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Abstract: We reduce the number of open additivity problems in quantum information
theory by showing that four of them are equivalent. Namely, we show that the conjec-
tures of additivity of the minimum output entropy of a quantum channel, additivity of
the Holevo expression for the classical capacity of a quantum channel, additivity of the
entanglement of formation, and strong superadditivity of the entanglement of formation,
are either all true or all false.

1. Introduction

The study of quantum information theory has led to a number of seemingly related open
questions that center around whether certain quantities are additive. We show that four
of these questions are equivalent. In particular, we show that the four conjectures of

i. additivity of the minimum entropy output of a quantum channel,
ii. additivity of the Holevo capacity of a quantum channel,
iii. additivity of the entanglement of formation,
iv. strong superadditivity of the entanglement of formation,

are either all true or all false.

Two of the basic ingredients in our proofs are already known. The first is an obser-
vation of Matsumoto, Shimono and Winter [12] that the Stinespring dilation theorem
relates a constrained version of the Holevo capacity formula to the entanglement of
formation. The second is the realization that the entanglement of formation (or the con-
strained Holevo capacity) is a linear programming problem, and so there is also a dual
linear formulation. This formulation was first presented by Audenaert and Braunstein
[1], who expressed it in the language of convexity rather than that of linear programming.
We noted this independently [16]. These two ingredients are explained in Sect. 3 and 5.
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The rest of this paper is organized as follows. Sect. 2 gives some background in
quantum information theory, describes the additivity questions we consider, and gives
brief histories of them. Sect. 3 and 5 explain the two ingredients we describe above, and
are positioned immediately before the first sections in which they are used. To show that
the conditions (i) to (iv) are equivalent, in Sect. 4 we prove that (ii) — (iii): additivity
of the Holevo capacity implies additivity of entanglement of formation. In Sect. 6 we
prove (iii) — (iv): additivity of entanglement of formation implies strong superaddi-
tivity of entanglement of formation. This implication was independently discovered by
Pomeransky [13]. In Sect. 7 we prove that (i) — (iii): additivity of minimum entropy
output implies additivity of entanglement of formation. In Sect. 8, we give simple proofs
showing that (iv) — (i), (iv) — (ii), and (iv) — (iii). The first implication is the only one
that was not in the literature, and we assume this is mainly because nobody had tried to
prove it. The second of these implications was already known, but for completeness we
give a proof. The third of these implications is trivial.' In Sect. 9 we give proofs that (ii)
— (1) and (iii) — (i): either additivity of the Holevo capacity or of the entanglement of
formation implies additivity of the minimum entropy output. These implications com-
plete the proof of equivalence. Strictly speaking, the only implications we need for the
proof of equivalence are those in Sect. 6-9. We include the proof in Sect. 4 because it
uses one of the techniques used later for Sect. 7 without introducing the extra complex-
ity of the dual linear programming formulation. Finally, in Sect. 10 we comment on the
implications of the results in our paper and give some open problems.

2. Background and Results

One of the important intellectual breakthroughs of the 20" century was the discovery
and development of information theory. A cornerstone of this field is Shannon’s proof
that a communication channel has a well-defined information carrying capacity and his
formula for calculating it. For communication channels that intrinsically incorporate
quantum effects, this classical theory is no longer valid. The search for the proof of
the analogous quantum formulae is a subarea of quantum information theory that has
recently received much study.

In the generalization of Shannon theory to the quantum realm, the definition of a
stochastic communication channel generalizes to a completely positive trace-preserving
linear map (CPT map). We call such a map a quantum channel. In this paper, we consider
only finite-dimensional CPT maps; these take di, X di, Hermitian matrices to doy; X dout
Hermitian matrices. In particular, these maps take density matrices (trace 1 positive semi-
definite matrices) to density matrices. Note that the input dimension can be different
from the output dimension, and that these dimensions are both finite. Infinite dimen-
sional quantum channels (CPT maps) are both important and interesting, but dealing
with them also introduces extra complications that are beyond the scope of this paper.

There are several characterizations of CPT maps. We need the characterization given
by the Stinespring dilation theorem, which says that every CPT map can be described by
an unitary embedding followed by a partial trace. In particular, given a finite-dimensional
CPT map N, we can express it as

N(p) =TrgU(p),

1 In fact, property (iv), strong superadditivity of E -, seems to be in some sense the “strongest” of these
equivalent statements, as it is fairly easy to show that strong superadditivity of entanglement of formation
implies the other three additivity results whereas the reverse directions appear to require substantial work.
Similarly, property (i) appears to be the “weakest” of these statements.
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where U (p) is a unitary embedding, i.e., there is some ancillary space H p such that U
takes Hiy to Houw @ Hp by

Up) = VpVvT

and V is a unitary matrix mapping Hi, to range(V) C Hou @ Hp. We also need the
operator sum characterization of CPT maps. This characterization says that any finite-
dimensional CPT map N can be represented as

Np) = AvpA].
k

where the Ay are complex matrices satisfying

ZAZAk =1

The Holevo information? x is a quantity which is associated with a probabilistic ensem-
ble of quantum states (density matrices). If density matrix p; occurs in the ensemble
with probability ¢g;, the Holevo information x of the ensemble is

x=H (Z%m) - Zqu(pi),

where H is the von Neumann entropy H(p) = —Tr p log p. This quantity was intro-
ducedin[6, 11, 8] as a bound for the amount of information extractable by measurements
from this ensemble of quantum states. The first published proof of this bound was given
by Holevo [8]. It was much later shown that maximizing the Holevo capacity over all
probabilistic ensembles of a set of quantum states gives the information transmission
capacity of this set of quantum states; more specifically, this is the amount of classi-
cal information which can be transmitted asymptotically per quantum state by using
codewords that are tensor products of these quantum states, as the length of these code-
words goes to infinity [9, 15]. Optimizing x over ensembles composed of states that
are potential outputs of a quantum channel gives the quantum capacity of this quantum
channel over a restricted set of protocols, namely those protocols which are not allowed
to send inputs entangled between different channel uses. If the channel is NV, we call this
quantity y; it is defined as

Xy = max H(N(vaixm)) — > piH (N ([vi )i ), (1)

{pi.lvid}

where the maximization is over ensembles {p;, | v;)}, where Zi pi = land | v;) € Hin,
the input space of the channel N.
The regularized Holevo capacity is

lim —xyen;
n—oon

this gives the capacity of a quantum channel to transmit classical information when
inputs entangled between different channel uses are allowed. The question of whether

2 This has also been called the Holevo bound and the Holevo x -quantity.
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the quantum capacity is given by the single-symbol Holevo capacity y is the question
of whether the capacity yu is additive; that is, whether

XN1®N, = XN, + XN -

The > relation is easy; the open question is the < relation.

The question of additivity of the minimum entropy output of a quantum channel was
originally considered independently by several people, including the author, and appears
to have been first considered in print in [10]. It was originally posed as a possible first
step to proving additivity of the Holevo capacity xu. The question is whether

Iﬁ;? H(N1 ® N2(|9)9)) = r‘n(;gl H(N1(I¢Xo1)) + I‘n(;gl H(Na(|¢Xo1),

where the minimization ranges over states | ¢) in the input space of the channel. Note
that by the concavity of the von Neumann entropy, if we minimize over mixed states
o —i.e., min, H(N(p)) — there will always be a rank one p = |¢)¢| achieving the
minimum.

The statements (iii) and (iv) in our equivalence theorem both deal with entanglement.
This is one of the stranger phenomena of quantum mechanics. Entanglement occurs when
two (or more) quantum systems are non-classically correlated. The canonical example
of this phenomenon is an EPR pair. This is the state of two quantum systems (called
qubits, as they are each two-dimensional):

1
ﬁ(|01) | 10)).
Measurements on each of these two qubits separately can exhibit correlations which
cannot be modeled by two separated classical systems [2].
A topic in quantum information theory that has recently attracted much study is that
of quantifying entanglement. The entanglement of a bipartite pure state is easy to define
and compute; this is the entropy of the partial trace over one of the two parts

Epure (JvXv]) = H (Trplv)v]).

Asymptotically, two parties sharing n copies of a bipartite pure state |v)(v| can use local
quantum operations and classical communication (called LOCC operations) to produce
nEpure (lv){v]) — o(n) nearly perfect EPR pairs, and can similarly form n nearly perfect
copies of [v)(v| from nEpue(Jv){v]) + o(n) EPR pairs [4]. This implies that for a pure
state |v)(v|, the entropy of the partial trace is the natural quantitative measure of the
amount of entanglement contained in |v)(v|.

For mixed states (density matrices of rank > 1), things become more complicated.
The amount of pure state entanglement asymptotically extractable from a state using
LOCC operations (the distillable entanglement) is now no longer necessarily equal to
the amount of pure state entanglement asymptotically required to create a state using
LOCC operations (the entanglement cost) [17]. In general, the entanglement cost must
be at least the distillable entanglement, as LOCC operations cannot increase the amount
of entanglement.

The entanglement of formation was introduced in [5]. Suppose we have a bipartite
state o on a Hilbert space H 4 ® H p. The entanglement of formation is

Ep(o)= min 3 piH (Trp[v;)vi]). )
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where the minimization is over all ensembles such that ) ", p;|v;Xv;| = o with prob-
abilities p; satisfying ), p; = 1. The entanglement of formation must be at least the
entanglement cost, as the decomposition of the state o yielding Er (o) can be used to
create a prescription for asymptotically constructing o®" from nEp (o) + o(n) EPR
pairs. The regularized entanglement of formation
H 1 ®n

lim —Ep(c®")

n—-oon
has been proven to give the entanglement cost of a quantum state [7]. As in the case of
channel capacity, a proof of additivity, i.e., that

Er(01 ® 02) = Ep(01) + Ef(02),

would imply that regularization is not necessary.

The question of strong superadditivity of entanglement of formation has been pre-
viously considered in [3, 17, 12, 1]. This conjecture says that for all states o over a
quadripartite system Ha1 ® Ha2 ® Hp1 @ Hpa, we have

Ep(0) = EF(Try0) + Ep(Tr10),

where the entanglement of formation Er is taken over the bipartite A-B division, as
in (2). This question was originally considered in relation to the question of additiv-
ity of Er. The strong superadditivity of entanglement of formation is known to imply
both the additivity of entanglement of formation (trivially) and the additivity of Holevo
capacity of a channel [12]. A proof similar to ours that additivity of Er implies strong
superadditivity of Er was discovered independently; it appears in [13].

We can now state the main result of our paper.

Theorem 1. The following are equivalent.

i. The additivity of the minimum entropy output of a quantum channel. Suppose we
have two quantum channels (CPT maps) N (taking C4tinxdLin 1o Cd1ouxdiont ) gpd
N, (taking C d2inxd2in g Cd240ut><d240ut). Then

IB;? H((N1 ® N2)(19)¢]) = rﬁ;? H(N1(|¢XD) + Iﬁ;? H(N2(|9)91)).

where H is the von Neumann entropy and the minimization is taken over all vectors
| @) in the input space of the channels.

ii. The additivity of the Holevo capacity of a quantum channel. Assume we have two
quantum channels N1 and N>, as in (i). Then

XNI®QN> = XN, + XNy

where x is defined as in Eq. (1).
iii. Additivity of the entanglement of formation. Suppose we have two quantum states
01 € Ha1 ® Hp1 and 03 € Har ® Hpo. Then

Er(o1 ® 02) = Ep(01) + Er(02),

where EF is defined as in Eq. (2). In particular, the entanglement of formation is
calculated over the bipartite A—B partition.
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iv. The strong superadditivity of the entanglement of formation. Suppose we have a
density matrix o over a quadripartite system Ha1 @ Hao @ Hp1 @ Hpa. Then

Ep(0) > Ep(Tryo) + Ep(Try0),

where the entanglement of formation is calculated over the bipartite A—B partition.
Here, the operator Try traces out the space H 41 @ Hp1, and Tr, traces out the space
Ha2 ® Hpa.

3. The Correspondence of Matsumoto, Shimono and Winter

Recall the definition of the Holevo capacity for a channel N:

= max HNCOY piliXeiD) = Y piH(N(1¢i)pi]))-
1 1 l. i

Recall also the definition of entanglement of formation. For a bipartite state 0 on H4 ®

‘H , the entanglement of formation is

Er(e) = min = piH(Trg[v;ui)).
Pis | Y .
I CHE
Let us define a constrained version of the Holevo capacity, which is just the Holevo
capacity over ensembles whose average input is p,

v(p) = max - HNQ pilgi)giD) = piH(N(#ei). ()
pOTA A i i

The paper of Matsumoto, Shimono and Winter [12] gives a connection between this

constrained version of the Holevo capacity and the entanglement of formation, which

we now explain. The Stinespring dilation theorem says that any quantum channel can

be realized as a unitary transformation followed by a partial trace. Suppose we have a

channel N taking H;, to H 4. We can find a unitary embedding U(p) = Vp vT that
takes Hin to H4 ® Hp such that

N(p) =TrpU(u)

for all density matrices u € Hj,. Now, U maps an ensemble of input states {p;, | ¢;)}
with p = )", pil$i)¢i| to an ensemble of states {p;, |v;) = V |¢;)} on the bipartite
system Ha ® Hp such that }; pi|vi}vi| = 0 = U(p).

Conversely, if we are given a bipartite state 0 € Hy4 ® Hp, we can find an input
space Hi, with dim H;, = rank o, a density matrix p € Hjj,, and a unitary embedding
U : Hin = Hou such that U(p) = o. We can then define N by

N(u) =TrgU(u),

establishing the same relation between N, U, p and o. Note that since we chose
dim Hj, = rank o = rank p, p has full rank in Hj;j,.
Since N (|¢; X¢i|) = Trp|v;)v;|, we have

xn(p) = H(N(p)) — EF(0).
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Now, suppose Er (o) is additive. I claim that xy (p) is as well, and vice versa. Let us
take N1(p) = TrgUi(p) and Na(p) = TrgUz(p). If U1(p1) = o1 and Uz (p2) = 02,
then we have

XNi@N, (01 ® p2) = H(N1 ® Na(p1 ® p2)) — Er(0o1 ® 02)
= H(N(p1)) + H(N2(p2)) — EF(01 ® 02).

The first term on the right-hand side is additive, so the entanglement of formation Ef is
additive if and only if the constrained capacity yy (p) is.

4. Additivity of x Implies Additivity of Er

Recall the definition of the Holevo capacity for a channel N:
=i (N (Z Pi l¢i><¢il)) = D PHWN ()i,
L 1 l l

where the maximization is over ensembles {p;, | ¢;)} with ), p; = 1. Recall also our
definition of a constrained version of the Holevo capacity, which is just the definition of
the Holevo capacity with the maximization only over ensembles whose average inputis p,

{pi> | i
i piloiMdil=p

xv(p) = max H(N(Zpimx«m))—ZpiH(N<|¢,-><¢>i|)>.

Let o be the state whose entanglement of formation we are trying to compute. The MSW
correspondence yields a channel N and an input state p so that

N(p) =Trgo
and
xn(p) = H(N(p)) — Ep(o).

This is very nearly the channel capacity, the only difference being that the p above is
not necessarily the p that maximizes xy. Only one element is missing for the proof that
additivity of channel capacity implies additivity of entanglement of formation: namely
making sure that the average density matrix for the ensemble giving the optimum chan-
nel capacity is equal to a desired matrix pg. This cannot be done directly [14], but we
solve the problem indirectly.

We now give the intuition for our proof. Suppose we could define a new channel N’
which, instead of having capacity

XN = max x (p),
has capacity
Xy = max xn(p) + Trpt 4
for some fixed Hermitian matrix t. For a proper choice of 7, this will ensure that the

maximum of this channel occurs at the desired p. Consider two entangled states o1 and
o> which we wish to show are additive. We can find the associated channels N ]’ and Né,
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with the capacity maximized when the average input density matrix is p; and p;, respec-
tively. By our hypothesis of additivity of channel capacity, the tensor product channel
N{ ® N has capacity equal to the sum of the capacities of Nj and N;. If we can now
analyze the capacity of the channel N| ® N} carefully, we might be able to show that the
entanglement of formation of Ef (o] ® 07) is indeed the sum of Ef(o1) and Ef(02).
We do not know how to define such a channel N’ satisfying (4). What we actually do is
find a channel whose capacity is close to (4), or more precisely a sequence of channels
approximating (4) in the asymptotic limit. It turns out that this will be adequate to prove
the desired theorem.

We now give the definition of our new channel N’. It takes as its input, the input
to the channel N, along with k additional classical bits (formally, this is actually a 2%-
dimensional Hilbert space on which the first action of the channel is to measure it in
the canonical basis). With probability ¢ the channel N’ sends the first part of its input
through the channel N and discards the classical bits; with probability 1 — ¢ the channel
N makes a measurement on the first part of the input, and uses the results of this mea-
surement to decide whether or not to send the auxiliary classical bits. When the auxiliary
classical bits are not sent, an erasure symbol is sent to the receiver instead. When the
auxiliary classical bits are sent, they are labeled, so the receiver knows whether he is
receiving the output of the original channel or the auxiliary bits.

What is the capacity of this new channel N’'? Let E be the element of the POVM
measurement in the case that we send the auxiliary bits (so I — E is the element of the
POVM in the case that we do not send these bits). Now, we claim that for some set of
vectors | v;) and some associated set of probabilities p;, the optimum signal states of
this new channel N will be |v; Xv;| ® |b)b| with associated probabilities p; /2%, where
b ranges over all values of the classical bits.>

We now can find bounds on the capacity of N’. Let | v;) and p; be the optimal signal
states and probabilities for xp’(p). We compute

v (p) =g (H (N(Z pi|v,~><vi|)) - piH<N<|vi><vl~|)>)

+(1—q)k Y piTrE|v;)vi|

+(1—q) (Hz (TrEZ pilvi)(vi |) -3 pin(TrEwixviD) NG

where H; is the binary entropy function Hy(x) = —xlogx — (1 — x)log(l — x). The
first term is the information associated with the channel N, the second is that associated
with the auxiliary classical bits, and the third is the information associated with the
measurement E.

Let p = ) ; pilviXv;| and let o be the associated entangled state. We can now deduce
from (5) that

v (p) =qgxn(p) + (1 —g)kTrEp + (1 — q)4, (6)

3 This just says that we want to use the classical part of the channel as efficiently as possible. The
formal proof is straightforward: First, we show that it doesn’t help to send superpositions of the auxiliary
bits, so we can assume that the signal states are indeed of the form |v; }(v;| ® |b)b|. Next, we show that if
two signals |v; Xv; | ® |b1)(b1| and |v; Xv;| @ |b2)b2| do not have the same probabilities associated with
them, a greater capacity can be achieved by making these probabilities equal.
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where § is defined as

§ = Hy(TrEp) — Y piHa((vi | E| ;).
i
Note that 0 < § < 1, since § is positive by the concavity of the entropy function H,, and

is at most 1 since H>(p) < 1 for 0 < p < 1. Similarly, if we use the optimal states for
xn~ (p), we find that

xv(p) = xn(p) + (1 —g)kTrEp. (7
From Eq. (6) and (7), if we find the pp that maximizes the quantity
gxn(p)+ (1 —qg)kTrEp; 8)

we are guaranteed to be within 1 — g of the capacity of N'.
‘We next show that we can find a measurement E such that an arbitrary density matrix
00 is a maximum of (8).

Lemma 2. For any probability 0 < g < 1, any channel N, and any fixed positive matrix
po over the input space of N, there is a sufficiently large ko such that for k > ko we can
find an E so that the maximum of (8) occurs at pg. (This maximum need not be unique.
If xn (p) is not strictly concave at pg, then pg will be just one of several points attaining
the maximum. )

Proof. Itfollows from the concavity of von Neumann entropy that x (o) is concave in p.
The intuition is that we must choose E so that the derivative * of (8) with respect to p at
po is 0. Because we only vary over matrices with Tr p = 1, we can add any multiple of
I to E and not change the derivative. Suppose that in the neighborhood of py,

XN (P) < xn(po) +Trt(p — po). 9

That such an expression exists follows from the concavity of xn (p) and the assumption
that pg is not on the boundary of the state space, i.e., has no zero eigenvalues. A full
rank pg is guaranteed by the MSW correspondence.

To make pg a maximum for Eq. (8), we see from Eq. (9) that we need to find E so
that

1-—
Q=Dyp -t
q
with 0 < E < I. This can be done by choosing k and A appropriately. O
Now, suppose we have two entangled states o and o for which we want to show that
the entanglement of formation is additive. We create the channels N and N} as detailed
above. By the additivity of channel capacity (which we’re assuming), the signal states

of the tensor product channel can be taken to be | vl.(l))| b)) ® | v;2))| by) for by, by any
k-bit strings, with probability pl.(l) pﬁ.z) /22k_ This gives a bound on the channel capacity
of at most
xnien; < q (H(Ni(p) — Ep(o1) + (1 = @)kTrEip)
+q (H(N2(p2)) — EF(02)) + (1 = @)kTrEopp +2(1 —g).  (10)

4 This is the intuition. This derivative need not actually exist.
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The 2(1 — g) term at the end comes from the fact that the formula (8) is within 1 — g of
the capacity. Now, we want to show that we can find a larger capacity than this if there
is a better decomposition of o1 ® 03, i.e., if the entanglement of formation of o1 ® o>
is not additive. The central idea here is to let ¢ go to 1; this forces k to simultaneously
g0 to 0o. There is a contribution from entangled states, which goes as ¢2, a contribution
from the auxiliary k-bit classical channel, which goes as (1 — g)k, but which is equal in
both cases, and a contribution from unentangled states, which goes as g(1 — g). As ¢
goes to 1, the contribution from the entangled states dominates the difference.

Suppose there is a set of entangled states which gives a smaller entanglement of for-
mation for o1 ® o7 than Ero; + Efo,. By the MSW correspondence, this gives a set
of signal states for the map N1 ® N, which yields a larger constrained capacity than
XN, (p1) + xn,(p2). We define this set of signal states for N; ® N; to be the states
|¢i X i, and let the associated probabilities be ;. Now, using the | ¢;) as signal states
in N{ ® N} shows that

Xvjeng = ¢ H(N1 ® Na(pr ® p2) — ¢°Er(01 ® 02) + (1 — @)k Tr Eapo.

This estimate comes from considering the information transmitted by the signal states
|; }{¢; | in the case (occurring with probability ¢?) when the channels operate as N1 Q N,
as well as the information transmitted by the k classical bits.

We now consider the difference between this lower bound (11) for the capacity of
N{ ® N} and the upper bound (10) we showed for the capacity using tensor product
signal states. In this difference, the terms containing (1 — ¢ )k cancel out. The remaining
terms give

0> gEr(o1) +qEF(02) — ¢*Er(o1 ® 02) — 2(1 — q)
—q(1 —q)H(N1(p1)) —q(1 —q)H(N2(p2)).

For ¢ sufficiently close to 1, the (1 — ¢) terms can be made arbitrarily small, and ¢
and g2 are both arbitrarily close to 1. This difference can thus be made positive if the
entanglement of formation is strictly subadditive, contradicting our assumption that the
Holevo channel capacity is additive.

5. The Linear Programming Formulation

We now give the linear programming dual formulation for the constrained capacity
problem. Recall the definition of the constrained Holevo capacity

{pi- | i
i pileiNoil=p

xv(p) = max H(N(Zpimx«m))—ZpiH<N(|¢i><¢i|)>. (11)

This is a linear program, and as such it has a formulation of a dual problem that also
gives the maximum value. This dual problem is crucial to several of our proofs. For this
paper, we only deal with channels having finite dimensional input and output spaces. For
infinite dimensional channels, the duality theorem fails unless the maxima are replaced
by suprema. We have not analyzed the effects this has on the proof of our equivalence
theorem, but even if it still holds the proofs will become more complicated.

By the duality theorem for linear programming there is another expression for Er (o1).
This was observed in [1, 16]. It is

xn(p) = H(N(p)) — f(p), 12)
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where f is the linear function defined by the maximization

m;lx f(p) such that f (JvXv]) < H(N(Jv)v|)) forall |v) € Hjn. (13)

Here Hj, is the input space for N and the maximum is taken over all linear functions

f(p) =Trzp.

Equations (12) and (13) can be proved if p is full rank by using the duality theorem
of linear programming. The duality theorem applies directly if there are only a finite
number of possible signal states allowed, showing the equality of the modified version
of Egs. (11) and (12) where the constraints in (13) are limited to a finite number of
possible signal states | v;), which are also the only signal states allowed in the capacity
calculation (11). To extend from all finite collections of signal states |v; }(v;| to all [v)v],
we need to show that we can find a compact set of linear functions f(p) = Tr tp which
suffice to satisfy Eq. (13). We can then use compactness to show that a limit of these
functions exists, where in the limit Egs. (11) and (13) must hold on a countable set of
possible signal states | v;) dense in the set of unit vectors, thus showing that they hold
on the set of all unit vectors | v). The compactness follows from p being full rank, and
H (N (Jv)Xv])) < logdoy for all |v)v|, where dyy is the dimension of the output space
of N. The case where p is not full rank can be proved by using the observation that the
only values of the function f which are relevant in this case are those in the support of p.

Equality must hold in (13) for those | v) which are signal states in an optimal decom-
position. This can be seen by considering the inequalities

XN (p) = H(N(p)) = Y pi H(N ([vi)vi]))

< H(N(p)) = Y_ pi f(Jvi)wil)
= H(N(p)) — f(p).

For equality to hold, it must hold in all the terms in the summation, which are exactly
the signal states | v;).

6. Additivity of Er Implies Strong Superadditivity of Er

In this section, we will show that additivity of entanglement of formation implies strong
superadditivity of entanglement of formation. Another proof was discovered indepen-
dently by Pomeransky [13]; it is quite similar, although it is expressed using different
terminology.

We first give the statement of strong superadditivity. Assume we have a quadripartite
density matrix o whose four parts are A1, A2, B1 and B2. The statement of strong
superadditivity is that

Ep(0) = Ep(Tr20) + Ep(Try0), (14)

where EF is the entanglement of formation when the state is considered as a bipartite
state where the two parts are A and B; that is,

Ep(o) = (pr_n\i;;)} ZPiH(TrB|¢i)(¢i|)~ (15)
S piloiNoil=o i
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First, we show that it is sufficient to prove this when o is a pure state. Consider the opti-
mal decompositionof o = ), 7;|¢; }(¢; |. We can apply the theorem of strong subadditiv-

ity to the pure states |¢; }(¢; | to obtain decompositions Try|¢; Xpi| = > f pf’lj.)|vl»(,1/?)(vl.(lj.)|
2) @y, (2 o
and Traliil = 32, i) lvj ) )v; ]| so that

1 2 2 2
H(Teplgigil) = Y pi ) H(Teplof ol + > p2 H (Trplv w2 ).
J J

Summing these inequalities over i gives the desired inequality.

We now show that additivity of Er implies strong superadditivity of Er. Let | ¢) be
a quadripartite pure state for which we wish to show strong superadditivity. We define
o1 = Tra|¢)¢| and o2 = Tri|¢)¢p|. Now, let us use the MSW correspondence to find
channels Nj and N, and density matrices p; and p, such that

Ni(p1) =Trgoy and Nz(p2) = Trpos
and

xny (p1) = H(N1(p1)) — EF(o1),
XN, (p2) = H(N2(p2)) — EF(02).

We first do an easy case which illustrates how the proof works without introducing
additional complexities. Let d; and d» be the dimensions of the input spaces of Nj and
N3. In the easy case, we assume that there are d12 linearly independent signal states in an

optimal decomposition of p; for xn, (p1), and d22 linearly independent signal states in
Dy, (D)
Xv; |

an optimal decomposition of p; for xn, (02). Let these sets of signal states be [v;

with probabilities p{'’, and [v{”)(v\”| with probabilities p'*', respectively. It now fol-

lows from our assumption of the additivity of entanglement of formation that an optimal
ensemble of signal states for x ;o n, (01 ®p2) is | v,.(l)) ®| U§2)> with probability p,.(l)pﬁ.z).

Now, let us consider the dual linear function f7 for the tensor product channel N1 ®
N. Since we assumed that entanglement of formation is additive, by the MSW corre-

spondence yy (p) is also additive. We claim that the dual function f7 must satisfy
1 2 2 2 2
Frav )1 @ )P = B (o o D) + HNa (0P )Py 16

for all signal states | vl.(l) ) U;-2) ). This is simply because equality must hold in the inequal-
ity (13) for all signal states. However, we now have that fr is a linear function in a
a’lzdz2 — 1 dimensional space which has been specified on d12d22 linearly independent
points; this implies that the linear function fr is uniquely defined. It is easy to see that
it thus must be the case that

fr(p) = fi(Trap) + fo(Tr1p), (17)

as this holds for the dlzdg signal states We now let |1 )(y/| be the preimage of Trp|¢)¢|
under the channel N1 ® N;. We have, from. Eq. (13) and (17), that

STy X)) + fo(Try ¥ Xy ) < H(NE @ Na([y Xy ). (18)
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But recall that

Ji(Te2[y X |) = Er(o1),
L(Triy Xy |) = Er(02), (19)

because (13) holds with equality for signal states, and that

N1 @ Nao(|[y Xy ]) = Trp|op)el.
Thus, substituting into (18), we find that

Ep(o1) + Er(02) < H(Trp|pXo)),

which is the statement for the strong superadditivity of entanglement of formation of
the pure state |¢)¢|.

We now consider the case where there are fewer than ali2 signal states for xn, (o),
i = 1,2. We still know that the average density matrices of the signal states for N
and N are p; and po, and that the support of these two matrices are the entire input
spaces H in and H> in. The argument will go as before if we can again show that the
dual function fr mustbe f1(Tr2p0) + f2(Tr1p). In this case we do not know d 12d22 points
of the function f7, and thus cannot use the same argument as above to show that fr
is determined. However, there is more information that we have available. Namely, we

know that in the neighborhood of the signal states | vl.(l)), the entropy H (N1(Jv)v]))
must be at least the dual function f; = Tr r|v)(v|, and that these two functions are
equal at the signal states. If we assume that the derivative of H (N (Jv)v|)) exists at
|v(1) X l.(l) |, then we can conclude that this is also the derivative of f; = Tr 71 |v)v|. For
the time being we will assume that the first derivative of this entropy function does in
fact exist.”

We need a lemma.

Lemma 3. Suppose that we have a set of unit vectors | v;) that span a Hilbert space
‘H. If we are given the value of f at all the vectors | v;) as well as the value of the first
derivative of f,

hm (f(|vl (vi]) — ((V A —€e|v) +elwNDWV1—e€ (v | +e€(w; |)))

at all the vectors | v;) and for all orthogonal | w), then f is completely determined.

Proof. Let us use the representation f(p) = Tr 7o (we do not need a constant term on
the right-hand side because we need only specify f on trace 1 matrices). Suppose that
(vilw) = 0. We compute the derivative at | v;) in the | w) direction:

(Vi—ewl+ewl) o (VIi—elw) +elw) = frlv)
~e((viltlw)+(wlt|v). (20)
The derivative in the i | w) direction gives
i ((vi |t lw) —(w|zlv)), ey

5 1In fact, I believe the function is smooth enough that these derivatives do exist. However, we find it
easier to deal with the cases where Ny (Jv)(v|) has zero eigenvalues by expressing N1 and N; as a limit
of nonsingular completely positive maps.
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so a linear combination of (20) and (21) shows that the value of (v; | T | w) is determined
for all | w) orthogonal to | v;). We also know the value of

(vilTlvi);
it follows that the value of
(vi [T | w)

is determined for all | w). Since the (v; | span the vector space, this determines the value
of

(ult|w)
for all (u | and all | w), thus determining the matrix t. O

We now need to compute the derivative of the entropy of Nj. Let

Ni(p) =Y AipA]

with Y, AT A; = I Then if Tro = 0,

%

H(Ni(p + €0)) — H(Ni(p)) = —€Tr [(I +10g(N(p))N1(0)]

— —eTr (a 3" A7 (log Ny (p))Ak> @

k

Now, if the entanglement of formation is additive, then the derivative of H(N; ® N3) at
the tensor product signal states |v(1))( l.(l)l ® |v§2))(v52)| must also match the derivative
of the function f7 at these points. We calculate:

H(N; ® Na(p +€0)) — H(N1 ® Na(p))

~—eTr o Y (AL @ AT (togVi @ M)A ® AD)
ki,ka

Now at a point p = p1 ® 02,

S (4T © AP ) log Ny ® Na(0))(AL ® AL
ki,k>

(Z AT 1og v,y (pl)A,‘(i)> QI+1® (Z(A,(j)T log N2(p2)A,§>>,

k2

showing that at the states | v(l)) ® | v&z)) we have not only that fr = f1 + f>, but that
the first derivatives (for directions o with Tr o = 0) are equal as well. Since the states
| v(l)) ® | v(z)) span the vector space, Lemma 3 shows that fr = f] + f> everywhere,
giving us the last element of the proof.
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The one thing remaining to do to show that the assumption that the first derivative of
entropy exists everywhere is unnecessary. It suffices to show that there are dual functions
fr = f1 + f> such that Eq. (18) holds. We do this by taking limits. For x = 1,2 let

N ;q) be the quantum channel

1

N (p) = Nu(p) + (1 =)~ 1
out,x

which averages the map N, with the maximally mixed state I /doys .. Let N}q) =N 1(") ®
Nz(q) . We need to show that some limits of the dual functions fl(q), fz(q) and f}q) exist.
By continuity of N)Eq), they will be forced to have the desired properties (17), (18),
and (19). Let pr = p1 ® p2. Now, f;q) is a linear function with fT(q)(pT) > 0 and
f;q)(,o) < log dou, 7 for all p, so the f}q) lie in a compact set. Thus, some subsequence
of fT(Q) has a limit as ¢ — 1. The same argument applies to fl(q) and fz(q), so by taking

these limits we find that the functions fx(l) have the desired properties, completing our
proof.

7. Additivity of min H (N) Implies Additivity of E

Suppose that we have two bipartite states for which we wish to prove that the entangle-
ment of formation is additive. We use the MSW correspondence to convert this problem
to a question about the Holevo capacity with a constrained average signal state. We thus
now have two quantum channels N1 and N3, and two states p; and p;. We want to show
that

ANieN, (01 ® p2) = xny (1) + X, (02).

In fact, we need only prove the < direction of the inequality, as the > direction is easy.
&) @)
Let|v

;) and | v;”") be optimal sets of signal states for y, (01) and xn, (02), so that

v (n) = H(N1 (o) = Y p N (vl )i,

where p; = ) plm |vi(1))(vi(1) |, and similarly for N;. By the linear programming dual
formulation in Sect. 5, we have that there is a matrix 7 such that

XN (p1) = H(N1(p1)) — Tr Ty o1
and
Trri0 < H(N1(p)

for all p, with equality for signal states p = |vi(]))(vi(1)|, and similarly for  and N,.

Suppose we could find a channel N| and N, such that

H(Ni(Jv)v])) = H(N1(Ju)v]) + C1 = (v] T |v) (23)
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for all vectors | v) (similarly for N;). We know from the linear programming duality
theorem that

H(N{(p)) = H(N1(p)) + C1 —Trrip
> C

for all input states p, with equality holding for the signal states p = |v,.(1))(vi(1) |. Thus,
the minimum entropy output of N| is C1 and of N is C». Also,

xw; (p1) = H(Ny(p1)) — > pVHWN (o)1)

l

= H(N{(p1))) — Ci,

and similarly for N;. Now, if we assume the additivity of minimum entropy, we know
that the minimum entropy output of N ® N has entropy Ci + C>. We have for some
probability distribution 7; on signal states | ¢; ), that

Xvien; (01 ® p2) = H(N{ ® N3(p1 ® p2)) — »_ i H(N{ ® Nj(I¢i)ghil)

< H(Ni(p1)) + H(N3(p2)) — C1 — C2
= xn; (PD) + Xy (02).

Now, if we can examine the construction of the channels N 1/ and Né and show that the
additivity of the constrained Holevo capacity for N{ and N, implies the additivity of the
constrained Holevo capacity for N1 and N;, we will be done.

We will not be able to achieve Eq. (23) exactly, but will be able to achieve this
approximately, in much the same way we defined N’ in Sect. 4.

Given a channel N, we define a new channel N'. On input p, with probability g the
channel N’ outputs N (p). With probability 1 — ¢ the channel makes a POVM measure-
ment with elements E and I — E. If the measurement outcome is E, N’ outputs the tensor
product of a pure state signifying that the result was E and the maximally mixed state
on k qubits. If the result is I — E the channel N’ outputs only a pure state signifying this
fact. We have

H(N'(p)) = qH(N(p)) + Ha(q) + (1 = 9)kTrEp + (1 — ) Ho(Tr Ep).

If we choose k and E such that
(I—q)

kE =M — 1,

we will have
H(N'(lv)v])) = gHN(Jv)}v])) —q (v|T|v) +gi + Ha(g) + (1 — @) Ha((v | E [ ).
The minimum entropy H (N’ (|v){v|)) is thus at least g1 + H>(g). For signal states | v;)

of N, H(N'(|v;}v;])) is at least gA + Ha(gq) and at most g\ + Hp(q) + 1 —g. As g goes
to 0, this is approximately a constant. We thus see that

H(N{(p1) — gr — Ha(q) — (1 = q) < xn;(o1)
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< H(N{(p1) — gr1 — Ha(q). (24)

Now, given two channels N1 and N, we can prepare Nl/ and Nﬁ as above. If we
assume the additivity of minimum entropy, this implies the constrained channel capac-
ity satisfies, for the optimal input ensembles | ¢;), 7;,

Xnien; (1 ® p2) = H(N{(p1)) + H(N3(p2) — Y 7 H(N} ® Nj ()i )

1

< H(N{(p1)) + H(N3(p2)) — gr1 — gra — 2Ha(q)

< xny(p1) + Xy (02) +2(1 = ¢),
where the first inequality follows from the assumption of additivity of the minimum
entropy output, and the second from Eq. (24).

‘We now need to relate x N (p1) and xn, (p1). Suppose we have an ensemble of signal

states |v; }{v;| with associated probabilities p;, and such that ", p;|v;vi| = p. Define
Cy, (C N]/) to be the information transmitted by channel Nj (N 1’) using these signal
states. We then have

Cy; =qCn + (1 —q)d1,
where

81 = Ho(TrEp) — D pi (v | E | vi)).

1

This shows that

gxn (1) = xny(pD) < gxny (p1) + (1 = q).

Also, by using the optimal set of signal states for xn,gn, (01 ® p2) as signal states for
the channel N| ® N}, we find that

Xvj@ng (P1 ® p2) = 6 Xy (01 ® p2),
since with probability ¢2, the channel N| ® N; simulates Ny ® N». Thus, we have that

ANoN, (P1 ® p2) < q72XN[®N£(:01 ® p2)
< a2 G (p1) + Xy (p2)) + 201 — @)~
< q " Oon (1) + xva (02) + 41— @)g ™

2

2

holds for all g, 0 < g < 1. Letting g go to 1, we have subadditivity of the constrained
Holevo capacity, implying additivity of the entanglement of formation.
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8. Implications of Strong Superadditivity of Er

All three additivity properties (i) to (iii) follow easily from the assumption of strong
superadditivity of Er. The additivity of Er follows trivially from this assumption. That
the additivity of xu follows is known [12]. We repeat this argument below for complete-
ness. Recall the definition of xu:

v = max H(N( > pileiXei |>) =Y piHWN(g)#il). (29
l 1

Suppose that this maximum is attained at an ensemble p;, | ¢;) that is not a tensor prod-
uct distribution. If we replace this ensemble with the product of the marginal ensembles,
the concavity of von Neumann entropy implies that the first term increases, and the
superadditivity of entanglement of formation implies that the second term decreases,
showing that we can do at least as well by using a tensor product distribution, and that
X 1s thus additive.

Finally, the proof that strong superadditivity of Er implies additivity of minimum
output entropy is equally easy, although I am not aware of its being in the literature. Sup-
pose that we have a minimum entropy output x y,gn, (|¢)(@]). The strong superadditivity

of Er implies that there are ensembles pl.(l), | vi(l)) and pl.(z), | vi(z)) such that

H(Ny @ Na(19)D) = Y pt " HN (v )Xol D) + Y pi? H(Na (v Yo 2 1),

1 1

But the two sums on the right-hand side are averages, so there must be one quantum
state in each of these sums which has smaller output entropy than the average output
entropy; this shows additivity of the minimum entropy output.

9. Additivity of x or of Er Implies Additivity of min H (N)

Suppose we have two channels N; and N, which map their input onto d-dimensional
output spaces. We can assume that the two output dimensions are the same by embedding
the smaller dimensional output space into a larger dimensional one.® We will define two
new channels Nj and N}. The channel N| will take as input the tensor product of the
input space of channel N and an integer between 0 and d> — 1. Now, let Xo... X,2_;
be the d-dimensional generalization of the Pauli matrices: Xg44p = T¢ RY, where T
takes | j) to | j + 1(mod d)) and R takes | j) to €277/ | j). Let

N{(p ® liil) = XiN1 ()X, .

Now, suppose that |v1 Xv1]| is the input giving the minimal entropy output N1 (v }v1]).
We claim that a good ensemble of signal states for the channel N7 is [vi)vi| ® [iXil,

wherei =0, 1, ..., d*>— 1, with equal probabilities. This is because for this set of signal
states, the first term in the formula for Holevo capacity (1) is maximized (taking any state

p and averaging over all X;pX j gives the maximally mixed state, which has the largest
possible entropy in d dimensions), and the second term is minimized. The same holds

6 This is not necessary for the proof, but it reduces the number of subscripts required to express it.
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for the channel N). Now, suppose there is some state |w)(w| which has smaller output
entropy for the channel N1 ® N; than H (N1 (Jvi)v1])) + H (N2(Jva)v2])). We can use
the ensemble containing states |w)Xw| ® |i1, i2)i1, ia, for i1, in =0 ... d> — 1, with
equal probabilities, to obtain a larger capacity for the tensor product channel N{ ® Nj.

The above argument works equally well to show that additivity of entanglement of
formation implies additivity of minimum entropy output. We know that to achieve the
maximum capacity, the average output state must be the maximally mixed state, so we
can equally well use the fact that the constrained Holevo capacity xn(p) is additive to
show that the minimum entropy output is additive.

10. Discussion

We have shown that four open additivity questions are equivalent. This makes these
questions of even greater interest to quantum information theorists. Unfortunately, our
techniques do not appear to be powerful enough to resolve these questions.

The relative difficulty of the proofs of the implications given in this paper would seem
to imply that of these equivalent conjectures, additivity of minimum entropy output is in
some sense the “easiest” and strong superadditivity of Er is in some sense the “hardest.”
One might thus try to prove additivity of the minimum entropy output as a means of
solving all of these equivalent conjectures. One step towards solving this problem might
be a proof that the tensor product of states producing locally minimum output entropy
gives a local minimum of output entropy in the tensor product channel.
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and for helpful discussions, and to Beth Ruskai, Keiji Matsumoto, and an anonymous referee for useful
comments on drafts of this paper.
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