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Abstract: The problem of a classification of integrable evolution equations on the
N-dimensional sphere is considered. We modify the main notions of the symmetry
approach such as the formal symmetry and the canonical series of conserved densities
to the case of such equations. Using these theoretical results, we solve several special
classification problems. The main result is a complete classification of integrable isotro-
pic evolution equations of third order on the sphere. An important class of anisotropic
equations is also considered.

1. Introduction

In the paper [1] the following equation
3 3
U=(Un+3<Uc Uy >U) +3<U. RO >0 <U.U>=1 ()
X

was considered. Here U = (U!, ..., UN*l) is an unknown vector, R is a constant
symmetric matrix. Here and in the sequel < -,- > stands for the standard scalar
product in Euclidean space V. Without loss of generality it can be assumed that R =
diag(ry, ..., *rN+1)-

It was shown that this equation is integrable by the inverse scattering method for any
N and R. If N = 2, then (1) is a higher symmetry of the Landau-Lifshitz equation.
Besides, Eq. (1) defines an infinitesimal symmetry for the well-known Noemann system

(2]
Uxxz—(<Ux, UX>+<U,R(U)>)U+R(U), <U,U>=1, (2
describing the dynamics of a particle on the sphere S" under the influence of field with

the quadratic potential ¢/ = % < U, R(U) >. More precisely, if we eliminate the
derivatives Uy, and Uy, from (1) using Eq. (2), then the reduced system
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U,=%<< Us, Uy > + < U, RU) > ) Us = < Uy, RW) > U +R(U)
is a symmetry for (2).

In this paper we are dealing with a problem of classification of integrable vector
evolution equations similar to Eq. (1). Our main tool is the symmetry approach [20, 21,
23, 24] based on the observation that all integrable evolution equations with one spatial
variable possess local higher symmetries (or, the same, higher commuting flows). We
are developing a specific componentless version of this approach suitable for vector
equations.

In Sect. 3 the main concepts of the symmetry approach are generalized to the case of
equations of the form

3
Ut:fnUn+fn—lUn—1+"'+flU1+f0Us Uizﬁ, (3)
where U (x, t) is an N-component vector, and f; are scalar functions of variables
ui,j) =< Uy, Uj >, i< J, “4)

0<i,j<n

It is clear that any Eq. (3) is invariant with respect to an arbitrary constant orthogonal
transformation of the vector U. Equations of the form (3) are called isotropic.

The vector modified Korteweg-de Vries equation

U =Usxx+ < U, U > Uy, &)

gives us an example of an integrable isotropic equation. It is well known that this equation
is integrable by the inverse scattering method for any N.

Different examples of integrable vector equations can be found in the papers [4, 5].
Some of them are closely related to such algebraic and geometrical objects as Jordan
triple systems and symmetric spaces [3, 8, 9, 11].

In this paper we shall consider Eq. (3) that are integrable for arbitrary dimension N
of the vector U. In addition, we assume that the coefficients f; do not depend on N. By
virtue of the arbitrariness of N, variables (4) will be regarded as independent. The func-
tional independence of u(; j}, i < j is a crucial requirement in all our considerations.
If N is fixed, we cannot suppose that. For instance, if N = 3, then the determinant of
matrix A with entries a;; = uy; j, i, j = 1, 2, 3, 4 identically equals to zero.

The signature of the scalar product is inessential for us. Furthermore, the assumptions
that the space V is finite-dimensional and the field of constants is R are also unimportant.
For instance, U could be a function of ¢, x, and y and the scalar product be

o0
<U,V >=f Ui, x,y)V(t,x,y)dy.

—0o0

Thus our formulas and statements are valid also for this particular sort of 1 4+ 2-dimen-
sional non-local equations.
A more restrictive class than Eq. (3) on R" consists of equations

U=fhU+ fustUn1+--+ iUt + fo U, <U,U>=1, (6)

U = (U',...,UN*1), defined on the sphere SV. If R = 0, then (1) belongs to this
class.
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It is easy to see that the stereographic projection takes any Eq. (6) on SV to some
isotropic equation on RY . The converse statement is not true because, in general, the
preimage of Eq. (3) on R" under the stereographic projection is non-isotropic on SV.

In Sect. 2 we present a complete list of integrable isotropic equations

Ut:Uxxx+f2Uxx+fl Ux+f0Uv (7)

on the sphere SV. A sketch of a proof of the corresponding classification theorem is
contained in Sect. 4.

In order to prove that all equations from the list are really integrable, we find an
auto-Bécklund transformation, involving a “spectral” parameter, for each of the equa-
tions (see Sect. 5).

Equation (1) with non-trivial R is not isotropic. Nevertheless, equations of such type
can be also treated in the framework of our componentless approach. To do this we
assume that the coefficients f; of Eq. (3), besides (4), depend on additional variables

v, j1 =< Ui, R(Uj) >, i <J, (8)

where 0 < i, j < n, and R is a constant symmetric matrix. We call such equations
anisotropic. In the paper we consider anisotropic equations that are integrable for arbi-
trary symmetric matrix R. For this reason we regard the union of all scalar products (4)
and (8) as a set of independent variables.

Section 7 contains new nontrivial examples of integrable anisotropic evolution
equations of third order on the N-dimensional sphere.

2. Classification Results for the Isotropic Case

In this section we formulate some classification statements concerning integrable evolu-
tion equations of third order on the N-dimensional sphere. This classification problem is
much simpler than the similar problem on R¥. Indeed, the set of independent variables
(4) on SY is reduced because of the constraint upo,0] = 1. Differentiating this identity, we
can express all variables of the form u[g ¢}, k£ > 1 in terms of the remaining independent
scalar products

u, ) =< U, Uj >, 1<i<y. 9

Forexample, u[o,1] = 0, u[0,2) = —u[1,1}, and so on. Therefore the coefficients of Eq. (7)
onSY a priori depend on only three independent variables uy, 13, u[1,2], and u2, 2] where-
as in the case of R" they are functions of six variables u[o,0, %[0.1], U[1.1]> 4[0.2]> ¥[1.2]»
and up,2]-

Theorem 1. Suppose that equation
U =Usxx + 2Usx + iU+ o U,  fi = filup,ny, up,2), up2,2) (10)
on the sphere < U, U >= 1 possesses an infinite series of commuting flows of the form
Uy =8k Uk + 8k—1 Ug—1 + -+ 81U + 80U,  k— oo,

whose coefficients g; depend on variables (9); then this equation belongs to the
following list:
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2
up,2| U1,2)
U, 1] u[zl’l](l +aup

up 2 3
UtZUxxx_?’gUxx‘i‘_ (

+c] U, (A1
U1, 1 2 ) ) '

2.2
3(_44n2 2
U =Uwx+ 5| 77— —aupz —up ) tupn+c) U +3uny U,

2\1l4aupn
(12)
u 3u
U =Uxxx — 3 (1.2] Uyx + (_ (2.2] +C> Uy, (13)
UpL, 1] 2up,
+1Du —Du
Uy = Uy — 39T D021 3@ Doy,
2qup, 2q
3 /( +1)u2’2 (+1)au1,22
+—<q 22 AT A (A —g) e ) U, (14)
2 ISRY g up,n

where a and c are arbitrary constants, g = €\/1 + a upy 1], g2 =1.

Theorem 2. If Eq. (10) on SN possesses an infinite series of conservation laws (py); =
(ok)x, k — 00, where py and oy are functions of variables (9), then this equation
belongs to the same list (11)—(14).

Remark 1. The constant ¢ can be removed by the Galilean transformation and below we
will omit this constant as trivial. The constant a can be reduced toa =0 ortoa = +1
by an appropriate scaling of x and ¢. Thus the list contains rather many non-equivalent
equations over R. In particular, Eq. (1) with R = 0 coincides with (12), where a = 0.
Equation (14) with @ = 0 and ¢ = —1 reads as

Ut = Uxxx + Bupy+¢) Ux +3up g U. (15)
If a = 0 and ¢ = 1 then Eq. (14) becomes

Uy = Uryx =322 Uy + (3 e +C) Us. (16)
Ui UL,

Remark 2. In the process of the proof of Theorems 1 and 2 (see Sect. 4) it has been

checked that all Eqs. (11)—(14) have non-trivial local conservation laws of orders 1,2,3

and 4. Moreover, we have verified that each of these equations possesses a higher sym-

metry of fifth order. For example, the fifth order symmetry of Eq. (15) has the following

form:

U =Us+5upnUs +15up Uz + 5 (3 u[1,1]2 +2up + 314[1,3]) U
+ 5(6 urr U, +2up3 + u[1,4]) U.

We are sure that all our equations have infinite series of symmetries and conserved den-
sities, but of course it should be rigorously proved. From our viewpoint the existence of
higher symmetries and/or conservation laws is a very efficient way to list all integrable
cases. But there is a little help from symmetries and conservation laws for integrating
of a given equation. That is why we find in Sect. 5 auto-Bicklund transformations for
all equations of the list.
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Remark 3. The coincidence of the lists from Theorems 1 and 2 shows that the so-called
Burgers type equations of the form (10) do not exist on SV. Recall that the Burgers
type equations (C-integrable equations in the terminology by F. Calogero [22]) possess
higher symmetries but have no higher conservation laws.

Remark 4. Equation (13) on R" has been found the papers [4, 6, 11]. This equation is
related to vector triple Jordan systems. It is a vector generalization of the well-known
Swartz-KdV equation
3 vfx
Vf = Upxx — = —.

1 XXX 2 ‘Ux
Remark 5. In the case of one-dimensional sphere Eqgs. (11), (12) with @ = 0 can be
reduced to the potential mKdV equation

3
Ur = Upxx + Uy

by the stereographic projection and some point-wise transformations. Equations (11)
and (12) with a = —1 are reduced to
1, 3 (Q—4vd)?
V= Ugxx — =0 Uy + ——————=—, 17

t XXX 8 Q X 32 ‘Ux (Q _ 41}%) ( )
where Q(v) = (V2 + 1)2. Equation (17) with Q(v) being an arbitrary polynomial of
fourth degree is known as the Calogero-Degasperis equation (see [13]). Our particular
case corresponds to a trigonometric degeneration of the elliptic curve implicitly involved
in (17).

Equation (14) is reduced to the following integrable equation:

6a vy v2, 4807,
1+4av,?

Remark 6. 1t would be interesting to find a geometrical interpretation of Eqgs. (11)—(14)
along the lines of [10]. Here we only note that Eqs. (11) and (13) admit the following
constraint: < U,, U, >= 1. This means that the 7-deformation of an initial curve U (x)
on the sphere by virtue of these equations preserves the length.

Ur = Uxxx —

3. Canonical Densities

In the papers [12, 20] the concept of formal symmetry for one-component evolution
equations of the form
du
up = Fu, uy, ua, ..., up), Ui = — (18)
ax!
has been introduced. By definition, the formal symmetry (or the formal recursion oper-
ator) is a series of the form

L=aDy+ap +a_1 D' +a o D>+, ai=ai(u, ui,....uy), (19)
satisfying the following operator relation:
no
aF
Li=[F. L, F =2028—me- (20)

Here D, is the total derivative operator with respect to x:
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o 8[
Dy, = Zui+1 8_14,"
0

F is the Frechét derivative of the right-hand side of Eq. (18). It was shown in [12, 19]
that the formal symmetry exists for any Eq. (18) possessing an infinite series of local
higher symmetries or conservation laws.

The residues p; = res L' are local conserved densities for Eq. (18). They are called
the canonical densities. In [19] it was proved that if Eq. (18) has an infinite series of
conservation laws, then the canonical densities p; are trivial for all even i.

There is an alternative way [14, 15] to compute the canonical densities. It is based

on identities for the logarithmic derivative of a formal eigenfunction for the operator

Fri F. This algorithm deals with commutative Laurent series in contrast with non-
commutative series similar to (19).

In this section we define an infinite sequence of necessary integrability conditions
for Eq. (3). These conditions

D, pi = Dy 6;, i=0,1,2,... 21

have the form of conservation laws, where p;, 6; are some functions of variables (4),
which can be recursively found in terms of the coefficients f; of Eq. (3).

These conditions are very close to the canonical conservation laws from the papers
[12, 20, 21, 7, 14, 15, 23] but do not coincide with them. Our conditions are more con-
venient for classification problems related to Eq. (3) since they are much simpler than
the standard canonical densities for multi-component systems.

Theorem 3. (i) If Eq. (3) possesses an infinite series of commuting flows of the form
Ur =8mnUn~+8gn-1Un-1+---+21U1+ 50U, (22)
then there exists a formal series
L=a;Dy+ay +a_1 D' +arD* +---, (23)

satisfying the operator relation
n
Li=[A L, A=) fiD. (24)
0

Here gi, a; are some functions of variables (4), f; are the coefficients of Eq. (3).
(ii) The following functions
1 a .
pi=—, po==, p=resli, ieN (25)
ai ai

are conserved densities for Eq. (3).
(iii) If Eq. (3) possesses an infinite series of conserved densities depending on variables
(4), then there exists a series L satisfying (24), and a series S of the form

S=s51Dy+5s0+5 1D +s5s2aD2 4. (26)

such that
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S,+ATS+S5A=0, sT = —g, (27)

where the superscript T stands for formal conjugation.
(iiii) Under the conditions of item (iii) all densities (25) corresponding to even i are
trivial i.e., por = Dy (ox) for some functions oy of variables (4).

Comments. In [21, 7] the notion of the formal symmetry was generalized to the case
of systems of evolution equations. In these papers the formal symmetry is a series with
matrix coefficients satisfying (20). In our paper both the operators A and L are scalar
objects and A does not coincide with the Frechét derivative F; of the right-hand side of
the system.

In [7-9] Sergey Svinolupov has described integrable cases for several classes of
N-component polynomial systems using the existence of the formal symmetry as a
necessary condition of integrability. In these papers he imposed very serious restric-
tions on the structure of the right-hand side and only a collection of unknown constants
was to be determined. Any attempts to solve more general classification problems for
N-component systems with the help of the standard component-wise approach lead to
computational difficulties which cannot be overcome.

The use of the scalar series L defined by formula (24) instead the formal symmetry
makes possible a complete classification of isotropic integrable systems of the form
U, = Us+ f> Uy + f1 Up + fo U on RY without any assumptions about the structure of
the coefficients f;. We are planning to publish a separate paper devoted to this problem.

Reduced proof of Theorem 3. In many respects the proof is analogous to one used in
[20] for the scalar case.
(1) Let us rewrite Eq. (3) and its higher symmetry (22) in the form

U = A(U), U, =B(U), B=Y gD (28)
0

The compatibility of Egs. (28) implies the following operator identity:
B, —[A, B] = A;.

For m large enough we can ignore the right-hand side of this relation. In other words,
the operator B approximately satisfies (24). But then the first order series L,, = B!/"
also approximately satisfies (24). A rigorous assembling of approximate solutions L,,
into one exact solution L can be done in the same way as in [20].

(i1) The statement follows from the known Adler’s formula (see [20]).

(iii) Let us represent the variational derivative

Sp ./ 0p
=3 (Do (
sU g 314[1"]']

U;) + (=D’ ua[p ~ ) 29)

of arbitrary conserved density p of order m in the form

5p

— =S (U),

35U m(U)
where S, is a scalar differential operator of order 2m, whose coefficients depend on
variables (4). As it is well known [28], this variational derivative satisfies the following

equation:
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T
(5),--(0) 5.
sU ), , 8U

where the subscript * means the Frechét derivative and the superscript 7 stands for
formal conjugation. It follows from this equation that the operator S,, approximately
satisfies (27). To conclude the proof of Theorem 3 it suffices to repeat the corresponding
reasoning from [20].

Remark 7. In the same way, this theorem can be proved for the isotropic equations on
the sphere and for the anisotropic equations.

4. Systems of Third Order. Isotropic Case

Finding from (24) coefficients ay, ag, a—; of the series L, it is easy to verify that for Eq.
(10) the densities pg and pj are expressed in terms of the coefficients f; by the following
formulae:

1
po=—3 f2 (30)

1, 1 1
= - - = - D . 31
o1 9f2 3f1-i-3  f2 (31

The corresponding functions 6; can be found from (21). The fact that the left-hand
sides of (21) are total x-derivatives imposes rigid restrictions (see below) to the coeffi-
cients f; of (7).

Expressions for p;, i > 1 involve the coefficients f; and the functions 6; with
j < i — 2. Using a technique developed in the papers [14, 15], one can obtain the
following recursion formula:

1
Pn+2 = §|:9n — J081,0 =2 f2 pn+1 — f2Dxpn — N Pni|

1 n n+1
—=| f2 Os Pn—s + Ps Pk Pn—s—k +3 Ps Pn—s+1
3
s=0 s=0

0<s+k<n

1 & 1
—Dy| pn+1 + E Zps Pn—s + ng,On , n=0, (32)
s=0
where §; ; is the Kronecker delta and pg, o1 are defined by (30), (31).
According to this formula,

_ 1f—|—16’ 2f3+1ff D 1f2+2Df lf
,02—3030812912 \g/2tghbsa=3 /1

and so on.

In order to show how to manipulate with conditions (21) we consider Egs. (10) on
SN and present a proof of Theorem 2. To perform the corresponding computations some
special Maple routines were written.

The equation of the sphere < U, U >= 1 gives rise to the relation < U, U, >= 0.
It follows from this that any Eq. (10) on SV has the following form:
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U =Us+ LU+ fiUr + (faup, +3up2) Uo.
Thus for Egs. (10) on S¥, we have to replace fo by f2 u[1,1)+ 3 u[1,2] in conditions (32).

Lemma 1. Suppose Eq. (10) on SV possesses an infinite series of conserved densities
depending on variables (4); then the equation has the form

Uy =Us+Aupg Uz + (Bupoy+ Cufy o+ Dupi o) + E) Uy
+ (up,n A+ 3)up,2 Vo, (33)

where A, B, C, D, E are some functions of variable uy 1.

Proof. Tt follows from (30) and the item (iiii) of Theorem 3 that f> = D, (o) for some
function og. Since f> does not depend on the third order derivative, we see that oy may
depend on the variable u(; 1] only. Thus f, = 206 u1,2] and the function A from (33)
coincides with 20).

To specify the form of the coefficient f1, let us consider the condition D;(p1) =
D, (01), where p; is given by (31). Using the main property of the Euler operator, we
can eliminate the unknown function 6. It is well known [28] that % D, (0) = 0 for any
function 6. Therefore we have

2 (tonr) =0. (34)
sU
It is easily verified that
1) af1 2 3fi
=2(D A Us+ -, 35
sU ((pl)’) (xaum] 3 dup. ““’2]) 6F (33)

where the dots denote the terms which do not contain Us. Equating to zero the coefficient
of Ug in (35) we get

2 N + > (13 + up.2))
—5 —UpR;3 ———— W3 UpR.2
0y 231 G gy 31 T 22
9’ fi 2 0fi
+2———upn— = Aupr 21 =0. (36)
a14[2,2]814[1,1] (.21 3314[22

This obviously implies
72f P h
Bu[zm] up2,210u(1,2]

Taking these relations into account, let us equate the coefficients at u3 3ju[1,4) U1 and
up2,41u11,4) Ur in (35) to zero. It is not hard to check that as the result we obtain

¥ fi af1
3 (u[l’l]a — 15) =
aum] up,2]

and 3
0 b
Tfl<2 A ~39) =o.
dufy dup,2)
3 fi
It follows from these two identities that 3 = 0. This concludes the proof of
u
[1,2]

Lemma 1.
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Remark 8. The statement of Lemma 1 is a generalization of the fact (see [23]) that for
integrable scalar equations of the form
uy =u3z+ F(u,uy, uz)
the function F is a second degree polynomial in u5.
It follows from (36) that
3B'=AB. (37

One more important relation can be derived from

)
— =0.
5U (p2)
Vanishing of the coefficient of the highest derivative Uy in this condition implies
A2 4 2B Aup 1 +2AB —3A" =0. (38)

At last, the conditions obtained from the coefficients at u[y eju[1,2) Ur and uf1 51 Us in
(34) implies that

B" B> —2B"up ;) —4B* B =0. (39)
It is easy to find from (37)—(39) that

Case 1) B=u,
or Case 2) B =

, A#Q,
Ui,
or Case 3) Bzu[l,l] —3B=v, v#0,

where 1, A, v are constants.

Consider, for example, case 2. Relation (37) leads to A = —”[13 T Equating to zero
the coefficient at u[j 51 U3 in (34), we obtain ’
21 —3)(Cufy yy+ 4 —3)=0. (40)
The coefficient at u gju1,2) Uy gives us
3C upi1y — 2ufy ;€% +2(6 — 2)C =0. (41)

Moreover, one can derive from (34) that D = 0 and E is a constant. Thus if A # %, we
have the following equation:

2
Ut:U3_3MU2+<)\w+(3_A)M[21’ZJ—|—c>U1. (42)
U[1,1] U[1,1] Up 1
For any constant A, this equation satisfies conditions (21) withi = 0, 1, 2, 3, 4. It can
be easily checked that the conditions with i = 1 and i = 3 yield non-trivial conserved
densities
W11 H,2) — WD g

p1 = 5
U,
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and

2 2
22 (9 —x) (upiyup,2) — Uy o)

2

2

s = upsy (w3 — up.2))? o
4 ufi u

4
U,

11

of second and third orders. It follows from (21) with i = 5 that A = 3 and we obtain
Eq. (16). Note that Eq. (42) with arbitrary A provides us an example of a non-integrable
equation having a local higher conservation law of third order.

In the case A = %, the general solution

3
C= 3
2u[1’1] (I +aup,)

of the Bernoulli equation (41) immediately gives rise to Eq. (11). The particular solution
C = 0 corresponds to Eq. (13).

Case 1 can be subdivided into two subcases: @ = 0 and u # 0. For both subcases
explicit expressions for the coefficients of (33) can be easily obtained. But to specify
the values of some constants in these formulae it is needed to use conditions (21) up to
i = 6. As the result, we obtain Egs. (15) and (12).

In Case 3 we have

3 1 3 1
B = 4+ AZ—E 4+ R q:e,/l—}—au[l,l], 8221,

2 upay’ qupi.n

where a = 4v/9. The remaining coefficients are easily derived from condition (21) with
i = 3. As the result, we obtain Eq. (14).

5. Bicklund Transformations for Equations of the List

We have to prove somehow the integrability of all equations from the list (11)—(14)
obtained with the help of the necessary integrability conditions (21). The usual way for
that is to find Lax representations or Miura transformations between “new” equations
from the list and equations known to be integrable. But we choose another possibility.

In this section we present first order auto-Bécklund transformations for all equations
from the list. Such a transformation involving an arbitrary parameter allows us to build
up both multi-solitonic and finite-gap solutions even if the Lax representation is not
known (see [18]). That’s why the existence of an auto-Bicklund transformation with
additional “spectral” parameter A is a convincing evidence of integrability.

For the scalar evolution equations, the auto-Backlund transformation of first order is
a relation between two solutions u# and v of the same equation and their derivatives uy
and v,. Writing this constraint as u,, = ¢ (u, v, vy), we can express all derivatives of u
in terms of u, v, vy, ..., v;,.... The last variables are regarded as independent.

In the vector case, the independent variables are vectors

u, v, vi, o, ... Vi, (43)
and all their scalar products

def def
g Levivi>  w¥u v, ijxo0 (44)
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In this paper we consider special vector auto-Bécklund transformations of the form
U=hVi+fU+gV, (45)

where f, g and & are functions of variables (44) depending on first derivatives at most.

Since V lies on the sphere < V, V >= 1, we assume without loss of generality that the

arguments of f, gand hare wo =< U, V >, wy =< U, Vi >, v =<Vi, V1 >.
Since < U, U >=1, and < U, U; >= 0, it follows from (45) that

_ftwog
w1 '

h = (46)

To find an auto-Bécklund transformation for Eq. (10), we differentiate (45) with
respect to ¢ by virtue of (10) and express all vector and scalar variables in terms of
independent variables (43) and (44). By definition of Bicklund transformation, the ex-
pression thus obtained must be identically zero. Splitting this expression with respect
to the independent variables different from wo, w1, v[1,1], we derive an overdetermined
system of non-linear PDE:s for the functions f and g. If the system has a solution depend-
ing on an essential parameter A, this solution gives us the auto-Bécklund transformation
we are looking for.

We present below the result of our computations.

In the case of Eq. (12) (where we put ¢ = 0) the auto-Bécklund transformation reads
as follows:

1—A 1+ A
U1=—V1+(w1ﬂ—wo G) U+(w+g> v, 47
w 1+ wy

where

G— AR+ Ara—rawy)(l+avp 1))
(1 4+ wo) '

In particular, if a = 0, then we have

U= Vit 2 (U4 V)4 (V= wyU) (48)
LT T T we STrw o)

The vector Schwartz-KdV Eq. (13) admits the auto-Bécklund transformation of the
form

Uy =G(w1<U+v>—<1+wo>v1), (49)

2
1 A+ 1+ wg
G=-11 ] . 50
A( +\/ 14+ wo ) 0

The auto-Bécklund transformation for Eq. (11) is defined by (49), where

where

G:

(G

1 2 2 A+1+wo)( +av
n +X\/( 0)( [1,1]).

T+wy A avy,11(1 + wo)



Integrable Evolution Equations on the N-Dimensional Sphere 13

Note that Eq. (13) is a limit of (11) as a — oo. The corresponding limit value of (51)
gives us (50).

Formula (51) is not valid if a = 0. To derive from (51) an auto-Béicklund transfor-
mation for Eq. (11) with @ = 0, one must put A = A’/a at first. After that the limit of
(51) as a — 0 gives rise to

_ \/U[l,l] + A1+ wo
(1 4+ wo)+/vy1,1]

Finally, the auto-Bécklund transformation for Eq. (14) is defined by the following
expression:

Ui=FVi—wU)+GV —-wl), (52)
where

Aa wq )
F = ]+R, R=,/1+A2a(1—w0, p=¢&J/1l+avn,

p—

wo wp F 2 1 kaw%R
G=—2+w1 20%a + 5 +A(p—1)R+—2,

1 —wy 1 —wy (p—1DA - wy

¢ and a are the constants from (14) and A is the Béacklund parameter.

Auto-Bicklund transformations for Eq. (15) and (16) can be obtained from these
formulas by setting a = 0 and ¢ = —1 or ¢ = 1 correspondingly. For Eq. (15) the
Bécklund transformation takes the following form:

wq

U=V +
1 — wo

(V—-U)=2x(V—wyU),

and for Eq. (16) the Bécklund transformation is given by

+2A
g, = L F2wn <1 +on 2 ) Vi.
v, (1 — wo) U[1L1]

6. Soliton Solutions

Using the auto-Bécklund transformations from the previous section, one can find partic-
ular solutions of Egs. (11)—(14). Here we construct soliton type solutions for (12) with
c=0.

Let us take for V a constant solution C'! of (12), where < C!, C! >= 1. Taking into
account that v; j; = 0, w; = 0 for j > 0, we obtain from (47) that

Up = g(C' —wo U), (53)
where
\/ 24+ Aia—Aiawy
g: )\,—.
I+ wo

It follows from (53) that

wox = g(1 — w}). (54)
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Using (53), (54), it can easily be checked that Eq. (12) reduces to U; = )\g(Cl —wo U).
It means that the solution U depends on x + Az.
It is clear that w(z) < 1. Equation (53) has a trivial solution w% =1, U =woC I The
expression
U —Clwg

/ 2
1 — wy
is a first integral of (53). Hence, non-trivial solutions of (53) locally can be represented
as
U=Clwy+C?/1 —w?,
where the constant vector C? satisfies the conditions
<C%C?>=1, <C! c*>=0.

The simplest way to solve Eq. (54) is to note that this equation is equivalent to the
following equation for the function g:

gxz)‘_gz~

Analytical properties of the solution U (x + At) essentially depend on the sign of A.
If A = —k? < 0, then the solution is periodic:

voco (XKD +202 ak? — 1 (55)
N ak? + tan? cos ¥ (ak? + tan? )’

where a > k=2, g = —ktanyr, ¥ = k(x — k%1).
If A = k2 > 0, there exists a particular case g2 = k%, where ha = —1, wy =
tanh ¢, ¢ = k(x + k%) and

U = C'tanh ¢ + C% cosh™! ¢. (56)

In the generic case we have two kinds of solutions:
(1) if g2 < k? thena < —k~2, g = ktanhg, ¢ = k(x + k*t) and

L 2@@k* +1) ) Vi0alk? =1
U=C'|\—5————1])+2C - (57)
ak? + tanh? ¢ cosh ¢ (ak? + tanh? )
() ifg> > k%, thena > —k—2, g =kcothg, ¢ = k(x + k*t) and
2(ak* + 1 Vak? +1
U=c1<(“—+2)_1>+2c2, ok S (58)
ak? + coth? ¢ sinh ¢ (ak? + coth? ¢)

We see that the form of solitons and periodic waves described by Eq. (12) essen-
tially depend on their propagation velocities. Really, if a < O then the rapid solitons
have the form (57) and the slow solitons are of the form (58). If a > 0, then both
solitons (58) and periodic waves (55) exist but the latter cannot propagate with small
velocities.

All solutions (55)—(58) have only two independent components U! =< U, C 1> and
U? =< U, C*>. We present below plots of the initial profiles of U; and U, for some
solutions:
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Fig. 1. Soliton solution (57) fora = —1, K2 = 100/99

T T T T T T T

Fig. 2. Soliton solution (58) fora = —1, k =2/3

7. Equations on the Sphere. Anisotropic Case

In this section we present a list of anisotropic integrable equations similar to Eq. (1).
Equation (1) and its symmetries contain both the scalar products u;; =< U;, U; > and
v;j =< U;, R(U;) >. Since R is an arbitrary symmetric operator, we regard < U, V >
and < U, R(V) > as two independent scalar products on the same vector space. The
theory of canonical densities developed in Sect. 3 can be easily generalized to the case
of Egs. (3), whose coefficients f; depend on variables (4) and (8).

The following statement is an extension of Theorems 1 and 2 to the anisotropic case.

Theorem 4. Suppose Eq. (10) with

fi = filupiay, up,21, up2,215 v[0,01, V0,11, vri,11)
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1 x x x x x x x
0.5 F S A
U2
0r |
-0.5 N
Ul
-1 W\m
1 1 1 1 1 1 1
-8 -6 -4 -2 0 2 4 6 8
Fig. 3. Periodic solution (55) fora =1, k = 1.05
T T T T T T T

Fig. 4. Periodic solution (55) fora =1, k =2

on the sphere SN has an infinite series of commuting flows or conserved densities; then
this equation is one of (11)—(14) or belongs to the following list:

3
U =U;s+ (5 ur, 1 + CU[O,O]) Ui + 3 up1,2 Vo, (59)
Uuf1,2] 3 (up | hoy |, cvp
U=U;=3—"U+-|—+5=+——|U, (60)
UL,1] 2\upay ujy gy L

2
up2 | Mo (vo.1) + up1,21)° " v“’”)U]
upL o ufyy ot vpo @ upa U

(61)

3
U, =U3—3MU2+—(
U, 2
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Equation (59) coincides with (1). Each of the two remaining equations satisfies con-
ditions (21) withi < 9 and possesses local conserved densities of orders 1,2, 3 and 4. We
also verified that these equations have fifth order symmetries. Though Eqs. (60) and (61)
are definitely integrable, in order to prove this it is necessary to find Lax representations
or auto-Bécklund transformations for them. It will be done in a separate paper.

In the case N = 1, after the trigonometric parameterization of the circle

1 tanz(s) -1 2 2 tan(s)
tan%(s) + 1’ tanZ(s) + 1’

both Eqgs. (59) and (60) become

3
St = Syxx +2 si + Z(q + ¢ cos(4s)> Sy

The latter equation is well known in the theory of integrable PDEs [13, 25].
The rational parameterization

| v2—1 5 2v

—_, u _— —_—_—_—_——
vZ4+1 v2+1

of the circle brings Eq. (61) with N = 1 to the form (17), where Q = « vt + B V2 4+
with arbitrary parameters o and 8. Thus (61) is an integrable vector generalization of
the generic Calogero-Degasperis equation (see Remark 5).
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