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Abstract The effective one-electron distributions of bonded
atoms obtained from the “stockholder” partition of the molec-
ular two-electron density are reported. These two-electron
stockholder (S) atoms are compared with their one-electron
analogs represented by the corresponding Hirshfeld (H ) one-
electron stockholder pieces of the molecular electron density.
The influence of the exchange (Fermi) and Coulomb corre-
lation between electrons on the resultant shapes of bonded
atoms is investigated The vertical (for the fixed molecular
electron density) and horizontal (involving the electron den-
sity displacement) correlation influences on the two-electron
stockholder atoms are examined. The two sets of bonded
stockholder atoms in the near-dissociation bond-elongated
diatomics are compared for different approximations of the
electron correlation effects. The cluster components in atomic
resolution of the S-partitioning scheme are investigated for
illustrative homonuclear and heteronuclear diatomics: H2,
LiH, HF, LiF, and N2. This framework facilitates an under-
standing of the origins of the observed differences between
the S and H variants of Atoms-in-Molecules. With the excep-
tion of hydrogen atoms, especially in light molecules, the two
sets of bonded atoms were found to be practically identical.
For H2 and LiH the S atoms were shown to exhibit a dis-
tinctly higher degree of the bonding character, compared to
their H analogs. The main electron correlation effects have
been found to be well represented already at the exchange-
only level, e.g., in the unrestricted Hartree–Fock (UHF) the-
ory. An inclusion of the extra vertical Coulomb correlation
exerts a marginal moderating influence on the ionic/covalent
composition of the chemical bond already predicted by the
UHF approximation, in the direction of a slightly more cova-
lent (less ionic) bond character. The horizontal shifts of the
molecular density due to Coulomb correlation, relative to the
UHF reference, often act in the opposite direction.
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1 Introduction

Fundamental to chemistry is an understanding of molecules
as combinations of bonded atoms. It is not surprising that
the concept of Atoms-in-Molecules (AIM) has been much
discussed in the scientific literature (see, e.g., [1–9]) . Let
us recall that chemistry deals with small changes of bonded
atoms and larger molecular fragments with reasonably well
understood and transferable molecular invariants such as
AIM, functional groups, molecular subsystems, e.g., reac-
tants and products of an elementary chemical reaction, etc.,
which tend to maintain their identity in different molecu-
lar environments. Most molecular systems may be thought
of as consisting of only slightly perturbed atoms (or atomic
ions), deformed by the presence of the molecular remain-
der and possibly exhibiting modified net charges. These dis-
placements in the atomic electronic structure are due to the
coupled processes of the intra-atomic polarization (P) and
the inter-atomic charge transfer (CT), which accompany the
formation of chemical bonds.

Information Theory (IT) [10–21] has recently been dem-
onstrated to provide an attractive framework for an unbi-
ased extraction of such a chemical interpretation from known
molecular electron distributions [4–9,22–38]. For example,
the Hirshfeld division scheme [3] has recently been shown
to have a strong basis in IT [4–9]. This analysis has been
extended [6] to cover the related problem of the “stockholder”
partition of the many-electron densities in molecular systems.
Moreover, the information-theoretic perspective allows one
to formulate a thermodynamic-like description of molecules
and their constituent parts [22–24] and provides tools for
probing the chemical bonds [25–38].

Clearly, the exhaustive partitioning of a given molec-
ular electron density between constituent (bonded) atoms,
which determines the AIM effective net charges (oxidation
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states) in a given molecular environment, is not unique, since
it depends on the adopted criteria for such a division [2].
The Hirshfeld partitioning is also by no means unique, since
the two-electron generalization of the underlying stockholder
principle [6] is expected to generate slightly different effec-
tive one-electron distributions of chemical atoms, which are
affected by the electron exchange and Coulomb correlation
effects present in the simultaneous electron pair-densities.
It is the main goal of the present work to examine these
differences in a more detail. The representative diatomics,
exhibiting single and multiple chemical bonds of varying de-
grees of polarization (ionicity), will be investigated using
standard quantum theories of electronic structure, both within
the wave-function theory [unrestricted Møller-Plessett/Dou-
bles (UHF), MP2] and density functional theory (DFT) [39,
40] (LDA, GGA), by comparing the electron distributions of
constituent atoms obtained from the one- and two-electron
stockholder divisions. It will be argued that the AIM-clus-
ter components of the two-electron stockholder scheme pro-
vide natural channels for the electron redistribution during
bond formation. Their implications for the chemical inter-
actions between atoms and reactants in the donor-acceptor
complexes will be investigated.

Atomic units are used throughout the article.

2 Stockholder partition of two-electron distributions
in diatomics

It has been shown by Hirshfeld [3] that the molecular electron
density ρ(r) is exhaustively partitioned ρ(r) = ∑

α ρH
α (r)

into the “stockholder” AIM densities {ρH
α (r)} ≡ ρH (r):

ρH
α (r) = ρ0

α(r)[ρ(r)/ρ0(r)] ≡ ρ0
α(r) w (r)

= ρ(r)[ρ0
α(r)/ρ0(r)] ≡ ρ(r)d H

α (r),
∑

α

d H
α (r) = 1. (1)

Here, ρ0(r) = {ρ0
α(r)} groups the densities of the free atoms,

giving rise to the reference electron densityρ0(r)=∑
α ρ0

α(r)
of the (isoelectronic) “promolecule”. It consists of the non-
bonded constituent atoms shifted to the atomic positions in
the molecule. The same promolecular reference is used to
determine the familiar density difference function, �ρ(r)
= ρ(r) − ρ0(r), which extracts changes in the electron
distribution due to the chemical bonds. A reference to Eq. (1)
shows that Hirshfeld AIM densities satisfy the local
one-electron stockholder principle, which can be stated as
the following equality between the molecular and promolec-
ular conditional probabilities, π H (α|r) and π0(α|r), respec-
tively, that an electron localized at r originates from atom α:

d H
α (r) = ρH

α (r)/ρ(r) ≡ π H (α|r)
= d0

α(r) = ρ0
α(r)/ρ0(r) ≡ π0(α|r). (2)

It has been interpreted by Hirshfeld using the stock market
analogy that each atom participates locally in the molecular

“profit” ρ(r) in proportion to its share d0
α(r) in the pro-

molecular “investment” ρ0(r). This scheme has been vali-
dated using the minimum principle of the entropy deficiency
[17,18] between the electron distributions of the bonded and
free atoms subject to the local constraint of the exhaustive par-
tition of the molecular electron density [4–9]. It also follows
from Eq. (1) that in this one-electron stockholder scheme
each free subsystem density is locally modified in accor-
dance with the molecular (subsystem independent) density
enhancement factor w(r). Therefore, this procedure is de-
void of any subsystem bias and as such appears to be fully
objective.

This one-electron division rule has been generalized into
the corresponding many-electron principle [6]. We shall
illustrate this extended partitioning for the most important
two-electron case. As an illustrative example let us consider
a diatomic molecule M = A–B containing N electrons. For
diatomics the stockholder division of the molecular joint two-
electron probability distribution p2(r, r ′) of simultaneously
finding two electrons at indicated positions or the correspond-
ing electron pair-density ρ2(r, r ′) = N (N − 1)p2(r, r ′), in-
volves four components corresponding to different pairs of
atoms from which the two electrons originate, here called the
AIM two-clusters [6]:

pS(r, r ′) = {pS
αβ(r, r ′)},

ρS
2 (r, r ′) = {ρS

αβ(r, r ′) = N (N − 1)pS
αβ(r, r ′)},

p2(r, r ′) =
∑

α=A,B

∑

β=A,B

ps
αβ(r, r ′),

ρ2(r, r ′) =
∑

α=A,B

∑

β=A,B

ρS
αβ(r, r ′). (3)

These four pieces of the molecular two-electron probabil-
ity distribution are defined by the two-electron stockholder
principle:

pS
αβ(r, r ′)
= p0

αβ(r, r ′)/p0
2(r, r ′)]p2(r, r ′) ≡ d S

αβ(r, r ′)p2(r, r ′)
pS
αβ(r, r ′) = [p0

αβ(r, r ′)/p0
2(r, r ′)]p2(r, r ′)

≡ w2(r, r ′)p0
αβ(r, r ′), (4)

where the reference, two-electron probability distribution of
the isoelectronic promolecule, is the sum of promolecular
contributions {p0

αβ(r, r ′)} from the free-atom clusters,

p0
2(r, r ′) = ∑

α=A,B
∑

β=A,B p0
αβ(r, r ′), d S

αβ(r, r ′) stands
for the two-electron share factor (conditional probability) of
the (α, β)-cluster,

d S
αβ(r, r ′) = [pαβ(r, r ′)/p2(r, r ′)] ≡ π S

2 (α, β|r, r ′)
= d0

αβ(r, r ′) = [p0
αβ(r, r ′)/p0

2(r, r ′)]
≡ π0

2 (α, β|r, r ′), (5)

and w2(r, r ′) denotes the universal (molecular, cluster-
independent) enhancement factor for the specified positions
of the two electrons. Therefore, Eq. (4) again predicts that
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each AIM 2-cluster partakes in the two-electron molecular
“profit” p2(r, r ′) in proportion to its share d0

αβ(r, r ′) in the

promolecular “investment” p0
2(r, r ′).

There are the two atomic (diagonal, α = β) and two dia-
tomic (off-diagonal, α �= β) contributions in Eq. (3). Their
share factors are proportional to the corresponding reference
distributions p0(r, r ′) = {p0

αβ(r, r ′)} of the free atoms:

p0
αβ(r, r ′) = {p0

2,α(r, r ′), α = β; p0
α(r)p0

β(r ′), α �= β},
(6)

where p0
α(r) and p0

2,α(r, r ′) denote the one-electron and
(joint) two-electron probability densities of the free atom α.

The kernels pS(r, r ′) or ρS
2 (r, r ′) or their partially inte-

grated, effective one-electron components

peff(r) =
∫

pS(r, r ′)dr ′ = {peff
αβ (r)},

ρeff(r) =
∫

ρS
2 (r, r ′)dr ′ = {ρeff

αβ (r)}, (7)

define the effective one-electron density of bonded atoms:
∑

β=A,B

ρeff
αβ (r) = ρeff

α (r), α = A, B. (8)

In what follows we shall compare examples of such atomic
electron densities with the corresponding Hirshfeld pieces
of the molecular one-electron distribution. They define two
sets of AIM, which we shall call the 2-S and 1-S (Hirshfeld)
bonded atoms, respectively. The 2-S atoms, which are explic-
itly electron-correlation dependent, can be expected to gen-
erate the effective one-electron distributions, which slightly
differ from the corresponding Hirshfeld (1-S) densities, since
the two sets of bonded atoms are obtained from partitioning
different physical quantities.

3 Electron distributions of the one-and two-electron
stockholder atoms

3.1 Computational details

The effective one-electron densities ρeff
α (r) of the 2-S AIM(

αS
)

and the electron densities ρH
α (r) of the Hirshfeld 1-S

bonded atoms (αH ), will be compared for H2, LiH, HF, LiF,
and N2 These molecules cover the purely covalent bonds, sin-
gle in H2 and triple in N2, as well as the partly ionic bonds in
the remaining heteronuclear diatomics. This selection allows
one to examine the effect of a growing number of the open
two-electron channels (AIM two-clusters) in the 2-S parti-
tioning procedure: two off-diagonal channels in H2, one diag-
onal and two off-diagonal channels in LiH and HF, and all
four channels (two diagonal and two off-diagonal) in N2 and
LiF.

The numerical results will be generated using standard
UHF, UHF + MP2 ≡ UMP2 and Kohn–Sham (KS) DFT
(KS/LDA and KS/B3LYP) calculations in the extended (DZV
or DZVP) basis sets, which involve the split-valence atomic

orbitals (DZV), in some calculations supplemented by the
polarization functions (DZVP). This analysis has been per-
formed for several internuclear separations ranging from the
equilibrium bond length to the near-dissociation distances.
The AIM densities will also be compared with the corre-
sponding reference densities ρ0(r) of the separated (free)
constituent atoms. The equilibrium geometries in the adopted
basis sets have been used. In order to precisely separate the
Coulomb correlation effects on effective AIM distributions,
the common UHF equilibrium geometry has been used in the
1-S and 2-S partitions.

In the present analysis we are interested in differences
in the effective one-electron distributions of the two-electron
stockholder (2-S) AIM relative to those characterizing the
Hirshfeld (1-S) bonded atoms, which give rise to the same
molecular electron density ρ. In order to facilitate such a
comparison, the constraint of the fixed density ρ = ρUHF

was imposed in the UMP2 numerical calculations. It should
be realized, however, that the same electron density and exter-
nal potential in both these partition schemes in DFT imply
the same molecular electronic energies corresponding to the
two sets of constituent atoms. Therefore, only the “vertical”
(for the identical electron densities) influence of the Coulomb
correlation holes on the resultant electron distributions of 2-S
AIM, estimated using the MP2 theory for the fixed, Coulomb-
uncorrelated molecular electron density, was examined.

Clearly, the Coulomb-correlated calculations ultimately
give rise to the optimum electron density, which is slightly
modified relative to the UHF result, ρUMP2 �= ρUHF, by what
we call the “horizontal” displacement in the system elec-
tronic structure. This change in the equilibrium distribution of
electrons lowers the system electronic energy by the
Coulomb-correlation energy: EUMP2 − EUHF = �Ec < 0.
The corresponding expression for the electron pair-density
in terms of the exchange-correlation (xc) hole hUMP2

xc (r ′|r)
gives the following partition into the independent-particle
(Hartree, H ) contribution and the correlation corrections due
to the Fermi (x) and Coulomb (c) holes, respectively:

ρUMP2
2 (r, r ′) = ρUMP2(r)

[
ρUMP2(r ′) + hUMP2

xc (r ′|r)]

≡ ρUMP2
2,H (r, r ′) + ρUMP2

2,xc (r, r ′)
= {ρUMP2(r)

[
ρUMP2(r ′) + hUMP2

x (r ′|r)]

+hUMP2
c (r ′|r)}

≡ ρUMP2
2,H x (r, r ′) + ρUMP2

2,c (r, r ′). (9)

Above, we have used the familiar partition of the resultant
hole into the separate exchange (x) and (Coulomb) correla-
tion (c) contributions. Here, the subscript H x symbolizes the
sum of the Hartree and exchange contributions.

The present analysis of the “vertical” (fixed-density) cor-
relation effects in the 2-S partition of the UHF density is
done by approximating in the foregoing equation ρUMP2(r)∼= ρUHF(r) and hence also

ρUMP2
2,H (r, r ′) ∼= ρUHF

2,H (r, r ′) and

ρUMP2
2,H x (r, r ′) ∼= ρUHF

2 (r, r ′), (10)
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since the UHF MO have been used in the subsequent MP2
procedure for estimating the Coulomb-hole. These approxi-
mations give the following final expression for the electron
pair-density, which constitutes the basis of the present,
“vertical” analysis:

ρUMP2
2 (r, r ′) ≈ ρUHF

2 (r, r ′) + ρUHF(r)hUMP2
c (r ′|r). (11)

It can be straightforwardly verified using the familiar sum
rules satisfied by the correlation holes, that the integration
over r ′ indeed recovers ρUHF(r) = (N −1)−1

∫
ρUHF

2 (r, r ′)
dr ′ since the second Coulomb-correlation contribution
exactly vanishes:

∫
hUMP2

c (r ′|r)dr ′ = 0.
The familiar antisymmetry requirement imposed on the

N -electron wave-function implies the statistical, exchange
(x) correlation between the movements of like-spin electrons.
In our approximation, the two-electron conditional probabil-
ities, which take into account this Pauli exclusion principle,
describe the non-interacting system of the same electron den-
sity as that of the real system consisting of fully interacting
electrons. These joint two-electron probabilities, which carry
the exchange correlation, are fully determined by the KS orbi-
tals. Since in the KS limit, for the vanishing coupling constant
in the adiabatic connection of DFT, the Coulomb (c) corre-
lation due to finite charges of electrons is completely turned
off, the Fermi correlation accounts for the whole correla-
tion of the non-interacting system. In the real system, of the
fully interacting electrons, the KS orbitals determine only
the x-holes of the resultant xc-holes characterizing the total
correlation effects in molecular systems.

The UHF approximation, which in principle can be
regarded as roughly equivalent to the exact-exchange-only
DFT scheme, has been selected to generate the reference
data, which exhibit the correct behavior in the dissociation
limit. Since the correlation effects in typical DFT methods
are only correct at the level of the average correlation holes,
we have limited the DFT analysis to the KS (non-interacting)
limit, which exclusively covers the exchange effects embod-
ied in the two-electron probabilities generated by the KS
molecular orbitals. We denote such an UHF-like approach
as the UHF-KS scheme. Indeed the results obtained for mol-
ecules in UHF and UHF-KS approximations will be shown
to be practically indistinguishable. Only at internuclear dis-
tances close to bond dissociation, does one detect apprecia-
ble differences due to a general inadequacy of the UHF-KS
inter-atomic exchange holes in such bond-elongated systems,
both in the LDA and GGA/B3LYP variants. The effects of the
Coulomb correlation will be determined using the spin-unre-
stricted Møller–Plessett (MP) theory (UMP2), which takes
into account the double excitations from the UHF ground-
state electron configuration.

3.2 Vertical effects of the electron correlation

Figure 1 compares the bond profiles of the molecular and
atomic electron densities in H2 and LiH. The reported UHF
plots are also representative of the UHF-KS (LDA and
B3LYP) results in the same basis sets which are practically

Fig. 1 A comparison of the molecular ρ(r)[M] and atomic, ρ0
α(r)[α0],

ρeff
α (r)[αS], and ρH

α (r)[αH ], electron densities in H2 (a)and Li H(b)
obtained from the unrestricted Hartree–Frock calculations. The asso-
ciated plots generated by the density functional theory calculations in
the LDA and B3LYP approximations (UHF-Kohn–Sham (KS) scheme)
are practically indistinguishable from the reported UHF results (DZVP
basis set). Equilibrium bond lengths have been assumed and atomic
units are used throughout

indistinguishable for the equilibrium bond lengths assumed
in the figure. It follows from panel a of the figure, that in H2
both the HS (2-S) and HH (1-S) atoms assume a distinct
molecular character, being polarized towards the bonding
partner and exhibiting the extra contraction near the nucleus,
in comparison to the spherical probability distribution of
the free hydrogen. However, the two profiles of the bonded
hydrogen atoms are quite different. The effective probability
plot from the two-electron stockholder distribution
extends more strongly towards the other atom, thus pene-
trating more effectively the bonding region of the molecule
at the expense of the area around the atomic nucleus, where
a weaker contraction can be detected. In H2, due to the one-
electron reference of the neutral hydrogen, only the two off-
diagonal contributions, which we call “covalent” by analogy
to the valence-bond (VB) structures of the Heitler–London
theory of the chemical bond [41–43], participate in the two-
electron stockholder division. The exactly vanishing diago-
nal (“ionic”) channels imply that the deviations between 1-S
and 2-S densities observed in Fig. 1a for such a Hard–Hard
diatomic are solely of the “covalent” origin.

These observations hold true in LiH as well (see Fig. 1b),
in which the extra diagonal (“ionic”) channel on Li opens in
the 2-S partitioning. In this molecule the largest deviations
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Fig. 2 A comparison of the contour diagrams of the ρH
α (r) (a) and ρeff

α (r) (b) distributions of bonded atoms in H2 (left column) and LiH
(right column) from the UHF calculations. The associated DFT (UHF-KS) plots in the LDA and B3LYP approximations are practically indistin-
guishable from the reported UHF diagrams. The equilibrium bond lengths have been assumed (DZVP basis set)

between the 1-S and 2-S electron distributions can be
detected on Li. Indeed, in this Soft(Li)–Hard(H) molecule
the effective density of the heavy atom contains both the
diagonal (ionic) and a weak off-diagonal (covalent) contri-
butions, while the hydrogen electron density contains only a
small covalent part. We shall demonstrate in Sect. 4 that the
bonding “shoulder” of the Li effective distribution in Fig. 1b
is due to the off-diagonal (covalent) [Li,H]-contribution. It
is seen to extend well into the region around the hydrogen
nucleus.

The contour maps reported in Fig. 2 further illustrate the
extra-bonding character of the 2-S AIM, compared to the
Hirshfeld (1-S) bonded atoms in these two molecules. In-
deed, in the H2 case the 2-S hydrogen exhibits a stronger
cylindrical polarization around the bond axis, compared to
the weakly polarized, almost spherical 1-S (Hirshfeld) atom.
In LiH the acceptor (hydrogen) atom is seen to remain almost
spherical in both one- and two-electron stockholder divi-
sion schemes, while the donor (Li) atom is seen to be more
strongly polarized towards the hydrogen in the 2-S partition.
In this molecule the density contours of the heavier atom LiS

exhibit a distinct directional character. This feature is lack-
ing in LiH , in the one-electron (Hirshfeld) division, where
the directions of the maximum polarization are seen to lie on
the surface of the cone at roughly an angle of 45◦ relative to
the Li–H bond axis.

A similar comparison of the contour maps and density
profiles for constituent atoms in HF (Fig. 3) reveals that there
are no appreciable differences between the 1-S and 2-S stock-
holder AIM in this heavier molecule. Therefore, with a grow-
ing number of the valence electrons, the subtle differences
in the shapes of the stockholder AIM due to the electron

Fig. 3 Contour diagrams (a) of the effective electron density of the 2-S
AIM and the electron densities of the 1-S (Hirshfeld) atoms (both plots
are indistinguishable in the scale of the figure) in HF (UMP2 approxi-
mation), together with the corresponding bond-axis profiles (b) (DZV
basis set)

correlation gradually disappear. The same general conclusion
follows from examining the logarithmic AIM density plots
in N2 and LiF, which we shall report in Sect. 4. For the equi-
librium internuclear distance the differences between the 1-S
and 2-S in one-electron distributions of bonded atoms in these
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systems practically disappear. Thus, in heavier molecules the
1-S and 2-S stockholder AIM become for all practical pur-
poses identical.

In Fig. 4 we have examined in more detail the effect of the
electron correlation on the effective density profiles of 2-S
bonded atoms in H2 and LiH. A reference to panel a of the fig-
ure shows that the bonding shoulder of the 2-S hydrogen atom
in H2 is only slightly lowered and there is slightly more den-
sity contraction in the vicinity of the nucleus when one turns
on the Coulomb correlation on top of the exact exchange. A
higher bonding character of the 2-S AIM relative to the 1-S
bonded atom is again clearly seen in this density profile.

The same general conclusion follows from examining
panel b of the figure. The inclusion of the Coulomb correla-
tion slightly lowers the bonding part of the density profile of
the bonded 2-S Li atom in comparison to the exchange-only
plot. This blow-up picture emphasizes the bonding region
where the differences between the 2-S and 1-S profiles are
most apparent. However, as the corresponding hydrogen plots

Fig. 4 The effect of the exchange (UHF, broken line) and Coulomb
(UMP2, dotted line) electron correlation on the bond-axis profiles of
the effective electron densities of 2-S AIM in H2 (a) and LiH (b, c). The
1-S (Hirshfeld, solid line) plots are also shown for comparison (DZV
basis set)

of panel c and Fig. 1b clearly show, the overall distribu-
tions of the 2-S and 1-S are not that very different. With
the exception of the bonding region the two profiles are al-
most identical. This closeness of the two sets of the bonded
stockholder atoms becomes even stronger in diatomics con-
sisting of two heavy atoms, e.g., LiF and N2, in which all four
two-electron channels (AIM two-clusters) become available
for the stockholder partitioning of the molecular pair-density
(see Sect. 4).

The details of generally minor local differences between
the effective electron distributions of the 2-S AIM, relative to
the electron densities of the 1-S (Hirshfeld) atoms in all five
representative diatomics are displayed in the left column of
Fig. 5, where the relevant difference profiles are displayed.
As expected, these deviations decay fast with the growing
number of electrons from H2 (N = 2) to N2 (N = 14). The
largest differences, observed in panel a, indicate that the 2-S
bonded hydrogens in H2 shift the electron density from the
non-bonding and nuclear regions towards the other nucleus,
relative to the corresponding Hirshfeld atomic pieces of the
molecular electron density.

A different pattern of such AIM density relocations due
to the electron correlation is observed in heteronuclear diato-
mics of panels b, c, and d of the left column in the figure. In
LiH (panel b) the lithium atom gains electrons at the expense
of hydrogen atom, with the maximum of these deviations
being observed near the nucleus of a more electronegative
(harder) hydrogen atom. This polarization shows that the
2-S AIM slightly lower the charge separation exhibited by
the net charges of the Hirshfeld AIM reported in Table 1.

Similar deviations are exhibited by the difference plots
of panel c for HF, which are limited basically to the bond-
ing region between the two nuclei. This time the positively
charged 2-S hydrogen atom gains electrons relative to the cor-
responding Hirshfeld density, while the negatively charged
fluorine atom loses part of its excess electron density. Thus
again the 2-S partition partly moderates the AIM charge sep-
aration generated by the 1-S partition. A reference to panel d
shows the same effect in LiF, although the magnitude of the
maximum density difference is now ten times lower.

A more complex redistribution pattern is found for N2
(panel e). The 2-S nitrogen atom, when compared with its
1-S analog, is seen to slightly shift its valence electrons from
both the non-bonding and bonding regions to the valence shell
of the other nitrogen. Therefore, the electron correlation del-
icately increases the bonding character of the two-electron
stockholder nitrogens in comparison to the Hirshfeld (1-S)
subsystems. However, as witnessed by the magnitude of the
density oscillations, comparable to those observed in LiF,
this change is so minute that it is practically invisible in the
absolute density plots.

Next, let us examine the resolution of these overall cor-
relation-induced differences between the 1-S and 2-S AIM,
repeated as broken-line profiles in the right column in Fig. 5,
into contributions due to the exchange (solid line) and Cou-
lomb (dotted line) correlation effects. This partition is shown
in the right column of Fig. 5. A general conclusion following
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Fig. 5 Left column: deviations between the densities {ρeff
α (r)} of the 2-S AIM and {ρH

α (r)} of the 1-S bonded atoms along the bond axis (DZV
basis set, UMP2 approximation). Right column plots provide a resolution of the overall displacements (broken line) into the corresponding shifts
due to the Fermi (exchange, solid line) and Coulomb (dotted line) correlation between electrons. Molecules: H2 (a), LiH (b), HF (c), LiF (d), and
N2 (e)

from these density difference profiles is that the Coulomb
correlation slightly moderates the displacements due to the
Pauli exclusion principle with the density oscillations due
to Coulomb correlation exhibiting opposite phase in com-
parison to the corresponding exchange curves. The Fermi

correlation contribution dominates the overall displacements
and gives rise to a slightly stronger bonding character of the
effective electron densities of the 2-S atoms, while the Cou-
lomb correlation influence makes the shape of the 2-S AIM
closer to that of the Hirshfeld atoms.
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Fig. 6 The “horizontal” shifts in the molecular electron density due to the Coulomb correlation, �ρhorizontal = ρUMP2 − ρUHF, for selected
homonuclear diatomics (left column), H2 (a), N2 (b), and heteronuclear diatomic molecules (right column), LiH (c), HF (d), and LiF (e)

Table 1 A comparison of the net charges (a.u.) of the bonded AIM in
LiH, HF, and LiF, obtained from the one-electron (H ) and two-electron
(S) stockholder division of the molecular electron distributions (den-
sity functional theory LDA calculations, DZVP basis set). The 2-S AIM
have been generated using the two-electron joint probabilities generated
by the KS orbitals (Unrestricted Hartree–Fock scheme)

Molecule AIM (α) q H
α q S

α

LiH Li 0.35 0.24
HF H 0.24 0.21
LiF Li 0.58 0.56

3.3 Horizontal density displacements due to the Coulomb
correlation

It should be emphasized that this development takes into
account only the “vertical” correlation influence on the result-
ing densities of 2-S AIM,

�ρvertical = ρS(ρ)UMP2 − ρS(ρ)UHF,

for the fixed molecular one-electron distribution ρ, common
to both the 1-S and 2-S partitions. However, an inclusion of
the Coulomb correlation changes the system electron density
relative to the UHF treatment. This “horizontal” correlation

influence further affects both the Hirshfeld and two-electron
stockholder AIM.

In Fig. 6 we have examined the horizontal shifts of the
molecular electron density due to the Coulomb correlation,

�ρhorizontal = ρUMP2 − ρUHF,

for all five diatomics considered in the present analysis. Their
Hirshfeld components are displayed in Fig. 7.

A reference to Fig. 6a shows that the Coulombic part
of the electron correlation shifts the electron density from
the far-outside regions of the UHF molecular distribution
towards the nuclei and, to a lesser degree, to the bonding
region between them. This pattern should indeed be intui-
tively expected, since the two spin-paired electrons occupy-
ing the bonding MO are not Fermi-correlated so that their
close, near-coalescence encounters are not excluded by the
Pauli principle. Therefore, the inclusion of the Coulomb cor-
relation between the two electrons will be felt most strongly
in the regions of the highest electron concentration, i.e., near
the nuclei and in the bonding region. Since the correlation
avoidance of two electrons effectively increases the aver-
age distance between them thus lowering their repulsion, one
should expect a slight inflow into these regions of the highest
accumulation of the UHF electron density in the molecule.
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Fig. 7 The “horizontal” shifts in the electron densities of the Hirshfeld AIM in diatomic molecules of Fig. 6 due to the Coulomb correlation:
�ρ

H,horizontal
X = ρ

H,UMP2
X − ρ

H,UHF
X . These diagrams provide the 1-S atomic resolution of the molecular diagrams of Fig. 6

A more complicated density redistribution pattern is ob-
served in Fig. 6b. The strongest relocations are again observed
in the atomic core-regions around the two nuclei dominated
by the spin-paired 1s electrons, where turning-on the Cou-
lomb correlation should indeed be most felt. It should be ob-
served that these horizontal correlation effects polarize the
atomic cores away from the triple-bond electrons. The lone-
electron pair regions are seen to gain electrons at large dis-
tances from the nuclei at the expense of the valence regions
less distant from the bond region. Indeed, the spin-paired
valence electrons of the lone pairs are effectively Fermi-
correlated by the spin-like electrons of the triple bond so
that an extra switching-on of the Coulomb correlation ex-
erts a smaller influence upon them. The average effect in the
region of the bond-charge accumulation due to both σ and
π bonds is also observed to be a slight lowering of the elec-
tron density. This density depletion can be also rationalized
in terms of the strong exchange correlation between different
bonding MO localized in this area, already present at the UHF
level of theory. We also observe in this profile an “inductive”
effect of the regions of positive horizontal density displace-
ment being followed by regions of the negative shift in the
electron density.

Let us now turn to the heteronuclear diagrams shown
in the right column of Fig. 6. The LiH horizontal profile

again exhibits an extra concentration of the electron density
around the nuclei at the expense of the bonding and non-bond-
ing regions, as in H2. Notice, however, that the negatively
charged bonded hydrogen is predicted to receive relatively
more than its positively charged bond partner so that the hor-
izontal Coulomb correlation displacement increases the UHF
charge separation. This is contrary to the vertical Coulomb
correlation influence seen in the Fig. 5b, which acted in the
opposite direction towards a slight moderation of the UHF
net AIM charges.

A reference to Fig. 6d indicates that the bonded fluorine
atom in HF undergoes a similar charge redistribution as that
observed for the bonded nitrogen in N2, particularly in the
core region, while the area in the vicinity of the proton gains
electrons as in H2 and LiH. Around the H–F bond this hor-
izontal Coulomb correction is seen to shift electrons from
the hydrogen to fluorine, thus again strengthening the UHF
charge separation, contrary to the vertical moderating influ-
ence observed in Fig. 5c.

An opposite overall effect is detected in the most ionic LiF
bond profile with the fluorine atom on average losing elec-
trons and the bonded lithium atom gaining electrons. This
horizontal Coulomb correlation influence partly moderates
the magnitude of the UHF net AIM charges, thus acting in-
phase with the vertical pattern of Fig. 5d.
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Fig. 8 Variations with increasing internuclear distance (a.u.) of the UHF electron densities of the one- and two-electron stockholder AIM in H2,
as reflected by the bond density profiles (first column) and the contour maps (other two columns). The Hirshfeld density pieces are shown in
Columns 1 (solid lines) and 2, while the two-electron stockholder AIM are displayed in Columns 1 (broken lines) and 3. The same convention is
used in Figs. 9,10,11,12, and 13 (DZVP basis set)

Finally, in Fig. 7 these overall Coulomb correlation “hor-
izontal” influences on the molecular electron densities of dia-
tomic molecules have been resolved into the corresponding
Hirshfeld AIM components. The figure shows changes in the
electron distribution of the 1-S bonded atoms obtained from
the ground-state density in the UMP2 approximation relative
to their analogs derived from the molecular UHF electron
density for the same (UHF optimum) internuclear distance.

It follows from Fig. 7a that the dominant horizontal effect
of the Coulomb correlation on the density of the Hirshfeld
hydrogen in H2 is located in the region around the nucleus,
giving rise to a more compact (contracted) electron distribu-
tion. Another distinct but relatively smaller effect is observed
in the bonding region and around the nucleus of the other
atom. This effect confirms our earlier conjecture from the
2-S diagrams for H2 that an inclusion of the Coulomb cor-
relation effects makes the stockholder hydrogens a bit more
bonding in character.

The N2 plots (Fig. 7b) are seen to slightly diminish their
electron density in the lone-pair region, occupied by the non-
bonding 2s–2pσ hybrid, and to a less extent in the bonding
region between the two nuclei. They also exhibit a strong core
polarization. This pattern shows that the horizontal correla-
tion effects slightly moderate some excess bonding character
determined in the UHF approximation.

A similar trend is observed in the fluorine plot of Fig. 7d.
The electron distribution of the bonded F in HF is seen to

become slightly less diffused, when the Coulomb correla-
tion is turned on. Both atoms are seen to withdraw part
of their bond charge, thus effectively lowering the covalent
bond component relative to the UHF reference. However,
each AIM is also seen to slightly increase its density in the
valence region of its bond partner. Finally, in the LiF diagrams
of Fig. 7e one detects the dominant reduction of the excess
electron population on the bonded fluorine atom, which effec-
tively lowers the ionic bond component.

A reference to both AIM plots of Fig. 7c shows that the
horizontal Coulomb correlation slightly increases the Li→H
CT relative to the UHF charge separation. Again, the AIM
electron distributions become more contracted around the
nuclei at the expense of both the bonding and non-bonding
regions of the molecule.

3.4 Near-dissociation bond elongations

It is of interest to examine the evolution of the electron dis-
tributions of the information-theoretic AIM, when the chem-
ical bond is elongated from the equilibrium value to the
near-dissociation limit. First, we compare the reference UHF
results, which can be regarded as equivalent to the exact-
exchange-only UHF-KS DFT calculations.

The representative plots for H2 and LiH are reported in
Figs. 8 and 9. These diagrams imply a smooth transition of
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Fig. 9 Same as in Fig. 8 for Li in LiH

the electron densities of the bonded stockholder atoms into
those of the corresponding free-atoms, when the chemical
bond is elongated to the practically near-dissociation inter-
nuclear distance. At each stage the two-electron stockholder
atoms are seen to exhibit a stronger and longer-lasting bond
polarization towards the other atom in comparison to the one-
electron (Hirshfeld) AIM. This bonded character can indeed
be detected in the shapes of 2-S atoms at relatively higher
bond length values in comparison to 1-S AIM, which assume
the free-atom distribution with bond elongation faster.

Next, let us investigate the effect of approximations intro-
duced in the DFT treatment of the Fermi holes, which charac-
terize the exchange correlation in molecules, on the effective
distributions of the bonded atoms obtained from the 2-S par-
tition of the molecular electron densities. The two-electron

probabilities from the (LDA, B3LYP) DFT calculations
approximate the exact exchange holes resulting from the
UHF theory. We shall now examine how these approxima-
tions affect the evolution of shapes of AIM during the bond
dissociation. Clearly, the adequate representation of the “tails”
of the x-holes, which ultimately determine the inter-atomic
exchange correlation energy at large distances between dis-
sociating atoms, may be expected to be crucial for a smooth
transition from the bonded (promoted) atoms to the isolated
(separated) atoms of the dissociation limit.

In Figs. 10 and 11 the evolution of the one- and two-elec-
tron stockholder AIM in the H–H bond elongation process
is examined, as predicted by the DFT calculations using the
LDA and B3LYP functionals approximating the exchange–
correlation energy. These plots should be compared with the
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Fig. 10 Same as in Fig. 8 for the UHF-KS scheme based upon the LDA approximation of DFT

corresponding reference (UHF) diagrams shown in Fig. 8. It
should be emphasized, however, that in heteronuclear
diatomics, the adopted variants of DFT calculations give
rise to the ionic pair in the dissociation limit instead of the
neutral atoms. This is because the LDA and B3LYP func-
tionals do not reproduce the N -discontinuities of the effec-
tive and chemical potentials, which are properly taken into
account by the orbital-density functionals, e.g., the familiar
Optimized Effective Potential (OEP) model, Krieger-Li-Iaf-
rate (KLI) approximation, or the related exchange-only real-
ization known as the Optimized Potential Model (OPM).

This comparison shows that in the two DFT calculations
the Hirshfeld division scheme always leads to the single-cusp
atomic density pieces, which eventually become identical
with the free-atom densities at large internuclear distances.

This is no longer the case in the 2-S partition scheme,
where the most approximate LDA variant is seen in Fig. 10
to give rise to the two-cusp feature in the bonded hydro-
gens for near-dissociation bond lengths. At large distances
between atoms the more exact B3LYP functional is seen in

Fig. 11 to remedy this incorrect prediction of the LDA the-
ory, although a near-cusp shoulder can still be observed at
the intermediate internuclear separation of the second row of
Fig. 11.

This sensitivity of the two-electron stockholder partition
with respect to the quality of the molecular two-electron den-
sity is more strongly demonstrated in the corresponding plots
for LiH (Figs. 12, 13). These DFT results should be compared
with the reference UHF electron densities of Fig. 9. Only Li
plots are shown in Figs. 12 and 13, since the bonded hydro-
gen atoms have been found to be relatively insensitive to the
quality of the approximate representations of the exchange-
effects with both one- and two-electron stockholder divisions
predicting almost identical hydrogen atoms in the
molecule.

In the LDA approximation the two-cusp feature of the 2-S
Li atom can be clearly seen already at the equilibrium bond
length. This qualitative feature of the atomic electron density
is seen to be relatively enhanced at larger distances between
the two atoms. This somewhat unphysical artifact of the LDA
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Fig. 11 Same as in Fig. 8 for the B3LYP exchange–correlation energy functional of DFT

approximation is remedied at large internuclear separations
by the less approximate B3LYP DFT calculations using the
density-gradient functional (see Fig. 13), although it can still
be detected at intermediate bond elongations.

One can conclude from these illustrative results that a
meaningful description of the two-electron stockholder atoms
close to the bond dissociation can be obtained only from cal-
culations in which the tails of correlation holes are realisti-
cally represented. The above illustrative results clearly show
that the LDA of DFT does not satisfy this requirement, lead-
ing to the unphysical two-cusp densities of bonded atoms at
large internuclear distances. In this regard the UHF results
or the orbital-dependent exchange–correlation energy func-
tional schemes of DFT, e.g., the OEP/KLI approximation, or
the related exchange-only case known as the OPM, which
in principle represents the exact UHF-KS scheme, should
all provide an adequate description of the evolution of the
effective one-electron densities of the 2-S AIM in the bond
dissociation processes.

4 Cluster components of the two-electron stockholder
AIM in diatomics

Let us examine for representative diatomics M = AB the
“diagonal” (one-center) and “off-diagonal” (two-center) com-
ponents of the AIM two-clusters, {ρS

αβ(r, r ′) = N (N − 1)

pS
αβ(r, r ′)} [Eqs. (3), (4)] of the two-electron stockholder

(2-S) AIM which we have introduced in Sect. 2. In order

to visualize their contributions to the effective one-electron
distribution of bonded atoms [Eq. (8)], we shall generate
the bond-axis profiles of the partly integrated components
of Eq. (7):

ρeff
αβ (r) =

∫

ρS
αβ(r, r ′)dr ′, α, β = (A, B). (12)

As explicitly indicated in Eqs. (3) and (4) these cluster contri-
butions are defined by the stockholder fractions {d S

αβ(r, r ′)}
of the molecular-pair density ρ2(r, r ′),

ρS
αβ(r, r ′) = d S

αβ(r, r ′)ρ2(r, r ′), (13)

which are uniquely determined by the free-atom distribu-
tions describing the promolecular reference. They represent
the two-electron conditional probabilities {π S(α, β|r, r ′)}
of Eq. (5), the normalization of which involves the sum-
mation over AIM labels α and β (variables) for the fixed
electron positions (parameters),

∑
α

∑
β π S(α, β|r, r ′) =

1. As we have already observed in Sect. 2, the two-cluster
density components can be alternatively viewed as the (clus-
ter-independent, unbiased) molecular enhancement [Eq. (4)]
of the corresponding promolecular two-cluster distributions
{ρ0

αβ(r, r ′) = N (N − 1)p0
αβ(r, r ′)},

w2(r, r ′) = ρ2(r, r ′)/ρ0
2 (r, r ′) ∼= 1 (14)

which give rise to the promolecular pair-density ρ0
2 (r, r ′)

= ∑
α

∑
β ρ0

αβ(r, r ′). In the preceding equation we have
indicated that the molecular pair-density strongly resembles
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Fig. 12 Same as in Fig. 9 for Li in LiH and the LDA approximation of DFT

that of the promolecule. The associated two-electron proba-
bility distributions {p0

αβ(r, r ′)} satisfy the promolecular nor-
malization:

∑

α

∑

β

∫∫

p0
αβ(r, r ′) dr dr ′ ≡

∑

α

∑

β

P0
αβ = 1; (15)

here the condensed cluster probabilities in the promolecule,
P0 = {P0

αβ} are given by the following expressions in terms
of the overall numbers of electrons in the isolated constit-
uent atoms {N 0

α} and that of the isoelectronic promolecule

(N 0 = ∑
α N 0

α = N ):

P0
αα = N 0

α(N 0
α − 1)/[N 0(N 0 − 1)];

P0
αβ = N 0

α N 0
β/[N 0(N 0 − 1)], α �= β. (16)

Also of interest are the partial normalizations of the clus-
ter two-electron probabilities:
∫

p0
αα(r, r ′)dr ′ = [(N 0

α − 1)/(N 0 − 1)]p0
α(r), (17)

∫

p0
αβ(r, r ′)dr ′ = [N 0

β/(N 0 − 1)]p0
α(r), α �= β, (18)
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Fig. 13 Same as in Fig. 9 for Li in LiH and the B3LYP approximation of DFT

where the atomic one-electron distribution p0
α(r) gives rise

to the condensed atomic probability in the promolecule as a
whole:
∫

p0
α(r)dr = N 0

α/N 0 ≡ P0
α ,

∑

α

P0
α = 1. (19)

Therefore, the off-diagonal (α �= β) two-cluster compo-
nent is roughly separable:

pS
αβ(r, r ′) ∼= p0

α(r)p0
β(r ′), (20)

thus giving rise to the α-cusped effective off-diagonal con-
tribution due to the other atom β, to the density distribution
of αth AIM:

peff
αβ (r) ∼= p0

α(r ′)
∫

p0
β(r ′)dr ′ = [N 0

β/(N 0 − 1)]p0
α(r).

(21)

Clearly, the promolecular dominance of the molecular
diagonal component,

pS
αα(r, r ′) ∼= p0

2,α(r, r ′), (22)

will also generate the effective contribution proportional to
p0
α(r):

peff
αα(r) ∼=

∫

p0
2,α(r, r ′)dr ′

= [(N 0
α − 1)/(N 0 − 1)]p0

α(r). (23)
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Fig. 14 Left column: the bond axis profiles of the two-cluster components {ρeff
αβ (r)} of the 2-S AIM in: N2 (a), LiH (b), HF (c), and LiF (d).

Right column shows the corresponding sums of the diagonal (dotted line) and off diagonal (broken line) components, C(r) ≡ ρeff
αα(r) + ρeff

ββ (r)

and D(r) ≡ ρeff
αβ (r)+ρeff

βα(r), respectively, while the solid line represents the difference C(r)− D(r) [UHF-KS(LDA) scheme, DZVP basis set]

Hence, both peff
αβ (r) and peff

αα(r) components can be
expected to strongly resemble the indicated fractions of the
promolecularly normalized free-atom distribution p0

α(r):

peff
αα(r) + peff

αβ (r) ∼= p0
α(r)(N 0

α − 1 + N 0
β)/(N 0 − 1)

= p0
α(r). (24)

These expectations are supported by the numerical
results for the representative diatomics, H2, LiH, HF, LiF,
and N2, which are reported in Figs. 14, 15, 16. These figures
summarize the 2-S partitioning of the molecular two-electron
densities obtained from the UHF-KS orbitals resulting from
the LDA approximation (DZVP basis set). These calculations



Atoms-in-molecules from the stockholder partition of the molecular two-electron distribution 23

Fig. 15 A comparison of the logarithmic plots of the electron density profiles along the bond axis of the isolated (0), 1-S (H ), and 2-S (S) atoms
(Part a), and of the molecular (M) and the AIM two-cluster components of the effective atomic densities (Part b), in H2 (left column) and N2
(right column) [UHF-KS(LDA) scheme, DZVP basis set]

can be regarded as being practically equivalent to the UHF
approximation, which exactly takes into account the exchange
(Fermi) correlation between electrons and completely ne-
glects the many-body effects due to the Coulomb interaction.
In Fig. 17 the influence of the Coulomb correlation estimated
using the UMP2 method (DZV basis set), is examined.

Since in the isolated hydrogen atom (one-electron sys-
tem) p0

2,H(r, r ′) = 0, the diagonal component of the 2-S
division identically vanishes. Therefore, the effective one-
electron distribution of the 2-S hydrogens in a diatomic mol-
ecule, which are referenced to the isolated (neutral) atom, has
only the off-diagonal cluster contribution, shown in Figs. 1,
2, 3, and 4 as well as in the logarithmic plot of the left panel
of Fig. 15. It follows from the approximate relation (21), that
this term gives rise to ρS

H(r) ∼= ρ0
H(r).

Thus, changes in the electron distribution of the bonded
hydrogen due to the polarization and CT have to be reflected
by the off-diagonal components linking the atom with its
bond partners. This is particularly constraining in the LiH
case [see Fig. 1b, right panel of Figs. 2b, 4c, 14b, 16 (left
column)], where the negatively charged hydrogen has to acc-
ommodate the extra electron transfer from Li. The resulting
CT “shoulder” is clearly visible in the peff

LiH(r) profiles shown
in Figs. 14b and 16c (left panel). It should be realized, how-
ever, that this artificial feature practically disappears in HF

[Figs. 14c, 16c (medium column)], i.e., for the
positively charged 2-S hydrogen, when it acts as the net
electron donor. This is because the inflowing charge on F
can be freely accommodated by the open diagonal (ionic)
channel on fluorine atom, peff

FF (r). The other reason for this
difference is the three times higher number of electrons in F
compared to Li. Nevertheless, in the logarithmic plot of
panel c in the middle column of Fig. 16, one still detects
a minor shoulder in the peff

FH(r) profile at the proton
position.

In the homonuclear N2 system [Figs. 14a, 15b (right
panel)] the diagonal (“ionic”) and off-diagonal (“covalent”)
contributions to a given bonded nitrogen atom are seen to
be almost equal with the exception of the 1s core regions
around the nuclei, where the covalent terms dominate. This
feature is clearly reflected in the right panel of Fig. 14a, where
the balance between the overall diagonal and off- diagonal
components is investigated.

This overall equality of both these contributions in the
chemically most important valence-shell, identifies the purely
covalent matching between the diagonal and off-diagonal-
pair-density components of the 2-S AIM. It is reminiscent
of the equal share of the ionic and covalent VB-structures
in the minimum basis set SCF MO description of the purely
covalent chemical bond in H2.
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Fig. 16 A comparison of the logarithmic plots of the electron density profiles along the bond axis of the isolated (0), 1-S (H ), and 2-S (S) atoms
(a, b), and of the molecular (M) and the AIM two-cluster components of the effective atomic densities (c), in LiH (left column), HF (middle
column), and LiF (right column) [UHF-KS(LDA) scheme, DZVP basis set]

The difference between the overall diagonal and off-diag-
onal density contributions in heteronuclear diatomics clearly
reflects the bond ionicity and the CT between the bonded
2-S AIM. This is most transparently seen in LiF, in the right
panel of Fig. 14d, where both covalent and ionic channels
of both atoms are open. The overall off-diagonal contribu-
tion is found to dominate the donor (Li) atom region, while
the opposite trend is detected in the acceptor (F) atom. The
difference (solid line) plot directly reflects the Li→F CT. A
similar H→F CT pattern can be detected in HF (see the right
panel of Fig. 14c), for which the open diagonal channel on
fluorine can accommodate the inflowing charge donated by
the hydrogen.

The opposite trend observed in LiH is not representa-
tive of this general balance, since this is the artifact of the
closed ionic (diagonal) channel on the acceptor hydrogen
atom. Indeed, the net inflow of electrons to the bonded, accep-
tor 2-S hydrogen cannot be accommodated through the off-

diagonal (H, Li) component, which strongly resembles the
isolated hydrogen density. It can be absorbed only in the
other (Li, H) off-diagonal component, which is attributed in
the 2-S division scheme to the bonded lithium atom. This
artificially creates the unphysical dominance of the overall
“covalent” density component in the hydrogen region and
the net “acceptor” difference plot in the lithium region.

In Table 1 we have listed the net AIM charges for the
constituent 1-S (Hirshfeld) and 2-S stockholder atoms in
these three heteronuclear diatomics. It follows from the table
that with the increasing number of electrons the differences
between the net charges of the 1-S and 2-S AIM gradually
disappear. The largest deviation is observed for LiH for the
reasons discussed above.

The two sets of the AIM charges qualitatively reflect
the chemically expected bond polarization due to the elec-
tronegativity difference exhibited by the isolated atoms. A
general rule emerging from this comparison is that the 2-S
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Fig. 17 The effect of the extra Coulomb correlation on the exchange-only correlated two-cluster components of the effective AIM densities in
N2 (left panel) and LiF (right panel)

AIM, which effectively contain the Fermi correlation effects,
exhibit less charge separation in comparison to the 1-S (Hirsh-
feld) atoms. For example, the 2-S Li[LiH] exhibits distinctly
less positive net charge, q S

Li = 0.24, compared to the 1-S
LiH [LiH], q H

Li = 0.35, which accords with the closed diag-
onal (acceptor) channel on the bonded hydrogen. In the two
remaining diatomic molecules this difference is seen to be
substantially reduced.

In the logarithmic plots of Figs. 15 and 16 we have exam-
ined in more detail the valence-shell decays of the effective
electron densities of the 2-S bonded atoms in homonuclear
diatomics, and their AIM two-cluster components. These
plots are compared against the corresponding free- and Hirsh-
feld-atom densities and the molecular electron density.

The diagrams for the homonuclear diatomics (Fig. 15)
confirm the molecular character of the bonded hydrogen
atoms resulting from both divisions, with the constant decay
rate at large distances, determined by the molecular ioniza-
tion potential. In Fig. 15a the extra-bonding character of the
2-S hydrogen atoms in H2, relative to the Hirshfeld analogs,
is now pronounced. It should be observed that the differences
between the 1-S and 2-S nitrogen atoms in N2 practically dis-
appear also for the low values of the electron densities empha-
sized by these logarithmic plots. The approximate equality
of the ionic (diagonal) and covalent (off-diagonal) density
contributions of the 2-S nitrogens marking the purely cova-
lent, multiple bond in N2, is seen to hold also at these valence
regions of low electron density.

Similar conclusions follow from examining the logarith-
mic density profiles of Fig. 16, for the three representative
heteronuclear diatomics: LiH (left column), HF (medium col-
umn), and LiF (right column). The H[LiH] logarithmic plots
of the Hirshfeld and 2-S AIM shown in the upper panel,
exhibit only minor differences at the low density region in

comparison to the free hydrogen atom while the extra den-
sity polarization of the Li valence 2s electron from the non-
bonded region towards the hydrogen can be detected in the
medium panel of the left column in the figure. It is more
pronounced in the two-electron stockholder lithium due to
the off-diagonal (covalent) LiH component seen in the low-
est panel. The density decay of the polarized LiH molecule
is seen to be governed by the two components due to softer
Li atom: {ρeff

αLi(r), α = H, Li}. The CT polarization of the
bonded hydrogen in HF is clearly seen in the upper panel of
the middle column. No substantial differences between the
1-S(H ) and 2-S(S) constituent atoms are observed for this
diatomic consisting of two hard atoms, which generate the
partly ionic bond with a strong covalent component. A typi-
cal behavior of the logarithmic profiles for the electron donor
(Li) and acceptor (F) is also seen in the third column of the
figure, with the bonded lithium exhibiting a strong polari-
zation of its valence electron density towards fluorine. Both
one- and two-electron divisions give rise to practically iden-
tical sets of AIM density profiles at the low density regions
emphasized by the logarithmic plots.

In Fig. 17 we have examined the effect of the Coulomb
correlation on the two-cluster components of the effective
one-electron distributions of constituent AIM in N2 and LiF.
As intuitively expected, in the homonuclear diatomic (left
panel) the diagonal (ionic) contributions, corresponding to
events of finding two electrons on the same atom, are lowered
in the immediate vicinity of the nuclei, where the accumu-
lation of electrons is the highest. This is accompanied by a
strong increase of the off-diagonal (covalent, delocalization)
components in these two nuclear regions due to an increased
sharing of the bonding electrons by the two AIM. In other
words, the Coulomb correlation lowers the one-center ionic
terms in favor of the two-center covalent contributions to the
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effective electron density of the 2-S bonded AIM. A refer-
ence to the right panel in the figure shows that this electron
correlation also moderates the charge separation resulting
from the exchange-only approximation. Indeed, the FF pro-
file implies a slight decrease of the effective electron density
on F resulting from the fluorine one-center two-electron con-
tribution. This diagonal component also implies a lowering
of the density in the bond region, near the Li atom, which is
compensated by the lithium one-center contribution. We also
observe a complementary increase in the two-center FLi pro-
file on the fluorine due to the Coulomb correlation, a direct
manifestation of an increased covalency of the Li–F bond,
i.e., a slightly higher sharing of the valence electrons between
the bonding partners.

This analysis shows that an inclusion of the “vertical”
coulomb correlation moderates a somewhat inflated charge
separation of the “independent-particle” (Hirshfeld) stock-
holder division of the molecular electron density. The domi-
nating correlation effect in the 2-S AIM distributions results
from the exchange (Fermi) correlation contribution, with the
remaining Coulomb correlations introducing only a minor
modification of the exchange-only interpretation of the two-
electron joint probabilities, which gives rise to qualitatively
the same net AIM charges.

5 Conclusion

We have compared the bonded atoms resulting from the
“stockholder” partitioning of the molecular one- and two-
electron distributions. The one-electron case represents the
familiar Hirshfeld partition, which was recently shown to
follow from the minimum cross-entropy principle of the IT
using the free-atom, promolecular reference. Applying this
missing-information principle to the more general problem of
dividing the molecular joint two-electron distribution, gener-
ates an extension of the one-electron stockholder principle of
Hirshfeld to the associated two-electron rule for dividing the
molecular electron pair-probabilities (densities) into the one-
and two-center AIM contributions. When the two schemes
are applied to the same molecular electron density, the two-
electron stockholder scheme takes into account the vertical
electron correlation effects.

We have thus compared the one-electron densities of the
1-S and 2-S AIM, which result from the same density of the
molecule as a whole. The electron densities of bonded atoms
in H2 and LiH show that the two-electron stockholder treat-
ment emphasizes more strongly the bonding region of the
atomic distribution in comparison to the one-electron (Hirsh-
feld) scheme, giving rise to a more pronounced polarization
of the atom towards its bond partner. However, this subtle
difference was found to fast disappear with the increasing
number of electrons in the molecular system. For heavier
atoms the electron densities and probability distributions of
the 1-S and 2-S AIM are practically identical.

The adequate two-electron density components of nearly
separated AIM can be obtained only from calculations us-

ing a correct description of the inter-atom electron corre-
lation effects. The most approximate UHF-KS(LDA) DFT
calculations have been shown to give rise to a qualitatively
incorrect, two-cusp AIM densities for the near-dissociation
bond-elongations. This shortcoming was partly remedied us-
ing the B3LYP functional, which in the 2-S division leads to
a dissociation into the separated free atoms, in full agreement
with the predictions of the UHF theory.

Therefore, the Hirshfeld atomic subsystems represent-
ing the optimum (equilibrium) molecular fragments result-
ing from the minimum entropy-deficiency principle, are not
exactly unique in the IT since the two-electron stockholder
division defines slightly different effective one-electron dis-
tributions of bonded atoms, which give rise to the same one-
electron distribution. However, with these differences being
found to be so minute for most of the many-electron con-
stituent atoms, one can safely conclude that the promole-
cule-referenced two-electron division problem gives rise to
practically identical sets of 1-S and 2-S AIM. This “invari-
ance” property of the many-electron stockholder bonded
atoms in the IT treatment additionally validates the wide use
of the Hirshfeld atoms in crystallography and their several
unique properties, which make them attractive concepts for
interpretations in chemistry.

For illustrative diatomic molecules we have explored in
some detail the vertical and horizontal Coulomb correla-
tion influences on the atomic and molecular electron den-
sities as well as their one- and two-center components of
the 2-S division scheme. The diagonal (one-center) AIM-
components of this partition measure the joint probability of
finding two electrons on the same AIM, thus corresponding
to the ionic valence structures of the VB theory of Heitler
and London. Similarly, the two-center off-diagonal contribu-
tions, measuring the joint probabilities of finding two elec-
trons on different bonded atoms, can be naturally associated
with the covalent valence structures of the VB theory. In
this perspective, the stockholder partitioning of the molec-
ular two-electron densities provides a convenient theoreti-
cal framework for describing these two components of the
chemical bond.

We have also observed in Sect. 4 that the purely covalent
triple bond in N2, in which all division channels are acces-
sible, corresponds to almost equalized one- and two-center
components, again in perfect analogy to the VB description.
Therefore, one should associate a deviation from this balance
as a reflection of the bond ionicity. A notable exception to
this rule is provided by the 2-S hydrogen atoms originating
from the one-electron free-atom reference, which participate
in the molecular density only through the off-diagonal (H,α)-
components.

Clearly, the density differences between two isoelectronic
systems have to integrate to zero. This closure has indeed
been used as an important verification of the numerical accu-
racy of the present calculations. However, the corresponding
bond-profiles, e.g., of correlation density displacements in
Figs. 6 and 7, can be partly misleading, since they neglect
small contributions from the large volume at long distances
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from the molecule, which compensate the dominating shifts
in the vicinity of the nuclei. It should also be realized that
such minute density changes due to horizontal and vertical
correlation effects obviously must depend on the size and
quality of the basis set. However, since the main goal of the
present study was to examine differences between 1-S and
2-S AIM, we claim that the adopted DZV and DZVP basis
sets are sufficient for this objective. The main effects due to
the closed channels for electron relocations in 2-S hydrogen
in a molecule and the near identity of the two sets of stock-
holder heavy atoms are invariant to basis set choice.

Another source of difficulty may potentially arise from
using the UHF approximation in the bond-dissociation phe-
nomena, for which the more advanced CI and coupled-cluster
methods remove some artifacts of the UHF potential energy
curves for elongated diatomics. We would like to stress again,
however, that the UHF reference is crucial for separating
the Coulomb correlation from the exchange effects, which
is vital for the comparative character of the present analysis.
Moreover, the main purpose of the present bond-elongation
investigation is the final, near-separated-atom limit, which is
correctly reached at the UHF level of theory.

Information theory provides a powerful tool for extract-
ing chemical concepts from molecular densities and for
dividing the molecular quantities, e.g., bond descriptors, into
atomic contributions using the so-called probability partition-
ing rule [44]. The theory establishes the information-entropy
representation of the molecular electronic structure, comple-
mentary to the energy representation of conventional quan-
tum chemistry. The Hohenberg–Kohn variational principle
of DFT can be transcribed as an equivalent information prin-
ciple of the entropy representation [45], which parallels the
maximum entropy principle of the ordinary thermodynamics.
The information meaning of the electron-localization-func-
tion [46] has also been identified [47].
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