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Abstract: We investigate stability and instability of steady ideal plane flows for an arbi-
trary bounded domain. First, we obtain some general criteria for linear and nonlinear
stability. Second, we find a sufficient condition for the existence of a growing mode to the
linearized equation. Third, we construct a steady flow which is nonlinearly and linearly
stable in the L% norm of vorticity but linearly unstable in the L? norm of velocity.

1. Introduction
We consider an incompressible inviscid flow satisfying the Euler equation

oru+ (u-Vu)+Vp =0, (la)

V.u=0, (1b)

in a bounded domain  C R? with smooth boundary 32 composed of a finite number
of connected components A;. The boundary condition is

u-n=0 on 092,
where n stands for the unit outer normal of 9€2. The vorticity form of (1) is given by

0w — Yy0yw + Y dyw =0, 2)

where 1 is the stream function, and w = —AY = — (8% + 8y2) Y is the vorticity. The
boundary conditions associated with (2) are given by

Vla =i, (3a)
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and

f Wo_ 4, (3b)
A on

with ¥; depending on time only, and A; being some constants.
A steady flow satisfying (2), (3) has a stream function v satisfying

=0, 0x@o + Yo, dywo = 0, “4)
where wy = — Ay is the associated vorticity. Consider v satisfying the following
elliptic equation:

—AYy =g ) ®)

with boundary conditions (3) and g being some differentiable function. Then wy =
—Avyy = g (Yo) is a steady solution of (2). In this paper we study stability and instability
of these steady solutions. If g’ > 0, Wolansky and Ghil [17] derived some linear and
nonlinear stability criteria, using the energy-Casimir method and a supporting functional
method. However their conditions involve some unspecified finite dimensional function
spaces and are not easy to check. Our first theorem is a refinement of their results.
We state the theorem only for a simply connected domain. For this case, the boundary
conditions (3) can be simplified to be

Y =0 ondQ.

First we introduce some notations. We call a real number p a critical value of v if
Yo takes the value p at a critical point. The set of all critical values of 1y has zero
measure by Sard’s Theorem. For any p which is not a critical value, the level set
{0 = p} consists of a finite number of disjoint closed curves, which we denote by
T1(p) . T2(p), - T, (p). Let X = H} () N H? (Q) and Y = H} (Q) , with

||1/f||§=ff9|Aw|2dxdy, ||¢||%(=foIVI//|2dxdy.

Note that ||y ||§( , I ||% are the enstrophy and energy of the flow with the stream function
Y. The linearized equation of (2) around the steady state (Y, wp) is

0@ — V0,0, + Y0, 0y® = Yy w0 — Y Dy o, (6)
with
& =—AY
and
Y =0 on Q.

We have the following result on nonlinear and linear stability.
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Theorem 1.1. Suppose wg = g (Vo) (g € Cl) is a steady flow with g’ > 0.
(i)We define the functional a (¢) for ¢ € Y by

a(¢) = / /Q VoI dxdy — / fQ 8 (Yo) @*dxdy
2
n
max Yo , ‘Ziil fr,—(p) IVﬁol‘
+/' g () /=7, I
min g Zi:l 96‘1“;(/)) [Vl

dp .

If

”;anf:] a(¢) >0, (M

then the flow is nonlinearly stable in the following sense: for any ¢ > 0, there exists
& > 0 such that

¥ (. 0) —¥olx <é= Sug ¥ (. 1) — Yollx <,
>
where W (., t) is the solution to (2) with the initial state { (., 0) € X. Condition (7) is

equivalent to the operator B (defined by (14)) being positive.
(ii)We define the functional b (¢) for ¢ € Y by

b(§) = / /Q Vo[ dxdy — / /Q ¢ (Vo) *dxdy

2
max "\ i) T
+f' g —dp..
min o i=1 fri(m Vol
If
inf b (¢) >0, ¥

li¢ll=1

then the flow is linearly stable in the following sense : for any ¢ > 0, there exists § > 0
such that

¥ (., 0) = dolix <8 =supllr (..1) —dolx <,

t>0

where r (., t) is the solution to the linearized Euler equation (6) with the initial state
¥ (.,0) e X.

Note that we have b (¢) > a (¢) for any ¢ € Y and the equality only holds in the
case when each level set {9 = p} consists of only a single curve.

Theorem 1.1(ii) also gives a criterion for spectral stability. That is, if b (¢) is positive
definite then there is no exponentially growing solution to the linearized Euler equation
(6). So the linearized operator has no unstable discrete eigenvalue. For shear flows and
rotating flows, it was proved in [12] that this criterion is also necessary, namely if b (¢) is
negative then we can find a growing mode. Now we give a new criterion for the existence
of a growing mode, for steady flows satisfying (5) on a bounded domain and without
the assumption that g’ > 0. We state the result only for the simply connected case. For
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the non-simply connected case, see Sect. 5 for some modifications. Define the operator
Ao: X — L% () as follows:

Ao :=—A¢ — ¢ (Y0) & + &' (Vo) P¢, €))

where P is the orthogonal projection operator of L? () onto S = ker L and L =
—0y Y0y + 0x Yoy is defined on Hé (£2). We prove later that

b(¢) = (Avg, ¢). (10)

So the fact that b (¢) is negative for some ¢ is equivalent to the existence of a negative
eigenvalue of Ag, and condition (8) is equivalent to the operator Ag being positive.

Theorem 1.2. If Ay has an odd number of negative eigenvalues and no kernel, then
there exists a purely growing mode e o (with .. > 0 and @ € X) to the linearized Euler
equation (6) .

It is hard to prove the existence of unstable discrete eigenvalues for the linearized
Euler operator since it is degenerate and non-elliptic. Even for the simplest shear flow
case, little has been known about sufficient conditions for the existence of unstable dis-
crete eigenvalues ([2, 13]). We can modify the proof of Theorem 1.2 to get an instability
criterion for the case when A has a nontrivial kernel. For the case when Ag has an even
number of negative eigenvalues and no kernel, we cannot expect to find purely growing
modes. Some new methods to find non-purely growing modes were developed in [13]
for shear flows and rotating flows.

Now we sketch the main idea for the proof of Theorem 1.2. For a growing mode
(e“ w, e’\’W) (with A > 0) to the linearized Euler equation (6), (@, ¢) satisfies the
following equations

rw — l/nyaxw + Yo, ayw = l/fyaxwo - wxaywo, (11)
w=—AY, (12)
Y = 0ondS2.

Using the strategy in [12], we represent w in terms of ¥ by integrating (11) along the
fluid trajectory, then plug it into the Poisson equation (12). The resulting equation can be
written as A, ¥ = 0. The operator A, is the minus Laplacian plus a bounded operator.
For the existence of a purely growing mode, it suffices to show that for some 1o > 0, A;,
has a nontrivial kernel. The main difference from the case in [12] is that here A, is not
self-adjoint. This makes the analysis more difficult. We use the infinite determinant
method developed in [13]. We study the infinite determinant d (1) of Id —exp(—A,) as
), — 0" and A — oo. It turns out that d (1) is nonnegative when A is sufficiently large.
It can be shown that d (1) is negative as A — 07 under the conditions of Theorem 1.2.
These two facts imply that for some Ao > 0 d (L9) = 0, which implies that A, has a
nontrivial kernel.

The stability result in Theorem 1.1 is proved in the vorticity norm. This norm was
also used in [1] to prove nonlinear instability from the existence of an unstable discrete
eigenvalue of the linearized Euler operator. However, the stability problem in the L2
norm of velocity (energy norm) is quite different. So far there is no general method to
prove nonlinear stability and instability in the energy norm. In the last part of this paper,
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we construct a steady flow which is nonlinearly and linearly stable in the enstrophy
norm || - ||x but linearly unstable in the energy norm || - ||y. This example illustrates
the importance of the norm to adopt when studying stability of incompressible inviscid
flows.

2. Stability Criteria

In this section, we prove Theorem 1.1. We need the following result from Wolansky and
Gill [17]. We state it in the following form.

Lemma 2.1 ([17]). The steady flow as in Theorem 1.1 is nonlinearly stable in X if for
some integer m, the following functional e,, (¢) is positive definite in Y:

e (@) :=//Q|V¢>|2dxdy—f/9g’ W) p*dxdy + 3 < €06 52,
i=1

where < ., . > is the g'weighted L? inner product, and {E?, e ,52} is a g’ weighted
orthogonal basis of some m-dimensional subspace W, of

W ={ eY |y =h), h being measurable on the range of Yo} .

Denote P (P,) the orthogonal projection operators of L2 (Q) onto W (W,,) and
define the operators

B (Bp) : X — L*(Q), (13)

B¢ (Bu¢) = —A¢p — &' (¥0) ¢ + &' (Y0) PO (Pud). (14)

Then we readily see that e, (¢) = (Bn¢, ¢). Thus to show that e, (¢) is positive
definite, it is equivalent to show that By, is positive.

Lemma 2.2. If the operator B is positive, then for some integer m there exists a
m-dimensional subspace W,, C W such that the operator By, is positive.

Proof. Let ¢1, {2, -+ be a complete orthogonal basis of L2 (2), and denote W, the
space spanned by

P§17P§27"'7P§n~

Let P, be the corresponding orthogonal projection. Then it is readily seen that P, — P
strongly in the sense that for any ¢ € X, P,¢ — P¢ strongly in L? (). If the conclu-
sion of the lemma is not true, then for each n € N we can find A, < 0 and ||¢,|[, = 1
such that

Buy = Aty (15)

Let A, — Ag < 0. Then it is obvious that ||¢; IIHz(Q) < C (independent of n). So after
taking some subsequence, we have ¢, — ¢o strongly in L2 (Q) with llpoll, = 1. Since
B, — B strongly, we have B,¢,, — B¢g weakly. So taking the limit in (15), we have
B¢y = Aopp which is a contradiction to the positivity of B. O
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Lemma 2.3. For any regular point (x,y) € 2 of the function ¥, let p = Yo (x, )
and (x,y) € T (p), where {9 = p} = u?ilri (p). For any ¢ € Y, we define two
functions ¢1, o € L? (Q) in the following way:

p ¢
Zi=1 fri(ﬂ) Vol

¢1 (x,y) = . (16)
21 Fri0) )
and
Iri w‘f}, I
P2 (x,y) = 0 (17)
9.0 9001

Then we have P¢p = ¢ and ﬁd) = ¢, in the L2 sense. Here P is the projection operator
of L? () onto

S = ker (—dy¥0dx + dxV0dy) .
Proof. To show P¢ = ¢, we take any & = h (o) € W. Then

(¢—¢1,s>=//Q(¢—¢1>h<wo)dxdy

max Yo ¢ — ¢
= / h(p) ( / > dp (by the co-area formula)
min vo vo=p) V%0l

max Vo "o ¢
— h _
/mwo ®) (;ﬁm Vgl PP o= ”Zyg . |vwo|)

= 0.

So ¢ — ¢1 € W. Since clearly ¢; € W, we have P¢ = ¢;.
To show that P¢ = ¢, we take any n € S. Then

(¢ — ¢2, n)=//g(¢—¢z)ndxdy
:/maX'”O”Z”(?g (¢—¢2)n>d
minyo = i Vol
max g np ¢ 1
/min% ;”'”") (fmp) Vol ‘f’z'r"p)?gr,.(p) |Wfo|> g

(since 7, ¢, take constant values on each I'; (p) )
=0.

So¢ — ¢ € St. Since ¢y € S, we have Pop = ¢». O

Now Theorem 1.1(i) follows from the above three lemmas. By Lemmas 2.2 and 2.3,
if the condition (7) is satisfied, then there exists some integer m such that By, is positive.
Then by Lemma 2.1, the steady flow is nonlinearly stable. Theorem 1.1(ii) can be proved
in the same way.
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Corollary 2.1. Under assumption (8), there is no unstable discrete eigenvalue for the
linearized Euler operator.

Proof. Thisisaconsequence of Theorem 1.1(ii). Here we give a direct proof of it. First we
notice that if (w, v) is a solution to (6), then for any & € S =ker (—0,¥00x + 9x¥0dy)
the following two functionals

E @) = [ fo (Fe5 — IVW ) dxdy
M: (w) = [ [ wédxdy

are conserved. This can be checked by a straightforward computation.
If there exists a growing mode (e“a) (x,y), My (x, y)) to (6) with Re A > 0, then

E(e)nla),e)ul )ZeZReME(aL I//.),Mg (e)nla)) :e)LlMg (a))
are independent of ¢. Thus it follows that
E (0. %) = M; (@) =0

forany & € S.
Noticing that

f / V2 dxdy = / / vordxdy.
Q Q

where w™* is the complex conjugate of w, we have

2
0=FE(w,¥) = // [l — 2y w* + |VI//|2 dxdy
o \ & o)

2
— & Wo) W 1> + VY |* } dxdy

—¥vg (Vo)

[l

=f/9 Jﬁw—(l—ﬁ)

+ &' (Yo) \ﬁw\z dxdy

2
vV Wo)| — & Wo) [vI* + [Vl

~ |2
= [ [ 99 =g o 0P + & Gy | Py dxay.

So if the last quadratic form in the above is positive, we get a contradiction. This proves
the conclusion. Here for the equality in the third line above, we use the fact that

w
—— est

V& Yo)

]

Remark 2.1. The two conditions (7) and (8) are the same if and only if {1y = p} consists
of only one closed curve for any p. We shall prove that in this case the linearized Euler
operator has no growing modes.
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We consider the steady flow with the stream function ¥y defined on a simply con-
nected domain. Here v satisfies the following elliptic equation:

—Avo =g (Yo), inQ
Yo =0, on 9L2.

Lemma 2.4. If {y = p} consists of only one closed curve for any

p € (min o, max Yo),
then there are no exponentially growing modes to the linearized Euler equation (6).
Proof. First we define the generalized polar coordinates (r, ) in the following way. Let

[ be the arc length variable on the stream line {y/o = p} and define

1 Loal
f —, 6=v () .
(r) wo=r} |V¥ol o Vil

Then minyg < r < maxyyg, 0 <6 < 2m. If 6)"[10 (Re A > 0) is a growing mode to
(6), then 1 satisfies (see Lemma 3.1)

r=1o(x,y),

0
—AY =g Wo) ¥ + ¢ (lﬂo)?»/ Y (X (s3x,y), Y (s;x,y)ds =0.  (18)

—00

Here (X (s; x, y), Y (s; x, ¥)) is the solution of the characteristic equation as defined in
(22). In the polar coordinates (r, 9) , the characteristic equation becomes

. =0,
0=—-v(r).
Let
+o00

Y (r0) = P (r) e,
then (18) becomes
+00 A »
—AY — g W)V +¢ <wo>§mwk (et =o. (19)

Taking the inner product of (19) with ¥*, we have

[ [ wyiawa +fmaw° ()f )y (Pdr =0
Q yImdxdy min o v(r)g a+bi —ikv(r) Vi (Ol dr =0,

(20)
where A = a + bi (a > 0). Taking the imaginary part of (20), we get

maxyo | , = akv (r)
/- v(n® (r)§a2+(b_kv(r))2dr_0

min Yo

So a = 0 which is a contradiction. Thus there are no growing modes to the linearized
Euler equation (6).
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3. Instability Criterion

We divide the proof of Theorem 1.2 into several steps.

3.1. Dispersion operators. In this part, we introduce dispersion operators A; and study
their basic properties.

Definition 3.1. The dispersion operators are a family of operators A, (A € R+) X —
L% (). Here

0
A=Ay =g W) ¥ + ¢ (Iﬂo)?»/ Y (X (s5x,y), Y (s:x, y)ds, (21)

—00

where (X (s; x,¥), Y (s; x,)) is the solution to the characteristic equation

{X (5) = =3, Y0(X (5), ¥ (5) 22)
Y (5) = 0:y0(X (), Y (5)),

with the initial value X (0) = x, Y (0) = y.

Remark 3.1. A, is well-defined. Denoting

0
K= —g Wo) v +¢ (Wo)k/ MY (X (s3x, ), Y (55 %, ) ds, (23)

—0o0

then we have
1Kl < 28" Wo) | ¥z - (24)
Indeed, for any function ¢ € L? (2), we have
0
'f /Q/ re™g (o) ¢ (e, MY (X (s5x,5), Y (53 x, y))dsdxdy‘
—00

1
2

0
5(//9/ ,\exs|1/f|2|g/(wo)|(X(s;x,y),Y(s;x,y))dsdxdy)

' (/ /Q /_Ooo 1 19 g (Yo)| dsdxdy>%
5(/_10““ s ol / / |x/f|2dxds)é
(/0 re' g oo f / 16| a’xds)

= |g' Wo 1912 1115 -
Thus (24) follows. Here we used the fact that the Jacobian of the mapping

(6, y) = (X (s5x,¥), Y (55, y)

is one.
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The following lemma indicates the reason why we introduce A, .

Lemma 3.1. Let A > 0, then there exists a nontrivial solution
(Mo (x.y). Y (x, y))

t0(6)withw € C'and € X, ifand only if there exists some € X such that Ay = 0.
In this case

0

w=g Yo ¥ —g (Iﬂo))»/ MY (X (53, ), Y (55 %, ) ds. (25)

Proof. If (eMw (x, y), e*y (x, y)) is a solution to (6), then (w, ¥) satisfies (11). We
can rewrite (11) at (X (s), Y (s)) as

d AS AS
— (0 (X (5),Y (5)))) = " (Yydxwo — Y dyap) (X (5), Y (s))
ds

= "¢ (Vo) (—dy Yoy + dxWorry) (X (5), Y (s))

d
= ™ g’ (Y0) d—‘” (X (5),Y (5)).
)
Integrating above from —oo to 0, we get
o @, y) =8 Wo) [0 (X (s3x, ), Y (s;x,¥) ds
=g W) ¥ — g Wo) & [ MY (X (s3x, ), Y (53 %, ) ds.

Plugging the above equality into the Poisson equation, we get

0
MY (X (5%, ), Y (5%, y)) ds,
o0

AU =g WY~ (wo)xf

which is exactly Ay = 0.
Conversely, if ® € C! and satisfies (25), we can show that it satisfies (11) by the
same argument as in [12]. O

In the following, we show that (w, ¥) is a weak solution to (11). Moreover  is
differentiable almost everywhere.

Lemma 3.2. Given Y € Y satisfying A = 0and w (x, y) defined by (25), then (¥, @)
is a weak solution of (11). Moreover  is differentiable besides the critical set, which is
the set of all points (x, y) such that Vg (x, y) is equal to the critical value at a saddle
point. So according to Lemma 3.1 (r, w) satisfies (11) almost everywhere in the classical
sense.

Proof. To show that (¥, w) is a weak solution of (11), we take any ¢ € Cé (), then
/ /Q (V0,0x¢p — Yo,0y0) wdxdy
0
== / /Q (I/foyaxfﬁ —¥0,0y¢) &’ (WO)/ 1MW (X (5),Y (s))ds dxdy

+f/9(1#oy8x¢ — Y0,9y¢) &' (o) ¥ (x, y) dxdy
=1+
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For the first term, we have

0
= / 2 / / g (o) (Vo,0:¢ — ¥0,8y8) (X (=5).Y (=) ¥ (x, y) dxdyds

f/ g (lﬁo)/ re* (— ¢ (X(=9).Y (= S))) dsyr (x, y)dxdy

0
=//Qg/ (o) (—)»¢ (x,y)+/ A%“q&(X(—s),Y(—s))ds)w(x,y)dxdy
—//Qg’(wo)/\mx,y)w(x,y)dxdy
0
+/ lz@“[/Qg/ (Wo) ¢ (X(—5),Y (=) ¥ (x,y)dxdy

0
=)»//Q(—g/(1ﬁo)lﬁ+g/(%)%/ e“lﬁ(X(S;x,y),Y(S;x,y))dS)
X ¢ (x,y)dxdy

= —A//Qa)qbdxdy.

Here in the first and fourth equality we change the variable

(x,y) > (X(s;x,9), Y (s5x, ).

By integration by parts
1T = //Q(I/foyam—dfoxayaﬁ) g o) ¥ (x,y)dxdy
= f/9</> (=0, 8x + ¥0,3y) (8" (Wo) ¥ (x,¥)) dxdy
= /fgg/ (¥0) (%0, ¥ + ¥0,0yV) pdxdy
= / /Q (Wy0rwo — Yxdywo) pdxdy.
So
/ fg (Yo, 9x — Vo, 9y¢) wdxdy = I + 11
= f /Q (—ro + Yy 0 wo — Yxdywo) pdxdy

which means that (¥, w) is a weak solution of (11).
Taking the derivative d, on the right hand side of (25), we get the expression

0
0, (8 (o) ¥ (x. 7)) — s (8 (¥0)) f AW (X (), ¥ () ds — g (%)

0
x/ ,\e“<a v (X (s), Y())¥

—00

+ iy (X (s) Y())¥>
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If (x, y) is not in the critical set, then the fluid particle with the initial position (x, y)
has a periodic trajectory. So X&) anq X0 can only have linear growth and the
third term above is finite. Since the other terms are also finite, we prove that @ defined
by (25) is differentiable if (x, y) is not in the critical set. O

Note that in [1], it was shown that if the growth rate Re A is greater than the Liapunov
exponent of the steady flow, then the growing mode w € H' ().
Next we study some properties of A .

Lemma 3.3. A, is a densely defined closed operator and for any & in its resolvent set
p (A2), (€ — Ay) " Visatrace class operator. The eigenvalues of A, appear in complex
conjugate pairs and they are all discrete with finite multiplicity.
Proof. Denote

A=-A

with D (A) = X.Then clearly (§ — A)~!is a trace class operator for any £ € p (A).
We have

H(A +l)‘1H < %

for any [ > 0. By Remark 3.1, A;, — A = K are uniformly bounded operators with
1Kl <28 (o), We have

AA+Z=A+I+KA:(1+KA(A+I)_1>(A+Z)-

Soif 2| g (¥o0)|,, <! then—I € p(A;) and

A+ =@A+n7! (1 + K, (A+ l)*l)_1 :

This is the multiplication of a bounded operator with a trace class operator, so it is also
in trace class. For any & € p (A,) , from formula

E-A) "= -A)T"+EFDE- AT (=1 - AT,

we can see that (6 — A;)~ ! is in trace class.
Now the conclusions about the eigenvalues of A, follow from the trace class property
just proved and the fact that A, commutes with complex conjugation. O

Lemma 3.4. There exists Ao > O such that if . > Ao then A, has no negative eigen-
values.

Proof. First we show that for all ¥ € H(} (),

lwolct

K <
1Ky lly < 2

IVl -
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In fact, for any ¢ € L? (),
0
(Ko, )] < / /Q f & [Yyds00 — Yrdyao| (X (). Y () . 6] dxdyds

0
< loole / o / /Q VY (X (5). ¥ (5)) || dxdyds

o ) 3 ) 3
< |a)0|C1/ e S(/fgww (X(s),Y(s))dxd)) <//Q |p| dxd)) ds

1
= |wolct 3 IV lia gl -
Suppose there exists some negative eigenvalue for A, that is
—AY + K)oy =k, (26)

forsome k < 0, 0 # ¢ € HO1 (2) . By Poincaré’s inequality, [|V|l, < co [V ||, for
some constant cg. So taking the inner product of (26) with ¢, we have

0> (kyr, ¥) = IV 3 + (Ko, ¥)
> VY13 — 1Kl 1l

co lwolct
= IVWI3 - == V¥

> 0,

which is a contradiction if A > Ag = co |wolc1. O

3.2. Infinite determinant and an abstract theorem. In this part, we prove the following
abstract result using the infinite determinant method developed in [13].

Theorem 3.1. Consider a continuous family of operators A, : H — L,
Ay =A+ B, (AeRY).

We assume that:

(I) B, are uniformly bounded operators and A, commute with complex conjugation.
(Il) The self-adjoint operator — A generates a generalized parabolic semigroup, that
is, exp (—tA) is in the trace class and A exp (—t A) is bounded. Furthermore, the
embedding i : (H, |.1l4) = (L, |I.) is compact. Here ||.| 4 is the graph norm of
operator A and ||.| is the norm in L.
(I1I) When M is sufficiently large, A, has no negative eigenvalue.
(IV) When X tends to 0, Aj tends to Ag strongly in the sense that: for any u € 'H,

Aju — Aou and Aiu — Aju strongly, as » — 0+ 27

for any functionu € 'H.
Then if Ag has an odd number of negative eigenvalues and no kernel, there must exist
some Lo > 0 such that Ay, has a nontrivial kernel.
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Note that here the condition (IV) is weaker than that in [13], where it is required that

(A — Ao) &Il = c ) (1Al + lI#1D) (28)

for some function ¢ (1) approaching 0 as A — 07. Condition (28) can not be proved for
the case of Theorem 1.2, and only (27) is available.

Proof. The line of proof follows that of in [13]. So we just sketch it and indicate some
differences caused by the weaker assumption (IV). Denote all the distinct eigenvalues
of A, (arranged with non-decreasing real parts) by

/“l’l()")a/"l'z()")ﬂ"'7/*"’](()")7"'»

with multiplicities ny, na, - - - , ng, - - - . We define

d) =[]0 —exp—m )™,

k=1

which is the infinite determinant of the operator exp (—A,) . By assumptions (I) (II),
exp (—A,) is a trace class operator. Since p; (A) appears in complex conjugate pairs,
d () is a finite real number. From the definition of d (), we know that the sign of d (1)
is determined by the number of negative eigenvalues of A, _ If this number is odd, then
d (1) is negative and d (1) is positive if this number is even. Here we assume that A
has no kernel, since otherwise we have already found the growing mode. The main idea
is to keep track of the sign change of d (1), especially as X tends to zero and infinity. By
assumption (IIT) , 4 (1) is nonnegative when X is large. So if d (1) is negative for small
A, by the continuity argument as that of [13] we conclude that there exists some Ag such
that d (Ag) = 0, which implies the singularity of A;,. We show that when A is small
enough, the sign of d (1) can be determined by the number of negative eigenvalues of
Ap. If the number is odd as assumed in the theorem, then d (1) is negative for small A.
So the key issue is to show that the negative spectrum of Ag is stable when perturbed
to A,. Since only the weaker convergence (27) is available, the regular perturbation
theory as that of in [13] is not applicable. We deal with this issue by using ideas from
the asymptotic perturbation theory for Schrodinger operators (see [7]).
First we show the following:

(i) For any eigenvalue p (A) of A, we have |[Im u (A)| < M (here M is such that
I Byll < M).

(i) Let b > 0 be such that there are no eigenvalues of Ay with real part b. There exists
positive €1, §1 such that if A < §1, then for any eigenvalue u (A) of A,, we have
IRe u (A) — b| > €;.

(>iii) Define

P(A) = {z|Rk (z) = (z — A;) " exists and is uniformly bounded for small A}

and P (A*) is defined in a similar way. Then we have

p (Aog) C P (A), (p(Ag)* C P (A¥).
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The proof of (i) is obvious by our assumptions.

Now we prove (ii): Supposing it were false, we could find a sequence 1, — 0, u,
being an eigenvalue of A,,, and Re ,, — b. Letu,, be the corresponding eigenfunction
and |lu, | = 1.By (i), {it,,} is abounded sequence. We can find a subsequence w,, — o
and Re o = b. For convenience, we still denote the subsequence by {u,}. It is easy
to see that ||u,||4 < C (independent of n). So by assumption (II), there exists some u
with u,, — ug strongly in £ and ||ug|| = 1. Moreover, A, u, — Aouo weakly in L. To
see that, we take any function v € £, then

lim (A;Lnun, v) = lim (un, A v) = (uo, Agv) (by assumption (IV))

n—oo n— oo

= (Aouo, v) .
Combining the above with A, u, = p,uo, we get Aoug = wouo in the limit n — oo.
This is a contradiction since Re pg = b.
To prove (iii), we note that z € P (A) is equivalent to the following: there exists some
& > 0 such that
I(z — A)) ul| = ¢, for small A and any u € H. 29)
Indeed assuming z ¢ P (A), we have
[z = An)ue]| — 0
for some sequence {A;} — 0 and u; € H with ||ug|| = 1. By the same argument as

in the proof of (ii), we have (z — Ag) up = O for some nontrivial function uq. This is a
contradiction. The proof for P (A*) is the same since

(p (A0))* = p (A7) -

This proves (i)—(iii).
Let A be the minimum of the real part of eigenvalues of A;. The number A is finite
since A, are uniformly bounded from below. Define

Dz{(x,y) |A—l<x<—%1+b, —M<y<M]

and I' = 0D. By taking M, A large, we can assume I' C p (Ap). By claim (ii) just
proved, if A < §; then all eigenvalues of A, with negative real part lie in D. Define the
Riesz projection as

P, = i 7{ R, (k) dk (30)
2mi r

and R (P,) its range. Similarly we define

1
Py = —% Ry (k) dk.
2mi r

Here the I'-integral is in the counterclockwise sense.
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Now we show that

dim (R(Py)) = dim (R(Pp)), if A is small enough, 31D
which together with (34) implies that
[P, — Poll > 0asA — 0 (32)

(see [8, Lemma 1.21 of Chapter VIII]).
Let us prove (31). Since I' C p (Ag) is compact, by claim (iii) above there exists
8 > Osuchthatif . < § and k € T", then

IR (Il | R (k)| < €4 (33)

for some constant C;. It follows that R; (k) , R} (k) are strongly continuous at 1 = 0.
Indeed for any u € H, we have

[(Ry. (k) — Ro (k)) ull = | Ry (k) (Ar. — Ag) ul|
< C1 [I(Ax — Ao) ull — 0 (by (27)).

The strong continuity of R (k) can be shown in the same way. So we have

P, — Pyand P; — Pj strongly. (34)
Therefore dim P, > dim Py for small A. To show (31), we only need to prove
dim P, < dim Py, for small X. 35

Supposing otherwise, then we can find a sequence {A,} — 0 and {u,} C H with
llun |l = 1, such that

Py, u, = u, and Pou, = 0. (36)

By passing to a subsequence we can assume that u, — ug weakly. By (27), we have
P, u, — Poug weakly. So passing to the limit in (36), we have

Poug = ug and Poug = 0,

which implies that ug = 0 and u,, — 0 weakly. But by (33) and the definition of
P;. (30),

|As,un| = | An, Proitn]| < | As, P, || < const, for small A,,.

This implies the bound ||u, | 4 < const, from which we deduce that u,, — 0 strongly in
L by assumption (I). This is a contradiction and ends the proof of (31).

Let w1, p2, - -, uy be all the distinct eigenvalues of Ag in D. Let my be the multi-
plicity of . For each uy, we can pick a small ball By = B (ug; rx), inside which p
is the isolated eigenvalue of Ag. And by taking rx small enough we can ensure that By
does not intersect with the imaginary axis if Re ux # 0, and By does not intersect with
the real axis if Re ux = 0. We also assume { By} does intersect with I". The disks { By}
are disjoint and for the conjugate of uj we take the disk with the same radius. Then if
A is small enough, by the same proof as that of (31), there are exactly mj eigenvalues
(counting multiplicity) of A, in each By. Since dim (R (P)) = dim (R(PAO)), these
are all the eigenvalues of A in D. By our construction of By, if we multiply all the
eigenvalues of A, contained in them, the sign is the same as that of Ag. Thus in the
definition of d (A) the product corresponding to all the eigenvalue of A, with real part
smaller than b has the same sign as that of Ag. Thus it is negative if X is small. Since the
other part of the product is always positive, we have proved that d (1) is negative when
A is small. This finishes the proof of the theorem. O
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Remark 3.2. If Ag has akernel, we denote by e (Ag) the number of null vectors in ker Ag
perturbed to be negative eigenfunctions of A as A > 0 is small and n (A¢) the num-
ber of negative eigenvalues of Ag. Then the conclusion of the theorem still holds if
n (Ag) + e (Ap) is odd. The proof is the same as above.

3.3. Proof of Theorem 1.2. Now we use the abstract theorem above to prove Theorem
1.2. The operator A, is defined by (21) with A = —A, B, = K), H =X, L = L?(Q).
Now we check the assumptions in Theorem 3.1. Assumption (I) is proved in Remark 3.1.
Assumption (IT) is standard for the Laplacian defined in a bounded domain. Assumption
(1) is proved in Lemma 3.4. Moreover Ag has an odd number of negative eigenvalues
and no kernel as assumed in Theorem 1.2. So we only need to prove assumption (IV).
This is in the following lemma.

Lemma 3.5. For any ¢ € X,
Axp — Aop and A5¢ — Ao strongly in L>(Q), ash — 0 +.

Proof. Itis easy to show that
0
Ay =AYy — g W) v + ¢ (Iﬁo)K/ Y (X (=s:x,y), Y (=s:x,y))ds,

o]

where (X (s; x,y), Y (s; x, y)) is the solution to the characteristic equation (22). So we
only need to show the strong convergence of A, since the proof for A} is the same.

For any ¢ € X, denote
0
$=g (1//0)?»/ (X (s3x,), Y (six,y)ds

e¢]

and ¢o = g’ (Yo) P¢, where P is defined in the introduction and given by the formula
(17). We have

A5 — Ao} = (Axg — Ao, Ardp — Aod)
= (Pr — 0, Pr — P0)
= (B, $3) — 2 (B2, P0) + (¢, o) -

We analyze the first term

0 0
(D, $2) = / fg (&' (W)’ 22 / / et

DX (s3x,), Y (5%, )0 X (55 x,y), Y (15 x, y)) dsdtdxdy

=f/ fo(x, y)dxdy,
Q

0
f ey = (8 (b0)* A2 f

where

0
/ MM (X (s3x,y), Y (s3x,y)

d (X (t;x,y),Y (¢t x, y)) dsdt.
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We claim the following:

(i) As» — 0+, fi (x,y) — ¢3 almost everywhere.
(i) {f1} (» € R*) are uniformly integrable.

Proof of claim (i). First we study the characteristic equation (22) for the fluid particle.
For each initial position (x, y) not on the critical level sets, we know that the trajectory
(X (s; x,y),Y (s; x, y)) always lies in some component of {19 = ¥ (x, y)} whichisa
closed curve denoted by I'. If we denote by y the arc length variable of I and by L (I")
the length, then the particle has a periodic trajectory according to the law

dy (s)
ds

= Vol (X (s:x,y), Y (s:x,y))

with the period

LI gy
T () = / .
0 Vol

In the following we identify the point (X (s; x, y), Y (s; x, ¥)) with its arc length var-

iable y (s). We recall the following fact proved in [12]: For any T'- periodic function
Ax)e L0, 7),

0 s 1 T
. sa (S _1
lim eA( )ds T/O A(s)ds .

r—0t J o A

Using this, we have

0
lim A/ Mo (X (s3x,9), Y (s;x,y))ds
o0

r—0t _

. 0 s S. S.

= Jim [ oo (X Gre) Y Gixy))as
1 (') 4

- X(s;x,y),Y(s; x,
T(F)/O ¢ (X (s3x,¥),Y (s;x,y)ds

1 /“%(y)dy

ST o Vol

_ fr IVﬁol

= -
gg‘" Vol

The last expression is exactly the formula (17) for 15¢, so claim (i) is proved.

Proof of claim (ii). Forany § > 0, there exists gg > 0, such that for any set B C 2 with

|B| < €p, we have
// lW|? dxdy < 8.
B
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Then

//Blfx(x,y)ldxdy
2 0 0
< |g/ (WO)ioo/ / )\2eksekt

-//I;Iqb(X(S;x,y),Y(s;x,y))qb(X(t;x,y),Y(t;x,y))Idxdydsdt

0 0 %
S|g/(1//0)|io/ / Aze“e“(ffﬂ|¢(X<s;x,y),Y(s;x,y>)|2dxdy>

1
(// |¢(X(t;x,y),Y(r;x,y))|2dxdy>2dsdt
B

/ 2 0 0 2 As At 2 %
=g (I/fo)’oo/ / Aete (// ¢ (x, )l dxdy)
—00 J —00 o, (B)
%
(/ f |¢<x,y>|2dxdy> dsdi
®;(B)

0 0
2 . 2
< ¢ ol / / 32 sdsdr = |g (o), 8
—00 —o0

We thus prove claim (ii). Here ®; denotes the mapping

(x,y) > (X (s;x,¥), Y (s5;x,y))

and we use the fact |®; (B)| = |B| < &o.
Now by claims (i), (ii) and the Dominant Convergence Theorem, we have

lim (¢ ¢s) = lim / / £ (v, y) dxdy
A—>0F A—>0F Q

=// lim fy (x,y)dxdy
Q A—>07F

=//¢8=(¢o,¢o).
Q

lim (1, o) = (¢o, Po) -
A—0t

By the same proof we have

So

Al_if& 1A — Aooll3 = Al_i)%g (P, d1) — 2 (P, d0) + (d0, Po)
= (¢0, $0) — 2 (90, ¢0) + (0, ¢0) = 0.
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4. An Enstrophy-Stable but Energy-Unstable Steady Flow

In this section, we consider a bounded simply connected domain ¢ R? with a smooth
boundary 02. Let Ag < A1 < Ay <--- <A, < --- be all the eigenvalues of —A with
Dirichlet boundary condition. Denote ¢q, @1, --- , ¢y, - - - the corresponding normal-
ized orthogonal eigenfunctions. We show that ¢ is a nonlinearly stable steady state of
the 2-D incompressible Euler equation (2) in the L?>-norm of the vorticity (enstrophy).
This can be deduced from Theorem 1.1 (i). But in the following we give a direct proof.
Denote wy = —Ao¢o.

Theorem 4.1. The steady flow with the stream function ¢q is nonlinearly stable in the
following sense: for any € > 0, there exists some § > 0 such that

lo(.,0) —wolljz <6 = supllw(.,t) —woll2 < &.
t>0

Proof. For ¢ € X, we define the following energy-Casimir functional:

1 2 1 2
H ) = E/f —|Vy +A_|w| dxdy.
Q 0
Then

H(¢>—H(¢o>=//—1|V(w—¢o>|2—ReV(w—¢o).V¢o

+L|w wol? +—0Re(w o) wo

f/——ww WP + 5 0 ool

+Re (0 — wo)<]0a)o+¢o)

//Q——wwf ¢0)|2+—|w wol?
Z//QEIV(W—¢>0)|2—|V(1ﬁ—¢0)|2+2—/1\0|w—w0|2
=//1|V(w—¢o)|2+<w—wo><w—¢o>*+i|w—wo|2

// V(¥ — ¢>0)|2+—|(w @0) + Ao (¥ — ¢o)|*

1 o
—zkollﬂ dol”.

So if we denote

v —go=) aiti,

i=0
then

w—wy =AW —¢o) = _Z)\iai¢i
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and
1
H () = H ($0) 2 7= |(@ = @0) + 4o (¥ = ¢
= ii(k- — 20) lai|?
2)»0 i i i
! AR T
> (1-= Alai?.
= 5 ( M) ; 7 lail
Thus if
H () — H (¢o) < b,
then
o
2bA
3 el < 0 (37)
i=1 (1 — %)
1
Let
C(w):/f |a)|2dxdy,
Q
then

C(a))—C(a)o):// lw — wol* + 2 Re (0 — wp) wo (38)
Q

o0
=13 (a0 +2Rea) + Y- 22 lail.
i=1

Notice that H () and C (w) are both invariants of (2).
Now

ao (1) = //Q(lﬂ — ¢o)¢podxdy

is a continuous function of ¢, so for ¢ > 0 small we can find some d (¢) > 0 such that

& &
lag (0)] < —— , |lao ()|> + 2Re ag ()| < d (¢) = lag ()] < . 39)
o N 0 0 ‘ 0 () N
Choose § > O such that ||w (., 0) — wolly2 < & to satisfy
d(e) A3
IC (@ (0)) — ¢ (wo)| < >

and

2o 1, d(e) 23
M 2 2 ’

2
H (W () — H (o) < — (1 - —) min (_8 ,
2A0
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Then from (37), (38) and (39), we see that for all ¢ > 0,

o

2 2 2 2 2 2

lo (.. 1) —wollj2 = Ag laol” + E Ajlail” < €.
i=1

This finishes the stability proof. O

By Theorem 1.1(ii), the steady flow with the stream function ¢y is also linearly stable
in the norm ||-||x. However, in the following we will show that for some domain €2,
this flow is linearly unstable in the L>—norm of the velocity (energy norm). Starting
with Echhoff in the 1970s (see [3]), there are lots of papers using geometric optics or
the WKB asymptotic method to treat the local instability in fluid dynamics. Typically,
it allows one to estimate from below the growth rate of the solutions of the initial value
problem for the linearized equation in terms of the growth rate of solutions of an ODE
system. For Euler equation of 3D inviscid incompressible fluid, the ODE system (see
e.g. [11]) is

X=-Up (X),
T
5 aU,
K=(%%) K
. U AU K
a= —xa+25ga Ky,

with initial conditions at t = 0,
X = X0, K=Ky, a = a,

where K¢ -ag = 0. Here Up (X) is the steady flow velocity field and the matrix dUgy/9 X
has components dUy; /0X;,1, j = 1,2, 3.

Theorem 4.2. [11, 4]. If

sup lim |a (t; Xo, Ko, a9)| = oo, (40)
XOsKO»aO 11— o0
[Kol|=lag|=1,Ko-ap=0

then the steady flow Uy (X) is linearly unstable in the sense that for suitable initial
data, the L?>—norm of the velocity of the corresponding solution of the linearized Euler
equation is not bounded in time.

We said a point x is a hyperbolic stagnation point of the flow Uy (X), if Ug (xg) = 0
and the matrix dUp/d X has at least one positive real eigenvalue. It is shown by Fried-
lander and Vishik (see [5]) that

Lemma 4.1. Let the 3-D flow ‘Z—f = Up (X) have a hyperbolic stagnation point at some

point xo. Then Uq (X) is linearly unstable in the L2—norm of the velocity, as a steady
flow of an ideal fluid.

For the 2D case, let the corresponding stream function of Ug (X) be ¢ (X). Then for
Up (X) to have a hyperbolic stagnation point, it is equivalent that ¢y has a saddle point.
In the following, we construct a stable flow with a hyperbolic stagnation point.

Lemma 4.2. There exists some domain Q@ with smooth boundary such that the eigen-
function with the lowest eigenvalue of — A on H(l) () has a saddle point.
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Proof. First we consider a smooth domain €29 composed of two circular disks of radius
R smoothly connected by a thin channel of width 2¢ (see the graph). We also make 29
symmetric with respect to the middle vertical axis. Let ¢g be the eigenfunction with the
lowest eigenvalue Ao of —A on H(l) (20) . From the standard theory, we know that ¢y is
positive and is symmetric with respect to the axis.

We shall prove the following estimate:

sup [Vgo| < <k0 + k3 + ko) sup ¢o. 41
Q() Qo

Here k is a positive number such that the curvature k > —kq at each point of 9<2.
The proof of (41) follows from an idea in [14], see also [16, Chapter 5]. Let t =
supg, [Vool|, M = Supg, ¢o and a = 2kgt. Define

P = |Véol* + 155 + ado.
Then by a direct computation

L;P;

AP+ 5 = (Ao + @) > 0,

Vol

here
Li = —P; —20;¢p0 (Aogpo + @) .

So by the Maximum principle, the maximum of P is either obtained on the boundary
a2 or at some point in g, where V¢g = 0. For the first case, supposing the maximum
of P is obtained at xo € 92, we have

apP

EHO > 0 (42)

by Hopf’s principle. Here n is the outward normal direction. But (see [16, p. 76])
0P _ ,0¢0 0% 3

an 0 =25 T T,
= —2|Veol (o + 2k (x0) |Veol) -

Since

o + 2k (x0) [Vpo| = o — 2ko sup [Vepo| = 0,
Qo
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we get a contradiction to (42). Thus P can obtain the maximum only at a point in
where Vg = 0. So we get

2 < MM? +aM = 2ZM? + 2koM T

from which (41) follows.
For any point D in the channel, the distance to the nearest boundary point is at most
. So by the mean value theorem

do(D)<er=<c¢ (ko + k3 + ko) sup @o. (43)
Q0

Since a disk Bg/> with radius § is contained in ¢, by the monotonicity of the eigen-
values of — A with respect to the domain, we have 1o < A (B R /2) (the lowest eigenvalue
of —A in Bg/>). We can make ko bounded (with a bound independent of ¢) as long as
the domain ¢ is smooth. So from (43), we can see that if ¢ is small then ¢y can not
obtain its maximum in the channel. But since ¢ is symmetric with respect to the middle
vertical axis, ¢9 must have at least two maximum points, one on each disk. We cannot
ensure the two maximum points we get are non-degenerate. But we can deform Qg to
make them non-degenerate in the following way.

We quote a result of K. Uhlenbeck ([18]). First we introduce some notations as in
[18]. Let N be a compact n-manifold with boundary which can be embedded in R"
and B = Emby (N, R") be the set of Ck embedding of N in R”. We associate with
the embedding F : N — R” the Laplace operator on the image of F with Dirichlet
boundary condition, which we denote by Ay (r). Consider the following properties of
Alm(F) :

A. One dimensional eigenspaces.

B. Zero is not a critical value of the eigenfunction restricted to the interior of the
domain of the operator.

C. The eigenfunctions are Morse functions on the interior of the domain of the oper-
ator.

Theorem 9 in [18] is

Lemma 4.3. Let k > n + 2. Then the set
{F € Emby (N, R”) : properties A, B, and C hold for Alm(F)}
is residual in Emb, (N, R").

Using this result, we can deform €2 slightly to get a new domain €2. This domain
is still symmetric to its middle vertical axis with the curvature condition

k > —2ko on 02,

and the first eigenfunction ¢ of —A on €2 is a Morse function. Then by the same argu-
ment as above for the domain €2, ¢ still has at least two maximum points. By the strong
maximum principle, the normal derivative d¢/dn is negative everywhere on 92. So the
vector field Ug (x, y) = (—8}4), qu&) is always nonzero on 9€2. It defines a non-degen-
erate vector field on €2, tangential to 2. Denote the number of equilibria of Uy with
index +1(—1) by ny1 (n_1). We have

nyp—n_p = 1. 44)
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For the proof of (44), we introduce the double manifold Q of 2, which is obtained from
Q2 by attaching a second copy of €2 along d2. By doing so we identify each point on 92
with its copy in the boundary of the second copy. In this way we get a 2-dimensional
manifold Q without boundary, which is clearly diffeomorphic to S>. The vector field Uy
is extended to Uy on €2 in the natural way. And we have that the number of equilibria of
Up with index +1(—1) is ny1 (n—1) = 2n41 (n—1). By Hopf’s Theorem,

Nyl —n_y =X (Q> =2,

where x (Q) is the Euler characteristic of 2. So (44) follows. Noticing that n_| is the

number of maximum and minimum points of ¢ on 2 which is at least 2 and n_; is
the number of saddle points of Uy, we conclude that there exists some non-degenerate
saddle pointof ¢. O

Combining the above results in this section, we get the following theorem.

Theorem 4.3. Let ¢ be the eigenfunction with the lowest eigenvalue of —A on H(l) (),
where 2 is constructed in Lemma 4.2. Then the steady flow Uy (x, y) = (—3y¢, qub) is

nonlinearly stable in the L>*—norm of the vorticity, but linearly unstable in the L>* —norm
of the velocity.

We note that it was proved in [10] that a steady flow with a saddle point is nonlinearly
unstable in the C'* norm of the velocity. However the nonlinearly stability or instability
in the energy space is unknown.

5. Remarks on the Case of a Non-Simply Connected Domain

The results in Theorem 1.1, 1.2 can be generalized to the non-simply connected case.
For this case, the boundary conditions for the vorticity equation is now (3a), (3b ). So
we have to change the function space for the stability and instability results. Define

X:={1/feH2(Q)|1//=\DionAi,?§ %=Oand//1/f=0}, (45)
A on Q

Y::{weHI(Q)W:\yionAi,yg %zoand//d/:O}, (46)
A; On Q

L%::{weL2(9)|//w=0}
Q
with

wix = [ [ 1avPasay vty = [ [ iwuPaxay v = [ [ 1widsay.

Here W; are unspecified constants. We define the functionals a, b on Y and the operators
Ay, Ap: X — L% in the same way as in the simply connected case. Then the conclusions
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of Theorem 1.1, 1.2 still hold true. The proofs are similar, so we skip them here. Now we
explain why the spaces defined by (45) and (46) are natural for non-simply connected
domains. The first condition (¢ = W; on A;) is the requirement of (3a). The zero inte-
gral condition is used to get rid of the arbitrary constant which might add to the stream
function . For the zero circulation condition, we recall that for the Euler equation the
circulation is invariant, and this is also true for the linearized Euler equation. So for a
growing mode e*' ¢ satisfying the linearized Euler equation, we must have

d
jg _¢ = 0.
Aj on

So we only need consider function spaces defined by (45) and (46) when studying the
existence of growing modes. For the stability study, we can decompose any function
satisfying the boundary conditions (3a),(3b) as ¥ = ¥’ + v, where ¥’ isin X or Y
and g is a harmonic function with A;— circulation

%
_(f,\i on’

When ¢ is the stream function for a solution of Euler equation, the circulation is fixed
and thus v is independent of time. We can use the energy-Casimir method as in [17]
to control ¥" under the vorticity norm.
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