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1. Introduction and preliminaries
Let us consider the solution of the algebraic linear system of equations
Q) Ax =b,

wherex andb aren-vectors, and the square nonsingular mattixs partitioned into
q X q blocks

An A - Ay

Axn Az - Ay
(2) : D :

Aql Aq2 T Aqq

q
with the diagonal blocksd;; being square of ordet;, i = 1,--- ¢, andZni =n.

=1
Block versions of classical iterative methods are well known; see e.g. Varga [26]
or Young [2§. Parallel computation makes Block Jacobi type methods particularly
attractive. In such methods, a splittidg= M — N is used, wheré/ is block diagonal,
denotedM = diag M;), with the blocksM; nonsingular of orden;,i=1,---,q. The
vectorsz, b, and other intermediate vectors are partitioned in a way consistent with
(2). The block iterative method is then
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Algorithm 1.1. (Block Jacobi)

Given an initial vectorz] = [z, .- 2{]
for k=1,2,---
fori=1toq

3) Mﬁg) = (Nzj_q1 +b)®

In the standard Block Jacobi method, the blocks in the diagonal are chosdn=as
A;;. Other choices of the blocksf;, such as changing some entriesA4r, can also
be considered without any change in the analysis; cf. Varga [25], [26].

To implement Algorithm 1.1 on a parallel computer, suppose for example that we
have ¢ processors. During iteratioh the processors can solve theequations (3)
simultaneously, since they are independent from each other. Before starting the next
iterationk+1, however, all results from the preceding iteration must be made available
to all processors because they might be needed to calchilate We remark that the
computational model underlying our algorithms is more general, e.g. the number of
processors does not need to be equal to the number of diagonal blocks; cf. Elsner,
Neumann and Vemmer [10].

In practice, it may be too expensive to solve (3) directly. Instead, another (inner)
iterative method can be used to approximate the solution of (3) yielding the type
of two-stage methods which are considered in this paper; see [12], [16], and the
references given therein. We point out that, since the number of inner iterations
may vary from block to block, the convergence results in Baudet [1] or Chazan and
Miranker [5] cannot be applied to our situation.

In Sect. 2, we derive two new convergence results for block two-stage iterative
methods. We then investigate asynchronous variations of our two-stage methods.
These asynchronous methods arise naturally in parallel computations if one tries to
reduce idle times of the processors. In Sects.3 and 4, we introduce two different
asynchronous models for block two-stage methods and investigate their convergence.
As our major result, we establish convergence for both asynchronous models under
the same conditions as those for the synchronous method.

In the rest of this section we present some notation, definitions and preliminary
results which we refer to later.

We say that a vectar is nonnegative (positive), denotad> 0 (x > 0), if all
its entries are nonnegative (positive). Similarly, a mafsixs said to be nonnegative,
denotedB > O, if all its entries are nonnegative or, equivalently, if it leaves invariant
the set of all nonnegative vectors. We compare two matrices B, whenA—B > O,
and two vectors: > y (x > y) whenz—y > 0 (x—y > 0). Given a matrix4 = (a;;),
we define the matrixA| = (|a,;]). It follows that|A| > O and that|AB| < |A| |B]
for any two matricesA and B of compatible size.

Let Z™*™ denote the set of all real x n matrices which have all non—positive
off—diagonal entries. A nonsingular matikc Z"*" is calledM-matrix if A= > O,

i.e. if A is a monotone matrix; see e.g. Berman and Plemmopher[®arga [26]. By
p(A) we denote the spectral radius of the square matrix

For any matrixA = (a;;) € R"*", we define its comparison matrid) = («;;)
by i = |ais|, «i; = —las], @ 7 j. Following Ostrowski [21], [22],A is said to
be anH-matrix if (A) is an M-matrix. Of course M-matrices are special cases of
H-matrices. H-matrices arise in many applications and were studied by a number
of authors in connection with iterative solutions of linear systems; see the classical
paper by Varga [2]7 or Frommer and Szyld [12] for an extensive bibliography and
for an example that shows that-matrices need not be monotone.
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Lemma 1.2. Let A, B € R™*",

(@) If Ais anM-matrix, B € Z"*", and A < B, then B is anM-matrix.
(b) If Ais an H-matrix, then| A~ < (A)~1.

(©) If |A] < B thenp(A) < p(B).

Proof. (a) and (c) can be found, e.g. in [20], 2.4.10 and 2.4.9, respectively. Part (b)
goes back to Ostrowski [21]; see also e.g. [19]T

Definition 1.3. Let A € R™*". The representatiod = M — N is called a splitting
if M is nonsingular. It is called a convergent splittingo{f\/ "1 N) < 1. A splitting
A=M — N is called

(@) regular ifM~* > O and N > O [25], [26],

(b) weak regular ifAM/=1 > O and M 1N > O [2], [20],

(c) H-splitting if (M) — |N| is an M-matrix [12], and

(d) H-compatible splitting if(A) = (M) — |N| [12].

Lemma 1.4. Let A= M — N be a splitting.

(a) If the splitting is weak regular, thep(M —*N) < 1if and only if A= > 0.

(b) If the splitting is an H-splitting, thent and M are H-matrices ang(M ~1N) <
p((M) 7N < 1.

(c) If the splitting is anH-compatible splitting and4 is an H-matrix, then it is an
H-splitting and thus convergent.

Proof. (a) can be found, e.g. in [2], [20], [26]. The first part of (b) was shown in
[17], [19]. The second part as well as (c) is found in [12]0

Lemma 1.5. [16] Given a nonsingular matrid € R"*™ andT € R™*" such that
(I — T)~* exists, there exists a unique pair of matridels N, such thatl’ = M 1N
and A = M — N, whereM is nonsingular. The matrices a®/ = A(] — T)~* and
N=ATUI -T) %

Lemma 1.6.[15], [23] Let A € R™*"™, Letv € R™, v > 0, anda > 0 be such that
|Alv < aw. Then for ally € R™

HAva < O‘”vav

: 1
where|| - ||, denotes the weighted max-notim||, = nax | =yl
§=L-n v;

Lemma 1.7.[24] Let Ty, T»,---, Tk, -+ be a sequence of nonnegative matrices in
R™*™_|If there exist a real numbed < # < 1, and a vector > 0 in R™, such that

Tiv<0v, j=12,---,
thenp(H}) < 0% < 1, whereH, =T}, - - - T» - Ty, and thereforeklim H, =0.

Lemma 1.7 also follows from Lemma 1.6, since we obtain (with the operator
norm induced by - ||,) that||Z} ||, < & for all j.
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2. Block two-stage methods

In this section we consider block two-stage iterative methods, i.e. methods in which the
solution of each system in (3) is in turn solved iteratively. To that enddet F; — G,

be a (convergent) splitting af/; and lets(i, k) be the number of (inner) iterations
used in the approximation to the solution of (3) for thth block at thek-th (outer)
iteration.

Algorithm 2.1. (Block Two-stage)
Given an initial vectorz] = [z, .. 2%
for k=212---

fori=1toq

vo) =)y
for j =1to s(i, k)

Fiy\? = Gy | + (Nap_y + b))

) =Y
The number of iterations(i, k) might be prescribed in advance or it can be determined
at each step using some inner convergence criteria as is done e.g. by EIman and Golub
[7] or Golub and Overton [13[14].

As in the case of Block Jacobi, the operations corresponding to each diagonal block
can be performed by different processors in parallel. Algorithm 2.1 is synchronous in
the sense that thieth iteration cannot start until all block-components of the-1)-th
iteration have been completed. This synchronous algorithm can be seen as a special
case of Algorithm 4.1 of Lanzkron, Rose and Szyld [16], and is more general than
Model A of Bru, Elsner and Neumann [4].

In order to analyze the convergence of Algorithm 2.1,Ret= Fi_lGi and write

s(i,k)—1
4) o= RN+ N RIFT (Na—y +0)0.

J=0

Consider the following twa: x n block diagonal matricesk(k) = diag(?;“*) and

() Q(k)=(I — R(k) M~ = diag(( I— R;(zum) M;l) .
Since
s(i,k)—1
> RIF?
§=0
(6) = (I _ Rfu,m) (I— Ry F = (1 B Rfu,m) M =1

we can collect the block-components in (4) and write one iteration of Algorithm 2.1
as

(7) xp = R(R)xp_1+ Q(R)(Nzp—1 +0) =T(k)zp_1 + Q(k)D,

where
(8) T(k) = R(k) + Q(k)N = R(k) + (I — R(k))M *N.
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Providedp(R;) < 1 fori = 1,---,q, we observe that, as we would expetik)
tends toM ~1N, the Block Jacobi iteration matrix, if for al = 1,---,¢ we have
limg_ o s(i, k) = 00

It is not hard to see that the iteration (7) is consistent, i.e..iE A~1b, then

(9) Ty = T(K)zs + Q(K)D.
Thus, if the error at thé&-th iteration ise, = z, — z., we have
(10) er = T(k)ek,]_ = T(k) . T(k — 1) o T(l)eo.

In the rest of the section we show the convergence of the block two-stage method
(7) in two circumstances. The first applies to the casd ofionotone and the second
to that of A an H-matrix. We point out that only the monotone case was studied in
[4] and [16].

Theorem 2.2. Let A such thatA—! > O be partitioned as in (2). Lett = M/ — N be a
regular splitting withM = diag M;), and letM; = F; — G; be weak regular splittings,
i=1,---,q. Then, the block two-stage iterative method (7) converges to A0 for
any initial vectorzo and for any sequence of numbers of inner iteratisisk) > 1,
i=1,-,q, k=12,

Proof. We can write

(11) T(k) = QR)QK)'R(k)+ N] and A =Q(k)~* — [Q(k) *R(k) + N,

cf. Lemma 1.5. The existence @J(k)~! follows from Lemma 1.4 (a) and the fact
that M —1 > O if and only if Mi‘l >Oforalli=1--- q. From the hypothesis and
the identities (5), (6) and (8) it follows th@(k) > O andT'(k) > O. From (11) it
follows thatQ(k)A = I — T'(k) and thus

(12) T(k) =1— Q(k)A.

Consider any fixed vectar > 0 (e.g. with all components equal to 1), ang A~ te.

Since A= > O and no row ofA~! can have all null entries, we get > 0. Let
F = diagF;). By the same argumenfs—te > 0. We have from (12), (5) and (6) that

s(i,k)—1
T(k)v = (I — Q(k)A)v = v — Q(k)e = v — F~ e — diag ( > (Ri)jFil) e
j=1

Observe that dlaézs“ )= l(]—'il-)jF[l> e > 0. Moreover, sincd’(k)v > 0 andv —
F~le < v, there exists X § < 1 such thaty — F~te < §v. Thus

(13) T(k)v < 6v, forall k=1,2,---

By Lemma 1.7 this implies that the produgt(k) = T'(k) - T(k — 1)---T'(1) tends
to zero ask — oo, and thusk lime, = 0. The bounds (13) are independent of the

sequence(i, k) > 1,i=1,- -,q,k 12 - O
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Theorem 2.2 is a slight generalization of a part of Theorem 7.3 in [16], where the
splittings M; = F; — G; were assumed to be regular splittings. The proof here is of
a different kind but its technique is similar to that used in Theorem 2.1 in [4] and in
Theorems 4.3 and 4.4 in [12]. It is needed as part of the proof of the following new
result.

Theorem 2.3. Let A be an H-matrix partitioned as in (2). Led = M — N be an
H-splitting with M = diag(M;), and letM; = F; — GG; be H-compatible splittings,
i=1,---,q. Then, the block two-stage iterative method (7) converges to A—b for
any initial vectorxg and for any sequence of numbers of inner iteratiefisk) > 1,
i=1--,¢,k=12,---

Proof. We write

s(i,k)—1
T(k) = diag((F; *G,)*¢R)) + diag( > (Fi‘lGi)jFi_l) N

J=0

and use Lemma 1.2 (b) to obtain the following bound

s(i,k)—1
IT(k)| < diag((FfllGi)s(“k))deiag( > (IFfllGil)lefll> |N|

j=0
s(i,k)—1

(14) < diag(((F) G CN) +diag| Y (F) MG ()| IN.
5=0

Let us denote byl'(k) the matrix on the right hand side of (14). This is the matrix
corresponding to thé-th iteration of a block two-stage method for the monotone
matrix (M) — |N| with the regular splitting{M) — |N| and (M) = diag((M;)) with

(M;) = (F;) — |G;4|. These matrices and splittings satisfy the hypothesis of Theorem
2.2 and we have, as in (13),

(15) IT(k)|v < T(k)v < 6v, forall k=1,2, -

for somev € R", v > 0 andf € [0,1). Let H(k) = T'(k) - T'(k — 1)---T(1). We
can bound H (k)| < |T'(k)| - |T'(k — 1)|- - - |T(1)|. Therefore by (15) and Lemma 1.7,
H(k) tends to zero as — oo, implying klim e, =0. O

3. Outer asynchronous two-stage methods

Consider a parallel implementation of a block two-stage method where, unlike in
Algorithm 2.1, the processors are allowed to start the computation of the next iterate of
the block-component assigned to it without waiting for the simultaneous completion
of the same iterate of the other block-components. Thus the previous iterate is no
longer available to all processors. Instead, block-componentsané updated using
a vector which is made up of block-components of different previous, not necessarily
the latest, iterates.

More generally, in the algorithm to be analyzed in this section we assume that each
new iterate block-component is computed by a processor of a parallel computer (e.qg.
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a processor becomes available and takes the next block-component from a queue of
tasks). Before the beginning of the computation of a new iterate, the processor reads
the most recent values of the other block-components. No further communication takes
place until the computation of the iterate is completed. At that time, the computed
value is available for the other processors to access. Whether the new information
is written to a shared memory, broadcasted to the other processors, or kept in local
memory, this is treated in the same way in the current analysis. We call this algorithm
Outer Asynchronous Two-stage to emphasize that the same (outer) block-iterates are
used for all inner iterationg = 1,- - -, s(i, k). This is similar to Model B in [4], and
is in contrast to the totally asynchronous Algorithm 4.1 discussed in the next section.

As is customary in the description and analysis of asynchronous algorithms, the
iteration subscript is increased every time any (block) component of the iteration
vector is computed; see e.g. [1], [3], [4], [5], [6], [18], and the references given
therein. We note that as a consequence of this convention, the number of iterations in
asynchronous algorithms cannot be compared directly with the number of iterations
in synchronous ones. In a formal way, the sétsC {1,2,---,q}, k=1,2,---, are
defined by: € J, if the i-th block-component of the iteration vector is computed at
the k-th step. The subscripts(¢, k) are used to denote the iteration number of the
£-th block-component being used in the computation of any block-component in the
k-th iteration, i.e. the iteration number of tieth block-component available at the
beginning of the computation of), if i € Jj,.

Eachn x n matrix K partitioned as in (2) can be decomposed igtoperators
K@ :mr R =1 ..., ¢, so thatKu = [KWuy, - -, KDy]T. With this notation,
the asynchronous counterpart of Algorithm 2.1 may be written as follows.

Algorithm 3.1. (Outer Asynchronous Two-stage)

Given an initial vectorz] = [z, .. 2{
for k=212
(74) . .
, Ty if i & Jg
6)  aP={ P

TO ) (2 @ N\ 400D ificJ
(B) (Zr@mys -+ Toiap) QUK if i e Ji.

with Q(k) andT'(k) as defined in (5) and (8), respectively.
Let N be partitioned as in (2). For completeness, and for easy comparison with
Algorithm 4.1, we rewrite (16) explicitly as

a9 if i & Ji

17) 29 = - sl 9 ’ N\
g R )Ig-l()zyk) * Z RiF Z Niﬂg»()e,k) +o0 | i i€ T
=0 0=1

Algorithm 3.1 is a special case of the totally asynchronous Algorithm 4.1 consid-
ered in Sect. 4, and it is more general than Model B &f The convergence results
in the present section (Theorems 3.3 and 3.4) can be regarded as corollaries of the
corresponding Theorems 4.3 and 4.4. Nevertheless, the outer asynchronous model
deserves a detailed treatment on its own due to its relevance in practice, cf. Model B
of [4]. Also, we would like to emphasize that the proofs of this section do not require
the type of more complex technique needed for those of Sect. 4.

We always assume that all our asynchronous iterations satisfy the following min-
imal restrictions:
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r(,k) <k foral¢=1---,q, k=12,---
(18) liMmg_oor(l,k)=00 forall £=1,.... 4.
The set{k|i € J,} is unbounded foralf =1,...,q.

Conditions (18) are the classical conditions appearing in convergence results for
asynchronous iterations. They are minimal in the sense that they are fulfilled in vir-
tually every practical implementation of an asynchronous algorithm; see e.g. [1], [3],
(6], [11].

We now formulate a basic convergence theorem for general asynchronous itera-
tions.

Theorem 3.2. Let S(k) be a sequence of operators @f having a common fixed
point x,. Let|| - ||; be a norm onk™, i = 1,...,¢q. Leta € RY, ¢ > 0 and denote
|| - |l the weighted max-norm ai™ given by

1 .

— (2)
= max il
Jella = max { - ]

Forall k=1,2, ..., assume that there exists a constant [0, 1) such that
(19) I1S(R)x — z4||a < afjlz — x4]|, forall z € R™.

Assume further that the sequende, k) and the sets/, i = 1,---,q, k = 1,2,---,
satisfy conditions (18) Then the asynchronous iteration

9 if i ¢ J,

(20) =9 T
k SO®) (e 2 Q) i i€ i,

k=12, ---, converges ta, for any initial guesso.

Proof. This result is a simple extension of Theorem 3.4 of El Tarazi [6]. El Tarazi
actually considers the case of a single operator,j(&) does not change with each
iterationk. Due to the uniformity assumption (19), the proof in [6] immediately carries
over to the present situation. O

Similar theorems can be found in recent papers by Elsner, Koltracht, and Neumann
[8, Theorem 2], [9 Theorem 2].

We use Theorem 3.2 to prove the following convergence results on outer asyn-
chronous two-stage methods.

Theorem 3.3. Let A such thatA=! > O be partitioned as in (2). Lett = M — N

be a regular splitting withA/ = diagM;), and letM; = F; — G; be weak regular
splittings,i = 1, - - -, g. Assume that the sequengg, k) and the sets/;, i =1,---,q,
k=12, ---, satisfy conditions (18). Then, the outer asynchronous block two-stage
Algorithm 3.1 converges ta, with Az, = b for any initial vectorxy and for any
sequence of numbers of inner iteratios(s, k) > 1,i=1,---,q, k=12,---

Proof. DenoteS(k)x = T'(k)x + Q(k)b. Let z, = A~1b, then by (9)z, is a common
fixed point of allS(k), k =1,2,---, and

(21) S(k)x — x, = T(k)(x — x4).
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According to the proof of Theorem 2.2 we ha¥§k) > 0 for all kK =1,2,---, and
by (13) there existy € R™, v > 0 andf € [0,1) such thatl'(k)v < fv for all
k=12 --- By Lemma 1.6 this implies that

(22) ITE)yllo < Ollyll

for all y € R™.

.||, can be expressed in the form

lylle = max [y,
1_17...,q

(Each|| - || «» denotes a weighted max-norm @f). Thus, (21) and (22) imply (19)
in the hypothesis of Theorem 3.2, which completes the proafl.

Theorem 3.3 is similar to Theorem 2.2 in [4], but our proof uses a different
approach.

Theorem 3.4. Let A be an H-matrix partitioned as in (2). Led = M — N be an
H-splitting with M = diag(@®/;), and letM; = F; — G; be H-compatible splittings,
1=1,---,q. Assume that the sequendg, k) and the setg,i=1,---,¢q, k=12, -,
satisfy conditions (18). Then, the outer asynchronous block two-stage Algorithm 3.1
converges ta:, with Az, = b for any initial vectorzg and for any sequence of numbers

of inner iterationss(i, k) > 1,i=1,---,¢q, k=212, --

Proof. By (15) in the proof of Theorem 2.3 we hay&(k)|v < fv for somev €

R™ v > 0andd € [0,1). By Lemma 1.6 this implies that the inequality (22) holds for
all y € R™, and thus the theorem follows exactly in the same manner as Theorem 3.3.
O

4. Totally asynchronous two-stage methods

We consider in this section an asynchronous two-stage algorithm where, at each inner
iteration, the most recent information from the other block-components is used. In
other WOI’dS the (block) componenty), ,, in (17) may differ for different values of
Jyj= -, 8(i, k) — 1 (@ € Ji). To reflect this, we therefore use indices of the form
(¢, J,k)

The totally asynchronous two-stage method can then be expressed as

Algorithm 4.1. (Totally Asynchronous Two-stage)

Given an initial vectorz] = [a:(l) -z
for k=12 -
@ if i ¢ Jj,
s(i,k)—1 q
23) 2 = : )\
(23) =i R0+ D R3F11<Z Nty jny ”’(1)) if i€ J.
] (=1

Algorithm 4.1 requires more computational work than the outer asynchronous
method 3.1, sincé_j_, Zgl'(e()gjk + b has to be computed anew in each inner
iteration. On the other hand, in Algorithm 4.1 processors use the latest information
as soon as it is available so that, with a simple heuristic, we can expect it to require
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less iterations in order to achieve a given accuracy. Whether or not this pays off in
a practical implementation also depends on what proportion of the total computation
is spent in calculating the addition&lZ_, N;,a'), . ., +b®. This in tumn depends for
example on the sparsity df and A.

Analogous to (18) we now assume

T(ivjak)<k7 fora”i:la'”a(b jzo,'”,s(i,k)*l, k:1,2,o.~a
24y { JMm _min = r(i.jk)=co, foralli=1-.-.q,

k—oo  j=0,--,s(i,k)—

the set{k |i € J;} is unbounded forali =1,---,q.

Sinces(i, k) can become arbitrarily large &sincreases, we have a potential for
arbitrary many iterates® to appear in the last sum in the second row of (23). In
order to prove a convergence theorem for the totally asynchronous two-stage-method
we will use the following theorem.

Theorem 4.2. Let F = Hvep E® be a topological product space with possibly in-

finitely many components whefeis an appropriate index set. Lé}(k), k=12,
be mappings fronE' to £ and consider the asynchronous iteration

70, if i ¢ Jy

2 ~(7) - “ i ~

(25) Ty, Ak H i"(flz;)i,k) if i € Jy,
pel’

with

ru, k) <k—-1lforpel k=12 -,
(26) limy_ o 7(1t, k) = co uniformly in p, A R
forall k=1,2,.-., there existd(k) > k such thatl" = J, U--- U Jyy).

Assume that there is a nonempty sul#sedf E and a sequencéE;, } 22, of nhonempty
subsets oF satisfying

() Ex=]]EY withEY CE® yel) k=01, -,
yel’
(i) H()Er1C By CEp 1, k=12,
(iii) any limit point of any sequencgz, } 32, with 2, € Ej, lies in E..

Then, providedty € Ey, every limit point of the iterateg; of the asynchronous
iteration (25) lies inE,. Particularly, if E, = {Z.}, the iteration (25) converges to
T

Proof. In Theorem 2.1 of Frommer [11his result is shown in the case whek&k)
does not depend oh. If H(k) does depend oR, the proof is the same, so we do
not reproduce it here. O

As opposed to the basic Theorem 3.2, the above theorem allows for spaces with
infinitely many components. This is precisely what we need in the proof of the
following theorem on the convergence of the totally asynchronous iteration (23).
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Theorem 4.3. Let A such thatA=! > O be partitioned as in (2). Let = M — N

be a regular splitting withM = diag(/;), and letM; = F; — G; be weak regular
splittings,i =1, - - -, g. Assume that the numbert§, j, k) and the setgy,i =1,--- ¢,
k=12, satisfy conditions (24). Then, the totally asynchronous block two-stage
Algorithm 4.1 converges te, with Az, = b for any initial vectorzy and for any
sequence of numbers of inner iteratiof{($, k) > 1,i=1,---,q,k=12,---

Proof. We will construct an operatdiii OnFE = H O(R’” x -+ x R™a) such that the
asynchronous iteration (23) can be mterpreted in terms of an asynchronous iteration
for H, whereH satisfies the assumptions of Theorem 4.2. To this purpose, let us use
superscripts{) and ¢, j) to denote components if, i.e. foru € E we write

oo

w= H u(j), wherey® = (u(l,j)7 . 7u(q,j)) with «@9) ¢ R™,
3=0

1=1---,9,7=0,1,-

Define thei-th block component of the operatﬁ_f(k) . E — R™ by

s(i,k)—1 q
(27) ﬁ(i)(k)u - Rf(i,k)u(i,o) + Z RfFi_l <Z Niul®d) +b(i)>
j=0 =1
s(i,k)—1
TO(kyu+ > R0

J=0
_ . s(i,k)—1 ) q
with TO(kyu = BP0+ S~ gl (Z Nz-zu“ﬂ’), i=1,---,q. Moreover,
j=0

let H(k), T(k) : E — E be given by

H(k)yu, i=1,---,q,j=0,1,-
T(l)(k)uﬂ i:17"'7q7j_0717"'7

HED (kyu
TGN (kyu

ie. ﬁ(k) and f‘(k) are infinite replications off andT, respectively. Finally, let

Jo = {GA)]i€ Ty j=0.1,-),
iy _ T(l»]’k) if J< S(Z’ k)
(i, 5), k) = { k-1 otherwise

Then, because of (24)fk and r{(i, 7), k) satisfy (26). Moreover, ifr; denotes the
k-th iterate of the asynchronous iteration (25), thaecn:“H;’ZO x1, Wherex,, denotes

the iterate of the totally asynchronous iteration (23), providgd- ]‘[;20 xg. Thus,
we only have to show that the asynchronous iteration (25) (ﬁﬂthfk, 7(i, j, k) and
Zo defined as above) converges;ztp—AH;”O x4, wherez, = A~1b.

It follows from the definition ofH in (27) thatH(k):z:* T4, CF. (9) Therefore
H(k)z, = #,, andH(k)Z — 7, = T(k)(# —2.), forall £ € E andk = 1,2,---. It also
follows from (27) that

(28) T(k)z > 0 for all z € E with z > 0,
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where here £’ denotes the partial ordering off induced by the partial ordering of
its component®™.

Consider any fixed vectoe > 0 (e.g. with all components equal to 1), and
v=A"1e > 0. Letd € E be a multiple copy ob. Using exactly the same arguments
as in Theorem 2.2 there exists<0f < 1 such that

(29) T(k)o < 60 forall k=1,2,---
Now, leta > 0 be sufficiently large such thatat < Zy — Z. < a0 and define

B {QEE\—Qkaﬁgi—é*SGka@}

H{z eR"| Oav < x —z, < Gkav}.
30

From (28) and (29) it follows that
H(k)Ey, 1 C By CEp 1, k=1,2,---,

and the only limit point of any sequendgs}32, with Z; € Ej is £,. So we have
shown that all assumptions of Theorem 4.2 are met and this concludes our proof.

Theorem 4.4. Let A be an H-matrix partitioned as in (2). Led = M — N be an
H-splitting with M = diag(M;), and letM; = F; — G; be H-compatible splittings; =
1,---,q. Assume that the number§, j, k) and the sets/y,i=1,---,¢, k=212,--,
satisfy conditions (24). Then, the outer asynchronous block two-stage algorithm 4.1
converges ta:.,. with Az, = b for any initial vectorz and for any sequence of numbers

of inner iterationss(i, k) > 1,i=1,---,¢q, k=12, --

Proof. This theorem follows from Theorem 4.3 in a similar manner as Theorem 3.4
follows from Theorem 3.3. O
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