhi—ha— Ikl
k ch
Up to factors 2"/ ~ha =" (z"i~ha=hb), the conformal blocks are (anti-)meromorphic func-

tions on C with poles at 0, 1, co. They encode the four-point functions of primaries by
(Walvre(l Do (2. D)) = Z ci,cl t [" b}a) ) [ }@,
and crossing symmetry reads: for all a, b, c,d € N,
Z cl,ci ¢ -[“ ’ }(z) f; [ }(Z)

_Zcf ch f -[“d}( ) f[ ](z—l)z‘z”az—zha. (A.18)
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B. ¢ = 1 Representation Theory

In this Appendix, let C = (H, *, @, T, T, C ) denote a unitary conformal field theory
with ¢ = 1. We recall some basic facts about its representation content; see also [Gab].

Since all known unitary conformal field theories at ¢ = 1 can be constructed with
energy momentum tensor 7 = % :j j:and j au(l) current (which not necessarily is a
field of the theory), it is convenient to use the Heisenberg algebra

oo
Jj@) = Z anz"™',  where  [an, am] = myim.o. (B.1)

n=—oo

Then all states in the pre-Hilbert space of every known theory C with central charge
¢ = 1 are obtained from the Fock space that we construct from appropriate polynomials
in the a,,, n > 0, acting on an appropriate subset of all Iwvs of the Virasoro algebra. To
build the latter it suffices to take states

h, Q), suchthat Lolh, Q) = hlh, Q), withh = &,
ao lh, Q) = Q1h, Q), (B.2)
x(lh, Q) = |h, = 0),

as well as so-called twisted ground states with 7 = h<1 /16, which we will not
make use of in the following, however. We will always normalize the |k, Q) such that

(124)

C(lh, Q)*, 2, 1h, Q) (h,=Q|h, Q) =1. (B.3)
In a consistent theory, all left and right charges (Q; Q) are contained in a charge lattice.
Namely, for every theory C there is a fixed R € R such that all (Q; Q) that may occur
are given by o

(Q;Q):%(mRJr%;mR—%), m,n € Z. (B.4)

In a so-called circle theory at radius R, the pre-Hilbert space is just the entire Fock

-2
Q—, Q> with all allowed values

space built on the set of vacua |Q; Q) := ‘%2, Q> ® |5

of (Q; Q). The su(2); WZW-model is the circle theory at radius R = 1. All |Q; Q) are
simple currents, and the leading terms in the OPE are given by

c(1o+0:20+0)10:0),1050)) = (-n@HO@-Dr2 &)
with all other OPE-constants vanishing. Equivalently,
0:0081050) =¢((0:0).(250))10+0:0+0)

= (—=)@TOQ@ -2 |01 0.0+ Q) (B.6)

with notations as in (1.2.6). The cocycle factor ¢ introduces the appropriate phases.
For central charge ¢ = 1, the character of a Virasoro irreducible representation with
lowest weight vector of dimension 4 generically is

gen

15" @) = " (B.7)
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But for n = 24/h € N, the representation contains a null vector at level n + 1, namely
[F-M-S, (8.34)]

i —1 n+1+k )
Sn nT> = E k—1 (=D LPI e ka "_> , (BS)
pi=l, ll_ll (p1+-+p)(+l—pi——pp)
pitetpr=n+1 "=

2 . . 2
where |-) denotes the lowest weight vector of conformal weight h = -, n € N. Hence
the character reduces to

1

1 n?/A
X = yig

2
g, (B.9)
In the following, we restrict attention to the holomorphic side only. The generic W-alge-

bra W of circle theories is generated by the u(1) current j. The ‘%2, Q> are just the

lowest weight vectors of irreducible representations VE(I) of W with characters

L2
X /50 =794 7

regardless of the value of Q. In particular, if v/2Q = n € Z, by (B.9)

o
Xo =D X3 (uisane
k=0

and the Fock space built on ‘ %2, Q) contains infinitely many Virasoro irreducible repre-

sentations with lowest weight vectors |k, Q) , h = %2+N, N = k(ﬁ|Q| +k), k e N.
Let

n? ﬂ)

4 9 9

and let V[, ,) denote the space of states in the irreducible representation of the
Virasoro algebra with Iwv |[n, m]) of norm 1. Note that e.g. for the circle theory at
R =1 (the su(2); WZW model) each positive eigenvalue of L is highly degenerate
since this theory has an enhanced su(2); Kac-Moody algebra the zero modes of whose
generators commute with L. More precisely,

|, m]) :=

S

n

Ve = D Vi

m=—n,m=n(2)

All the representations Vi, ;u) with [m| < n, m = n(2) have the same character 1, as
7

in (B.9). Let J1(z) denote the holomorphic fields creating |Q; Q) = | +4/2;0) as in
(A.7). Then we define

QO+ 1= [dzli(Z), ie.[Q1, Q0 1=+2a9=:2Jy, [Jo,Q+]l=%0Qx, (B.10)

the zero modes of J4, J in the enhanced su(2); Kac-Moody algebra of the circle model
at radius R = 1. Since [L,, Q+] = 0 for all n € Z, from (B.10) together with (B.2) it
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follows that |k, Q) = kOQ=|h, Q £ V/2) for some k € C* if |h, Q + +/2) exists. More
precisely, (B.10) inductively shows

0, 0 |in,n)) = G255 lln, nl)
if the left-hand side does not vanish. From our normalization (B.3) it now follows that
form,l e N,

In=m+20,ml) = /2L QL |[n,n]), and Q4 |[n, £n]) =

Iln!

In particular, 0! |[n,n)) =0forl > n.

C. The Unitary Virasoro Minimal Models, Their Structure Constants, and Their
¢ — 1 Limit

The unitary diagonal Virasoro minimal model M,,, := M (m, m+1) withm € N—{0, 1}

has central charge c,, given by (4.1.1). Its irreducible representation (r, s) of the Virasoro
algebra has an Iwv |r, s),, with weight (4.1.3), and character

_Ctm oo
m 24 h")’é h"; —1l)m,—s+m h"ll" m -5
X(r,s)(q) ]_[(1 q s — kE 1 {q (r+@k=Dm,—s+m+1) 4 g7 (r.2k(m+1)=s)
= (C.1)

't ht
—_ q (r+2km,s) — q (r,2k(m+l)+s)} .

Fusion reads

min{n+s'—1,2m+1—n'—s} min{n+s—1,2m—1—n—s}

m m
Vi ® Visis) = @ D Viv.p- (€2)
p=In'—s|+1, p=In—s|+1,
pHAn+s'=1(2) ptn+s=1(2)

The structure constants as in (4.1.8) are given by [D-F3]

(»'p)

Clwmy(shs)
— an/navlsl 2F'(s s+14+i—y(s'—1=i)T (n—n"+14+i—y'(n'—1=i))T' (p'— p+l+z+y(p+l+l))
= K T (s—s—i+yG—1-D))T (W—n—i+yn—=T1=D))I (p—p'—i—y(p+1+0))

Pvl’ i=0

-2
% H C(s'—s+2+j—1+y(s—1—jDT(n'—n+2+j—l'"+y(n—1— DT (p—p4+2+j—'—y(p+1+,))
—0 F(s—s—1—j+l'=y(s—1=jNT (n—n"—1—j+I'—y(n—1— )T (p'—p—1—j++y(p+1+/))

an n—s.,s (p p)
H’l/l\/ —C(n "n)(s',s) "’

(C.3)
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with
1 /

V=g Y= l:=%(s+n—p+1), l’::%(s’—l—n’—p’—{—l),

3=

sa—na-n'g 5 LS ey 'S rG-iw
g = (1= l.l;ll jl;ll G+ 51;11 F(—i—iy) /.1;[1 INQ D)

-1 -1
_ o 1\I=DI-D 1 _ NAC=DA-1) C(i+iy) L(j—l+1-jy)
= (D 1=y 1;[ T(A—i—iy) 1;[1 T+ °

n'—ln —1
H H (i—j+y(1+j)> 1—[ F(l+ly')F(1 —i—y(1+i)) 1—[ L=jnId—j+y(1+)))
i—j+yj F1—i—iy)T(+y(14+)) i) FA=j+ypHr(j—yd+)))

)
=\
B)

||

11]

H [ (i+iy)l(1=i—y/(1+i) ' H L(j—n+1—jyT'—j+y(l+)))
B i T(1—i—iy)T+y(1+0)) F'—j+yHT(—n+1-y(d+)))

Note that w;/, a,, and C(n ) (v 5) are products of expressions
G(N,M,e) := % = (=N F2(1 + N — Me) Sn@Me) sm(nMs) 1

— N 12 ( M)

= (DY 2N + Mo Sizia)

where N, M € Z and ¢ € {y, y'}. We also have the following expansions for m — 0o,
to lowest order in y = y'4 O (y?):

0 ~ sign(N) ~
GN, M, &) "7 (=¥ y 2 (| B0y N[ )50 =y ey, my,

r(N+Me) Y20 %/ ifN <0
L(N+M'e) 1 ifN>0"

where sfi:an(N) =1for N >0, sfi\g/n(N) = —1 for N < 0. Hence we obtain the lowest
order expansions

y20 i a—nw-n o
g~y ”W H H T H( DT ) H( DT ()2

Jsﬁl
=y, €4
yzo min{n’,n}
an',n max{n’n}’
~(pp) Y20 2(0p) En :)3 5
C(n "n)(s’,s) A(n’,n)(s/é)y( W,
where
ED sy = k=5, =2, 1=2) k(' =n. =2, 1=2)+k(p— ' I'=2,1=2). (C:5)

k(x,a,b) :=d(x,a) +d(—x,b) —2g(x,a,b),
d(x,a) := max{min{fa + 1,a + 1 — 2x}, —(a + 1)}
= 5 (=x = x|+ 2a+2—x — x|,
g(x,a,b) := (min{a — 5,b+ 3} — % +1)®@ —x)O® + x)
= %(—le +a+b+2—]a—b—x)O(a—x)OOb+ x),



640 D. Roggenkamp, K. Wendland

SO
k(x,a,b) =la—b—x|—|x| fora,b>—1. (C.6)

Moreover,
) I'-2
Ay = [T et =s'+i,s'=1=De(—n'+i,n'=1-i)
1

-2
e(p'—p+i—p—1=-D}[[{e'=s+14+j—l=s+1+))
j=0

e'—n+1+j—l—n+1+je(p—p'+1+j-1Up+1+p}.
Thus in the limit m — oo we have

@.p)

(N g N (28] ES P
C(n’,n)(s’,s) ~ A(n’,n)(s’,s)y rmiss (C7)
with
/ - - , 1/2 o

p.\p) _( min{n/,n} min{s’,s} max{p’, p} ~ ».p)
A(n’,n)(s’,s) - (max{n’,n}max{s’,s}min{p’,p}) 'ul/le(n’,n)(s’,s) >

w.p -10287)
E(n’,n)(s’,s) - |l - l| + E(n’,n)(s’,s) : (CS)

Note that A”*”) | never vanishes in the allowed regime p'+n'+s'= p+n+s = 1(2),

(n',n)(s',s)

In” — sV < p < n® 4 5 These constants obey

Lemma C.1. Given (p', p), (', n), (s', s) such that A(p/’p)(s/s) # 0, we have EP)

(n',n) (n',n)(s’,s)
> 0. More precisely, withv :=n'—n,o :==s'—s, 7 := p'— p,

E(p’,p)

(n',n)(s’,s)

—0 «— |n|€ [min{lo + ], jo — |}, max{|o + v|, [0 — v|}] .

Proof. Sincel’—1 = %(0 + v — ), from (C.5), (C.6), (C.8) we find

ESD =3o+v—nl+i—oc+v—nl+ilo—v—n|+Lo+v+nl
—lo| —[v[ = x|
= max{|o +v|, |7|} + max{lo — v, |7|} — o] — [v] — |7|.
Therefore,
2max{lo|, v|} = |o| — |[v[ = |7| >0,
if |[r| < min{|jo 4+ v|, |0 — v|},
. max{lo +v|, |0 —v[} — o] —[v| =0,
Eq s = if |w| € [min{lo + v|, |0 — [},
max{|o + v, |0 — v]}],
| —lo|—[v] >0,
if 7| > max{|o 4+ v|, |0 — v]},

which proves the lemma. O
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In Rem. 4.1.7 we explain how additional null vectors in the limit M, of unitary
Virasoro minimal models can be scaled up without introducing divergences in three-
point functions. In fact, Lemma C.1 can be used in order to extend the example of
scaling up null vectors given in [G-R-W, Sect. 3.1.1] by a direct calculation:

Lemma C.2. All vectors Li|r, )0, ¥ > 1, can be scaled up to non-vanishing norm
without introducing divergences in the OPE-constants C(|p/, p)i,, L1|r, )oo, | 8)00)-

Proof. By (4.1.13), a normalization of L{|r, r)s to non-vanishing but finite norm is
given by
prt = W Gn 1) Lilr, r)m,
i.e. we set - .
f'il(Dir'r,lr,l) = D;{,r,l .
Note that for finite m, (C.2) shows that C((f;:)p()s’,s) is only non-vanishing if 5 (r + s —
1—p") e{0,..., min{r, s”’)} — 1}, hence we restrict to such p, p’ By (A.14) we find

' p) m—o0 m m m ®\p)
Chmiss) (m + 1) (h<pcp) iy T (scs))c

(r,r)(s',s)
(.7 1—EPP), m m m .p)
~ A1) Tene (hwcp)_ rr) ~ (scs>) Arnss)”

Therefore, if E Erp r’f’()s, = 1, the assertion follows directly from the convergence of each
term in the latter expression.

On the other hand, for p/, p in the range given above, by Lemma C.1 we have

E((fr’)p(?v’,s) = 0iff |p'— p| = |s’— s|. Hence in this case

»’.p) m— o0 m m m (P.p)
CDr,r,l(S/sS) (m+1) (h(p’,p) "o T (s’,s)) C(r,r)(s’,s)

4.13) [ 1 2 2 2 2 1 ».p)
- {Wi_m (([7/) -r - (S/) ts ) + O (ﬁ)} A(r,r)(s’,s)
remains finite, too. O
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