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Abstract. We examine the use of orthogonal spline collocation for the semi-discreti-
zation of the cubic Sckdinger equation and the two-dimensional parabolic equation
of Tappert. In each case, an optimal ordérestimate of the error in the semidiscrete
approximation is derived. For the cubic Sgtinger equation, we present the results
of numerical experiments in which the integration in time is performed using a routine
from a software library.
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1. Introduction

In this paper, we examine the use of orthogonal spline collocation, that is, spline
collocation at Gauss points, for the semi-discretization of two problems ob8iclyer
type. We first consider the initial value problem for the cubic $dimger equation

(1 1) iuy + Ugy + Q|u‘2u =0, (l‘,t) € (—OO, OO) X (07 T]7
' ’LL(ZL',O) :g(x)v T € (—O0,00),
where f = —1, ¢ is a given positive constant, the given functigfx) is complex-
valued, and|g(z)] — 0 as|z| — oo. This equation describes many physical phe-
nomena, including the behavior of a plane stationary light beam in a medium with a
nonlinear refractive index [33] and the evolution of deep water waves (see [11] and
references cited therein).

For the numerical solution of (1.1), one restrigt$o a finite interval §, b] which
is chosen so that the modulus of the solutidm, ¢) is negligible forx outside [, b].
By imposing homogeneous Dirichlet or homogeneous Neumann boundary conditions
atx = a andx = b, the pure initial value problem (1.1) is converted into an initial
boundary-value problem (IBVP). Since the choice of Neumann or Dirichlet boundary
conditions is not significant, we consider the IBVP
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356 M.P. Robinson and G. Fairweather

(1.2a) iy + gy +qlul?u=0, (z,t) € (a,b) x (0,71,
(1.2b) u(z,0) =g(z), =€ (a,b),
(1.2¢c) u(a,t) = u(b,t) =0, te[0,T].

Several numerical studies have examined the use of finite difference methods and finite
element methods based on thé-Galerkin semi-discretization for solving IBVPs of
this form; see, for example, [1, 2, 6, 11, 12, 14, 23-28, 30 and 31]. In [20], both the
L?-Galerkin method and th& —*-Galerkin method were considered.

The second Schdinger-type equation which we consider is the two-dimensional
parabolic equation (PE) of Tappert [29]

A3) o = hop™(0) [ 1) — L+ iv(e, )] u+ 2;% (@)

which has been used effectively in many problems involving long-range, low-
frequency underwater acoustic wave propagation. In (x.and¢ represent the depth

and range, respectively,(z, t) is the pressure fieldsy is a given positive constant,
p(x) is the density, andw(x,t) and v(z,t) are prescribed functions. Previous stud-
ies of this equation have employed various numerical schemes including split-step
Fourier methods, explicit and implicit finite difference schemes, the method of lines
with finite-difference semi-discretizations with respect to depth, and finite element
Galerkin methods; see, for example, [15] and references therein, [10, 13, 19].

In the present study, we examine the use of orthogonal spline collocation for the
discretization with respect to of (1.2) and (1.3). Numerical methods based on spline
collocation have proved to be exceedingly effective for the approximate solution of a
broad class of problems, particularly boundary value problems for ordinary differential
equations and in the method of lines solution of parabolic and hyperbolic initial-
boundary value problems; see [9] for a comprehensive survey. The popularity of
collocation methods is due in part to their conceptual simplicity, wide applicability,
and ease of implementation. The obvious advantage of spline collocation methods
over finite element Galerkin methods is that the calculation of the coefficients in the
equations determining the approximate solution is very fast since no integrals need
be evaluated or approximated. In comparison with finite difference methods, spline
collocation provides approximations to the solution and its derivative with respect to
at all points of the domain of the problem. From the standpoint of solving a nonlinear
equation such as the cubic Sédnger equation, the ease of implementation of the
collocation method makes it possible to achieve computational efficiency without
resorting to product approximation [5] as is usually done in finite element Galerkin
schemes, and enables one to obtain approximations of high order accuracy.

A brief outline of this paper is as follows. In Sect. 2, we introduce definitions,

notation, and other preliminaries. In Sect. 3, we describe the continuous-time orthog-
onal spline collocation method for the solution of (1.2), and derive an optimal order
L? error estimate. In Sect. 4, we present numerical results which demonstrate the ef-
ficacy of the collocation method for the solution of the cubic $dimger equation.
In Sect. 5, an analysis similar to that of Sect. 3 is given for the collocation solution of
the PE of Tappert in horizontally stratified media, in which case the density function
p(x) is piecewise constant. It is shown that the interface conditions arising in such
problems can be incorporated into the collocation procedure in a very natural way.
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2. Preliminaries

Unless explicitly stated otherwise, functions considered in this paper are complex-
valued. For a given functiorf, we denote byf; and f> its real and imaginary parts,
respectively. Given any spaceof functions, letR(S) = {g € S | Im g = 0}, that is,
the set of all real-valued functions i

In the analysis, we assume without loss of generality &0 andb = 1 in (1.2).
We use (,-) to denote the usual? inner product for complex-valued functions on
the intervall = (0, 1), namely,

1
(f.9) = /0 F(@)g" (@)dz,

where * indicates complex conjugation, and |gt || denote the corresponding?
norm defined by

A= £ 2y = (F, )2
In addition,
[fllLee(ry = €ss supf]|.
xel
For r» a nonnegative integer, we denote by

r 2

[olleray =

J=0

div
dxi

the norm on the usual Sobolev spdgé&(l). If X is a normed space with nori || x

andv : [0,T] — X, then
T B
ol = ( / ||v<t)||§dt>

[0][Lo=(x) = €88 sup [[u(t)]|x-
t€[0,71

and

Throughout, we use&” to denote a generic positive constant whose value is not
necessarily the same on each occurrence, and make repeated use of the inequality

1
de <ed®+ " €% £>0,
4e
for d, e € R, without explicit mention being made each time.
Given a partition
(21) A 0= << ..<zya1=1

of I, let Ij = (QL'j,(EJq.l), hj = T+l — QCj,j =12 ..,N,andh = maX < <n hj. A
family .7 of partitions is said to be quasi-uniform if there exists a finite positive

numbero such that

h
max <o
1<GSN hy
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for every partition in7 (cf. [8]). We assume that the partitiat is a member of a
quasi-uniform family. We define

Ap(A) = {vv € CHI); vl;, € Ppj =12, N} 0 {vv(0) =v(1) = O},

wherep > 3 and P, denotes the set of all polynomials of degree at most

Let {)\k}ﬁgll denote the nodes for the ¢ 1)-point Gaussian quadrature rule on

the intervall with corresponding weightswk}igll, wy, > 0, and set

ANk = +hidg, j=1,2,.,N, k=1,2,...,p—1
We define the quadratic fory, -} by

.9y = S {f.9)s.

j=1
where »
{9} = b > wefNw)g*(Ajn).
k=1
and set
N
5= AL e
j=1

Since A belongs to a quasi-uniform family of partitions, it can be shown using results
of [7] and [18] that there exist positive constaiits = C1(p) andC, = Cy(p, o) such
that, for anyy € .72,(4),

(2.2) Cilplp < [[Y]| < Caly|p.

In the remainder of this section, we introduce notation and some basic results
which are used in Sect.5 when we consider the collocation solution of (1.3) with
piecewise constani(z). The corresponding results required in Sect. 3 are easily ob-
tained by setting = 1.

We assume that each partitioth of I under consideration contains the points
defining the locations of the media interfaces. To simplify the exposition, we define
p(x) by

p(.f) =P, Tj <z < Lj+1, .7 = 172a "'aNa
wherep; > 0 for all j, noting, of course, that the only discontinuitiesx) occur
at the media interfaces. Then we define

A(A) = {vv e CO(I);U|I], €P,j=12.,N}
N{olp; 210/ (x;) = py o' (@), 5 = 1,2,..., N} 1 {v]o(0) = (1) = O},
wherep > 3. Note that ifp = 1, then.#2,(A) =.72,(4A). Hence, any results derived
for the space72,,(A) also apply ta.7Z,(A).

Minor extensions of results of [4] and [18] show that there exist positive constants
C1 = C1(p) and Cy = Ca(p, o, p), where

~_ 12
=max; i s
P Xj on

such that (2.2) is satisfied far € .7,(A).
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The following lemma is required in the analyses (cf. [4, 7]).
Lemma 2.1. For f,g € R(.72,(4)),

1 N
_ _ _ _ 2p—1
—{p 1f,g”}—/0 p g da gy p PR
j=1

where fj(.”) (resp. gg-p)) is the constant value of the" derivative off (resp.g) on I;
and p, Is a positive constant depending pn

Proof. The argument given in [4, p.231] yields

T4l

_ _ 2p— T,
_{pj lf,gll}j _pjl ( f/g/dlC"'Mpr('p)gj(‘p)hjp 1_fg/|:c§f 1) ’

Lj

from which it follows that
1 N N B
- = - — 2p—1 — T,
A W LR Sl A b e
Jj=1 j=1

From this we obtain the desired result since the last sum on the right-hand side is zero
because of the boundary conditions, the continuityf o&dnd the interface conditions
satisfied byg, namelyp;*,¢'(z;) = p; '¢'(x}). O

In our analyses, we use a variant of an interpolation operator introduced in [7],
which we now describe. LeB, € R(F,+1(I)) be defined by

d -3
@ : 2)! d;pfs[xp_l(x -

The roots ofB,(x) = 0 are double roots at = 0 andx = 1 and exactly — 3 simple
roots at pointsy, such that

Bp(m) =

O< <y <. . <ypasa<l
For the partitionA of (2.1), let
ik =t hie, §=1,2,.,N; k=12,....,p—3.
Let

PCY(I)= {v|v e COU);v e CY,), j=1,2,..,N}
N {v|p;_llv’(a:;) = p{lv’(x;), j=2,3,.., N} n{v|v(0) =v(1) = 0}.

We definel, o to be the interpolation operator froRC(I) to A,(A) given by
the conditions

@) Upav)zj)=v(z;), j=1,2,..,N+1
(’”) (I AU)(’ij) = ’U(,)/jk), .7 = 17 27 ceey Na k= 1a 2) D~ 37
(@) (Ip,av)'(z}) ='(z7), j=1,2,...,N,

() (Lpao)(e;)=v'(2]), j=23,. N+1
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for v € PCY(I). Since locally on/; this is the same set of conditions satisfied by
the interpolation operator defined in [7, p.9], the local estimates of the interpolation
error resulting from Lemma 2.2 of that reference are valid here also.

We now prove the following theorem. It should be noted that, in the remainder
of the paper, when appropriatéy|| () is meant in the piecewise sense

N
[oll ey = (Z vll%ru,.)>
j=1

Theorem 2.2. Let v € R(PCY(I)) such thatv € HP*¥(I;), j = 1,2,..., N, and
suppose that” € R(.#,(4)) satisfies

1
2

(2.3) — (VY ) + o7V GE) = =01 (k) + o (),
j=12...N,k=12 ..p—1 Then
(2.4) [0 = Vizeery < CRP ]| grovaqy-

Proof. From (2.3) it follows that
25  {p " =V w}—{p M= V),w} =0, weR(A,(4)).
If we let

(2.6) a=I, ov—=V, B=1I,Av—0,
and setw = « in (2.5), we have
2.7) —{p " a} +{pta,a} = —{p718", a} +{p7'B,a}.

Turning first to the left-hand side of (2.7), it is easily shown using Lemma 2.1
that
—{p~a" 0} > Cp)|la’ ||

Also,
{pta,a} > C(p)|al3,.
Therefore
(2.8) —{p " a} +{p e, a} > K [[|[]P +|alp] > K|/|]?,

where K is a constant depending gn
Using the approach in [7, pp.16-17], it is easy to show that
1
(2.9) {p™18",a} = {p728,a}| < K[|+ CRZ|[v][fpeyy-
From (2.7), (2.8) and (2.9), we have
1
(2.10) Kljo/|I? < K]l [|* + Ch# o] fpesgr),
from which it follows on using Sobolev’s inequality that
(2.11) el zoeqry < CHP*H [0l magay.

As was shown in [7, p.18] using a corollary of the Peano Kernel Theorem, we
have
(2.12) 18]l o<ty < CRP vl oy,
From the triangle inequality, (2.11) and (2.12), we obtain (2.4



Orthogonal spline collocation methods 361

3. The continuous-time orthogonal spline collocation method for the cubic
Schrddinger equation

The continuous-time orthogonal spline collocation approximation to the solutafn
(1.2) is a differentiable map’ : [0, 7] — .Z4,(A) such that

IUt()\ylw t) + U:L’x()‘jk7 t) + q‘U()\]ka t)|2U()‘jk7 t) = 07

(3.1) i=12,.,N, k=12 ...p—1,

for t € (0,7]. An appropriate initial condition is specified later. An estimate of the
error in this approximation is given in the following theorem.

Theorem 3.1. Let v be the solution to (1.2) such that € L>*(H?*3) and u;, €
L2(HP*3), and letU be the solution to (3.1). Define the differentiable miap :
[0, 7] — .72,(A) by

(3.2) — WaaNj, ) + Wik, 1) = —uge(Nji, 1) + u(Njk, 1),
j=1,2,.,N, k=1,2,..p—1.If

(3.3) (U = W)O)|| () < ChP™,

then, forh sufficiently small,

(3.4) |[u — Ul| oo (2 < C{|I(U = W)(O)|| + hp+l[Hu||L°°(HP+3) + ||ue || L2gaes)] }-

Proof. Let ¢ = U — W andn = u — W. We assume priori that, for b sufficiently
small,
(35) 1@ L=y < b, t€[0,T].

This can be justified by a continuity argument (cf. [32]), and is discussed at the end
of the proof. From the smoothness assumptionsg:oit follows that

(3.6) ullLoo(re=y < C,

and from (3.2) and Theorem 2.2 we hay#l| (=) < C. Then, from the triangle
inequality and (3.5), it follows that

3.7) U ooy < C.
It is shown in [21] that (3.1) is equivalent to the discrete Galerkin method
(3.8) i{Us, v} + {Ups, v} +q{|UPUv} =0, v € 46,(4).
Then from (1.2a), (3.2) and (3.8), we obtain
(3.9) (6,6} — {00 €} =1a{|UIPU — |uf?u, &} + {0, €} — i{n, £}

First note that

(3.10) RIg, ¢} = -

2
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Secondly,
_i{§x$7 f} = {(EZ)Jwa 51} - {(gl)x:cv §2} - i[{(gl)x:cv 51} + {(EZ)xm7€2}]

Then, from Lemma 2.1, we have

N
(B11)  {(@e &} = ~(E)as (D) — 1y > ( 8%) | ( ap&) g
J J

pury oxP oxP
and v
- P& P&, 2p—1
(312) {(gl)wazv 52} - _((51)937 (EZ)$) - ,U/p; ( 9P )j ( Oup )j hjp 5

oP . . I .
where ( 5 iz) ., 1=1,2, is the constant value of thé" partial derivative of¢; with
T .

J
respect tar on I; at timet. It follows from (3.11) and (3.12) that

{(52)9606; 51} = {(fl)xmv 52}7

and as a consequeneé{¢,..., £} is pure imaginary. Thus, taking the real part of (3.9)
and using (3.10), we obtain

1d

€3, = al{|uPuz — |UPU2, &1} — {|uf?us — |U2U1, &}]
(3.13)  2dt

e, &} +{(02)e, E23 + {n2, 61} — {1, &2}

To estimate the first term on the right hand side of (3.13), we use the Schwarz
inequality to obtain

ql{|ul?uz — |UPUs, &1} — {|uf?us — [U[2U1, &2}]

(3.14) 2 ,

<C Y| ufu —UPU |, + €5
=1

Using the triangle inequality, (3.6) and (3.7), we have,lferl, 2,

IN

| [ul?ur = U |, | [ul?ur = U P |, + [|UPur = [UPU;

b

IA

2 2 2
[ullzoozoey | [ul? = [U? | + UG ooy lur = Utlp

IN

Al Juf? = U |, +lw — Uil p},

which gives

2
(315) > ||ulu — [UPUL 5, < O 1P ~ [UP |5, + [u— UL}
=1

Using (3.6) and (3.7), it is easy to show that
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(3.16) | a2 = U2 [, < Clu— U3,
On combining (3.14), (3.15) and (3.16), it follows that

ql{|ul?uz — |U[?Uz, &1} — {JufPus — [UPPUL, &3] < Cllu — U3 +[¢]3]
(3.17)
< Cllnl +[€B]-

On substituting (3.17) in (3.13) and using the Schwarz inequality, we have

d
(3.18) 61D < Cllnlh +Inelb + [€[D}-

Integrating (3.18) over the interval [6], where 0< ¢, < T', we obtain

t1

11
|§<t1>|%s|s<0)|%+0[ [t + sl + | |§(t>|%dt]

The use of the Gronwall inequality then gives

(3.19) €@t)lh < C {|5(0)|% * l /0 Lol + ml%]dt] } :
We now turn our attention to the termg?, and|n;|2,. From (3.2) it follows that,
for anyt € [0,T], W; € R(.#,(A)) satisfies
~(WM)zeNjrs t) + WilAji, 1) = —(ut) za(Nji, 1) + ui(Nji, 1),

[ =1,2. Theorem 2.2 then implies that

@ iy < CRP ]| gosy.
from which we may conclude that
(3.20) Nl Loty < CRPYul grovsry,
for anyt € [0,T]. From (3.20), it follows that

(3.21) 10l Lo ey < CRP Y| poo sy
and
(3.22) n®)|p < ChP*Hull govsay.-

Also it is easy to show in a similar fashion that
(3.23) e (®)|p < ChPM|u | oy
From (3.19), (3.22) and (3.23), we obtain
€@tID < CLEOND + W 2 l[ull Zagrorsy + el Lo}

and using (2.2),

(324)  lgllT ey < CLIUEON + B2 2 |[ullZaqgromsy + el oz }-
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The triangle inequality and the estimates (3.21) and (3.24) yield the desired result
(3.4).

At this point we show that the priori assumption (3.5) is satisfied far suffi-
ciently small, using the inverse property

(3.25) |9l Looqry < CR™Y2||00||, b € A (A);

cf. [32]. If h is sufficiently small, we can assume that (3.5) is satisfied for stnalD
since, from (3.3)|£(0)|| =1y < ChP*! and since (3.1) is a finite system of ordinary
differential equations for the coefficients &f We now show that the failure of (3.5)
for somet € (0,7 leads to a contradiction. For, suppose (3.5) does fail for some
t € (0, 7). Let

7 =inf{t € (0,77 | (3.5) fails to hold.

Then by continuity, the inverse assumption (3.25), and (3.24),
h= 6@ = < CRY2e@)]| < Ch2,

which, sincep > 3, produces a contradiction # is sufficiently small. Thus the
assumption (3.5) is valid fore [0, 7]. O

In this theorem, we have assumed that the initial approximdfi@) is such that
(U — W)(O)|| <y < ChP*L. One suitable choice dff(0) is the interpolant, g
of the initial datag, since from (2.6) and (2.11), it follows that

(3.26) U = WO z=(ry < CH g rroweay-

Zakharov and Shabat [33] have shown that solutions of (1.1) satisfy an infinite
number of conservation laws, the two most commonly cited implying that
(3.27) L:/’|m%%

the squared.? norm of the solution, and

(3.28) = [ (|uz|2— ;q|u|“) dr,

the Hamiltonian, are conserved. The collocation solufibrsatisfies two conserva-
tion laws corresponding to those in (3.27) and (3.28). Taking U in (3.8) and
rearranging, we obtain

(3.29) {Ur, U} = i{Uss, U} +ig{|UIU, U}
Taking the real part of (3.29) and using an argument similar to that employed in the
proof of Theorem 3.1, we obtain

d
3.30 2 =0.
(3.30) d;mp

This conservation of the squared discrete norm of the approximate solution is a discrete
analog of the conservation of the squardgtinorm of the exact solution, (3.27). On
the other hand, taking = U, in (3.8), we obtain
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Using Lemma 2.1, we see that

. 1d
(3.32) IMi{Us.,Us}] = — [||U,¢.||2 +Xh] ,
2dt
where
w0 - (52
h — Hp 1
S \ox ), \ oz /|
Direct calculation shows that
) 1 d 2
(3.33) Imlig{|UPU. U = 4a , [IUP],-

Therefore, taking the imaginary part of (3.31) and using (3.32) and (3.33), we obtain
d 1 2
gt NON? = S |lUP[5 +xa | =0,

a discrete analog of the conservation law corresponding to (3.28).

4. Numerical experiments

In this section, we present numerical results obtained when the IBVP (1.2) is solved
using the orthogonal spline collocation method witk 3. In this case,

A1:;(1;3)’ A2:;<1+¢13>'

We define the partition
Ata=xi<ao<...<xN+1=b
of [a,b], with I; = (z;,z;+1) andh; = zj+1 — x5, j=1,2,..., N, and let
ANk =xj+hidg, j=12,.,N, k=12

The approximate solutioy : [0, T — .Z3(4) is expressed using a monomial
representation (cf. [3, 17]). In this formulation,

4 i -1
(4.1) U, =% Uﬂ(tzgx_ 1)”;‘3) . zel;
=1 '

where

Ujat) = U(x,t), Uja(t) = Up(zy, ),
4.2)

Uj,3(t) = U:Irm('r;7 t)a Uj,4(t) = U:L’xz ($j7 t)7

j=12 .. N.We also define

(4.3) Un+1,1(t) = U(zn+1,t), Un+12(t) = Up(@n+1, ).
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The coefficientd/;;(t) are complex-valued and are written in the form
Uji(t) = Vi (t) +iWj(t).

For notational convenience, henceforth we do not indicatetthependence of the
coefficients explicitly; for example, we writg;; instead ofUj;(t).

We take the Hermite cubic interpolafy g of the given functiory as the initial
approximationl/(0). The requirement that the approximate solution satisfy the partial
differential equation at the collocation points yields the equations

4

Un(hjAe) 2 _.
> ﬂ((lilk))! = HUjs* hj MUl
=1
(4.4) 2 Uj(ha) 224 Uji(hyAk)'
+ig ’
2 en | L ey

j=1,2,..,N, k=12, where a dot denotes differentiation with respect.tdhe C*
continuity of U requires that

h? h3

(4.58) —Uj1—h;U;5— ZJ'UJ-,3 - 6?’Uj,4 +Ujs1=0, j=1,2,..,N,
and

h2
(4.5b) —Uj2—h;Uj3— 2'] Ujat+Ujr12=0, j=12,.. N.

Finally, the boundary conditions yield
(4.5¢) U1=0, Un+11=0.
Combining equations (4.4) and (4.5), we obtain a differential-algebraic system
(4.6) DU(t) = EU(t) + gF(U(t))
of order 8V + 4, with
U=[(UD)", (UDT, (U, (U, ..., (UR)T, (UR)T, (Ux)T]T

and
F=[0},F],0},F},0},....,F\,0;,00]",
where
U = [V Win, Via WialT, U= [Via, Wia, Vg, W;al',
0,=1[0,0,0,0]", 0,=1[0,0]",
and

F;= [—(‘7j2,1 + ng)‘%,b (‘A/jz,l + sz,l)‘?iﬂv —(‘7j2,2 + sz,z)Wj,a (‘A/jz,Z + WJ’Z,z)‘AQz]T,

with

4 4
oo Vi)' Tt s s Walh )
VJ’“‘; (-1 - WJ’“"%; (-1 7
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k=12, andD and E are almost block diagonal matrices which are described in
detail in [21].

For the solution of the differential-algebraic system (4.6), we employ the code
DO2NNF from the NAG Library Mark 13, which has been used successfully in the
solution of the cubic Sckidinger equation by Galerkin methods [20, 23]. DO2NNF
is a general purpose routine for integrating the initial value problem for a stiff system
of implicit differential equations coupled with algebraic equations of the form

A(t,y)y =1(t,y).

The time stepping is done using backward differentiation formula (BDF) integrators.
Prior to calling DO2NNF, calls are made to the appropriate linear algebra setup routine
and integrator setup routine. Since DO2NNF cannot handle almost block diagonal
systems directly, the coefficient matricBsand £ and the Jacobian of the functién
are considered by the code as banded with upper bandwidth 5 and lower bandwidth
6. In each case, the linear algebra setup routine DO2NTF is used. The integrator
setup routine used is DO2NVF, which implements the family of BDF integrators. All
computations were performed on the University of Kentucky’'s IBM 3090-600J in
double precision using its vectorization facilities.

In this numerical study, we consider two examples often studied in the literature,
namely, a bound state of two solitong € 8) and a bound state of three solitons
(¢ = 18), in which the initial condition is

g(x) = sechf).

For these problems, the conserved quantities in (3.27) and (3.28) have the values
4.7) L=2 H-= 2(1 —q),

respectively. Since the solution of each of these problems is an even functicemnof
negligible far fromz = 0, we allow for the use of a graded mesh in our calculations.
All of our numerical experiments were carried out on the regieg(, 20] x [0, 2.5],

and on the interval{20,20] we impose the mesh defined by

(4.8) 20=0, z;= 20(;) =—x_j, j=L12,..,J

Here,x > 1 is a parameter which determines the degree of non-uniformity of the
mesh. Ifx = 1, the mesh is uniform, and asncreases the mesh becomes less uniform,
being finest around = 0 and becoming progressively coarser as the endpoints of the
interval are approached.

In all of the experiments discussed here, the parameters RTOL and ATOL, toler-
ances used in a mixed relative and absolute local error test in DO2NNF, are set at
10-5 and 10°8, respectively, and the maximum order of the integrator is set at 5. In
all cases, output is obtained from DO2NNF at the time levels

t, =005, k=12 ..,50
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In each example, we graph the modulus of the approximate solution and the quantities
L’ and H’, approximations to the two conserved quantitieand H defined by

20 20 1
L’=/ |U|?dz and H’=/ <|Uw2— q|U4> dz,
0 —-20 2

which are computed exactly using seven-point Gauss quadrature. For comparison, the
exact values ofL, and H from (4.7) are graphed on the same set of axe&’aand
H'. For theq = 8 case, we use Gauss quadrature and the exact solution

20

0.0

Fig. 1. Bound state of two solitons] = 40, x = 1: graph of|U]|

1+ 3sech(z)(€ - 1)

— At
ula,t) = e'sech) | | 3sech(x)sirP(4)
given in [16], to estimate th&? error in our approximations.

We first consider the = 8 case, a bound state of two solitons. When using (4.8)
with J =40 andk = 1 (a uniform partition of 80 subintervals), we obtain the results
shown in Figs. 1-3. The graph of|, Fig. 1, exhibits the correct general qualitative
behavior but displays downstream ripples away from the central spine which the
exact solution does not possess. In Fig. 2, while the behaviéf &f quite good,H’
deviates noticeably fron# in the vicinity of the periodic spikes in the graph [&f|.

The occurrence of these spikes also coincides with significant jumps ih?tkeeror
(Fig. 3); this error is also quite large.

When we use the same number of grid points but with 1.5 in order to concen-
trate the grid points close to= 0, the graphs ofU|, L', and H' are indistinguishable
from their theoretical counterparts, and are not presented hereL¥leeror, while
still exhibiting jumps associated with the occurrence of the spikes in the graph,of
is reduced by two orders of magnitude (Fig. 4).
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Fig. 2. Bound state of two solitons] = 40, x = 1: graphs of conserved quantities and approximations

We next turn to they = 18 case, which presents a more stringent test of our
numerical scheme. Using = 80 andx = 1 (a uniform partition with 160 subintervals),
we obtain unsatisfactory results. In Fig. 5, it is shown that the time-periodic behavior
of the solution has broken down hy= 2, and, in Fig.6, the graph dff’ exhibits
sharp deviations from. Using J = 80 but increasing: to 1.2 produces a dramatic
improvement. The correct time-periodic behavior is shown by the grap/ofn
Fig. 7; the graphs of’ and H’ are not presented as they are essentially identical to
those of L and H, respectively. These results are comparable to those obtained in
[20] with the L2-Galerkin method with continuous piecewise linear basis functions
and the H ~1-Galerkin method with discontinuous piecewise linear functions using
far more mesh points. Of course, while part of this improvement may be attributed
to the use of piecewise cubics, the utilization of the graded mesh feature is clearly a
major factor also. Increasingto 1.3 produces results which are essentially indentical
to those obtained using = 1.2.

5. Orthogonal spline collocation for the PE of Tappert
In this section, we consider (1.3), which we write in the form
[
(5.1) p M@y — pH @) A, tyu — ko (0~ H@)us)e = O,

where
A1) = Izko [z, 1) — 1+ iv(z, )] .
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L2 Error
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! )
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/
] ,
0.6 .

041

0.21
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Fig. 3. Bound state of two solitons] = 40, x = 1: graph of L? error

The domain of the problem is the rectangular region§)] x [to, 7] composed of
M horizontally stratified layers with top boundary at de@h= 0, bottom boundary
at depthD,s+1 = z g, and interfaces at depths;, 2 < j < M, where

0=D1<Dy<..<Dp <Dpys1=2p.
We assume that the density functiprr p(x) is piecewise constant such that
p(x)=p;, Dj<x<Djn, j=12,..,M.

A homogeneous Dirichlet boundary condition is customarily imposed at the top bound-
ary, = 0. Since the solution is negligible near the bottom boundary, x5, the
choice of a Dirichlet or Neumann bottom boundary condition is not critical, and we
assume in this analysis that a homogeneous Dirichlet boundary condition is imposed.
Also, we assume without loss of generality that = 1 and¢y = 0. Thus we consider

the IBVP

M
(p71u$)$7 HANS U(D]a Dj+l)a te (05 T]7

J=1

5.2 “Lup=p7L Au+
(5.2a)  pTu=p Au 2o

(5.2b) u(z,0) =g(x), x € (0,1),
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L2 Error
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Fig. 4. Bound state of two solitons] = 40, x = 1.5: graph of L? error

(5.2¢)  w(0,£)=0, u(l,t)=0, te0,T],
(5.2d) WDy ) =u(D},1), 2<j<M, te(T],

1 1
(5.2e) uy(Dy 1) = " uy(Dj 1), 2<j<M, te(0,T]
Pi—1 J 0; J

J— J

Equations (5.2d) and (5.2e) express the continuity of the solution and of the normal
component of the particle velocity at the interface between two media.

To describe the collocation method, we introduce a quasi-uniform partition (2.1)
of [0, 1] containing the pointd;, j =1,2,..., M + 1, which define the locations of
the media interfaces. The continuous-time collocation approximation to the solution
u of (5.2) is a differentiable map’ : [0, 7] — .#4,(A) such that

) i
53 pM) N1, 1) = pNj) "L AN UM )+ (07 U)e (M i 1),
(5.3) 2ko
i=12 N k=12 ..p—1
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N O NS - co=—

0.0 20

Fig. 5. Bound state of three solitond, = 80, x = 1: graph of|U|

for t € (0,77]. An appropriate initial condition is specified later. The error estimate
for the continuous-time collocation approximation defined by (5.3) is given in the
following theorem.

Theorem 5.1. Let u be the solution to (5.2) such that € L*(H?*3(I;)) and
u, € L2(HP*3(I;)), j = 1,2,..., N, and letU be the solution to (5.3). Define the
differentiable maght : [0,T] — ./éz’,(A) by

(5.4) — (0" Wa)aWjis ) + 0 W (Nji, 1) = —(p t1a)a Wi, ) + p~ ru(Njis 1),
j=12..,N, k=12 ...p—1 Then

(5.5) [[u — Ul pe(zzy < CLIU — WYO)|| + R |[wl| poo (rrowsy + e ]| ogrrosy] }-

Proof. As before, to estimata — U, we bounds =U — W in terms ofp =u — W
and use the triangle inequality.

The proof parallels that of Theorem 3.1. First note that the collocation method
(5.3) is equivalent to the discrete Galerkin method

6.6 {p o} ={p U0+ o {7 Uav}, v e A(A).
0

Also, from (5.4),
(5.7) {p Mee, v} ={p v}, wve A (D).
Then from (5.2a), (5.6) and (5.7), we obtain, on setting ¢,
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Fig. 6. Bound state of three solitond, = 80, « = 1: graphs of conserved quantities and approximations

(P38~ {2 ) — {9 6w}
0

(5.8) , [
= {0 & =Lt 6 = oy {0706
0

If we proceed as in the proof of Theorem 3.1 and take the real part of (5.8), we obtain

1d, _ 1 1
>atl” V25 —{p b, b} — {p a6, &}
= {p~ s, &1} + {p~ e, &2} — {p_ltféilnlv G} +{p ™t Ao, &1}
—{p A, &2} — {p~ A, &) + ZkO[{Pflﬂz, &} —{p ', &1
Using the Schwarz inequality and the fact thgt ||y and ||. 4| L=) are
bounded, it is easy to show that

d, _
P V2¢3, < Clinl3 + 3 + 1€15].

From Theorem 2.2 it follows that
nl% < CR* 2| ull3marys  [nelD < CRP*2 ||| 31y,

and
2 2p+2 2
T2y < CRP |l T oo (z7v3)-

Using these estimates and the Gronwall inequality, we obtain
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Fig. 7. Bound state of three solitond, = 80, x = 1.2: graph of|U|

€017 e (zzy < CLIEON + W2 2[||ul|Foqzrny + el Z2garmay) }-
The final result (5.5) then follows on using the triangle inequality

Note that if we takd/(0) = W(0), Theorem 5.1 provides us with an error estimate
which is O(hP*Y).

The results of numerical experiments using the orthogonal spline collocation
method to solve test problems from the underwater acoustics literature are presented

in [22].
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