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Abstract We present a rigorous derivation of a semiclassical
propagator for anticommuting (fermionic) degrees of freedom,
starting from an exact representation in terms of Grassmann
variables. As a key feature of our approach, the anticommut-
ing variables are integrated out exactly, and an exact path inte-
gral representation of the fermionic propagator in terms of
commuting variables is constructed. Since our approach is not
based on auxiliary (Hubbard—Stratonovich) fields, it surpasses
the calculation of fermionic determinants yielding a standard
form [ 2[y, ¥*1eRY-¥"] with real actions for the propaga-
tor. These two features allow us to provide a rigorous defini-
tion of the classical limit of interacting fermionic fields and
therefore to achieve the long-standing goal of a theoretically
sound construction of a semiclassical van Vleck—Gutzwiller
propagator in fermionic Fock space. As an application, we
use our propagator to investigate how the different universal-
ity classes (orthogonal, unitary and symplectic) affect generic
many-body interference effects in the transition probabilities
between Fock states of interacting fermionic systems.

Keywords Path integral - Semiclassical - Fermions -
classical limit
1 Introduction

Semiclassical techniques attempt to describe quantum phe-
nomena using only classical information as input (besides

Dedicated to Professor Greg Ezra and published as part of the
special collection of articles celebrating his 60th birthday.

T. Engl (<) - P. PI6B1 - J. D. Urbina - K. Richter

Institut fiir Theoretische Physik, Universitit Regensburg,
93040 Regensburg, Germany

e-mail: thomas.engl @physik.uni-regensburg.de

h), but keeping all the kinematical and interpretational
aspects of quantum mechanics untouched. Semiclassical
methods should therefore be distinguished from quasi-clas-
sical approaches, which are based on the quantum-classical
correspondence and do not only use classical information,
but also try to export classical concepts to approximate
quantum mechanics. The epitome of the quasi-classical
approach is the use of the Ehrenfest theorem to approxi-
mate the quantum mechanical evolution of wave packets,
with systematic corrections given by the Wigner—-Moyal
expansion [1].

Semiclassical methods, as understood in this contribu-
tion, attempt to link classical and quantum mechanics in
a more abstract, less direct way. While for the quasi-clas-
sical program, quantum mechanics is used to construct
quantities with a direct classical counterpart (like the tra-
jectory defined by the mean position and momentum of a
wavepacket), the semiclassical program employs informa-
tion extracted from classical trajectories (like their actions
and stabilities) to construct quantum mechanical objects.
This difference becomes very explicit when we use semi-
classical methods to construct quantum objects without
classical analog, such as probability amplitudes.

A major goal of the semiclassical program is the con-
struction of the semiclassical propagator K*, the asymptotic
form (when & — 0) of the quantum mechanical propagator

K(q,q',1) = (gle"7"|q), (1

defined as the matrix element of the time-evolution opera-
tor [2].

As reviewed in [3], the challenge to construct a semi-
classical propagator has a long history. Although already in
1926 it was clear for Pauli, Dirac and van Vleck that the
quantum mechanical propagator can be approximated by
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an object of the form K™ ~ e R with the classical action
R appearing as a phase, it took more than 40 years before
Gutzwiller [4] completed the rigorous construction of the
semiclassical propagator from Feynman’s path integral. In
its final form, it reads [5]

sC(q.q',1) = " et Ry (@ D¥in, %
K (q,q,t)—XV:Ay(q,q,z)en y 5 .

where the sum extends over the set of solutions y of the
classical problem to join the classical configurations q" and
q in time 7. As envisioned by Dirac, R is the classical action
of the trajectory, while A is related to its variations with
respect to the initial and final configurations, and u is the
number of focal points of the trajectory y.

The derivation of the van Vleck—Gutzwiller propagator
marks the starting point of modern semiclassical meth-
ods [1, 3, 6]. They have been able not only to capture but
also to successfully describe interference phenomena, i.e.,
wave effects impossible to describe using quasi-classical
techniques.

By Fourier-transforming K¢ we get the semiclassical
(Gutzwiller) Green’s function, the starting point to describe
stationary properties of quantum systems in the semiclas-
sical limit, and in particular to understand the emergence of
universal fluctuations in the spectra and eigenfunctions of
classically chaotic quantum systems [3, 6]. Also, the early
semiclassical notion of the theory of molecular collisions [7]
and related approaches in mesoscopic condensed matter to
describe quantum transport [8, 9] (for reviews see [10-12])
connect the van Vleck—Gutzwiller propagator, or the semi-
classical Green function, with the single-particle S-matrix in
terms of transition amplitudes for transmission and reflection.

The success of the semiclassical methods has been
restricted, however, predominantly to quantum systems that
admit a first-quantization description. In fact, the generali-
zation of the van Vleck—Gutzwiller propagator to describe
systems of interacting particles does not pose any concep-
tual challenge, as the classical limit of the theory is very
well understood. The semiclassical propagator is now an
established tool to describe quantum dynamics of molecular
systems [13—16] and mesoscopic electronic systems [17].

Technical, but not conceptual, problems arise when
indistinguishability comes into play. Here, the semiclassical
calculation of ground and (doubly) excited states in helium
by Ezra et al. [18] marks a successful step in coping with
strongly interacting two-electron dynamics. The number of
classical paths we need to construct to calculate the transi-
tion amplitude between different (anti-) symmetrized con-
figurations of a quantum system, however, grows extremely
fast with the number of particles [19]. The same vast
increase of the number of classical trajectories that have
to be taken into account, affects the coupled coherent state
approach [20], which has been developed for the treatment
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of fermionic many-body systems in phase space. In this
approach, the wave function is expanded in a (large) set of
Slater determinants of single-particle coherent states with
randomly selected initial conditions. The coherent states are
then evolved along the corresponding classical trajectory.

Moreover, for fermionic systems with spin orbit inter-
actions, hybrid semiclassical approaches exist, which
describe the orbital motion of non-interacting particles in
phase space, while the spin is treated in a second-quantized
approach using spin coherent states [21-28].

Importantly, the emergence of mean-field behavior, an
expected simplification of the description when the number
of particles is large, cannot be rigorously included in a nat-
ural way if one sticks to the first-quantized picture where
the total number of particles N is not defined by the quan-
tum many-body state but is an external parameter deter-
mining the dimensionality D = Nd, where d is the spatial
dimension, of the system and thereby fixing the structure of
the very space where the system lives.

These remarks indicate already a possible solution of
the problem. If a second-quantized picture in Fock space is
adopted instead, both quantum indistinguishability and flex-
ibility in the number of particles are automatically included
at the kinematic level: the Fock space of quantum states is
by definition spanned by states which are correctly (anti-)
symmetrized, and the number of particles is simply another
observable represented by a hermitian operator [29]. When
invoking a Fock space description, this change of perspec-
tive implies for the semiclassical program that particles
appear as an emergent concept, derived from the more fun-
damental degree of freedom: the quantum field [30].

The development of a semiclassical program for bos-
onic fields has received powerful impact from the experi-
mental realization of their discrete version in the context of
cold-atom physics [31]. In fact, the theoretical model that
describes microscopically a system of interacting bosons
on a lattice, the so-called Bose-Hubbard model [32], is a
special realization of an interacting bosonic field. Here,
again, the complementarity between quasi-classical and
semiclassical approaches has been apparent. Quasi-classi-
cal methods as the ones used in [33] work well as long as
quantum interference does not come into play and eventu-
ally dominates the dynamics. However, a rigorous deriva-
tion of the van Vleck—Gutzwiller propagator in bosonic
Fock space was achieved only recently [34].

It is fair to say that the situation in the fermionic case
is more desperate. Already a quasi-classical approach faces
a fundamental problem: how to define a sensible classical
limit if the fermionic fields must obey the Pauli principle
and therefore admit only non-commutative descriptions?
The attempts and achievements to associate commuting
variables to fermionic operators that spans from the 1970s
well into the 2010s, are still lacking a rigorous microscopic
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derivation, indicating the complexity of the problem [35—
38]. The importance of the Chemical Physics community in
this program has been obvious: electronic degrees of free-
dom are fundamental in the realm of molecular reactions.
Moreover, chemical reactions require, in principle, simula-
tions with anticommuting variables.

In order to avoid these anticommuting variables, in a
series of important papers, Miller and collaborators pro-
posed to use a heuristic generalization of the Heisenberg
prescription [36, 37, 39] to construct the classical limit of
fermionic degrees of freedom (for recent applications see
[40, 41]). It is a remarkable and valuable feature of this
approach that it associates correct signs to expressions
involving anticommuting fermionic operators ¢,¢' and
respects the Pauli principle. In the simplest example, these
key features can be seen in the mapping F — F° between
operators F(¢,¢T) and classical phase-space functions
Fel(/ne®, /ne™), which gives fori # j

e — /(U= m) (1 — nje @9,

el — —/mnj(1 = nj)(1 — nj)e 10—,

(©)

The (in general continuous) classical phase-space variables
0 < n <1 are naturally interpreted as classical fermionic
occupation numbers with the angles 6 as their correspond-
ing canonically conjugated variables.

However, as it is obvious from Eq. (3), the classical
Hamiltonian obtained in this way has the physical Fock
states, defined by

n; =0o0r1 foralli, 4)

as fixed points of the dynamics and the corresponding semi-
classical propagator is then trivially incorrect in the relevant
case where it connects physical Fock states. Moreover, as
discussed at length in Sect. 3, approaching the classical limit
from the quantum side by means of a formal path integral in
terms of the fermionic states (introduced by Klauder [35]),

1 — |b2]0) + b&T|0), with complex b, )

shows that Eq. (3) can be rigorously obtained from an
exact path integral representation in terms of the com-
muting fields b. This indicates that in a representation
where Eq. (3) holds, the quantum mechanical propagation
between Fock states is not supported by classical trajecto-
ries and the semiclassical limit is problematic.

This complication may be due to the fact that in Klaud-
er’s representation the path integral is restricted, namely,
the integration over the variables b are defined inside the
unit disk instead of over the whole complex plane. A heu-
ristic incorporation of Langer corrections proposed in [39],

m#(w)(tn),

2)\2 (6)

lifts the problem and actually leads to a classical limit that
gives, for example, agreement with first-order quantum
perturbation theory by using classical perturbation theory.

As this volume commemorates Greg Ezra’s contribu-
tions to the description of atomic and molecular dynamics,
we would like to mention that Ezra’s pioneering work on the
Langer correction to the semiclassical propagator [42] could
possibly provide the key to make rigorous the promising pro-
posal presented in [37]. It is then tempting to check whether
Ezra’s insight into Langer corrections within the path inte-
gral formalism in first-quantized systems with would help to
make Miller’s approach justified from first principles [43].

Here, we follow a different route and present what we
believe to be the first microscopic derivation of the exact
propagator between N-particle fermionic Fock states in
terms of path integrals over commuting, unrestricted classi-
cal fields. Our path integral not only incorporates and gen-
eralizes Miller’s mapping F — F*¢! “teaching” the classsi-
cal limit of large N about anticommuting operators, but it is
supported in the semiclassical limit by classical paths. No
extra assumptions or corrections are required.

As we will discuss in Sect. 3, the thus derived classi-
cal Hamiltonian corresponds to an approximation of the
Holstein-Primakoff transformation for a single particle in a
two-level system, used in [44].

After briefly introducing Grassmann variables in Sect. 2,
in Sect. 3, we present our derivation of the exact path inte-
gral for fermionic systems. Armed with this object, in
Sect. 4 we follow the typical semiclassical program: we
identify both the effective Planck’s constant and the clas-
sical limit of the theory from the phase of the path’s ampli-
tude in the path integral and evaluate the path integral in
stationary phase approximation to obtain a van Vleck—Gut-
zwiller type propagator for interacting fermionic fields. The
presentation will be restricted to spin-1/2 systems, although
a generalization to higher spins is straight forward. Finally,
in Sect. 5, we use the thus derived semiclassical propaga-
tor to calculate the transition probability from one fermi-
onic Fock state to another one for systems without time
reversal symmetry, for systems diagonal in spin space but
time reversal invariant, as well as for time reversal invariant
spin-1/2 systems non-diagonal in spin space.

Technical details of the derivation of our main results,
namely the exact complex path integral representation of the
fermionic propagator in terms of commuting fields, Eq. (19),
the classical Hamiltonian Eq. (22) and the van Vleck propa-
gator, Egs. (56, 64) can be found in the appendices.

2 Grassmann coherent states

In order to derive the path integral representation for the
fermionic propagator in Fock space, we will use Grassmann
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coherent states in intermediate steps. They are defined as
the eigenstates of the fermionic annihilation operators [29],

¢ile) = ¢lg). (7)

Here, Ej and E/T annihilates and creates, respectively, a
particle in the j-th single-particle state, two states which
coincide in the orbital degrees of freedom, but differ in
the spin degree of freedom are accounted for as different
single-particle states, and are therefore labeled by different
indexes j.

However, due to the antisymmetry and the Pauli exclu-
sion principle, the eigenvalues of the coherent states have
to be (complex) anticommuting numbers, called Grass-
mann numbers [29, 45], i.e., for two of these numbers ¢ and

X
¢x =—x¢. (8)

They also anticommute with the creation and annihilation

operators,
(= —¢¢, (8 =it ©)

while they commute with regular complex numbers. The
anticommuting property also implies £ = 0.

Integration over a complex Grassmann number is
defined by

/d§*d§1=/d§*d§§ =/d§*d§§*=0, (10)

/d;*d;;;* —1. (11)

With the properties of the Grassmann numbers, it is pos-
sible to show that the fermionic coherent states are given
by [29]

|£) = exp <—;§*'C> H(l_gjéj)|0>’ (12)

J

where |0) denotes the fermionic vacuum state. Moreover,
they satisfy

1 1
(Clx) = exp Z (_zfj*fj - EX]'*X]' + fj*Xj) ) (13)

J

1 !
(n|¢) = exp (—ZC*'C)H g, (14)
j

/dc*/dCIC)(CI =1, (15)

with |n) being an arbitrary Fock state, such that n; € {0, 1}
is the occupation of the j-th single-particle state. The prime
at the product indicates that the order of the individual
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factors is reversed, i.e., the factor corresponding to the larg-
est possible value is the most left one, while the j = 1 term
is the most right one.

3 The path integral in complex variables
3.1 Derivation

The aim of this part is to derive a path integral representa-
tion of the propagator in Fock space,

K(n(f),n(i); tf) = <n(f) exp (—;Lﬁtf) n(i)>, (16)

to which the stationary phase approximation can be applied.
Note that for simplicity of presentation, the Hamiltonian has
been chosen time independent, although the following cal-
culations are also valid for the time dependent case.

The path integral representation is usually achieved by
applying the Trotter Formula [46], which replaces the expo-
nential in Eq. (16) by the product of infinitely many propaga-
tors with an infinitesimally small time step and by inserting
the unit operator between two adjacent factors. Since the res-
olution of unity for Fock states is given by a sum, rather than
an integral, they are not suitable for the construction of a path
integral. This makes the coherent states the natural choice for
the representation of the unit operator. However, when apply-
ing the semiclassical approximation to the coherent state path
integral, one ends up with grassmannian equations of motion.
On the other hand, it is desirable to have complex equations
of motion leading to a real action. In order to achieve this,
one has to find a way to replace the integrals over Grassmann
variables by integrals over complex ones.

Here, we will give a rough description of the procedure,
which allows for such a transformation from Grassmann to
complex integrals. However, it turns out that some of the steps
contain a certain freedom of choice. The final path integral
will then depend on the individual choices made during the
derivation. The derivation for the specific choice presented
later in this publication, is then carried out in Appendix 1.

After applying Trotter’s formula [46], the first step is
to insert two unit operators in terms of fermionic coherent
states between two adjacent exponentials,

K<n(f)’ n®: ,f)

M
e e e o
M—1 i .
X [H <;(m+1) exp (_hH> ’X(m)><x(m)|;(rn)>]

m=0

% <n(f)lx(M)><x(M)|€(M)><<:(°)In(i)>,

a7
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where T = #//M.

Next, in order to replace the Grassmann integrals by
complex ones, one has to insert complex integrals such that
the overlap ( x ™ |¢™) can be written as an integral over a
product of two factors, with the first one depending only on
X (m) and the second one on I;(’"). Here, integrals of the form

[0 [aues (<168 — i + %)t (1) = 7000 (1
q C

C

will be used, since this choice allows us to construct a path
integral, which for intermediate times has the same form as
the one for bosons in coherent state representation [29] (see
Appendix 1).

After this insertion, we can decouple I;(’"+1) and x(’")
from ¢ ™ and x ™~ in Eq. (17), such that the integrand for
the propagator becomes a product, in which the m-th factor
only depends on £ and x ™1, Therefore, the insertion
of these integrals allows us to integrate out the Grassmann
variables exactly after expanding the exponential up to lin-
ear order in 7.

At this point, it is important to note that not only the
choice of the inserted integrals is not unique, but that, when
choosing e.g. integrals of the form (18), there is a certain
freedom in choosing the combinations of k and k. With the
choices cf. Appendix 1, one arrives at

27 1 (0)

de;
J cxp(—i@go))
T J

M—1 d¢.<’")
(i ;,)
J C

<¢(m)* ¢(m l))}}’

where at final time the integrals over those ¢]-(M) corre-
sponding to empty single-particle states, i.e., for those j
where n;~ = 0, are already evaluated exactly and therefore
have to be set to zero in Eq. (19). In fact, the integrals over
those components do not even have to be inserted right
from the beginning, since

/de<M> /d)((M)exp< ) X(M))(l'f‘X(M) §<M>> ~1. 20

K(nﬁf'%n(l‘); lf) - II

()
Jing =10

‘¢<m>’ 4 pm* . gm=D) _

M
xexp{z
n

m=1

The exact integration over the finally unoccupied states is
necessary, since the stationarity conditions will not give
solutions for the phases of these components and there-
fore, these integrals can not be performed in a stationary
phase approximation For the same reason, the integrations
over those ¢; O with nl = 0 are already performed exactly.
This means that effects due to vacuum fluctuations [47],

i.e., the spontaneous creation and annihilation of particles
out of the vacuum, are treated exactly. Furthermore, for
m = 0, the integrations over the amplitudes J © |¢>(0)|2
for the initially occupied single-particle states J are per-
formed exactly (see Appendix 1 for details of this exact
integration). As a matter of fact, these integrals could also
be included in the stationary phase approximation, which
would eventually result in a multiplication of our result for
the semiclassical propagator with a factor o = eV /(v/21)V,
where N is the total number of particles, which is the N-th
power of Stirling’s approximation of n! forn = 1.

Now one might raise the question, why the initial ampli-
tudes related to occupied states are integrated out, but not
the final ones. Actually, the amplitudes of ¢]-(M) for occu-
pied sites could also be integrated out, which would result
in dividing the result for the semiclassical approximation
by the same factor «. However, we choose not to perform
them, in order to be in accordance with the usual first-quan-
tized semiclassical approach, where the path integral, to
which the stationary phase approximation is applied, con-
sists of one integration (over the canonical variables cho-
sen as basis) less than those over their canonical conjugate
variables. For instance, the path integral for the propaga-
tor in configuration space consists (before taking the limit
M — o0) of M momentum integrals and M — 1 position
integrals. Moreover, our choice is supported by the fact that
it leads to the exact result if the quantum Hamiltonian is
diagonal and non-interacting.

When comparing the path integral with the correspond-
ing one in first quantization, Eq. (2), the phases 9 ) would
correspond to the initial momenta of the path. The role
of ™), however, is much more sophisticated. Its phases
again correspond to the final momenta, while its amplitude
should somehow correspond to the final position. Yet, the
value of the latter is not fixed to n](f = 1, which would be
the expected boundary condition for the paths. ThlS bound—
ary condition is hidden in the 1ntegratlon over d) ) and is
determined by the extra factor ¢> ) of the mtegrand Ina
stationary phase analysis of the mtegrand, which will be
performed below, one finally recognizes that indeed both,
the stationarity condition of phase and amplitude of ¢>( )
are required in order to get the correct boundary cond1t10n
Thus, the boundary condition at final time is indeed hidden
in the full integral over (])-(M)

Finally, it should be noted that the classical Hamiltonian
H.; is not unique, but again depends on the way chosen
to construct the path integral in complex variables. There
remains a certain freedom to weigh individual terms in
the classical Hamiltonian differently, which might help in
studying effects related to particular parts of the Hamilto-
nian. For instance, in the Hamiltonian given in Eq. (118)
in “Appendix 3.1”, the interaction, single-particle ener-
gies and the antisymmetry under particle exchange are
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weighted exponentially, while the Pauli principle is given
by an exponential suppression of hopping processes lead-
ing to occupations of one single-particle state by more
than one particle. However, due to the exponential fac-
tor in the diagonal term of the single-particle part of the
Hamiltonian, processes quantum mechanically forbidden
by the Pauli principle are further suppressed energetically.
This energetical suppression essentially corresponds to the
heuristic inclusion of a Pauli potential [38, 48-51], i.e., a
potential, which hinders two electrons to occupy the same
single-particle state.
For the quantum Hamiltonian considered here,

H= heptlis+ > Uapllipsly. o
a,p a,B
a#p

one possible classical Hamiltonian is given by

He(p, ¢)
= Zhaaﬂa(ba + ZUaﬁ/La/Lﬂ(ﬁa‘pﬂ + Zhaﬂﬂa¢ﬁ
o ao,f a.B
a#p aF#p
B
xexp (—uata —nptp) [[ (1-2w)). @2

J

where the product in the last line runs only over those val-
ues of j, which are lying between « and B, excluding o and
B themselves. The case u = ¢* i.e.,

Hy (9", )
= haaldal® + D Uapldal®lpl* + > hapdiits
o a,B a.p
a#p a#p

xexp (—igal® — 106 ) [[ (1 - 20%). @3

J

will be of particular importance for the continuum limit.
It is instructive to compare it with the classical electron
analog model (CEAM) obtained from Miller’s mapping
which gives in this case

C 9
= haaldal® + D Uapldal®lpl* + > hapdiits
o a,B a.p
a#p a#p

<\ =1ga 19T (1-212), 24
J

in terms of the, now restricted, variables ¢, with |, |*> < L.

In Eq. (22), the factors 1 —2u;¢; are a consequence
of the anticommutativity of the creation and annihilation
operators (and the Grassmannians) and thus account for
the antisymmetry of the fermions under particle exchange.
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Consider for example the following two processes for the
scattering of two particles in the states 1 and 2 into the states
2 and 3: in the first process, the particle in state 1 is scat-
tered into state 3, with the second particle staying in state 2,
while in the second one the particle in state 2 is scattered
into state 3 and the particle in state 1 is scattered into state
2. These two processes are the same up to an exchange of
the two particles. Therefore, these two processes have to
yield the same contribution, but with a different sign. On
the other hand, if state 2 is empty, while a particle is scat-
tered from state 1 to state 3, there is no corresponding pro-
cess resulting from an odd number of exchanges of parti-
cles, and thus, the contribution has always to be the same.
In general, a process where a particle is scattered from
state « to state B with |« — B| > 1, has to be multiplied by
a factor of —1 for each occupied state j between o and B
. However, classically the occupations are not restricted to
0 and 1, but can be any number, such that one ends up with
a factor interpolating between the two extreme values +1
for the case without a particle in state j and —1 for the case
where state j is occupied. Furthermore, the exponential in
the non-diagonal part of the single-particle term accounts
for the Pauli principle by the exponential suppression of
processes, which lead to an enhanced number of particles
within one single-particle state.

A (certainly not complete) list of further possible clas-
sical Hamiltonians corresponding to the quantum Hamilto-
nian (21) can be found in Appendix 3.

It is furthermore instructive to see how our approach
treats the extreme case of a single electron, N = 1, where
the state space is spanned by two discrete states and anti-
commutation of the fermionic fields does not play a role.
In this situation, our results can be directly compared with
existing exact mappings between systems with n = 2 dis-
crete states and a quantum top with total angular momen-
tum s such that n = (25 4+ 1)/2. In the Chemical Physics
community, these so-called Meyer—Miller—Stock—Thoss
(MMST) methods [36, 41, 44, 52] have been successfully
used to describe non-adiabatic transitions of the nuclear
dynamics between two potential surfaces corresponding to
two discrete many-body states of the electrons. The MMST
method maps the dynamics of a two-level system into the
problem of a spinning particle, which can be in turn mapped
into a set of harmonic oscillators by means of the Schwinger
representation of angular momentum (see [44]). In this way,
a classical picture for two-level systems is obtained, as a
basis for standard (continuous) semiclassical approaches.

Our result for the classical limit of a single electron,
included in Eq. (23), appears naturally within the MMST
approach as an approximate version of the Holstein-Pri-
makoff transformation, see [44] for details and [21] for
an application to spin transport. As it is also shown there,
this classical limit, however, gives unsatisfactory results
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when used as starting point of a semiclassical calculation
of the time evolution of quantum observables. This appar-
ent drawback is fully resolved when taking into account, as
shown in detail here, that the semiclassical limit where our
result holds is defined by N — oc. Therefore, the applica-
tion of our methods to the limiting case N = 1 is expected
to poorly compare with exact quantum mechanical results.
However, the main motivation of the present work is to deal
semiclassically with anticommuting variables, not with few
discrete degrees of freedom as in [44].

3.2 Comparison with CEAM and Klauder’s approach

Miller’s heuristic approach can actually be verified by
extracting the classical Hamiltonian from another path inte-
gral representation. This is by extending the b-fermionic
states introduced by Klauder in [35],

Ib) = /1 = [bI*10) + bI1), (25)

to the case of multiple single-particle states and define (see
also [53])

by =]] (\/1 — 15121 + b,-&j) 10). 26)
J

These states define an overcomplete basis for the fermionic

Hilbert space, as they form the identity

Ib){b| =1 (27)

I D
where D denotes the unit disk in the complex plane, and
therefore can be used to construct a path integral represen-
tation of the propagator in terms of paths b(¢) in the space
of commuting variables b.

The steps of the derivation of the path integral in this
basis correspond to those one follows to construct the fer-
mionic path integral using coherent states [29, 35]. After
reaching a form where the classical Hamiltonian can be
read off from an action functional giving the phase of the
quantum propagator, we obtain

Hlavder (y* by — <b‘H‘b> (28)

A short calculation finally shows that the classical Hamilto-
nian (28) obtained using Klauder’s representation is equal
to Miller’s, Eq. (24), i.e.,

Hcljlauder (b*, b) — HSEAM (b*, b) . (29)

thus providing a rigorous construction of the classical limit
of the approach by Miller and coworkers [37].

In principle, having at hand a classical Hamiltonian as
the one in Eq. (24), a semiclassical analysis of the path

integral in b-representation along the lines presented bellow
can be carried out. The first step is to consider the classical
equations of motion

d a
ih— b)) = ——HG" M B, b), (30)

which can be canonically transformed into

d 3
ihanj(t) = —HFAM(p* p) 31)

a 9] cl

b=1/nexp(if)

d 9
ih6;(1) = — %HSEAM(b*, b) (32)
J

b=./nexp(if)

Without loss of generality, we consider the many-body
Hamiltonian (21). Inspection of the associated equa-
tions of motion readily shows that the classical occupa-
tions nj = |bj|2 evolve in time only through the terms that
depend on the phases 6;. Here is where the classical limit
HCCIEAM(b*,b) is problematic: due to the presence of the
“Pauli” factors /n(1 — n) in Eq. (24) we trivially obtain

d

—n;(t =0.

dt j( ) n=0 or 1 &
Therefore, the classical phase-space manifolds associ-
ated with the physical Fock states, which are defined by
precisely the condition n = 0 or 1, do not evolve in time
and there is no way to connect the quantum and classical
dynamics, neither at the quasi-classical, nor at the semi-
classical level. Remarkably, the classical limit as given for
example in Eq. (22) circumvents this problem by allowing
arbitrarily high classical occupation numbers, but penaliz-
ing them in a smooth (but exponentially strong) manner.

It is important to stress that there is no reason why clas-
sical occupations must be bounded, exactly as there is no
reason why they have to take only integer values. In both
cases, we are apparently violating what is just a classical
picture of the fermionic degrees of freedom. However, fer-
mionic fields are essentially non-classical objects and we
are satisfied with being able to define a consistent classical
limit by pure formal manipulations. Adopting this pragmat-
ical point of view of defining the classical limit formally
through the exact path integral, the fields ¢, in Eq. (23) do
not need to fit our expectations on how the classical limit
should look like. All that we ask them for is to correctly
describe the propagation between physical Fock states.

4 Semiclassical approximation

The reason for the semiclassical approach to any quantum
system to be rooted in the path integral formulation is that
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it accomplishes simultaneously three major goals. First, it
allows us to identify the classical limit of the theory. Sec-
ond, it serves as the starting point of a systematic station-
ary phase analysis that eventually leads to the semiclas-
sical propagator. Third, i is in the structure of the action
functional where hes can be identified. The effective
Planck constant is not only the dimensionless parameter
that defines the classical limit A.f — 0, but also the small
parameter that makes the whole semiclassical approach
valid. It appears non-perturbatively, if the characteristic
path integral representation of the propagator,

K ~ / DL1eRIVh, (34)

is written in terms of a dimensionless action R,

Inspection of the exponents in Eq. (19) shows that Planck’s
constant & actually plays a minor role in our case. Clearly,
h can be absorbed simply by a redefinition of the param-
eters of the Hamiltonian (note that this is not the case in the
usual phase-space path integral). In order to identify Aegy,
we rescale all the fields in such a way that the exponent
appearing in Eq. (19) takes the form i?/ hiegr With R = O(1).
Following this recipe, Eq. (19) leads to

hepr = N1, (36)

showing that in the present approach the classical limit cor-
responds to the limit of large number of particles. In the
following, we complete the stationary analysis of the exact
propagator valid in this N > 1 limit.

In Eq. (19) all integrals, that can and should be carried
out exactly, are already performed, except for the integra-
tion over the initial phase of the first occupied single-par-
ticle state. This integration has to be done exactly because
of the U(1) gauge symmetry, i.e., the freedom to multiply
the wave function by an arbitrary global phase. In order to
perform this integration, one first has to substitute the inte-
grations over the real and i 1mag1nary part of ¢>( m) by those
over its modulus squared " ; ) and phase (p and then has
to substitute the latter by 9('") 9(0) where Jj1 denotes the
first initially occupied smgle partlcle state,

j1:min{je{l,Z,...}:n;i)z1}. 37
These substitutions can be summarized as

¢(m) Wexp[(@on) 9]-(10))}, (38)

for all j and m > 1, while for m = 0,

@ Springer

¥ = exp (iejﬁ‘”). (40)

After these substitutions, it is easy to see that the remain-
ing dependence of the path 1ntegral on the global phase

D is given by expli(Ny — N)Q“ ], with N;jp = I(l/f)
being the initial, respectively, final total number of par-
ticles. Therefore, the integration over the global phase
simply yields a factor 27dn; n,, Which accounts for the
conservation of the total particle number. The remaining
integrals over Jj(m) and Qj(m) are then performed in station-
ary phase approximation, where (similar to the derivation
of Stirling’s approximation) for consistency and in order
to include the behavior of the integrand especially for
small occupations correctly, it is important to include the
factors

\/JT" — exp [1og( (’")) /2} (41)

in the stationarity analysis. For intermediate times,
1 <m < M, the stationarity conditions for Jj(m) and Gj(m)
can be combined to the conditions

OHo (4", V)
T
(m)*
d¢;

in(¢" —a" ") = , (42)
3Hcl <¢(m+l)*’ ¢(m)>
(m)
8¢j

In the same way, the conditions for m = M can be written
in the form of Eq. (42) with m = M as well as the boundary
condition

(43)

—in(g" 0 — g™ ) =«

5 =l (44
Note that a linear combination of the stationarity conditions
for Gj(M) and J]-(M) is required to get the stationary phase
conditions in this form.

Since the integration over the initial phase is erformed
only for occupied states, and the amplitude of ¢ ) is equal
to the initial occupatlon of the site n/( ) the statlonanty con-
dition for 9( )ylelds Eq. (43) with m = 0. When finally tak-
ing the contlnuous limit t — 0, these conditions result in
the equations of motion

OH(¢*(1), ¢ (1))

o OHa@M (1), 6 (1)
—ih¢* (1) = 0 (46)
along with the boundary conditions
O =n” o] =n" @)
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with ¢, (0) = L. It is important to note that the equations of
motion (45) and (46) are complex conjugates of each other,
such that for J single-particle states we get J complex (or
correspondingly 2J real) equations of motion with 2J real
boundary conditions. Therefore one can always find at least
one solution without the complexification necessary for the
bosonic coherent state propagator [33, 54]. Therefore, the
classical Hamiltonian and action will also be real.

We also point out the key difference in the role of the
boundary conditions in Eq. (47) when compared with the deri-
vation of the classical limit from the path integral in the stand-
ard first-quantized case. In the latter case, boundary conditions
are imposed at the level of the path integral and therefore are
not subject to the stationary phase conditions. Contrary to the
bosonic case where this observation remains true [34], here
again we encounter that the classical limit of fermionic fields
displays counter-intuitive features: the boundary conditions
(47) that allow for multiple solutions of (45, 46) are them-
selves obtained from a stationary phase argument, and the
corresponding quantum fluctuations must be considered at the
same footing as the fluctuations around the classical solutions.

Evaluating the exponent of the path integral along the
stationary point (including all additional phase factors orig-
inating from the boundary terms m = 1, M) then yields the
classical action

i
Ry (9.0 ®: ) = [ a[h0)- 50~ Ho (0" 0.0)]. (@8)
0

of the mean-field trajectories defined by the equations of
motion (45) and the boundary conditions (47). In Eq. (48)
the real functions #(¢) and J(¢) are defined through

(1) = \/J;(0) exp (i6;(1)). (49)
It is worth to note, that the equations of motion (45, 46) in
these variables can also be written as the real equations

_ 20Ha(¢™(1), ¢ (0)

JO =7 20(0) ; (50)

: 2 9Ha(¢* (1, $(1))

0(t)——h 230 ) 51
where (b]* () and ¢; (¢) should be understood as functions of J; (1)
and 6;(t) according to Eq. (49). Thus, the classical trajectory
lives on a symplectic manifold in phase space, which is here
defined as {(J,0) : Ji=12,.. €10,00),0i=12,.. €[0,2m)}.
Moreover, the theory of canonical transformations [55] can be
applied to show that the Poincaré-Cartan 1-form

0 .dJ — Hdt (52)

is invariant under canonical transformations.
The derivatives of the action can be found by applying
the equations of motion to the integrand to read
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dR, (n"),n?; ¢
y (0000 y) _ —16/(0), (53)
an(l)
aR, (n¥),nD; 1)
PO = ho (1), (54)
R, (n) n®; ¢
v ( ) =-E,, (55)

iy

where E,, = H.(¢*(0), ¢(0)) is the energy of the trajectory.
Finally, the propagator Eq. (16) reads

K5 (ll(f), n(i); lf) — Z dy exp [%RV (n(f), n(i); tf):| > (56)
Y

where the sum runs over all “classical paths” y which sat-
isfy the equations of motion (45) and the boundary condi-
tions (47), while .«7, is given by the still pending integra-
tions over the second variation of the paths.

As is shown in Appendix 2, o7, can be written as

I
1 i [ 3%H,
oy = ——N—7 &XP L /dtTr[ '312 X(t)]
o 2h,0 A (1)

1

det {T + exp [~2idiag (P ) | P Xppf } 2, D

with N = N; = Ny being the total particle number and Iy
the N x N unit matrix. Moreover, Py is the matrix of the
projector onto the subspace of the states which are occu-
pied at final time, such that e.g.

P =,...,nT.
N——
N

(58)

For later reference, we also define P;, which is defined in the
same way as Py, but selecting the initially occupied single-
particle states, as well as the complements P; /r of P/, With
these matrices, one can also define the (orthonormal) matrix

P;
- (8)

shifting all components of a vector corresponding to an ini-
tially (finally) unoccupied single-particle state in front of
all the others.

Finally, in Eq. (57) X(¢) satisfies the differential equation

) i 9%H, i 9*Hy,
X(1) = — 2 X(1)
hag*()>  hag*(1)dg(r)
X _ 9Ha X 9Hel X, (60)
R Dagmaer T Dagn

with initial condition
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(0

X0 =Q < exp [Zidiag (Pl’ﬂ (0))] )Qi‘ 61)
The same differential equation, however with different ini-
tial conditions, was encountered previously in derivations
of a semiclassical propagator for bosonic many-body sys-
tems in coherent state representation [33, 54]. The solutions
given there indicate, how to find X(#): Consider a solution
¥ (t) of the equations of motion with initial conditions Y
and W, whereby each pair (¥}, W;) are canonically conju-
gate variables. Possibilities for the choice of these pairs are
e.g. (RY;(0),T¢;(0)), where R and T denote the real and
imaginary part, respectively, (|¥;(0)|, arg ¥;(0)) with arg ¢
denoting the phase of ¥, or (;(0), 1//]-* (0)). Then, the differ-
ential equation (60) is solved by the function

K10 (aw*m)—l
oW oW ’

(62)

evaluated at the initial conditions corresponding to the tra-
jectory y.

Finally, in order to find the solution for X(¢), the varia-
bles Y and W need to be chosen such that for r = 0, Eq. (62)
also satisfies the initial condition (61), which yields

(Wj(o)s 1/’;(0)), if l’lj@ =0orj=j;

.6, else. (63)

(Y,-,Wj)={

Eventually, the semiclassical amplitude <7, can be written as

1 32R
%V = det 2ih P Y @
3(Pn®) o (Pm)
Iy
i 9%H,
x 4/det QrQ; exp %/dfnaq&*aq&
0
i i
xexp | > 0t — 5 Z 6;(0)
jn=1 jn{'=1
_1
x det (A—BC*‘D) 2, (64)

with P; and P} being the matrices resulting from P; and Py,
respectively, by removing the first line. The determinant
consisting of the matrices

9 (Pfd)*(tf)’ Jmin {jé{],Z,...}:nw:] } (tf)>
A J

) et , (65)
P (}_)f‘b* (tf)’ Jmin {je{l,z,_,}:n}f):l} (tf))
B= 3 (P8 (0)) | -
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B a(P}J(tf)) &N
~ 3(P6©0)
o (Paap)) -

D = = -
2 (Pi¢*(0))

accounts for the vacuum fluctuations that have been
treated exactly. Note that in Eq. (64), the Solari-Kochetov
extra-phase

i / e 69
(& — T
A2 ), T ograe (69)

typically arises in a semiclassical approximation of the
propagator in coherent state representation [33, 56-58],
while in the standard (first quantized) van-Vleck—Gut-
zwiller propagator [5], this phase is absent, due to the
Weyl (symmetric) ordering of the Hamiltonian with
respect to position and momentum operators. For Bosons,
the Solari-Kochetov phase can be absorbed in the action
by replacing the bosonic creation and annihilation opera-
tors according to &;ﬁj, — (&;&j, —i—Ezj,&;—)/Z [33], which
corresponds to Weyl ordering of the quantum Hamilto-
nian. In the same way, for the propagator in spin coherent
states, this phase is absent in Weyl ordering [59]. How-
ever, this vanishing of the Solari-Kochetov phase in these
cases is due to the fact that the classical Hamiltonian is
obtained out of the quantum one by the simple replace-
ments &j — ¢,* and sz — qb_., which is not valid here.
Therefore, it seems that here this phase can not be elimi-
nated by changing the chosen ordering of the fermionic
creation and annihilation operators.

Due to their definition Eq. (59), the determinants
det Q;/s depend only on the choice of the initial and final
occupations and accept only the values 1. Note that this
sign also depends on the definition of the Fock states, while
the product of both depends only on the relative changes
between the initial and final state and therefore is independ-
ent of the exact choice of ordering of the single-particle
states.

It is important to notice that in Eq. (64) the determinant
det(A — BC™'D) depends only on the derivatives of the
values of the trajectory at final time with respect to the ini-
tial conditions and should, therefore, be possible to calcu-
late in an actual application. Moreover, we expect that this
determinant is just the product of the exponentials of the
final and initial phases of the final unoccupied states, which
can be set to zero. Thus, we assume this determinant to be
equal to one. However, up to now, we did not succeed in
proofing this conjecture rigorously and therefore, we will
keep this determinant in the following.
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5 Transition probability
5.1 General semiclassical treatment

Knowing the propagator enables us, in principle, to calcu-
late the quantum probability to measure the Fock state n¢)
after preparing the system of spin-1/2 particles in the initial
Fock state n) and letting it evolve for some time 7. Com-
puting this probability is usually non-trivial, since the sin-
gle-particle states can on the one hand be chosen arbitrarily,
and may thus not necessarily be eigenstates of the single-
particle Hamiltonian, and on the other hand, interactions in
general induce a coupling between different single-particle
states. This probability is given by the modulus square of
the overlap between the time evolved state and ‘n(f) >,

. A / 2
Paatig) = () o

Using the semiclassical approximation (56), it is given by a
double sum over trajectories,

' i
P(n(f),n(’); l‘f) ~ Z;z{ydy*/ exp |:h (Ry - R}")]' 71
24

Upon applying an energy or disorder average, the action
difference gives rise to huge oscillations, such that most
contributions to the averaged double sum will cancel,
except if the paths y and y’ are correlated. The types of tra-
jectory pairs, which we will consider in the following are
depicted in Fig. 1. The simplest type of correlation arises
for y = y’. This is known as the diagonal approximation
[60]. The second derivatives of the action with respect to
the initial and final Fock state in the prefactor can then be
used to transform the sum over trajectories into an integra-
tion over the initial phases. Then, the diagonal approxima-
tion yields,

27

Pcl(n(f),n(i); tf) = /dN’IG(i) det (A—BC*ID)_l
0
x5([ew|* -n), (72)

which we will refer to as classical probability. Here, ¢ (f)
is the solution of the equations of motion Eq. (45) with the
initial condition ¢;(0) = \/ﬁ exp (igj(l)). It is worth to
notice that the exact treatment of the vacuum fluctuations
gives rise to a renormalization of the transition probability
by the additional factor det (A — BC™'D) -

Further pairs of correlated trajectories are those given
by y and its time reverse, y’ = .7y. However, the time
reverse of a trajectory exists only if the system is time
reversal symmetric. Moreover, the initial and final occupa-
tions, respectively, of both trajectories in the double sum

$\ed 44/ \ ¢
GUE, GOE
$/\8/ \e4/ \¢/ \ 4 $/ ek $4/ \ ¢

Y =TyN—=""" ") = Tn®

Fig. 1 The quantum transition in a system of spin-1/2 particles in the
semiclassical limit. A trajectory y is paired with a partner trajectory
y’, where y' can be either y itself, or its time reverse. The annotations
at the arrows indicate the symmetry class required for the correspond-
ing pairing to be present

of Eq. (71) have to be the same. On the other hand, if y has
initial occupations n® and final occupations n), the initial
occupations of its time reverse are given by the time reverse
of n) and the final ones by the time reverse of n”. There-
fore, in order to pair y with its time reverse, we need time
reversal symmetry and also the final Fock state has to be
the time reverse of the initial one. To this end, one has to
replace the sum over trajectories from n® to n’) by a sum
over trajectories ending at the Fock state .7 n‘” originating
from time reversing the initial one. To this end, the actions
in the exponential need to be expanded in the final Fock
state around .7n” up to linear order, while the prefactor
is assumed to vary only very slightly with n?), such that it
can be simply replaced by Zn®. For pairs y’ = Fy this
procedure then gives the contribution

Zdy 5277*—1/ exp <%AR)
14
X €Xp [i ((,m(,f) _ 9<Ty>(,f)) : (,,(f) _ Tnm)}’ (73)

with the difference AR = R, — Ry, in the actions of y and
Ty. Since for time reversal symmetric systems, the energy
of a trajectory and its time reverse is the same, we easily get

I
AR = h/dt(a(y) JO oTY) .j(Ty)). (74)
0

In the next steps, we assume—in accordance with the cases
considered below—that the difference AR, is independent
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of the trajectory. This is usually the case, since the second
part of the integral in the action difference can be related
with the first one by making use of the nature of the time
reversal operation. However, as we will see later, AR does
not vanish in general. Moreover, we can savely assume
that 0(TV)(tf) depends on the initial phases of y, only (and
through them on the initial Fock state).

Upon disorder average, the phases O_i(y)(tf) behave, for
chaotic systems, like linearly distributed random variables
between 0 and 27. Thus, treating them as random variables
and performing the average, yields a 8n(f),7’n(i), such that one
gets after utilizing the second derivative of the action again

. i
P (n(f), n"; tf) 8, 7 EXP (hAR>' (75)

The action difference AR strongly depends on whether the
system is diagonal in spin space or not.

5.2 Systems diagonal in spin space

If the system is diagonal in spin space, i.e., the Hamiltonian
does not consist of terms giving rise to spin-flips, the time
reversal operation amounts to a complex conjugation only,
and therefore

InY =n®, (76)

It also implies that, on the classical level, the time reverse
of ¢(¢) is given by ¢*(tf — ). With this information, it is
easy to prove that time-reversed paths have the same action,
AR = 0. Thus, in semiclassical approximation, the averaged
transition probability for a spin-diagonal system is given by

P(n“%n@;q)ﬁde(n“%n@;q)(1+6mﬂm@) (77)

This is, apart from the renormalization of the classical tran-
sition probability due to the exact treatment of the vacuum
(see Eq. (72)), exactly the same result found previously for
bosonic, spinless systems [34].

5.3 Systems non-diagonal in spin space

If the system’s Hamiltonian is non-diagonal in spin space,
the time reversal operation is not just complex conjugation,
but also demands an exchange of the spin-up and spin-
down components while at the same time introducing a
relative minus sign between them,

7= H (—i6;,) | K. (78)
J

Here 6;, is the y-Pauli matrix for the j-th state and K

denotes complex conjugation. Important examples of sys-

tems with such time reversal operations are for instance

@ Springer

systems with a Rashba spin-orbit coupling [61], which is
of key importance in semiconductor spintronics, but more
recently has also been realized using ultra-cold atoms [62].

On the classical level, this means that the time reversal
of ¢ = (¢1,¢,)T, where ¢4(y) is the vector containing all
spin-up (spin-down) components of ¢, is given by

e (@) _ —ﬂw—ﬂ)
T(«mm) - ( $rty —1) )’ (79)

and therefore also

@) O]
; n n
=75 )= (3 ) 0

For the action difference, this yields
— ©) @ _
AR =n7h E [(Tnl>jT_nj,lT] —”h(Ni_NT)’ 81
7 ,

where Ny (y)is the total number of spin-up (spin-down) par-
ticles in the initial state.

Thus, invoking the widely used nomenclature of the ran-
dom matrix symmetry classes and quantum chaos [6], one
finally finds for the averaged transition probability in semi-
classical approximation

P(n(f), n®: ,f)
1 , GUE
[l + 8n(f),n<i)} , GOE (82)

= p() (n(f)’n(i); ,f>
{1 + (DY a8yt g0 |+ GSE.

Here, GUE (Gaussian Unitary Ensemble) means that the
average runs over systems without time reversal symmetry,
while for GOE (Gaussian Orthogonal Ensemble) and GSE
(Gaussian Symplectic Ensemble) the average is over time
reversal invariant spin-1/2 systems, which are diagonal and
non-diagonal in spin space, respectively. This result and in
particular the origin of the deltas is illustrated in Fig. 1.

It is important to note that, the probability to find
n® = 7Tn® is zero on average for the GSE case, if N is
odd. However, the transition probability is a strictly positive
quantity. Therefore, in order to become zero on average, it
has to be zero for each disorder realization. In other words,
for a time reversal symmetric system, which is non-diago-
nal in spin space, the transition from an initial Fock state to
its spin reversed version is semiclassically prohibited,

(Tn1& (1)) = 0 (83)
for an odd total number of particles. This is consistent with

<7A‘n|I:I|n> =0. (84)
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Similar to the proof of Kramer’s degeneracy [2], one can
show that Eq. (84) implies that for an odd number of parti-
cles and a symplectic time reversal symmetry, the transition
from a Fock state to its spin reversed version is exactly for-
bidden quantum mechanically.

On the other hand, if the total number of particles is
even, and hence the total spin is integer, the transition prob-
ability is always enhanced by a factor of two compared to
the classical one, if the final Fock state is the time-reversed
version of the initial one.

6 Conclusions

We presented a rigorous derivation of fermionic path inte-
grals representing quantum transition amplitudes in Fock
space in terms of unrestricted, commuting complex fields.
In the context of semiclassical approaches, we believe
that this result represents an important improvement over
previous approaches. First, we replace the anticommuting
(Grassmann) variables, usually assumed to be the most nat-
ural representation of a fermionic path integral, by complex
variables in the path integral. In this way, the propagator
can be given a direct physical interpretation as a complex-
valued amplitude. Second, the path integral is unrestricted
(defined over the whole complex plane) and therefore
avoids the complications due to the definition of path inte-
grals in compact phase spaces.

Most notably, in the approach presented here, a Hamil-
tonian classical limit can be identified which leads to real
actions and therefore explicit interference. After applying
the stationary phase approximations to the path integral. In
the semiclassical limit (of large particle number), we are
able to derive as our major result a van Vleck—Gutzwiller
type propagator for fermionic quantum fields.

In contrast to the approaches of [37, 39], here the semi-
classical approximation as well as the classical limit is
obtained from an exact path integral. However, there is still
a freedom of choice for the classical Hamiltonian, which
should be investigated further. Hence, we do not exclude
the possibility, that by a certain choice, the classical lim-
its of [37, 39] can be recovered. Moreover, it remains to be
explored, which classical limit is best suited for calcula-
tions and simulations. This may actually even depend on
the actual problem at hand.

In Sect. 5, we applied our results to the calculation of tran-
sition probabilities in the fermionic Fock space, and found
a rich dependence of many-body interference effects on the
universality class of the system. For systems with spin-orbit
interaction that belong to the symplectic class, our results
predict the exact cancelation of the transition probability
between time-reversed many-body states, if the total number
of particles is odd. This prediction that can be independently

demonstrated to be a consequence of Kramer’s degeneracy,
is a very stringent test for the correctness of our approach. If
the total particle number is even, however, the same transi-
tion is not only allowed, but its probability is enhanced by a
factor of two compared to the transitions to other states. For
systems without spin-flip mechanisms, we recover the coher-
ent backscattering previously found for bosons [34]. Upon
destroying time reversal symmetry all these effects vanish,
and the transition probability profile can be assumed to be
more or less constant for all Fock states.

Finally, we would like to note that, although the path
integral Eq. (19) is restricted to the particle picture, i.e.,
to the case that a particle is defined through an occupied
single-particle state, it is also possible to construct a path
integral in the hole picture (for more details see “Appendix
3.2”), where a particle is defined as an unoccupied single-
particle state.

The major principle restriction of applicability of our
approach is that the number of fermions N > 1 should be
large enough (our experience in the bosonic case indicates
that N ~ 10 is enough). Therefore, within this regime, elec-
tronic systems such as quantum dots, coupled discrete sys-
tems like spin chains modeled by Heisenberg or Ising type
Hamiltonians, and molecular systems described by a dis-
crete set of single-particle orbitals can be addressed. Still,
then exist practical limitations of semiclassical approaches
in concrete applications, related, e.g., to the solution of the
shooting problem and the correct evaluation of amplitudes
and Maslov indexes. We hope that our approach is still ben-
eficial for the Chemical Physics community.

Finally, we remark that for treating emergent universal
quantum fluctuations in mesoscopic systems we only need
to verify that the classical limit displays chaotic behavior, a
substantially easier task.

Further applications of the semiclassical methods along
the lines presented here like the description of many-body
spin echoes [63] are presently under investigation.
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Appendix 1: Derivation of the path integral

For simplicity, in this section, we assume a quantum hamil-
tonian given by

H= Zhaﬁc Cp+ ZUaﬁé cﬁ

0!#/3

(85)

The result for a non-diagonal interaction Uyg, ,, however,
is given in Appendix 3 In order to get from Eq. (17) to the

@ Springer



1563 Page 14 of 22

Theor Chem Acc (2014) 133:1563

complex path integral Eq. (19), the following two integrals
with j,j" € N, will be inserted:

/ o [@gerp (<108 + 876" ~ijo)¢/ =278, s

/d2¢ /dzueXp (181 = kP + ¢ u) @l (%) =728, (87)

10

Jj=1

(m) (m)>

. J J
1T (m—1) *_(m—1) (m—1) * o (m)*( 1) -1

o,B=1
it it it
— a(m) _ E Zh((xrg—l)bém) _ EX:h(m 1) ‘(Irg) . Z
a ap a.B

atp a#p

for the unoccupled ones, it is important to notice, that the
term XJ( )* §( ) does vanish when integrating over ¢ ©. This
is because of the properties of the Grassmann integrals
Eq. (10) and the fact that there is no §(0) for those compo-
nents, for which n/ =0.

The thus obtained expression is the starting point for an
iterative insertion of integrals of the form of Eq. (87). For
1 < m < M, an evaluation of the overlaps and matrix elements

of Eq. (17) containing ¢ " yields the following expression:

(m)* (m 1))

j=1
(89)

J
1 ) ) * 1
vl Pal | TL(1+ 6™ ).

j=1

Thereby d?p = dRudJpu, ie., the integrations over ¢
and, in the second case, over i run over the whole com-
plex plane. One should notice, that the first of these two
integrals is just the second one, but with the modulus of n
already integrated out.

The first of these two integrals is used to decouple ¢
from ¢ (D by the following identity:

/d”g“” exp (_;<o>*.;<0)) [ﬁ (1 " X(O) ﬂ(»)]

j=1
J ) 2N 4 (O 2 G
XH( <0)*)" _ /dN¢() dhig® /dZJé-(O)
S en”
0
2
X exp (_;(0)* O ’(p«»‘ + 0. M(O))

< [ﬁ(w % ¢,<“’)} [ﬁ (r+eu?” )} ﬁ( o) v

j=1 j=0 j=1

(88)
with ,u]@ = n;i) exp(iej(i)) for all j e {l,...,J}, where J
is the number of single-particle states taken into account.
Note that here, for the initially unoccupied single-particle
states, the phases 9 are arbitrary but fixed, e.g. to zero,
while the 1ntegrat10n runs only over those initial phases 9(1)
for which n'" l = 1. In this way, the integrals, that have to be
performed exactly, in order to get a reasonable and correct
semiclassical approximation for the propagator are already
done, and do not have to be carried out later.
For the N; = Z 1 n/(') initially occupied single-particle
states, the 1dent1ty follows directly from Eq. (86), while
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With the help of the integral Eq. (87), the coefficients a™,
b, ¢(m and d™ can successively—starting from m = 1
— be written as

d¥ pm g%/ ¢(m) N
(m) _ (m)* , (m)
o = [ = [ T (1 ™ 0™

Jj=1

2 2
X exp (_‘(p(m) _ ‘M(m‘ . /L(’”))

J—1 o) 1 k—1
<11+ S0 2 () (o) ]
j=0 k=1

(90)

427 m 27 o
B =/ 5 / T exp <—‘¢('")

T

)
X exp (—‘u«(m)‘z +om” -u(’")) £ =1
(e )}
) 5 (D) (yn=1)) ([, )
e S0 (o) (i)'
= m o= | m) (m—1)
" j=11r£¢+1 1+§j_]zg< ) <J_J > :|

k=1

[ )]

1

oD
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(m) dzlﬂ(m) d2]¢(m)
Cap = ) =

2 2 * * -1
X exp (_‘(p(m) _ ’M(m)‘ + ¢(m) .M(m)> Co(tm) Xém )

J—max («,)—1 ()oo 1 () 1) 1
m m m
T o
=0

k=1

(m) @ ( 4 m=1) m )k
1+§m’:x(a,ﬁ)zc ( mﬁx(a,/ﬁ))(“n”zx(%ﬂ) ) :|
J—min (o,8)—1 o) ok
< H 1+§(¢71)ZC(3)< (m 1))( ﬁm)j ) }
j=J—max («,8)+1 k=1
@ (pn=b m ¥k
<¢m"lln (a,ﬁ)) (anln (@,B) ) }
k=1
J—1 o0 1 1
(m) (m 1)
x ! a () (o)’
R S L)y C "
Jj=J—min (a,8)+1 (=1
J *
< 1] (1 + x™ ¢j(”’))

J=1

o0

(m)
X | 1+ Sin ()

92)
d(m) . dszL(m) d2J¢(m)
af — p =
2 2 N
Xexp<_‘¢(m)‘ —)u("’)’ ) AM(m))
J * *
* -1 —
% H(1+Xj(m) ¢j(m)> (m) ;_/;m) X/(jm )X‘im 1
j=1
J—max («,8)—1 o0 1 .
(m (m 1)
* e S () (o)

1+¢m™

@ (4 (m—1) m o\
max («,8) ZC ( nllnlx (a,ﬁ)) <Mn2’:lx (a,) ) :|
J—min («,8)—1 o) 1 1
(m) (m) (m—1)
x H H'{/—/Z v( )(/—! ) }

Jj=J—max (a,8)+1 k=1

(m) @ (=1 m R\
1+ 4m’$’n<a.ﬂ>Zc ( rx:fn(a,ﬁ))(”rﬁn(a,m ) ]
J—1 o) 1 1
AT () )
Jj=J—min (a,8)+1

X

X

k=1

93)

with c(l) c?) = c§3) = c§4) =1

It is important to notice, that the integral over ¢ and
wn™ selects only the k = 1 terms of the occurring sums.
Therefore, the terms with £ > 2 can be varied, in order to
modify the final path integral in the desired way.

Finally, for m = M, a similar argument as for m =0
allows to restrict the integrals over ¢ again to those
Ny = Z]J 1 n(f) components with n;’ = 1, while setting all
the other components of ™) to zero.

After this the m-th factor in the product over the
timesteps only depends on ¢+ and x ™, such that one
can easily integrate out the intermediate Grassmann vari-
ables¢®, ..., ¢Mand x©, ..., x™=Dby using

/d”;“/d”xeXP(—E*-c— x*x)

X (1 +§J—J ;T;)

T
0

e,
Il
(=)

(14 ¢*x) f[( L+ ")

1 j=1

ST 456",

j=1

E\

I\.
Il

(94)

—

d”{/d”xeXp(f{*Ifx*-x)

| 0o
x [f[ (1+ &% ] [ﬁ (1+ Xj*¢;m))] tu*Xp

j=1 j=1

min («,8)—1

j=1

J max («,8)—1
« H (l +ff(m)¢j(m)) H 1 _J}(m)qj]g;n))’
Jj=max (a,f)+1 Jj=min (a,8)+1

95)

/dyf/d”xeXp(—t*I—x*-x)

J—-1
X ( + Si—if; (m))
/=0
[ J
X H + ") H 1+Xj*¢;m)) Ca " C8 ™ X Xa
_j:l j=1
J
i pm g g T (1 (m) ¢(m)) 96)
j=1
J#a.p
Moreover, the integrals over £ () and x ™ yield
J—1 N
[0 e (<50 0) [T] (1-+6%0,")
J o7
©* (0)*
T - 11w
j=1 jin j{t)_l
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J—1
/d”x‘M) exp <_X<M>* (M>) ( (M))"fz
j=0
J *
M) (M M
L(+5"6"") = 11 4" ©8)
j=1 jnd=1
After performing these integrals, one notices, that the

inserted integrals have been chosen such, that the resulting
sums can be performed and yield exponentials, such that the
propagator is, after integrating out 1V, ..., u® as well as
#»© and undo the expansion in 7, given by the path integral
Eq. (19), where the classical Hamiltonian is given by

Hcl(M*,¢) = Zhaa M " Pafi (Ma *,‘Pa)

+ > Unp tte ™ 118 *Gabpfs (e ™ 0o )f3 (18 *- 0p)
a’ﬁ
aFp

+ Zhaﬁ Mo *‘PﬁfZ(Ma *’¢a) exp (— 25:] *¢ﬂ)

a’ﬂ
a#p

XH

99)

g(mi* 1),

where f1, f>, f3 and g are arbitrary analytic functions satis-
fying the following conditions:

f100,9) = £2(0,¢) = f3(0,¢) =1 (100)

80,¢) =1 (101)
O eute)| =20

amg w, o : (102)

Moreover, as in Sect. 3, the product in the third line runs
only over those values of j, which are lying between « and
B, excluding « and 8 themselves,

max («,)—1

I’ ..= T1I

J Jj=min (a,8)+1

(103)

Appendix 2: The semiclassical amplitude

The semiclassical amplitude is given by the integral over
the exponential of the second variation of the path integral
around the classical path which can be written as,

. 1 N=1gp©0) [ ANgsM) [ ANepM) [ 17570 [ 37s0(1) JorM—=1) [ 47 sp(M—1)
dy:MlE;nooWVWW/d 1% /d 8J /d 1% /d&l /d89 ~-~/d8] /d(S@

X exp{ — %60(0)P/- Z:;p(O) [ exp [ 2idiag(0(i))} + =

exp {—Zidiag (0<M>)}

it 22HD Y] 9p© pt
h 302

50

30(!)

! ( 56y ) o7 oo [ Pr0YY
2\ syonp, ir 92V PIsJM)
2\ 48J s I, s e i 8J
M-1 ir 92HD ™
_! 80U\ g T [ B agm? b om (60"
2 8J(m) I it 92 (eh =D SJ(Wl)
m=1 d h ] ¢(m) *2

RS T 0 L
+ ((SJ(U O(l) ;- E aZH(cl)(O) WP 0(1)

[ PIORE VIO

mT 0
o) [, _ iz _@2H@MD
I T R 00 g0
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0 oM sgM—D)
0 8JM=D

0 0 (m)
T 30
o (11 7 LI ) o ( 5J(m > }
R g gpm+D *gp(m)

(104)
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with
3¢(m) 3¢(m)
(m) _ (m) aJom
o = | o . (105)
aem  9Jm

Moreover, diag(v) is the diagonal d x d-matrix for which
the (7, j)-th entry is equal to v;, where d is the dimensional-
ity of the vector v and P;/r and P; /¢ are defined as the N x J
and (N — 1) x J-matrices, respectively, which project onto
the subspace of initially and finally occupied single-particle
states, with the latter excluding the first occupied one,

(Pis)y =800,
P/ ) :64/ .y
(Pin), =2,

where

(106)

(107)

jl<-<jye {je (L...J)yn? = 1} and

ji<-<jye {je (1,...,J} :n;f) = 1} are the ini-

tially, respectively finally, occupied single-particle states.
For later reference, we also define P;/r as the comple-

ment of P;/r as well as

P:
or=(3))

which are the (orthogonal) matrices, which put the com-
ponents corresponding to initially and finally unoccupied
single-particle states to the first J — N positions, and those
corresponding to occupied single-particle states to the last
N positions, i.e.,

(108)

Qym) =,...,0,1,....,)T.
—— —

J—N N

(109)
The integral over 50 © is given by

0
1 /dN7159(0) exp{ _ 180(0)1),_ 3¢( )
2

QemN-! o0
ir 92 @ O

x | —exp [—Zidiag(o("))]—}—i% o9 P 50©
ho g% ) 90® !

560 . 0 20® o
+ <5J(l) oW I v 92HCDH© 290 P; 500

7 3™ Fap©®

(83}

ir 92H(D
LR PRTEY I A S PO T
2\ 8w PR il sy

B ad)“,*z
—1
1 A )
W det |I; — W exp [21d1ag (0 >]
2 i

. -1y (D)
1/ 5o T 2B 7y Y1
xexp —= 0(1> oW 7 e VoW 0(]) .
2\ 8J I xM 8]

(110)

where XD is defined as

/T
i

X0 —

it 92HD©
h ad)(l)*z J

ir 92HO®
" h g0
. iv 92HC0© 7
x { exp [—Zidiag (P;O(’)” T on?
3 (Pip©)
ir 92HD? )

(g, T HT (111)
XP1<J h8¢(0)8¢(1)*

It can be shown, that Eq. (111) can also be written as

. 2 -l ) . a2 ] 0)
x(h _ it 2H T PHYT Vo

B g *? h 9 *3p©

-1
L i N S 7 i
X - - |,
I YIOK B agp©y M *
(112)

with

0
X© =qQ < exp [2idiag (P;m”)} )Qi' (113)

Now, consider the integral

! Js70m [ 47 sq0m L[ sptm+h
d’s7v [d’ 86" expq — =
(zn)f 2\ sJim+D)

ic 92H "D

h 8¢(”’+”2 L O(m+l) 50(,’1+1)
1 it 52 (b ™ §Jn+D)

By gnr1) =2

ir 92HEDH™
L0 qT [ F g ) g (80
2\ sy L xm 8Jm
1
N 50+ O(lﬂ+l)T 0 0 o™ Y 1G]
Sy [, _ ir__2HD™ 0 SJm
J = R 5pmihagm J
-1
it 92HD™ 1 { 560D
= qdet [I; — EizX(”” exps — =
R apim 2\ syt
it g2H " (m+1)
x O(m+l)T T ypmn? L om+h 6™ 114
I, X+ 5J(n1+l) ( )

with

x O(m+l)T

T
+ TR g gmtD) g lm)

-1
T R
7 R agm g pim+1)* |

(115)

. (m)
(1) _ it 92H

h 9 ¢(m+1) *2

ir a2p ()™
x | I _

h 8¢(m)2

For m =1 this is exactly the integral in Eq. (104) after
integrating out 0%’ and thus defines X®. One then recog-
nizes, that after the m-th integration, the integral is again of
the form of Eq. (114) up to the (M — 1)-th integration. With
this observation, the semiclassical amplitude is given by
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M—1
1
— dNJ<M>/dNe<M>H det(IJ
m=0

it 92H(H™
T h dpm?

X(’")>

.. T ep(M)
wexp L (30°7P) qan [ exp [—2idiag (6°)] 1, ) g (P00
x (M) P/ 3y

2\ 8JMPy I,

M—1 . (m)
1 it 92H(D

= lim —x1 H det | I — —

M— o0 ZJTN_ h 3¢(m)

X(’")> \/ det (Ty — exp | ~2idiag (B0 | B, X0 PT)

—1

m=0 (116)
In the continuous limit, the discrete set of X turns into a
function of time X (1), and (by expanding it up to first order  H (u*,¢)
in 1) is given by Eq. (60), and the semiclassical amplitude . .
can be written in the form given in Eq. (57). =D haa e *da exp (1ta *ba)
o
+ Z hag 1o *¢/3 exXp (_ Hp *¢ﬂ - MHa *¢a)
o.p
. . . R arp
Appendix 3: Possible classical Hamiltonians max (e, f)—1
. . o . < [T [1-sinh Qu*er)]
In this part, we state different possibilities for the classical I=min (a,8)+1
hamiltonian as can be derived out of similar calculations as - * *
+ U, sh h s
in Appendix 1 without going further into detail. % ap ta " sip " Gutp cosh (1ta” ) cosh (125" p)
a#p
Appendix 3.1: Classical Hamiltonians in the particle
picture (118)

First, we present two possibilities arising directly from the
derivation presented in Appendix 1, but restrict ourselves
to those, which contain px and ¢ in a symmetric way and
omitting the one already stated in Sect. 3. These examples
shall just illustrate, which kinds of classical Hamiltonians
are possible:

= Z hog fha ™ Po COS (Mo: *¢a)
o

+ Z Uaﬂ Mo * 127 *¢a¢5
a’ﬁ
a#p

max («,f)

+ Zhaﬁ Mo *¢/5 exp | — Z

a,B [=min («,B)
aFp

wi e |,

(117
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Next, consider the more general case, that the quantum
Hamiltonian is written in the form

H=> hapéles+ D Uspprbltht,éy.
a,B a,B,p,v
aFp.pFv

(119)

By splitting the interaction term also into (pairwise) diago-
nal and non-diagonal terms, one can in a similar way as in
Sect. 7 construct the following classical Hamiltonian
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Hcl(ﬂ*sqb) = Zhao{ Mo *¢afl(,ua *»(pa)

+ D hap tta D2 (Ha ™, du) exp (= 1p *p)

a’ﬂ
a#p

max («,8)—1

T sl a)

[=min («,8)+1

+ Z Uappa ta ™ 108 atpf3 (e ™, 0o )f3 (108 ¥, d8)

ap
atp

DY

o.B.p
aF#B.pFEA,p#p

—O(a - B)OB —p) = OB —a)B(p — p)]

(OB —)O(B — p) + O — f)O(p — B)

X (U(xﬂﬂp - Uaﬂpﬁ) Ma*ﬂﬂ *(ﬁﬂ‘ppfl(ﬂa*ﬂba) 2(Ma*s¢a)

max («,p)—1

xexp(—mp*¢p) [

Jj=min (a,0)+1
+ D> (OB -0)0(p—a)
o.B.p

aFEp,pFEa,p#p

g(*. ¢)

+0(a = B)O(a —p) = O(a = B)O(p — ) —

O —a)B(a — p)]

(Uaﬂpa - aﬁap) Mo * Mup *¢a¢pfl (Ma X ¢a)f2 (Mﬂ x, ¢,B)

max (8,0)—1
xexp(—up*eo) I e(w.9)
j=min (8,p)+1
+ > (OB - a)
o,B,p,v
B AV, B BV, 07V

—0(a — MO0 — 1) — O — P)Uappw e * g *bpduf>
x (1o ™ da)f2(1p ™. p) exp (= 1o "bp — 140" ¢0)

min {{a,ﬁ,p,v}\{min (e, B,0,v)} } —1

x 11

[=min («,B,0,v)+1

g(1;* b))

max (o, 8,p0,v)—1

11 g(wi* )|

[=max {{a,ﬂ,p,u}\{max (a,ﬂ,p,u)}}+l

(120)

where f1, f>, f3 and g are again arbitrary analytic functions
satisfying Eqgs. (100-102). Thereby, one should notice, that

min {{a, 8, p, v} \ {min (, B, p, )} }

is the second smallest number out of the set {«, 8, p, v} and

max {{a, B, p, v} \ {max (a, B, p,v)}}

the second largest number out of the set {«, 8, p, v}.

Appendix 3.2: Classical Hamiltonians in the hole picture

The cases considered above, we call particle picture, since
the boundary conditions are such, that |d>j|2 =1 corre-
sponds to the j-th single-particle state being occupied,
while |¢j|2 = 0 corresponds to the j-th single-particle state
being empty. However, the role of occupied and unoccu-
pied states can be reversed, if Egs. (88) are replaced by
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n®

/dZJé.(O)exp (_g(m*.;«») H(1+Xj(0) <0>) ﬁ( O] )

j=1 j=1

420N (O 2T I -Nig (D 2
- : : A0 oy [— O (0)_‘ (0)’ ©* 0
/ T | Gy / (Oexp (@7 O |pOF 4 5O

o, o (o o\| 7 (o=

J

< ATT (o + )| | TT (2" +52) | TL(57)" - (121)

j=1 j=0 j=1

where the integrations over 0 and p© run over those components,
which are initially empty u;o) =(1- n}l)) exp(in(’)), as well as

J

dZJM(m) d2]¢(m)
(m) _ (m) (m)
a’ = / - / H (4’]' ) T X

J—1T o0
2 1 .
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J—1 00
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(124)
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dZJM(m) d2]¢(m) 2 2 "
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(125)
Inserting the integrals like this results in the following path integral:
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j:n}/)ZOC
M .
X exp {Z [ 9D (¢><'">*,¢><’””ﬂ } e
h
m=1
with the classical hamiltonian
H(cl)(’”)( ) References
J
L % 1. Brack M, Bhaduri R (1997) Semiclassical physics, 1st edn. West-
Z o exp K ¢°‘) view Press, Boulder

2. Sakurai JJ, Napolitano JJ (2010) Modern quantum mechanics,
2nd edn. Addison-Wesley, Boston

+ Z U (’g) exp — o Py — 1 8 *d’ﬁ) 3. Qutzwillcr MC '(1991) Chaos in classical and quantum mechan-
. f=1 ics, Ist edn. Springer, New York
o # 8 4. Schulman LS (1996) Techniques and applications of path integra-

tion. Wiley, New York
5. Gutzwiller MC (1967) J Math Phys 8:1979

+ Z h(m) Mng * P exp (— Mo *d’a)f(Mﬂ X, ¢ﬁ) 6. Haake F (2010) Quantum signatures of chaos, 3rd edn. Springer,
a,B=1 Berlin
Py 7. Miller WH (1974) Adv Chem Phys 25:69
max (a,)—1 8. ]?gf;;l;ggr HU, Jalabert RA, Stone AD (1993) Phys Rev Lett
. * . °
x H g(1". ), (127 9. Richter K, Sieber M (2002) Phys Rev Lett 89:206801
Jj=min (a,8)+1 10. Richter K (2000) Semiclassical theory of mesoscopic quantum

systems. Springer, Berlin
11. Jalabert RA (2000) Proc Int Sch Phys “Enrico Fermi” 143:145
12. Waltner D (2012) Semiclassical approach to mesoscopic systems.
_ Springer, Berlin
f0.¢) =1 (128) 13. Miller WH (1975) Adv Chem Phys 30:77
14. Heller EJ (1991) J Chem Phys 94:2723

g(0,¢) = -1 (129)  15. Stock G, Thoss M (1997) Phys Rev Lett 78:578

16. Wang H, Thoss M, Miller WH (2000) J Chem Phys 112:47

17. Ullmo D (2008) Rep Prog Phys 71:026001
—g(1*.0) = 2¢. 18. Ezra GS, Richter K, Tanner G, Wintgen D (1991) J Phys B At
o 1L*=0 (130) Mol Opt Phys 24:1.413

where f and g are arbitrary analytical functions satisfying

@ Springer



1563 Page 22 of 22

Theor Chem Acc (2014) 133:1563

19.

20.
21.

22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

32.
33.
34.
35.
36.
37.
38.

39.

Hummel Q, Urbina JD, Richter K (2013) J Phys A Math Theor
47:01510

Kirrander A, Shalashilin DV (2011) Phys Rev A 84:033406

Paul T (2002) Semiklassik fiir spinabhéngigen Transport in inho-
mogenen Magnetfeldern. Diploma thesis, Universitit Regensburg
Littlejohn RG, Flynn WG (1991) Phys Rev A 44:5239

Littlejohn RG, Flynn WG (1992) Phys Rev A 45:7697

Mathur H, Stone AD (1992) Phys Rev Lett 68:2964

Bolte J, Glaser R, Keppeler S (2001) Ann Phys 293:1

Pletyukhov M, Amann C, Mehta M, Brack M (2002) Phys Rev
Lett 89:116601

Pletyukhov M, Zaitsev O (2003) J Phys A Math Gen 36:5181
Zaitsev O, Frustaglia D, Richter K (2005) Phys Rev B 72:155325
Negele JW, Orland H (1988) Quantum many-particle systems.
Addison-Wesley, Boston

Weinberg S (2005) The quantum theory of fields, volume 1: foun-
dations. Cambridge University Press, Cambridge

Lewenstein M, Sanpera A, Ahufinger V (2012) Ultracold atoms
in optical lattices: simulating quantum many-body systems.
Oxford University Press, Oxford

Lewenstein M, Sanpera A, Ahufinger V, Damski B, Sen(De) A,
Sen U (2007) Adv Phys 56:243

Baranger M, de Aguiar MAM, Keck F, Korsch HJ, Schellhaal3 B
(2001) J Phys A Math Gen 34:7227

Engl T, Dujardin J, Argiielles A, Schlagheck P, Richter K, Urbina
JD (2014) Phys Rev Lett 112:140403

Klauder JR (1960) Ann Phys 11:123

Meyer H, Miller WH (1979) J Chem Phys 71:2156

Miller WH, White KA (1986) J Chem Phys 84:5059

Grossmann F, Buchholz M, Pollak E, Nest M (2014) Phys Rev A
89:032104

Li B, Miller WH (2012) J Chem Phys 137:154107

@ Springer

40.
41.

42.
43.
44.
45.

46.
47.

48.

49.
50.
S1.

52.
53.
54.
. Tabor M (1989) Chaos and integrability in nonlinear dynamics:

56.
57.
58.
59.
60.
61.

62.
63.

Swenson DWH, Levy T, Cohen G, Rabani E, Miller WH (2011) J
Chem Phys 134:164103

Li B, Wilner EY, Thoss M, Rabani E, Miller WH (2014) J Chem
Phys 140:104110

Manning RS, Ezra GS (1996) Phys Rev A 53:661

The authors tried, so far unsuccessfully, to establish such a link.
Thoss M, Stock G (1999) Phys Rev A 59:64

Berezin FA (1966) The method of second quantization. Academic
Press, New York

Trotter HF (1959) Proc Am Math Soc 10:545

Nolting W (2009) Fundamentals of many-body physics: princi-
ples and methods. Springer, New York

Wilets L, Henley EM, Kraft M, Mackellar A (1977) Nucl Phys A
282:341

Dorso C, Duarte S, Randrup J (1987) Phys Lett B 188:287

Boal DH, Glosli JN (1988) Phys Rev C 38:1870

Latora V, Belkacem M, Bonasera A (1994) Phys Rev Lett
73:1765

Sun X, Miller WH (1997) J Chem Phys 106:6346

Levein RD (2000) Proc Natl Acad Sci USA 97:1965

Braun C, Garg A (2007) J Math Phys 48:032104

an introduction, 1st edn. Wiley, New York

Solari HG (1987) J Math Phys 28:1097

Kochetov EA (1995) J Math Phys 36:4667

Vieira V, Sacramento P (1995) Nucl Phys B 448:331

Pletyukhov M (2004) J Math Phys 45:1859

Berry MV (1985) Proc R Soc Lond A 400:229

Bychkov YA, Rashba EI (1984) J Phys C Solid State Phys
17:6039

Lin YJ, Jimenez-Garcia K, Spielman IB (2011) Nature 471:83
Engl T, Urbina JD, Richter K (in preparation)



	The semiclassical propagator in fermionic Fock space
	Abstract 
	1 Introduction
	2 Grassmann coherent states
	3 The path integral in complex variables
	3.1 Derivation
	3.2 Comparison with CEAM and Klauder’s approach

	4 Semiclassical approximation
	5 Transition probability
	5.1 General semiclassical treatment
	5.2 Systems diagonal in spin space
	5.3 Systems non-diagonal in spin space

	6 Conclusions
	Acknowledgments 
	References


