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Summary. A domain with possibly non-Lipschitz boundary is defined as
a limit of monotonically expanding or shrinking domains with Lipschitz
boundary. A uniquely solvable Dirichlet boundary value problem (DBVP)
is defined on each of the Lipschitz domains and the limit of these solutions
is investigated. The limit function also solves a DBVP on the limit domain
but the problem can depend on the sequences of domains if the limit domain
is unstable with respect to the DBVP. The core of the paper consists in
estimates of the difference between the respective solutions of the DBVP on
two close domains, one of which is Lipschitz and the other can be unstable.
Estimates for starshaped as well as rather general domains are derived. Their
numerical evaluation is possible and can be done in different ways.
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1 Introduction

The paper deals with uncertain boundary in the definition of Dirichlet bound-
ary value problems. A boundary value problem is defined by a domain, an
equation in the domain, and a condition given along the boundary of the do-
main. Itis common to assume that the three inputs are known exactly though
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our perception is uncertain to some extent and this uncertainty should be
reflected in our mathematical models of the real world, cf. [10].

The geometry of a body is usually considered well defined. An inspection
reveals, however, that it is not so in many cases due to inaccurate measure-
ments and other limitations. Digital images can serve as typical examples.
Their resolution is limited and all details smaller than the pixel size are in-
distinguishable. Moreover, interpretation of digital images depends on other
parameters as, for instance, threshold values for color-based separation of
domains, see [3] for black and white examples. As a consequence, a digital
image should be interpreted as a representation of a whole family of bodies
hidden under the umbrella of an uncertainty.

If such a family of bodies is taken into account instead of a unique domain
then also one has to consider a respective family of boundary value problems
and their solutions. A natural question arises whether it is possible to asses
the effect of the uncertainty in the domain on the solution of the boundary
value problem.

The question is addressed for two dimensional domains and a second
order elliptic equation with the Neumann boundary condition in [3]. An
uncertain domain {2 is represented by the limit of a monotone sequence of
domains with Lipschitz boundary. It corresponds to a sequence of domains
defined via smaller and smaller pixels in our digital image example. As the
convergence in the set sense is considered only, the boundary of the limit
domain can be “wild” (non-Lipschitz). This can give rise to the unstability
phenomenon. It means that the limit of the solutions of the boundary value
problems on a sequence of domains depends on the sequence though the
limit domain {2 is identical for the all sequences. In detail, the limit function
may not exist or different limits can exist for different sequences of domains.

If the limit domain {2 is stable then the limit of solutions, let us denote it u,
does not depend on the sequence approaching {2. Moreover, function u is the
unique solution of a boundary value problem (BVP) naturally corresponding
to the BVP on the sequence of domains. Thus the BVP solution depends
continuously on the domain of definition and the problem is well-posed,
cf. [7].

In [3], a simple example using domains originating in digital images of a
circle shows an unstable behavior of even a noncomplicated Neumann BVP
with a nonhomogeneous boundary condition given in a classical way, i.e.,
as the normal derivative along the boundary. To avoid such unnatural loss of
stability, a reformulation of the boundary condition is proposed in [3]. As a
consequence, the circle (as well as any Lipschitz domain) becomes a stable
domain.

The stability issue for elliptic equations with the Dirichlet or the homo-
geneous Neumann boundary condition was already treated in [1,2], where
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sufficient conditions guaranteeing that the limit domain {2 is stable are given.
An example can be 02 is Lipschitz but this assumption can be weakened.

The stability problem is not only academic as it has connections to the
well-known plate paradox [2,4], to give an example.

Exploiting digital images, we have no chance to know {2 in practice
because the pixel size is always greater than a fixed positive value. In other
words, we are not able to construct a sequence of domains converging to (2.

As (2 is uncertain, we have to admit it could be unstable. Unlike other
approaches, where the uncertain boundary is rather artificially made certain
and piece-wise smooth (see [5,6] for some algorithms) before the BVP is
solved, we wish to take the impact of uncertainty into account.

We hope or assume to have reasonable lower and upper bounds for {2,
i.e., domains {2, and {2, such that the BVP can be solved there and
Dow C 2 C (2.

Knowing the respective solutions ujoy, and wuyp, we wish to asses the
difference u — ujow OF U — uyp in a proper norm. The energy norm seems to
be a natural choice, at least from the theoretical numerical analysis point of
view. However, the choice of a domain over which the norm is to be defined
is less clear. In essence, there are two basic possibilities. Having 21 C (2
and functions w1, ug defined in 2, we can use either || - ||, or || - ||s,-
We decided for the latter approach. The former one is slightly touched in
Sect. 6.

Estimates of the difference between solutions of the Neumann problem
on close domains are given in [3].

The current paper focuses on analogous estimates for the Dirichlet
boundary value problem, i.e., it is a continuation of [1,2] motivated by [3].

The paper is organized as follows. Basic notions as well as some known
results comprise Sect.2. In Sect. 3, first steps to estimate the difference
between two solutions on two close domains are made. Assuming general
coefficients of the equation and starshaped domains, Sect.4 finishes the
estimate. Its version for constant coefficients and non-starshaped domains
is given in Sect. 5. Numerical examples are presented in Sect. 6.

2 The Dirichlet problem defined on a set of domains

We introduce basic notions and recall some known results in this section.
The Dirichlet boundary value problems we deal with are defined on
domains (2,2, C RY, d € {1,2,3,...}. Moreover, we suppose a ball
B C R%exists such that it contains closures of all domains we will consider.
For any domain 2, H*(£2), k € {1,2,...}, is the standard Sobolev
space of square integrable functions the generalized partial derivatives up
to the order k of which are also square integrable on £2, L%(£2) = H(2).
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The space H*(£2) is equipped with the norm || - ||y, and the kth seminorm
| - |k.c2» while || - [lo,2 stands for the L?(£2)-norm. Identical symbols are
used for norms and seminorms of vector functions. In this case, the square
of a (semi)norm is defined as the sum of squared (semi)norms of individual
components.

The subspace HE (£2) equals the closure of C§°(§2) in the || - |1, norm,
where C§°({2) is the space of infinitely smooth functions with their support
contained in {2.

Functions continuous up to the kth derivative on the closure {2 of {2 form
the space C*(2) if endowed with a proper norm. We confine ourselves to
C(£2) = C°(§2) with the maximum norm |- || 0.2 and C 1(£2), where the
norm includes also the seminorm [v[1,00.0 = [|[Vv[[o os 1€ [[0]l} 0 0 =
max{[|v]|o, o, [v1,00,2}. The maximum value of component-wise norms
defines [|w]| , , fora vector function w. If amatrix A = [a;;] 2‘1, j—1 comprises
elements from C1(2) then |A|1 o0 0 = max {|aijl1000: 4,7 =1,...,d}

For simplicity reasons, we limit ourselves almost exclusively to second
order scalar equations. Comments on higher order equations and systems of
equations will be given in the course of exposition.

Let f € L*(B), v € HY(B) and 2 C  C B with a Lipschitz
boundary be given. The Dirichlet boundary value problem on (2 then reads:
Find u € H'(£2) such that

2.1) u— |, € Hy(92),
(2.2) an(u,v) = Fo(v) Yo € HY (),
where

2.3)  agp(u,v) = / AVu - Vv + buv dz, u,v € H'(2),
2

(2.4) Fo(v) = / fvdz, ve HY(9),
Q

and A = [aij]gl’jzl, a;j € L>(B) (bounded measurable functions), b €

L>(B). We suppose constants ¢4, c** > 0 independent of 2 C B exist
such that

(2.5) CAbHU”%_Q < agp(v,v) Vv € H} (),
(2.6) lag(v,w)] < llo|l1ellw|1.0 Yo, w € H'(2).

On the basis of (2.5)—(2.6), we can define a new norm ||- HaQ = (agn(-, -))1/2
on H} (). It is equivalent to |||, (-

As indicated in Sect. 1, we will pay attention to uncertain boundary of
domains. More precisely, we suppose that we have a domain {2 C B and
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a sequence of known domains §2,, C B, n — oo, converging to {2 in the
set sense. It means that x € {2 implies In,Vn > n, = € (2,, and that if
dny, Vn > ny, y € 2, theny € £2. Obviously, the convergence does not
preserve the Lipschitz property of the boundary. We assume 02 = 0f2, i.e.,
{2 with cracks is excluded.

Dirichlet problem (2.1)—(2.2) is defined on all £2,,,» = 1,2, ..., and its
solution is denoted u,,. By the properties of ay, and Fip, (2.5)—(2.6) and the
Lax-Milgram lemma, there exists a unique u,, € H'(§2,), u, = 1 on 92,,.
The first goal is to determine lim,, o Uy,.

According to [1,2], it is sufficient to restrict ourselves to monotone se-
quences of domains because these play a crucial role in the stability phe-
nomenon.

We consider expanding domains (2, * (2, i.e., 2, C 2, C 2,41 C
B,n=12,...,0= Uzozl {2,,, and shrinking domains (2,, \, {2, i.e.,
Qp41 C 21 C 02, CByn=1,2,...,02 =\, 2, (the assumption
012 = 012 is crucial here). If w,, is the solution of (2.1)—(2.2) on (2, a
question arises whether a limit u of u,, exists and, if yes, what equation it
solves.

The problem (with F, = 0) was addressed in [1,2], where a mod-
ified version of (2.1)-(2.2) was used. In that formulation, u € H 1(B)
and v = 1 outside (2. It was shown that u, — u, and u, — u? in
H'(B), where the first limit corresponds to _(Zn {2 and the second one
to 2, \( 12, respectively Function uy, € L Hg solves (2.1)-(2.2) on 2,
THo =2 10 LHg,, where 2, / (2 and LHQn is the orthogonal com-
plement of HJ (£2,,) in H'(B) with respect to the scalar product induced by
the bilinear form ap(-, -) after the prolongation of functions from Hg (£2,,)
by zero. Let us notice that - Hy, a1 C LHgq, if £2, / 2. On the other

hand, if £2,, \, £2 then u¥ € é‘ﬁg = UZO 12 LHg, solves (2.1)—(2.2) on

{2 for all v belonging to a certain space H0 (2) D H (). The closure is
taken in the energy norm induced by ap(-, -).

In general, it can be lHQ * LHQ If LHQ = lHQ holds we say that
{2 is a stable domain with respect to the Dirichlet equation (D-stable). Then
alsou,, = u¥ forany 1) € H'(B). Otherwise {2 is a D-unstable domain and
we can find ¢ € H'(B) such that Uy F u¥, see [1, Sect. 3, 4]; [2, Sect. 5].
An example of a D-unstable domain for the Laplace operator and two spatial
dimensions is shown in [2, Theorem 5.8]. Let us remark that the stability
behavior of harmonic and [-harmonic operators is representative of the be-
havior of the elasticity operator and higher order elliptic scalar operators,
respectively, see [2, Theorem 7.1, Theorem 5.2]. If {2 is a starshaped domain
or if it has the o-property [2, Definition 5.3] or [3, Definition 3.1] then {2
is D-stable, see [2, Theorem 5.4, Theorem 5.5]. Any Lipschitz domain has
the o-property, the opposite is not true in general.
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We arrive at similar conclusions if Fy,, # 0,i.e.,0 # f, = f|g . Then
the solution w,, of (2.1)—(2.2) can be represented as u,, = uy, + wy,, where
uy, € H}(£2,) solves (2.2) on §2,:

(2.7) ag, (uf,,v) = Fo,(v) Yo € Hy(2,),

and w,, € H'(£2,) solves (2.1)~(2.2) on {2,, with Fy, = 0.In what follows,
functions defined on B will often be restricted to {2 or {2,,. Also, functions
from H}(2), H(£2,) will be prolonged by zero to get functions from
H'(B). For the sake of simplicity, restrictions and prolongations will be
made tacitly and no new symbols will be introduced to distinguish between
the original function and its restriction or prolongation.

By virtue of the previous paragraphs, w, — wy, or w, — w"¥ in H'(B)
respectively, for £2,, 7 2 or §2,, \ {2. The next lemma focuses on functions
uf, -

Lemma 2.1 Let 2, N\, £2. Then uy, — Uy in H'(B), Uy € fl&(ﬁ) and

(2.8) ao(lys,v) = Fo(v) Vv e Hi (),
where
(2.9) H(2) = () H ().

n=1

Proof. We can apply the technique that acquitted itself well in convergence
proofs in the theory of optimal shape design, see [8]. Let us remark that (2.5),
(2.9) and the Lax-Milgram lemma imply the existence and uniqueness of
uf

'By (2.5) and (2.7)

cap ug, |l o, < an,(up,up,) = Fo,(ug,) < | flosllusllg, -
Realizing that [lug, ||, o = llug, |, 5. we get

2.10) gl < C.

C > 0 is a constant independent of n.

The sequence {uy, }>- | is bounded in H'(B) so a weakly convergent
o

subsequence {Uf"_ , exists, i.e., us, — u (weakly) in H'(B). The
i) i= 4

limit function u belongs to I;T(}(Q) Indeed, if we fix an index m > 0 then
uf, € H(82y,), for all n > m. Space H}({2,,) is weakly closed thus

U € HY(2,,). As m is arbitrary, & € H{ (£2) due to (2.9).
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The next step is to prove u = wu ¢, see (2.8). To this end, we fix a function
v € H}(£2). It holds

(2.11) ag,, (uf,..v) = Fo, (v)

because v € H{ (£2,) for any n, see (2.9).
By (2.4) and meas(§2,, \ 2) — 0

(2.12) lim Fg,(v) = Fp(v).

n—o0

By the weak convergence

(2.13)il_i>1r£1O an,, (uf, ,v) = leglo ap(uf,,,v) = ap(u,v) = ap(u,v),

the last equality is due to the fact that @, v € H{ (£2,,) for any £2,,,
ap(u,v) = ap,\o(u,v) + ag(u,v)

and meas({2, \ {2) tends to zero if n — oo.

Applying (2.12), (2.13) to (2.11), we arrive at (2.8), i.e., u = uy. Since
the weak limit of any weakly convergent subsequence of {uy, } is equal to
a unique function u ¢, we get the weak convergence of the whole sequence.

Taking into account (2.5) and us € H}(£2,,), we infer

~ 112 ~ ~
cap llug, — gy p < ag, (ug, —uy,up, —uy)
= FB(Ufn) - FB(ﬂf) -+ CLB(ﬂf,ﬂf) — aB(ﬂf,Ufn) —0, n—0,

because u, converges weakly to @y in H'(B). 0

We are placed in a similar position if {2, (2. Then uy, — uy in
H'(B), where uy € Hj(£2) solves

(2.14) an(up,v) = Fov) Y€ Hj(2)

because H} (2) = (52, HE(§2,,). The closure can be taken in the Sobolev
norm or the energy norm or the Sobolev seminorm as all are equivalent norms
on H{(B). To show (2.14), it is helpful to follow the proof of Lemma 2.1
with a few minor modifications. _

It holds H}(£2) C H}(£2) and it can be H}(£2) # H}(2) in general,
see [2, Theorem 5.8]. The latter happens iff jﬁ 0%+ alH (o because

L (HN ) = (M52 H(24))
= Ui L (H(2)) = 7Ho i 20\ 92,

a




590 1. Babuska, J. Chleboun

(@) =+ (U2, Hy (@)
=Moz1 - (Hy(20)) = o Ho if 2, /02

Orthogonal complements are defined respective to the inner product induced
by the bilinear forms ay, and ag, .

Thus, for a D-unstable domain (2, solutions w,, can converge to different
limits respective to sequences {2, — (2.

3 Difference between two solutions — introductory steps

Our goal is to estimate the difference between two solutions of problem
(2.1)-(2.2) solved on two different but close domains. One of them can be
the limit domain {2.

We suppose domains {21, {25, and (25 are given, {21 C {2 C (23 C
B C R%. Next, we assume boundaries 942, 9§25 are known and Lipschitz
whereas (25 can be D-unstable. We also suppose 0f2; = 023 and A is
symmetric.

As a consequence, we have to take possible nonuniqueness of the bound-
ary value problem on (2, into account because, as we saw in Sect. 2, the test
and trial spaces of the limit problem can depend on the sequence of domains
approaching the limit domain.

We aim at approximating a solution on {2, by solutions on more explicit
domains {2, and (23. The two respective solutions are denoted u; and us.

Problem (2.1)~(2.2) with a space H, H} (§2,) € H C H}(£2,), instead
of H& (£25) is solved on {25 and its solution is labeled us. For simplicity, we
define Hy, = HL (1), Hy = H, Hy = H}(£23).

Remark 3.1 Setting H in the above way, we intend to cover all cases that can
happen. First, £2; can be Lipschitz. It could belong to a sequence of domains
converging to {2, to give an example. Second, {25 can be the D-stable limit
of a sequence of Lipschitz domains. In both cases, Hi (£22) = ﬁ&(()g).
Third, {25 can be the D-unstable limit of a sequence of Lipschitz domains.
Then H(22) & ffé((b) and the limit of the BVP solutions depends on
the sequence of domains. We studied two basic instances in Sect. 2, i.e.,
the limit belongs to HE(£2,) or H} (£2;). If the sequence of domains is not
monotone but the limit of solutions exists then the limit belongs to a space
H between the spaces Hg(£22) and fl&(()g) The limit function solves the
Dirichlet BVP defined in {2, by H.

We wish to derive estimates dependent on (2> only through the bounds
{21 and {23. g
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We can express solutions u; as
u; = uio + Yl , w0 € Hiy i=1,2,3.
To reformulate problem (2.1)—(2.2), we define continuous linear functionals
ng(v) = Fo,(v) — ag,(¥,v), veHY (), i=1,2,3,

as well as quadratic functionals

1
Ammzimﬂum—pgwy ve H' (), i=1,2,3.

Then

(3.1 ujo = argmin Jp, (v), i=1,2,3.
’UEHi

The equivalent formulation is

(3.2) ag, (uio,v) = Fy (v) Vv € H;, i=1,2,3.
Lemma 3.1 Let u;g € H; is given by (3.1) or (3.2), 1 = 1,2, 3. Then
2 2 2
3.3) luzo — u1oll5 0, < llusolly o, — llutollz o,
2 2 2
(3.4) luso — u20lly 0, < llusolly o — llutolly o -

Proof. By virtue of H; C H» and (3.1)—(3.2)
2 .
- ”uQOHa,QQ = 252}?2 JQ2(U)
. . 2
3.5) < 2 min Jo,(v) = 2 min Jo, (v) = = |lwollz,q, -
Similarly, as Ho C Hs,
2 .
- ”u30||a,_(23 = 252}% JQ3(U)
. . 2
(3.6) < 2 min Jo, (v) = 2 min Jo,(v) = — [luzlly,q, -
Utilizing (3.2) and H; C Hs C Hs, we also have

agn, (u20,u10) = F}gé (u10) = F}ﬁl(ulo) = agp, (w10, u10) = HUIOH?L,QI ,
3.7)

ag, (U30, U20) = Fé]& (uzo) = F&(uzo) = agn, (Uzo,u20) = ||U20||¢21,Q2 .
(3.8)

We infer from (3.7) and (3.6) that

2 2 2
[u20 — wiolly o, = llu2olly o, — 240, (120, u10) + [[uiolly, o,
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2 2

= [Ju2ollz.0, — lwolls o,
2 2

< flusollz o, — llwiollz o, -

Combining (3.8) and (3.5), we get

2 2 2 2 2
luso — uzolla,0, = llusolla,e, = lluzolla,e, < llusolla,, = lwsollae, -

Remark 3.2 The right-hand sides of the inequalities in Lemma 3.1 do not
depend either on {25 or on the stability status of {25. They are also indepen-
dent of the spatial dimension of {25. In the same way, analogous inequalities
can be derived for systems of equations as well as for higher order Dirichlet
boundary value problems defined through quadratic functionals. a

Remark 3.3 Lemma 3.1 has an a posteriori nature. We have to know wugg
and w1 to assess ugy — U1 Or uzg — ugp. It also offers a hint for estimates
based on numerical computation. As domains (2 and (23 are known, u1q
and u3p can be approximated by means of a numerical method, e.g. the fi-
nite element method (FEM), the boundary element method, etc. The error
of the approximate solution can be estimated via an a posteriori error anal-
ysis in many instances. Thus a guaranteed estimate of (3.3), (3.4) can be
accomplished. ad

Remark 3.4 1t can happen that domains estimating {25 from inside and out-
side, respectively, are not suitable for a numerical treatment of the problem.
Pixel domains are typical examples. Their fine boundary structure can re-
quire very fine computational meshes, leading to expensive FEM calcula-
tions. Approximating pixel domains by more FEM-oriented domains, we
can avoid this difficulty and still benefit from the approach proposed in
Remark 3.3. O

Remark 3.5 Let {2 be D-stable with respect to monotone sequences of do-
mains and let ug = uy be the limit solution of the Dirichlet BVP. According
to Lemma 3.1, (2 is D-stable for any (i.e., even nonmonotone) sequence of

Lipschitz domains converging to {2 and the limit of the respective BVP

solutions u(?m is u{]? .

Indeed, if £2,, — 2 then we can find Lipschitz domains 27 C 2N 7

and (25} D 2U 2, such that 27y 7 £2and £255 ™\, §2, respectively (cf. [1,
Theorem 4.1, Theorem 4.2]). We construct the respective solutions ufj, as

well as u%), and observe that both u and ugm can play the role of ugg in
Lemma 3.1. Applying (3.4) to the summands on the right-hand side of the
triangle inequality

[ =i | < M = 5l + [ e —

)
Ha,ﬂgg a,§254
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we prove the statement by virtue of the D-stability of {2 because || u4j|| i o~

2 .
”U%Ha,(zg& tends to zero if m — oo. 0

In the sequel, we will find useful estimates related to uip and usg. As
u1g solves (3.2), © = 1, we get by (2.5), (2.6)
2 2
cap [lwolly o, < lluollz o,
= ag, (u10,u10)

= F}, (u10)
< (Ifllo,00 + ™ 1] I
> 0,021 1,421 10

1,0
Then

G9 ol g, <0 = czh (I logy + e IWlle,)
(3.10)  lusolly, < Vb

Analogously,

(3.11) [uolly,0, < VA,

(3.12) 0 = cai (I1flo.0y + 11l ) -

We will further assess (3.3) and (3.4) in the next sections to get a priori
estimates dependent solely on known input data as {21, {23, f, ¥, cap, etc.

4 Estimates for starshaped domains

If the shapes of (2, and (25 are related with a simple rule we have a chance
to find a fairly explicit estimate of the difference between us and u3 or uq,
respectively.

We suppose (2] is a starshaped domain with respect to the origin, i.e.,
any half-line starting from the origin intersects 9{2; only once. We assume
{23 is given such that

ng{yeRd: y/aeﬁl},

where « > 1 is a constant, i.e., the mapping »<(x) = ax maps {2; onto (2.
Assuming a function v defined on (27, we can define a new function v, on
25 by vo,(y) = va(2(x)) = v(z). This a-subscript convention applies to
other scalar or matrix functions as f, b, or A. If v is differentiable in {2, then

4.1 Vyva(y) = a_lvxv(x)a Yy = ax,
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where the subscripts z and y symbolize differentiation with respect to the
components of = and y, respectively. We observe that v € H'(§2;) iff
vo € H'(£23). By the substitution theorem

d—2 2 2 d—2 2 d 2
a2 ol o, < lrall g, = a2 ol g, +a? [ oPda
1
(4.2) <al|vlig, -
We will follow a simple idea. First, we define

u10a(y) = u10a(2(2)) = u10(x), = € 2.

Next, we will find a boundary value problem w1¢,, solves on (25. This equa-
tion together with (3.2), i = 3, will enable us to estimate ||ugo — u10q/| a2
by means of f, ¢ and «. Plugging +u0, into the right-hand side of (3.3),
(3.4), and using the estimate as well as (4.2), we will express estimates (3.3),
(3.4) in known quantities.

Lemma 4.1 Function u10o € H& (§23) solves the equation
(4.3) afy, (u10a,v) = F(v) Vo € Hy(£23),

where

ag, (U100, v) = / (a2AaVu10a - Vo + bauloav) dy,
23

ng;,a(v) = /_Q (foz - boﬂ/’a)v dy — 042 0 Aavd}a -Vudy.
3 3

Proof. Letv(z) = v(x(x)), x € £21. Applying (4.1), the substitution the-
orem and (3.2) on the slightly modified left-hand side of (4.3), we get

/ [Aa(aVyu10a) - (aVyv) + bauipav] dy
23
= Oéd/ (Aquw - V0 + bul(ﬁ) dx
1071
= ad/ (f —by)vde — ad/ AV 1) - Voo dx
Ql Ql

= / (fa = bata) vdy — 042/ AaVyho - Vyvdy.
QB .93 0

It will be useful to introduce an auxiliary function 30 € H(§23) as the
solution of the equation

(4.4) ag,(lso,v) = F*(v) Vo € Hj(12s).
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Referring to (3.2), (4.3), (4.4), and plugging +b,yv, + A, V¢ - Vo,
+ A, V), - Vu at proper places, we can write

lagq, (uso — Uso, v)|
= |F} (v) — F*(v)
25\ o, U

/Q(f—fa—bwbawa)vdy
- / (Aw-vu—aQAawa-vu)dy‘
23
<1F = falloy [¥ll0.0, + / b — blv] dy
23

ba [ d Aa—A . d
+/93| (e — )] y+/93|< )V - V| dy
+ /Q AaV (6 — ) - V| dy

+(a? — 1)/ | Ao Vibe - V| dy
23
45 =h+bLb+I+ILi+I5+ .
Similarly, due to (4.4) and (4.3)
lago, (W30 — U100, V)| = ‘F&a(v) —ag, (u10aav)‘

= |ag, (u10a; v) — ag;(U10a, )]

< / (042Aa — A) Vuipa - VU dy‘
23
+ / (b — b)u1pav dy'
023
(4.6) = I7 + Ig.

To further estimate (4.5) and (4.6), we need a few auxiliary lemmata. We
start with citing [3, Lemma 4.4], where parameters ¢g = (o — 1)r and r =
SUDP,e o, ||7||pa appear. Let us notice that ¢g < (o — 1)diam?;.

Lemma 4.2 Let ¢ € L'(£23) N C(23) be a nonnegative function. Then

/Ql (/*xaa: o(2) dz> dx < eg /93 o(z) dz.

Proof. The proof utilizes an idea from the proof of [9, Lemma 1.4.6] and
can be found in [3], where d = 2 is assumed. As its use is expected in Sect. 5,
we reproduce the proof modifying it for a general parameter d.
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Let us define the function y(x) = (o — 1)||z||ga. Its value at x is equal
to the length of the segment (x, ax). Then we define x/||x||ga = 0ifz =0
and calculate

/Ql(/:xcp(z)dz) dx:/Ql(/ov(x)go(m+t”x‘ﬁw)dt) dx
S/Ql(/ooﬁp(x-i-tuxﬁm)dt)dx

g/oao(/gsgo(x)dx)dt

=¢p / o(z)de.
23
We integrated over spheres with increasing diameter to get the integral over
{21 and to infer the last inequality, details in [3]. 0O

In the next three lemmata, w and w, are functions on {23, wq(y) =
we(x(x)) = w(z), z € 2.

Lemma 4.3 Let w € H'(£23). Then
”w - wOlH(%,_Qg S ad(a - 1)2T2|w|%,03'

Proof. We follow the idea of the proof of [3, Lemma 4.5]. Let us suppose
w e 000(93) N Hl(Qg).

By the substitution theorem, differentiability of w, the Schwarz inequal-
ity, and Lemma 4.2

[ ) =) = [ (i) — wlo)atas
Sad/Q (/M!Vw(z)dz>2dx

! ; axr
§ad/ 50/ |Vw(2)|? dz dz
(02} T

< odla— 1)2r2/ |Vw(zx)|? dz.
23

Since smooth functions are dense in H*(§23), the proof is finished. O
Lemma 4.4 Let w € H?(£23). Then
[w — wali o, < 20%(a —1)* (rlwlz,0; + [wlie,)”.

Proof. Lemma 4.4 is, in fact, [3, Lemma 4.5]. The proof is based on the
idea presented in the proof of Lemma 4.3 and applied to partial derivatives
of w, wg,. O
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Lemma 4.5 Let w € C'(§23). Then
lw — wa|oo,(23 < 50d1/2‘w|1,oo,!23'

Proof. Lety = ax,y € (23, x € £21 C {25. It holds for a point ¢ between
z and ax

[w(y) = wa(y)| = lw(az) —w(z)| < ol Ve(Q)] < cod"/?|wli .2,

Before formulating and proving the next lemma, we recall that

d d
A= [aij]i,jzlv Ao = [a%‘]z‘,j:h a?j(y) = aq; ](le) = aij(z),
T €, a>1.

Moreover, we introduce a constant ¢ > 0 such that

4.7 AVv - Vwdy < cA\v )
023

Vo, w € H'(123).

Lemma 4.6 Let o, 3 > 1 be two parameters, let a;; € C'(£23), i,j =
.,d, and let v,w € H(§23). Then

/ (A, — A)Vv - Vw dy'
23
< (c0Bd™?| Al ooy + (8= ™) [0 [wl.,.

where |Al1 oo 0y = max{|aij|1,00,025 : 4,5 =1,...,d}.

Proof. We have
/ (BAq — A)Vv-Vwdy = 6( A)Vv - Vwdy
23

—I-/ (6—1)AVv - Vwdy
23
= Ig + I1p.

By Lemma 4.5

Vy € {23 ‘a%(y) - aij(y)‘ < 60\/g|aij|1,oo’g3 < Eoﬁ\A|17m,93 ;
(4.8) ij=1,...,d.

Taking a vectort € R%, wedefinet = (|t1], \t2| , |tal). We also introduce
a matrix M = [mij]?,j:l’ mi; =1,4,j = d
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2
Applying (4.8), the Schwarz inequality and (Zle |tl|) <d> 4 2
we can estimate
Io| < Beod?| Al so 0, / M-V dy
23

i=1"1>
d d
< B50d1/2\/1|1,oo,93/ <Z > <Z )dy
{23 i=1

i=1
Inequality (4.7) gives an upper bound of |I7¢| and the proof is finished. O

ov
y;

ow
y;

< 550d3/2‘A|1,oo,93|U|1,93’w|1793'

We are ready to finish estimate (4.5).

Lemma 4.7 Let f,v € H'(023), ¢ € H?((23), b,a;; € C1(23), 4,7 =
1,...,d. Then

lacay (ugo — 0, )| < (@ = 1) (02 [vllg.0, + O5l0]1.c2 )
where

I (d1/2|b

10, [l + ¥ f 1,05 + 02 bl 0, 191,23 )

03 = V2ad || All o, (rlbl.0s + [Wl1.0:) + rd®? Al so.os 1.0,
+a+ 1)l D 2AR| g,

Proof. Focusing on (4.5) first, we get from Lemma 4.3 and Lemma 4.5

I+ I < (o= 1) (x| fly,0, + rd "2 bl1,00,04 9]0, ) 101100, -

4.9)

By Lemma 4.3

I3 < [bllso, 2, 190 = Pllo,04 10]l0,024
(4.10) < (@ = 1)a?r||b]l o g, [$l1,2, [0

0,93 :

By Lemma 4.6 with G = 1, Lemma 4.4 and the algebraic inequality used in
the proof of Lemma 4.6

Ij+1Is < (o — 1)rd3/2’A’1,OO,Q3‘w‘l,ﬂ;;’v’l,ﬂg
(4.11) +d | All ., V20 = 1) (F[thl2,005 + ¥

To estimate I, we introduce v(x) = v(ax), x € £21. Then the substitution
theorem, (4.1), (4.7) and again the substitution theorem (cf. (4.2)) lead to

1,2:) [v]1,0;-

Is = (a2 — 1)a~2 /Q | A(2)Vath(2) - V()| o da
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< (0® = 1) A0, 01,0,

4.12) = (0% = 1)al422A |, o,

U|1,Q3'
Combining (4.9)—(4.12), we complete the proof. O
The next lemma finishes estimate (4.6).

Lemma 4.8 Let b,a;; € C(23), i,j = 1,...,d, and let v € H*(§23).
Then
|la, (430 — w100, v)| < (o —1)b4 ||UH1,Q3 )

where

0y = czgad/z (ra2d3/2|A

oo,y (@ + Vet 4 rd bl o0,
< (Ifllo.2, + < lhe)

Proof. By (4.6), Lemma 4.6 with 3 = o, Lemma 4.5 and (4.2)

I + Iy < (0 = 1) (ra2d*?| Al .0, + (0 + 1)e* 4+ rd" b1 oc,0,)

X [uroally o4 10111 o4

< (= 1) (ro*d2| Al 0 + (0 + Det + 72|10,
@13)  xa® ol g, vl 0,-
Finally, we plug (3.9) into (4.13). ad

To follow the ideas presented just before Lemma 4.1, we now estimate
the norm of the difference usy — u10a-

Lemma 4.9 Under the assumptions of Lemma 4.7,
(4.14) |uso — wi0ally oy < (@ —1)0s,

where 05 = V/ cAchg (02 + 03 + 04) and parameters 03, 63, 04 are defined
in Lemmata 4.7 and 4.8.

Proof. Inequality (2.5) and Lemma 4.8 give

4.15)  cap ||uso — U10a”i93 < (@ = 1)f4[[uzo — ui0ally o, -

Similarly, by (2.5) and Lemma 4.7
(4.16) cap [lugo — aoll} o, < (v = 1)(02 + 03) [[ugo — Tsoll g, -

Using the triangle inequality, (4.15) and (4.16) (after canceling), we infer

luso — wi0ally o, < lluso — Usolly o, + 30 — ui0ally o,
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(4.17) < (a—1)cyy (2 + 05+ 04) .
Then (4.14) is a consequence of (2.6), i.e.,
()12 lugo = w10alq,0, < lus0 — v10ally 0, »

and (4.17). O

We also need a counterpart to (4.2) for [[vall, ¢,

Lemma 4.10 Letv € H'({21), b,a;; € C1(23), 4,5 =1,...,d. Then

2 2 2
lvalle.p < allvllsq, + (@ = Dbs vl g,

where

O = Td1/20211 (dadiaA 100,025 T O‘d|b|1700793) :

Proof. Plugging +A,, +b, into the integral representing ||v,, ||i 0, WEcan
proceed as in Lemma 4.6 (3 = 1), Lemma 4.5 and (4.2). In detail,

Jeallt oy = [ [(4= 4000 Vea+ (= ba)e?

23
+AaVus - Vo, + bavi] dx
< 50d3/2‘A|1700793’va|i(23 + 50d1/2’b|17oo793 H”aHg,Qg
o [o]2 0,
— 20d*?a? 2| Aly o0} ) + 20820 Bl1 00,024 0112,
.
Applying (2.5), we finish the proof. ad
We are at the point of upgrading Lemma 3.1.
Theorem 4.1 Under the assumptions of Lemma 4.7,

lugo — waolls o, < (@ = DX and ||ugo — ugoll; o, < (@ — DX,

where
2, o0 1/2( d 1/2
X = |(a—1)05 +2c,, (a + (a— 1)96) 0105
(4.18) +epplat 4 14 96)0%]
or

@.19) X = [05 e (: TRy g 06)91} 20+ 6)).

Parameters 61, 0}, 05 and O are defined in (3.9), (3.12), Lemma 4.9, and
Lemma 4.10, respectively.
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Proof. Letusinsert +ujq, into the right-hand side of (3.3), apply the triangle
inequality, Lemma 4.9, and Lemma 4.10

2
) 2
Ju20 — w10ll5 o, < <||U30 — 1004, 0, + 1100 aﬁs) = lluolly,0,
= ||U30 — ulOaHZ,QB + 2 ||u]_004||a7_()3 HU30 - u10a||a7()3
2 2
+ ”ul()OéHa,Qg - ||u10||a,91
202 d 1/2

<(a- 122 +2(a+ (0= 1)) " fluol, g

x(a—1)05 + (a? = 1) HuloHi,Ql

2
+(a = 1)06 [[uroll, g, -

Taking into account (3.10) and (o — 1) = (a — 1)(a® 1 4+ --- + a?), we
derive (4.18).
To get (4.19), we modify (3.3)

2
Juzo = woll2.0, < (Nusolay = lut0lla,cy ) (Nusollay + lurolle,c, )
= 111[12.

By (3.10), (3.11)
Ly < Jeap (614 67) .
By the triangle inequality, Lemma 4.9, Lemma 4.10, and (3.10)

Iy < lugo — uroall g0, + lw10all, 0, — lwi0ll4,0,
; 1/2
< (a—1)05 + (a + (a — 1)96) — 1| Jlutollq, e,
B d—1 1/2
<(a—=1) |05+ (" + -+ 1406)c, 01 -

To derive the last inequality, we also used

[(ad +(a— 1)96>1/2 - 1] < [(ad +(a— 1)96)1/2 - 1]

x [(ad +(a— 1)96)1/2 + 1]
= (-1 4+ +146).
O

Remark 4.1 The framework presented in this section is not restricted to the
second order scalar Dirichlet boundary value problems. It is applicable to
systems of equations as well as to higher order problems. One can expect,
however, increasing complexity of estimates. a
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5 Estimates for more general domains

Our next goal is to find a parallel to Theorem 4.1 if {25 is not an c-multiple
of £21. Then the transformation of functions and their derivatives is more
complex than in Sect. 4 but we can still expect that the framework presented
there will prove itself useful in achieving our purpose.

To make calculations easier and more lucid, we confine ourselves to
constant coefficients A and b.

Let a domain (21 be fixed and a parameter €, > 0 be given. We assume
that the boundary of (2 is Lipschitz and that a family of e-dependent one-
to-one mappings s : {27 — R and their inverses »= ! : 21, — RY, where
(e = #-(21), exists such that

(A1) Vee(0,e0,) e [CH )] xte[ch ()]
Vx € (21 and . (z) can be connected by a straight segment lying in (2;;
(A.2)

Vee[0,e0,) Vo€ x(x)=x+e(n), lecllt oo, < €Ce;
(A.3)
VeelDen) Vye @i (1) =y+9:1) 9l <Co
(A4)

where C, and C, are positive constants independent of .

By virtue of its properties s transforms H'(§2;) into H'({2;.) and 5. *
transforms H1({2;.) into H'({2).

We will need a generalization of Lemma 4.2 valid for rather unspecified
mappings sz.. To this end we assume that

e ()
(A.5) / (/ ©(z) dz)da: < E\/&C’g/ p(z)dzx
.Ql x Qle

holds for any nonnegative function ¢ € L!(£2;.) N C(£2;.), where C? > 0
is a constant such that ||ec| ,, o, < eCP.Ttis CY < Ce, cf. (A.3).

Remark 5.1 Mappings ». fulfilling (A1), (A3), (A4) exist if d = 2 and 4
has the Lipschitz boundary, see [3, Sect. 5]. O

We will transfer derivatives as well as integrals from (2; to s.({2;) and
vice versa. That is why we have to pay attention to the Jacobi determinant
of 1.

Applying the chain rule onto w(y) = v(%s_l(y)) =v(x), x € £21, we
derive

axl .
5.1 Z axz ayj . j=1,....d,

a system of linear equations for an unknown vector Vu(x).
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Taking (A.4) into consideration, we see that the matrix of the system
equals I + G(y), where [ is the d x d identity matrix and the elements of
the d x d matrix G(y) are equal to partial derivatives of the components of
ge at y. The determinant D(y) of I + G(y) has the form

(5.2) D(y) =14+9:(v),  llgellco 0, <€C,

where g is a continuous scalar function on {21, and C is a positive constant
independent of ¢.
We can employ the Cramer rule to get Vv (z) from (5.1). Then

(5.3)  Vuu(z) = (Vyw(y) + My (y)Vyw(y))/D(y), y = (),

where M,_is a d x d matrix function the elements of which consist of
summed products of partial derivatives of g..

We assume that ¢, is sufficiently small to ensure D is positive and close
to 1.

Now we are ready to investigate how ag, changes if transferred from
{21 to 24,.

Let us recall that w1y € Hj is the solution of (3.2), ¢ = 1. We define
ui0:(y) = ur0(> ' (y)) = wio(x) and ve(y) = v(5 ' (y)) = v(z), v €
H'(£2;). The substitution theorem, (5.3), (5.2),and 1/D = 1+ (1—D)/D
give

/ (AVum -Vu+ bulov) dz
(o
= A(Vyui0e + My, Vyuiee) - (Vyve + MgEVv5)|D|/D2 dy
-Qle

+/ bumsvs\D| dy
1

g

= AVujpe - Vvepil dy + d(ge; U10e, Ua)
-le

+ / bulOava(l + /g\a) dy
le

= ap,_(U10e, Ve) +/ AVuioe - Voe(1 = D)/Ddy

915
+&(g€; U10e, Ua) + / bulOsva/g\a dy
-QlE

54) = agn,. (u1057 Us) + g, (Ulos, Us)-

The bilinear form a(g.; -, -) consists of terms related to M,_and D~'. The
bilinear form ag, (-, -) contains a(ge; -, -) and terms with g and (1 —D)/D.
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It holds
(5.5) g, (w,0)] < £C Jwlly g, @l g, Veo,w e H (),

C > 0 does not depend on ¢, w, and w.
The chain of equalities (5.4) offers a hint how to estimate [|vel|; , -

We start with |, 01 (IVve|? + v2) dy and transfer the integral onto {2 using

formulae analogous to (5.1)—(5.3), i.e., formulae based not on »c_ 1 but s..
A short calculation (cf. (5.4)) and (A.3) lead us to the inequality

2 2 2
(5.6) ||UEH1,!21E < ||UH1,(21 +eCh ”UHLQl )

where the constant C'; > 0 does not depend on ¢ and v.
The next step is to transfer the right-hand side of (3.2), ¢ = 1, onto {2..

We will need ¢ (y) = ¢(> ' (y)) = ¥(x) and fo(y) = f('(y) =
f(x),y € £21.. On the basis of (5.4) and (5.2)

F(h (U> —ao (w, ’U) = o feveDdy — agn . (¢sa Us) — Qg, (¢sa Us)

= / fevedy — an . (waa Us)
le

(5.7) + /Q Ge feve dy — ag. (e, ve).
le

Let us suppose that {23 = . ({21) for some €, 0 < £ < g, . We fix this
particular € and use (23 instead of (2. from now on. We summarize (3.2),
(5.4) and (5.7)

aﬂg (u10€7 U)) = wa dy - aQZS (w&‘: ’U)) - a’ge (UIOa + w67 'LU)
23

(5.8) +/ Je fow dy Yw € Hj.
23
We subtract (3.2), i = 3, from (5.8)

ag, (u10e — u30, w) = / (fe = flwdy — ag, (e — Y, w)

23

—Qg, (ulOE + ¢€7w) + / ge fewdy

(5.9) = I3 + Iy + Ii5 + L6. "
To estimate (5.9), we need generalizations of Lemmata 4.3-4.4.
Lemma 5.1 Let f € H'(£23). Then

1f = fello oy < €Calfl1,0,

where Cy > 0 is a constant independent of f and e.
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Proof. We can follow the proof of Lemma 4.3 supposing first f € C'*°({25)N
H'(£23). Due to (A.3), the Jacobi determinant D of the mapping () is
bounded from above by a constant. We know even more. If ¢, is sufficiently

small 0 < D < 1+ «C. Estimating the distance between x and s () by
5\/&02 (cf. (A.3) and (A.5)), we use the Schwarz inequality and (A.5)

/ (F(y) — f-(9))? dy < / (fGe() — f())?| D] da
{23

2

< /91 (/:E(I) VF(2)|dz) D

. e ()
§6(1+€C)\/g02/ / IV f(2)|?dzdz
N Jx

§52(1+55)d(02)2/ VP da.
23

Lemma 5.2 Let ) € H?(23). Then

19 = ell1 0, < eC3([¥]1,05 + |¥l2,025)
where C's > 0 is a constant independent of € and 1.

Proof. 1f d = 2 the estimate

WJ—%

1,823 < €C(|w|1791 + |w|2793) , C>0,

is proven as Lemma 4.11 in [3]. The idea of the proof is identical to that
of Lemma 5.1 but applied to the partial derivatives of 1) — 1. Therefore
a generalization to a general d is rather straightforward and the estimate
remains unchanged. Combining this estimate with Lemma 5.1, we arrive at
the statement. O

The next lemma is a consequence of Lemmata 5.1-5.2 and finishes the
estimate (5.9).

Lemma 5.3 Let f,w € H'(£23) and +p € H?(23). Then
|lag, (u10e — us0, w)| < b7 [|wl|; o,

where 07 = Cy (HfHLQS + ”/l/]”2’93> and the constant Cy > 0 does not
depend on g, f, v, and w.
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Proof. We estimate the right-hand side of (5.9).
By Lemma 5.1

(5.10) s < |If = fello.oy 1wllo 0y < €Colfli0s [[wllo q, -

Referring to (2.6) and Lemma 5.2, we get
(5.11) 1I14] < ec?Cs (

) wlly, g -

According to (A4), [|gclly o, has the order . Since [luioe + Yell; g, i
bounded by (1 4 £C1)"/? ||luig + |l g, see (5.6), we have

12 |hsl <0 (lluroll g, + 1#l,0, ) 1ol g,

where C’ > 0 is independent of &, ujg, v, and w. By (5.2) the order of
19¢ |l o0, 2, 1 €- Then an analogy to (5.6) for || fe ||y ,. implies

(5.13) [Ii6] < eC” || fllo.0, lwllo

C" > 0 does not depend on ¢, f and w.
Summing up (5.10)—(5.13) and taking (3.9) into account, we finish the
proof. ad

Theorem 5.1 Let f € H'(23) and 1) € H?(£23). Then

l|lu20 — u10||(21,92 <eC and |usy— uQOHiQB < eC,

where C > 0 is a constant dependent on |||, o, and || f || g, but indepen-
dent of ¢.

Proof. First, let us substitute 419 —usg for w in Lemma 5.3 and recall (2.5).
Then

(5.14) ”ulOE — U30||a’93 S 6622/297.

Next, we follow the framework of the proof of Theorem 4.1, i.e., we estimate
(3.3) plugging 1. into HU30Ha 0,- By the triangle mequahty, (5.14),(2.6),
(5.6), (5.4), (3.9), (5.5), and again (5 6), 3.9)

2
2 2
l[u20 — wioll7 o, < (Hu?,o = u10e |, + llwr0e]l, 93> - Huloﬂa o

< e2c 102 + 24/ cAb(1 +eCh) ) llwtolly o acAb 67

—ag, (U10e, U10e)
<e CAb07 +€CA1/2 CAb(l —|—€Cl)9197
+eC(1+4Ch)bs.
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) —i 0 1 2
Fig. 1. Boundaries 9422 (innermost), 27, 912, B(ZELX, I

low low?
6 Numerical example

To illustrate the estimates presented in Lemma 3.1 and Theorem 4.1, we
investigated an uncertain boundary value problem defined via a digital image
simulation.

The limit domain {2 = (25 (which is supposed to be virtually unknown in
the paper) was defined as the square (—1,1)? rotated through an angle 7 /6.
Then a regular grid of square pixels with sides parallel to the coordinate axes
was imposed on {2 and its neighborhood. The union of pixels fully inside
{2 formed the domain (21‘2@ = (21. The union of all pixels with nonempty

intersection with {2 formed the domain 25, = (2.

For simplicity, the setting of the Dirichlet boundary value problem (see
(2.1)—~(2.4)) was given by ¢ = x% + 21‘%, A = I (the identity matrix), b = 1,
f = 3. As a consequence, the constants c4p, cAb, A were equal to 1, see
(2.5), (2.6), (4.7), respectively.

The estimate (3.3) was checked first. As solutions uoq, %19, and ugg
were not available, we approximated them by means of the finite element
method with continuous piece-wise linear test and trial functions, i.e, u5,
ufE, and uff were computed. Gridding (2 and subdividing each square into
four identical triangles, we created a finite element mesh 7, comprising
360000 triangles and 180 601 nodes. We considered the mesh sufficiently

fine to produce an overkill solution u5. We also got ||ubg||  , ~ 2.063,
[ub6 lo, A 2-314, [ub|1,0 ~ 5.259, and ||usg]|, ,, ~ 5.746.

To mesh 27 and 0, we simply took already defined pixels and,
again, divided each of them into four identical triangles. Figure 1 depicts
the boundary 020" | 912, 0025 together with the vertices of a coarse pixel
grid.
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Fig. 2. The boundary 92"

low and contour lines of u20 — u10

Table 1. Estimates for pixel approximate domains

Pixel size Mesh size luSE — ui§ |10 Estimate (3.3)
1.776 x 10~* 396 3.938 4.965
7.855 x 1072 2320 2.768 3.381
3.671 x 1072 11284 1.925 2.340
1.772 x 1072 49752 1.333 1.634

We extended u!fg by zero outside {2; and replaced the unavailable value
|luso — w101, by [[ubl — uiE||1., supposing that the error caused by the
approximation is not significant if compared with the influence the difference
between domains (2; and {2, has on the value of ||ugy — u1o||1,0-

Some features of the difference ubf — ulf can be inferred from Fig. 2

showing 8(2{2@ corresponding to a coarse pixel grid, and contour lines at
fixed levels. The difference value between two levels equals 0.1.

Table 1 presents the approximation of ||ugg — u10|1,2 and the estimate
according to Lemma 3.1, i.e., the square root of the right-hand side of (3.3).
Four grids stemming from different pixel size are considered as indicated in

the first column. The number of triangles forming the respective meshes on
Qfol:; is given in the second column.

We observe that the values in the third and fourth column are simply
correlated with the pixel size. In detail, the values of [|ulf — ufE||; , and
of the estimate (3.3) are equal to a multiple of the square root of the pixel
size. The multiplicative parameter roughly equals 10 and 12, respectively.

Unlike Lemma 3.1, the estimates in Theorem 4.1 need only analytical
work in the case of simple input data. As Qﬁ::, and QEII)X are not starshaped,
we constructed simply shaped domains le (?W and Qﬁg, see Fig. 1. The former

is the largest square in leol:v the sides of which are parallel to those of (2. The

containing QE;,X, i.e., Qﬁg = a2

latter is the smallest multiple of 24 o

low
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Table 2. Estimates for non-pixel approximate domains

Pixel size a ||luss —ui§||1.o Est. (3.3) Est. (4.18) Est. (4.19)

1.776 x 107" 1.618 4.476 7.288 84.809 45.640
7.855 x 1072 1.238 3.256 4.866 34.025 25.926
3.671 x 1072 1.105 2.301 3.340 18.562 16.732
1.772 x 1072 1.050 1.602 2.322 11.577 11.325

Solutions uo, uSOE remain unchanged, but w1 and u3g are now approximated
by the finite element solutions to the boundary value problem in Qfglw and
QLS[%, respectively. To get ulfg and ugg, regular meshes (see the construction
of Tg) with 40 000 triangles and 20 201 nodes were introduced in Qf (?W and
Qﬁ%. The number of nodes and triangles did not depend on the pixel size
and, consequently, on a. Thus the difference ||u2g — uio||1,2 Was again
approximated through the overkill solution on the mesh 7y, and the finite
element solution on the domain (2; equivalent to le (?W in this case.

Table 2 displays the size of pixels, the corresponding parameter «, the
approximation of ||ua0—u10l| 1,02, estimates based on (3.3), (4.18) and (4.19).
Let us recall that uff corresponds to le(?w and was calculated on meshes
with the number of nodes and triangles independent of the pixel grids.

Again, we can infer similar correlation between the square root of the
pixel size and column values as in Table 1. The respective parameters are
equal to approximately 12 and 17 now. Also, the values of (4.19) are corre-
lated with the square root of the pixel size (the ratio roughly equals 90) but
the correlation is weaker for (4.18).

As a consequence, it is evident that the column values depend linearly on
v a — 1, too. The respective multiplicative constants equal approximately
7, 10, 60, and 50. This result is in line with the theory, see Theorem 4.1.

Observing the values of ||u5f — uE||1 2, we can also consider the thick-
ness of the layer between 92 and &QIS (?W, i.e., the distance between relevant
parallel sides, as an independent variable. Doing this, we again get a pro-
portion to the square root of the thickness.

The simple estimate (3.3) is superior to estimates (4.18), (4.19). This is
quite obvious as (4.18) and (4.19) stem from (3.3) by means of the chain
of other estimates. The estimate (4.19) gives better results than (4.18). An
inspection of the proof of Theorem 4.1 reveals that a triangle inequality
is used to infer (4.18) and (4.19). To get (4.18), the inequality is squared,
however. In our opinion, this is the cause of the poor performance of (4.18).

The magnitude of ugg — ulfg seems to be relatively large if compared with
Hugng o ~ 5.746. Though depicting a pixel subdomain, Fig. 2 suggests a

reason valid also for a square subdomain. The difference ub§ — uff has a
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considerable slope near the boundary 0f2. Thus a boundary layer contributes
much to the seminorm |u5f — ulE|; .

We have always intended to measure the difference between solutions on
{2, and the theoretical analysis aims at this goal but the aforesaid observation
invokes a question whether ugg — ulfg restricted to a subdomain (2 C
le(?w would exhibit behavior different from the above-mentioned one. For
Orest fixed, numerical experiments suggest that ||u5 — ufE||1 ., is rather

proportional to the pixel size (or o or the boundary layer thickness) than

its square root. More complicated behavior is observed if (2 = Qf (?W. In
that case, both uf5 and | - ||1, ., depend on the pixel size. In both cases,

|ubE — ufE |1 0. is significantly smaller than ||ubf — wiF|)1 0.

On the condition that functions f and ¢) do not behave wildly in the un-
certain layer, the example gives a hint for a computational analysis based on
geometrical input data delivered by digital imaging. Taking appropriate {2
and {23 and evaluating (3.3), we judge whether w1 or uszg are satisfactorily
close to unreachable uqg. If not, digital data with finer resolution are neces-
sary. To guess how fine pixels should be taken, we employ the proportion
of the estimate value to the square root of the pixel size.
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