Numerische Mathematik (2022) 151:873-925 Numerlsch_e
https://doi.org/10.1007/500211-022-01301-3 Mathematik

®

Check for
updates

Numerical analysis for the interaction of mean curvature
flow and diffusion on closed surfaces

Charles M. Elliott! - Harald Garcke? - Balazs Kovacs?2

Received: 7 February 2022 / Revised: 6 June 2022 / Accepted: 15 June 2022 /
Published online: 27 June 2022
© The Author(s) 2022

Abstract

An evolving surface finite element discretisation is analysed for the evolution of a
closed two-dimensional surface governed by a system coupling a generalised forced
mean curvature flow and a reaction—diffusion process on the surface, inspired by
a gradient flow of a coupled energy. Two algorithms are proposed, both based on a
system coupling the diffusion equation to evolution equations for geometric quantities
in the velocity law for the surface. One of the numerical methods is proved to be
convergent in the H' norm with optimal-order for finite elements of degree at least
two. We present numerical experiments illustrating the convergence behaviour and
demonstrating the qualitative properties of the flow: preservation of mean convexity,
loss of convexity, weak maximum principles, and the occurrence of self-intersections.

Mathematics Subject Classification 35R01 - 53C44 - 65M60 - 65M15 - 65M12

1 Introduction

In this paper we propose and analyse an evolving surface finite element semi-
discretisation of a geometric partial differential equation (PDE) system that couples a
forced mean curvature flow to a diffusion equation on the surface. The unknowns are
a time dependent two-dimensional closed, orientable, immersed surface I" C R3, and
a time and spatially varying surface concentration u.
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The coupled mean curvature—diffusion flow system is

v=—F(u, H)v, (1.1a)
3°u=—(Vr-vu+Vr- (Dw)Vru), (1.1b)

where F' and D are given sufficiently smooth functions. Associated with the surface
I" are the geometric quantities the mean curvature H, the oriented continuous unit
normal field of the surface v, and v the velocity of the evolving surface I", where
V = v-v denotes the normal velocity. In the case that I" encloses a domain we always
choose the unit outward pointing normal field.

A special case, inspiring this work, with F (u, H) = g(u)H, D(u) = G”(u) where
gw) = G(u) — G'(u)u and G(-) is given arises as the (L2, H_l)-gradient flow of the
coupled energy, [1, 2, 15],

E=EUT,u) =/ G(u), (1.2)
r
yielding
v=—g(u)Hv, (1.3a)
0°u=—(Vp-v)u+Vp- (G”(u)Vpu). (1.3b)

It is important to note that (1.1) contains not only the gradient flow of [1, 2, 15]
as a special case, but numerous other geometric flows as well. Examples are pure
mean curvature flow [34], the generalised mean curvature flows v = —V (H)v, see,
e.g., [33], examples in [12] and [11], additively forced mean curvature flow [9, 16],
and [38] (see also the references therein). Also it arises as a sub-system in coupled
bulk—surface models such as that for tumour growth considered in [30].

1.1 Notation for evolving hypersurfaces
We adopt commonly used notation for surface and geometric partial differential equa-
tions. Our setting is that the evolution takes an initial C¥ hypersurface 1'% ¢ R3 and an
initial distribution #°: I'® — R and evolves the surface so that I'(¢) = I'[X] C R3
is the image

FX1=T[XCE0]l={X(p, )| pel®, X(,0 =Idp
of a smooth mapping X : I' x [0, T] — R3 such that X (-, r) is the parametrisation

of an orientable, immersed hypersurface for every . We denote by v(x, ) € R? ata
pointx = X(p,t) € I'[ X(-, t)] the velocity defined by

v(X(p, 1), 1) = X(p,1). (1.4)
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For a function n(x, t) (x € I'[X],0 <t < T) we denote the material derivative (with
respect to the parametrization X) as

d
°n(x,t) = & n(X(p,t),t) for x = X(p,1).

On any regular surface I C R3, we denote by Vrn: I’ — R3 the tangential
gradient of a function n: I’ — R, and in the case of a vector-valued function
n = (nm,n2, 773)T: I — R3, we let Vrn = (Vrn1, Viena, Virns). We thus use
the convention that the gradient of n has the gradient of the components as column
vectors, (in agreement with gradient of a scalar function is a column vector). We
denote by Vr - n = tr(Vrn) the surface divergence of a vector field n on I, and
by Arn = Vr - Vrn the Laplace—Beltrami operator applied to n: I' — R; see the
review [17] or [27, Appendix A], or any textbook on differential geometry for these
notions.

We suppose that I"(¢) is an orientable, immersed hypersurface for all 7. In the case
that I is the boundary of a bounded open set 2 C R3 we orient the unit normal
vector field v: I" — R3 to point out of £2. The surface gradient of the normal field
contains the (extrinsic) curvature data of the surface I". Atevery x € I, the matrix of
the extended Weingarten map,

A(x) = Vrv(x),

is symmetric and of size 3 x 3 (see, e.g., [50, Proposition 20]). Apart from the eigenvalue
0 (with eigenvector v), its other two eigenvalues are the principal curvatures 1 and
k2. They determine the fundamental quantities

H:=t(A)=Vr-v=xi 4k, |A>=«}+«3, (1.5)

where |A| denotes the Frobenius norm of the matrix A. Here, the mean curvature H
is, as in most of the literature, taken without the factor 1/2. In this setting, the mean
curvature of a sphere is positive.

For an evolving surface I" with normal velocity v = Vv, using that Vi f - v =0
for any function f, we have the fundamental equation

Vre-v=Vp-(VV)=VrV.-v+VVp-v=VH. (1.6)

The following geometric identities hold for any sufficiently smooth evolving surface
I (t), (see for example [11, 27, 34]):

VirH = Apv + |A%v, (1.7)
3% =—VrV, (1.8)
3°H =—ArV — |A]>V. (1.9)

They are fundamental in the derivation of the system of evolution equations discretised
in this paper.
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1.2 Our approach

The key idea of our approach is that it is based on a system of evolution equations
coupling the two Egs. (1.1a) and (1.1b) to parabolic equations for geometric variables
in the velocity law. This approach was first used for mean curvature flow [37]. The sys-
tem is derived using the geometric identities (1.7), (1.8) and (1.9). Using the notation
d;+, 1 = 1,2 for appropriate partial derivatives, we prove the following lemma.

Lemma 1.1 Let I'[ X] and u be sufficiently smooth solutions of the Egs. (1.1a)—(1.1b).
Suppose that F, K : R?> — R are sufficiently smooth, satisfy

r=—-F(s,q) <— q=-K(s,r), Vr,s,qeR, (1.10)
and in addition assume that 9, F (u, H) is positive. Then the normal vector v, the mean

curvature H and the normal velocity V satisfy the two following systems of non-linear
parabolic evolution equations:

0°H = Arpx)(F(u, H)) + |APF (u, H), (1.11)
1 01 F(u, H)
—3%v=A Al? —V , 1.12
NN v rixv + 1Ay + 0 F . H) rixj (1.12)
and
RKu, V)3V = ArpxV + |APV — 1K (u, V) 8°u, (1.13)
WK u,V)o*v = Arpxv+ |A*v + 01K (u, V)Vrxju. (1.14)

Proof These two sets of equations are an easy consequence of the geometric identities
(1.5), (1.7)—(1.9), and the following calculations

3'\) = —VF[X]V = VF[X](F(M, H))
=01 F(u, H)Vrixju + 0 F(u, H)VrixH,

as well as

VrH ==Vrix) (K@, V))
=—0Ku,V)VrixV — 01K u, V)Vrxu.

O

Employing the lemma above we see that a sufficiently smooth solution of the
original initial value problem (1.1) also satisfies two other different problems involving
parabolic PDE systems in which the dependent variables are a parametrised surface
I'[X], the velocity v of I', a surface concentration field u, and either the variables
vand V or v and H. In these problems the variables v, V or v, H are considered to
be independently evolving unknowns, rather than being determined by the associated
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geometric quantities of the surface I"'[ X] (in contrast to the methods of Dziuk [26] or
Barrett, Garcke, and Niirnberg [10], etc.).

Problem 1.1 Given {I"°, u°, 10, V°}, find for t € (0, T] functions {X (-, 7): I'® —
R3, v(,0): IC[X(, 0] = R, u: C[X(, 0] = R, v(-,0): T[X(,1)] = R,
V(,t): I'[X(-, t)] = R} such that

X =voX, (1.15a)
v=Vv, (1.15b)
K, V)o®v =Arxv + |A|2v + 01K (u, V) Vrixu, (1.15¢)
hKu,V)a*V =ArxV+ |A|2V — 01K (u, V)otu, (1.15d)
0°u + u VF[X] SV = VI‘[X] . (D(M)Vp[x]u), (1.15¢)
with initial data
X(-,0) =1d o, v(-, 0) =",
V(,0) =V, u(-, 0) =u’,
where v? is the unit normal to "% and V° = —F(uo, HO) with H? being the mean

curvature of I"°.

Problem 1.2 Given {I'°, u°, v°, H°}, find fors € (0, T]the functions {X (-, #): I'" —
Ry u: IIX(,0)] = R, 0): TIXE0] — R v, 0: MXCG, 0] — R,
V(,t): I'[X(-, t)] = R} such that

X =volX, (1.16a)
v=—F(u, H)v, (1.16b)
L gv=a APy A D G (1.16¢)
—Jd v = v V4 —m—m u, .
W F(u, H) Fixl NFu, H) X
3°H = Arpx)(F(u, H)) + |A*F(u, H), (1.16d)
3°u +uVrx)-v=Vrx - (D@)Vrxu), (1.16e)
with initial data
X(-,0) =1dpo, v(-, 0) =",
H(-,0)=H", u(-,0) =u’,

where v° and HY are, respectively, the unit normal to and mean curvature of I"°.

The idea is to discretise these systems using the evolving surface finite element
method, see, e.g., [18], and also [21, 41]. The same approach was successfully used
previously for mean curvature flow [37], also with additive forcing [38], and in arbitrary
codimension [13], for Willmore flow [39], and for generalised mean curvature flows
[12].

@ Springer



878 C. M. Elliott et al.

1.3 Main results

In Theorem 7.1, we state and prove optimal-order time-uniform H' norm error esti-
mates for the spatial semi-discretisation, with finite elements of degree at least 2, in all
variables of Problem 1.1, over time intervals on which the solution remain sufficiently
regular. This excludes the formation of singularities, but not self-intersections. We
expect that an analogous proof would suffice for the other system Problem 1.2 but due
to length this is not presented here. The convergence proof separates the questions
of consistency and stability. Stability is proved via energy estimates, testing with the
errors and also with their time derivatives. Similarly to previous works, the energy esti-
mates are performed in the matrix—vector formulation, and they use technical lemmas
comparing different quantities on different surfaces, cf. [37, 40]. Due to the non-linear
structure of the evolution equations in the coupled system we will also need similar
but new lemmas estimating differences of solution-dependent matrices, cf. [12]. A key
issue in the stability proof is to establish a W!-> norm error bounds for all variables.
These are obtained from the time-uniform H' norm error estimates via an inverse
inequality.

In [15, Chapter 5] Biirger proved qualitative properties for the continuous coupled
flow (1.3) with energy (1.2), for example the preservation of mean convexity, the pos-
sible loss of convexity, the existence of a weak maximum principle for the diffusion
equation, the decay of energy, and the existence of self-intersections. These proper-
ties are enjoyed by our evolving surface finite element method as illustrated in the
numerical simulations in Sect. 10.

1.4 Related numerical analysis

Numerical methods for related problems have been proposed and studied in many
papers. We first restrict our literature overview for numerical methods for at least
two-dimensional surface evolutions.

Algorithms for mean curvature flow were proposed, e.g., by Dziuk in [26], in
[10], and in [29] based on the DeTurck trick. The first provably convergent algorithm
was proposed and analysed in [37], while [38] extends these convergence results to
additively forced mean curvature flow coupled to a semi-linear diffusion equation
on the surface. Recently, Li [43] proved convergence of Dziuk’s algorithm, for two-
dimensional surfaces requiring surface finite elements of degree k > 6.

Evolving surface finite element based algorithms for diffusion equations on evolv-
ing surface were analysed, for example, in [18, 20], in particular non-linear equations
were studied in [36, 42]. On the numerical analysis of both problems we also refer to
the comprehensive survey articles [17, 19], and [11]. For curve shortening flow cou-
pled to a diffusion on a closed curve optimal-order finite element semi-discrete error
estimates were shown in [47], while [8] have proved convergence of the corresponding
backward Euler full discretisation. The case of open curves with a fix boundary was
analysed in [49]. For forced-elastic flow of curves semi-discrete error estimates were
proved in [48]. For mean curvature flow coupled to a diffusion process on a graph
optimal-order fully discrete error bounds were recently shown in [24].
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1.5 Outline

The paper is organised as follows. Section 1 introduces basic notation and geomet-
ric quantities, and it is mainly devoted to the derivation of the two coupled systems.
In Sect. 2 we present the weak formulations of the coupled problems, and explore
the properties of the coupled flow. In Sect. 3 we briefly recap the evolving surface
finite element method, define interpolation operators and Ritz maps. Sect. 4 presents
important technical results relating different surfaces. In Sect. 5 we present the semi-
discrete systems, while Sect. 6 presents their matrix—vector formulations, and the error
equations. Section 7 contains the most important results of the paper: consistency and
stability analysis, as well as our main result which proves optimal-order semi-discrete
error estimates. Sections 8 and 9 are devoted to the proofs of the results presented in
Sect. 7. Finally, in Sect. 10 we describe an efficient fully discrete scheme, based on
linearly implicit backward differentiation formulae. Then we present numerical exper-
iments which illustrate and complement our theoretical results. We present numerical
experiments testing convergence, and others which preserve mean convexity, but lose
convexity, report on weak maximum principles, energy decay, and on an experiment
with self-intersection.

2 Weak formulation, its properties, and examples

Throughout the paper we will assume the following properties of the nonlinear func-
tions:

g;_]; is locally Lipschitz continuous,

BZLF is positive and locally Lipschitz continuous,

01K and 0, K are locally Lipschitz continuous,

K (u, V) is positive,

D satisfies 0 < Dg < D(-) < Dj and D’ is locally Lipschitz continuous.

Nk L =

The domain of definitions of the above nonlinearities are depending on the particular
problem at hand. These properties hold on a compact neighbourhood of the exact
smooth solution, on which d, K (u, V) and 1/, F (u, H) are bounded from above and
below by positive constants, and all functions are Lipschitz continuous.

2.1 Weak formulations
Weak formulation of Problem 1.1

The weak formulation of Problem 1.1 reads: Find X: I'° — R? defining the

(sufficiently smooth) surface I'[X] with velocity v, and v € L%_Il (FIX])? with

. 2 2 : . 2 2 :
a%v € LLZ(F[X])3’ Ve LHl(F[X]) with 9°V € LLZ(F[X])’ and u € LHI(F[X]) with

0%u € L2L2 (FIXD) such that, denoting A = V[xjv and | - | the Frobenius norm,
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v="Vy, (2.1a)
/ H KW, V)o®v-¢" +/ Vrixv - Vrxe
r'[X] rixj
= / |A|2v ¥ +/ K@, V)Vrixu - ", (2.1b)
rix| rixj

/ azK(u,V)a'V<pV+/ ViV - Ve
FIx] rIx]

=/ |A|2V¢JV—/ 0K, V)d®ugY, (2.1¢)
rX] rix]
d
—(/ ugo”)+ D(u)Vr[Xu Vrxe" :/ ud°p", (2.1d)
dr \ Jrix rx rixi
holds for all test functions ¢¥ € LH‘(F X3 A= LH'(F[X])’ and ¢" € LHI(I‘[X])

with 0°¢" € Liz (FIX])? together with the ODE for the positions (1.4). The coupled

weak system is endowed with initial data % v9 VO and u°. For the definition of
the Bochner-type spaces L> L2(r(x]) and L? HICIX) which consist of time-dependent
functions spatially defined on an evolving hypersurface, we refer to [4].

Weak formulation of Problem 1.2

The weak formulation of Problem 1.2 reads: Find X: ' — R? defining the

(sufficiently smooth) surface I'[X] with velocity v, and v € L2 HUX])? with

2 2
v € LL2(FX])3’ H e LL2(F[X]) with 0°H € LLZ(F[X])’ V e LHI(F[X])’ and
u € LH](F with 0°u € LLZ(F X)) such that, denoting A = Vp[xjv and | - | the
Frobenius norm
v="Vv, (2.2a)
/ L v - ¥ +/ Vrixv - Vrxe”
rix)02F (u, H) IX]
3 F(u, H)
= |APY - @ +/ ———Vrixju-¢’, (2.2b)
/I"[X] rix) 02 F u, H) X
/ 3 H o™ — / VrixiV - Ve = - / |APVeH, (2.2¢)
rixi X I'[X]
f VeV +/ F(u,H)¢" =0, (2.2d)
r[x] rix]
d
—</ ugo”) +/ D) Vrxu - VF[X](p” = / ud®p, (2.2e)
dr \ Jrix x| r[X]
holds for all test functions ¢ € LHI(F X3 ol e LHI(F[X])’ oV e LLZ(F[X])’ and
" e L? HU(FIX w1th8 ot e L? L2(rIx togetherw1th the ODE for the positions (1.4).

The coupled Weak system is endowed with initial data "%, v°, H?, and u".
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2.2 Properties of the weak solution

1. Conservation of mass: This is easily seen by testing the weak formulation (2.1d)
with " = 1.

2. Weak maximum principle: By testing the diffusion equation with min («, 0) and
assuming that

0< u® < MO, a.e. on FO,
we find, cf. [15, Sect. 5.4],
0<u(,t), ae.on I'[X]. 2.3)

3. Energy bounds: Let G be any convex function, for which g(u) = G(u) — G’ (u)u >
0. Taking the time derivative of the energy | rix) G @), and using the diffusion
equation (1.1b) and (1.6), we obtain,

()
dr rix]

= / G (w)d*u +/ Vrix; - v)Gu)
rixi rixi

= / G,(u)(vr[xl (D) Vrpxu) — u(Vrpx) - v)) +/ (Vrixy - v)Gu)
r[x] rix]

= / G/(u)(Vp[X] . ('D(M)Vr[x]u) — MVH) +/ VHGu)
rixi] rixi

= / G' (W)Vrixy - (D)Vrxu) +/ (Gw) — G'(ww)VH
r'x] Irx]

=— D)G" ()| Vrxul* + / gw)VH
I'[X] I'(X]

yielding

d
d_(/ G(u)) +/ D(u)G”(u)le[X]m2 :/ gw)VH. (24)
'\ Jrixi rixi rix]

Energy decrease and a priori estimates follow provided that VH < 0, (note that
Dw)G" (u) > 0,g(u) = G(u)—G'(u)u > 0are already assumed). This inequality
holds assuming K (u, V)V > 0and F(u, H)H > 0, respectively, for Problem 1.1
and Problem 1.2. For system (1.3) the energy identity (2.4) leads to the natural
energy decrease for the gradient flow [15, Sects. 3.3-3.4], [1].
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3 Finite element discretisation
3.1 Evolving surface finite elements

For the spatial semi-discretisation of the weak coupled systems (2.1) and (2.2) we
will use the evolving surface finite element method (ESFEM) [18, 25]. We use curved
simplicial finite elements and basis functions defined by continuous piecewise poly-
nomial basis functions of degree k on triangulations, as defined in [21, Sect. 2], [41]
and [31].

3.1.1 Surface finite elements

The given smooth initial surface I"? is triangulated by an admissible family of triangu-
lations 7, of degree k [21, Sect. 2], consisting of curved simplices of maximal element
diameter %; see [18] and [31] for the notion of an admissible triangulation, which
includes quasi-uniformity and shape regularity. Associated with the triangulation is a
collection of unisolvent nodes p; (j = 1, ..., N) for which nodal variables define
the piecewise polynomial basis functions {¢; }9’:1.

Throughout we consider triangulations I, [y] isomorphic to Fho with respect to the

labelling of the vertices, faces, edges and nodes. We use the notation y € R3N to
denote the positions y; = y|;, of nodes mapped to p; so that

N
Tily] = {q =Y vidip) | pe Fh°}~
j=1
That is we assume there is a unique pullback p € Fho such that for each g € I'},[y] it

holds ¢ = Y7, 7 (p).
We define globally continuous finite element basis functions using the pushforward

¢ilyl: Ihlyl - R, i=1,...,N
such that

oilyl(q) = ¢i(p), q € Iylyl.

Thus they have the property that on every curved triangle their pullback to the reference
triangle is polynomial of degree k, which satisfy at the nodes ¢;[y](y;) = §;; for all
i,j=1,..., N. These basis functions define a finite element space on I},[y]

Sulyl = Sp(IulyD) = span{¢i[yl. alyl. - ... ¢nlyl}.
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We associate with a vector z = {z; }j.vzl € RY a finite element function z;, € Sj, [y]
by

N
(@) =Y zj¢ilyl@), g € ilyl.

j=1

For a finite element function z;, € Sy[y], the tangential gradient Vr;[yjz) is defined
piecewise on each curved element.

3.1.2 Evolving surface finite elements

We set Fho to be an admissible initial triangulation that interpolates 1'% at the nodes p j
and we denote by x° the vector in R3V that collects all nodes so x¥ = p ;- Evolving
the jthnode p; in time by a velocity v;(t) € C([0, T]), yields a collection of surface
nodes denoted by x(1) € R3V, with xj(t) = x(¢)]; at time ¢ and x(0) = x". Given
such a collection of surface nodes we may define an evolving discrete surface by

N
Th[x(@®)] == {Xh(p, =Y xj("$;(p) ‘ pe Fh°}~

j=1

That is, the discrete surface at time ¢ is parametrized by the initial discrete surface via
the map X (-, £): I} — Th[x(1)]

which has the properties that X, (p;, 1) = xj(t)forj =1,..., N, X (ps,0) = pp
forall pj, € Fho and for each g € I,[x(#)] there exists a unique pullback p(q,t) € Fho
such that g = Z;V:l xj(t)pj(p(g,t)). We assume that the discrete surface remains

admissible, which — in view of the H! norm error bounds of our main theorem — will
hold provided the flow map X is sufficiently regular, see Remark 7.4.
We define globally continuous finite element basis functions using the pushforward

¢ilx®)]: T[x(H] >R, i=1,....,N
such that

¢ilx(D)(q) = ¢i(p(q. 1), q € IH[x@®)].
Thus they have the property that on every curved evolving triangle their pullback
to the reference triangle is polynomial of degree k, and which satisfy at the nodes

@i[x(1)](x;) = §;j foralli, j = 1,..., N. These basis functions define an evolving
finite element space on I;,[x(¢)]

Snlx()] = Sp(N[x(1)]) = span{g1[x(D], g2[x(D)], .. ., pN[X(D)]}.

We define a material derivative, 3y -, on the time dependent finite element space
as the push forward of the time derivative of the pullback function. Thus the basis
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functions satisfy the transport property [18]:
hoilx()]=0. 3.1

It follows that for 1, (-, ) € Sp[x(¢)], (with nodal values (»; (t))?]:1 ), we have

N
pnn =Y _ 00, Ix)],

j=1

where the dot denotes the time derivative d/dt. The discrete velocity vy (g, t) € R at
apointg = X, (p,t) € I'[ X, (-, t)] is given by

N
WXn(p ) =wva(Xn(p.0).0) =Y %;(0¢;(p). peTy.
j=1

Definition 3.1 (Interpolated-surface) Let x*(t) € R3N and v*(r) € R3N be the
vectors with components x;‘(t) = X(pj, 1), v;‘(t) = X(pj, t) where X (-, t) solves
Problem 1.1 and 1.2. The evolving triangulated surface I7,[x*(¢)] associated with
X} (-, 1) is called the interpolating surface, with interpolating velocity vy (t).

The interpolating surface I;[x*(¢)] associated with X} (-, ¢) is assumed to be admis-
sible for all ¢+ € [0, T'], which indeed holds provided the flow map X is sufficiently
regular, see Remark 7.4.

3.2 Lifts

Any finite element function 7, on the discrete surface I,[x(¢)], with nodal values
(n j)j.V: |» 18 associated with a finite element function 75 on the interpolated surface
I, [x* ()] with the exact same nodal values. This can be further lifted to a function on
the exact surface by using the lift operator *, mapping a function on the interpolated
surface I,[x*(¢)] to a function on the exact surface I'[ X (-, #)], via the identity, for
x € IH[x*(1)],

xt=x—dx, Hopx ), andsetting 7, (x) = 7 (x),

using a signed distance function d, provided that the two surfaces are sufficiently
close. For more details on the lift ¢, see [19, 21, 25]. The inverse lift is denoted by
n~t: IL[x*(1)] = R such that (p=%)¢ = 5.

Then the composed lift operator I maps finite element functions on the discrete sur-
face I',[x(¢)] to functions on the exact surface I'[ X (-, t)], see [37], via the interpolated
surface I,[x*(¢)], by

ny = )"
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We introduce the notation
xf(x,t) = Xk(p, 1) € Tix()]  for x = X(p,t) € [[X(,1)],

where, for p, € I ho, from the nodal vector x(¢) we obtain the function Xy (pj,t) =
Z;V:l xj(1)¢;[x(0)](pn), while from u(r), with x,, € I',[x(r)], we obtain up, (xp, 1) =
Z;\/:] u;(t)¢;[x(t)](xs), and similarly for any other nodal vectors.

3.3 Surface mass and stiffness matrices and discrete norms

For a triangulation I7,[y] associated with the nodal vector y € R3N, we define the
surface-dependent positive definite mass matrix M(y) € RY*¥ and surface-dependent
positive semi-definite stiffness matrix A(y) € RV*N:

M(y)lz,,:/ ¢ilyl¢;lyl, and A(Y)|ij:f Vrm®ilyl - Vro,me;lyl,
Tylyl Iyl

and then set

K(y) = M(y) + A(y).

For a pair of finite element functions z;,, wy, € S,[y] with nodal vectors z, w we have

@hw) 2y = 2 M)W and (V1120 Vi, wWh) 225,y = 2 A@)W.

These finite element matrices induce discrete versions of Sobolev norms on the
discrete surface I7,[y]. For any nodal vector z € RV, with the corresponding finite
element function z; € Sp[y], we define the following (semi-)norms:

Izllfgy) = 2" MWz = 23172, 1y
1213y = 2" AWz = 1V 5120132 1) (3.2)

2 T 2
”Z”K(y) =1z K(Y)Z = ”Zh”Hl(Fh[y]).

3.4 Ritz maps

Let the nodal vectors x*(¢) € R3"N and v*(t) € R3V, collect the nodal values of the
exact solution X (-, #) and v(-, ¢). Recalling Definition 3.1, the corresponding finite ele-
ment functions X (-, t) and v (-, t) in Sp[x* (1)]? are the finite element interpolations
of the exact solutions.

The two Ritz maps below are defined following [41, Definition 6.1] (which is
slightly different from [20, Definition 6.1] or [31, Definition 3.6]) and — for the quasi-
linear Ritz map — following [42, Definition 3.1].
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Definition 3.2 For any w € HY(I'[X]) the generalised Ritz map ﬁhw e S,[x*]
uniquely solves, for all ¢ € S,[x*],

/ Rhw§0h+/ Vr,x<1Rhw -V, [x<19n
Iy [x*] Iy[x*]

(3.3)

=f w¢ﬁ+/ Vrxw - Vrx)ep-
I'[x] 'x]

Definition3.3 For any u € H Lrix) and an arbitrary (sufficiently smooth)

&: I'[X] — R the &-dependent Ritz map ﬁiu € Sp[x*] uniquely solves, for all
on € Splx*],

/ Eﬁ“ on + DE™Y Vrh[x*]ﬁiu - Vx4 19h
Iy [x*] Iy [x*] (3.4)

= / ug) + D) Vrpgu - Ve,
rix) rix)

where ~¢ denotes the inverse lift operator, cf. Sect. 3.2.

We will also refer to ﬁi as quasi-linear Ritz map, since it is associated to a quasi-linear
elliptic operator.

Definition 3.4 The Ritz maps Rj, and Ri are then defined as the lifts of ﬁh and ﬁg,
ie. R = (Ryu)t € Sp[x*1¢ and RSu = (R u)t e Sy[x*1°.

4 Relating different surfaces

In this section from [37, 40] we recall useful inequalities relating norms and semi-
norms on differing surfaces. First recalling results in a general evolving surface setting,
and then proving new results for the present problem.

Given a pair of triangulated surfaces I, [x] and I}, [y] withnodal vectors x, y € R3N,
we may view [}[x] as an evolution of I;[y] with a constant velocity e = (e j)j.V:l =

x —y € R3" yielding a family of intermediate surfaces.

Definition 4.1 For 0 € [0, 1] the intermediate surface th is defined by
Y = Mly + Gel.

For the vectors x = e +y,w,z € RY, we define the corresponding finite element
functions on F,f:

N N N
e = ejpily+0el. wj=> wig;ly+0el. and zj = z;¢;ly+0el.
j=1 j=1 j=1
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Fig.1 The construction of the I'X]| Ty
intermediate surfaces 1";? for
quadratic elements .

Figure 1 illustrates the described construction.
It follows from the evolving surface transport theorems for the L? and Dirichlet
inner products, [19], that for arbitrary vectors w, z € RN

1
wT(M(x)—M(y))z=/ / wl (Vo - e)zf db, (4.1)
0 th h

1
w! (A(x) —A(y))z:/ / Viow - (Dpoed)V ozl o, 4.2)
0 1—-119 h h h

where Drheez =t(EN; — (E? + (E))T) with E? = vphgez e R3%3,
The following results relate the mass and stiffness matrices for the discrete surfaces

I'y[x] and I7,[y], they follow by the Leibniz rule, and are given in [40, Lemma 4.1],
[37,Lemma 7.2].

Lemma 4.1 In the above setting, if

&= |VrmepllLomiy) < 1- (4.3)

then the following hold:

1. For0 <60 <1land1 < p < oo with a constant c, > 0 independent of h and 6:

0 0 6 0
”wh”LP(th) =¢Cp ”wh”Ll’([‘l?)v ||vrh€wh||Lp(ph9) =cp ”vF,?wh”LP(F,?)'
4.4)

The norms || - |M(y+0e) and the norms || - || A(y+0e) @5)
are h-uniformly equivalent for 0 <6 < 1. '

3. Foranyw,z € RN, with an h-independent constant ¢ > 0, we have the estimates

wl(M(x) — M)z < ce[Wimm IZlmg),

. 4.6)
w (AX) — Az < cel|wlaw llzllag)-
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4. If z € WHoo(I,[y)) then, for any w,z € RN, with an h-independent constant
¢ > 0, we have

w (M(x) =M@z < ¢ [Wlimllellag 1zl 2oy

. 4.7
W (AX) — Az = cllwllamllellaw lzallwieo -

4.1 Time evolving surfaces
e Letx : [0, 7] — R3N be a continuously differentiable vector defining a triangu-

lated surface I';[x(¢)] for every t € [0, T] with time derivative v(t) = x(¢) whose
finite element function vy (-, t) satisfies

IVrxown G Olleemxon < Kv, 0=t =<T. (4.8)
With e = x(1) — x(s) = f; v(r)dr, the bounds (4.6) then yield the following

bounds, which were first shown in Lemma 4.1 of [23]: for 0 < s,t < T with
Kyt —s| < 4—1‘, for arbitrary vectors w, z € RY, we have with C = ¢K,

w (M(x(1)) = M(x(5)))z < C |t — s| [WlImesoy 12l M)

r (4.9)
w (AX®) — AX($))z < Clt —s| IWllaxmy 1Zllax)-
Letting s — ¢, this implies the bounds stated in Lemma 4.6 of [40]:
rd
w E(M(X(t)))l < ClIwlmxe) IZIMxa))s
(4.10)

d
WTE(A(X(I)))Z = Clwllaxey l1zllax@))-

Moreover, by patching together finitely many intervals over which K|t —s| < 4—1“
we obtain that

the norms || - [Im(x(/)) and the norms || - ||ax()) @11)
are h-uniformly equivalent for 0 <t < T. )

4.2 Variable coefficient matrices

Given u, V € R" with associated finite element functions uy, V), we define variable
coefficient positive definite mass matrix M(x,u, V) € RNXN and positive semi-
definite stiffness matrix A(x, u) € RV*/N:

M(x, u, V)l = /F[a]zK(uh, Vi) ilx] b, x], @.12)
X

AKX, w);; = - [?(Mh) Vx9ilx] - Vi,xe;[x], (4.13)
X
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fori,j=1,...,N.
The following lemma is a variable coefficient variant of the estimates above relating
mass matrices, i.e. (4.6) and (4.7).

Lemma4.1 Let u,u* € RN and V,V* € R be such that the corresponding finite
element functions up, uj, and Vy, V;* have L™ norms bounded independently of h. Let
(4.3) hold. Then the following bounds hold, for arbitrary vectors w,z € RN :

w! (M(x,u, V) = M(y, u, V))z < C |V yepll ey IWlmg) 1Zzlimeg), )

w! (M(x,u, V) = M(y,u, V))z < C llellaw IWlmq) lznllocrnyn, ()
and

w! (M(x, u, V) — M(x, u*, V¥))z (iii)

< C(lun — upllzooryiyn + 1V = Viflleomyn) 1Wlveo l12lves)

w' (M(x, u, V) — M(x, u*, V¥))z (iv)
< C (v —u*mm) + IV = VM) WMo I2a Lo rix) -

The constant C > 0 is independent of h and t, but depends on 0, K (up, V) for (i)—(ii)
and on 9 K (uj;, V,¥) for (iii)—(iv).

Proof The proof is an adaptation of the proof in [12, Lemma 6.1], and it uses similar
techniques as the proof of Lemma 4.2 below. O

We will also need the stiffness matrix analogue of Lemma 4.1.

Lemma4.2 Letu € RY and u* € RY be such that the corresponding finite element
functions uy, and uj have bounded L™ norms. Let (4.3) hold. Then the following
bounds hold:

wl (Ax, u*) — A(y, u")z < C llela IWla) IVryiznllzemyy, (@)
and
wi (A, u) — A(x,u"))z < C lu— u*|m IWllam VR mizallice sy ()

The constant C > 0 is independent of h and t.

Proof The proof is similar to the proof of [12,Lemma 6.1].
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(i) Using the fundamental theorem of calculus and the Leibniz formula
[18,Lemma 2.2], and recalling (4.2), we obtain

w (Ax, u") — A(y, u*))z
= D(uh DVriwy - Viz) - f D) Vpowf - Vpozj
0 0
_/O d@/ D(u”) Vppw)) - Vyozd6
0\ qe 0 0 (4'14)
:/O /Fh” D) 870 (Vpw}) - Vo ydo

1
.0 0 . 0
+/(; \/1;}’0 D(MZ )VFthUh . 31_,};9 (Vrhﬁzh)de

1
+/ / D) Viswl) - (Droe)Vrozido,
0 F;? h h h

where we used that the due to the #-independence of uZ’G we have 8;9 uZ’g =0, and
hence 37, (D}’ =o.

For the first two terms we use the interchange formula [22,Lemma 2.6], for any
wy: I, > R:

. 6 . 0 0 T oNT 0
030 (Vipwh) = Vipdpewy — (Vroeh = vpop) " (Vpoep) ) Vpowy. (4.15)

where ez is the velocity and v ry is the normal vector of the surface I he, the material

derivative associated to ez is denoted by 8’ .
h

Using (4.15) and recalling 3’ wh = 8'gzh = 0, for (4.14) we obtain the estimate

w! (A(x, u®) — Ay, u*))z

IA

1
.0
c fo 1D M oo iy 1V 1o will 2oy 1V roell 2y 1V 10 2l oo sy 46

A

< Clwllamllellax 1V iyizell Lo,y »

where for the last estimate we used the norm equivalences (4.4), and the assumed L*°
bound on uj.

(i1) The second estimate is proved using a similar idea, now working only on the
surface I}, [x]:

w! (A(x,w) — A(x, u%))z = / (]D(uﬁ) — D(up))Vry,x1Wh - V1, [x]2h

Ihlx

< Cllugy —unll g2, xp WV rux1wnll 2, e 1V mu s 2e ll Loe (my x))»
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using the L* boundedness of uj; and uj; together with the local Lipschitz continuity
of D. O

As a consequence of the boundedness below of the nonlinear functions 9, K (-, -)
and D(-), we note here that the matrices M(x, u, V) and A(x, u) (for any u and V,
with corresponding u;, and V}, in Sj,[x]) generate solution-dependent (semi-)norms:

1Z1R4 s 0 vy = 2 M(X, 4, V)z = / R K (. Vi) |znl*,

I[x]
1Z13 xu) = 2" A, W)z = D(un) |Vr,2nl*,
Iy [x]
equivalent (independently of /& and ) to || - [lmx) and || - ||a(x), Tespectively. The

following h-independent equivalence between the A (x) and A(x, u) norms follows by
Assumption 5 on D(-): for any z € RV

2 2 2
collzlig < 1203w < c1lzli - (4.16)

The equivalence for the M(x) and M(x, u, V) norms will be proved later on.

4.3 Variable coefficient matrices for time evolving surfaces

Similarly to (4.9), we will need a result comparing the matrices A(x, u*) at different
times. Particularly important will be the A (x, u*) variant of (4.10).

Lemma4.3 Let u*: [0, T] — RY be such that for all t the corresponding finite
element function MZ satisfies ”8}:MZ||L°°(F;,[X]) < R and ”D/(MZ)”LOO(F;,[X]) < R for
0 <t < T. Then the following bounds hold, for 0 < s,t < T with K|t —s| < 1,

w(AX@), u* (1)) — A(x(s), u*()))z < C |t — s| [Wllacxery |12l Aoy
(4.17)

d
(Ax(D), u*(1)))z < C [[Wl|ax) 121 Ax))-

WT —_—
dr

(4.18)

where the constant C > 0 is independent of h and t, but depends on R>.

Proof We follow the ideas of the proofs of [23,Lemma 4.1] and [40,Lemma 4.1].
Similarly to the proof of Lemma 4.1 (see [37]), by the fundamental theorem of calculus
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and the Leibniz formula, and recalling that 07w, = 07z, = 0, we obtain

w! (AX(@D), u* (1)) — A(x(s), u*(5)))z

td
= / - D) Vr,xenWh - Viyxenzn dr
s dr Jr,ixe)

f d
= / / — (D) Vramenwn - Vryisenzn dr
s Inixedr

t
+ / D)V ryixrWh - (Priix1vn) Vryixeizh dr,
s Jnxe)

(4.19)

where the first order differential operator Dy, [x] is given after (4.2).
Similarly as for (4.9), using the bound (4.8) we obtain that

| D, ix(vn Gy D oo rxon < cllVoxa)ve G, P L xe < ¢ Ky.

On the other hand, using the uniform upper bound on the growth of the diffusion
coefficient D (Assumption 5) and the assumed L® bound |07 uj; || Lo (r,(x)) < R, we
have the bound

H%(D(uz(" r))) H 1D (ujy o 7)) B us -, Dl rixeon < R

LX)

By applying the Holder inequality to (4.19), and combining it with the above esti-
mates, we obtain

w (Ax(1), u* (1)) — A(x(s), u*(5)))z

t
< C/ IV ruxenwill 22 pxoen 1V mxenzall ez p xeny 97
s

The proof of (4.17) is then finished using the i-uniform norm equivalence in time
(4.11).
Dividing (4.17) by t — s and letting s — ¢ yields (4.18). O

5 Finite element semi-discretisations of the coupled problem

We present two evolving surface finite element discretisations of Problems 1.1, 1.2.
In the following we use the notation A;, = %(V[‘h xvr + (Vi x vh)T) for the sym-
metric part of Vi, xjvs, | - | for the Frobenius norm and the abbNreviations 0jKy =
0;K(up, Vi), 0jFp := 8jF(up, Vi) (j = 1,2). We set I, = Ip[x]: CUp[x]) —
S, (I',[x]) to be the finite element interpolation operator on the discrete surface I[x].

Problem 5.1 Find the finite element functions X, (-, 1) € Sj,[x°]°, vp(-, 1) € Sulx ()13,
Vi(,t) € Sp[x(¢)] and up (-, t) € Sp[x(¢)] such that for r > O and for all ‘PZ(" t) €
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Sh[x(t)]3,¢,Y(-, 1) € Sp[x()],and @}/ (-, ) € Sp[x(¢)] with discrete material derivative
Gen (1) € Spx(D)]:

un = I(Vawy), (5.1a)

/ 02 Kn Opvn '<PZ+/ VrxVh - Vix1¢),
lx] rilx]

=/ |Anl? v -¢Z+/ 0 KnVr,xjun - ¢, (5.1b)
T Iulx]

/ 0 Kp, 95 Vi %‘,’Jrf Vi Vi Ve,
I [x] I'y[x]

=/ |Ah|2Vh<P;‘l/_/ 1 Ky dpun @), (5.1¢)
I [x] Ip[x]

d
—(/ Up wZ) + D(un) Vr,xitn - V,x19) =/ up ¢y, (5.1d)
dr \ Jr,x Tlx] Ilx]

0 Xn(pn,t) = vp. (5.1e)

The initial values for the finite element functions solving this system are chosen to
be the Lagrange interpolations on the initial surface of the corresponding data for the
PDE, X%, 19, V9 and 4. The initial data is assumed consistent to be with the equation
V0= —Ful, HY).

Problem 5.2 Find the finite element functions X, (-, 1) € Sp[x°13, vi (-, ) € SK[x()]°,
Hy(-,t) € Sp[x(t)] and up(-,t) € Sp[x(¢)] such that for r > 0 and for all
(1) € SpIx(H)13, go}f’(~, 1) € Sp[x(®)], and ¢} (-, ) € Sp[x(¢)] with discrete mate-
rial derivative d;¢; (-, 1) € Sp[x(?)]:

vh = Iy (Vawn), (5.2a2)
1
f = Oyvn '%”ﬁ‘f VuxVh - V,xi¢),
Tix] 92 Fn Iylx]
01 Fp
=/ |AnPvn - @) +/ —Vrx14h - ¢, (5.2b)
Tx] ruix] 02 Fn
/ 3 Hy of! —/ ViV - Ve = —f VR (5.2¢)
Iy [x] Iy [x] Iy[x]
d
—(/ Up wZ) + D(un) Vr,xjith - Vr,x19; =/ up dp ¢y, (5.2d)
dr \ Jrx Tlx] Ilx]
/ Vi + / F(up, Hy) @) =0, (5.2¢)
Iy [x] I[x]
0 Xn(pn,t) = vp. (5.2F)

The initial values for the finite element functions solving this system are chosen to
be the Lagrange interpolations on the initial surface of the corresponding data for the
PDE, X°, v, H and u°.
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Remark 5.1 — We note that, in view of the discrete transport property (3.1), the last
term in each of (5.1d) and (5.2d) vanishes for all basis functions ¢} = ¢;[x].

— Also by testing (5.1d) and (5.2d) by ¢ = 1 € S,[x] we observe that both
semi-discrete systems preserve the mass conservation property of the continuous flow,
cf. Sect. 2.2.

Remark 5.2 Note that the approximate normal vector v, and the approximate mean
curvature Hj, are finite element functions vy, (-, 1) = Z;v:l vi(t) @;[x(@)] € Sp x]?
and H,(-,t) = ley:l H;@) ¢;[x(1)] € Sy x]3, respectively, and are not the normal
vector and the mean curvature of the discrete surface I7,[x(¢)]. Similarly Vj, (-, 1) =
Z;V:l Vi(t) ¢[x(t)] € Sp[x]is not the normal velocity of I';[x(?)].

6 Matrix-vector formulations

The finite element nodal values of the unknown semi-discrete functions vy (-, 1), v, (-, t)
and Vj, (-, 1), up(-, t), and (if needed) Hj, (-, t) are collected, respectively, into column
vectors V(1) = (vj(1) € R¥ n(@t) = (v;(1)) € RN, V(t) = (V;(t)) € RV,
u(t) = (u;(1)) € RN, and H(t) = (Hj()) € RN . If it is clear from the context, the
time dependencies will be often omitted.

6.1 Matrix vector evolution equations
Recalling the notation A, = %(Vrh x1Vh + (Vi x] v)T), 0jKy = 9;K (up, V), and

0jFp, = 0;F(up, V) from the previous section, it is convenient to introduce the
following non-linear maps:

fix,n, V,w|j;e-nn =/ |Ah|2(Vh)£¢j[X]+/ 01 Kn (Vixqun)e ¢j1x1,
h[

rhix] Ilx]
6.1)
fx,n, V,u;a)l; =/ |Ah|2Vh¢j[X]—/ 01 Ky dgun ¢j1x], (6.2)
Ilx] I[x]

forj=1,...,Nand £ = 1, 2, 3. Since f> is linear in 1, we highlight this by the use
of a semi-colon in the list of arguments.

For convenience we introduce the following notation. For d € N (with the identity
matrices I; € R?*9), we define by the Kronecker products:

M%) =1, @Mx),  Ax) =1; ® AK).
When no confusion can arise, we will write M(x) for M9l (x), M(x, u) for Ml (x, u),
and A (x) for Al (x). We will use both concepts for other matrices as well. Moreover,

we use o to denote the coordinate-wise multiplication for vectors y € RV, z € R3V

(yez)|; =yjz; €R® for j=1,...,N.
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Problem 6.1 (Matrix—vector formulation of Problem 5.1) Using these definitions, and
the transport property (3.1) for (5.1d), the semi-discrete Problem 5.1 can be written in
the matrix—vector form:

v=Ven, (6.3a)
MBl(x, u, V)i + ABl(x)n = f;(x, n, V, u), (6.3b)
M(x,u, V)V + AX)V = f,(x,n, V, u; 0), (6.3¢)

d
- (M(x)u) + AKX, wu =0, (6.3d)
X =v. (6.3¢)

Problem 6.2 (Matrix—vector formulation of Problem 5.2) The semi-discrete Problem
5.2 can be written in the matrix—vector form (with non-linear matrix F and vectors
f3, f4, defined according to (5.2)):

v=Ven, (6.4a)
MEB(x, u, H)n + AP (x)n = f3(x, n, H, u), (6.4b)
M&)H — Ax)V = f4(x, n, V), (6.4¢)
Mx)V + F(x,u, H) = 0, (6.4d)
d
< (M(x)u) + AKX, wu =0, (6.4¢)
X =v. (6.4f)

Remark 6.1 Upon noticing that the equations for n and V in Problem 6.1 are almost

identical, we collect
(1 4N
W= (V) e R™.

Motivated by this abbreviation, we set M(x, u, w) := M(X, u, V) (using these two
notations interchangeably, if no confusion can arise), we then rewrite the system into

Problem 6.3 (Equivalent matrix—vector formulation of Problem 5.1)

v=Ven, (6.5a)

M4 (X, u, W)W + Al x)w =f(x,w,u;u), (6.5b)
d

< (M(x)u) +AX wu =0, (6.5¢)

X=V. (6.5d)

We remind that f = (f;, )7 is linear in 1.
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Remark 6.2 We compare the above matrix—vector formulation (6.5) to the same for-
mulas for forced mean curvature flow [38], with velocity law v = —Hv + g(u)v, here
w collects w = (n, H)T:

v=—Hen, (6.6a)

M)W + A x)w = f(x, w, u; 0), (6.6b)
Mx)u+AX)u = g(x, w, u), (6.6¢)
X=1v, (6.6d)

and to generalised mean curvature flow [12,Eq. (3.4)], with velocity law v =
—V (H)v, here w collects w = (n, V)7

v=Ven, (6.7a)
Hx, wyw + A x)w = f(x, w), (6.7b)
X=vV. (6.7¢)

The coupled system (6.5) has a similar structure to those of (6.6) and (6.7). Due to
these similarities, in the stability proof we will use similar arguments to [38] and [12]
as wells as those in [37].

Compared to previous works, the concentration dependency in the mass matrix
M(x, u, w) and in the stiffness matrix A(x, u) requires extra care in estimating the
corresponding terms in the stability analysis. For which the results of Sect. 4.2 will
play a key role.

6.2 Defect and error equations

We set u* to be the nodal vector of the Ritz projection E“u defined by (3.4) on the
interpolated surface I,[x*(¢)]. The vectors n* € R3V and V* € R¥ are the nodal
vectors associated with the Ritz projections Rpv and R,V defined by (3.3) of the
normal and the normal velocity of the surface solving the PDE system. We set

*
w* = <3*> e R*Y,

It is convenient to introduce the following equations that define defect quantities
dy, dy, dy which occur when surface finite element interpolations and Ritz projections
of the exact solution (i.e. x*, v* and w*, u*) are substituted into the matrix—vector
equations defining the numerical approximations (6.5).

Definition 6.1 (Defect equations) The defects dy, dy, dy are defined by the following
coupled system:

v = V* en* + dy, (6.82)
ME*, u*, wHw* + A w* = f(x*, w*, u™; u*) + M(x*)dy, (6.8b)
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d ERN I N *
a(M(x )u ) F AKX, uH)u* = M(x")dy, (6.8¢)

X" =v". (6.8d)

The following error equations for the nodal values of the errors between the exact
and numerical solutions are obtained by subtracting (6.8) from (6.5) where the errors
are set to be

ex=X—X, eg=v—V", ey=w—w" and e, =u—u*,
with corresponding finite element functions, respectively,
ey, ey, ey, and e,.

Definition 6.2 (Error equations) The error equations are defined by the following
system:

ey=(Ven—V*en®)—d,, (6.92)
M(x, u, Wéy + A(X)ey = —(M(x, u, w) — M(x, u*, w*))w*
— (M(x, u*, w*) — M(x*, u*, w*))w*
— (A(x) — A(x¥))w*

+ (f(x, w,w; u) — f(x*, w*, u*; 1'1*))

— M(x*)dy,. (6.9b)
d * d * *
5(M(x)eu) AKX, uF)ey = —a((M(x) - Mx))u")

— (A, w) — A(x,u"))ey

— (A(x,w) — A(x, u"))u*

- (A(x, u®) — AKx*, u*))u*

— M(x*)d,, (6.9¢)
éx = ey. (6.9d)

Note that by definition the initial data ex(0) = 0 and e, (0) = 0 whereas e, (0) # 0
and ey (0) # 0 in general.

7 Consistency, stability, and convergence

In this section we prove the main results of this paper. We begin in Sect. 7.1.1 by noting
the uniform boundedness of some coefficients as a consequence of the approximation
properties of the Ritz projections. In Sect. 7.2.1 we address the consistency of the
finite element approximation by bounding the L? norms of the defects.
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7.1 Uniform bounds
7.1.1 Boundedness of the Ritz projections

We start by proving i- and 7-uniform WLoo ([ [x* (t)]) norm bounds for the finite
element projections of the exact solutions (see Sect. 6.2).

Lemma7.1 The finite element interpolations x;; and v} and the Ritz maps wy, and uj,
of the exact solutions satisfy

s .o (s ony + 107 oo (e
lwree i op T 10wt ixe ) .1)

+lwpllwie e on + lualwiemxeny <€ for 0<1<T,

uniformly in h.

Proof The W' bounds for the interpolations, X = x; and Thiv = vy, follow from
the error estimates in [21, Sect. 2.5].

On the other hand, the W!-°° bounds on the Ritz maps (ﬁhw = wj and I?Zu =uj)
are obtain, using an inverse estimate [14, Theorem 4.5.11], above interpolation error
estimates of [21], and the Ritz map error bounds [41] and [42], by

”Rh””WL"O(Fh*) < ||Rhl/t — IhM”Wl,m(Fh*) + C”Ihl/lnwl,oou")

IA

ch™ 21| Ry — Tyl g ryeyy + IMntel oy

Ch_d/z(”Rhu —ull gy + lu — Inull g1 ry) 7.2

IA

+ ||Ihu — M”W].oo([‘)‘l‘ ||M||W1,oo(1—~)
< B2 ull g py + (ch 4+ Dl ooy

with k — d/2 > 0, in dimension d = 3 here. Where for the last term we used the
(sub-optimal) interpolation error estimate of [21, Proposition 2.7] (with p = 00). O

7.1.2 A priori boundedness of numerical solution

We note here that, by Assumption 4, along the exact solutions u, V in the bounded
time interval [0, 7'] the factor 9, K (u, V) is uniformly bounded from above and below
by constants K1 > Ko > 0.

For the estimates of the non-linear terms we establish some W' norm bounds.

Lemma7.2 Let k > 1. There exists a maximal T* € (0, T such that the following
inequalities hold:

h(/«—l)/{
k=172
h(K—l)/2’
h(K—l)/2’

IA

”ex('s t)”Wloo(Fh[X*(l)])

A

llew (s D lwso (e o)) <
v Woo (I, [x* (1)) for te[0,T*]. (7.3)

IA

llew Gy O llwioo o)

IA

lew G Olwoom, i ()]
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Then for h sufficiently small and for 0 <t < T*,
Xh, Uh, Wh, up  are uniformly bounded in W% (I, [x* (1)]). (7.4)

Furthermore, the functions 2 K, = 02K (uj,, V;*) and 0, K, = 02K (up, Vi) satisfy
the following bounds

0 < 2Ko < %K} lL~mx-on < 3K1  h-uniformly for0 <t < T, (1.5)
0 < 1Ko < |%:Knlleorx ) < 2K1 h-uniformly for0 <t < T*. (7.6)

Then these h- and time-uniform upper and lower bounds imply that the norms
Il - M) and || - Imx,u,w) are indeed h- and t-uniformly equivalent, for any z € RN :

3 Ko 12l350x) < N2l 3gcemw) < 2K1 1Z]350x)- (1.7)

Proof (a) Since we have assumed k > 1 we obtain that 7* exists and is indeed positive.
This is a consequence of the initial errors e, (-, 0) = 0, e, (-, 0) = 0, and, by an inverse
inequality [14, Theorem 4.5.11],

—1 —1
llew s Ollwicom s < ™ llewC Ol m im0 = ch*",

llew (-, 0)||W1m(r,,[x*(o)] = ch™! llew (-, O)”H'(F;,[x*(O)]) = ChK_l,

and for the last inequalities using the error estimates for the Ritz maps R,w and
R;l’u, [41, Theorem 6.3 and 6.4] and the generalisations of [42, Theorem 3.1 and 3.2],
respectively.

The uniform bounds on numerical solutions over [0, T*] (7.4) is directly seen using
(7.3), (7.1), and a triangle inequality.

(b) We now show the /- and ¢-uniform upper- and lower-bounds for the coefficient
functions %K}, = 0K (uy, V;*) and 9K = 3, K (up,, V). We use a few ideas from
[12], where similar estimates were shown.

As a first step, it follows from applying inverse inequalities (see, e.g.,
[14, Theorem 4.5.11]) on the finite element spaces and H! norm error bounds on
the Ritz maps Ry, and R; and H !"and L error bounds for interpolants (e.g. [21, 31,
41] and [42]) that the following L norm error bounds hold in dimension d = 2 (but
stated for a general d for future reference):

IVHE = Viizorxy < k> IV g2erixy + b 1V lwzosrix»

and i)’ — ullzorxy < ch™ P ull g2 + ch? el rpx)-
(1.8)

By the definition of the lift map we have the equality n; (x, 1) = (77Z)z (x%, 1) for any
function 0} : I';[x*] — R, and then by the triangle and reversed triangle inequalities
and using the local Lipschitz continuity of d;K in both variables and its uniform
upper and lower bounds, in combination with (7.1), we obtain (with the abbreviations
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900 C. M. Elliott et al.

0K = 0K, V) and K; = 02K (uj, V;)), written here for a d dimensional
surface (we will use d = 2),

12K | < |0K| + 82K — (02K})"
< 10K+ 18K — @K oo rixc.nn
< Ki+clV = (V) eorixenn + clle — @bl rixe.nn
< Ky +ch*2,

and
102K}| = 102K | — |2 K — (92K)"
> 02K | — 02K — (02K N ocrixc.ny
> Ko —cllV = (V) e rixcnn — cllu = @) s rix e

> Ko — Ch2—d/2’

which proves (7.5) on [0, T'], independently of (7.3).

A similar argument comparing d, K, with 9, K;s now, using (7.3) (which only hold
for 0 <t < T%*) instead of (7.8), together with (7.5), yields the bounds (7.6).

In view of (7.6) the norm equivalence (7.7) is straightforward. O

7.2 Consistency and stability
7.2.1 Consistency

For evolving surface finite elements of polynomial degree k, the defects satisfy the
following consistency bounds:

Proposition 7.1 Fort € [0, T, it holds that

IduC Ol (ry e = vl < ch®, (7.9)
dw s Ol L2, (1)) = ldw @) M) < chk, (7.10)
Idu G Ol 205 e op = 1Gu@® M@y < chF. (7.11)

Proof The consistency analysis is heavily relying on [12, 37, 39, 42], and the high-
order error estimates of [41].

For the defect in the velocity v, using the O (h¥) error estimates of the finite element
interpolation operator in the H' norm [21, 41], similarly as they were employed in
[39, Sect. 6], we obtain the estimate ||dy (-, t)”Hl(Fh[x*(t)]) = [[dv(®) llkx* (1)) < ch*.

Regarding the geometric part, (1.15¢)—(1.15d), the additional terms on the right-
hand side compared to those in the evolution equations of pure mean curvature flow
in [37] do not present additional difficulties in the consistency error analysis, while
the non-linear weights on the left-hand side are treated exactly as in [12]. Therefore,
by combining the techniques and results of [37,Lemma 8.1] and [12,Lemma 8.1] we
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directly obtain for dy, = (d,, dy)” the consistency estimate ||y, (-, ) || LA Ix* )] =

lldw () [IMex(r)y < chk.
For the nonlinear diffusion equation on the surface, (1.15e), consistency is shown
by the techniques of [42, Theorem 5.1], and yields the bound [|dy, (-, )|l 12 (1, x+))) =

[ du(®) M (1)) < chX. ]

7.2.2 Stability

The stability proof is based on the following three key estimates for the surface,
concentration, and velocity-law, whose clever combination is the key to our stability
proof. These results are energy estimates proved by testing the error equations with
the time derivatives of the error, cf. [37]. The first two stability bounds may formally
look similar to those in [12, 37, 38], yet their proofs are different and are based on the
new results of Sect. 4.2. The proofs are postponed to Sect. 8.

Lemma 7.3 Forthe time interval [0, T*], where Lemma 7.2 holds, there exist constants
co > 0 and ¢ > 0 independent of h and T* such that the following bounds hold:

1. Surface estimate:

—nﬂm+2dnﬂu
< cilléallyy + ¢ (lexlig +llevlig +lewlk +lleallk)+ ¢ lldwliy  (7-12)

—di( T (AX) — A(x*))w*).

2. Concentration estimate:

|| éullyy + IIeuIIA(xu*) < c(llexlig + llevlik + lleulli) + ¢ lIdully-

1d
_EEGWM&M—AWJW%>

(7.13)
( A(x u) —Ax,u ))
( (A, u") — AR, u))u’).
3. Velocity-law estimate:
levllk = clleullk + clldyllk= (7.14)

Remark 7.1 Regarding notational conventions: By ¢ and C we will denote generic
h-independent constants, which might take different values on different occurrences.
In the norms the matrices M(x) and M (x*) will be abbreviated to M and M*, i.e. we
will write || - |lm for || - M) and || - [[m* for || - [Imx*), and similarly for the other
norms.
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The following result provides the key stability estimate.

Proposition 7.2 (Stability) Assume that, for some k with 1 < k < k, the defects are
bounded, for0 <t < T, by

ldy () llkxx )y < ch*,  Ildw(®) Imexay) < ch”,  ldu(®) My < ch”,
(7.15)

and that also the errors in the initial errors satisfy
llew(0) lkx0)) < ch®, and |lew(0)|lkx*(0)) < ch”. (7.16)

Then, there exists ho > 0 such that the following stability estimate holds for allh < hg
and0 <t <T:

lex (ke o) T lev® ey + lewO ey T len® ke o)
< C(llew ()l 0y + 1w (O i (0)) 7.17)

t
2 2 2
+ COIES?]-; ||dv(5)||]((x*(s)) + C/O (”dw(s)”M(x*(s)) + ||du(t)||M(X*(s)))dS,

where C is independent of h and t, but depends exponentially on the final time T.

The proof to this result is obtained by an adept combination of the three estimates
of Lemma 7.3 and a Gronwall argument, and is postponed to Sect. 9. We also note
that by the consistency result, Proposition 7.1, the estimates (7.15) hold with « = k.

7.3 Convergence

We are now in the position to state the main result of the paper, which provide optimal-
order error bounds for the finite element semi-discretisation (5.1a), for finite elements
of polynomial degree k > 2.

Theorem 7.1 Suppose Problem 1.1 admits a sufficiently regular exact solution
(X, v,v, V,u) on the time interval t € [0, T] for which the flow map X (-, t) is non-
degenerate so that I' X (-, t)] is a regular orientable immersed hypersurface. Then
there exists a constant ho > 0 such that for all mesh sizes h < hg the following error
bounds, for finite elements of polynomial degree k > 2, for the lifts of the discrete
position, velocity, normal vector, normal velocity and concentration over the exact
surface ' X (-, )] forO <t <T:

||x;f(', 0 —drixeolla rixeny = Ch*,
log .6y = v D g (rpxcnps < ChE,
i G0 = v Dl rpxenys < CR,
Vi o 0) = VDl rpxeny < CH,
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luy G 8) = uC Dl erixeenn < ChE
and IX5C. ) = XDl oy < ChE,

Sfurthermore, by (1.10) and the smoothness of K, for the mean curvature we also have
IHj (1) = HC Dl rpxe.op < ChE.

The constant C is independent of h and t, but depends on bounds of higher derivatives
of the solution (X, v, v, V, u) of the coupled problem, and exponentially on the length
T of the time interval.

Proof The errors are decomposed using the interpolation I; for X and v, using the
Ritz map R;, (3.3) for w = (v, V)7, and using the quasi-linear Ritz map R; (3.4) for
u. For a variable z € {X, v, w, u} and the appropriate ESFEM projection operator Py,
(with Py, = (Pp)"Y), we rewrite the error as

2k —z= @ —Phz)" + (Puz—2).

In each case, the second terms are bounded as ch¥ by the error estimates for the
above three operators, [21, 31,41, 42]. By the same arguments, the initial values satisfy
the O (h*) bounds of (7.16).

The first terms on the right-hand side are bounded using the stability estimate
Proposition 7.2 together with the defect bounds of Proposition 7.1 (and the above
error estimates in the initial values), to obtain

lex(®) ka0 + llev () k) + lew® ko) + llen® ke @y < ch*.
Combining the two estimates completes the proof. O

Sufficient regularity assumptions are the following: with bounds that are uniform
inr € [0, T], we assume X (-, 1) € H(Ir%3 v(., 1) e H*Y(I[X (., 1)])3, and for
w = (v, V,u) we assume w(-, 1), d°w(-, 1) € WKL (I [X (-, n)])°.

Remark 7.2 Under these regularity conditions on the solution, for the numerical
analysis we only require local Lipschitz continuity of the non-linear functions in
Problem 1.1. These local-Lipschitz conditions are, of course, not sufficient to ensure
the existence of even just a weak solution. For regularity results we refer to [15] and
[2]. Here we restrict our attention to cases where a sufficiently regular solution exists,
excluding the formation of singularities but not self-intersections, which we can then
approximate with optimal-order under weak conditions on the nonlinearities.

Remark 7.3 We note here that the above theorem remains true if we add a non-linear
term f(u, Vru) (locally Lipschitz in both variables) to the diffusion equation (1.1b).
This is due to the fact that we already control the W1 > norm of both the exact
and numerical solutions (see (7.1) and (7.4)). Hence the corresponding terms in the
stability analysis can be estimated analogously to the non-linear terms in the geometric
evolution equations, see Sect. 8.1.
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Remark 7.4 The remarks made after the convergence result in [37, Theorem 4.1] apply
also here, which we briefly recap here.

— A key issue in the proof is to ensure that the W !> norm of the position error
of the surfaces remains small. The H' error bound and an inverse estimate yield an
O (h*=1) error bound in the W !> norm. For two-dimensional surfaces, this is small
only for k > 2, which is why we impose the condition £ > 2 in the above result. For
higher-dimensional surfaces a larger polynomial degree is required.

— Provided the flow map X parametrises sufficiently regular surfaces I'[X], the
admissibility of the numerical triangulation over the whole time interval [0, T'] is
preserved for sufficiently fine grids.

8 Proof of Lemma 7.3

The proof Lemma 7.3 is separated into three subsections for the three estimates.

The proofs extend the main ideas of the proof of Proposition 7.1 of [37] to the cou-
pled mean curvature flow and diffusion system. Together they form the main technical
part of the stability analysis. The first two estimates are based on energy estimates test-
ing the error Egs. (6.9b) and (6.9c) with the time-derivative of the corresponding error.
The third bound for the error in the velocity is shown using Lemma 5.3 of [39]. The
proofs combines the approach of [37, Proposition 7.1] with those of [38, Theorem 4.1]
on handling the time-derivative term in f in (6.9b), of [12, Proposition 7.1] on dealing
with the solution-dependent mass matrix M(x, u, w) in (6.9b).

The estimates for the terms with u-dependent stiffness matrices in (6.9¢) require
new and more elaborate techniques, which are developed here, slightly inspired by the
estimates for the stiffness-matrix differences in [40].

Due to these reasons, a certain degree of familiarity with these papers (but at least
[37]) is required for a concise presentation of this proof.

Remark 8.1 In addition to Remark 7.1, throughout the present proof we will use the
following conventions: References to the proof Proposition 7.1 in [37] are abbreviated
to [37], unless a specific reference therein is given. For example, (i) in part (A) of the
proof of Proposition 7.1 of [37] is referenced as [37, (A.i)].

8.1 Proof of (7.12)
Proof We test (6.9b) with é,, and obtain:

ELM(X, u, Wiéy + el A(X)ey = —&L (M(x, u, w) — M(x, u*, w*))w*
el (M(x, u*, w¥) — M(x*, u*, w*))w*
én(AX) — ARx"))w

+ éVTv(f(x, w, ;) — f(x*, wh, u';a’))

— eI M(x")dy.

8.1)
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(i) For the first term on the left-hand side, by the definition of M(x, u, w) =
M(x, u, V) and the A-uniform lower bound from (7.6), we have

eI M(x, u, wéy = eI M(x, u, V)éy

=/ azK(uh,vh)|a,;ew|2z%Ko/ tewl? = colléwlPy.
Iy [x] Iy[x]

with the constant ¢g = %Ko, see Lemma 7.2.
(ii) By the symmetry of A and (4.10) we obtain

, | d 1d
ERAMey = —sef - (AM)ew + Ea(eVTVA(x)eW)

»  1d 2
= —cllewly + 5 3 llewlla-

(iii) On the right-hand side the two terms with differences of the solution-dependent
mass matrix (recall the notation M(x,u, w) = M(x, u, V)) are estimated using
Lemma 4.1, together with (7.3) and (7.1), (7.4).

For the first term, by Lemma 4.1 (iv) (with &y, W*, and u, u* in the role of w, z,
and u, u*, respectively), together with (7.3), the uniform bounds (7.1) and (7.4), and
the W1 bound on dyuy, proved in [37,(A.iii)]. Using the norm equivalence (4.5),
we altogether obtain

—éw(M(x,u, V) — M(x, u*, V))W* < c(lleallm + lleviim) lléwlm

IA

c(lleullv =+ llewln) léwlim.

For the other term we apply Lemma 4.1 (ii) (with é,,, w*, and u* in the role of w,
z, and u, respectively), and obtain

—&l (M(x, u*, V¥) — M(x*, u*, V¥))W* < cllexlla lléwllm.

where we again used the norm equivalence (4.5).
(iv) The third term on the right-hand side is estimated exactly as in [37, (A.iv)] by
(recalling K =M + A)

&y (A0 — ACO))W" < ‘%(e&(A(x) — AW
+cllewlla(lleviik + llexlk)-

(v) Before estimating the non-linear terms f, let us split off the part which depends
linearly on 1, cf. (6.2):

f(x,w,u; u) = f(x, w,u) + F(x, w, u)i.

Since the estimates for the non-linear term [37, (A.v)] were shown for a general
locally Lipschitz function, they apply for the estimates for the difference f — f* as
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well (note, however, that f defined in [37, Sect. 3.3] is different from the one here),
and yield

éy (Fox wow) —F(x", w*, uh) < clléwlim(llexlix + llewlla + lleulla)-
The remaining difference is bounded

el (Fx, w,wu — F(x*, w*, u*)u*)

elF(x, w, w)éy + &l (F(x, w,u) — F(x*, w*, u"))u*

IA

IA

clléwlimlléulim + clléwliv(llexlik + llewlla + leulla),

where for the first term we have used (6.2) and the W% boundedness of the numerical
solutions (7.4), while the second term is bounded by the same arguments used for the
previous estimate.

(vi) The defect term is simply bounded by the Cauchy—Schwarz inequality and a
norm equivalence (4.5):

—eIM(x")dw < clléwlImlldw v

Altogether, collecting the estimates in (i)—(vi), and using Young’s inequality and
absorptions to the left-hand side, we obtain the desired estimate (7.12). m|

8.2 Proof of (7.13)

Proof We test (6.9¢) with €&, and obtain:

rd —(Moea) + & Al ueq = —é —((M(x) M(x")u*)

d Ut
l];(A(X u) — A(x,u"))ey
,{(A(x u) —Ax,u ))u (8.2)
T(A(x u*) — A", u ))u
— egM(x )dy.

To estimate these terms we again use the same techniques as in Sect. 8.1.
(i) For the first term on the left-hand side, using (4.10) and the Cauchy—Schwarz
inequality, we obtain

rd
§ (M) = & = (M0)eu + leuly

> [éullyy — clléallmllealint.

D-lQ_
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Then Young’s inequality yields

rd I .
b (M) = el = cliealy. (8.3)

(i) The second term on the left-hand side is bounded, using the symmetry of
A(x,u*) and (4.18), (via a similar argument as in (A.ii)), by

. 1d 1 d
el A(x, u%)ey = EE(e‘{A(X’ u*)eu) - Eega(A(x, u®))ey

> L e ey — clleald
= 2dr (x,u)
For the estimate (4.18), which follows from Lemma 4.3, the latter requires the bounds

O us || poo(ry < R,
||/ h’/:h”L Iy = 8.4)
ID Wil Loy = R.

The first estimate is proved exactly as in [37, (A.iii)], while the second one is shown
(by a similar idea) using the local Lipschitz continuity of D’ (Assumption 5) and the
bounds (7.1), for sufficiently small A:

ID' @il < D' (up) — D' @)l + D' WllLe < 2R.

(iii) The time-differentiated mass matrix difference, the first term on the right-hand
side of (8.2), is bounded, by the techniques for the analogous term in (A.iii) of the
proof of [40, Proposition 6.1], by

_&l di<(M(x) M(x*))u*)

= C“a;:eu”LZ(Fh[x])”VFh[X]ex”LZ(Fh[x])”a}:uZ||L°°(Fh[x])
+ cliogeull 2, (IVrmiex |2, xp + 1V rxieo 2o, ) 198w | oo (i
< cléulmliexlia + clléulm(llexlia + llevlia).

For the last inequality we use (8.4).
(iv) By the symmetry of the matrices A(x, u) and A(x, u*), and the product rule,
we obtain

—&l (A(x,w) — A(x, u¥))ey = —EE(eZ (A(x,u) —A(x,u ))eu>

(8.5)
+ e,f%(A(x, u) — A(x, u*))eu

The first term will be estimated later after an integration in time, while the second
term is bounded similarly to [37, (A.iv)].
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Lemma 4.3 and the Leibniz formula yields, for any vectors w,z € RN (which
satisfy dgwy, = dpzp = 0),

wl % (A(x,u) — A(x,u*))z
d

At

=/ O (D@un) — D(wy)) Vr,mawh - Vi, x12h
lx]

(D(un) — D(uy)) Vi, - Vi xizh

+ / (D@un) — D@L)) 9 (Vryxiwn) - Viyixiza (8.6)
Iy [x]

+ f (D(un) — D)) Vrypgwn - 35 (V1 ix1n)
Iy [x]

+/ (D(n) — D;) Vrxiwn - Vryxiza(Vrix - vn)
Iy [x]

=N +h+ 3+ s

Here vy, is the velocity of the discrete surface I7,[x] with nodal values v.
We now estimate the four terms separately. For the first term in J;, we compute

|ap (Dup) — Dp))| = |D up)@fun — dguy) + (D' (up) — D' (uf))opuj)

1D (up)l1dfeul + 1D (un) — D' wi)ofufl.

IA

The local Lipschitz continuity of D" and (8.4), together with a Holder inequality then
yields

Tt < c(I9geull2cryy + Newll czcm, ) IV rsiwn | L2, 120 lweoe py gy -

The two middle terms are estimated by first interchanging d; and Vx) via the
formula (4.15). Using (4.15) together with 97w, = d;z, = 0 and the boundedness of
vr,x] and vy, (7.4), we obtain the estimate

S+ I3 < C||€u||L2(1"h[x])||VF;,[x]wh||L2(1",,[x])||Zh||W1m(rh[x])-

The last term J4 is estimated by a similar argument as the first, now using the local
Lipschitz continuity of D’ and the #-uniform W !> boundedness of vy, (7.4):

Jy < Clleu”LZ(F;,[X])”VF/I[X]wh“Lz(l“h[x])”Zh”Wl‘OC(I"h[x])-

By combining these bounds, and recalling the W% norm bounds (7.3) and (7.4),
we obtain
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,d
d—(A(x u) — A(x,u"))ey
< c(l9feull L2¢ryx + lewll L2, ) IV riixiall L2y e el wioo

< c(lléullm + lleullv)llealla-

Altogether we obtain

—&l (A(x,u) — A(x, u"))ey < —§a<e£ (A(x,u) —A(x,u ))eu)

+ c(lléullm + lleallm)leulla.

which does not contain a critical term ||€y]|A.
(v) Almost verbatim as the argument in (iv) we rewrite and estimate the third term
on the right-hand side of (8.2) as

— &l (A(x, u) — A(x, u*))u*
d
_ —a<eT(A(x, W — A, u*))u*)
+e, —(A(x u) — A(x, u*))u +e, (A(X u) — A(x, u))u

d
< -5 (eu (Ax, u) — A(x, u*))u*)
+ c(lléullv + llealln) lleulla + clleullmlienlla.

For the non-differentiated term here we used Lemma 4.2 (ii) (together with (7.1) and
(7.4)) and the W1 variant of (8.4). The latter is shown (omitting the argument ¢) by

1357wy < €M@ s rix
< cll@pup)® = Bo"ullyrerixy)

=+ C||Ih8.u — 8.M||Wl.oo([‘[x]) + C”a.”“leOO(F[X])

¢ o x\( °
. E”(ahuh) = 1n0%ull g1 (rpxy
. . . (8.7)
+C||Ih8 u—0 u||Wl.oo(p[X])+C||8 I/l”Wl,z:x:(p[X])

c L] L] c L] L]
< E ||(8hMZ)e —d “”HI(F[X]) + Z”& u— Iha M”Hl(r[x])
+ C||Ih8.u — 8’u||W1.oo(['[X]) + C”a.u“leOO(F[X])
< Ch M en* + cnt + .
Here we subsequently used the norm equivalence for the lift operator (see [21, (2.15)—
(2.16)]) in the first inequality, an inverse inequality [14, Theorem 4.5.11] in the second
inequality, and the known error bounds for interpolation (see [21, Proposition 2]) and

for the Ritz map uj = ﬁZu (a direct modification of [42, Theorem 3.1]) in the last
inequality.
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(vi) The argument for the fourth term on the right-hand side of (8.2) is slightly
more complicated since it compares stiffness matrices on different surfaces. We will
estimate this term by a D-weighted extension of the argument of [37, (A.iv)].

We start by rewriting this term as a total derivative

— el (A(x,u*) — A(x*, u"))u*

d
= —E<e§ (Ax,u*) — A(x*, u*))u*)

+e£%(A(x, u®) —A(X*,u*))u +e, (A(X u’) — A", u ))

< —% (eg (A(x, u") — A(x", u*))u*)

rd
+e, —(A(x u*) — A", u ))u*+clleuIIAllexllA,

where we now used Lemma 4.2 (i) (together with (7.1) and (7.4)).

The remaining term is bounded similarly to (8.6). In the setting of Sect. 4, analo-
gously to Lemma 4.1, using Leibniz formula we obtain, for any vectors w, z € RV,
but for a fixed u* € RY in both matrices,

d
w! (E(A(X’ u¥) — A(x*, u*)))z
d ! %0 0 0 0
=4 oD(uh ) Virowf, - (Dpoe)V oz do
/ /re (D)) Few,f-(DF:e;‘j)thgzZ de

+/ fQD(u;‘;")a;;,( Fewh) (Dree )Vrezh do
0 Jr '
. , (8.8)
*, 0 . 0 0
+/(‘) /F’? D(u,, )Vrh"wh'ap,f(DF,f’ex)VF}?Zh de

1
0 0 AL 2]

+/(; \/;th D(MZ )thH wy - (Dl—vhyex)arf (VF]?Zh) de

1 , ) 9 9

*5
+/0 /Fh& D(u,, )Vrhgwh . (Dpheex)vrhezh (VF}? 'Uﬂf)de
1
=1f (J§ + 7 + 5+ J5 + Jf) de.
0

We recall from Sect. 4 that F,f (1) is the discrete surface with nodes x*(¢) + Oex(7)
(with unit normal field "}9, =V Fhe), and with finite element space Sy, [x* () + Oex(?)].

0

The function u;" = uZ’e(-, 1) € Sp[x*(t) + Bex(t)] with -independent nodal values

u* (7).
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We denote by wz (-, 1) and zz (-, t) the finite element functions in Sy, [x*(¢) + Oex(¢)]
with the time- and #-independent nodal vectors w and z, respectively. The velocity
of I hg (1) is v Fhe(~, t) (as a function of t), which is the finite element function in

Sp[x* (1) + GeX(t)] with nodal vector X*(¢) + 0éx(t) = v*(¢) + ey (¢). Related to this
ve1001ty, denotes the corresponding material derivative on F9 We thus have

vy = v 106l (8.9)
The various time- and #-independencies imply
a‘gwh 0, 8’gzh =0, (8.10)

and since for the nodal vectors we have éx = ey (6.9d) we also have

a;;,e;i =l (8.11)
The terms J kg fork =0, ..., 4 are bounded almost exactly as the analogous terms

in [37,(A.iv)].
For the first term we have 8;9 (’D(uZ’Q)) D/(uz 9) 8'9uh , this together with
h

(8.4) and recalling that uZ’e is f-independent yields ||D/(uh ) 81,(, uh ||L°°(1“,,9) < R?,
cf. the proof of Lemma 4.3. We then obtain bound

J§ < Vo wnll 2oy 1V poedll 2y 1 o )
The identities in (8.10) in combination with the interchange formula (4.15) yield
I+ 05 < IV rownll 2oy 1V o € 2oy 120 oo oy
h h h h h
where we have used the uniform boundedness of K (5).

The interchange formula for 8;9 and D res cf. [37,Eq. (7.27)], analogous to (4.15),
h
and reads

5 (Do) = 7 (tr(VFHeg) — (Vpoel + (vrgea)T))

(8.12)
=Dry(@}e; %)y +tr(E?) — (E? + (EHT),

s 0 0,0N\T T 6
with EY = — (Vrhe Vo=V (vy) (VF; v ) )Vrf e}, asfollows from [22, Lemma 2.6]
and the definition of the first order linear differential operator D e
The interchange identity (8.12) and (8.11) (together with (5)) then yields

% 6 0 6 0
]2 < C”fowh”Lz(Ff)(”vF;?ex ”LZ(p’f?) + ”vl‘heev”LZ(I"hg))”Zh”WLOO(F}?)‘
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912 C. M. Elliott et al.

The last term is directly bounded, using the W12 boundedness of vp, as
Ji < eV pownll 20 IV poedll 2o 125 0
4 = rfWhliL2r)y WV rpex 2y li<pliwteo(rfy-
Using the norm equivalences (4.4) for the bounds of (J kg )2:0 we obtain
T d * k%
w (E(A(x,u ) — AKX, u )))z
=< C”VF;,[x]wh”Lz(l“h[x])(”VFh[x]gx”Lz(l“h[x]) + ”Vrh[X]eU”Lz(Fh[x]))”Zh”leOO(Fh[x])-
Altogether, using the bound (8.7), we obtain
T * k% * d T * * ok *
—e, (A(X,u ) — AKX, u ))u < —a<eu (A(x,u ) —AX",u ))u )
+cllealla(llexlia + lleviia) + clleallallex]la-

(vii) Finally, the defect terms are bounded by
—eiM(x*)dy < cléullmlldullp-

Altogether, collecting the above estimates in (i)—(vii), and using Young’s inequality
and absorptions to the left-hand side, we obtain the desired estimate (recalling K =
M+ A). O

8.3 Proof of (7.14)

Proof The error equation for the velocity law is estimated exactly as the velocity error
equation for Willmore flow [39,(B)] (based on Lemma 5.3 therein), and recalling
u=(n,V)! e R*N we obtain

leviix < c(llevik + llenllx) + lldy Ik 8.13)
< clleulx + clldylk~, '
where for the last inequality we used a norm equivalence (4.5). O

9 Proof of Proposition 7.2

Proof The aim is to to combine the three estimates of Lemma 7.3, following the main
ideas of [37].
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First we use the differential equation éx = ey (6.9d), using (4.10), to show the
bound

t
d
lex®) ey = [ 32 les(6) e ds
0 ©.1)

IA

t t
c fo lley () i ey ds + € /0 llex ()l x5y -

We first take the weighted linear combination of (7.12) and (7.13) with weights 1
and 8cy, respectively, to absorb the term cy ||éy ||§/[ from (7.12). We then obtain

co . . 2 1 d 2 . 2 d 2
3||ew||M + Ea”ew”A + c1 |[€ullyg + 4ct a”e“”A(x,u*)
< c(lexllk + llevlik + llewllk + lleallk)

+ ¢ (1 dull}g + ldwliiy)

- %(dv (A(x) — A(x*))w*)

- cli (ez (A(x, u) — A(x, u*))eu)

9.2)

_ c% (el{ (Ax, w) — A(x, u*))u*)

- c% (el{ (A(x,u*) — A(x", u*))u*).

We now connect ||é||§,[ with d/d¢ ||e||12v[, and will use the result either for ey or for
ey in place of e. We estimate, using (4.10), by

d d
E”e”%‘“ =2¢"M(x)é + eTa(M(x))eT
9.3)

IA

. 2
cllellmllellm + cllelly

212 —1_ a2
olléliy + o clielly

IA

where for the last step we used Young’s inequality with an arbitrary number o > 0, to
be chosen later on independently of . We will also use its time-integrated version:

1 t
le® g < @ /0 1€(5) [ 3g(s)ds + 0" /O le(s)13ge)ds + 1€(0) g0y (94)

Using (9.3) for e = ey, with o = 1, the left-hand side of (9.2) simplifies to

1d . d
lewlifa + 5 5, llewlla + erléalliy +der o llealRue):

co d
2 dr
with additional terms on the right-hand side which already appeared before.
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914 C. M. Elliott et al.

In order to estimate the remaining time derivatives on the left-hand side of (9.2)
we integrate both sides form O to # and use the norm equivalence (4.16), recalling
K = M + A we obtain (after factoring out a constant and dividing through):

t
llew (Ol + 1 / léu($) 315, ds + llea®13 )
0
! 2 2 2 2 d
=<c ) (”ex(s)”]((s) + ||ev(s)||K(s) + ||ew(5)||]((s) + ||eu(s)||1((s)) N

13
+c /0 (1 () R sy + N1u () 3y (5) ) ds ©.5)

+ llew(©) ko) + lea® 3oy + €O 1 x0y.ur(0))

+ ¢ lew® k) llex() Ik

+ cllea®lla) llea(® v + ¢ lea(0) [|a©) lleu(0) lIno)

+ ¢ llea® k() llex (1K)
where for the four time-differentiated terms on the right-hand side (cf. (9.2)), we used,
in order, (4.7), Lemma 4.2 (ii) twice, and Lemma 4.2 (i), in combination with the
uniform W' norm bounds (7.3) and (7.1), (7.4).

Using Young’s inequality and absorptions to the left-hand side yields (after factoring
out a constant and dividing through)

t
llew Ik + 1 f 1éu($) 315, ds + llea®13 )
0

t
<c /O (lex() k) + llev® i) + lew® Ik + lenl) k) ds
' ) 5 (9.6)
+ C/(; (”dw(s)”M*(S) + ||du(s)||M*(S))dS

+ c(llea® I o) + llen(®) Ik o))

+ ¢ llex( ke + <2 llea® lIge)-
In order to apply Gronwall’s inequality we need to estimate the last two terms of
(9.6): The first of which is bounded by (9.1). The second is estimated using (9.4) for
e = e, with a factor o > 0 such that c20 < c1/2, allowing an absorption to the left-

hand side. This, and using (9.4) for e = e, with a factor ¢ = 1 now on the left-hand
side, yields

lew I + llea® I

t
<c /O (lex(®) k) + llev® i) + lew® g + len) k) ds
9.7)

t
+c /0 (1w () 13ge ) + I1u () I3+ s ) ds
+ c(llew Ol o) + llea Ik o) + €O 13 x(0y.ur(0)))-
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Substituting (9.7) into the right-hand side of (7.14), and then summing up the
resulting estimate with (9.7) with (9.1) (analogously as in [37,(C)]), and using the
norm equivalence (4.5), and then finally using Gronwall’s inequality we obtain the
stated stability estimate (7.17) forall 0 <7 < T*.

Finally, it remains to show that in fact 7* = T for h sufficiently small, i.e. that
Lemma 7.2 holds for thw whole time interval [0, T']. Upon noting that by the assumed
defect bounds (7.15) and (7.16), combined with the obtained stability bound (7.17),
yields

llex() llkxx)) + llev (O Ik o)) + lew Ok ) + llea®) Ik @)y < Ch*,

and therefore by an inverse inequality [ 14, Theorem 4.5.11] we obtain, for ¢ € [0, T*],

llex (-, f)||Wl-0<>(1‘h[x*(;)]) + llev (-, l‘)||W1,00(r,,[x*(t)])
+ llew s Dllwoom, sy T lewCs Ollwioom o

c
< = (lex(®) Ik + lev®llker ) + lew® ke + lew® ko)
< CChKfl < %h(Kfl)/Z’
(9.8)

for sufficiently small 4. This means that the bounds (7.3), (and hence all other estimates
in Lemma 7.2), can be extended beyond 7*, contradicting the maximality of 7*, unless
T* = T already. Therefore we have show the stability bound (7.17) over the whole
time interval [0, T']. O

10 Numerical experiments

We performed numerical simulations and experiments for the flow (1.1) formulated
as Problem 1.1 in which:

— The rate of convergence in an example involving a radially symmetric exact solu-
tion is studied in order to illustrate the theoretical results of Theorem 7.1.

Flows decreasing the energy £(I", u) = || - G(u) and their qualitative properties,
see Sect. 2.2, are investigated in several simulations.

Numerical experiments exhibiting loss of convexity and self-intersection are pre-
sented. This is in contrast to mean curvature flow which preserves convexity, and
for which self-intersections are not possible.

The preservation under discretisation of mass conservation and the existence of
a weak maximum principle together with the energy decay, and mean convexity
properties enjoyed by the underlying PDE system are studied.

The numerical experiments use quadratic evolving surface finite elements. Quadra-
tures of sufficiently high order are employed to compute the finite element vectors and
matrices so that the resulting quadrature error does not feature in the discussion of
the accuracies of the schemes. Similarly, sufficiently high-order linearly implicit BDF

@ Springer



916 C. M. Elliott et al.

time discretisations, see the next Sect. 10.1, with small time steps were employed for
the solution of the time dependent ODE system. The parametrisation of the quadratic
elements was inspired by [7]. The initial meshes were all generated using DistMesh
[46], without taking advantage of any symmetry of the surface.

10.1 Linearly implicit backward difference full discretisation

For the time discretisation of the system of ordinary differential equations (6.5) we
use a g-step linearly implicit backward difference formula (BDF method). For a step
size T > 0, and with 7, = nt < T, we determine the approximations to all variables
X" t0 X(t,), V" to V(t,), W' = (", V)T to w(t,) = (n(t,), V(t,))T, and u” to u(z,)
by the fully discrete system of linear equations, for n > g,

Vi=V'en, (10.1a)

MU O WHw + AMEHW! = £X", W, 0" ), (10.1b)
(M(i”)u”). FAR T =0, (10.1¢)
K=, (10.1d)

where we denote the discretised time derivatives
1 & :
X" =-—%) §x"7/ > 10.2
- Z X' nzgq. (10.2)
=0
while by X" we denote the extrapolated values
qg—1
Xt = Z ij"*l*/, n>gq. (10.3)
j=0

Both notations are used for all other variables, in particular note the BDF time deriva-
tive of the the product (M(X")u”)".

The starting values x’ and u’ (i = 0,...,g — 1) are assumed to be given. Fur-
thermore, we set X' = x’ andW =u’ (i =0,...,qg — 1). The initial values can be
precomputed using either a lower order method with smaller step sizes or an implicit
Runge—Kutta method.

The method is determined by its coefficients, given by

q ) 4 q—1 ‘
0)=) 8¢ =3 51 =0" and y@) =} yit! =1 -1-0N/c.
j=0 =1 j=0

The classical BDF method is known to be zero-stable for ¢ < 6 and to have order ¢; see
[35, Chapter V]. This order is retained, for g < 5 see [44], also by the linearly implicit
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variant using the above coefficients y;; cf. [5, 6]. In [3], the multiplier techniques of
[45] have been recently extended, via a new approach, to the six-step BDF method.

We again point out that the fully discrete system (10.1) is extremely similar to
the fully discrete system for the mean curvature flow [37,Eqgs. (5.1)—(5.4)], and The-
orem 6.1 in [37] proves optimal-order error bounds for the combined ESFEM-BDF
full discretisation of the mean curvature flow system, for finite elements of polynomial
degree k > 2 and BDF methods of order 2 < g < 5.

We note that in each time step the method decouples and hence only requires solving
a few linear systems (with symmetric positive definite matrices): first (10.1c) is solved
with §oM(X") + tA(X", W"), then, since &” is already known for f, (10.1b) is solved
with §oM(X", 0", W") + tA(X"), and finally (10.1d) with (10.1a) is computed.

10.2 Convergence experiment

We will construct a radially symmetric solution to Problem 1.1 of the form u(-, ¢) =
u(r) on I'[X (-, 1)], where the surface I'[X(-,1)] € R"*t! isa sphere of radius R(¢)
with R(0) = Ry. We choose D(u) = 1 and F(u, H) = —g(u)H, so that K(u, V) =
—V /g(u). The positive function g here will be chosen later on.

Since the flow preserves the radial symmetry of I"'[X], it remains a sphere of radius
R(#), and inspection of the diffusion equation yields that u(-, #) remains spatially
constant. For more details on this example we refer to [15, Sect. 3.4].

The velocity and mean curvature of the evolving sphere in R” of radius R(f) are
V=R,and H = m/R(t) so that

v=Vv=—gu)Hv

yields
R() = —gu(t)— (10.4)
= — u —_—. .
YD)
On the other hand, by mass conservation, see Sect. 2.2, we have
0 = up ()" (10.5)
u@®) =ug | —— .
V)

and together with (10.4) this yields

. _ R() m m
R(t)——g(uo (m) )W' (10.6)

We set, with o € R to be chosen later on,
gr)y =0 +a)yr™, (10.7)
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918 C. M. Elliott et al.

which corresponds to the energy density
Gr)=r"°, (10.8)
recalling that g(r) = G(r) — G'(r)r for the gradient flow (1.3). With these coefficient

functions this problem satisfies our assumptions from Sect. 2.
By choosing (10.7) in the ODE (10.6), we obtain

. Ro \m\ “

R@t) = —(1 +ot)(u0 (F(;)) ) %
=-m({+ Ol)(u() R(’)")_QR(t)am—l
— —bR(t)am_l,

(10.9)

where the constant b collects all time-independent factors. Note that for « = 0 we
recover the classical mean curvature flow (b = m). The solution of the above separable
ODE, with initial value R(0) = Ry, is

R(t) = (Rg—“'" —th(2 — am))m, (10.10)

on the time interval [0, Tiax]. In the m-dimensional case, if 2 — am > 0 the sphere
I'[X] shrinks to a point in finite time, Tyax = Rg_‘"’" (b(2—am))~ !, whileif2—am <
0 a solution exists for all times.

For the convergence experiment we chose the following initial values and parame-
ters: The initial surface I'Y is a two-dimensional sphere of radius Ry = 1, the initial
concentration is u%(x,0) = 1 for all x € I'°. The parameter « in (10.8)—(10.7) is
chosen to be « = 2. That is we are in a situation where a solution exists on [0, c0).
The exact solutions for I'[ X] and u(-, t) are given in (10.10) and (10.5), respectively.
We started the algorithms from the nodal interpolations of the exact initial values
iIXC ), vi, ), V() = —gw(, ;)H(, t;),and u(-, t;), fori =0,...,q — 1.
In order to illustrate the convergence results of Theorem 7.1, we have computed the
errors between the numerical solution (10.1) and (the nodal interpolation of the) exact
solutions of Problem 1.1 for the above radially symmetric geometric solution in dimen-
sion m = 2. The solutions are plotted in Fig. 2.

In Figs. 3 and 4 we report the errors between the numerical solution and the inter-
polation of the exact solution until the final time 7" = 1, for a sequence of meshes
(see plots) and for a sequence of time steps tx+1 = /2. The logarithmic plots report
on the L (H") norm of the errors against the mesh width / in Fig. 3, and against
the time step size t in Fig. 4. The lines marked with different symbols and different
colours correspond to different time step sizes and to different mesh refinements in
Figs. 3 and 4, respectively.

In Fig. 3 we can observe two regions: a region where the spatial discretisation
error dominates, matching the O (h?) order of convergence of Theorem 7.1 (see the
reference lines), and a region, with small mesh size, where the temporal discretisation
error dominates (the error curves flatten out). For Fig. 4, the same description applies,
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T[] and uy at ¢ =0 Tifx] and uy, at £ =0.25 [yfx] and w, at £ = 0.5 Tulx] and w, at t =0.75
05
05 02 02 10
0 0 0 0
05 02 02
- 05 5
11150\ > % 3 05 o 2\0\\ <7 oz <25
250 d 05\‘0/5 u 02 "0 02",

Fig.2 Solutions (/};[x] and u,) of the radially symmetric flow with @ = 2 computed using BDF2 / quadratic
ESFEM (colorbar applies to all plots)

mean curvature flow interacting with diffusion in [0, 1]

X — Xl o) v = vl IV = Vall o~y Nl — w2
10° T T T 100 T T T T T i 10° T T T
107! /,-"’ 107 /,”
102F 102f 7
o 103F 107
8
=
g 4 4 4 4
[y - =002 o o 7=0025 o 7=0025
/ 7=00125 7=00125 A 7 =00125
s T = 0.00625 , . 7 = 0.00625 . 7 = 0.00625
10° = 0003125 10° 10° 7 = 0.003125 10° T = 0.003125
—o— 7 = 00015625 —o— 7 = 0.0015625 —o—7 = 0.0015625 —o—7 = 0.0015625
——7 = 000078125 ——7 = 000078125 —— 7 = 0.00078125 —— 7 = 0.00078125
10 —a—7=000039063|4 10 —A— = 0.00039063 10 —A— 7 = 0.00039063 100 —A— = 0.00039063
—— 7 = 0.00019531 —%— 7 = 0.00019531 —%— 7 = 0.00019531 —%— 7 = 000019531
—e) —e) —e) —e)
107 107 107 107
02 04 06 02 04 06 02 04 06 0.2 04 06

mesh size (h) mesh size (h) mesh size (h) mesh size (h)

Fig.3 Spatial convergence of the BDF2 / quadratic ESFEM discretisation for Problem 1.1 with 7 = 1 and
a=2

but with reversed roles. Convergence of fully discrete methods is not shown, but O (t%)
is expected for the 2-step BDF method, cf. [37].

The convergence in time and in space as shown by Figs. 3 and 4, respectively, is in
agreement with the theoretical convergence results (note the reference lines).

10.3 Convexity/non-convexity along the flow

It is well known that for mean curvature flow, [34], a strictly convex surface shrink to
a round point in finite time, and stays strictly convex throughout. For the flow (1.1)
this is not true. In Figs. 5 and 6, F(u, H) = g(u)H and D(u) = 1 where g(u) =
Gu) — G'(w)u = 3u~2, which corresponds to the energy density G (1) = u~2. This
problem satisfies our assumptions from Sect. 2. We respectively report on the evolution
of an elongated ellipsoid as initial surface with an initial value u° (concentrated along
the tips with values & 5 decreasing in the middle to 0.5), and on the mass conservation,
weak maximum principle, energy decay, and the mean convexity along the flow. The
plots of Fig. 5 show the flow until final time 7 = 7.5, where a pinch singularity occurs.
The simulations used dof = 4002 for the number of degrees of freedom and a time step
© = 0.01, (the colorbar applies to all plots). We point out the crucial observation that
the approaching singularity is detectable on the mass conservation plot. Note that in
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mean curvature flow interacting with diffusion in [0, 1]
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Fig.4 Temporal convergence of the BDF2 / quadratic ESFEM discretisation for Problem 1.1 with 7 = 1
and o =2
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Fig. 5 Unlike for mean curvature flow, convex surfaces do not remain convex along the flow (1.1) with
F(u,H)=guH = 3u~’H (the colorbar applies to all plots)

Remark 5.1 only the mass conservation of the spatial semi-discretisation was studied,
but not that of the fully discrete numerical method (10.1). For Fig. 6 (and the other
experiments as well) the mass and energy were computed by quadratures.

10.4 Slow diffusion through a tight neck

The diffusion speed on surfaces is greatly influenced by the geometry, see, e.g., the
insightful paper of Ecker [28]. To report on such an experiment for the flow (1.1a)-
(1.1b), as an initial surface we take a dumbbell (given by [32,Eq. (2.3)]) and initial
data 1° which is 0.8 from the neck above and smoothly transitioning to 10~# for the
neck and below. The experiment takes D(#) = 1 and F(u, H) = uH. In view of
these choices, and the initial data «°, the bottom part barely moves, while the top part
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Fig.6 Mass conservation, weak maximum principle, energy decay, and mean convexity for the example in
Fig. 5 along the flow (1.1) with g(u) = 3u—2
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Fig. 7 The diffusion speed is slow at a tight neck, and hence the large concentration differences cannot
equilibrate before the top part shrinks along the flow (1.1) with F(u, H) = uH and D(u) = 1

quickly shrinks before the concentration could pass through the neck. We note that for
pure mean curvature flow of this initial surface a pinch-off singularity would occur in
finite time, cf. [37, Fig. 4] which uses the exact same initial surface ro.

The experiment uses a mesh with dof = 10522 and a time step size T = 0.001.
In Fig. 7 we observe that, since the diffusion speed at the neck is rather slow, the
concentration u;, cannot equidistribute before the top part is vanishing. A pinch-off
does not occur, contrary to standard mean curvature flow, see [37, Sect. 13.2] (using
the same initial surface). Similarly as before, Fig. 8 reports on the mass conservation,
weak maximum principle, and the mean convexity along the flow, we note however
that the initial surface is not mean convex: min{H (-, 0)} ~ —1.72 - 10~ !2. Note the
axis-limits in Fig. 8.

10.5 A self-intersecting flow

The flow (1.1) may describe surface evolutions where I'[X] is self intersecting,
re. X(-,t): ' — R3isnota parametrisation, but an immersion, see the similar con-
struction in [15,Figs. 5.3-5.5]. We consider the flow (1.1) with F(u, H) = g(u)H
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Fig. 8 Mass conservation, weak maximum principle (note the axis-scaling), and mean convexity for the
example in Fig. 7, along the flow (1.1) with F(u, H) = uH and D(u) = 1
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Fig. 9 Snapshots (cross section at the x = 0 plane) of a self-intersecting evolution (1.1) with F(u, H) =
g)H =5u"*H and D(u) = 1
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Fig. 10 Snapshots of the surface I'},[x] and the concentration uj, (bottom view of the x—y-projection) of a
self-intersecting evolution (1.1) with F(u, H) = g(u)H = 5u~*H and Du) =1

and D(u) = 1 where g(u) = G(u) — G'(Wu = 5u~%, which corresponds to the

energy density G(u) = u—*. This problem satisfies our assumptions from Sect. 2.
For a cup shaped surface! (with dof = 4002) and a suitably chosen initial value

self-intersections are possible. The initial datum is chosen such that «° is constant 10

! Generated in Blender: blender. org.
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Fig. 11 Mass conservation, weak maximum principle and energy decay for the self-intersecting example
in Figs. 9-10 along the flow (1.1) with g(u) = s5u4

over the whole surface I"?, except on the outer-bottom where it is gradually decreased
to a smaller value & 1 as shown in the leftmost plot in Fig. 10. In Figs. 9 and 10 we
present the numerical solution obtained by the 2-step BDF method with 7 = 1073,
The self-intersection is clearly observable on both figures, e.g., note the bright patch
in Fig. 10 after the self intersection. Of course the self-intersection does not influence
the mass conservation, weak maximum principle, and energy decay, see Fig. 11. (The
initial surface is clearly not convex.)
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