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Summary. Many interesting and important constrained optimization problems in
mathematical programming can be translated into an equivalent linear projection equa-
tion

u = Polu— (Mu + q)].

Here, Py (:) is the orthogonal projection on some convex 8ete.g. 2 = R?) and M

is a positive semidefinite matrix. This paper presents some new methods for solving
a class of linear projection equations. The search directions of these methods are
straighforward extensions of the directions in traditional methods for unconstrained

optimization. Based on the idea of a projection and contraction method [7] we get a

simple step length rule and are able to obtain global linear convergence.
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1. Introduction

We consider a class of linear projection equations (abbreviated to LPE)

1) (LPE) u = Polu— (Mu+q)],

where M € R™ " is a positive semidefinite matrix (i.e” Mu > 0 Vu, but M not
necessarily symmetricl; € R™, {2 C R" is a closed convex set ane,(-) denotes
the projection on the se®. It is well known [2], that the linear projection equation
(1) is equivalent to the following linear variational inequality

2) (y  uen, (v—u)"(Mu+q)>0 forallve .
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Linear projection equations arise in numerous fields and play a significant role in
mathematical programming. The linear complementarity problem

3) (LCP)  w>0, (Mu+q)>0, u'(Mu+q)=0

is equivalent to a special (LPE) witfd = {u € R™ | v > 0} [15]. Various constrained
least squares problems [19] and convex quadratic programming problems can be
tranlated into a linear projection equation (1) in whi€his a general orthant [7].

The complementarity problem has been studied starting with the works of Cottle,
Dantzig [3], and Lemke [12,13] and has been developed by many others. There is
already a substantial number of algorithms for solving linear projection equations [1,
4-11, 15-19], especially for linear complementarity problems and linear constrained
least squares problems. Let

2* ={u" |u* is a solution of (LPE)
be the solution set of (1) and
4) e(u) :=u— Pgolu — (Mu +q)].

be the “error” by which a given point fails to satisfy (1). In the projection and
contraction method of [7, 8], the vector

(5) g(u) = MTe(u) + (Mu+q)

is used as the search direction. The recursion

(6) uF*t = Polu® — p(u®)g(u™)]
with

[(MT + De(w)|?
produces a sequende’} C 2, which satisfies
®) ™ — w2 < Jlu® = w2 = plu) eI

The main advantages of this method are its simplicity and ability to handle the linear
projection equation (1) while some other algorithms (e.g. [14]) can only solve special
cases of (1). Each iteration of this method consists essentially of only two matrix
vector products and two projections of a vector oftoTherefore the method allows

the optimal exploitation of the sparsity of the matfix and may thus be efficient for
large sparse problems [10]. Since the method is easy to parallelise, it may be even
more favorable for parallel computation. However, for ill-conditioned problems, the
search direction (5) may lead to a very slow convergence.

Our objective in this paper is to find better search directions and thereby to
construct more efficient methods for solving problem (1). Throughout this paper we
assume thaf?* # () and that the projection ont® is simple to carry out (e.g. when
2 is a general orthant, a box, a sphere, a cylinder or a subspace).

The paper is organized as follows. In Sect.2 we illustrate our motivation. The
main theorem is proved in Sect. 3. In Sect.4 some new methods are presented and



Solving linear projection equations 73

their contractive properties are shown. In Sect.5 we prove convergence. Finally, in
Sect. 6, we give some extensions and conclusions.

We use the following notation. Far € R", the componenti is denoted byu;.
A superscript such as in* refers to a specific vector and usually denotes iteration
index. The Eucliden norm and the max-norm will be denoted|by| and || - ||oo,
respectively. Throughout this papé&r, denotes a positive definite matrix afid||c

denotes 4" Gu)?.

2. Motivation

In order to illustrate our motiviation, we let
1+ T
flu) = U Mu+q'u

and M be symmetric positive definite, and consider the following unconstrained op-
timization problem
9) min f(u).

uchn

Solving problem (9) is equivalent to finding a zero point\of (u). The search direc-
tion in classical methods for unconstrained optimization is

(10) d(u) = QV f(u)

with different matrices). If @ = I, we obtain the direction of the steepest descent
method. Setting) = [V2f(u)]~! yields the direction of Newton's method. When
Q =0l +(V2f(u)~tor Q =[ol +V2f(u)]~* for some nonegative value of > 0,
the search direction can be regarded as some combination of steepest desesnt (
large) and Newton’s method (= 0).

For the convex constrained optimization problem

(11) min{ f(u) [ u € 2},
the Kuhn-Tucker theorem tells us that is a minimum ifu* € 2 and it satisfies
(w—u*)Vf@u)>0 for all u € £2.

This means that* is a zero point of the functior(u). Note that in the case of
2 =1R", e(u) = Vf(u). Since most search directions in unconstrained optimization
are constructed fror¥ f(u), a natural question is whether we can build useful search
directions for the constrained optimization problem (11) based(ah Further, for
problem (1), if we take

(12) d(u) = Qe(u)

as the search direction, which step length should be taken?
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3. The main theorem

The following theorem plays an important role in our new methods.
Theorem 1. Letu* € £2*. Then

(13) (@ — )" +MNe(uw) > |le(w)|® + (u — ) M(u — u*) Yu € R™.

Proof. Sincef2 C k™ is a closed convex set and € 2, we know by the properties
of a projection on a closed convex set [14, Appendix B] that

{v — Po(v)} {Po() —u*} >0 Yu € R™.
By settingv := u — (Mu + q) we obtain
(14) {e(w) — (Mu+ )} {Polu— (Mu+q)] —u"} > 0.
Since P () € 12, it follows from (2) that
(15) Mu* + )" {Polu — (Mu+q)] —u"} > 0.
Adding (14) and (15) we get
(16) {e(w) — M(u—u)} {u—u" — e(u)} > 0
and it follows that
(u—u*)T(I + MT)e(u)
> [le(@) |+ (u — w) M (u — ).
A similar but weaker result of Theorem 1 was given in [9]. The above proof is an
improved version of the one in [9]. We point out that inequality (16) is sharp. This can

easily be seen by setting = I. We then obtair{e(u) — (u—u*)}"{u—u*—e(u)} = 0.
This implies that also the result of Theorem 1 is tight.

Remark. The methods in [7] and [8] take(u) as the search direction. It was shown

that
(u—u*) g(u) > e(u)(Mu +q).

But only under the assumption thate 2 can we prove
e(w) (Mu+q) > [|e(w)[|.

Therefore,—g(u) is a descent direction af'(u) = ;Hu —u*||? atu € £2. However,
here the assertion (13) in Theorem 1 is true forwalE R™. Although, as in [9],
—(I + MTMe(u) can be taken as a descent directionfgf:) for all v € R™, Theorem
1 offers us the possibility to construct better search directions.

4. The methods and their contractive properties

In this section, based on Theorem 1, we give some new methods for solving linear
projection equations and show their contractive properties. The iterative scheme of
these methods is
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17) uF = — p(uh)Qe(u”)
with different matrices) and steplengthg(u).
Method 1. (for symmetricM > 0)
- _ lle(w)|?
o=l A= Tz + ety
Method 2. (for symmetricM > 0)
leu)]|?

Q=M"", p(u) = e(u)T(I + M~Y)e(u)’

Method 3. (for symmetricM > 0)

_ le(u)]?
Q=I+M"1, (") = :
P + M),
Method 4. (for M > 0 but not necessarily symmetric)
Q=(+M)1, plu) = 1.

The first method can be viewed as an extention of the steepest descent method
for unconstrained optimization, because we take as the search direction an)
is the residue of the projection equation. Obviously, each iteration of this method
consists essentially of only a projectionfband the computation af/« and M e(u).

The second method can be viewed as an extention of Newton's method for un-
constrained optimization. As in Method 1, each iteration of this method consists
essentially of only a projection t&@ and the computation af/« and M ~e(u).

Method 3 can be regarded as a combination of steepest descent and Newton’s
method for unconstrained optimization. Method 4 can be viewed as an extention of
the Levenberg-Marquardt method for unconstrained optimization.

Theorem 2. The sequencéu”} generated by each method of methods 1-4 for (LPE)
satisfies

[ut*t = w1 < Jlu® = w1 = plu)e(h)?

18
(18) —2p(u®) - (WF — w)M@F —u*)  Vur e 2
where .
I+M in Method 1
G = (I+M)M in Method 2
Y M in Method 3
(I +M™)(I+ M) inMethod 4
Proof. First,

[ — w2 = [[(uF — u) — puF)Qe(ub)||%
= luf — u*||Z — 2p(uF)(uF — u*)GQe(u*)
+ pP(uF)e(w") QT GQe(u).
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Note that in all cases
GQ=I+M"

and
p) - ()T QTG Qe(w) = ||e(w)].
Using (13) the theorem is proved.

The sequencéu”} generated by these methods does not necessarily liz in
general, (becaus@ # I and the projection is an orthogonal projection with respect
to the Euclidean norm), we can not prove tHat'} satisfies||Po[u**Y] — u*|q <
|[u* — u*||c even ifuk € 2. Note that in all of these methods, the steplengtis
bounded below. Therefore, there is:a 0, so that the sequende*} generated by
each of these methods satisfies

(19) [ —u|[E < Ju® = w |G = clle@®)® Va2

Due to (19) and the fact that each iteration performs a projection n{in the
computation ofe(u)), we call these methods the projection and contraction methods
(PC methods).

5. Convergence

The PC methods in this paper generate an infinite sequirfde which is not neces-
sarily contained in the feasible s@f but, will be asymptotically feasible au*) — 0,
and, in fact converges to a solution of (LPE).

Theorem 3. If the sequencéu”} satisfies (19), then it converges to a solution point

u*.

Proof. See [9], Theorem 3.

In [9] we have also proved that an inequality of the form (19) implies the global
linear convergence in the case tifatis an orthant.

Theorem 4. If the sequencgu®} satisfies (19) and? = {u|u > 0}, then {u*}
converges to a solution point* € 2* globally linearly.

Proof. See [9], Theorem 4.
The iterative scheme of the fundamental projection method (see [2])
(20) ul™t = Polu® — (Mu” + g)],

belongs to the class of steepest descent methods. In the casé/tlstpositive
semidefinite, we denote the largest and the smallest eigenvalue of the matnix
Amax{(M) and Ayin(M), respectively. If 0< 6 < Amin(M) < Amax(M) < 2 — 6, then
the sequencéu”} generated by the fundemental projection method (20) satisfies
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He(ukﬂ)” - ||uk+1 _ P_Q[Ulﬁl _ (Muk+l +C])]||
= || Polu® — (Mu* +q)] — Pol[u®** — (Mu*** + g)]|
(21) < = M) — oY)
= |(1 = M)e(u)]
< (1= 8)lle()]|
and
[uf*t —u*|| = || Polu® — (Mu* + )] —u*||
22) = || Paluf — (Mu* + )] — Po[u* — (Mu* +q)]|

< (T - M)(u* — u)|
< (@ = 8)[uk —u’].

In the following we prove that the PC methods in this paper have similar proper-
ties. Under the assumptions thsf is positive definite and M || < 2, the segeunce
{lle®)||} generated by Method 1 or Method 4 is monotonically decreasing. More
precisely, we have the following theorem:

Theorem 5. Let M be positive semidefinite and symmetricA\Jf(M) < 2, then the
sequencde(u’)} generated by Method 1 or Method 4 for (LPE) satisfies

(23) e[| < [le(u™)]].
Moreover, if6 < Amin(M) < Amad{(M) < 2 — 6 for someé > 0, then the sequence
{e(u*)} satisfies

(24) el < (L~ et

Proof. First, in Method 1, under the assumptions we hévg p(u*) < 1. By using
uFt =k — p(u®)e(u),
we get
le@ )| = [lu* — p(u*)e(u*) — Polut™* — (Mu*** +g)]]|
= [|(2 = p(ue(u®) +u* — e(u?) — Po[uh™ — (Mu*™ +g)]]|
<@ = p(u"e®)|| + || Polu® — (Mu® + q)] — Po[u®*! — (Mu**™ + )] |
< (L= pu"lle@M) || + (7 = M)(u" — |
< (L= p(u" e + pu™)[(T = M)|| - [le(®)]-

Since 0< Amin(M) < Amad(M) < 2, it follows that||7 — M| < 1 and|e(u**Y)|| <
lle(w®)||. Moreover, if§ < Amin(M) < Amax(M) < 2—6, then||I — M| < 1-4, and
it follows that

le(™ )| < (1 = p*)le@®)]| + (1 = §)p(u®)lle(u®)]| < 1~ g)lle(u’“)ll-

In Method 4, usingu*** = u* — (I + M)~ te(u*) we get
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le@" )| = [Ju* — (I + M)~ te(u®) — Po[u"™* — (Mu*** + g)]||
= |le(®) — (I + M) e(u®) +u* — e(u”) — Po[u"™* — (Mu** + q)]||
< (I + M) Me@P)| + || Po[u® — (Mu* +q)] — Po[u*** — (Mu*" + g)]|
< (I + M) Me(u®)|| + ||(I = M)(u* — ")
= ||(I + M) Me(u)|| + ||(1 — M) + M)~ te(u®)].
Let M = UTXU be the Schur normal form of/ with X = diag@y, ..., 0,). Then
le@** )| < [I(T + M)~ Me®)|| + (T — M) + M)~ te(u")|
= (1 + )P EUe®) || + (T — 2)(I + X) " Ue(u®)||.
Since 0< g; < 2, it follows that
ag; ¥ |1— Uil S 1
1 +0; 1 +0;

and
e[| < |(I + ) SUe®)|| +|(I — D) + L) Ue(u")]|
< |Ue@®)[| = [le(w®)]-
Moreover, if§ < o; < 2— 6, it is straightforward to prove that
oi |1— oy <1_ 6
1+ ag; 1+ ag; - 3
and it follows that s
e[l < (21— 3)||e(uk)||~

The following theorem contrasts the convergence proofs for the fundamental pro-
jection methods, in that no advance knowledge of the largest and smallest eigenvalue
of M is required.

Theorem 6. Let M be positive definite, then all four PC methods are globally linearly
convergent.

Proof. From (18) (Theorem 2) we have
[P =[G < flu® = u|[G = 20(u® —u*)TM(u” = ).
Since M is positive definite, there exists7a> 0, such that
(w—u*) " Mu —u*) > 7llu—u*|%.

It follows that
[t — w7 < (1= 2e7)||u® = u*|IZ,

which implies that{«*} converges ta:* globally and linearly.

6. Extensions and conclusions

Let « > 0 be a constant. It is easy to see that problem (1) is equivalent to the
following problem
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(25) (LPE,) u = Polu — a(Mu+q)].

Therefore, instead of taking/ andq, we can usexM andag in our PC methods.

In addition, for some parameter, 0 < v < 2, with the same directiod(u) and

its relevant steplength(u), the iterative scheme

(26) uFh =t —yp(ut)d(u)

produces a sequende”}, which satisfies

(27) [ [ [ T R (G ] [ Tl

and thus also converges to a solution paiht A close look at the inequalities used
in the proof of Theorem 1 shows that the best choice should be> 1.

The search directions of the presented methods are the extensions of those in

unconstrained optimization. 2 = R™, then the search direction in [7] is

g(u) = (M7 + I)(Mu+q).

In this special case, the search directions in our new methods are

di(u) = (Mu +q), (in Method 1)
da(u) = M~ (Mu +q), (in Method 2)
da(u) = (I + M) (Mu+q), (in Method 3)
da(u) = (I + M) H(Mu + g), (in Method 4)

respectively. Although we have only proved linear convergence, by comparing anal-
ogous direction for unconstrained optimization we are convinced that the directions
d(u) developed in this paper are better than the diregjiaf in the original PC meth-

ods [7,8]. We believe that the use of Newton-like directions will lead to a substantial
improvement in computational efficiency.

Developing these methods for nonlinear problems is a topic of further research .

AcknowledgementThe author would like to thank the anonymous referees for several suggestions for
improvement.

References

. Bruck, R.E. (1975): An iterative solution of a variational inequality for certain monotone operators in

Hilbert space. Bulletin of the American Mathematical Soci@ly 890—-892

. Ciarlet, P.G. (1982): Introduction to matrix numerical analysis and optimization. Collection of Applied

Mathematics for the Master's Degree. Masson, Paris

. Cottle, R.W., Dantzig, G.B. (1968): Complementary pivot theory of mathematical programming. Linear
Algebra Appl.1, 103-125

. Dafermos, S. (1983): An iterative scheme for variational inequalities. Math. Progfam0—47

. Fang, S.C. (1980): An iterative method for generalized complementarity problems. IEEE Trans. Au-
tomatic Control AC25, 1225-1227

. Harker, P.T., Pang, J.S. (1990): A damped-Newton method for the linear complementarity problem.

Lect. Appl. Math.26, 265-284

. He, B.S. (1992): A projection and contraction method for a class of linear complementarity problem

and its application in convex quadratic programming. Appl. Math. and Optimiz26p@47—262



80

12.

13.
14.

15.

16.

17.

18.

19.

B. He

. He, B.S. (1992): A globally linearly convergent projection and contraction method for a class of linear

complementarity problems. Schwerpunktprogramm der Deutschen Forschungsgemeinschaft Anwen-
dungsbezogene Optimierung und Steuerung, Report No. 352

. He, B.S.: A new method for a class of linear variational inequalities. Math. Program. (to appear)
10.
11.

He, B.S., Stoer, J. (1992): Solution of projection problems over polytopes. Numer. 81a#8—90

Kojima, M., Mizuno, S., Yoshise, A. (1989): A polynomial-time algorithm for a class of linear com-
plementarity problems. Math. Progradd, 1-26

Lemke, C.E. (1965): Bimatrix equilibrium points and mathematical programming. Managel1Sci.
681-689

Lemke, C.E., Howson, J.T. (1964): Equilibrium points of bimatrix games. SIAM Re¢@&w5-78
Luenberger, D.G.: Introduction to Linear and Nonlinear Programming. Addison-Wesley, Reading,
Mass. (1973)

Mangasarian, O.L. (1979): Solution of symmetric linear complementarity problems by iterative meth-
ods. J. Optimization Theory AppR2, 465-485

Mizuno, S. (1992): A new polynomial time algorithm for a linear complementarity problems. Math.
Program.56, 31-43

Pang, J.S., Chan, D. (1982): Iterative methods for variational and complementarity problems. Mathe-
matical Programmin@4, 284-313

Pang, J.S. (1985): Variational inequality problems over product sets: applications and iterative methods.
Math. Program31, 206-219

Stoer, J. (1971): On the numerical solution of constrained least squares problems. SIAM J. Numer.
Anal. 8, 382411

This article was processed by the author
using the Springer-VerlageX PJourlg macro package 1991.



