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Abstract

Recent quasi-optimal error estimates for the finite element approximation of total-
variation regularized minimization problems using the Crouzeix—Raviart element
require the existence of a Lipschitz continuous dual solution, which is not gener-
ally given. We provide analytic proofs showing that the Lipschitz continuity of a
dual solution is not necessary, in general. Using the Lipschitz truncation technique,
we, in addition, derive error estimates that depend directly on the Sobolev regular-
ity of a given dual solution.

Mathematics Subject Classification 26A45 - 65N15 - 65N30 - 68U10

1 Introduction

In this article, we examine the finite element discretization of the Rudin—Osher—Fatemi
(ROF) model from [33], which serves as a model problem for general convex and non-
smooth minimization problems. This image processing model determines a function
u € BV () N L*(R) via minimizing I : BV () N L*(Q) — R, defined by

o
I(v) :=Dvl(@) + 5 Ilv —8ll72q (1.1)

for all v € BV () N L?(R), where |Dv|(£2) denotes the total variation, g € L*(£2)

is the input data, e.g., a noisy image, and |jv — g||i2 @ is the so-called fidelity term.
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In addition, the fidelity parameter @ > 0 is a given constant, which determines the
balance between de-noising and preserving the input image. For a more in-depth
analysis of this model, concerning its analytical properties, explicit solutions, and
numerical methods, we refer to [4, 5, 7, 10, 12, 13, 17-21, 26, 27, 29, 34]. Since this
model allows for and preserves discontinuities of the input data g, cf. [17], continu-
ous finite element methods are known to perform sub-optimally, cf. [10, 12]. Recent
contributions, cf. [9, 10, 21], reveal that the quasi-optimal convergence rate O (h 2) for
discontinuous solutions on quasi-uniform triangulations can be obtained using the dis-
continuous, lower-order Crouzeix—Raviart element introduced in [22]. More precisely,
these error estimates yield a bound for the error for the approximation of minimizers of
I: BV (Q)NL*(Q) — R via minimizing the discrete functional I, : S“"(T3,) — R,
defined by

o
In(n) = 1Vavn L @imey + 5 1T (n = 972

for all v, € SV (7},), where S1<"(T,) is the Crouzeix—Raviart finite element space,
i.e., the space of element-wise affine functions that are continuous at the midpoints of
element sides, V}, : S (T,) — £9(7;,)¢ denotes the element-wise gradient, and I}, :
L2(Q)— £9(Ty) is the L? —projection operator onto element-wise constant functions.
Note that the family of discrete functionals I, : S 1’”(777) — R, h > 0, defines a non-
conforming approximation of the functional I : BV () N L*(Q) — R, as, e.g., jump
terms of uy, across inter-element sides are not included. For this family recently a
Iconvergence result with respect to strong convergence in L!(€2) or distributional
convergence has been established under general assumptions, i.e., that g € L?(), cf.
[21, Propositon 3.1]. However, the quasi-optimal rate O (4 2) till now only holds if
the dual problem given via maximizing D : WI%, (div; Q)N L>(Q; Rd) — RU{—00},
defined by

1 . o
D(y) = = lldiv(y) + aglja g + 518172 — K0 (12)

forally € W2 (div; Q)NL>®(Q; RY), where Ik, (o) : L®(Q2; RY) — R U {+00} is for
y € L®(: RY) defined by Ik, 0)(y) 1= 0if [|¥ll oo oty < 1 and I, 0)(y) := +00
else, admits a Lipschitz continuous solution. Unfortunately, the Lipschitz continuity of
amaximum of D : WI%, (div; Q) NL>®(Q; RY) - RU {—o0} is not generally given, as
[13, Section 3] clarified. Without the assumption that a Lipschitz continuous solution
to (1.2) exists, but that 8 € BV (2) N L*(R), in [21, Section 5.2], the sub-optimal
convergence rate (’)(h4) has been established. The approach of [21, Section 5.2]
consists in a convolution of a maximum z € Wg°(div; Q) of (1.2) in order to com-
ply with the crucial Lipschitz continuity property at least in an approximate sense.
We use an alternative regularization approach, which operates highly at a local level,
the celebrated Lipschitz truncation technique. Its basic purpose is to approximate
Sobolev functions u € WP (Q) by A—Lipschitz functions u; € W), » > 0.
The original approach of this technique traces back to Acerbi and Fusco, cf. [1-3].
Since then, the Lipschitz truncation technique is used in various areas of analysis: In
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the calculus of variations, in the existence theory of partial differential equations,
and in regularity theory. For a longer list of references, we refer the reader to [23].
To the best of the authors knowledge, this article provides the first deployment of the
Lipschitz truncation technique in the field of image processing. To be more precise,
for the application in this article, the main advantage of the Lipschitz truncation tech-
nique in comparison to convolution is that not only # and u; coincide up to a set
of small measure, but equally Vi and Vu, do. By deploying the Lipschitz trunca-
tion technique, we arrive at error estimates whose resulting rates directly depend on
the respective Sobolev regularity of a given maximum z€ W7 (Q; RY) of (1.2). If
only g € L°°(2) and one, in addition, has that, e.g., z € Wl'p(Q; ]Rd) for p >3,
then the results of this article yield the sub-optimal rate O(h#%). In this manner,
we intend to fill the gap betweerll the optimal rate O(h2) for z € WH>(Q; RY)
and g € L°(2) and the rate O(h#) for z € W (div; Q) and g € L*°(Q) N BV ().

As a maximum of (1.2) is not necessarily in a Sobolev space, but in W}%} (div; )
NL>(L; Rd), we also study the case of a non-existence of Sobolev solutions to (1.2).
It turns out that if a maximum z € Wj%, (div; Q) N L®(2:; RY) of (1.2) is element-wise
Lipschitz continuous, i.e., the discontinuity set J, is resolved by the triangulations,
or at least in an 1atpproximate sense with the rate O(h), cf. Remark 4.8, then tllle
optimal rate O (h2) can be expected. Beyond that, we find that the optimal rate O(h2)
is attained if a dual solution fulfills |z| < 1 along its discontinuity set J, while,
simultaneously, its jump [z]] over its discontinuity set J, remains small. Some of
these conditions apply, e.g., to the setting described in [13, Section 3] with a suitable
triangulation 7y, h > 0, of the domain €2, for which the optimal rate O(h2) could be
reported without giving an analytical explanation. This article’s purpose is to give—at
least for special cases—a missing analytical explanation.

This article is organized as follows: In Sect.2, we introduce the employed nota-
tion, define the relevant finite element spaces and give a brief review of the continuous
and discretized ROF model. In Sect. 3, using the Lipschitz truncation technique, we
establish error estimates that depend directly on the Sobolev regularity of a maximum
of (1.2). In Sect. 4, we prove quasi-optimal error estimates without explicitly assum-
ing that a Lipschitz continuous maximum of (1.2) exists. In Sect.5, we confirm our
theoretical findings via numerical experiments.

2 Preliminaries
Throughout the article, if not otherwise specified, we denote by 2 C R, deN,a

bounded polyhedral Lipschitz domain, whose boundary is disjointly divided into a
Dirichlet part I'p and a Neumann part 'y, i.e., 0Q2 =TpUTyand@ =Tp NTy.

2.1 Function spaces

For p € [1, o0] and ! € N, we employ the standard notations!

1 1 1 1 ’
U Here, W=7 P(Ty) := (W'~ 7P (Ty)* and W= 5P (Q) := (W1= 7P (Q))*.
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WhP (@ R = {v € LP(Q: R | Vv € LP(Q:; R, tr(v) = 0 in LP(Tp; R’)},

WP (div; Q) = {y € LP(Q: RY) | div(y) € LP(R), tr(y) -n = 0'in W‘%’P(FN)} :

whr(Q; R = W};”(Q; RYifT'p = ¥,and WP (div; Q) := Wh(div; Q)if [y = 0,
wheretr: WEP(Q; R — LP(9Q; R and tr(-)-n: WP (div; Q) — W™ 77 (9Q) denote
the trace and normal trace operator. In particular, we predominantlyomit tr(-) in
this context. We fall back on the abbreviations L?(Q2) := L?(Q; RY, Wl (Q) :=
WP (Q; RY) and WP (Q) := WSP(Q; RY). Let [DO)|(Q) : LL (@)= R U {400},
defined by?

IDv|(R2) := sup — [ vdiv(¢)dx
(pecc?c(Q;Rd)v”¢HLOO(Q;R{1)§1 Q

forallv € L lloc (£2), denote the total variation. Then, the space of functions of bounded

variation is defined by BV (Q) := {v € L1(Q) | [Dv|(Q) < oo}.

2.2 Triangulations

In what follows, we let (7),),0 be a sequence of regular, i.e., uniformly shape regular
and conforming, triangulations of Q2 C R, d € N, cf. [15]. The sets S;, and N}
contain the sides and vertices (nodes), resp., of the elements. The parameter 7 > 0
refers to the maximal mesh-size of 7. More precisely, if we define A7 := diam(T)
forall T € 7y, then we have that 1 = maxye7, hr.Forany k € Nand T € 7;, we let
Pr(T) denote the set of polynomials of maximal total degree k on 7. Then, the set of
element-wise polynomial functions or vector fields, resp., is defined by

cET = {vh € L¥(Q: R | valr € Pu(T) forall T e Th] .

For any T 6.771 gnd S e Sy, welet xy = ﬁ Zze/\/’mT Z and.xS = dl Zze/\/’hmsz
denote the midpoints (barycenters) of 7 and S, resp. The L’—projection operator onto
element-wise constant functions or vector fields, resp., is denoted by

M, : LY RY — £0¢T3)".

Forv, € £1(73,)!,itholds [T, v, |7 = vp (x7) forall T € Tj,. Moreover, for p € [1, 0o],
there exists a constant ¢y > 0 such that for all v € L?(2; R! ), cf. [24], we have that

LO.1) TTpvllpr(@irty < WIlLe iRl
(LO.2) [lv — Tyvllppq.rry < cnhllVollppq.gixdy if v € WHP(Q; RY).

2 Here, C (% R4) denotes the space of smooth and in €2 compactly supported vector fields.
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2.3 Crouzeix-Raviart element

A particular instance of a larger class of non-conforming finite element spaces, intro-
duced in [22], is the Crouzeix—Raviart finite element space, consisting of element-wise
affine functions that are continuous at the midpoints of element sides, i.e.,?

Sher(Ty) = {vh € L'I(Th)’ / [vn]s ds = Oforall S € S, \ 89}'
s

The element-wise application of the gradient to v, € S'“/(7}) defines an element-
wise constant vector field Vyv, € £2(7,)? via Vyup|r := V(up|7) for all T € 7j,.
Crouzeix—Raviart finite element functions that vanish at midpoints of boundary ele-
ment sides that correspond to the Dirichlet boundary I'p are contained in the space

SLN(T) = {vh € SM(Th) | va(xs) = O forall S € S5 N FD}'

In particular, we have that SID’”(’]}Z) = Shber(Ty,) if T'p = @. A basis of SH"(75,)
is given by the functions p5 € S1""(7,), S € Sy, satisfying the Kronecker property
ps(xg) = 8.5 forall S, 8" € Sy. A basis of Sll)’cr(Th) is given by (#5)5e8,:5¢Tp-
For any p € [1, oo], the quasi-interpolation operator I, : Wll)’p(Q) — SID’" (7p), for
every v € W[l)’p(Q) defined by

I, v = Z vsQs, Vs = ][ vds 2.1

SeSy, S

preserves averages of gradients, i.e., V;, (Io,v) =I1,(Vv) in L£9(T)? forve Wll)’p(Q).
Moreover, for p € [1, oo], there exits a constant ¢, > 0 such thatforallv € Wll)’p (),
cf. [14], we have that

(CR.D) [[Vierv)lpr:rdy = IVVIlLp(0:RAYS
(CR2) [lv = IervliLr@) < cerhl VUl Lp(:rd)
(CR.3) | ervllroe() < callvllLe(q), where c¢g := (d + 1)(d — 1), if v € L®(Q).

2.4 Raviart-Thomas element

The lowest order Raviart—-Thomas finite element space, introduced in [32], consists
of element-wise affine vector fields that have continuous constant normal components
on inner element sides, i.e.,*

3 Here, forevery S € S, \0%, [up]s == vplTy —vpl7_ on S, where Ty, T— € Ty, satisfy 074 N37T— = S,
and for every S € S, N2, [vp]s := vplT on S, where T € 7}, satisfies S € 9T

4 Here, for every S € SR\, [yy -nls = yilry -npy +yplr_-ny_ on S, where T, T_ € ), sat-
isfy 074 NoT_ = S and for every T € Ty, ny : 0T — S9=1 denotes the outward unit normal vector
field to T, and for every S € S, N 3K, [y, - n]s := ynlr -n on S, where T € 7y, satisfies S € 9T and
n: 99 — S9! denotes the outward unit normal vector field to Q.
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RT(T) = {yn € LYT)? | ynlr - nr = constin 3T forall T € 7y,
[ya-nls =0onSforall § € S\ 9Q}.

Raviart-Thomas finite element functions that have vanishing normal components
on the Neumann boundary I' y are contained in the space

RTY(T) = {yn € RT*(T) | yu-n=0on Ty}

In particular, we have that RT]?, (Tp) = RT(Tp) if Ty = . A basis of RT(75,) is
given by the vector fields ¥s € RT(73,), S € S, satisfying the Kronecker property
Ysls - ng = 8s.¢ on S’ for all S € Sy, where ng for all § € S, denotes the unit
normal vector on S that points from 7_ to Ty if S =07_ N 3Ty € Sp,. A basis of
RTl?, (7p) is given by g € RT13 (1), SeSp\I'y. The quasi-interpolation operator
Ly : VIV(Q) == {y € LP(Q: RY) | div(y) € L9(Q)} — RTY(T), where p > 2
and g > %, for every y € V4 (Q) defined by

Liy:= Y ys¥s, Vs :=][ y - nsds 2.2)

SeSy, S

preserves averages of divergences, i.e., div(l,;y) = II;(div(y)) in £9(Ty) for all
y e VdiV(Q). Moreover, for p € [1, oo], there exists a constant ¢,; > 0 such that for
all y € VIV(Q), cf. [25], we have that

RT.1) |ly — Irt}’”Lp(Q;Rd) = Crth||v)’||Lp(gz;Rdxd) ifye Wl’p(9§ Rd),

(RT.2) ”[rty”LOC(Q;Rd) = Crt||)’||Lvo(Q;Rd) ify € L>(8 Rd)'

For p €[1, 00), due to the density of C*°(2; R)NW (div; Q) in W1 (div; ), the oper-
ator and (RT.2) can be extended to y € Wﬁ (div; 2), losing the representation (2.2).

2.5 The continuous Rudin-Osher-Fatemi (ROF) model

Given g € LZ(Q) and « > 0, the Rudin—Osher—Fatemi (ROF) model, cf. [33], deter-
mines a function u € BV () N L2() that is minimal for 7: BV () N L2(Q) — R,
defined by

—&l72q (2.3)

1) = Dvl(@) + S lv
for all v € BV() N L*(). In [8, Theorems 10.5 & 10.6], it is proved that
for every g € L?(Q), there exists a unique minimizer © € BV () N L*(Q) of
I:BV(Q)N Lz(Q) — R.Ifg € L®(Q),thenu € L>™(Q) with |[u||r @) <lIgllLe @)
(cf. [8, Proposition 10.2]). In [27, Theorem 2.2], it is shown that the corresponding
dual problem to (2.3) determines a vector field z € WI%, (div; Q) N L (Q; Rd), where
I'y =0, thatis maximal for D : Wj%, (div; Q) N L®(Q; R?Y) — R U {—o0}, defined by

1 . o
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forall y € W3 (div; Q) N L>(2; RY), where Ik, (o) : L% (2; RY) — R U {00} is defined
by Ix, ) (y) :=0if y € L*(2; RY) with Iyl Loo(@iray <1 and Ik, ) (y) := oo else.
Apart from that, in [27, Theorem 2.2], it is shown that (2.4) possesses a maximizer
Z € W[%/ (div; ) N L%°(2; RY), which satisfies the strong duality principle

I(u) = D(2). 2.5)

The strong duality principle (2.5), appealing to [8,Proposition 10.4] and referring to
standard convex optimization arguments, is equivalent to the optimality relations

div(z) = a(u —g) inL3(Q),  |Dul(Q) = —(u, div(z)). (2.6)

2.6 The discretized Rudin—-Osher-Fatemi (ROF) model
Given some g € L*(Q) and « > 0, setting g, := I1,g € £°(7}), the discretized

ROF model proposed by [21] determines a Crouzeix—Raviart function u; € S Lereq)
that is minimal for I;, : S1<"(7;,) — R, defined by

o
In(on) = [ Vavill @iy + 5 ITn = gll72 g 2.7)

for all v, € S“¢(7},). In [21] and [10], it has been shown that the corresponding dual
problem to (2.7) determines a Raviart-Thomas vector field z;, € RTI?, (71,), where
I'y = 082, that is maximal for Dy, : RT;\),(Th) — R U {—o00}, defined by

1 . o
Dy(yn) = =5 ldivim) + &nll o) + 5 181720y = Ik Mayn) - 28)

for all y, € RTS (73). Apart from that, in [21] and [10], it has been established that a
discrete weak duality principle holds, i.e., it holds

inf  Iy(vp) = sup  Dp(yn), (2.9
uneSh(Ty) WERTY(Th)

which is a cornerstone of the error analysis for (2.7). In particular, note that for the
validity of (2.9) the L>—projection operator ITj, in (2.7) and (2.8) plays a key role.

2.7 Piece-wise Lipschitz, but not globally Lipschitz, continuous solution to (2.4)
In [13, Section 3], the construction of an input data g € BV (2) N L°°(R2) that leads to

a solution z € WP (div; ) to (2.4) such that 7 ¢ W12°(Q; R?), in essence, is based
on the asymmetry of the function

g = XBrZ(rel) — XBrZ(_rel) € BV(Q) n LOO(Q) (210)
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defined on a domain that is symmetric with respect to the Re,—axis? More precisely,
using this asymmetry property, it is possible to reduce the minimization problem (2.3)
on € into two independent minimization problems on QT := Q N (R-¢ x R) and
Q™ := QN [R-g x R) for which explicit solutions u* € BV (Q¥) N L>®(Q%) exist.
In this way, the following result could be derived.

Proposition 2.1 Ler Q@ C R? be symmetric with respect to the Rey—axis and let
r > 0 be such that Brz(:I:rel) CC 2. Then, for (2.10) and a > 0O, the minimizer of
I[:A— R where A:={u e BV(Q)NL®) | tr(u) = 0in L' (3Q)}, is given via

ar

u:max{O,l—i}geA. (2.11)

Proof See [13, Proposition 3.1]. O

Combining the representation formula (2.11) and the optimality conditions (2.6), it
turns out that there exists no Lipschitz continuous dual solution to the setting described
in Proposition 2.1.

Corollary 2.2 Let the assumptions of Proposition 2.1 be satisfied with ar > 2. Then,
any dual solution z € W (div; Q) to (2.11) is not 6—Holder continuous if 6 > %

Proof See [13, Corollary 3.2]. O

Remark 2.3 If one carefully follows the proof in [13, Corollary 3.2], then one finds
that the existence of non—Lipschitz continuous dual solutions is a consequence of the
fact that the data g € BV (2) N L% (L) is set-wise constant on Br2 (rer) and Brz(—rel),
respectively, and anti-symmetric with respect to the Rey—axis as well as that B,2 (rep)y
Br2 (re2) has no 6—Holder continuous boundary if 6 > % Opverall, here, the existence of
anon-Lipschitz continuous dual solution traces back to the data g € BV ()N L ()
and not, e.g., to the regularity of the domains Q1 and Q™.

An example of a not—Lipschitz continuous dual solution to (2.11) is the following,
which is separately Lipschitz continuous on Q% and Q~, resp., and jumps over the
Rep—axis. We will resort to this dual solution to derive optimal error estimates for the
setting described in Proposition 2.1, as already reported in [13, Example 6.1].

Proposition 2.4 Let @ € R? and r > 0 be such as in Proposition 2.1. Moreover, let
o > 0 be such that ar > 2. Then, the vector field 7 : Q C R2 — Rz, defined by

FLxFren) iflx Frei| <r

2(x) = r :

:F|)C2Fr(;’1\2(x:':rel) lf|x:|:rel|2r

forall x € Q, satisfies z € W (div; Q2), 1zl oo ey < 1, IDu|(2) = —(u, diV(Z))LZ(Q)
and div(z) = a(u — g) in L®°(RQ), where ue A is defined by (2.11), ie.,
z € W (div; Q) is a dual solution to (2.11).

5 For everyi =1,...,d, we denote by ¢; € S9-1the i—th. unit vector.
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Proof Apparently, we have that z € L>(2; R?) with [|z]| Lo(:rd) < 1. In addition,
it is not difficult to see that z|g+ € W1 °(Q*; RY). Since z|g+ - no+ = —zlg- - ng-
on Rey N 2, we find that z € Wz(div; Q2).It is well-known, cf. [8, Example 10.4], that

IDul(QF) = —(u, div(2)) 2(q+).  div(z) =a(u —g) in L®(QF).

Thus, we have that div(z) = a(u — g) in L°°(2), which implies that z € W (div; Q).
Apart from that, using that # = 0 continuously in Re, N €2, we finally conclude that
[Du|(2) = —(u, div(2)) 12(q), i.6., 7 € WP (div; Q) is a dual solution to (2.11). O

3 Error estimates depending on Sobolev regularity

The validity of quasi-optimal error estimates for the finite element approximation
of total-variation regularized minimization problems by means of the Crouzeix—
Raviart element in the case of an existing Lipschitz continuous solution to (2.4) in
[10, 21], in essence, is based on four results: The discrete weak duality princi-
ple (2.9), the discrete strong coercivity of Ij, : SV<"(T;,) — R, i.e.,

o
ST = ) 2 ) < Tnon) = TnCun) 3.1

for all v, € S (7y,), where uj, € S“(7;,) is the minimum of I, : S-"(7;) — R,
the strong duality principle (2.5), and the existence of appropriate primal and dual
quasi-interpolants, guaranteed through the following two lemmas:

For the benefit of readability and without loss of generality, we assume for the
remainder of this article, if not otherwise specified, that @ = 1.

Lemma 3.1 (Primal quasi-interpolant) For every u € BV (2) N L>°(R2), there exists
a Crouzeix—Raviart function ity, € S () with the following properties:

(P1) IVhitnllLr(q;rdy < [Du|(€2),

(P2) |lu —upll 1@y < corh|Dul($2),

(P3) NlanllLe@) < callullL>(),

(P4) Iy(iin) < I(u) + 2cqcer|lull o) IDul(Q)h — 3|8 — gh||i2(9)~

Proof See [10, Lemma 4.4] or [21, Section 5]. 0

Lemma 3.2 (Dual quasi—interpolant) Forevery z € whoe @ R N W]%, (div; Q) such
that ||z|| oo (@:rdy < 1, there exists a Raviart=Thomas vector field Z, ERTIS (7y,) with
the following properties:

(D.1) [IThZn ] oo ey < 1,
(D.2) Dp(Zp) ED(Z)_Crt”VZ“LOO(Q;Rdxd)||g||L2(Q)”diV(Z)”LZ(Q)h_%”g_gh“iz(g).

Proof See [10, Lemma 4.5] or [21, Section 5]. O
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890 S. Bartels, A. Kaltenbach

While Lemma 3.1 does not impose restrictive assumptions on the minimum u €
BV ()N L%(Q), since already u € L®(R) if g € L>®(R) (cf. [8, Proposition 10.2]),
the required Lipschitz continuity of a solution z € W5 (div; ) to (2.4)inLemma 3.2 is
often not fulfilled, cf. [13] or Sect. 2.7. We resort to the Lipschitz truncation technique
to fulfill the Lipschitz continuity requirement on a solution to (2.4) in Lemma 3.2
at least in an approximate sense and, in this way, derive error estimates that depend
directly on the Sobolev regularity of a solution z € W7 (2; R?) to (2.4). The main
advantage of this approach is that the Lipschitz truncation technique is based on local
arguments, while regularization by convolution as in [21, Section 5.2], for example,
operates highly non-local and, therefore, wipes out point-wise and/or local properties
of a solution to (2.4) that potentially could have been incorporated. To be more precise,
in [21, Section 5.2], the requirement g € BV (2) N L°°(2) was needed to estimate
Idiv(z) — div(ze)[lL! (@), Where ze = z 0 @, € C®[RY; RY), ¢ > 0, denotes the
convolution with a suitably scaled kernel w, € Cgo (R9), by €|Dg|(€2). In contrast
to that, if z; € W1’°°(]Rd : R4 ), A > 0, denotes the Lipschitz truncation of a suitable
extension 7 € WP (R4; R?) of z € WI-P(Q; R?), then we can exploit the particular
properties Vz; = VZ in {z; = 7z} and |{z) # Z}| <|[{M(VZ) > }|°, to conclude that
||divgz) —div(z) @) < cal=r V2l L (: réxdy- In this way, we obtain the same rate
O(h#) in [21, Section 5.2] without the assumption g € BV (R2) but need to assume
z € Wh3(Q; RY) N L°°(; RY) instead of only z € W§°(div; Q).

Theorem 3.3 (Lipschitz truncation technique) Let z € wlr(RY; RY), pell, 00), and
0, L > 0. Then, there is a Lipschitz continuous vector field zg ) € Wl'oo(Rd; Rd) and
a constant cy. > 0, which does not depend on p € [1, 00) and 6, A > 0, such that the
following statements apply:

(LT1) Nlzg.all oo (me:ray < 0,

(LT2) |Vzg |l poo(rd:Rdxdy < CLTA,

(LT3) [zo.5. # 2} < {IM(2) > 0} + [{M(Vz) > A},
(LT.4) Vzg; = Vzin{zgy =z}

Proof See the first part of the proof of [23, Theorem 2.3] or [31, Section 1.3.3]. O

A crucial property of the Lipschitz truncation technique for this article is that,
similar to regularization by convolution, it does not increase the maximal length of a
vector field.

Remark 3.4 (Maximal length preservation of the Lipschitz truncation technique) If
ze WhP@RY; RY) N L®(RY; RY), p € [1, 00), for some § > 0 has the property
”Z”LN(Rd;Rd) < 0, then

M(@)(x) = sup][d lzIdy < llzllpoo(ra.rey <6 forae.x € RY,
Bf (x)

r>0

6 Here, M : LP(RY; R!) - LP(R?; R), d, [ € N, defined by M(f)(x):=sup,-g Fad oy 1/ )1 dy for
ae. x € R? and all feLr (R4; R!), denotes the Hardy-Littlewood—Maximal operator.”
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i.e., {M(z) > 6}| = 0, which (cf. Theorem 3.3, (LT.3) for arbitrary A > 0 yields
|{Ze,x i Z}’ < [{M(Vz) > A} (3.2)

Through the combination of both the p—type Tschebyscheff-Markoff—inequality, i.e.,
HM(VZ)> A1} <A™P ”M(Vz)”ip(Rd-Rdxd , and the strong type (p, p)—estimate of
the Hardy-Littlewood—Maximal operétor 8cf. [31, Theorem 1.22]), i.e., for cpq > 07,

IM(V2) cemlVzll we deduce from (3.2) that

P < P
LP(R“’;R‘]X‘J) — LP(Rd;R‘]X‘I)’

|{ZQ,)\ # Z}| = CM)\‘_p”VZ”ip(Rd;Rdxd)' (3.3)

By means of (3.3), also using Theorem 3.3, (LT.2) & (LT.4), we, then, deduce that

1Vzo, 3\l L (re:Raxdy = 1VZX{zg =2} | L (re:Raxdy + 1V 20,0 X(zg 222} | Lo (R RAx4)
1
< IVzllppwd.raxay + currl{zon # 2} 7P (3.4)
1
< (1 +cmr CLT)“VZ”Lp(Rd;Rdxd).

Through the combination of Lemma 3.2, Theorem 3.3 and Remark 3.4, we arrive at
the following result providing an admissible dual quasi-interpolant whose particular
properties depend directly on the Sobolev regularity of a solution to (2.4).

Lemma 3.5 (Dual quasi-interpolant depending on Sobolev regularity for I'y = @)
Let g € L®(Q) and let z € WHP(Q; RY) N WX (div; Q), p € [2, 00), be such that
Izl Loo(:ray < 1. Then, there exists a Raviart-=Thomas vector field zj € RT(Tp)
with the following properties:

(Dp-1) IMiZnllio@en <1
(Dp.2) DyGn) = D@ = cp@h 7T = 5lig = ghll}a g where

1 1
Cp(Z) = 2Crl‘ ||g||L2(Q)d2 (1 =+ CMZCLT)CE”VZ||L2(Q;Rdxd)CLT

) » (3.5)
+ 8dciremeg V2

V4
Lp(Q;Rdxd)'

Here, cg > 0 is the Lipschitz constant of the lower-order extension opera-
tor P : Wh(: R — Wha(RY; R, q € [1, 00], constructed in [16,
Section 9.2], which does not depend on q € [1, o0].

Remark 3.6 (i) The arguments remain valid for ['p # 92 if for z € WP (Q; RY)
ﬂWI‘\),O(diV; Q), p €[2, 00), such that ||z||LOC(Q;Rd) < 1, there exists an extension
7 e WhP(RY; RY) withZ|g =z and ||Z e (ga. ey < 1 and if for this extension, the
Lipschitz truncation 7, € Wl’oo(Rd ; Rd) from Theorem 3.3 satisfies 71, -n =0
inl'y.

(i) In general, the constant ¢ (z) deteriorates as p — 00, i.e., ¢, (z) = 00 (p — 00).

1 d
7 More precisely, one has ¢ o4 :2( p1—71 ) P57, implying the limit behavior ¢ A4 — 2 for (p — 00).
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Proof (of Lemma 3.5) Resorting to a lower-order extension operator, as, e.g., in [16,
Theorem 9.7], we get some z€ W17 (R?; RY) with Z|q = z and 121l oo (e Ry < 1.

Denote by z; := 71 € WH®(RY; RY), i.e., for = 1, the Lipschitz truncation of
zewhr (Rd; R4 ) in the sense of Theorem 3.3. Then, also using Remark 3.4, we get:

(@) llzallpooerey < 1,

(B) IVZpll oo (rd;raxay < cLTA,

() Hzn # 2} = {M(VZ) > A,

(8) Vz;, =Vzin {z) =z}
For 7;|q € W1 (Q; R?) we obtain, in analogy with Lemma 3.2, i.e., introducing
2= () i € RTO(Th), where we define y}! := 1+ ¢ || V2|l oo gaxayh,
dual quasi-interpolant 12 € RT(7;,) such that both ||1'Ih22|| Lo(:rdy < 1 and

Di(z}) = D(z;) — crellgliz2 @ ldivz)ll 2@ 1 Vaall Lo (@ raxdyh
1 ) (3.6)

Then, on the basis of (8) and (3.4), we find that

. 1
ldiv(z)ll 2@ IV Zall oo (i raxay < d2 IV 2|l p2(ra:raxdy | Vol Loo (rd Raxa)
1 1 _
<d? (1 +cpmzern) | VZIl L2 rd.gaxaycLTh
1 1
<d? (1 +cpm2err) cellVzll 2 (g raxaycLrh.

3.7

Using (8), (8) and (3.3), also assuming that d%cLT)L > [[div(2) L= @) + 2lgll L= @),
we further deduce that
ID(z)—D(z;)| < I(div(zy) — div(2)) x(z 2zl L1 (@) 1div(z) + div(z) — 2g |l e (@)
1 . —
< (dZerrh + 1div(z) 2o (o) + 2llgllzo@)* Hza # 2}

252 S —pivus
< ddcipr e pmr p”VZ”iP(Rd;RW’)

< ddcrepmchlIVz| AFP. (3.8)

p
Lp(Q;Rdxd)

Therefore, on combining (3.6)—(3.8), we observe that

Di(zp) = D(@) — 4detre mep IVl g pava ™7 = 318 = 8hll72gy B9

1 1
—crellgllp2(d? (1 +cm ZCLT)CE”VZ”Lz(Q;Rdxd)CLT)\h.

For ¢, (z) > 0 defined as in (3.5) and A = h™*, where s > 0 is arbitrary, (3.9) yields
Di(z}) = D) — 20 P2 + 1) = Lig — gnl2a . (3.10)

We have that s(p—2) = 1—sifandonlyifs = —L; = 2. Thus,fori = h~*,s = -1
and Z, := z;: € RT(7}), from (3.10), it follows that both (Dp.1) and (Dp.2) hold. O
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Theorem 3.7 (Error estimate depending on the Sobolev regularity for I'y = @) Let
g € LX(Q), letz € WhP(Q; RY) N WX (div; Q), p € [2, 00), with ||z]| (. gy < 1
bemaximalfor D : W (div; Q) — RU {—oo},letu € A:={v e BV(Q) NL>®(Q)|
v =0in L'(3Q)} be minimal for I : A — R, and let u, € S""(T,) be minimal for
Iy : Sg"(’]},) — R. Then, there holds

p—2
lu — Mpunl 2y < ch?r-b,
where ¢ > 0 depends only on the quantities c¢y, cq, ¢p(2), l|ull L) and [Du|(£2).
Proof Combining the discrete strong coercivity of I, :Sg”(’]},) — R, i.e., (3.1), and

the discrete weak duality principle I, (up) > Dp(zp) forall 7, € RTO(Tp) (cf. (2.9)),
we obtain for all i1, € Sbcr(Th) and 7, € RT°(T)

1
EHHh(ﬁh - uh)”iZ(Q) < In(up) — In(up) < In(in) — Du(Zp). (3.11)

Resorting to Lemma 3.1, we obtain a function i1, € S l’”(’T) satisfying (P.1)—(P.4).
In addition, Lemma 3.5 yields a vector field z;, € RTOIE’ZZ) with (Dp.1) and (Dp.2).
Combining (P.4), (Dp.2) and the strong duality principle I (1) = D(z) (cf. (2.5)), we
deduce from (3.11) that

I ) 2
3 MLy @n — w2 gy < 2¢acerllullLoo @) Dul()h + cp(2)h 7T, (3.12)

where ¢, > 01is as in Lemma 3.5.Since it, — I1jii, = Vyiip, - (idga — I idga) in LY,
using (P.1), (P.3) and [lidge — Mpidga || oo (. ray < 1, we find that

llan — Hhﬁh”iz(m =< 2lunllLoe@ I Vaiinll L1 (@;ra)lidga — Mpidgall o q:re)
< 2cqllullLoo () |Dul(R2)h. (3.13)

Using (P.2), (P.3), (L0.1) and proceeding as for (3.13), we further obtain that

flu — Hhﬁh”iz(m < llu — Tpipliece) (lu — @nlipi @y + lin — Mainli g1 q))
< (I +ca)llull @) (cer + 1)Dul(S2)h. (3.14)

Eventually, combining (3.12)—(3.14), we conclude the claimed error bound. O

4 Error estimates for discontinuous dual solutions

In this section, we establish error estimates for the ROF model without explicitly
assuming that the dual solution possesses Sobolev regularity. Recall that, in general,
a solution of the dual ROF model only needs to satisfy z € W]%, (div; Q) NL>®(Q; RY)
with [[z]| ;o (. gdy < 1. The following lemma gives general assumptions on the dual
solution for which it is still possible to construct a suitable dual quasi-interpolant.
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Lemma 4.1 (Dual quasi-interpolant for non—Sobolev vector fields) Let g € L*(Q) and
z € W]%,(div; Q) N L®(Q; RY). If 1T drezll poo(@iray < 1+ Kk (h) for k(h) > 0, then
the re-scaled vector field 7j, := i 2 € RT;\),(’Z},), where yp := 1 + k(h) > 0, has
the following properties:

(D-]*) ”HhZh”LOO(Q;Rd) < 1.
(D.2%) DyGn) = D) — kgl 2@ 4V 20y — 3118 — &all2

Proof Claim (D.1%) is evident. Resorting to div(I,tz) = M, (div(z)) in £L2(Tp), we
deduce that le(Zh) +gn = I'Ih( d1v(z) + g) in £9(73,) and, hence, also using ||g —
811220, = 181220~ 81122 - Tk, ) (TTZ4) =0 and Jensen’s inequality, that

DyGr) = =3 | Th(Ediv@) + &) |72y — 3180122

v

_”ile(Z) +g||L2(Q) 2||g||L2(Q) 2||g - gh”iZ(Q)

v

—%%Hdiv(z)lliz(g) + 58, div(2) 12 ) — 3118 — 8nllj2 g

v

D) — (1 = --)(g, div(2) 2() — 3118 — &hll7a -
Eventually, using ﬁ <land1 — y—lh < k(h), we conclude that (D.2%*) holds. O
h

Theorem 4.2 (Error estimate for discontinuous dual solution) Let g € L°°(2), let 7 €
WIC\’,O (div; Q) be maximal for D : W;\’,O (div; Q) — RU{—o0} with the same properties
as in Lemma 4.1, let u € BV () N L>®(Q) minimal for I : BV(Q) N L*(Q) — R,
and let uj, € S“"(Tp,) minimal for Iy, : S-"(T},) — R. Then, we have that

lu = Tpunll 2@y < e max {x(h)?, A7},

where ¢ > 0 depends only on the quantities c.r, cq, |1l L (@), and |Du|(S2).

Proof Using the discrete strong coercivity of Ij, : Ster(T,) — R, ie., (3.1), and the
discrete weak duality principle I, (u,) > Dy (zp) forall z;, € RTI?, (7p) (cf. (2.9)), we
obtain for all iiy € ST (7)) and Z;, € RT(Th)

1
ST G = a2 gy < IaGin) = In(un) < InGin) = DiGn). (1)

Resorting to Lemma 3.1, we obtain a function i1, € S Ler() satisfying (P.1)—(P.4).
In addition, Lemma 4.1 yields a vector field z;, € RT;@, (7y,) with (D.1*) and (D.2%).
Then, using (P.4), (D.2*) and the strong duality principle I (u) = D(z) (cf.(2.5)), we
deduce from (4.1) that

1 - .
E”“h(uh - Mh)”%z(m < 2cqcerllul| Lo IDul(2)h + k(Mg L2 1div(D) | L2 () -
Hence, incorporating (3.13) and (3.14), we conclude the claimed error bound. O
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A sufficient condition for a solution to (2.4) to guarantee the quasi-optimal rate
O(h 2) is element-wise Lipschitz continuity. In addition, if a solution to (2.4) is only
element-wise a—Holder continuous, it is, however, possible to derive the rate O(h b ).

Lemma 4.3 (Dual quasi-interpolant for element-wise a—Holder vector fields) Let
g € L*(Q) and let z € W} (div; Q) N L®(Q; RY) be such that ||z]| o q.ra) < 1.
Furthermore, assume that there exist constants o € [0, 1] and ¢y > 0 such that for
every T € Ty, it holds z|7 € C%%(T; R?) with

lz(x) =z < calx — yI* 4.2)
forall x,yeT. Then, the assumptions in Lemma 4.1 are satisfied with i« (h) = O(h%).

Remark 4.4 Lemma 4.3 is of particular interest if the discontinuity set J, of a piece-
wise regular (piece-wise Lipschitz or piece-wise a—Holder continuous) vector field
z€e W/%, (div; Q) N L*°(R; Rd) is resolved by the triangulation, i.e., J, C USeSh S.

Proof (of Lemma 4.3) We need to check that ||I1j,/,+z ”LOO(Q;R(I) <1+ «k(h) for some
k(h) > Owithk (h) = O(h*).Notethat I,;(z(x7)) = z(x7)in T forall T € 7;, which
results from div(Z,;(z(x7))) = I (div(z(x7))) = 0in T for all T € 7j,. Using this,
(RT.2), (4.2) and that ||z ]| oo (q:gey < 1, we deduce that for all T € 7

(L) ()| < e (z — 2(xr)) (x)| + [2(x7)]
< ez = 2 )l oo ray + 1
< crllz = z(xep) I poo(r;may + 1 (4.3)
< ¢peSUpyer|x — x7|* + 1
< crcahy + 1,

i.e., setting « (h) := c;rceh®, we conclude that || TT; 12| poo(q.ray < 1+ K (R). O

Theorem 4.5 (Error estimate for element-wise a—Holder dual solution) Let z €
W3 (div; Q) NL>®(Q; RY) be maximal for D:W 3 (div; Q)NL>(Q; RY) — RU{—o0}
with the same properties as in Lemma 4.3, let u € BV () N L*°(2) minimal for
I:BV(Q)NL* Q) — R and let up € S (73,) minimal for I, : SV (T;) — R.
Then, we have that

lu — Mpupllp2q) < ch?2.

where ¢ >0 depends only on the quantities c¢r, ¢4, Ca, Ul L (), and |Du|(£2).
Proof Follows from Theorem 4.2 by resorting to Lemma 4.3. O

Remark 4.6 (Comparison of Theorem 3.7 and Theorem 4.5)

(i) If « = 1, then Theorem 4.5 extends the results [10, Proposition 4.2] and [21,
Sectioin 5.1.1] to the case of an existing element-wise Lipschitz continuous
solution to (2.4).
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(i) Ifp > d in Theorem 3.7, then z € WP (Q; RY) satisfies z € C%%(Q; R?) for
a=1-— > by Sobolev’s embedding theorem [16, Corollary 9.14]. As a result
Theorem 4.5 in the particular case I'y =@ is applicable and yields the rate (’)(h ).
On the other hand, Theorem 3.7 yields the slightly improved rate O(h 2= 1>)
which gives the impression that Theorem 3.7 is utterly superior to Theorem4.5.
Nevertheless, the major strength of Theorem 4.5—and equally of Lemma 4.3—
is that it is also applicable when it is unclear whether a solution to (2.4) with
Sobolev regularity is available. This allows us to justify analytically the quasi-
optimal rate O(h?2) for the setting in Sect. 2.7 at least for the particular case that
the discontinuity set J; is resolved by the triangulation, i.e., J; S Jg, s, S cf.
Examples 5.2 and 5.3.

If the discontinuity set of a solution to (2.4) is not resolved by the triangulation,
then, apparently, Theorem 4.5 does not apply. In this case, however, the following
argument applies, which exploits that for g € L°°(€2), we have that div(z) € L*(R2),
which to some extent can serve as a substitute for Vz € L (; R4*4),

Remark 4.7 (Optimal dual quasi-interpolant for non-Lipschitz vector fields) Let z €
Wy (div; 2) be such that ||z]| oo (q.rey < 1. Furthermore, assume that there exists a
constant ¢; > 0 such that for all T € 7y, there exists some X7 € T such that

|(1;12)(X7)| < 14 C;h, 4.4)
For each T € 7y, since 1,47 € RT,(\Z(’ZE,) C £Y(73)4, we have that
(112)(x) = (Ine2)(x1) +d ' div(l2) (x — x7) 4.5)

for all x € T. Thus, resorting to div(/,;z) = IT;,(div(z)) in £L(73,), also using (4.4) and
(LO.1)in (4.5) at x = X7 € T, we conclude that

U 1ri2 ] oo ity < 1) G|+ d ™ ITT AV oo | Er — x7]
<1+ &h+d div@)ll b,

i.e., we have that || Ty 1zl oo (r.pay < 14 (6 +d ™ |div(z) | Lo (o) )h-

The following remark discusses particular sufficient conditions for (4.4) on a vector
field z € WK,O (div; ©2) that is piece-wise Lipschitz continuous, such as, e.g., that its
discontinuity set J, is approximated by 7, & > 0, with rate O(h) or that |z| < 1
along J, while, simultaneously, its jump [[z]] over J, remains small. On the other hand,
this remark finds that (4.4) cannot be expected, in general, for piece-wise Lipschitz
continuous vector fields, even in generic situations.

Remark 4.8 (Sufficient conditions for (4.4)) Let d = 2 and z € W (div; ) with
1zl Lo (@:r2) < 1 be piece-wise Lipschitz continuous, i.e., there exist open €2; € €2,

i=1,...,m,meN, with z|g, eWlQ:: R?) foralli=1,...,m andQ—Uizl Q.
Next, we fix an arbitrary 7' € 7;,. Then, we need to distinguish two cases:

@ Springer



Error estimates for total-variation regularized... 897

arccos(ty - n1); ty -1 = O(h)

(")

S

Jor = Rty (c) 1—p=0(h)

Fig. 1 Sketch of the construction as described in Remark 4.8 with a discontinu-ity set J;; intersecting an
element 7. Part (o) depicts the setting of Remark 4.8, while part () and part (y) illustrate the cases (ii.a)
and (ii.b) in Remark 4.8

(i) Assume that T C Q; for somei = 1, ..., m. Then, we deduce along the lines of
the proof of (4.3) that

(L) (xT)| < 1+ Crt”VZ”LOO(Qi;RQXZ)hTa

i [(12) ()| <1+ coephy, where ¢ i=maxi—i, [V (zla) [l oo 0, :x22)-

(i) Assume that there exists an interface y = 92, N 92, for some a,b=1,...,m
such that int(T) Ny # 8.8 As z|g, € WH®(Q,; R?) and z|q, € W1 (Qp; R?),
without loss of generality, we may assume that y C b, + Rt, for some b, € R?
and 1, € S!. Next, fix Xy, € y and set z, == (z]q,) (X)), 2p = (2lQ,) (X)) € R2,
Then, fori € {a, b}, it holds

2 = G ] = IV Elg) g2 1xy — x| < cchy forall x € TN
Furthermore, if n,, € S! denotes a unit normal vector to #,, € S!,i.e., n) -1, =0,
then, taking into account that z € W;\’,O(div; 2), we find that z, - n, =z - ny.
Thus, if we define z7 (x) := z, forx € T N Q, and z7(x) := z; forx € T Ny,
cf. Fig. 1, (@), then z7 € W (div; T) and, owing to (RT.2),

Wrezr — Izl poo(rr2y < Crellzr — 2l poo(rir2) < Creczhr,

i.e., we have that

ezl oo (rir2) < Mrezrllpoo(7:R2) + Creczhr. (4.6)

8 Apparently, we should also take into account the case in which T € 7}, is intersected by two or more
interfaces. However, for the benefit of readability, we limit ourselves to this simplified case.
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As aresult of (4.6), it is sufficient to prove || /127 || oo(r.r2) < 1 + O(h) to con-
clude that [[Zy/z|lfoo(r.g2y < 1 + O(h). Because, owing to Lemma 4.1 (ii), it
holds

div(l,iz7) = My (div(zr)) =0 in T,

where [,z = ZSeSh;SgaT z7 - nsys, it even holds I,,z7 = const in T. Next,
we denote by S| € S, aside of T € 7), such that S| Ny # W and by S € S, the
side of T € 7j, such that S Ny = @. Let ny, np € S' denote the corresponding
unit normal vectors to Sy, S» € 7j, resp., cf. Fig. 1, («). Then, it holds

NEARY NEARY

IrtZT-n1=/ ZT.nldszqu.nl_Fuza.n],
sy [S1] [S1]

“@.7

Lzt - no =/ zr -nods = zp - np.
S2

Introducing p := |S1 N Qp|/]S1] € [0, 1] as well as M7 := (n1,n2) € R2%2 also
exploiting that z, = z + ((zq — 2») - t))t,, where we used that z, - n, = zp - ny,
the system (4.7) can be rewritten as

M7 Iyzr = M{zp + (1 — p)((za — 26) - 1) (ty - n1)er,
i.e., since M; e R**Zjsa regular matrix, we find that

Iizr =25 + (1 = p)((2a — 25) - 1) (ty - n1)M7 ey (4.8)

Resorting to the formula (4.8), we can derive special cases that imply (4.4):

(ii.a) If t, - n1 = O(h), ie., (by + Rt,) N T approximates S; with rate O(h),
cf. Fig. 1, (B), then | I;z7| < |zp| + O(h) < 1 + O(h).

(ii.b) If 1 — p = O(h), i.e., S| Ny approximates Sy with rate O(h), cf. Fig. 1, (y),
then [1,z7| < |zp| + O(h) < 1 + O(h).

Apparently, (ii.a) and (ii.b) describe the particular case in which the discontinuity set
J is not resolved by the triangulation but approximated with rate O (h).

(ii.c) If we have that both |z| < 1 and (z, — zp) - t, is sufficiently small, i.e.,
such that |(1 — p)((za — 2) - 1,)M7 ' (t, - n)er] < 1 — |zp] + O(h), then
[rizr] < lzpl + 1= |z + O(h) = 1+ O(h).

(ii.d) If T is nearly right-angled, so that Mt is approximately an orthogonal matrix,
ie, My = My 4+ O(h), and 1, = £n; + O(h), then, using that z, - ny =
2p - n2 + O(h) because n,, = ny + O(h), we deduce that z;, = (2 - n)n; +
(1 = p)(zq - n2)n2 + p(zp - n2)ny + O(h) and, thus, that
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Irizr = 25 + (1 = p)((za — 2) - n)ny + O(h)
= p((zp - n)n1 + p(2p - n2)12)
+ (I = p)(za - n1)n1 + (24 - n2)n2) + O(h)
= (1 = p)za + pzp + O(h),

which implies that |I,,z7] < (1 — p)|za| + plzp] + O(h) < 1 4+ O(h).

More generally, the sub-cases (ii.a)—(ii.d) can occur in combination so that the con-
clusion holds under significantly weaker conditions on the individual factors. On the
other hand, the formula (4.8), simultaneously, demonstrates that || 7,127 | oo (7.g2) <
1 4+ O(h) and, therefore, also || I+ 2|l poo(7.r2) < 1 4+ O(h) cannot be expected in gen-
eral, even in generic situations.

5 Numerical experiments

In this section, we verify the theoretical findings of Sect. 4 via numerical experiments.
To compare approximations to an exact solution, we impose Dirichlet boundary con-
ditions on I'p = 9€2, though an existence theory is difficult to establish, in general.
However, the error estimates derived in Sect.4 carry over verbatimly with 'y = ¢
provided that a minimizer exists.

All experiments were conducted using the finite element software FEniCS, cf. [30].
All graphics are generated using the Matplotlib library, cf. [28].

5.1 Experimental convergence rates

All computations are based on using the regularized discrete ROF functional, i.e., for
e > 0and g € L*(R), the functional I} : Sgcr(’ﬁl) — R, defined by

o
I i) = I1Vonlellig + 5 1T (h = D72 (5.1)

for all v, € S},’"(?}l), where | - |, € C1(RY) is the regularized modulus, defined by

lale = (|a|2+82)% foralla € R? and ¢ > 0. Based on 0 < |a|, —|a| < & for all
aeR?and e > 0, for the minima uy, uf, € Sg"(Th) of In, I} : Sll)’"(Th) — R, resp.,
it holds

a AT
E”I—[h(uh - uh)”Lz(Q) < 8|Q| (52)

Thus, in order to bound the error [lu — [xun |l 2(q), it suffices to determine the error
llu — Tpup |l 12q)» €.8., for & = h. The iterative minimization of IZ‘ : Sll)’"(Th) — R,
i.e., for ¢ = h, is realized using a semi-implicit discretized Lz—gradient flow from [11],
see also [9, Section 5].
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900 S. Bartels, A. Kaltenbach

Algorithm 5 1 (Semi-implicit dlscretlzed L*—gradient flow) Let g, € L£%(T;) and

choose T, €l,,, > 0. Moreover, let uf) € S5 (Ti) and set k = 1. Then, for k > 1:

(i) Compute the iterate uk e SD’"(’Z},) such that for every vy, € SD’ "(Tp), it holds

k Vi, k
<d¢uh,vh> sy T —, Voo +a(l'[huh—gh,l'[hvh> R =0,
L2(Q) )thl}c;l‘ L2(Q)
h LZ(Q;RII)
where d,u =T (u e u n ) denotes the backward difference ?uotlent

(ii) Compute the residual rh € S;)”(Th) such that for every vy, € Sp;" (1), it holds

thk
(r}’f, Uh)Lz o= (—kh thh) +a (I'Ihu/fl — &h, Hhvh>L2 o
@ Vi i) @

Stop if ||r,]1‘ ||Lz(Q) < Ei’mp; otherwise, increase k — k + 1 and continue with (i).

Appealing to [10, Remark 5.5], the iterates u];l € S})’cr(’]},), k € N, and residuals

rke Sll)’”(’]}l), k € N, generated by Algorithm 5.1, and the minimizer u' € S})’"(ﬁ,)
of (5.1) for ¢ = h satisfy

luff — ufll 2 < 20rfllL2g)- (5.3)

As a consequence, if we choose as a stopping criteria that ||rh 2 < mp = hz
then, owing to (5.2), ||I1x(uy — uh)||Lz(Q) < (2+—|Q|)h2 Thus, to bound the error
lu — Mpupll 2 (o) experimentally, it is sufficient to compute |lu — I'Ihuh||Lz(Q)

The energy stability of the semi-implicit scheme established in [10, 11] shows that
diu¥ — 0in L*(Q) (k — 00), which, in turn, implies rf — 0in L*(Q) (k — o0)
and, hence, that Algorithm 5.1 terminates within a finite number of iterations, so that
employing the h—independent step-size T = 1 is reasonable.

Example 5.2 (Two disks problem) Let @ = (—1,1)> € R, r = 0.4, « = 10, and
§:=g0® € BV(Q)NLX(Q), where g := Xp2(re) = XB2(—rey) € BV()NLX(R)

and for some angle ¢ € [0, 2] and some vector by, = (b1, b)) ' e R2,

D(x) = [COS(¢)(X1 — by) + sin(¢) (x2 — bz):| (5.4)

cos(¢)(x2 — bz) — sin(¢) (x1 — b1)

forall x = (xq, xz)Te R2ie., @ : R2—>R2 performs a rotation by ¢ and a shift by b.
The same argumentation as in the proof of Proposition 2.1 demonstrates that the
corresponding primal solutionis givenviau := uo® = (1— a%)g € BV (Q)NL>®(R),
where u := (1 — O%)g € BV (2) N L*°(K2), cf. Proposition 2.1.

For z € W (div; 2) defined as in Proposition 2.4, we define the vector field 7 :=
det(D®)(DP) 'z0® = (DP)"z0® € W®(div; Q). Then, resorting to properties
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of the contra-variant Piola transform, cf. [14, (2.1.71)], we find that
div(z) = a(z — g) in Q. (5.5)

We define the decomposition S2$ =QNOR-oxR)and Qg := QN PR x R).
Then, using thatz = 0 continuously on b, +RR#, N2, where t,, = (—sin(¢), cos(p)) ',
and the transformation theorem, we further obtain that

|Di|(2) = (u, diV(Z))LZ(Q), (5.6)

where we used in the last equality sign that supp(it) € ®~'(Q) N Q. Consequently,
if we combine (5.5) and (5.6) and refer to the optimality conditions (2.6), then we
find that z € W (div; Q) is a dual solution to & € BV (2) N L*°(2). Apparently,
z € W(div; Q) is piece-wise Lipschitz continuous in the sense of Remark 4.8 and
its jump set is given via J; = b, + Rt,. As a consequence, if for every T € 7y, either
of the cases (ii.a)—(ii.d) in Remark 4.8 is satisfied, then the quasi-optimal rate O(h2)
is guaranteed by Remark 4.8, Lemma 4.7, Lemma 4.1 and Theorem 4.2.

Example 5.3 (Four disks problem) Let Q@ = (—1, 1)> € R?, r = 0.4, o = 10, and

8 = XB2(rr) T XB2(—r—r) = XB2(r—r) — XB2(—r.r) € BV(2) N L¥(Q).

The same argumentation as for the proof of Proposition 2.1 shows that a minimum of
(2.3)is given viau := (1 — %)g € BV (2) N L*°(2). A straightforward adaption of
the proof of Corollary 2.2 implies that any dual solution z € W (div; €2) is not 6—
Holder continuous at x = +rej and x = £reyif 6 > % Apart from that, arguing as in
the proof of Proposition 2.4, we find that an example of adual solutionz € W°(div; €2)
is given via Z(x) 1= £z(x Frep) if £x2 > 0 forall x = (x1,x2) | € Q, where z €
W (div; Q) is defined as in Proposition 2.4. In addition, if ® : R? — R2isdefined as
in Example 5.2, then for g := g o ® € BV (2) N L*°(R), the primal solution is given
viaii :=u o ® € BV(Q) N L>®(RQ) and a dual solution is given via Z := (D®) "'z o
® € W (div; 2). Apparently, 7 € W (div; Q) is piece-wise Lipschitz continuous
in the sense of Remark 4.8 and its jump set is given via J; =b,, + Rt,, + Rn,,, where
t, = (—sin(¢), cos(¢)) " and n, =(cos(¢), sin(¢)) . As a consequence, if for every
T €7}, either of the cases (ii.a)—(ii.d) in Remark 4.8 is satisfied, then the quasi-optimal
rate O(h?) is guaranteed by Remark 4.8, Lemma 4.7, Lemma 4.1 and Theorem 4.2.

The experimental convergence rates in Fig.2 are obtained on k—times red-refined
triangulations 7, k = 1, . . 9, of an initial triangulation 7j,, with two elements, i.e.,
hi = ho2~* and 8?;{0[, = h,f for every k =1, ..., 9. In addition, for a simple imple-
mentation, we employ g, € Eo(ﬁlk), defined by g, := g(xThk ), where XT;, |7 == xT
forall T € Ty, instead of gj,, := Iy, & € L£°(7;,). However, since for each input data
g € BV (Q)NL> () considered in this section, itholds || g —gn, I .1 (q) < chk| BBrZ(O) [,
the error estimate remains valid. The linear systems merging in each iterations of Algo-
rithm 5.1 are solved using PETSc’s preconditioned conjugate gradient method with an
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-©- Two disks: ¢ =0.0, b, =(0.0,0.0)"
—%— Two disks: ¢ =12, b, =(0.1,0.0)7
)
)

-{=3- Four disks: ¢ = 0.0, by = (0.0,0.0 b
=~ Four disks: ¢ = %, by = (0.1,0.0)7

10—1 4

||u(xT) - HhuhHLz(Q)

102 103 104 10°
N~h™2

Fig. 2 Logarithmic plots for the experimental convergence rates of the error quantities (5.7) in Example
5.2 and in Example 5.3. The rate O(h2) is observed

incomplete LU factorization, cf. [6]. Figure 2 contains logarithmic plots for the exper-
imental convergence rates of

luez,) = a2y k=329, (5.7

versus the total number of vertices Ny = (2% + 1)2 ~ hk_2 fork =3,...,9. We find
that the errors (5.7) converge at the quasi-optimal convergence rate O(h2). This
behavior is reported for both examples, ie Examples 5.2 and 5.3, for ¢ = 0.0
and b, = (0.0,0.0)7 as well as for ¢ = 2% and b, = (0.1,0.0) . Recall that for
¢ = 0.0 and b, = (0.0, 0. 0) ", the quasi-optimal rate O (h 2) is analytically guaran-
teed in both examples (cf. Examples 5.2 and 5.3). Apart from that, we also could report
the quasi-optimal rate O(h?2) for d = 3, a uniform triangulation of Q = (—1, 1)3 and
g € L°°(2) N BV (R2) given via two or four touching balls, with several rotations and
shifts, for which no Lipschitz continuous dual solution exists.

In Fig.3, the numerical solution ups € S 1’”(Ths) obtained in Example 5.3
and its Lz—projection Mpsups € EO(ﬂS) are displayed for ¢ =0.0 and b, = (0.0, 0.0)T.
Large gradients occur near the contact points of the disks, the midpoint values do
not, however, show artifacts. In Fig.4, the L2—projecti0n Mpszps € EO(’Z},S)2 of
the discrete dual solution zj,5 := Vi utps | Vis s |;51 + 3 s (s — g)(idga — Mpgidg2)
€ RTO(T;,S) with respect to the regularized ROF functional (5.1) (cf. [13, Section 5])
is displayed for ¢ = 0.0 and b, = (0.0, 0.0)".
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uhs € Slicr(lﬁls) Hhsuha € ‘Co(ﬁls)

0.5 0.5
1.0 -1.0 1.0 -1.0

Fig.3 Numerical solution uy,5 € Sl’”('ﬁls) in Example 5.3 displayed as piece-wise affine function (left)
and via its Lz—projection Mpsupg € Lo(’ﬁls) (right) for r = 0.4, = 10, ¢ = 0.0 and b, = (0.0, O.O)T.
Large discrete gradients occur near rej and £rep, where no dual solution is #—Holder continuous for
0> 5

2
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Fig. 4 L2—projection Mpszns € LO(’Z}lS)2 of the discrete dual solution z;,5 € RTO(’ThS) with respect
to the regularized ROF functional (5.1) (cf. [13, Section 5]) displayed for ¢ = 0.0 and by, = (0.0, O.O)T.
The red and blue arrows represent the values of zg € RTO(’ThS) at the midpoints of element sides
along the Rep—axis, i.e., limg_, Zhs (xg — eeq) (blue arrows) and limg_, Zhs (xg + €eq) (red arrows).
Here, the different orientations of the arrows indicate that zj,5 € RTO (7Tn 5) approximates a discontinuous
vector field—empirically z € W (div; ) defined in Proposition 2.4. Moreover, the red circles display the
discontinuity set J;, of the minimizer u € BV (2) N L°°(2) defined in Proposition 2.1

5.2 Experimental verification of condition (4.4)
In this section, we examine whether the dual solutions given in Example 5.2 for every

¢ €[0,2n] and b, € R?2 comply with condition (4.4) in Lemma 4.7, which, in view
of Lemma 4.1 and Theorem 4.2 yields a guarantee for the quasi-optimal convergence
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Fig.5 Logarithmic plots of the quantities (5.8) in Example 5.2
1
rate O(h?2). If we compute the quantities
”HhklrlZ”Loo(Q;Rd)! k = 1,...,8, (58)

where 7 € W™ (div; Q) is defined as in Example 5.2, then we find that for ¢ = 0.0
and by, = (0.0,0.0)",¢ = Z and b, = (0.0,0.1)", ¢ = 0.0 and b, = (0.1,0.0)7,
and ¢ = —% and b, = (0.0, O.O)T, there exists a constant ¢; > O—presumably, one
has that ¢, = 1—such that for k = 1, ..., 8, there holds

1T e 2l oo (ay < 1+ 2. (5.9)

These results confirm the findings in Remark 4.8 as they fall within one of the cases
(ii.a)—(ii.d). Apart from that, for ¢ = % and b, = (0.0, 0.0)" as well as for ¢ = 71—’§
and b, = (0.0, O.O)T, we cannot report the existence of a constant ¢, > 0 such that
(5.9) holds. This behavior can also be easily predicted analytically by resorting to the
formula (4.8). All results can be found in Fig. 5, which displays the quantities (5.8)
versus the total number of vertices Ny = (2k + 1)2 ~h;2 fork=1,...,8.

Possible explanations for the observed quasi-optimal rate O(h2) for ¢ = % and

b, = (0.0,0.0)" as well as for ¢ = %% and b, = (0.0,0.0) ", even though (5.9) could
not be reported, might be that this violation is merely pre-asymptotic or occurs only
along the interface (b, + Rt,,) N €2 (the latter, we observed experimentally), that the
proofs presented are still sub-optimal, or that there exists an alternative dual solution

for which (5.9) can be reported.
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