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Abstract

In electromagnetism, in the presence of a negative material surrounded by a classical
material, the electric permittivity, and possibly the magnetic permeability, can exhibit
a sign-change at the interface. In this setting, the study of electromagnetic phenomena
is achallenging topic. We focus on the time-harmonic Maxwell equations in a bounded
set §2 of R, and more precisely on the numerical approximation of the electromagnetic
fields by edge finite elements. Special attention is paid to low-regularity solutions, in
terms of the Sobolev scale (H®(£2))s-0. With the help of T-coercivity, we address
the case of one sign-changing coefficient, both for the model itself, and for its discrete
version. Optimal a priori error estimates are derived.

Mathematics Subject Classification 65N30 - 35J57 - 78M10

Introduction

We study the numerical approximation by finite elements of electromagnetic fields
governed by the time-harmonic Maxwell equations, in the presence of a negative
material surrounded by a classical material. A negative material can be a metal at
optical frequencies, or a metamaterial, see for instance [2, 49]. So, in this setting, the
electric permittivity, and possibly the magnetic permeability, can exhibit a sign-change
at the interface between the two materials. We consider such a model in a bounded set
of R3, supplemented with a vanishing boundary condition on the tangential trace. To
the author’s knowledge, the first attempt to address this situation theoretically can be
found in [10, 11]; see also [16, 45]. However, little is known regarding the numerical
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approximation of the model. In the present paper, we provide the numerical analysis
for a model with one sign-changing coefficient.

For the numerical approximation, we use (low-order) edge finite elements. We use
some recent results [22, 23, 32] to interpolate low-regularity solutions that can occur
both in a classical setting, that is for a model with fixed-sign, piecewise smooth coef-
ficients [7, 24, 26], and in the presence of an interface between a classical material
and a negative material.

In what follows, we shall assume that the electric permittivity € has a sign-change,
while the magnetic permeability p has a fixed sign (when the roles of ¢ and pu are
reversed, we refer to Sect. 8). Typically, this corresponds to an interface model between
a metal surrounded by a classical material (in some ad hoc frequency range). Clas-
sically [3, §8], for solving the time-harmonic Maxwell equations, one can choose
first-order formulations in both the electric and magnetic fields, or second-order for-
mulations in the electric field only, or in the magnetic field only. Our choice will be a
second-order formulation in the electric field.

The outline is as follows. We begin by introducing some notations, together with a
precise definition of the mathematical framework considered hereafter. Before inves-
tigating the solution of this problem, we propose some comments in Sect. 2 to help
identify the difficulties to be addressed. For that, we rely on some well-known facts
regarding the classical setting (fixed-sign coefficient), that we shall apply to the new
model. We introduce the companion scalar problem and tools, such as the T-coercivity
to realize the inf-sup condition. In Sect. 3, we explain how to solve the time-harmonic
Maxwell equations. Next, in Sect. 4, we recall the numerical approximation via edge
finite elements, and in particular how one can interpolate the electric field, which
can (possibly) be of low-regularity. To prove the results regarding convergence of the
numerical method, we use some results regarding practical discrete T-coercivity (for
the companion scalar problem) which is achieved with the help of T-conform meshes.
These are recalled in the “Appendix A”. As a matter of fact, these results allow us
to prove the uniform discrete inf-sup condition for the time-harmonic Maxwell equa-
tions: this is the object of the next two sections, where we use a result on the div—curl
problem established in “Appendix B”. Then, in Sect. 7, we provide a numerical illus-
tration to check that the expected convergence order is achieved, and how the use of
T-conform meshes may impact the convergence rate. In Sect. 8, we outline how one
can solve theoretically and numerically the case of p having a sign-change, and ¢
having a fixed sign. Finally, we give some concluding remarks in the last section.

We refer to [36] for the theoretical and numerical analyses of the two-dimensional
time-harmonic Maxwell equations, and to [23] for the analyses of the three-
dimensional, div—curl, or div—curlcurl, problem, with one sign-changing coefficient.
Let us comment briefly on some alternative finite element methods that have previously
been designed to solve numerically scalar problems with sign-changing coefficients
(diffusion-like, or time-harmonic). As mentioned above, one uses T-conform meshes
when one relies on the T-coercivity theory to prove convergence. On the one hand,
the use of plain meshes is tempting. However, to the author’s knowledge, convergence
theory is incomplete, namely convergence is not guaranteed for all well-posed prob-
lems (see Sect. 7); and, if one adds dissipation to restore well-posedness, convergence
is suboptimal and can only be guaranteed in some special cases (see respectively sec-
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tions 5.1 and 5.2 in [19]). On the other hand, one may ask whether it is possible to
solve subproblems in regions where the sign of the coefficients is constant, coupled
by transmission conditions on the interface. It turns out that an iterative solver based
on optimal control theory (with a control defined on the interface) has been proposed
in [1] to solve diffusion problems. However it requires extra-regularity of the solution.
Finally, let us mention a recent work [25], also relying on optimal control theory (with
a volume control), that allows one to solve iteratively diffusion problems without any
regularity assumption.

1 Setting of the problem

As in [22], we denote constant fields by the symbol cst. Vector-valued (respectively
tensor-valued) function spaces are written in boldface character (resp. blackboard bold
characters). Unless otherwise specified, we consider spaces of real-valued functions.
Given a non-empty open set O of R3, we use the notation (:])0,0 (respectively || -
llo.o) for the L%(0) and the L?>(0) := (L*(0))? inner products (resp. norms). More
generally, (:|-)s.© and || - |5 © (respectively | - | ) denote the inner product and the
norm (resp. semi-norm) of the Sobolev spaces H*(©) and H(0) := (H3(0))? for
s € R (resp. for s > 0). The index zmyv indicates zero-mean-value fields. If moreover
the boundary 0O is Lipschitz, n denotes the unit outward normal vector field to 0.
It is assumed that the reader is familiar with function spaces related to Maxwell’s
equations, such as H (curl; O), Ho(curl; O), H(div; O), H o(div O) etc. A priori,
H (curl; ©) is endowed with the “natural” norm v > (||v||0 o+ curlv||0 '
etc. We refer to the monographs [3, 41, 43] for details.

The symbol C is used to denote a generic positive constant which is independent
of the meshsize, the mesh and the fields of interest; C may depend on the geometry, or
on the coefficients defining the model. We use the notation A < B for the inequality
A < CB, where A and B are two scalar fields, and C is a generic constant.

Let 2 be a domain in R3, ie. an open, connected and bounded subset of R3 with a
Lipschitz-continuous boundary 2. The domain §2 can be simply connected (sc) or
not (nsc) [35]. This means that we assume that one of the two conditions below holds:

— (sc) ‘for all curl-free vector field v € C(2), there exists p € CY%82) such that
v=Vpin$2’;

— (nsc) ‘there exist I > 0 non-intersecting, piecewise plane manifolds, (X;) j=1,...,
with boundaries 3 X; C 982, such that, ifwe let 2 = 2\ Ul | i forall curl- free
vector field v, there exists p € C°(§2) such that v = Vp in £2°.

To simplify the computations (without restricting the scope of the study), we assume
that the boundary 952 is connected.

We let £2 be surrounded by a perfect conductor. We recall that, for a given pulsation
o > 0, the time-harmonic Maxwell equations set in §£2 can be expressed in terms of
the complex-valued electric field e only. They write

Finde € Hy(curl; £2) such that
curl(u_1 curle) — w’ce = lwj in 2 (D)
divee = o in 2.
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Above, the real-valued coefficient ¢ is the electric permittivity tensor and the real-
valued coefficient u is the magnetic permeability tensor. The complex-valued source
terms j and o are respectively the current density and the charge density. They are
related by the charge conservation equation

—1wo +divj =0in £2. 2)
Classically, in (1), the equation div ee = p is implied by the second-order equation
curl(u ! curle) — w?se = 1wj, together with the charge conservation equation (2),

so it is omitted from now on. We fix the a priori regularity of the current density
to j € L?(£2), which implies that o € H~!(£2), with dependence loll-1.0 =
o divjl-ie S lillo.e.

Finally, note that one can split the problem into two parts, where N(e) €
H(curl; £2) is related to —3(j) € L2(.Q), resp. J(e) € Ho(curl; £2) is related
to M(j) € L*(£2). So, we carry on with e standing either for 9i(e) or J(e), resp. f
standing for —0~'3(j) or @ IN(j), that is with real-valued fields. One can check
that the equivalent variational formulation in Ho(curl; £2) writes

Finde € Hy(curl; 2) such that
{aw(e, v) = 0?(f|v)o.@. Yv € Ho(curl; 2), 3)
where
a,(u,v) .= (,u_1 curl u| curl v)g o — w2(8u|v)o’_q, Yu,v € Hy(curl; £2).
Note that with these notations, one has divee = — div f in £2.

Then, the real-valued coefficient & € {e, u} fulfills one of the two sets of conditions
below, which we refer to as the classical case and the interface case hereafter.
Classical case:

& is areal-valued, symmetric, measurable tensor field on £2,
{as_, £, >0,VzeR, £ |71 <&z-z <£&,|z|> ae. in 2. @
Interface case: 2 is partitioned into the non-trivial partition P := (£2) p—+,—, Where
§24 are domains, and 8¢ fulfills (4), with §|, = +1 and §jo_ = —1.

For our studies of the time-harmonic Maxwell equations in the electric field, we
assume from now on that

’ ¢ is as in the interface case; i is as in the classical case.

2 Some comments
Observe that if the electric field is curl-free, ie. curl e = 0, then it may be writtenas e =

V pe for some p, € Hol(.Q) (cf. Theorem 3.3.9 in [3], as 02 is connected). Moreover,
Ppe is such that diveVp, = —div f in H~!(£2). So to ensure well-posedness, one
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must make an assumption on the companion scalar problem with Dirichlet boundary
condition:

Finds € H(} (82) such that )
(eVsIVgo.2 = (8. 9) i) Y4 € Hy($2),

namely, that this scalar problem is well-posed. In other words,

3C, > 0, ¥g € H™'(£2), s solution to (5), with [sll 3 (o) < Cu lgll-1.2- (6)

To measure elements of H& (£2), we choose the norm g — ||q||H(} @) = IVallo.e-
If the permittivity € were to fulfill (4), well-posedness of the scalar problem would auto-
matically hold, as an obvious consequence of the fact that (¢, g’) — (¢Vq|Vq)o.e
defines an inner product on H(} (£2), whose associated norm is equivalent to the
I - ||H01(Q)—norm.

However, in the present setting, since ¢ is as in the interface case, this is an additional
assumption, which is addressed with the help of T-coercivity [9, 13]. We recall the
abstract framework below, see [19, 21] for details. Let V be a Hilbert space with
norm || - ||y, and a(-, -) a symmetric, continuous bilinear form on V x V. Then, the
well-posedness of the problem

Find u € V suchthat a(u,v) = (f,v)y, Vv e V, @)
which reads
3C > 0, Vf € V', 3lu solution to (7), with |ully < C | fllv, ®)

can be addresssed as follows. One has to prove that the form a is T-coercive, cf.
Theorem 1 and Remark 2 of [19]:

o >0, 3T € L(V), Yv eV, |a(v, Tv)| = a|v]3. )
In other words, the operator T realizes the classical inf-sup condition (see eg. [6])
explicitly.

Hence, for the scalar problem (5), and because ¢ is a symmetric tensor field, well-
posedness is equivalent to (¢, ¢') — (¢Vq|Vq')o.s fulfilling an inf-sup condition:

1(eVg|Vg')o,.el

Iv > 0, ¥q € Hy(82), ,
q'eHL(\[0) g ”H(}(.Q)

z v llalig) o). (10)

Or, as noted above, this is equivalent to
o > 0, 3Ty € L(Hy(2)),Yq € Hy (), |(eVq|V(Tog))o.e| = a0 [IVq | o-
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Note that the absolute value can be removed. Indeed, the quadratic mapping g +—
(eVq|V(Toq))o.e2 is continuous in HOl (£2) and vanishes only for ¢ = 0, so it takes
either positive, or negative, values everywhere in H(} (£2). Thus, (10) is also equivalent
to

Jag > 0, 3Ty € L(HL(R2)),

11
Vg € HL(), VIV (Tog)oe > a0 IVql2 . (b

To recapitulate, we assume from now on that

’ (10)—(11) holds for the companion scalar problem (5).

When we perform the numerical analysis, and in order to obtain explicit conver-
gence rates between the exact and approximate solution to the time-harmonic Maxwell
equations, we shall make two additional assumptions:

€12, L2, € WI’OO(QP) for p = 1,..., P. In relation to the partition and for
s > 0, we define

PH®(2) :={ve L*(2) : V2, € H®(2,), 1 < p <P}, (12)

1/
endowed with the “natural” norm [|v|| pys (@) := ( Z ||vp||§’9p> .
l<p=<P
— the data f has extra-regularity, in the sense that

div f € H~'77(2), with 7y € (0, 1] given . (13)
For further analysis, let us introduce the scalar problem with modified right-hand side

Finds e H& (82) such that

14
(eVsIVo.0 = (8. @) i o) + E&IVa02. Vg e HY@). (Y

If ¢ were as in the classical case [7, 26, 29, 31, 37, 40, 46], one could prove a shift
theorem for the problem (14) when the data (g, g) has extra-regularity like

g e H'T™(2), g e H'(2), with 1o € (0, 1] given .

In the interface case, there exist similar results in this direction. We refer to [12, 14, 17,
18, 27] for a piecewise constant coefficient €. So we introduce tp;, € (0, 1] depending
only on the geometry and on ¢ such that

Vs € [0, tpir)\{1/2}, ¥(g.8) € H'*5(2) x H'(2),
the solution s to (14) is such that s € PH!*S(£2), and
Isllprits2) S (Igll-1+s.2 + llgllh.2)-

@ Springer



On the approximation of electromagnetic fields by edge... 229

Above, the constant hidden in < may depend on s, but not on g nor on g. By a slight
abuse of vocabulary, we call this result the shift theorem, respectively tp;, the limit
regularity exponent. We assume from now on that

a shift theorem holds with 7p;, € (0, 1] for the modified scalar problem (14).

Remark 1 We shall also need a shift theorem for the scalar problem involving the
magnetic permeability p with Neumann boundary condition, see (31) below. The
result can be found in the above-mentioned references, because y is as in the classical
case. O

So far we focused on curl-free fields. To tackle fields with a non-vanishing curl, we
use an ad hoc splitting of H(curl; §2). Define

Ky($2,¢) :={v e Ho(curl; £2) : divev = 0}.
An equivalent (variational) definition is

Kn($2,¢) :={v e Hy(curl; £2) : (ev|Vg)o o =0, Vg € HOI(Q)}.

Proposition 1 One has the continuous, direct sum
Ho(curl; 2) = V[H;(2)] ® Ky (82, ¢). (15)

Proof Obviously, V[H& (£2)] + Kn(82,¢) is a subset of Ho(curl; £2). Let v €
H(curl; £2). According to (6), there exists p, € Hé (£2) such that

(eVPolV@o.2 = (evIVq)o.0, Yq € Hy(£2). (16)

Now, let k, = v — Vp,, one has k, € Ky (2, ¢) by construction. It follows that
Ho(curl; 2) = VIH}(2)]1 + KN (£2, ¢).

Next, let z € V[H(?(.Q)] N K n(£2, ¢) be given. There exists s € HO1 (£2) such that
z = Vs and, by definition of K y(£2, ¢), s is governed by (5) with zero right-hand
side. By uniqueness of the solution, one has s = 0 and so z = 0: the sum is direct.
Finally, by definition (16) of p, and according to (11), one has «g ||Vp,,||(2)y_(2 <
(eVpulV(Topu))o.e = (ev|IV(Topv))o.e < llevlo,2 IV (Topy)llo,e, so that

—1
IVpullHEur;2) = IVpollo,e < oy 8+||TO”L(HOI(Q))”')”O,Q,

and kol meurt; 2) < (14 g e 1 Toll 2 g (0 19 eurt 2)-
So the sum is continuous. O
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In other words, we may introduce the operators of L(H y(curl; £2), HO1 (£2)), resp. of
L(H(curl; £2))

- Ho(curl;Q)—>H01(.Q) o - Hy(curl; 2) > KyN(£2, ¢)
L V> py ’ 2 v ky

and write, for all v € Hy(curl; £2), v = V(7;v) + mv. Note that (z2)% = 75.
We finally recall an important result on the measure of elements of K (2, ¢). For
its proof, we refer the reader to Corollary 5.2 of [10].

Theorem 1 Elements of K y (82, €) can be measured with the || curl -||o 2 -norm:
ACw > 0, Vk € Ky (£2,¢), |kllo,2 < Cw |l curlkllo g, (17)
Cy > 1. Vk € Ky(2.¢). kllg@ute) < Cyy lleurlklog.  (18)

3 Solving the exact problem

Recall that u is as in the classical case [cf. (4)], resp. ¢ is as in the interface case, and

assumption (10)—(11) holds. Using operators 771 and 5, one can provide an equivalent

reformulation of the variational formulation (3). Its solution e may be split as

e=-ey+ Vo, witheg = mre and ¢ = mye. (19)

By using the (variational) definition of K y (£2, ¢) (recall that ¢ is a symmetric tensor
field), we notice that ep and ¢ are respectively governed by

{ Findey € Kn($2,¢) suchthat (20)
ay(eo, v) = @*(fv)o.2. Vv € Ky(R2, ).
Find ¢ € H}(£2) such that o
€VIVQlo.e = (div f.q) yi(q). Y4 € Hy(£2).

Actually, there is an equivalence result (the proof is left to the reader).

Proposition 2 A field e is a solution to (3) if, and only if, w>e is a solution to (20) and
e is a solution to (21).

According to the assumption on ¢, we already know that problem (21) is well-posed.
Hence proving the well-posedness of (3) amounts to proving the well-posedness of
(20). We recall Theorem 8.15 of [10].

Theorem 2 The imbedding of K (2, €) in LZ(Q) is compact.
As a consequence (cf. Theorem 8.16 of [10]), one has the
Corollary 1 The variational formulation (20) with unknown e enters the Fredholm

alternative:
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— either the problem (20) is well-posed, ie. it admits a unique solution eq in
H(curl; 2), which depends continuously on the data f:

leoll o curt;2) S I fllo, 2

— or, the problem (20) has solutions if, and only if, the data f satisfies a finite number
of compatibility conditions; in this case, the space of solutions is an affine space
of finite dimension, and the component of the solution which is orthogonal (in the
sense of the H(curl; §2) inner product) to the corresponding linear vector space,
depends continuously on f.

Finally, each alternative occurs simultaneously for variational formulation (20), and
variational formulation (3) with unknown e.

From now on, we assume that variational formulation (3) is well-posed:

Vf e L*(2),3le € Ho(curl; 2)sol"to (3) and |le|l grcurt: 2) < I fllo.2- (22)

4 Approximation by Nédélec’s finite elements

For the ease of exposition,1 we assume that £2 and {§2),} ,—1, ... p are Lipschitz polyhe-
dra. We consider a family of simplicial meshes of £2, and we choose the Nédélec’s first
family of edge finite elements [43, 44] to define finite dimensional subspaces (V)
of Hy(curl; £2). So §2 is triangulated by a shape regular family of meshes (7;,),
made up of (closed) simplices, generically denoted by K. Each mesh is indexed by
h := maxg hg (the meshsize), where hg is the diameter of K. And meshes are con-
forming with respect to the partition {§2,},=1,...p induced by the coefficients &, u:
namely, for all & and all K € 7, there exists p € {1,..., P} such that K C .Q_p.
Nédélec’s H (curl; §2)-conforming (first family, first-order) finite element spaces are
then defined by

Vi :={v, € Ho(curl; 2) : vy x € Ri(K), VK € T},
where R (K) is the vector space of polynomials on K defined by
Ri(K):={ve P\(K) : v(x) =a+bxx, a,b e [R3}.
To approximate the curl-free fields, we need to define a suitable approximation of

elements of HO1 (£2). So we introduce finite dimensional subspaces (M},);, of HO1 (£2).
Lagrange’s first-order finite element spaces are defined by

! The results obtained in this paper carry over to curved polyhedra, that is domains with piecewise smooth
boundaries (see eg. p. 81 in [3] for a precise definition). When dealing with the discretization by first-order
edge finite elements in H(curl; £2), one may use [28]. Respectively, when dealing with the discretization
by Lagrange’s first-order finite elements in HO1 (£2), one may use [34]. In particular, it is proven there that
optimal interpolation properties hold, ie. one may recover up to O (h) accuracy, provided the field to be
interpolated is sufficiently smooth.
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232 P. Ciarlet Jr.

My, = {qn € Hy(2) : qng € P\(K), VK € Tp}.

The discrete companion scalar problems are
Find sy € My such that 23)
(eVsnIVan)o.e = (g qn) ) (@)> Yan € M-

For approximation purposes, one can use the Lagrange interpolation operator IT%, or
the Scott—Zhang interpolation operator I7 ,f Z . The latter allows one to interpolate any
element of Hé (£2), with values in My, at the expense of local interpolation operators
that are not localized to each tetraedron, but are localized to the union of the tetrahedron
and its neighbouring tetrahedra. We refer to [33] for details. Unless otherwise specified,
we choose Hfmd = H}fz.
For h given, the discrete variational formulation of the time-harmonic problem (3)
is
Findey, € Vi, suchthat
{aw@h, u) = 2 (fvn)o.c. Yop € Vi 9

To obtain explicit error estimates for the time-harmonic Maxwell equations, a natural
ideais to use the interpolation of its solution e. This requires some additional definitions
and a priori analysis of the regularity of e, and of its curl.

Let IT ,‘z'”’l be the classical global Raviart-Thomas—Nédélec interpolant in
H(curl; £2) with values in V), [44]. We then denote by H,‘fi” the classical global
Raviart-Thomas—Nédélec interpolation operator in H(div; £2) with values in Wy,
[44, 48], where (W), are designed with the help of H (div; £2)-conforming, first-
order finite element spaces:

Wy = {w, € Ho(div; 2) : wpx € D1(K), VK € Ty},
where D1 (K) is the vector space of polynomials on K defined by
Di(K):={ve P(K) : v(x) =a+bx, acR, beR}.

Let us recall a few useful properties (see Chapter 5 in [43]). To start with,

Proposition 3 For all h, it holds that

VIMu] C Vi (25)
Yv, € Vy, Hﬁ'urlvh = vyp; (26)
curl[V,] C Wy, (27)
Yw, € Wy, Hfivwh = wy; (28)

Vv € Ho(eurl; 22) s.t. ITE" v exists , 7 (curl v) = curl(7Tf*"'v).  (29)
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On the approximation of electromagnetic fields by edge... 233

There are useful additional properties regarding I7 }f”’l listed next. Below, when we
refer to piecewise- H* fields, the partition is understood as in (12).

Proposition 4 (discrete exact sequence [44]) Let h be given, and let v € H(curl; £2)
that can be written as v = Vq in $2, for some q € HO1 (£2). Then if]'[ﬁ”rlv is well-

defined, there exists q, € M), such that H,i“rlv = Vg in $2.

Proposition 5 (classical interpolation results) Assume thatv € PH®(S2) and curlv €
PH? (2) for some s > 1/2, s > 0. Then one can define H}f’”lv and, in addition,
one has the approximation result [5]:

o = T ol eurt: 2) S A2 Vvl p ey + eurl v]l o o). (30)

Furthermore, if curl v is piecewise constant on Ty, one has the improved approximation
result (cf. Theorem 5.41 in [43]):

v — T )| g eurt2) S A D0l p s () + Il curl v]lo o).

Remark2 When 2 is a domain of [R2, note that one can define the Raviart-Thomas—
Nédélec interpolant of a field v € H (curl; £2;) as soon as v € P H®(£2;) for some
s > 0 (there is no requirement on the regularity of curl v). This result is proven in
[4] for fields in H (div; £2>), and it obviously carries over to fields in H (curl; £2,) by
appropriate coordinates transform. Further, one has the approximation result:

v — 5 | feurt: 29 S AP D (vl p s, + Il curl v]lo.0, ).

Our aim is to apply 1T }f’"l to the electric field e governed by (3).

First, one must have curle € PHS,(.Q) for some s’ > 0. Since f € LZ(Q), we
immediately find that ¢ = ;! curl e belongs to

X7 (82, n) :={ve H(curl; 2) : uv e Hy(div; £2)}.

Then, using a shift theorem for the companion scalar problem with Neumann boundary
condition

mv(§2) such that

Finds € H} an
(WVsIVQo.e = (8 @)1, (2) ¥4 € Hipy(2),

and aregular plus gradient decomposition (see eg. [22, 26]), we introduce Ty, € (0, 1]
depending only on the geometry and on u such that

X7(2, 1) C Narefo,0y0n) PHE (2),
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with continuous imbedding forall s’ € [0, Ty, ). Furthermore, using a Weber inequal-
ity (cf. Theorem 6.2.5 in [3]), one has that for all s” € [0, Tyewu),

Vv e Xr(£2, u),
ol p et @) S leurlvllo.e + divuvlloe + Y v n, Dgincs,)l. G2)

1<i<I
As a consequence, we note that since u is piecewise smooth, it also holds that
curle € Ngrefo.7y,) PH® (2). (33)
Then, to guarantee that IT,"" ! can be applied to the electric field e, one must check

whether e € P H®(£2) for some s > 1/2. To evaluate the exponent s a priori, we use
the following regular plus gradient decomposition (see Lemma 2.4 of [38]).

Proposition 6 There exist operators
P € L(Ho(curl; 2), H'(2)), O € L(H(curl; 2), H}(2)),
such that
Vv € Hy(curl; 2), v= Pv+ V(Qv). (34)

This yields some useful results for elements of K y (£2, ¢).

Corollary 2 The a priori regularity of elements of K y (82, €) is governed by the imbed-
ding:

Kn($2,¢€) C Ngefo,ep;) PH(82).
Moreover, for all s € [0, Tpir),
Vk e Kn(£2,¢), lkllpas) S llcurlk|oq. (35)

Proof Let k € Ky (52, ¢). According to Proposition 6, one can write k = k* 4+ Vs
with k* € H'(2), resp. sy € Hy(£2), and it holds that [[K*[[1.2 + lIskll 1) <
&1l 7 (curt; 22y In particular, div(eVsg) = —divek™ in £2, so s solves the modified
scalar problem (14) with data (0, —k™*). Thanks to the shift theorem, we know that, for
all s € [0, tpi,), sk belongs to P H'+3(£2), with the bound Iskllprive 2y S 16 Ng-
Using the triangle inequality, we conclude that

Vs € [0, tpir), k € PH®($2), and ||kl prs(2) S 1kl H(curl; 2)-

This proves the first part of the corollary. Using finally Theorem 1 on the equivalence
of norms in K y (§2, €), we conclude that (35) holds. O
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Hence, it may happen that the field to be interpolated, eg. the electric field e, does
not belong to Ug~ 12 P H®(£2). In the classical case, the occurence of such a situation
is explained in section 7 of [26]. In the interface case, this can be inferred from the
results obtained in [9, 12].

On the other hand, to interpolate such a low regularity field, one may still choose
the quasi-interpolation operator of [32], or the combined interpolation operator of [22,
23]. We choose the latter. To get a definition for the combined interpolation operator,
denoted by I7 ;,"””b , one needs to be able to split low regularity fields defined on £2. To
that end, we apply Proposition 6.

Definition 1 (combined interpolation operator) Let v € Ho(curl; §2), with curlv €
H*® (£2) for some s’ > 0. We define
Hﬁombv — nhcurl(Pv) + V(Hfmd(Qv)).
Then, the approximation results for the combined interpolation are a straightforward
consequence of the available results for /7;*" Uand 1T f rad,
Proposition 7 (combined interpolation results) Let v € Hq(curl; £2), with Qv €
PH't5(2) and curlv € PH? (2) for some s > 0, s > 0. One has the approxi-
mation result:
o = T vl o2y S ™D {|1o]l b eun 2)
Qv p sy + leurl vl o} (36)

Furthermore, if carl v is piecewise constant on Ty, one has the improved approximation
result:

" i 1
v — T | geurt:2) S ™D {10l g eurt: 2) + 101l p 145y )

Together with this definition of the combined interpolation operator, we have the results
below, to be compared with the well-known results (26) and (29) for the classical
interpolation operator.

Proposition 8 For all h, it holds that

Yoy € Vi, 3gn € My, TIE"Pv, = vy, + Van; (37)
Vv € Ho(curl; 2) s.t. curlv € Hs/(.Q)for some s’ > 0,
" (curl v) = eurl (/7" v). (38)

Proof Let v, € V. We note that because v, is piecewise smooth on 73, one has
vy, curlv, € PH® () forall t € [0, 1/2). Hence H}f"mbvh is well-defined accord-
ing to Definition 1. If we write v, = (v3,)*+Vsy,,, With (v,)* = Py, resp. sy, = Qvy,
we have 77" v, = 15" (v),)* + V(H,‘fmds,,h).
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On the other hand, Vs,, = v; — (vy)*. Since H}f“’l(vh — (vp)*) is well-defined,
SO is H}f“’l(sth) and, according to Proposition 4, there exists q;l € Mj, such that
H}f”’l(Vs,,h) = Vgq,. Applying now Hﬁ”’l to (vy)* = v, — Vsy,, it follows that

" wn)* = " oy — Vg, = vy — Vg,
where the second equality now follows from (26). One concludes that
"y, = vy, + V(Hfrads,,h —qy),

which is precisely (37) with g, = Hfmds,,h —q) € My,

To check (38), let v be split as v = Pv + V(Qv). Since curl(Pv) € HS/(.Q),
according to Proposition 5 one may apply (29) to Pv, leading to IT, ,‘fi”(curl(Pv)) =
curl(H}f’”l (Pv)). On the other hand, because of the Definition 1 of Hﬁ”mb v =

e (Pv) + V(T (Qv)) one has
curl (HZWI(PU)) — curl (nﬁombv _ V(H;lgmd(Qv))) — curl (H}cl'ombv).

Using finally the equality curl v = curl(Pv) leads to the claim. O

We now have all the required results to bound the interpolation error of the electric
field e.

Proposition 9 Let e be the solution to the time-harmonic Maxwell equations. Let the
extra-regularity of the data f be as in (13) with tg > 0 given. One can define I1 ;‘””b e,
and moreover one has the approximation result, for all s € [0, min(7, Tpir, TNew))

le — [T ell g eurt;2) S RE(IdiV fll—14s.0 + 1 fllo,2)-

Proof Let s € [0, min(zg, Tpir, TNeu)); because tp;r < 1,one has s < 1.
According to Proposition 6, we may write e = e* + Vs, with e* € H' (),
Se € HO1 (£2), and |le*|1.o + IISeIIHOl(Q) < llell H(curl: 2)- By construction, s, solves
the modified scalar problem (14) with data (div f, —e*). But s < min(zo, Tpi,)
s0, thanks to the shift theorem, s, € PH!*3(£2), with the bound Isell prri+s 2y <
I div fll—14s.2 + lle*|l1,2. Using (22) for the last inequality below, we find

Isell ppri+s(oy S N1div fll-14s.2 + lelBeut) S 1div fll-14s.2 + | fllo.2-

On the other hand, one has curle € P H®(£2), cf. (33). Then, with the help of the
bound (32) on ||u~! curl e|| pgs (@), noting that diveurle = 0 in §2, and (curle -
n, 1>H1/2(2i) =0for1 <i < I (see Remark 3.5.2 in [3]), we find

I curlellprs) < ' curlel prso) < |lcurl(u™' curle)|o o

S llello.2 + 11.fllo.2-
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where we used the relation curl(x ! curl e) = w?ce + w? f in £2. Therefore, one can

define IT g”mb e and, using (36) and (22) once more, one finds now

lle — ngombeHH(curl;Q) S hs{”e”H(curl;Q) + ||Se||PH1+S(Q) + |lcurle|l pgs(2)}
S ALV fll-14s.2 + [ fllo.2}s

which is the desired estimate. O

Remark 3 In particular, we note that even when the electric field e does not belong
to Ug> 12 P H®(£2), one may use the combined interpolation operator and still obtain
“best” interpolation error. On the other hand, it is well-known by using classical
interpolation that, when 7p;, = tye, = 1, and for a regular data f € H (div; £2), the
interpolation error behaves like O (h). O

From this point on, to obtain the well-posedness result for the discretized problems,
and finally convergence to the exact solution e, one needs to prove a uniform discrete
inf-sup condition. For that, we mimic in Sect. 5 the two ingredients that were used to
solve the exact variational formulation: uniformly stable discrete decompositions in
the spirit of Proposition 1; uniform equivalence of norms in the spirit of Theorem 1.
The key ingredient is the study of the approximation (23) of the companion scalar
problem (5). And, since it was originally solved with the help of T-coercivity, we
consider two situations regarding its approximation. We refer to the “Appendix A” for
details. Either we have at hand a “full” T-coercivity involution operator T to solve
(5), that can also be used to establish to establish the uniform discrete T-coercivity
(60)—(61) of the discrete scalar problems (23). Or, we only have at hand a “weak”
explicit T-coercivity involution operator 7', cf. (59). The first situation is addressed in
Sect. 5.1, whereas the second situation is addressed in Sect. 5.2.

5 Uniform estimates

5.1 Case of a “full” T-coercivity operator

We assume in this section that we have at hand a “full” T-coercivity involution operator
T to solve the companion scalar problem (5) (see Sect. A.1), and that the meshes are

T-conform, such that (60)—(61) are fulfilled, with consequences listed in Sect. A.2.
Define, for any 4,

Kj(e) :={vy, €V : (cvs|Vagp)o,2 =0, Yq, € Mp}. (39)

Proposition 10 Assume that (60) holds. For all h, one has the direct sum
Vi = VIMu] & Ki(e). (40)
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Proof Let h be given. Thanks to (25), we know that V[M; ]+ K (¢) is a subset of V.
Then for v, € V), and because the discrete scalar problem (23) is well-posed, there
exists one, and only one, p,, € M such that

eV, IVan)o,e = (evp|Van)o,e, Yqn € M. (41)
And one has
kv, =v, — Vpy, € Ky(e), 42)

so V, = V[M;]+ Ky (e). Using (60), the fact that the sum is direct is derived exactly
as in the continuous case (see the proof of Proposition 1). O

For all h, we can use the splitting (40) and the explicit definitions (41)—(42) to introduce
the operators

Ve —= M, ) Vi — Kp(e)
Ty - {vh'_)pvh , Top {vh'_)kvh . (43)

In other words, one may write, for all &, for all v, € Vj, v, = V(mw1pvp) + T8 v).
Also, one has for all &, (72,)* = 7ay. Below, we prove the uniform stability of the
decomposition (40).

Proposition 11 Assume that (60) holds. The continuity moduli of the operators (71p)p,
(mon)n are bounded independently of h.

Proof Given h and v, € V, one has according to (60) and (41)

o) IV lg.q < EVEmvn) | V(To(rmvn))o.e = (vl V(To(Tiava)))o.e
< llevnllo,2 IV (To(minva))llo,2
= ||3vh||0,9||T0||[;(H(}(_Q))||V(7Tlhvh)||0,f27

so that
IVGnemlo.e < @)~ e Toll 2y ) I0nllo.o-
And then
172008 | eurti2) < (14 (@) ™ e 1 Toll £oagd 0 100 | B eurt; 2)-

so the claim follows. O

Next, one has to check that k, — || curl k|0 o defines a norm on K (¢). And, if the
answer is positive, whether this norm of uniformly equivalent in / (ie. with constants
that are independent of /) to the || - || g (curl; 2)-norm on K, (¢).
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Proposition 12 Assume that (60) holds. For all h, kj, — || curl k|0, o defines a norm
on Kj(¢e).

Proof Let k;, € Kj(¢) be such that curlk;, = 0 in £2. Since the boundary 942 is
connected, we get from Theorem 3.3.9 of [3] that there exists g € HO1 (£2) such that
k, = Vg in £2. Since H,i“rlkh is well-defined (and equal to kj), we know from
Proposition 4 that there exists g, € Mj, such that H,f’”lkh = Vg, in £2. In other
words, k; = H,f”’lkh = Vgqn € V[M;]. So one has kj, € V[My] N K (e) which
reduces to {0} according to Proposition 10: this proves the result. O

Theorem 3 Assume that (60) holds. Then
3Cy > 0, Yh, Yk, € Kj,(e), |knllo,2 < Cy | curlkyllo, . (44)
In addition, let s € (0, Tp;y):

{acs >0, Vh, Yk, € K;(e), -

infrek y(2.0) 1k — knllH(curt;2) < Csh® | curlkp|lo.g.
Proof Let
Hoz(divO; 2):={ve Hyo(div; 2) : divv=0in 2, (v-n, 1)y, =0, 1 <i <I}.
Let k;, € K (e) be given. According to Theorem 6.1.4 in [3], one has curlk;, €

H 02 (div 0; £2). So, using Corollary 3 in “Appendix B”, we find that there exists one,
and only one, solution to the div—curl problem

Find k € L*(82) such that
curlk = curlkj, in £2,

divek = 0in £2, (46)
kxn=0o0nds2,
with ||k|| g (curt: 2) S || curl ky o, . By definition, k € K y(£2, €), and it holds
lknllo,2 < llkn — kllo,2 + lIkllo,2
< lkn —kllo.e + Cw |l curl k|jo.2
= |lkp — kllo,2 + Cw |l curl kpllo, 2 47)

thanks to the triangle inequality, (17) and the definition of k. To obtain (44), we bound
lkr, — kllo.2 by || curl kj||o, 2, uniformly with respect to A.

By definition of k, we know that curl(k — kj,) = 0 in §2 so, thanks to Theorem 3.3.9.
in [3], there exists g € H& (£2) such that k — k;, = Vg in £2. Thus, using (11), we
have the bound

a Ik —knll§.o = @0 IVql§.o < (eVqIV(Tog))o.e = (e(k — kn) IV (Tog))o,e-
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Because k € Ky (£2,¢) and k, € Kj(¢), we note that (e(k — k;,)|Vg})o,2 = 0, for
all q}’, € My. Or equivalently, if we recall (60) and its consequence To[M}] = My:
(e(k — kp)|V(Togn))o.2 =0, for all g, € My,. Hence, it holds that, for all g € Mj:

o [k — kg, < (etk — k)| V(To(q — gn))o.2
< et lk = kpllo,2 IV (Tolg — gn))llo.2
<&t ”TOHL(H(;(_Q)) Ik —knllo,2 IV(g —qn)llo, -

This implies that
k k 1 m V q q .
hllo,2 = 0 0 (1-101( )) e, h) 0,82

There remains to choose some ad hoc g, € Mj,. For that, we prove next that I7 ,f"’"b k—
kj, belongs to V[Mp,].

First, we remark that curl(Hﬁ”mbk) = H,f””(curl k) according to (38). Next,
we express I'I,fi”(curl k) in terms of curlkj. By definition of k, it holds that
{7 (curlk) = M7 (curlky), so using (27)-(28), we get that [T (curlk) =
curl kj,. In other words, curl(]'[ﬁ”mbk — k;) = 0 in £2. According to Theorem
3.3.9. in [3], there exists g € H(} (£2) such that Hﬁ”mbk —ky, = Vg in £2.
Moreover, Hhc”’l(ﬂhc”mbk — kyp) is well-defined and equal to H,f”mbk — ky, [cf.
(26)]. Hence we conclude from Proposition 4 that there exists q}? € M), such that
Vap (= I (15" k — ky)) = Tk — ky,.

Now, we find that

V(g —q) = (ke — kp) — (" k — ky,) = k — Tk,
so choosing g, = g yields
&+
Ik —knllo.e < 06_0 ”TOHL(Hol(_Q)) |k — Hﬁombkno,g.

Thanks to Corollary 2 and Proposition 7, for any s € (0, Tp;,) it holds that

Ik — Tk llo,2 < hE{Ilkl eurt:2) + | QK pgi+s () )-

On the other hand, we know that || Qk|| py1+s (@) S 1kl H(curl; 2) (see the proof of
Corollary 2), so using (18) and the definition of k, for any s € (0, tp;,), it actually
holds that

Ik —knllo.o < Ik — TP kllo.0 < ° | curl kyllo, o

Since by construction curl(k — k) = 0, we have obtained (45).
Noting finally that 2 < diam($2), using (47) we conclude that (44) holds. O
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5.2 Case of a “weak” T-coercivity operator

Asusual we assume in this section that the companion scalar problem (5) is well-posed.
But that we only have at hand a “weak” explicit T-coercivity involution operator T, cf.
(59) in Section A.1. At the discrete level, one can build “weak” discrete T-coercivity
operators provided the meshes are locally T-conform (see Section A.2). This yields uni-
formly bounded discrete operators (7,),<h,, Where ho > 0 is a threshold value, such
that (62)—(63) are fulfilled, with consequences listed in Section A.2. Consequently,
introducing K (¢) as before [see (39)], one has the...

Proposition 13 In the “weak” T-coercivity framework, for all h < hy, one has the
direct sum

Vi =VIMp @ Kj(e). (48)

In addition, k, — || curl kp|lo,o defines a norm on Kp(¢).
Finally, the operators (714) h<ny and (7 21,) h<n, introduced in (43) are well-defined,
and their continuity moduli are bounded independently of h < hy.

To conclude the study, we now prove the result below, whose proof follows closely
the proof of Theorem 3.

Theorem 4 [n the “weak” T-coercivity framework, || curl -|o. o defines a norm that is
uniformly equivalent to the || - || H (curl: 2)-norm on K, (¢), for h small enough, ie.

ACy > 0, Yh < ho, Vk; € Kj(e), |kpllo.e < Cyy |l curlky|lo,q. 49)
In addition, let s € (0, tp;y):

{acs >0, Vh < hy, Vkj, € Ky(e), 50)

infregy@2,e) Ik — kpllHurt: 2) < Csh® || curlkyllo, .

Proof Letk; € Kj(c) be given, and let k be the solution to the div—curl problem (46).
Exactly as in the proof of Theorem 3, we find that there exists g € H(; (£2) such that
k—k, =Vgqin $2.

Let i < hy. Then, for any g, € M}, we write the triangle inequality

Ik —knllo,2 = IVqllo,e = IV(g —an)llo,.2 + IVanllo,e-
According to (63), there exists ¢, € Mj\{0} such that

1EVanVay)o.el

IVanllo.e = (v )~
=0 IVayllo,
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Since k € Ky(82,¢) and kj, € Kj,(¢), one has (¢(k — k)|Vq;)o,2 = 0 or, in other
words, (¢Vq|Vg)o,2 = 0. Hence,

[(eV(Gn —IVg ol et _
: L RE < Vg =gl
1Va] lo.o Vs

IVanllo.e = (y,)~

We find that ||k — kpllo.o < (1 + 8+/ZO)||V(C] — qn)llo.s2- Since the result holds for
any g, € My, we have actually proved that

Ik —knlloo S

inf V(g —gn)llo.e-
qneM;,

We conclude the proof as before, by noting that I7 }f"’"b k —k, € V[My]. O

6 Uniform discrete inf-sup condition and convergence

We consider directly the “weak” T-coercivity framework. Assuming (62)—(63) holds,
we remark that (kj,, ;l) — (,tf1 curl k| curl k;,)o, o fulfills a uniform discrete inf-
sup condition on K (e) x K (¢), for h small enough. Indeed, according to Theorem 4,
we have

dy > 0, Vh < hg, Yk, € Kj(e),
|(u=" curl ky| curl k})o |
sup

K, €K ()\{0} 1, || E (curt; 2)

61V

> Y lknll H(curl; 2)-

Next, we introduce A,, € L(H(curl; £2)) defined by
(ApV, W) H((curl;2) = Gw(v, w), Yv,w € Hy(curl; 2),

and

|aw (v, w)]

lawlll := sup
v,weHo(eurl; 2\ {0} 1V H curl; 2) 1 W] B (curl; 2)

Theorem 5 Assume that the variational formulation (3) is well-posed. In the “weak”
T-coercivity framework, the form a,, fulfills a uniform discrete inf-sup condition on
Vi, x Vy, for h small enough, ie.

iCy,, hy > 0, Vh < R, Vv, € V},

|law (v, v),)] (52)

u 7 > Co lvrll H(curl: 2)-
v, €V ;\{0} ”vh”H(curl;.Q)

Remark 4 Next, we proceed in the spirit of the proof of Theorem 2.2 in [13].
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Proof We argue by contradiction. Namely, we assume that

Yk € N\{0}, Fnx < k~!, Jup, € Vy,

|aew (O, v),)]
”vhk”H(curl;Q) =1 and sup (:);hk < k_l, (53)
vﬁlkGth\{O} ””hk | 7 (curl; 2)

In particular, limg_, oo hx = 0, soitholds that i; < h for k large enough. So from now
on, we consider that iy < hg. We write vy, = Vqy, + kj,,, where g5, = 14, v, and
kp, = oy, vy, . Note that (Vgp, )i and (kj, )« are bounded sequences in H(curl; £2),
because the continuity moduli of (1, ) and (w24, )k are bounded uniformly with
respect to k (cf. Proposition 13).

Step 1 Let us show that limy_, oo [|V@p, | H(curl;2) = 0. This is a simple consequence
of (63). According to (53):

law(n, Vap,)l
sup Zor e Ah 'j Ml g1
ah, €M \O) IVap, llo.2

But a,(vy,, Vgy,) = —w2(8vhk|VQLk)o,Q = —wZ(EVQthVq;lk)o,:z- From
(63), we infer that

Yo o IV llo.g <k~ ' — 0ask — oo.

Step 2 Letus show that limg_, o |25, lo,2 = 0. Letw € Ho(curl; £2), and wy,, €
Vi

|aa)(vhk, w)| E |(lw(vhk, w— whk)l + |aa)(vhk’ whk)|

—1
< lawlll lw — wp || H(curl;2) + k7 N1wi || H (curl; 2)-

According to the basic approximability property of (V,, )« in Ho(curl; £2),
one can choose (wy, )¢ such that limg_, oo [|w — wp, || H (curl; 2) = 0. In partic-
ular, (wy, ) is a bounded sequence in H(curl; £2), and one finds that

lim |a,(vp,, w)| = 0.
k— 00

This result holds for all w € Hg(curl; £2), so we have proved that A,,vj,, —0
(weakly) in Hq(curl; £2). On the other hand, the variational formulation (3)
is well-posed, so A;l exists and A;l € L(Ho(curl; £2)). Hence vj,, —0
(weakly) in H(curl; £2). This implies that wov,, —0 (weakly) in K y(§2, €).
And because the imbedding of K y(£2, €) in L*(2)is compact, one finds that
limg o0 205, l0.2 = 0.

Step 3 Let us show that limy_ oo |kp, | H(curl;2) = 0. According to (51),

. |(u=" curl kj, | curl k), )o. |
”khk”H(curl;.Q) <y ! sup k

k},kEth(s)\{O} ”k;,k”H(curl;.Q)
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Let k;u( € Ky, (¢). By definition of kj, , one finds that
(/fl curl kj, | curl k;zk)o,.o = (/L_l curl vy, | curl k;lk)(),ﬂ

= ap(vn. k) + o?(svp, |k},k)0’_(2.

According to (53), one has |ay (vy,, ;lk)l <kl ||k;tk||H(cur1;g).
On the other hand, v;,, = V(mvy,) + movy,, SO

|(5”hk|k;u)0,:z| < |(eV(m vhk)|k;1k)0,ﬂ| + ’(8n2vhk|k;1k)(),ﬂ"
The last term is bounded by the Cauchy—Schwarz inequality
’(szhklk}lk,)o,()’ < etllmavpllo.2 k), llo.2-

There remains to evaluate the first term. For all k € Ky (£2, ¢), one has

[(eV (m1om ) Iki, )g 0| = |(V (w108, ) 1K)y, — k) o]

< ey |V (mion)lo.2 k), — Kllo.2-

Now, let k € K x(S2, €) be chosen as in Theorem 4 [see (50)]. Owing to the fact
that [|vy, || i (curl:2) = 1 [cf. (53)], one gets the bound

eV (r1vm,) K7, ) o | S Pa® Il curl Ky Jlo.-

Aggregating the above estimates, one finds that

Ve Nz ceur. 2y < (K=" Im2vn, o, + i)

thus leading to limg— oo lkp, | H(curl: 2) = O according to Step 2.

Step 4 For all k, one has ”vhk”H(curl;.Q) = ||V%k ”H(curl;Q) + ||khk ||H(curl;.Q) by the
triangle inequality, so one concludes that limg_, o ||V || H(curl:2) = 0, which
contradicts (53).

One can finally derive the (classical) error estimate.

Theorem 6 Let the assumptions of Theorem 5 be fulfilled, and let h,, > 0 be the thresh-
old value introduced there. Then, for all h < h,, the discrete variational formulation
(24) is well-posed.

Without further assumption on the regularity of the data f, one has

lim |le — eh”H(curl;.Q) =0. (54)
h—0
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Let the extra-regularity of the data f be as in (13) with t9 > 0 given, then one has
the error estimate, for all s € [0, min(zg, Tpir, TNeu)),

Vh < hy, lle —epllaeur;2) S AV fll—14s.2 + [ fllo.e)- (55)

Proof Because the form a,, fulfills a uniform discrete inf-sup condition for 4 < h,,,
classical error analysis yields

Vh <h,, lle—epllgeuto) S inf |le — villgcurl;2)-
thVh

In the absence of extra-regularity of the data, according to the basic approximability
property of (V) in Hg(curl; £2), one finds (54). On the other hand, in the case of
extra-regularity of the data f, we then recover (55) by choosing v, = IT, g"mb e (see
Proposition 9). O

7 Numerical illustrations

In this section, we study numerically a simple model. The domain §2 is (0, 1) x
(=1,1) x (0, 1). It is partitioned into 2+ = (0,1) x (0,1) x (0,1) and £2_ =
(0,1) x (—=1,0) x (0, 1). Note that this partition is symmetric with respect to the
interface ¥ = (0, 1) x {0} x (0, 1). The pulsation and coefficients are respectively
set to

w = 1; g2, = l, M2y = 1; o € {—1.5, —l.l, —1.01}, nie_ = S.

In this symmetric geometry, it is known that the companion scalar problem is well-
posed as soon as g)o_ # —1; that “full” T-coercivity is achieved with the help of the
symmetry with respect to X' (cf. [9]); and, as a consequence, that T-conform meshes
are obtained using meshes that are symmetric with respect to X' (cf. [19]). Below,
we assume that the model set in §2 [cf. (3)] is well-posed for the above values of the
pulsation and the coefficients.

We choose a piecewise smooth solution e, which is consistent with the fact that, in
this symmetric setting, Tp;r = Tney = 1 (cf. again [19]). Namely,

e1(x1,x2,x3) = x12 sin (%(xg — 1)) sin (an),

er(x1, x2, x3) = &~ ' sin(rx1) x2 sin(57x3),

e3(x1, x2, x3) = sin(27rx) sin (nx%) x3.

It is easily checked that e € H(curl; £2), with curl(u_l curle) € Lz(.Q) and
divee € L2(2). Consequently, the data f = o 2curl(n~! curle) — ce belongs to
H (div; £2), so one has 7o = 1 in (13).

Computations are carried out on two series of meshes. A T-conform series: the
meshes are generated by meshing £2 first, and then using the symmetry transform
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ix‘V

Fig.1 Left: a T-conform mesh; right: a plain mesh

with respect to X' to build the mesh on £2_ (see Fig. 1, left). And a plain series, where
the meshes can be nonsymmetric with respect to X' (see Fig. 1, right).

All results have been obtained with the help of the GetDP software [30].

In Fig. 2, the error results in H (curl; £2)-norm are reported. In abscissa, we choose
the number of degrees of freedom N; = dim(V}) to the power 1/3, to compare
simulations with similar computational costs. Also, N ,1/ 3 is known to be equivalent to
h for regular families of meshes.

Overall, results are similar for both series of meshes. However, for the plain series,
there are anomalies/glitches for €| € {—1.1, —1.01}, ie. convergence is not mono-
tonic. On the other hand, for the T-conform series, results indicate that the sign-change
has little influence on the convergence.

We then report errors in LZ(Q)-norm (Fig. 3), and also in L2(.Q)-n0rm of the curl
of the errors (Fig. 4). For the errors on the curl, results are more or less nominal (recall
that ;« does not change sign). While for the L?(£2)-norm, results show that convergence
is erratic for the plain series and, more to the point, it seems that |[e — e;||o.2 does
not decrease when ¢ = —1.01. The numerical method is still in a pre-asymptotic
regime regarding convergence, even though the meshsize is as small as one hundredth
of the size (length) of the domain.? For the T-conform series, convergence is again
nominal.

To conclude the analysis of the numerical results, we draw a parallel with some
results available in the literature for the companion scalar problem set in a symmetric
geometry [19]. Let us isolate the curl-free part of the exact and discrete solutions, that
is V¢ in (19), governed by (21):

{ Find ¢ € HOl (82) such that )
(eVPIVg)o.e = (div flg)o.e. Vg € HH (2)

resp. V¢, where ¢, = mypey, is governed by

{ Find ¢y, € My, such that
eVl Van)o.e = (div flgn)o,2. Yan € Mj.

2 This observation is consistent with the fact that only small glitches are seen in Fig. 2 for the plain series.
This is due to the fact that the values taken by the curl of the chosen exact solution are orders of magnitude
larger than the values of the solution itself.
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Relative error in H(curl;2)-norm - ¢ =-1.5 Relative error in H(curl;2)-norm - ¢ =-1.1

T T
—©-— T-conform meshes —©-T-conform meshes
O Plain meshes O Plain meshes
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L L
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Relative error in H(curl;2)-norm - ¢ =-1.01
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100 1

Relative error

1

113
Nh

Fig. 2 Relative error in H (curl; §2)-norm obtained for the three values of ¢|;_, with i varying from 0.1

to 0.01. The line corresponds to the linear scale O (h) = O(N,; /3)

These are respectively the companion scalar problem, and its discretization. The error
IVé — Vépllo, has been thoroughly investigated in [19]. In particular, numerical
examples are provided in a rectangle (a domain of R?), partitioned into two squares,
and it is observed that the use of nonsymmetric meshes leads to serious numerical
instabilities: we refer the interested reader precisely to Figure 7, page 23 in [19]. In
other words, we get the same behavior, now on the solution of time-harmonic Maxwell
equations in a domain of R3.

8 Case of sign-changing magnetic permeability

Let us briefly describe how one can proceed if

W is as in the interface case; ¢ is as in the classical case.
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Relative error in Lz(n)-norm -e=15 Relative error in Lz(ﬂ)-norm -e =11
—6— T-conform meshes —6—T-conform meshes
O Plain meshes o O Plain meshes
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Relative error in Lz(n)-norm -€=1.01
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O Plain meshes
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13
Nh

Fig. 3 Relative error in L2(£2)-norm obtained for the three values of €|©2_, with h varying from 0.1 to

0.01. The line corresponds to the linear scale O (h) = O(N, 2/ 3)

To address this situation, one expresses the time-harmonic Maxwell equations in terms
of the magnetic field only

Find h € H(curl, 2) suchthat :

curl(e !(curl & — j)) — w?*uh = 0in £2,
divuh = 0in £2;

wh-n=0and e (curlh — j) x n =0o0n 3.

(56)

As before, one can decouple the real and imaginary parts. E.g., if & stands for 9i(h)
and g stands for e ~'9 (), then k solves the equivalent variational formulation

{ Find h € H(curl; 2) such that 57)

a,(h,v) = (g|curlv)g o, Yv € H(curl; £2),
where
a;)(u, V) = (8_1 curlu| curlv)g o — a)z(,uu|v)0,_q, Yu,v € H(curl; 2).
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Relative error on the curl (in Lz(ﬂ)-norm) -e=15 Relative error on the curl (in LZ(Q)-norm) -e =11
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—©— T-conform meshes —©-T-conform meshes
O Plain meshes O Plain meshes
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Fig.4 Relative error in L2(£2)-norm of the curl obtained for the three values of &|52_, with & varying from

0.1 to 0.01. The line corresponds to the linear scale O (h) = O(N}: /3)

We observe that one has to study the companion scalar problem with Neumann bound-
ary condition, as introduced in (31). In the present situation however, one has to
assume that this problem is well-posed, which can again be tackled with the help of
T-coercivity: one finds results that are similar to those of “Appendix A”. Then, the
study of the well-posedness of (57) proceeds as before. Namely, one introduces

Kr(2, 1) :={ve Xr(2,n) : divuv =0}
There holds the direct, continuous decomposition
H(curl; 2) = VIH' (2)]® K1(2, ),

together with equivalence of norms in K7 (2, i), and the compact imbedding of
K7(£2, ) in L?(82). We refer to the same bibliographical references as in Sects. 2
and 3.

@ Springer



250 P. Ciarlet Jr.

One then uses

V; = {vy, € H(curl; 2) : vy g € R1(K), VK € Ty},
My = {qn € H'(2) : qux € Pi(K), VK € Ty},

to discretize (57), resp. (31). The analysis of the interpolation error on the magnetic
field can again be carried out with the combined interpolation operator. To prove the
uniform discrete inf-sup condition of the form a;, on VZ' X V}T and error estimates,
one has to study the properties of the discrete spaces

Ki(w) = {vy € Vi (uvplVan)o,e =0, Yar € M} }. (58)

Uniform equivalence of norms in K, (i), resp. uniform discrete inf-sup condition, are
obtained with techniques that are completely similar to those developed in the proofs
of Theorems 3 (“full” T-coercivity) and 4 (“weak” T-coercivity), resp. Theorem 5.

9 Conclusions and extensions

We have studied the time-harmonic Maxwell equations for a model with one sign-
changing coefficient. We have proved optimal convergence rates on the error, when
the numerical approximation is computed with the help of the Nédélec’s first family
of edge finite elements. For low-regularity solutions, those results are achieved with
the help of the combined interpolation operator designed in [22, 23]. All those results
have been obtained with the help of explicit T-coercivity operators for the derivation
of the inf-sup condition.

A possible extension is to have a boundary data, illustrated below for the problem
expressed in the electric field. In this case, let us assume for instance that e has a
non-vanishing tangential trace, namely one replacese x n = 0ondf2bye xn = er
on 052 in (1), where the data e defined on 92 is actually equal to the tangential trace
of some field e* € H (curl; §2). Introducing eg = e — e* € H(curl; §2), one finds
that e solves the time-harmonic Maxwell equations (1), with modified right-hand
sides. Hence one may study these problems as before. In order to determine explicit
convergence rates, one needs to have some ad hoc extra-regularity assumptions on e*.
Another interesting extension to consider is to address the time-harmonic Maxwell
equations, with two sign-changing coefficients.

Acknowledgements The author thanks Théophile Chaumont-Frelet and Lucas Chesnel for many interesting
discussions and feedbacks, and Axel Modave for producing the numerical results.
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A Practical T-coercivity for the companion scalar problem
A.1 Explicit T-coercivity operators

In practice, how to realize explicitly the T-coercivity for a well-posed companion scalar
problem (5) in the interface case? The concept was originally introduced in [13] (see
Theorem 2.1).

We provide a list a la Prévert to describe a number of situations where explicit T-
coercivity operators are available, taking into account the geometry of the domain §2,
and the shape of the interface induced by the partition P = (£2)) p—+, —. In some cases
the results are known for domains in R? (we use the notations §2, resp. (£22p) p=+,-)-
We rely on Refs. [8-10, 15, 17, 19, 47] for the precise results:

— the geometry is symmetric with respect to the interface, cf. §5.1 in [47] or §3.1 in
[9]; this implies that the interface is a subset of a hyperplane;

— the geometry is tubular with respect to the interface, with a smooth interface, cf.
§3.41in [9];

— the domain £2; is a disk or an angular sector in R2, and £274 and £2,_ are angular
subsectors, cf. §3.21n [9], or the domain £25 is the union of self-replicating triangles
in R2, and §2>4 and §£2,_ are union of contiguous triangles, cf. §3 in [8]; this implies
that the interface has exactly one corner inside £2,. This can be generalized to a
geometry in R3, by taking §2 := §25 X (a, b), resp. 2+ := 274 X (a, b), cf. §7.2
in [10], for some a < b; this implies that the interface has exactly one edge, and
no vertex, inside 2.

— £ is the cube (—a, a)?, £24 or £2_ is the sub-cube (0, @)?, cf. §7.3 in [10], for
some a > 0; or §5.2 in [47] for the same setting in a square domain £2; in R2.

Then one can build explicitly an operator 7y that fulfills (11). We say that there is a
“full” T-coercivity operator T available. In all of the above, the operator Ty is derived
from elementary geometrical transforms, such as symmetries, rotations and angle
dilation. Except for the latter, all those transforms can be used after discretization,
provided the underlying discrete geometrical structures (in our case, the meshes, see
Sect. 4) are conforming with respect to the transforms.

One can check that, thanks to the generic definition of the operators Ty that is used
(cf. p. 1915 in [13] or p. 4274 in [47]), in all instances, one has (To)2 = IH(; @)

On the other hand, in many other configurations, and even though the scalar problem
(5)1is well-posed, only a “weak” T-coercivity operator T, defined in the following sense
(see Lemma 2 in [8]), can be built explicitly:

{Elcx, B >0, 3T € L(H,(£2)) bijective, (59)
Vg € Hy(R2), (eVq|V(T@))o.e = Vqlf o — B l4ll§ ¢

The main idea (see §4.3 in [9]) to build those operators is to use localization arguments.
For that, the mathematical tool of choice is an ad hoc partition of unity function. First,
one can focus on a neighborhood of the interface. Second, one separates corners and
edges (in [Rz), or one splits a smooth interface, etc., into elementary blocks that fit
locally the situations described above. We provide another list a la Prévert in which
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such a “weak” T-coercivity operator 7 can be built. The geometry of the domain 2,
and the partition P = (£2) p—4,— are such that:

— the geometry is locally symmetric with respect to the interface, cf. §4 in [19] or
§7.4 in [10];

— the interface is smooth, cf. §2.B.1 in [15].

— the partition of the domain §2; is such that the interface separating 2,4 and £2;_
is polygonal, cf. §4 in [8]; this can be generalized to a geometry in R, by taking
2 := §25 x (a,b), resp. 24+ := §224 X (a, b), for some a < b; in principle, in
R3, it could be generalized to a polyhedral interface.

Again in all instances above, one has T2 =1 Hl (@) see Lemma 2 in [8].

Remark 5 Notice that (59) also fits the original concept of T-coercivity, cf. §2 in [13].

A.2 Discrete T-coercivity for the companion scalar problem

We assume below that the companion scalar problem (5) is well-posed.
With the help of “full” or “weak” T-coercivity operators for this problem, one may
define discrete T-coercivity operators that help prove well-posedness of the discrete
scalar problems (23). As a matter of fact, this is made possible thanks to the use, in
the definition of the exact operators Ty (“full” T-coercivity operator) and 7' (“weak”
T-coercivity operator), of elementary geometrical transforms, such as symmetries and
rotations. This happens when the interface is part of a hyperplane, polygonal (in R?)
or polyhedral (in R?). Also, one needs to interpolate the partition of unity function for
the “weak” T-coercivity operator. Then, one can implement the discrete operators: this
amounts to using (locally for the “weak” T-coercivity operator) T-conform meshes.
Namely, the mesh is first built in £2_, and then mapped to §2 via the same geometrical
transforms as the ones that were chosen to design Ty or 7, in order to define the mesh
there. Or the other way around, from $2 to §2_. For the “weak” T-coercivity operator,
the process is localized to a neighborhood of the interface. We refer to [8, 19] for details.
Consequently, when one has at hand a “full” T-coercivity operator Tj, it can also be
used to establish the uniform discrete T-coercivity of the discrete scalar problems (23).
Namely, 7p is such that

Yh, To[My] C My, and (60)

Jag > 0, Vh, Vgi € My, (eVqnlV(Togn))o.2 = a4 IIVanl§ q-

As a first consequence of (60), we note that since (T =1 H)(2) One has actually

To[M}] = My, for all h. Another by-product of (60) is that (g, g) = (eVqn|Vq;)o,2
fulfills a uniform discrete inf-sup condition, ie.

|(eVanVay)o.el
EZO >0, Yh, Yq, € My, sup /—h > Yo ||CI/1||H01(Q)~ (61)
gm0 N llaie)

So, the discrete scalar problems (23) are well-posed, and the classical error estimate
holds: ||s — sh||H01 @) Sinfgem, IIs — qn ||H01(_Q). See Theorem 2 in [19] for details.

@ Springer



On the approximation of electromagnetic fields by edge... 253

On the other hand, when one has at hand a “weak” T-coercivity operator 7', because of
the presence of the partition of unity function, one builds “weak’ discrete T-coercivity
operators (see Lemma 3 in [8]), that is discrete operators (7}); such that

V(T — T
3C.ho > 0, Vh < ho, 3Ty € LMy),  sup T TWnloe oy

qeM;\(0} IVanllo, s

Obviously, sup, |Thllzm,) < oo. We call this situation the “weak” T-coercivity
Jframework. It follows that one has a “weak” discrete T-coercivity property (pp. 820-
821 in [8]):

Jo, B, ho > 0, Vh <ho, Vgn € My,
EVanV(Than)o.e = ¢ lIVanlg.e — B llanl.o- (62)

Then, thanks to Proposition 3 in [19] where one argues by contradiction,’ one can
prove that (g5, q;) — (eVan|Vay)o,e fulfills a uniform discrete inf-sup condition,
for h small enough, ie.

[QEANTALY:]
Iy ho >0, Vh <hp, Van € My, sup  ——r == >y llgnll 1 ).

gemnioy  Naalla )
(63)

So, one can derive results for the discrete scalar problems (23) that are similar to those
that where obtained when a “full” T-coercivity operator was available, now for h small
enough, that is when 7 < hy.

Finally, when the interface is smooth, the same guidelines apply, see §2.B.1 in [15].
In this case, one needs to have at hand some curvilinear finite elements, such as
isoparametric finite elements (cf. §4.3 in [20]), near the interface. It is known that
optimal interpolation properties hold, ie. one may recover up to O (h) accuracy using
Lagrange’s first-order finite elements for a sufficiently smooth scalar field. Or, one can
choose the approach of [42] to achieve again optimal convergence rate: for that one
needs a family of simplicial meshes which resolve the smooth interface sufficiently
well. Observe that for first-order edge finite elements, the latter approach can also be
used, to yield O(h) interpolation accuracy for a sufficiently smooth vector field of
H (curl; £2) (see [39]).

B The div-curl problem
The general div—curl problem is expressed as

{ Findu € Hy(curl; $2) such that (64)

curlu = f and diveu = g in £2.

3 In Theorem 5 in Sect. 6, we proceed similarly to derive a uniform discrete inf-sup condition for the form
ag. A proof is given there. Note that because we argue by contradiction, bounds are not explicit anymore.
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In the classical case, according to Theorem 6.1.4 in [3] (32 is connected):
v — (curlv, div ev)

is a bijective mapping from H(curl; £2) to HOE (div0; 2) x H1(£2).
Hence, to ensure well-posedness of the div—curl model in the classical case, the source
terms must be chosen such that

feHiv0; 2), ge H (). (65)

We keep this choice for the div—curl model in the interface case, and use the operator
To introduced in (11) below. Let

V := Ho(curl; ) x Hy(£2) endowed with [|(v. ¢)llv := (|v[|3curt: )

2 1/2.
+ 9
141310

a((u, p), (v,q)) := (curlu|curlv)y o + (cu|Vg)o,.2 + (ev|Vplo,a,
Y(u, p), (v,q) €V.

We check below that the equivalent variational formulation of problem (64) writes

{ Find (u, p) € Vsuchthat 66)

a((u, p), (v,q)) = (fleurlv)o.e = (8, q) ! (@), Y(v,9) €V.

In (66), the left-hand side defines a continuous bilinear form on V, and the right-hand
side defines a continuous linear form on the same function space. The norm of the
right-hand side is bounded from above by || fllo.2 + llgll-1.%-

Lemma1l Let f € H{ (div0; 2) and g € H™'(R) be given. Then if (u, p) is a

solution to the variational formulation (66), it holds that p = 0.

Proof Choose the test function (V(Tpp), 0) in (66). This yields (e V(Top)|Vplo.o =
0. Recall that € is a symmetric tensor field, so one has « ||V p ||%7_Q = 0 according to
(11), and it follows that p = 0. O

Next, one has the classical result, see eg. §6.1.2 in [3].

Proposition 14 Ler f € HO“j (div0; 2) and g € H~' () be given. Then it holds that
u is a solution to the div—curl problem (64) if, and only if, (u, 0) is a solution to the
variational formulation (66).

Theorem 7 The form a is T-coercive.

Proof Let (u, p) € V be given. Let us decompose u using (15): u = Vp, + k, with
(pus k) := (1w, mom) € Hy(2) x Kn(82, ).

(i) Assume first that # = 0. Choosing (v*, ¢*) = (V(Typ), 0) yields

a((0, p), 0%, ¢") = (V(Top)IVp)o.a = a0 IV pl§.o = a0 10, p)IIF-
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(i) Consider next that p = 0. Because k, € Kx(S2, ¢) with curl k, = curlu, one
has

a((,0), (v, q)) = (curlk,| curlv)o @ + (¢VpulVq)o.e-

One chooses in this case (v*, g*) = (ky, Ty py)- Indeed with the help of (11) and
(13)

a((@, 0), (0*,¢") = | eurlkul} g + eV pul V(Topud)o.c
> (Cy) " eu | By eurt 29 + 0 1V Pullf 2
min((Cy) ™2, @0) (I1kalrurtz) + 1V Pull 2 )

¥ 141 H curt ) = ¥ 1@ 05,

v v

v

where y := %min((C{,‘,)’z, ap) > 0.

(iii) In the general case, let us consider a “linear combination” of the above, eg.
*, q*) = (V(Typ) + ky, Ty py)- Then one finds

a((u, p). (v*.q") = | eurlky|lj o + &V pulV(Topu))o.e + €V (Top)|V po.e
> (Cy) " eul Fyeurt:2) + 20 1V Pullf 2 + 20 1V Pl
> ¥ 4 eurt2) + 20 1V 2150
>y @ p)IY

because y < op. To conclude the proof, remark that T : (u, p) — (V(Top) +
wou, To(u)) belongs to L(V).

Remark 6 In the above proof, T is an involution, when Ty is one too: T2 = Iy.

Corollary 3 Ler f € HOE (div0; £2), g € H'(2) be given. Then there exists one,
and only one, solution to (u, p) to (66). In addition, p = 0 and ||u| g (curl:2) S
Ifllo.2 + ligl-1.2-

On can proceed similarly for the div—curlcurl problem, see [23].
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