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Abstract: The aim of this paper is two-fold. First, we define symplectic maps be-
tween Hitchin systems related to holomorphic bundles of different degrees. We call
these maps the Symplectic Hecke Correspondence (SHC) of the corresponding Higgs
bundles. They are constructed by means of the modification of the underlying holomor-
phic bundles. SHC allows to construct Bicklund transformations in the Hitchin systems
defined over Riemann curves with marked points. We apply the general scheme to the
elliptic Calogero-Moser (CM) system and construct SHC to an integrable SL(N, C)
Euler-Arnold top (the elliptic SL(N, C)-rotator). Next, we propose a generalization
of the Hitchin approach to 2d integrable theories related to the Higgs bundles of infi-
nite rank. The main example is an integrable two-dimensional version of the two-body
elliptic CM system. The previous construction allows us to define SHC between the
two-dimensional elliptic CM system and the Landau-Lifshitz equation.
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1. Introduction

Nowadays many examples of integrable one-dimensional and two-dimensional models
are known. The problem of listing all of them, up to some equivalence, was solved for
some particular forms of two-dimensional models [1]. The recently developed concept
of duality for one-dimensional models [2] can shed light on the classification problem in
analogy with string theory. In spite of this progress we are still far from understanding
the structure of this universe. Therefore, the classification of integrable systems, apart
from solving any individual equation, continues to be an actual task. We will consider
integrable systems that have the Lax or Zakharov-Shabat representations. In these cases
the gauge transformations of the accompanying linear equations lead essentially to the
same systems, though their equations of motion differ in a significant way. For example,
the non-linear Schrodinger model is gauge equivalent to the isotropic Heisenberg magnet
[3]. In such a manner the integrable system should be classified up to gauge equivalence,
though it is not the only equivalence principle in their possible classifications. The
crucial and delicate point of this approach is the exact definition of allowed gauge
transformations, and it will be discussed here.

We restrict ourselves to Hitchin systems [4] and their two-dimensional generalizations
that we will construct. The Hitchin construction establishes relations between finite
dimensional integrable systems and the moduli space of holomorphic vector bundles
over Riemann curves. The phase space of the integrable system is the cotangent bundle
to the moduli space and the dual variables @ are called the Higgs fields. The pair (E, ©),
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where E is a holomorphic bundle, is called the Higgs bundle. The Lax representation
arises immediately in this scheme as the equation of motion and the Lax operator is just
the Higgs field defined on shell. The C*° gauge transformations of the Lax pair define the
equivalent holomorphic bundles. The different gauge fixing conditions give equivalent
integrable systems.

We consider the generalization of the Hitchin systems based on the quasi-parabolic
Higgs bundles [5], where the Higgs fields are allowed to have the first order poles
at the marked points on the base curve. The gauge transformations preserve the flag
structures that arise at the marked points. The corresponding integrable systems were
considered in [6-9]. We loosen the smoothness condition of the gauge transformations
and allow them to have a simple zero or a pole at one of the marked points. This
type of gauge transformations (the upper and lower symplectic Hecke correspondence
(SHO)) is suggested by the geometric Langlands program. SHC changes the degree of
the underlying bundles on 1. We assume, that HC is consistent with flag structures on
the source and target bundles. It allows to choose a canonical form of the modifications.
HC can be lifted as the symplectic correspondence (SHC) to the Higgs bundles. In
this way SHC define a map of Hitchin systems related to bundles of different degrees.
One can consider an arbitrary chain of consecutive SHC attributed to different marked
points. If the resulting transformation preserves the degree of bundle, then it defines
the Bécklund transformations of the Hitchin system related to the initial bundle, or the
integrable discrete time map [10]. Our construction is similar to the scheme proposed by
Arinkin and Lysenko [11] in the investigations of the flat SL(2, C)- bundles over rational
curves and the geometric structure of the Béicklund transformations in the Painléve 6
system [12].

As an example, we consider a trivial holomorphic SL(N, C)-bundle E M (deg(E CMy
= 0) over an elliptic curve with a marked point. The corresponding quasi-parabolic Hi-
ggs bundle leads to the elliptic N-body Calogero-Moser system (CM system). The upper
SHC defines a map of the Higgs bundle related to E€™ to the Higgs bundle (E™, &)
withdeg(E"?") = 1. SHC is generated by the N order matrix E with theta-functions de-
pending on coordinates of the particles as the matrix elements. The system (E"°, $"°")
is the integrable SL(N, C)-Euler-Arnold top (SL(N, C)-elliptic rotator). The Lax pair
for this top was proposed earlier [13]. The consecutive upper and lower SHC define the
Bicklund transformations of both systems. A construction of this type was suggested
in [14] for studying the Béicklund transformations of the Ruijsenaars model. Another
way to find a Bicklund transformation is achieved by applying N consecutive upper
modifications, since they lead to equivalent Higgs bundles.

In the second part of the paper we try to gain insight into the interrelation between
integrable theories in dimension one and two. It is known that some one-dimensional
integrable systems can be extended to the two-dimensional case without sacrificing the
integrability. For example, the Toda field theory comes from the corresponding Toda
lattice. To understand this connection we apply the Hitchin construction to two-dimen-
sional systems. For this purpose we consider infinite rank bundles over the Riemann
curves with marked points. The transition group of the bundles is the central extended
loop group i(GL(N , C)). If the central charge vanishes the theory in essence becomes
one-dimensional. In the two-dimensional situation the Higgs field is a gl (N, C) connec-
tion on a circle S'. In addition, we put coadjoint orbits of ﬁ(GL(N , ©)) at the marked
points and in this way introduce the quasi-parabolic structure on the Higgs bundle of
infinite rank. The monodromy of the Higgs field is a generating function for the infinite
number of conservation laws. The equations of motion on the reduced phase space are
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the Zakharov-Shabat equations. A similar class of Hitchin type systems from a different
point of view was introduced recently by Krichever [15]. We consider in detail the case
of a L(SL(2, C))-bundle over an elliptic curve with n marked points. The Higgs bun-
dle corresponds to the two-dimensional version of the elliptic Gaudin system. For the
1 marked point case we come to the 2d two-body elliptic CM theory. The upper SHC
is working in the two-dimensional situation as well. It leads to the map of the 2-body
elliptic CM field theory to the Landau-Lifshitz equation.! To summarize we consider
here the following diagram:

2 — body elliptic CM

— ’ SL(2, C) — elliptic rotator ‘

system
. \
2 —body elliptic CM - ;
field theory — ’Landau-LlfshltZ equatlon‘

Fig. 1. Interrelation in integrable theories

In fact, the upper SHC can be applied to the SL(N, C) case. The quadratic Hamilto-
nian of the N-body elliptic CM field theory was constructed in [15], but the SL(N, C)
generalization of the Landau-Lifshitz equation is unknown.

It should be mentioned that the quantum version of SL(N, C) SHC appeared in a
different context long ago [16]. It was defined as a twist transformation of the quantum
R-matrices, and Hasegawa [17] constructed such types of twists that transform the dy-
namical elliptic R-matrix of Felder [18] to the non-dynamical R-matrix of Belavin [19].
It was proved [20] that the dynamical R-matrix corresponds to the elliptic Ruijsenaars
system [21]. The later is the relativistic deformation of the elliptic CM system. In this
way the Hasegawa twist is the quantization of SHC we have constructed, since the ellip-
tic CM system and the elliptic Ruijsenaars system are governed by the same R-matrix
[22].

2. Hitchin Systems in the Cech Description

In this section we consider vector bundles with structure group G = GL(N, C), or any
simple complex Lie group.

2.1. The moduli space of holomorphic quasi-parabolic bundles

in the Cech description. Let E be a trivial rank r holomorphic vector bundle over a
Riemann curve ¥, with n marked points. Consider a covering of X, by open disks
Uy, a =1,2.... Some of them may contain one marked point w,. The holomorphic
structure on E can be described by the differential d".OnU, it can be represented as

a - - - - — a
d =0+ Ay, Ay =h'"0ha, 8 =—,
0Z4

! The equivalence of these models was pointed out by A. Shabat.
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where z, is a local coordinate on U,, and &, is a C*° G-valued function on U4,. It is a
section of the local sheaf QCOO (=, Aut E).

The transition functions gap = hah;, I are defined on the intersections Uyp = Uy NUj,.
They are holomorphic since Ay = Ap on Uy

Sab € Q) (Uap, Aut E).

The transformation h, — f,h, by a function holomorphic on U, (f, € QY ot Ua>

Aut E)) does not change A,. Similarly, the transformation h, — fyhp by fp €
I(Z/{b, Aut E) does not change Ayp. Then the holomorphic structures described by

the transition functions g,p and f;gap fb are equivalent. Globally we have the collec-
tion of transition maps

LS = (8ab(za) = haza)hy, " (26(2a))s 7a € Uapy a,b=1,2...,}. (2.1)

They define holomorphic structures on E or P = AutE depending on the choice of the
representations.

The definition of the holomorphic structures by the transition functions works as well
in the case if deg(E) # 0 (G = GL(N, C)). They should satisfy the cocycle condition

8ab(D)8bc(2)8ea(2) =1d, z € Uy NU N UL, (2.2)

and
Sab = 8}, - 2.3)
The degree of the bundle E is defined as the degree of the linear bundle L = det g.
We choose an open subset of stable holomorphic structures L',g’” in Lg. The gauge
group g’g” acts as the automorphisms of Eg’”,

8ab —> fa8ab £y 'y fa = F(za)s fo = fo(zp(za)), f € G (2.4)

We prescribe the local behavior of the gauge transformations g’gl at the marked points.
Let
Pp,..., Py, ... Py

be parabolic subgroups of G attributed to the marked points. Then we assume that

(0) +Zaf(1) . :)50) € Py, if zy = 7 — wy, wy is a marked point,

(1(0) + 24 a(l) +..., (0) € G if a # o, (U, does not contain a marked point).

(2.5)
It follows from (2.4) that the left action of the gauge group at the marked points
preserves the flags

fa=

Eq(s) ~ Py\ G, E4=Flj(@)D -+ D Fly, () D Fly, 1(a) = 0. (2.6)

The moduli space of the stable holomorphic bundles M, (X, G) with the quasi-para-
bolic structure at the marked points is defined in Ref.[23] as the factor space under this
action

M, = Gl LS 2.7)
For G = GL(N, C) we have a disjoint union of components labeled by the corresponding
degrees d = ci(det E) : M,,(Z, G) = || /\/l,(fl).
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The tangent space to M,, (2, G) is isomorphic to h'(Z, EndE). Its dimension can
be extracted from the Riemann-Roch theorem and for curves without marked points
(n=0)

dim h°(Z, EndE) — dim 2! (2, EndE) = (1 — g) dim G.

For stable bundles A°(Z, EndE) = 1 and
dim My(Z,G) = (g — DN? +1

for GL(N, C), and
dim My(X,G) = (g — 1)dim G

for simple groups. For elliptic curves one has
dim#'(Z, EndE) = dim h°(Z, EndE),

and
dim M¢ = g.c.d.(N, d). (2.8)

In this case the structure of the moduli space for the trivial bundles (i.e. with deg(E) = 0
and, for example, for bundles with deg(E) = 1 are different. We use this fact below.
For the quasi-parabolic bundles we have

dim M = dim M§ + ) fa (2.9)

a=1

where f, is the dimension of the flag variety E,. In particular, for G = GL(N, C), we
get

fu = % <N2 — gm,?(a)> , m;(a) = dim Fl; () — dim Flj (). (2.10)

The space Eg is a sort of a lattice 2d gauge theory. Consider the skeleton of the
covering {U,, a = 1, ...}.Itis an oriented graph whose vertices V, are some fixed inner
points in U, and edges L, connect those V,, and V}, for whose U, # . We choose an
orientation of the graph, saying that a > b on the edge L,; and put the holomorphic
function z,(z,) which defines the holomorphic map from U, to U,. Then the space E%
can be defined by the following data. To each edge L, a > b we attach a matrix valued
function g,, € G along with z5(z,). The gauge fields f, are living on the vertices V,
and the gauge transformation is given by (2.4).

2.2. Hitchin systems. The Hitchin systems in the Cech description can be constructed in
the following way [24]. We start from the cotangent bundle T*ﬁgn to the holomorphic
structures on P = AutFE (2.1). Now

T*LE = {Nabs gab| Nab € ) Ua, ENdE)*), gap € oy Uap, P)}.  (2.11)

The one forms 7, are called the Higgs fields. This bundle can be endowed with a
symplectic structure by means of the Cartan-Maurer one-forms on 52201 Uup, P).

Let Ffj (By) be an oriented edge in Uy, with the end points in the triple intersections
B € Upe = Uy NUy NUe, y € Ugpq. The fields ngp, gqp are attributed to the edge
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FZ (By). If we change the orientation I’Z By) — I‘Z (yB) the fields should be replaced
on gpq = ga_b1 (see (2.3)) and

Nab(Za) = 8ab(Za)Mba(26(2a)) 85 (2a)- (2.12)

For this reason the integral
/ tr (nab(za)Dgabga_bl (Za)) (2.13)
rh(By)

is independent of the orientation.
We can put the data (2.11) on the graph { Fg } corresponding to the covering {U,}.
Taking into account (2.13) we define the symplectic structure

o =3 | D (nan(z)Dgarsyy (o)) 2.14)
edges o (By)

Since ngp and gqp are both holomorphic in Uy, the integral is independent of the choice
of the path I‘g within Uyp. It is worthwhile to note that the cocycle condition (2.2) does
not yield the additional constraints.
The symplectic form is invariant under the gauge transformations (2.4) supplemented
by
Nab = fanav fy - (2.15)

The set of invariant commuting Hamiltonians on T*L‘g is

16 = Z/F v(cj’k)(za)tr(nj';,(za)), (k=1,....n)), (2.16)

edges 3(/31/)

where d; are the orders of the basic invariant polynomials corresponding to G and vj(rjk
are (1 — d;, 0)-differentials. They are related locally to the (1 — j, 1)-differentials by
v]l.?k = 3\15,( and

nj=h" (2, 794Gy = Qd; —)(g—1)+(d; —Dn, (j=1,...,r)

for the simple groups, and

n,_{(2j—1)(g—l)+(j—1)n, (j=2,....N)
J = g, ]:1

for GL(N, C). The total number of independent Hamiltonians is equal to
N
P
an =My + Er(r + Dn.
j=1

This number is greater than the dimension of the moduli space MZ (2.9). There are rn
highest weight integrals, (j = r), that become Casimir elements of coadjoint orbits after
the symplectic reduction, that we will consider below.
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Perform the symplectic reduction with respect to the gauge action (2.4), (2.15) of
g’gj (2.5). The moment map is

Wglot (Nab. 8ab) = T*L — Lie*(G5").

Here the Lie coalgebra Lie* (Q}é"l) is defined with respect to the pairing

}:/ tr(£.€4), €4 € Lie(GE).

edges raBy)
Then locally we have

(z;léa + z;zééfz) + .. ) dza, &, € Lie*(Py), (U, contains a marked
&, = point wy)
(Zglé‘é_l) + 2;2&5_2) +.. ) dza, &7V € Lie*(G)(U, does not contain wy).
2.17)

The canonical gauge transformations (2.4),(2.15) of the symplectic form (2.14) are
generated by the Hamiltonian

Forr =) f tr(Mab (2a)€4” (2a)) = r(ab(2a) 8abZa)€p” (2(2a)) 8ab(za) ™)
edges l"fl’(ﬂy)

SN 1D ITHCAEAION

a b

where I'; is an oriented contour around U4,,.

The non-zero moment is fixed in a special way at the neighborhoods of the marked
points. Let G, C P, be the maximal semi-simple subgroup of the parabolic group
P, defined at the marked point w,. We drop for a moment the index « for simplicity.
We choose an ordering in the Cartan subalgebra ) €Lie(G), which is consistent with
the embedding P C G. Let 6 = h N G be the Cartan subalgebra in G. Consider the
orthogonal decomposition of h*,

h* — 6* + h/*
We fix a vector p© e bh* such that it is a generic element in h™* and

(P, 5% =0, (2.18)
where (, ) is the Killing scalar product in h*. Since h'* CLie*(P), we can take Iglol
in the form

n
gt = 1o = ) &2 dza, p© € b, (2.19)

a=1

where z, = z — wy is a local coordinate in U,. The moment equation Kghol = [0

can be read off from F_no. It follows from the definition of Lie* (g%””’) that 7, is the

boundary value of some holomorphic or meromorphic one-form H, defined on U, via

Nab(@a) = Ha(za),  forzq € Uy, Hy € Q0 Uy, End*(E)), (2.20)
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where
_ péo) + Ha(o) + z4 Ha(l) + ..., if U, contains a marked point wy
“ Héo) + 24 H,l(l) +..., if U, does not contain a marked point.
2.21)

The gauge fixing means that the transition functions g, are elements of the moduli
space Mﬁ(Z, E). The symplectic quotient

4= GE\\T* LS = GE"\u™" (10) (2.22)

is called the Higgs bundle with the quasi-parabolic structures. We set off the zero modes

gégf of the transition functions in the symplectic form on the reduced space (see (2.14))

o€ = Zedges fl“g(ﬁy) Dtr (nab(za)Dgabg;bl (Za))

+omi Y Zthr( O pg® (g%~ 1) (2.23)

The last sum defines the Kirillov-Kostant symplectic forms on the set of coadjoint orbits
Om) =(0q,...04,...,0,), where

Oy = {pa € Lie*(G) | po = (g) 1 pP g9} (2.24)
Note that dim(Oy) = 2 f,, (2.10).

Remark 2.1. 1t is possible to construct another type of orbit O/, of the same dimension.

There exist elements p, O that belong to the complements of Lie* (Ga) in Lie* (P,) such

that the orbit

={pa = €)' PP

is symplectomorphic to the cotangent bundles to the corresponding flags E, (2.6) with-
out the zero section T*Ey \ O(Ey), while O, (2.24) is a torsor over O,,. Globally, H,‘f
(2.22) is a torsor over T*/\/lg.

2.3. Standard description of the Hitchin system. The standard approach of the Hitchin
systems [4] is based on the description of the holomorphic bundles in terms of the
operator d”. The upstairs phase space has the form
T*L2 = (®,d" | ® € Q00 (,, End* E)}, (2.25)
where @ is called the Higgs field. The symplectic form
ol = / tr(D® A DA) (2.26)
Zn

is invariant under the action of the gauge group
={f € Qo (Tn, Aut V)},

o flof, A— o+ Ay (2.27)
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The gauge invariant integrals take the evident form (compare with (2.16))
17 =fz v ptr(@4), (k=1,....n)), (2.28)

where V]Dk are (1 — j, 1)-differentials on X,. The symplectic reduction with respect to
this action leads to the moment map

wo T*LR — Lie*(GS) w=0® +[A, .
The Higgs field & is related to 7 in a simple way,
Nab = hy' ®haly,.

and A, = ha’1 daha. The holomorpheity of 7 is equivalent to the equation (P, A) = 0,
and @ has the same simple poles as H, (2.20). For simplicity, we call n the Higgs field.
The bundle E equipped with the one-form 7 is called the Higgs bundle.

2.4. Modified Cech description of the moduli space. We modify the Cech description of
the moduli space of GL(N, C)-vector bundles in the following way. Consider a formal
(or rather small) disk D embedded into X in such way that its center maps to the point
w.

Consider first the case of G = PGL(N, C)-bundles. The moduli space ./\/lg is the
quotient of the space Gp+ of G-valued functions g on the punctured disk D* by the right
action of the group G,,; of G-valued holomorphic functions on the complement to w
and by the left action of the group G;,,; of G-valued holomorphic functions on the disk:

Mrgzl = gint\gD*/gouts g — hintghous-

We assume that these transformations preserve the quasi-parabolic structure of the vector
bundle E.

Now consider GL(N, C€)-bundles. The group GL(N, C) is not semi-simple. One has
an action of the Jacobian Jac(X) on the moduli space of vector bundles by the ten-
sor multiplication, and the quotient is equal to the space of PGL(N, C)-bundles. This
follows from the exact sequence

1 - O — GL(N, O) - PGL(N, O) — 1.

Hence locally the moduli space of vector bundles is the product of the Jacobian of the
curve and moduli space of PGL (N, C)-bundles. We associate to the pair (g, L) the bun-
dle which is equal to CV ® L on the complement of a point, and the transition function
on the punctured disk is g.

Assume for simplicity that there is only one marked point and it coincides with the
center of D*. Let z be the local coordinate on D*. Then the gauge group Gp+ can be
identified with the loop group L(GL(N, C)). A parabolic subgroup of L(GL(N, C)) has
the form

Gint ~ P -exp LT (2l(N,©)), LT (g(N,C)) =) g;z/,g; € gl(N,C),
j>0
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where P is a parabolic subgroup in GL(N, C). The quotient L F'(s) = Gin/\Gp+ is the
infinite-dimensional flag variety, corresponding to the finite-dimensional flag E (s) (see
(2.6)),

LFI(s)=---D LFlyj D LFl41x DD LFlx D LFog—1D---, (2.29)

LFl=2"Fl, + Y Ez)) (LFlg1x = LFlox-).
Jj<k

The GL(N, C) Higgs bundle Hﬁ (2.22) can be identified with the Hamiltonian
quotient

gin\\T*gD* X T*Jac(Z)//gom.

The cotangent bundle of 7*Gp+ is identified with the space of pairs (g, 1), where 7 is a
Lie*(G)-valued one-form. The canonical one-form is equal to res,, (tr(nDgg™")). The
second component T*Jac(X) is the pair (¢, L), where L is a point of Jac(X) and ¢
is the corresponding co-vector. The canonical one-form is (¢, DL) j,. and the brackets
denote the pairing between vectors and co-vectors on the Jacobian.

The group G,,; actsas (g, 1) — (ghour, n)- The corresponding momentum constraint
can be reformulated as the following condition: gng~! is the restriction of some Lie* (G)-
valued form on the complement to w. The group G;,; acts as (g, n) — (hin: g, hin,nh;b.
The momentum constraint means that 7 is holomorphic in U, if w is a generic point, or
it has the first order pole if w is a marked point.

3. Symplectic Hecke Correspondence

In this section we consider only GL(N, C)-bundles.

3.1. Hecke correspondence. Let E and E be two bundles over ¥ of the same rank.
Assume that there is amap ET : E — E (more precisely a map of the sheaves of sec-
tions I'(E) — TE ) such that it is an isomorphism on the complement to w and it has
one-dimensional cokernel at w € X :

=2+ ~
0> E>>E—Cly,— 0. (3.1)

It is the so-called upper modification of the bundle E at the point w. On the complement
to the point w consider the map

E £ E,
such that 2= 21 =Id. It defines the lower modification £, at the point w.

Definition 3.1. The upper Hecke correspondence (HC) at the point w € X is an
auto-correspondence $)}, on the moduli space of Higgs bundles H related to the
upper modification B (3.1).



104 A.M. Levin, M.A. Olshanetsky, A. Zotov

HC $;f has components placed only at M@ 5 M@+D _ The lower HC is defined in a
similar way. In this form the HC was used in the Hitchin systems in Ref. [15, 25].
Now consider two quasi-parabolic bundles £ and E with the flag structure at the

marked points. While the flag E, (s) at wy corresponding to E has the form (2.6), for E
we declare the following flag structure:

Ey(s) = Flj(@) D --- D Fly, (@) D Flg,41(a) =0,

where Fl ~ Fly_1/Fl, for s +1 > k > 2. We define E in terms of the sheaves of
sections I'(E). Let E] be a map of the sheaves of sections I'(E) — ['(E) such that it
is an isomorphism on the complement to a marked point w, € . Leto € I'(E) and
Ef 1 0> 05 ¢ C(E). If 0lw, € Flg—1, then 6|y, € Fly. The section o can be
singular of order one if its principle part belongs to Fly, .

All together this means that E acts as the shift on the infinite flag (2.29) at the
marked point

EX(LFlx) = LFl_y . (3.2)
We call E the upper modification of the quasi-parabolic bundle E. The lower modifica-
tion of the quasi-parabolic bundles acts in the opposite direction. It looks like the upper

modification (3.1), but we temporally do not assume that £} has a one-dimensional
cokernel.

Definition 3.2. The upper Hecke correspondence of the quasi-parabolic bundles at
the marked point we is an auto-correspondence $, on M related to the the upper
modification 2% (3.2).

Let the flag E, (2.6) have a one-dimensional subspace (dim(F/,,) = 1). In this case
the upper modification E;r can be fixed in the following way. Let (eq, ..., en) be abasis
of local sections of E compatible with the flag structure

Fly — (e1,...,eN), ..., Fl;, — (en).

It follows from Definition 3.2 that E} can be gauge transformed to the canonical form

M ( 0 IdN1>- (3.3)

]

7z O

It is just the Coxeter transformation in the loop algebra L(gl(N, C)), that has been
defined on the punctured disk D} C U, in Subsect. 2.4. The Coxeter transformation
provides the upper modification E¢ — E*1 In fact, the sheaf of sections I'(E) co-
incides with the sheaf of sections I'(E) with a singularity of the first order at w, and
the singular section lies in the kernel of 8% (see Ref.[11]). For the local basis of I'(E)
we have (eNz’l ,e1,...,en—1). In this way the HC of the quasi-parabolic bundles is
described by the diagram (3.1).
In a similar way the lower modification can be transformed to the form

-1
—t _ 0 Z
2F = (IdN—l « ) (3.4)
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3.2. Symplectic Hecke correspondence. We define amap of the Higgs bundles f : (E, n)
— (E, n) as the bundle map f : E — E such that

fn=nf. (3.5)

Consider two Higgs bundles (E, 1) and (E, ), where E is a quasi-parabolic bundle and
E is the upper modification &} of E at w, € X. We call (E, 7}) the upper modification
of (E, 1) Egn =8

Definition 3.3. The upper symplectic Hecke correspondence (SHC) S} at a point wq
is an auto-correspondence on T* M related to the upper modification E} of the Higgs
bundles.

The lower SHC & is defined in a similar way.
Let wy be a marked point. The Higgs field n has the first order poles at wy (2.21)

and the residue p ) of n defines an orbit O, .

Lemma 3.1. The gauge transforms 8% o corresponding to ﬁi

e do not change singularity of the nggsﬁeld at wy;
e are symplectic;
e preserve the Hamiltonians (2.16).

Proof. The choice of p&o) (2.18) is consistent with the canonical forms (3.3), (3.4) of
Djf and their action does not change the order of the pole. The action is symplectic with

respect to (2.23) since E(f depends only on péo). The invariance of the Hamiltonians
follows from (3.5). 0O

In particular, Lemma 3.1 means that onf preserves the whole Hitchin hierarchy
defined by the set of Hamiltonians (2.16) and the symplectic form (2.23).

3.3. SHC and skew-conormal bundles. Here we consider the curves without marked
points. The general case can be derived in a similar way and we drop it for the sake of
simplicity.

For any smooth correspondence Z between equi-dimensional varieties X and Y we
define a skew-conormal bundle SN*Z of Z as follows. Let

v=(x,vy) €TFX xY) =T} X ®T)Y

be a co-vector attached to a point z = (x, y) € Z C X x Y. It belongs to the fiber SN} Z
of the skew-conormal bundle SN* Z at the point z iff for any vector v = (vy, vy) tangent
to Z,

vy (vx) = vy (vy).

Note that for the conormal bundle one has the opposite sign: vy (vy) = —vy(vy).

The total space of the skew-conormal bundle is a Lagrangian subvariety of the total
space of the cotangent bundle 7*(X x Y) with respect to the symplectic form wy — wy,
where w denotes the canonical symplectic form on the cotangent bundle. So, the skew-
conormal bundle of a correspondence is rather close to the graph of a symplectic map
between cotangent bundles.
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Proposition 3.1. The graph of the SHC &, is isomorphic to the skew-conormal bundle
SN*$9y, of the usual Hecke correspondence $)y,.

Proof. As explained in Subsect. 2.4, a GL(N, C)-bundle E is determined by the pair
(g, L) in a neighborhood of a point w € X. An upper HC of E corresponds to (g, L),
where ¢ = Eg and

8 =0inUy,, ord,(det(E)) = 1. (3.6)

Therefore, the skew-conormal bundle SN*§,, of the HC SN*$),, can be described by
the data

(g, &mn mt.t, L), g =Eg,
where E satisfies (3.6), and
(t7 DL>Jac - (f, DL>Jac» (3~7)
res, (Tr(7Dgg ")) = resy, (Tr(nDgg™")) (3.8)

for any variations of g and g, that preserve properties of & = g~!g. The first condition
(3.7) means that t = 7.
The condition (3.8) can be rewritten as

resy (tr(ﬁDEEf1 + (& '5E - n)g*ng)) =0.

Since variations of g and E are independent, both terms in the last expression must
vanish separately:

resy, (tr(FDEE1)) =0, (3.9)

resy (tr(E_lﬁE _ n)g—‘Dg)) —0. (3.10)

Consider first the case when w is not a marked point. Then we will demonstrate that
(3.9) means that n’ = 27! E is holomorphic in w. Consider the value of E at zero, this
matrix has rank N — 1. Denote by K its kernel and by [ its image. An essential variation
of E corresponds to the variations of its image, so itis amap I — C"/I. This variation
corresponds to the right action: D E = Ee. The singular part E;rll e of 271 at w is an
operator of rank 1. Its kernel equals / and its image equals K, so the singular part 7, <
of ' is a map from (CN/Ker(Es_i}lg) =CN/I to Im(ES_i,llg) = I. The first condition can
be rewritten as:

0 = resy, (tr(IDEE ™)) = res, (tr(n E~' DE)) = tr(n};, )

for any € € Hom(Z, C"/I). The space Hom(Z, C" /I) is dual to Hom(C" /I, I), so n;ing
vanishes and 7’ is holomorphic.

Note that 1’ determines some Higgs field for g. Indeed, it is holomorphic in ¢, and
g 'n'g = 717§ is the restriction of some one-form on the complement to w. As the ca-
nonical one-form tr(nDgg~") is non-degenerate on T*MZ , from the second condition
(3.10) we conclude that " = 7.

If w is a marked point then E is fixed and it maps the Higgs field » into the Higgs
field 7 (Lemma 3.1). There is no variation of E and we immediately have that again
n=mn 0O
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3.4. Biicklund transformation. Consider the Higgs bundles with the quasi-parabolic
structures at the marked points. The gauge transformations E related to the SHC &
depend only on the marked point w,. They define the maps of the Hitchin systems

S~ T*MD(%,, G) - T* MYV (5, G), (3.11)
6, ~ & T*MD (3, G) - T*MYV(z,, G). (3.12)

Consider consecutive upper and lower modifications
v =& Eay. (3.13)

Since deg(E) does not change it is a symplectic transform T*Mz(E, E). In this way
) maps solutions of the Hitchin hierarchy into solutions.

Corollary 3.1. The map (3.13) is the Biacklund transformation, parameterized by a pair
of marked points (Wg, , Wqy,).
We can generalize (3.13) as
a

Qs Qs gay
Sai1§~~§aix =& é"‘il ’

Because the Bicklund transformation is a canonical one, we can consider a discrete
Hamiltonian system defined on the phase space T*./\/lz(E, E). They pairwise commute
and in terms of the angle variables generate a lattice in the Liouville torus [10, 26]. In
our case the dimension of the Liouville torus is equal to dim MZ (2.9), but the lattice
we have constructed has in general a smaller dimension.

Note that when X, is an elliptic curve, the Hitchin systems corresponding tod = kN
and d = 0 (d =deg(V)) are equivalent. Hence, in this case one can construct some
Bécklund transformations by applying the upper SHC N times.

4. Elliptic CM System - Elliptic SL(N, C)-Rotator Correspondence

4.1. Elliptic CM system. The elliptic CM system was first introduced in the quantum
version [27]. It is defined on the phase space

RM=|v=(i....on) u=(u,....ux), Y v;=0, Y uj=0|, (4.1)
j j

with the canonical symplectic form
o™ = (Dv A Du). (4.2)

The second order with respect to the momenta v Hamiltonian is

N
1
HEM = EZU?+VZZ&)(”1 —Up; 7).
j=1 >k

It was established in [7, 28] that the elliptic CM system can be derived in the Hitchin
approach. The Lax operator LM is the reduced Higgs field n over the elliptic curve

E.=C/L, L=Z+1Z

with a marked point z = 0. In this way the phase space RM is the space of pairs
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(quasi-parabolic SL y-bundle V over E., the Higgs field L™ on this bundle (4.8)).

The bundle is determined by the transition functions (the multipliers)

Idy: z—>z7+1, 4.3)

e(u) = diag(e(uy),...,e(un)): z— z+T,
where e is defined in (A.1). The Lax operator LY (z) is the quasi-periodic one-form
LMz 4+1)=LM(z), LMz +1)=e(—u)L Y (2)e(u). 4.4)
It is the N™ order matrix with the first order pole at z = 0 and the residue
01---1
0 cM cM 101
p© =Res,—o(LM(z)) = LM = v K 4.5)
11---0
This residue defines the minimal coadjoint orbit O (2.24) (dim(QO) = 2N — 2). These
degrees of freedom are gauged away by the action of rest gauge symmetries generated
by the constant diagonal matrices. For this reason the second term in (2.23) does not

contribute in the symplectic form (4.2).
The column-vector e; = (1, 1, -- -, 1) is an eigen-vector e,

LMe; = (N — yvey. (4.6)

There is also an (N — 1)-dimensional eigen-subspace T _; corresponding to the degen-
erate eigen-value —v,

LMey = —vea, ea=(ai,...,an), (Zan = 0) ) (4.7)
n

The quasi-periodicity (4.5) leads to the following form of L¢M:

LM —p 4 X, where P = diag(vy, ..., vn), Xjx =vo(u; —ug, 2), 4.8)

and ¢ is defined as (B.5).
The MM -operator corresponding to HZC M has the form
MM = _p 4 Y, where D = diag(Zy, ..., Zy), Yjr = yu; — u, 2), 4.9)
d¢(u, 2)
Z. - | ’ ’ -
j=0 ol — ), v g = =

k#j
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4.2. The elliptic SL(N, C)-rotator. The elliptic SL(N, C)-rotator is an example of the
Euler-Arnold top [20]. It is defined on a coadjoint orbit of SL(N, C):

R ={Sesl(N,C), S=g '8}, (4.10)

where g is defined up to the left multiplication on the stationary subgroup G of S,
The phase space R"*" is equipped with the Kirillov-Kostant symplectic form

o =tuw(SPDgg 'Dgg™"). 4.11)
The Hamiltonian is defined as

H™' = —%tr(SJ(S)), 4.12)

where J is a linear operator on Lie(SL(N, C)). The inverse operator is called the inertia
tensor. The equation of motion takes the form

S =[J(S),S]. (4.13)

We consider here a special form J, that provides the integrability of the system. Let

J(S) =J-S= Z JmnSmm

mn

where J is a N order matrix,

J:{Jmn}z{ga[’::“, m,n=1,...,N), (m,neZ modN, m+nt L),

4.14)
m m-+nt
Ply,|=% N 3T
We write down (4.13) in the basis of the sin-algebra S = S, E, (see (A.4)),
N kKl . m
& Spn = — Z SkISm—kn—18 [l } sin N(kn — ml). (4.15)

k.l
The elliptic rotator is a Hitchin system [7]. We give a proof of this statement.

Lemma 4.1. The elliptic SL(N, C)-rotator is a Hitchin system corresponding to the
Higgs quasi-parabolic GL(N, C)-bundle E (deg(E)=1) over the elliptic curve E:
with the marked point z = 0.

Proof. It can be proved that (4.15) is equivalent to the Lax equation. The Lax matrices
in the basis of the sin-algebra take the form

L =3 Sungp [’ﬂ @ Emn, [’,’f] @=e(-%)9 (—%; z) . (.16)

M =Zsmnf[ﬂ (@) En, f[’ﬂ () = e (=5 ) Qb (s 2)ly_mar. (4.17)
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They lead to the Lax equation for the matrix elements
05w | " | @ = VI SuckniSue | ™ K @7 | ¥ [ @ sin Tk = mi)
tOmn n c m—k,n—19kl n—1 1 N .

Using the Calogero functional equation (B.27) we rewrite it in the form (4.15). Since
1
Ntr(LFO[)Z — _ZHFOI + trszp (Z),

H"" is the Hitchin quadratic integral.
The Lax operator satisfies the Hitchin equation

L™ =0, ResL'”|._o=27+—18

and is quasi-periodic

L (z4+1) = Q@)L @0 (1), (4.18)
L™z +1)=AG DL @) AGE ), (4.19)
~ .1
where A(z,7) = —e( ZNZT)A and the matrices Q and A are defined in (A.2),(A.3).
The transition functions
O(): z—z+1, (4.20)
Az, T): z—>2z+7 4.21)

define the GL(N, C)-bundle over E; with deg(V) = 1. For these bundles we have
dim(/\/l(l)) = 1 (2.8) and after the symplectic reduction we come to the coadjoint orbit
Go\SL(N, C) (4.10). The Kirillov-Kostant form (4.11) arises as the last terms in (2.23)
attributed to the point z = 0. Thus, the phase space of the SLy-rotator is the space of
the Higgs fields L' on the bundle determined by multipliers Q, A with the first order
singularities at zero. O

4.3. A map RM — R’ We construct a map from the phase space of the elliptic
CM system RM into the phase space of the SL y-rotator R"*. We assume here that
the SL y-rotator is living on the most degenerate orbit corresponding to L€’1V’ 4.5).
The phase space of CM systems with spins is mapped into the general coadjoint orbits.
This generalization is straightforward. In this way, for N = 2 we describe the upper
horizontal arrow in Fig. 1.

The map is defined as the conjugation of LM by some matrix E(z):

L =g x LMx el (4.22)

It follows from comparing (4.4) with (4.18) and (4.19) that E must intertwine the mul-
tipliers of bundles:

B(z+1,7)=0 x &(z, 1), (4.23)
E(iz+rt,1)= 1~\(z, 7) X E(z, T) x diag(e(u;)). 4.24)
The matrix E(z) degenerates at z = 0, and the column-vector (1, - - -, 1), in accordance

with Lemma 3.1, should belong to the kernel of E(0). In this case, E x LM » 51 has
a first order pole at z = 0.
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Consider the following (N x N)- matrix é(z, Ul,...,UN;T):
~ i1
8ij(z,ur,...,uN; 1) = 9|: Noy? ](Z — Nuj, N1), (4.25)
2

a . . . . . .
where 6 |: b (z, 7) is the theta function with a characteristic (B.31). Sometimes we omit

nonessential arguments of E for brevity.

Lemma 4.2. The matrix  is transformed under the translations z — z+ 1,z — 7+ 1
anduj — uj+ 1L u; —>uj+rtas:

EGz+1,7)=—-0 x E(z, 1), (4.26)
E(z+71,7) = Az, 7) x E(z, 7) x diag(e(u;)), (4.27)
~ T Z
A =—e (g5~ )
Eu;+1,;7) = E(uj; 7) x diag(1,---, (=D, ---, 1), (4.28)

. - N
Euj+rt;7)=8(uj; 1) x diag(l, - - -, (-DHVe <—7T +z— Nuj> <o, D).
(4.29)

Proof. The statement of the lemma follows from the properties of the theta functions
with characteristics (B.33)—(B.35). 0O

Now we assume that ) u j =0, so uy is no more an independent variable, but it is
equal to — Z;V;l] uj.
The determinant formula of the Vandermonde type [17]

= (4.30)
V=In(2)

det Bij@ ut, . uyi D) | 0@ O (uy — ug)

is used to show that the matrix @i j(z) truly degenerates at z = 0. Here n(t) is the
Dedekind function.

Lemma 4.3. The kernel of E at z = 0 is generated by the following column-vector:

0" ] 2@—wupop. 1=12.--- N
J<kij.k#l

Proof. We must prove that for any i the following expression

N i1

Z(—I)IQ[NN 2j|(z—Nul,N1:) 1_[ O (up —uj, 1) 4.31)
=1 2 j<ksj ksl

vanishes. First, the symmetric group Sy acts on u by permutation of uy, ..., uy and

(4.31) is antisymmetric with respect to the Sy action. Hence it vanishes on the hyper-
planes u; = u;. As a function on uy, (4.31) has 2N zeroes: N — 2 zeroes u; = uy,
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k#1, N, N —2zeroesuy = ug, k # 1, N and four zeroes u; = uy (the last equation
is2u)] = — 27;21 uj).

Second, (4.31) is quasiperiodic with respect to the shifts u; — u; + 1, u; — u; +71
with multiplicators 1 ande (—(N — 1)t — (N — 1)(u; — uy)). Any quasiperiodic func-
tion with such multiplicators is either zero or has 2N — 2 zeroes. Since our expression
vanishes in 2N points it vanishes identically. O

It follows from the previous lemmas that the matrix

E(x) = E(2) x diag [ (=)' [] @k —uj.7) (4.32)
j<k:j ksl

is the singular gauge transform from Lemma 2.1 that maps L™ to L". This transfor-
mation leads to the symplectic map

REM s R (v,u) — S. (4.33)
Consider in detail the case N = 2. Let
S = Sq04,
where o, denote the sigma matrices subject to the commutation relations
[0a. 0b] = 2v/—1eapc0e.

Then the transformation has the form

Sy = _pf©@ @w) 0700)  6oo(2u)o1 2u)
1= 7V%70) 2w 0060 92Qu)
_ 6000 fpQu) _ 900 610(2u)fo1 (2u)
S = Vo0 9@ V0000 0)  92Qu) (4.34)
G2 = 1@ 01w | 05O G0 u)6i0(2u)
3= VY0 waw 9000)0100)  92(2u)

Formulae of this kind were obtained in [16].

4.4. Bdcklund transformations in the CM systems. We now use the map (4.33) to
construct the Bicklund transformation in the CM systems

E: (v,u) > (V,0).

Let the Lax matrix depend on the new coordinates and momenta L = L(V, i1). Consider
the upper modification E(z) (4.32). To construct the Béacklund transformation &, we map
(v, u) and (¥, @) to the same point S € R"°’:

/" Bz, ) N E(z, w)

:,

In this way we reproduce implicitly the general formula (3.13) for the Bécklund trans-
formations. This transformation defines an integrable discrete time dynamics of a CM
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system. One example of this dicretization was proposed in [29]. It can be supposed to
correspond to &.

Another way to construct new solutions from (v, u) is to act by N consecutive upper
modifications

[1]

E(N)=DyEN---Bj---Ep-E. (4.35)
Here the matrices E;, j =2, ..., N, satisfy the quasi-periodicity conditions
Ejc+1)=AE;A,

and Dy is an arbitrary diagonal matrix. We come back to the N-dimensional moduli
space M®) (see (2.5)) and to the map

LMy, u) 2 LM ).
If we break the chain (4.35) on a step k < L, then we obtain the map
LCM N Lrot,k

where LK is the Lax operator for the elliptic rotator related to the holomorphic bundle
of degree k. It satisfies the quasi-periodicity condition (4.18) and

Lrot,k(z + T) — ]\er()l,k(Z)[\—j

instead of (4.19).

5. Hitchin Systems of Infinite Rank

Here we generalize the derivation of finite-dimensional integrable systems in the form
(2.25)—(2.28) on two-dimensional integrable field theories.

5.1. Holomorphic I:(GL(N , C))-bundles. Let L(gl(N,C)) be the loop algebra of
C*®-maps L(gl(N,C)) : S! — gl(N,C), and L(gl(N, C)) be its central extension
with the multiplication

(g.¢) x (g',c)=(gg'.cc’expClg, &), (5.1)

where expC(g, g') is a 2-cocycle of L(GL(N, C)) providing the associativity of the
multiplication.

Consider a holomorphic vector bundle V of an infinite rank over a Riemann curve X,
with n marked points. The bundle is defined by the transition functions from L (GL(N, ©)).
Its fibers are isomorphic to the Lie algebra I:(gl(N , C)). The holomorphic structure on
V is defined by the operator

d" Q0 (5, End V) - @O0 (2,, End V).
It has two components d = d:i + d;:. The first component is

dy Q0% (T, LN, ©))) » Q8 (Zy, L(g(N, ).
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Locally

" -

dA=3+A_, d=0:, A=A(x,z,2), xeSh

4 . . - -
The operator d jactsona N-dimensional column vector e(x; z, 7). The second compo-

nent is defined by the connection d; on a trivial linear bundle £ on X, given by

d, =3+ x
The field X is a map from X, to the central element of the Lie algebra i(gl(N ,O).
A local section o of V is holomorphic if d'o = 0. The sections allow to define the
transition functions. We assume that A and A are smooth at the marked points.

In addition we define n copies of the central extended loop groups located at the
marked points

LGy = (84(x), ca), G =GL(N,C), (@=1,...,n), x € S,

with the multiplication (5.1).
Thus, we have the set R of fields playing the role of the “coordinate space”:

R={A A (g1.c)s.... (gn cn)}- (5.2)

5.2. Gauge symmetries. Let G be the group of automorphisms of R (the gauge group),
G = C*Map(E, — L(GL(N, ©) = {f(z.Z, ). 5(z, D)},

where f(z, Z, x) takes values in GL(N, C), and s(z, z) is the map to the central element
of L(GL(N, C€))). The multiplication is pointwise with respect to %,,,

(f1,51) x (f2,52) = (f1 /2, s152expC(f1, f2))»

where exp C(f1, f>) is a map from X, to the 2-cocycle of i(GL(N, ©)).
Let (fy = fua(x), sy) be the value of the gauge fields at the marked point w,. The
action of G on R takes the following form:

A— o+ AL (5.3)
A— A+s 105+ f tr(A £, fdx, (5.4)
Cqa = CaSar 8o — Lo fa- (5.5)

The quotient space N' = R/G is the moduli space of infinite rank holomorphic bundles
over Riemann curves with marked points.
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5.3. Phase space. The cotangent space to R has the following structure. Consider the

analog of the Higgs field ® € Q(Clog ) (2, (End V)*).Itis a one-form ® on %, taking val-

ues in the Lie coalgebra L*(gl(N, C)). Let k be a scalar one-formon X, k € Qg;,g) (Z).
It is dual to the field 1. At the marked points we have the Lie coalgebras Lie*(Gy) ~
L(gl(N, C)) along with the central elements ry, dual to c,. Thus the cotangent bundle
T*R contains the fields

T*R: {(Av (b)v (A'vk)v (glvcl; plvrl)v L) (gn»Cn§ pn»rn)} . (56)

There is a canonical symplectic structure on T*R. For F € sz(clg,f?)(zn, (End V)*)
and G € Qg)g,j’(z,,, I:(gl(N, C))) defines the pairing

< F|G >=/ %tr(FG)dx.
Then

n
w=<Dq>ADA>+/ DkADA+Zwa, (5.7)

n a=1

where w, is a canonical form on T*L(Gy). It is constructed in the canonical way by
means of the Maurer-Cartan form on L(Gy) = {gq«, co}. The result is

— — U - -
Wy = ﬁl tr(D(pagy ) Dga) + D(racy ) Dy + Ea ﬁl . (g"‘ ' Dgadx (s nga)) ’
o “ (5.8)

5.4. Symplectic reduction. Now consider the lift of G to the global canonical transfor-
mations of 7*R. In addition to (5.3),(5.4),(5.5) we have the following action of G:

@ — flkof+ flof, k— k, (5.9)

Pe = [ Dafu ¥ rafy O fur Ta = Ta. (5.10)

This transformation leads to the moment map from the phase space to the Lie coalgebra
of the gauge group u : T*R — Lie*(G). It takes the form

n n
w= (écb —kd A +[A, D]+ Zpa5(za), ok + Zraﬁ(za)> . (5.11)
a=1 a=1
We assume that u = (0, 0). Therefore, we have the two holomorphity conditions
_ _ _ n
0P — ko, A+ [A, ]+ ) pad(za) =0, (5.12)
a=1
_ n
Ik + Y rad(ze) = 0. (5.13)

a=I

The constraint equation (5.13) means that the k-component of the Higgs field is a holo-
morphic one-form on ¥ with first order poles at the marked points.
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Let us fix a gauge

L=+ r"Arf (5.14)
The same gauge action transform & as
L=kf "o, f+ f'of. (5.15)

We preserve the same notations g, py for the gauge transformed variables. The moment
constraint equation (5.12) has the same form in terms of L and L,

OL —kdxL +[L, L1+ ) pad(za) = 0. (5.16)

a=1
Solutions of this equation along with (5.13) define the reduced phase space
T*R//G ~ T*N.
The symplectic form (5.7) on T*N becomes

n
w=<8L|5L > +/ Sksk+ Y . (5.17)

n a=1

5.5. Coadjoint orbits. Consider in detail the symplectic form w (5.8) on T*I:(G) ~
{(p,r); (g, c)}. We omit the subscript , below. The following canonical transformation

of wby (f,s) € i(G), where s is a central element,
g§—> fg§, p—>p, r—r c—>sc, felL(G), (5.18)

has not been used so far. The symplectic reduction with respect to this transformation
leads to the coadjoint orbits of L(GL(N, C)). In fact, the moment map

w: T*L(G) — Lie*(L(GL(N, C)))
takes the form
w=(—gpg~" +rigg”".r.
Let us fix the moment i = (p©, r(@). The result of the symplectic reduction of T*L(G)
is the coadjoint orbit

O, r) = (p= =g pVg =g og, r¥) = =" (T*LSLWV, T)) /Go,

where G is the subgroup of i(GL(N , ©)) that preserves pu,
G’ = {g € L(GL(N, C), s is arbitrary) | p(o) = —g_lp(o)g + r(o)g_laxg}.
The symplectic form (5.8) being pushed forward on O takes the form

(V]
’
o= gDy + - fue (s DeDE N0p). 519
In what follows we will consider the collection of the orbits O ( pg,o), réo) at the
marked points instead of the cotangent bundles 7*L(G,). In this way we come to the
notion of the Higgs bundle of infinite rank Hg (see (2.22) and (5.6))
i = (4,9, 6. 0.0, ... 0pP 1] (520

n ’>'n
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5.6. Conservation laws 1. The Higgs field ® is transformed as a connection with re-
spect to the circles S' (5.9). If the central charge k # 0, the standard Hitchin integrals
(2.28) cease to be gauge invariant. Invariant integrals are generated by the traces of the
monodromies of the Higgs field ®. The generating function of Hamiltonians is given by

H(z) =1tr (P exp %% d>> , (5.21)
S

where z is a local coordinate of an arbitrary point. At a marked point, ® has a first order
pole and

+00
Hz)= Y Hzl. (5.22)
j=—1

Since H (z) is gauge invariant one can replace ® by L in (5.21),
1
H(z)=tr (P exp — % L) . (5.23)
k Js,

5.7. Equations of motion. Consider the equations of motion on the “upstairs” space
T*R (5.20). They are derived by means of the symplectic form w (5.7), where w, is
replaced by (5.19), and the Hamiltonians (5.21), (5.22). Let ¢; be a time variable corre-
sponding to the Hamiltonian H;. Taking into account that H; is a functional depending
on the Higgs field and the central charge k only, we arrive at the following free system;

9;® =0, (5.24)
_ SH;

9jA =~ (5.25)
8H,

djk=0. djh =21 3ipu=0. (5.26)

After the symplectic reduction we are led to the fields L (5.14) and L (5.15). For
simplicity, we keep the same notation for the coadjoint orbits variables p,, so they are
transformed as in (5.10). Substituting (5.15) in (5.24) we obtain the Zakharov-Shabat
equation

;L —koMj+[M;,L1=0, (3; =0,;), (5.27)

where M; = d; ff . The operator M; can be restored partly from the second equation
(5.25),

_ - - SH;

oM; —o;L+[M;, L] = 5L (5.28)
The last two equations along with the moment constraint equation (5.16) are the consis-
tency conditions for the linear system

(kdy + L)Y =0, (5.29)

G+ L)V =0, (5.30)
@ +M;)¥ =0. (5.31)
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5.8. Conservation laws II. The matrix equation (5.29) allows to write down the conser-
vation laws. Its generic solutions can be represented in the form

W(x) = + R)exp (—% /x 8dx’> , (5.32)
0

where [ is the identity matrix, R is an off-diagonal periodic matrix and S = diag(S', ...,
S™N) is a diagonal matrix. Equation (5.29) means that L can be gauge transformed to the
diagonal form

(I+R)S =kdoy(I+R)+ LU+ R). (5.33)
Consider this equation in neighborhood of a point on %, with a local coordinate z.
Assume, for simplicity, that it is a pole of the Lax operator and k is a constant. In
particular, it follows from (5.13) that rg = 0 and the coadjoint orbits have the form
Oy ={py = — gpg g~ !}. Then substitute into (5.33) the series expansions

L) =Lz "+Lo+Liz+..., (L_j =resL = p),
SR =81z ' +S+Siz+...,
(I+R)(2) =h+Riz+ RZ® +..., (diag(Ry) = 0).

It follows from (5.32) that the diagonal matrix elements S}" are the densities of the
conservation laws

logHj; = %Sédx.

We present a recurrence procedure to define the diagonal matrices S;. On the first
step we find that

S.i=h'L_th=h"'ph, p=L_| =Res L. (5.34)

In other words the diagonal matrix S_; determines the orbit located at the point z = 0.
In the general case we get the following equation:

k
Sk + " Ripr, Soil =h7 "k R+ h ™" Y L1 Ripyy — RiSk—th™" Lih.
=1

Separating the diagonal and the off-diagonal parts allows us to express S; and Ry in
terms of the lower coefficients

k-1 k
S = (h_lkaka +h! Z LRy +h! Z Li1Ry—i41 — Rlsklh_lLkh) ,
=0 =1 diag

(5.35)

k
'R, S_1] = (hlkaka—l +h! Z Li 1R 141 — RlSk—lhlLkh> .
=1 nondiag

(5.36)
In particular,
So = (W "kdch + h ™' Loh)diag, (5.37)
S = (h_lkale SR Lh— T R So + h_lLoRl)d. , (5.38)
iag

where R; is defined by the equation
'Ry, S—1] = (W kdeh 4+ B~ Loh)nondiag- (5.39)
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5.9. Hamiltonians in SL(2, C) case. Let us perform the gauge transformation

FLf +kflocf =L, (5.40)
with f defined as follows:
Lz 0
f= <_£ _ kL 1 . (5.41)
VL Lz VL

Then the Lax matrix L is transformed into

, 0 1
L:(T 0), (5.42)

where

L11d: L1 0Lz 3 5L’

1
T=LyLix+L% +k — kdcLi — —k* 5.43
a1Lip+ LY + s i L 1 12, (5.43)
The linear problem
(xkd + L)y =0,
{ @ + M)y =0, (5.44)

where ¥ is the Bloch wave function ¢ = exp{—i 55 X}, leads to the Riccati equation:

ikdyx — x>+ T =0. (5.45)

The decomposition of y (z) provides densities of the conservation laws (see [30]):

o
X = Z szk, (5.46)
k=—1
H; ~ fdxxk_l. 5.47)

The values of x; can be found from (5.45) using the expression (5.43) for T'(z) =
o

> Z* Ty in a neighborhood of zero. For k = —2, —1 and 0 we have:
k=-2

x—1 = T2 =h,
2WVhxo =T-1 +ikdyx—1 = T_1, (5.48)
2Vhx1 =Ty + ikdex — xé.

In Subsects. 7.2, 7.3 below, explicit formulae for 7} are used for the computation of the
Hamiltonians for the elliptic 2d Calogero-Moser and the elliptic Gaudin models.
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6. L(SL(N, C))-Bundles over elliptic Curves with Marked Points

6.1. General case. We apply the general construction to the L(SL(N, C))-bundle over
that elliptic curve E; with marked points wy, o« = 1, ..., n. It is a two-dimensional
generalization of the elliptic Gaudin model [8]. In particular, for one marked point z = 0
we come to the N-body elliptic CM field theory.

Let us construct solutions of the moment equations (5.11), taking for simplicity at
the marked points the orbits with vanishing central charges

(’)az{pf‘j, ro,=0}.

For elliptic curves one can fix the central charge as k = 1. For the stable bundles the
gauge transformation (5.3) allows to diagonalize A:

271«/_

A,”:Sl
J ]T—‘L’

(6.1)
Then the Lax operator LY should satisfy (5.16). It takes the form:

Ly = zﬁf_( +§:“( ))

Z pij¢ (Z ~We— (@ w“)uﬂ') ¢ (uij, 2 — wa), (ij = ui —uj).

27'[«/_ T—-7
(6.2)
By the quasiperiodic gauge transform
. z2—1Z
f = diagle(_———up). (63)

one comes to the holomorphic quasiperiodic Lax operator

G (uij, 2 — wy).

(6.4)
Reducing the moment map equation to the diagonal gives the additional constraint

i Vi
ll-(j»(z) ~5r j_< +Zp”E1(Z W(x))

1 o
— E i = Oxlt;. 6.5
27[\/_—1 ~ pzz XY ( )

6.2. L(SL(2, ©))-bundles over elliptic curves with marked points. In this subsection
we study 2-body elliptic Calogero field theory in detail.
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The operator L. According to (6.4) the holomorphic Lax operator is

lG

471F Z pll El(z )

== Pip. ¢(2u z — W), (6.6)
G == 3P (-2u, 2 - wy),

with the additional constraint (6.5)

1 o
—— s =u 6.7
2my—1 P ©7

We still have the freedom to fix the gauge with respect to the action of the diagonal
subgroup. The corresponding moment map is (6.7).
For the one marked point w; = 0 the corresponding orbit is

p:Zn\/—_l<itT) -V ) (6.8)

— Uy

where v =const. is the result of the gauge fixing. In this case the Lax operator is a 2d
generalization of the Lax operator for the two-body CM model:

pon _ (TaA e EI@ v
W\ v (-2u2) yp Fv+uxE1(z)

This operator is still periodic under the shift z — z + 1 and
LS (z+ 1) = e@) L5} (R)e(—u) + e(u)dre(—u),

where e(1) = diag(exp u, exp —u).

(6.9)

Hamiltonians for the 2d elliptic sl(2, C) CM model. In this case the coefficients Ty are
(see (5.43)—(5.48)):

TCM=u2+v2=h

CM Vx
= 2t T e i (6.10)

TEM = 125 4 Qu2 —v7)p (Qu) —

Vx 1,vey2

where £ is the Casimir function, fixing the coadjoint orbit at the marked point. It can be
chosen as a constant. Thus, we have
v:i=h—u’.

The next order Hamiltonian is quadratic

v
It can be written in the following way:
u h
HM = f 27“/_ Gl (6.12)
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Since { 55 dx =% “” , v(¥)} = 0, the equations of motion are:

1
ut = —u)h
2m/—1
S B (6.13)
! 21 %"
Note that the L-M pair is simple in this case: M = 271;@[‘

The first nontrivial Hamiltonian Hy is quadratic in the momenta field v. It is a two-
dimensional generalization of the quadratic CM Hamiltonian

= yfdxzﬁXI = ygdx <To — ihTE ) (6.14)

A direct evaluation yields:

M _ (T My2 L PR Gu? — hyp Qu) U (6.15)
- = uy u) — —=. .

0 " 16n2 h & 402

The equations of motion produced by HOC M are:

v uz
=——(1-= 1

UxxxV — quxx)

1
20u3 — W' Qu) + 60, (g () + 2B (=

Vy =

It is reduced to the two-body elliptic CM system for the x-independent fields.

The L-M pair for the 2d elliptic sl(2, C) CM model. The equations of motion (6.16)
produced by the quadratic Hamiltonian HOCM can be represented in a form of the
Zakharov-Shabat equation with the L matrix defined by (6.9) and the M matrix given
as follows:

My = —uE1(z) — —471«]/—71 (&T%hvzux + 6uyp u) + —"”"vz:;xu”>
+ 5= (E2(u) — E2(2)),
My = —50—¢'Qu.2) + (#El(z) 5 T ﬁ - >¢(2u 2),

Mo = =52 (-2, 0+ (5= E1 @) + 242+ ) -2, ).
(6.17)
See Appendix C for details of the proof. This construction completes the description of
right vertical arrow in Fig.1.

2d CM - LL correspondence. The upper modification that produces the map of the
elliptic CM system into the elliptic rotator (4.10), (4.12) works in the two-dimensional
case as well.

The two-dimensional extension of the SL.(2, C)-elliptic rotator is the Landau-Lifshitz
(LL) equation

S = %[S, JS)]+ %[S, xxS]. (6.18)
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This equation can be fitted in the Zakharov-Shabat form [32]. The Lax operator L% has
the same form as for the SL(2, C) elliptic rotator L™ (4.16). For sl(2, C) the basis of
the sigma matrices coincides with the basis of the sin-algebra and L-* takes the form

L= Z”a(z)saaaa
a

u =g m @), 12 =<pm . u3=¢ [H @),

The ML operator has a very simple extension

MM =M™ — L E1(2) + ) ua(2)tr(0u[S, 98]y

It is easy to check that the Zakharov-Shabat equation leads to (6.18) if
dosi=1
a

Thereby we have defined the right vertical arrow in Fig.1.

Consider the upper modification E,p that has the same quasi-periodicity as & but
corresponds to the residue p (6.8) of L%‘” (6.9). Then the Lax operator for the LL system
is the result of the upper modification

LL — —~—1 — CM—=—1
L™ = Epdx &, + BopLip E5p. (6.19)

It means that we can pass from the C M fields v(x, t), u(x, ¢t) and the constant v to the
LL fields S = (S1, 2, S3) with the orbit fixing condition

1
2 2., .2
> osi= —ga v =1,
a
It completes the description of the diagram on Fig.1.

Relations with the Sinh-G equation and the nonlinear Schrodinger equation. Itis known
that the LL model is universal; it contains as a special limit the Sinh-Gordon and the
Nonlinear Schrédinger models [3]. In this way they can be derived within the 2d CM
system.

The scaling limit in the CM model is a combination of the trigonometric limit /mt —
oo with shifts of coordinates: u = U + %I mt and renormalization of the coupling con-

stant v = pe2 ! [31]. This procedure applied to the 2d elliptic CM Hamiltonian yields
the sinh-Gordon system:

2 2

U
=@ e+ (6.20)

Hsg = —

The equations of motion are:
— _ v
Ur=—g2»

_ 6.21
v =202 — ) + LU, (621
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The L-M pair is:

———1U, v(1-eYZ)

4/—1
SG
L5G — 5L _ 20, ci | (6.22)
Z 47r\/7 x
_% - smlﬁUx 4 jﬁ(] +e'2)
M6 = (6.23)

b ,—2U . 1y U
et Frgav

Let us consider 2d CM theory for N = 2 in the rational limit when the both periods
of the basic spectral curve go to infinity. The upper modification (6.19) transforms this
system in the Heisenberg magnet. Then using the non-singular gauge transform from
Ref. [3] we come to the nonlinear Schrédinger equation.

6.3. Hamiltonians for the 2d elliptic Gaudin model. Using (B.28) we obtain the
Hamiltonian:

b
g  — v P11 22 Pii L1y Ei(za —21)
—La 47“/ T 27+/— 2/ —1 27/ —1
P?zpzl Plfngl
=Y AUy — 2a) + Y = ¢ (Qu, 20 — )
2 2
= Cad=1) = Cad=1)
Pn axl’lz
— 6.24
2n/—1 p12 (624

The last term makes the above Hamiltonian different from the one-dimensional version.
Let us consider the s1(2, C) case with two marked points on the elliptic curve.
We will use the following notations:

piy=27v/=y1, phy =27v/~=1p,
ply=—2nJ/=Tvy, pl=-2n/-Tv_, (6.25)
p%z = 27+ —1uy, P%l = 2n/—1pu_.

The L matrix is:
Ifi =5 —nEGc—2) - nEG - ),
G =vpQu,z—21) + 11dpQu, z — 22), (6.26)
1§, = vé(=2u,z — 21) + p—(—2u, z — 22).
The solution exists if
Vit y2=ux. (6.27)

The gauge fixing condition is chosen to be

Vg =Vv_ = (6.28)
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We fix the Casimirelements 41 = y]2+v2 andhy = y22+u+u_ tobeconstants: by, hy €
C.

On the reduced phase space there are two independent fields besides u# and v. Let
them be for example v and w4, then

V2 =Uyxy — \/hl - 1)2 (6.29)
M—:t(hZ_(ux \/hl_vz) ).

However we are going to use all kinds of variables in order to make the formulae more
transparent. The non-trivial brackets on the reduced phase space are:

), u} =8 —y), L@, NM}=-8x—y), L&), v} =18x-y),
(), i} = —ﬁuﬁ(x =), At (), p-(} = — Z\—ﬁVzS(x =¥

(s (0. 2} = 7 u8@ = y). e (). v} = = T s —y),

), n-)} = 2nﬁ Bpu_d(x —y).

(6.30)
The Hamiltonian is:

v v
HG=¢‘dx(2 — =49 +v 2u,21 — 2
] 71471\/_—1 n Y1+ v ( 1—22)
—vu—¢Qu, 20 —z21) + 2y Ei(z1 — Zz))- (6.31)

The equations of motion are:

1
du(x) = 27r—\/—_1y1(x)’
1
) = 5w = (G w21 — 2 + 8P 22— )

— 204 ¢/ Qu, 21 = 22) + 20 ¢/ Qu, 2 — 2) — B (L1,

2
Oy = —5— = (V—> + e (e ¢ Quy 21 — 22) — - Qu, 22 — 21)),

1 v
) = 2 2 —yEi(z1 —z2
t I+ 271\/—_1< 471\/—_1M+ n+ (2 — vy Ei(z 2))

2vyn
— 2u, 7y —
ZnJ—_l¢( ¥, 22 = 21)
_—2;/«1/M—i1v (+0Qu, z1 — 22) — u—-¢Qu, 22 — 21)).

(6.32)
The quadratic Hamiltonian is the direct generalization of (6.15)

1
HOG = %dXZ\/hTXl = %dx (To - —T31> , (6.33)

4hy
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where
vi ) (B:1)?
2Vhixi = _16_2( - 1)+ Quxyr = v Qu) = — 57— + ppp—(E2(z1 — 22)

— EQu) + dmyiya +vu—odQu, zo — z21)(E1(z1 — 22) — E1(Qu)
+ E1Qu 422 —21)) — vitr pQu, 21 — 22)(E1(z1 — 22) v ET(z1 — 22)

+ Ei1Qu) — E\QRu+2z1—22)) + 2 Ei(z1 —z
1(2u) 1( 1—22)) V24F1(1 2)

- Vz—El(Zl —z2)+ J/1 ¢>(2M 21 —22) — V19 Qu, 21 — 22)

X [3xllf+ ~|—2ux—(E1 (z1 —22+2u) — E1(2u))}

1
= g OpeQu 2 = 22) — i § Q22— 20) + 202 E1 (2 — 2))?

1
= on vy dQCu, z1 — z22) — v u, z2 — z1)

V
+ 211 E1(z1 — 22)) Cyi m;’“ + 3 y1)- (6.34)

v
dny/—1
7. Conclusion

Here we briefly summarize the results of our analysis and discuss some unsolved related
problems. The following two subjects were investigated in the paper.

(1) We have constructed symplectic maps between Hitchin systems related to holo-
morphic bundles of different degrees. It allowed us to construct the Bécklund transfor-
mations in the Hitchin systems defined over Riemann curves with marked points. We
applied the general scheme to the elliptic CM systems and constructed the symplectic
map to an integrable SL(N, C) Euler-Arnold top (the elliptic SL(N, C)-rotator). The
open problem is to write down the explicit expressions for the spin variables in terms of
the CM phase space for an arbitrary N as was done for the case N = 2 (4.34). It should
help to construct the Bicklund transformations for the CM systems explicitly, and more
generally, to construct the generating function for them. The later can be considered as
the integrable discrete time mapping [10].

(ii) We have proposed a generalization of the Hitchin approach to 2d integrable theo-
ries related to holomorphic bundles of infinite rank. The main example is the integrable
two-dimensional version of the two-body elliptic CM system. The upper modification
allows to define the symplectic map to the Landau-Lifshitz equation and to find, in
principle, the Bécklund transformations in the field theories.

It will be extremely interesting to find the 2d generalization of the SL(N, C)-rotator
for N > 2 (the matrix LL equation).

There is another point of view on the 2d generalizations of the Hitchin systems. One
can try to define them starting from holomorphic bundles over complex surfaces, that are
fibrations over Riemann curves. In this case the spectral parameter lives on the base of
the fibration, while the space variable lives on the fibers. It will be interesting to analyze,
for example, the known solutions of the LL equation from this point of view.
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8. Appendix
8.1. Appendix A. Sin-Algebra.

e(z) = expLnv—1z2), (A.1)
Q = diag(e(1/N),...,e(m/N), ..., 1), (A.2)
010 ---0
001 ---0
A=)t . ], (A.3)
000 ---1
100 ---0
Eyun =e(%)QmA", m=0,....,N—1,n=0,...,N—1,(modN) m> +n> % 0)
(A4
is the basis in s1(N, C). The commutation relations in this basis take the form
. .
[Esk, Enj] = 2+4/—1sin N(kn - S])Ex+n,k+j» (AS5)
tr(Egk Enj) = 85,—n0k,—jN. (A.6)

8.2. Appendix B. Elliptic functions. We summarize the main formulae for elliptic func-
tions, borrowed mainly from [33 and 34]. We assume that g = exp 27it, where 7 is the
modular parameter of the elliptic curve E.

The basic element is the theta function:

ﬁ(zl_’:) — q% Z(_l)neni(n(n+l)r+2nz)

nez

— qgef%(emz _ e*l?TZ) 1_[(1 _ q”)(l _ qneZln'Z)(l _ qn672mz>' (B.1)

n=1
The Eisenstein functions.
1

Ei(z|t) = d;log ¥ (z]v), Ei(z|t) ~ e 2z, (B.2)

where /
1 3 - <« 1 24 7/(1)
P B - == , B.3
m) =¢ <2> w2 _2: 4~ (mt+n)? 2min(r) ®-3)
m=—oQ n=—0o0

where

n(@) =q% [] ¢

n>0
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is the Dedekind function,
1
E(zl7) = =9, E1(z|t) = 82log ¥ (z|7), Ea(zlt) ~ Z + 2n;. (B.4)

The next important function is
9 (u +2)9'(0)

It has a pole at z = 0 and
pu,2) = - + Ei(u) + = (E%u) PN +.... (B.6)
and
G, ) B, 2) = Er(u+2) — E1(u). (B.7)

The following formula plays an important role in checking the zero curvature equation:

¢"(u,2) = ¢(u, 2)(E2(2) — ET(2) + 2E1 (2)(E1(u +2) — E1(w)) + 2E2(u) — 61y).
(B.3)
It follows from:

(E1(2) + E1(u) — E1(z + u))> = Ex(u) + E2(2) + Ea(u +2) — 6n1. (B.9)

Relations to the Weierstrass functions.

¢(zlt) = Ei(z|t) + 2ni(7)z, (B.10)
p (zlt) = Ex(z]t) — 2m1(2), (B.11)
o(u+
b, 2) = exp(~2mug) T T D B.12)
o(u)o(z)
du, 2)p(—u,z) = p () — p W) = E2(z) — E2(u). (B.13)
Particular values.
1 1
E(=)=0 E (5) —E (5 = 2o (B.14)
2 2 2
Series representations.
1 2miz
Ei(zlt) = 2mi | =+
2 —q"
n#0
Z 1 qneZntz 1
= —2mi — 4 —+ =1, (B.15)
_ 2 _ 2
n<0 1 qne Tz n>0 1 qne Tz 2
5 n 2mz
Ex(z]t) = —4n Z = qnem)z (B.16)
—2mnz

neZ
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Parity.
V(—z) = =9 (2), (B.18)
Ei(=2) = —E1(2), (B.19)
Er(—2) = Ex(2), (B.20)
¢(u,2) =z, u) = —¢p(—u, —2). (B.21)

Quasi-periodicity.
e+ 1) =—0@), PE+1)=—qg Te (), (B.22)
Eiz+1)=E(z), Ei(z+71) = E(z) —2ni, (B.23)
Exz+1) = Ex(z), Ea(z+1) = E2(2), (B.24)
du+1,2)=0¢w,2), ¢W+1,2)=e P, z). (B.25)

Addition formula.

¢, 2)3¢ (v, 2) — (v, 2)0u¢(u, 2) = (E2(v) — E2(u))¢p(u + v, 2), (B.26)

or

¢, 2)0¢ (v, 2) — (v, 2)0u¢ (1, 2) = (9 (v) — P W)Pu + v, 2). (B.27)

The proof of (B.26) is based on (B.6),(B.21), and (B.25). In fact, ¢ (u, z) satisfies more
a general relation which follows from the Fay three-section formula

¢y, 2@ w2, 22) =P (ur +uz, 2@ (U2, 22 —21) — P (U1 +u2, 22)p(ur, 21 —22) = 0.
(B.28)
A particular case of this formula is

¢, 2P 2, 2) — ¢ (ur +uz, 2)(E1(ur) + Ey(u2)) +0:¢(u1 +uz,2) =0.  (B.29)

Integrals.

/ Ei(z|t)dzdz = 0. (B.30)
E;
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Theta functions with characteristics. Fora, b € Q put :

em@, D=2 e((+a’+(+a)G+b). (B.31)
JEL
In particular, the function ¥ (B.1) is the theta function with a characteristic
9(x,7) =6 [}g} x, 7). (B.32)
One has
|: ](Z+1 T) _e(a)6|: :|(z 7), (B.33)
0 [ﬂ(z +dt,r)=¢e (—a/zg —dz+ b)) 9[“ J[;“/](z, 1), (B.34)
9[””]@ z)—e[ i|(z 0, jez (B.35)

a/2 | _
For simplicity we denote 0 |: b2 | = Oab:
The following identities are useful for the upper modification procedure in sl(2, C)
case:

Bo1(x, T)000 (¥, T) + Oo1(y, )60 (x, T) = 26001 (x + ¥, 27)001 (x — ¥, 21),
601 (x, T)000(y, T) — Oo1(y, T)boo(x, T) = 20 (x + y, 2T)P (x — y, 27),
Boo(x, T)000(y, T) + O01(y, T)001(x, T) = 2000(x + y, 27)000(x — y, 27),
800 (x, T)000(y, T) — 001(y, T)001(x, T) = 2010(x + y, 27)010(x — y, 27);

(B.36)

29 (x, 21)001(y, 27) = (x?,r)Qlo ()% )+910 (x+y T)ﬂ(%’f)’
2600 (x, 21)910(y,21)—19(’“+y )0 (32, 1) + 610 (32, 7) 610 (52, 7)
2600(x, 27)600(y, 27) = foo (32, 7) 600 (52, T) + 601 (52, 7) b0 (*
2610(x, 27)610(y, 27) = foo (3%, 7) 600 (5%, T) — o1 (52, 7) for

8.3. Appendix C: 2d 51(2, C) Calogero L-M pair. The Zakharov-Shabat equations in
sl(2, C) case are:

11:0;L11 — 0xM11 = M1 Lo — M2 Loy,
12:0;L1p — 0yMyp = 2L11 M2 — 2L1p My, (C.1)
21:0; Ly — 0x Moy = 2M11 Ly — 2L11 M.

Let the non-diagonal terms in the M matrix be of the form:

{ Mz = c(x)®'Qu, 2) + (fLEE1(2) + f50))PQu, 2), €2
Mo = c()®'(—2u, 2) + (f; ) E1(2) + fay ()@ (—2u, 2). ‘

Then from the diagonal part of (C.1) we conclude:

My = —uE1(z) + a(x) + AMy, (C.3)
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where

ax) = ! ( ! VU + 6u,p Qu) + (C4)

Cdnd—1
and AM; will be defined in the following. It is supposed to be dependent on E>(2u) in
order to cancel terms proportional to E>(2u) and Eé (2u) in (C.1).

Using formula (B.8) in the non-diagonal part of (C.l1), we arrive at some

conditions equivalent to cancellations of the terms proportional to functions £ 2u, z) =
E\Qu +2) — EQu), E1(2), E7(2), E1(2)§(—2u, 2):

E\(EQu,2): f)=—c,
E{(R): f,=—c,

(12) EQu,z): 2vu; —cy — 2I/txf102 = —26#_—1, (C.5)

Ei1(z): _axf1]2 = _2#?1f112 - zuxfloz + 2u;v,

UxxxV — VxUxx
203 ’

El(z)é(—Zu, 2 fh=—c
E}(z): fh=—c

@D E(—2u,z): —2vuy —cy + 2uxf21 = 2c F (C.6)

E\@): —dfyy =25= 1 +2uy f) = 2uv.
Thus . :
fi2=/fo = —¢,
2uxf102 = 2vut Cy +2c——
2uxf21 =2vu; + ¢y +2c—"—

ye r (C.7)

47 F
f+:f201+f102= %(‘mt‘i‘cﬁ_—l),
f-= f201 _floz = ,%

The remaining parts of the non-diagonal equations are:

(C.8)

vr + 12cuyn; — 8xf102 — 2cuy Ey(2) — 4cuy Er(2u)
= 2= f{y — 2va — 20AM;,
—v; + 12cuny + dy £ — 2cuy E2(z) — 4euy Eo(2u)

= 2= f3) — 2va — 20AMy.

Subtracting the above equations we have:

(C.9)

2”7"axut F O fr = — (C.10)

v
2——f

4/ —1 f
Substituting f1 and f_ from (C.8) into (C.10) we arrive at the equation for c:

v v Cx
E—— = 11
471»,/—1)) 4/ —1 uy (€10

Now some concrete equations of motion should be used. For HEIM this equation yields

1
u—xé)xu, + 0y (— <vu, +c
v .

c~ ,/“7". However the coefficient of the proportionality appears to be equal to zero.

For HOCM (6.15) we have ¢ = _zmvﬁ'
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