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Summary. This paper deals with the stability analysis of implicit Runge-
Kutta methods for the numerical solutions of the systems of neutral delay
differential equations. We focus on the behavior of such methods with re-
spect to the linear test equations

y'(t) = Ly(t) + My(t — ) + Ny/(t = 7), =0,
y(t) = g(t), —7<t<0,

wherer > 0, L, M and N ared x d complex matrices. We show that an
implicit Runge-Kutta method is NGP-stable if and only if it is A-stable.

Mathematics Subject Classification (199&%5L20

1. Introduction

Consider the stability behavior in the numerical solution of neutral delay-
differential equations (NDDES)

(1.1) y/(t) = f(tv y(t)vy(t - T>7y/(t - T)),t >0,
(1.2) y(t) = g(t), —7<t<0,

wherer is a given positive constanf, and g denote given vector-valued
functions, andy(t) is the vector-valued unknown function to be solved for
t>0.
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We always assume that the unique solutigh) of (1.1)-(1.2) exists.
(Compare Kamont and Kwapisz [11] or Jackiewicz [10]). The purpose of
the present paper is to investigate the stability properties of implicit Runge-
Kutta methods for NDDEs (1.1)-(1.2). We shall assess the stability properties
of implicit Runge-Kutta methods ( IRK ) by analyzing the stability behavior
in the numerical solution of the following system of the form

(1.3)  y'(t) = Ly(t) + My(t —7) + Ny'(t —7), t>0,
(1.4) y(t) =g(t), —-17<t<0,

wherer > 0, L, M andN are constant matrices @®*¢. An application of
numerical method for NDDEs to the test equations (1.3)-(1.4) usually leads
to a difference equation with the matrix coefficients, but arbitrarily high
order, since the order of the difference equation depends on the stepsize and
the delay termr. The difficulty leads to very few results about the linear
stability of numerical methods for NDDEs (1.3)-(1.4) in the literature.

In 1967, Brayton and Willoughby [3] analyzed the stability properties
of 8-methods for (1.1)-(1.2) in the case of the test equations (1.3)-(1.4) with
symmetric reall, M and N, and positive definitd + N and—L £+ M. In
1984, Jackiewicz [9] considered the numerical stability of one-step methods
in the case wheth, M andN reduce to scalar complex numbers. In 1988,
Bellen, Jackiewicz and Zennaro [2] investigated the numerical stability of
IRK for (1.3)-(1.4) with respect to scalar complex parameferd/ andN.

But recently, in 1994, Kuang, Xiang and Tian [14] considered the numer-
ical stability of 9-methods for (1.3)-(1.4). In 1995, Hu and Mitsui [7] also
considered the numerical stability of Runge-Kutta methods for (1.3)-(1.4),
and obtained an absolutely stable area of explicit Runge-Kutta methods.

For N = 0, in 1994, Koto [12] showed that an A-stable Runge-Kutta
method{ A, b, ¢} with Re(A4) > 0 preserves the asymptotic stability prop-
erty of the analytical solutions of the system (1.3) - (1.4). In 1997, in 't Hout
[5] also investigated the numerical stability of Runge-Kutta methods for the
system (1.3)-(1.4) withV = 0, and obtained a better conclusion that an
A-stable Runge-Kutta method preserves the asymptotic stability property
of the analytical solutions of the system (1.3)-(1.4).

Following Hu [7], we shall show that for a wider class of (1.3)-(1.4),
an A-stable IRK method preserves the asymptotic stability property of the
analytical solutions of the system (1.3)-(1.4).
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2. The stability of the test equations

Define a function of two complex variablesw by
F(z,w) = det[zly — (L + w (2N + M))].

Then the characteristic equation of (1.3) is writtenfds, exp(7z)) = 0.
From the proof of Theorem 3.1 in [14], we can see that whaf| < 1,

+ioco are not accumulation points of the roots of the characteristic equation.
Then the system (1.3)-(1.4) withV|| < 1 is asymptotically stable, i. e.,
lim; o y(t) = 0 for any > 0, if and only if the following condition (S)

is satisfied

(S) F(z,exp(7z)) # 0 for (7, z) such aRe(z) > 0 andr > 0.

Lemma 2.1. (see [14]) Let||N|| < 1, the condition (S) is equivalent to
the following three conditions

(S1) X €o[L] = Re()\) <0,

(S2) pl(zI — L)™' (M + zN)] < 1 (wheneveRe(z) = 0, z # 0),

(S3) —1¢a[L™M],
where||N|| = sup,;=; [[Nz]], [|2]]* = (z,2), = € CV, ando[X] and
p[X] denote the spectrum and the spectral radius of the square m#trix

respectively.
Note that, under the conditiaib; ), the identity

wiF(z,w) = det[(2I; — L)] det|wly — (215 — L) Y (2N + M)]
holds forz such asRe(z) > 0. The condition

(S3) F(z,w) # 0 foranyz(# 0)
andw which satisfyRe(z) > 0 and|w| > 1

implies (S2) if (S1) is satisfied.

Lemma 2.2.  Let||N|| < 1. Then the conditioriS) is satisfied if and
only if (S1), (S2) and(Ss) are satisfied.

The proof is analogous to that of Theorem in [12].

Moreover, we have the following lemma.
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Lemma2.3(see[7]) Thesystem (1.3)-(1.4)is asymptotically stable if the
conditions
(2.1) Re{\i[(I = EN) L +EM)]} <0
forall i and¢ € C such ag¢| <1,
and
(2.2) p(N) <1

hold.

From the following Theorem 2.1, we can see that, (2.1)-(2.2) are much
general conditions o, M and N such that the system (1.3)-(1.4) with
|| N|| < 1is asymptotically stable.

Define

Q&) =T —¢N) HL+EM).

Theorem 2.1.  Let||N|| < 1. Then the system (1.3)-(1.4) is asymptoti-
cally stable if and only if

(S1) Aeo[L] = Re(\) <0,

(85) AealQ)], A # 0= Re(A) <0, (whenevef{| < 1),

(S3) —1¢o[L 'M].
Proof. According to Lemma 2.2, we only need to prove that the condition
(S5) is equivalent to the conditiofSz). Assume that.S,) is satisfied, but
(S5) dose not hold, i.e., there exist a certgine C with |§] < 1 and

Ao € a[Q(&o)] with A # 0 such thalRe(A\g) > 0.
Let

(2.3) 20 = Xo andwy = &' (& # 0),

then we getwoy| > 1 and|jwy ' N|| < 1, which impliesI; — wy ' N is

nonsinglar. Thus

F(Zo,a)()) = det[zold — (L + wo_l(ZgN + M))]

= det[I; — wy ' N]det[20ly — (Ig — wy 'N) "L + wy ' M)]
=0,

but this contradict$Ss), sincelwg| > 1 andRe(zp) > 0,20 # 0.

Conversely, assumes;) holds, but(S2) does not hold. Then for some

2*(# 0) with Re(z*) > 0 and somev* with |w*| > 1,

F(z*,w*) = det[l; — w* ' N]det[z*I; — (I; — w* *N) YL + w* M)
=0.
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This means that there exists € o[Q(£*)] with z* # 0 such thaRe(z*) >
0 (where¢* = w*™1), but it is impossible by the assumpti¢i;) and this
completes the proof of Theorem 2.1.

According to Theorem 2.1, we can see the condition (2.1) is sufficient,
but it is not necessary for the asymptotic stability of the system (1.3)-(1.4)
with || V]| < 1.

3. The NGP-stability of IRK

For the initial-value problem (1.1)-(1.2), consider the following implicit
Runge-Kutta method

v
(31) Kn,i = f(tn + Cihv Yn + h Z ainn,jv Yn—m+45
j=1
v
+h Z a'innfm+5,ja aner(S,i)?
j=1
(i=1,2,...,0v),
v
(3.2) Ynt1 = Yn +h Y biKni, n>0,
=1

whered . b = 1,¢; = 3751 aij, 1 < i < v,y = y(tn), yn = g(tn)

for - <t, <0,t, =nh,(m —0)h =7,6 € [0,1),h > 0is a stepsize,

Yn—m~+s andK,,_ 15 (1 < i <) are defined by some interpolations.
Definer(h) by

r(h) =1+ hbT (I, — hA) e,

whereA = (a;j)uoxv,e = (1,1,..., 1)1, b = (b1, ba,...,b,)T . Itis well

known thatr(h) can be also written

(3.3) r(h) = det[five t—uhf J]_; Z}ebT]

We recall that a Runge-Kutta method is said to be A-stable if

(3.4) (I — hA)isregularandr(h)| < 1 for anyRe(h) < 0.
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Applying the implicit Runge-Kutta method (3.1)-(3.2) to (1.3)-(1.4), we
have

v v
(35) Kn,i = L(yn + hz ainn,j) + M(ynferé +h Z ainnferJ,j)
j=1 j=1

+NKn—m+5,i7 (7’ = 172)"'7U)7

B-6)ynt1 =tn+h > biFn;,

i=1
forn =1,2,..., whereyy = ¢(0),y, = g(t,) for —7 < ¢, <0,t, =
nh,(m —0)h = 7,6 € [0,1), Yp—m+s and K,,_,, ;5 ; are defined by the
interpolation which was first introduced by in 't Hout [4]. That is

(37) Yn—m+6 = Z Lp((s)yn—m—‘rpa
p=—r

(3.8) Kn7m+6,j = Z Lp<5)Kn—m+p,j7 (1 <j< U),
p=—7

where

s

L) =[] 6=k/(p-Fk),
k=—rk#p
m>s—+ 1.

Define
K, = (Kn1, Kno2, s Kno)t.
Then (3.5) and (3.6) become

Kn=e® Lyn +hA® LKy +e® M( Y Lp(8)Yn—m-p)

p=-r

S S
+hA@ M > Ly(0)Knomip+ Lo @ N Y Ly(6)Kn—mip,
p=—r p=-—r
Yn+l = Yn + hbT ® 14Ky,

or
Inxga—h(A®L) 0 K.\ (0Oe®L
_hbT ® g I, Yn+1 —\0 1
39 + <’“‘®M FLaN 8) | < S Ly(8) K >

S Il
(095MY) (S B0,
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where the symbok denotes the Kronecker product.
The characteristic equation of the above difference equation turns out to

(3.10) Py(z,L, M, N, §) = det {%8 %8] -0

where

Ty(2) = (Iyxa = A® L)2™! — (AR M + 1, @ N) Y Ly(6)2"H!
p=-—r

:Zm+1[lv® (Id—N i Lp(é) .Zp—m)

p=-r

A®(IT+M Z Ly(6)2P~™),

p=—r

Ty(z)=—2"[e@L+e®@M Y  Ly(8)""]
p=-—r
Tg(z) =—h bT & Id . Zerl, T4(Z) = IdzmH — Idzm,
L=hL, M = hM.

Definition 3.1. A numerical method for NDDEs is called NP-stable if and
only if for all coefficientsL, M andN satisfying (2.1)-(2.2), the numerical
solutiony,, of (1.3)-(1.4) at the mesh point = nh satisfies

lim y, =0,

n—oo

for every stepsizé such thatnh = 7, wherem > 1 is a positive integer.

Definition 3.2. A numerical method for NDDEs is called NGP-stable if
and only if the numerical solution, of (1.3)-(1.4) tends to zero as— oo
for every stepsizé > 0.

Now we focus on the following polynomial

Y(z,8) = Y Ly(8)2".

p=-—r
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Consider the condition
(3.11) |7(2,0)] < 1whenevelz| =1,0 < 4§ < 1.

From Strang [17] and Iserles and Strang [8], it follows that the condition
(3.11) can be characterized in terms of the integer

Lemma3.1. The condition (3.11) is equivalent to the conditior s <
r 4+ 2. Moreover, whem + s > 0,r < s <r+2,|2| =1,0 < J < 1, then
|7(z,6)| = 1lifand only ifz = 1.

Theorem 3.1. Assume that the interpolation procedure (3.7)-(3.8) satis-
fiesr < s < r + 2. Then the implicit Runge-Kutta method (3.1)-(3.2) for
NDDEs is NGP-stable if and only if it is A-stable for ODEs.
Proof. Assume that an implicit Runge-Kutta method is A-stable. In order
to show (3.1)-(3.2) is NGP-stable, we must show that every zauftthe
characteristic equation (3.10) satisfijes< 1 for anyé € [0, 1).

Let

R(z,6) = Y Ly(6)- 2"
p=—r
When|z| = 1, we get|R(z,0)| < 1foré € [0,1) by Lemma 3.1; when
z = oo, we have|R(oco,d)| = 0, sincem > s + 1. Thus we employ the
maximum modulus principle for analytic functions to obtain

(3.12) |R(z,0)| < 1for|z| > 1,5 € [0,1).
Noticing the conditions (2.1) and (3.12), we have
(3.13) Re(X\i(Q(z,0))) <0 forall 4,0 < 4§ < 1,

whereQ(z,8) = (I; — NR(z,0))"' - (L + MR(z,96)).
The remaining part of this proof is analogous to that of Theorem in [7]
and we omit it here.
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