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Abstract

In this paper we consider a dual gradient method for solving linear ill-posed problems
Ax =y, where A : X — Y is a bounded linear operator from a Banach space X to
a Hilbert space Y. A strongly convex penalty function is used in the method to select
a solution with desired feature. Under variational source conditions on the sought
solution, convergence rates are derived when the method is terminated by either an a
priori stopping rule or the discrepancy principle. We also consider an acceleration of
the method as well as its various applications.

Mathematics Subject Classification 65J15 - 65J20 - 47H17

1 Introduction

Many linear inverse problems can be formulated into the minimization problem
min{R(x) : x € X and Ax = y}, (1.1)

where A : X — Y is a bounded linear operator from a Banach space X to a Hilbert
space Y, y € Ran(A), the range of A, and R : X — (—o00, o0] is a proper, lower
semi-continuous, convex function that is used to select a solution with desired feature.
Throughout the paper, all spaces are assumed to be real vector spaces; however, all
results still hold for complex vector spaces by minor modifications adapted to complex
environments. The norms in X and Y are denoted by the same notation || - ||. We also
use the same notation (-, -) to denote the duality pairing in Banach spaces and the
inner product in Hilbert spaces. When the operator A does not have a closed range,
the problem (1.1) is ill-posed in general, thus, if instead of y, we only have a noisy
data y? satisfying
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Iy —yll <8

with a small noise level § > 0, thenreplacing y in (1.1) by y® may lead to a problem that
is not well-defined; even if it is well-defined, the solution may not depend continuously
on the data. In order to use a noisy data to find an approximate solution of (1.1), a
regularization technique should be employed to remove the instability [13, 42]

In this paper we will consider a dual gradient method to solve (1.1). This method
is based on applying the gradient method to its dual problem. In order for a better
understanding, we provide a brief derivation of this method which is well known in
optimization community [5, 43]; the facts from convex analysis that are used will
be reviewed in Sect. 2. Assume that we only have a noisy data y® and consider the
problem (1.1) with y replaced by y®. The associated Lagrangian function is

Lx,\)=R(x)— (A, Ax —y®), xeXandreY
which induces the dual function

in;f{ [R(x) — (h, Ax — y°)} = =R*(A*1) + (A, "),

where A* : Y — X™ denotes the adjoint of A and R* : X* — (—00, 0o] denotes the
Legendre-Fenchel conjugate of R. Thus the corresponding dual problem is

arlei{ll {dys (V) :=R*(A*2) — (1, y%)} . (1.2)

Assuming that R is strongly convex, then R* is continuous differentiable with VR* :
X* — X and so is the function A — dys (1) on Y. Therefore, we may apply a gradient
method to solve (1.2) which leads to

A1 = dn — ¥ (AVR*(A*A,) — %),

where y > 0 is a step-size. Let x,, := VR*(A*L,). Then by the properties of subdif-
ferential we have A*A, € dR(x,) and hence

Xy € argmin {R(x) — (A, Ax — y°)} .
xeX
Combining the above two equations results in the following dual gradient method

xp = argmin {R(x) — (A,, Ax — )’8)} ;
xeX (1.3)
Al = Ap — Y (Axy — ya)'

Note that when X is a Hilbert space and R(x) = ||x||?/2, the method (1.3) becomes
the standard linear Landweber iteration in Hilbert spaces [13].
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By setting &, := A*A\,, we can obtain from (1.3) the algorithm

X = argmin {R(x) — (&, )},

(1.4)
Eny1 =& — yA” (Axn - yS) .

Actually the method (1.4) is equivalent to (1.3) when the initial guess & is chosen from

Ran(A*), the range of A*. Indeed, under the given condition on &y, we can conclude

from (1.4) that &, € Ran(A*) for all n. Assuming &, = A*), for some A, € Y, we

can easily see that x,, defined by the first equation in (1.4) satisfies the first equation

in (1.3). Furthermore, from the second equation in (1.4) we have

Eny1 = A” ()kn — v (Axp — ya))

which means &, = A*A, 41 with A,,4 defined by the second equation in (1.3).

The method (1.4) as well as its generalizations to linear and nonlinear ill-posed
problems in Banach spaces have been considered in [9, 29, 33, 34, 40, 41] and the
convergence property has been proved when the method is terminated by the discrep-
ancy principle. However, except for the linear and nonlinear Landweber iteration in
Hilbert spaces [13, 22], the convergence rate in general is missing from the existing
convergence theory. In this paper we will consider the dual gradient method (1.3) and
hence the method (1.4) under the discrepancy principle

| Axny — ¥l < T8 < [|Ax, — ¥ll, 0 <n <ns (1.5)

withaconstant 7 > 1 and derive the convergence rate when the sought solution satisfies
a variational source condition. This is the main contribution of the present paper. We
also consider accelerating the dual gradient method by Nesterov’s acceleration strategy
and provide a convergence rate result when the method is terminated by an a priori
stopping rule. Furthermore, we discuss various applications of our convergence theory:
we provide a rather complete analysis of the dual projected Landweber iteration for
solving linear ill-posed problems in Hilbert spaces with convex constraint which was
proposed in [12] with only preliminary results; we also propose an entropic dual
gradient method using Boltzmann-Shannon entropy to solve linear ill-posed problems
whose solutions are probability density functions.

In the existing literature there exist a number of regularization methods for solv-
ing (1.1), including the Tikhonov regularization method, the augmented Lagrangian
method, and the nonstationary iterated Tikhonov regularization [19, 32, 42]. In par-
ticular, we would like to mention that the augmented Lagrangian method

X € argmin {R(0) = (A, Ax = 37) + 21 Ax = 3|2}
xeX 2 (1.6)

Antl = dn — Yu(Axy — ¥°)

has been considered in [17-19, 30] for solving ill-posed problem (1.1) as a regular-
ization method. This method can be viewed as a modification of the dual gradient
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method (1.3) by adding the augmented term ”7" |[Ax — y?||? to the definition of x,,.
Although the addition of this extra term enables to establish the regularization property
of the augmented Lagrangian method under quite general conditions on R, it destroys
the decomposability structure and thus extra work has to be done to determine x,, at
each iteration step. In contrast, the convergence analysis of the dual gradient method
requires R to be strongly convex, however the determination of x,, is much easier in
general. In fact x, can be given by a closed formula in many interesting cases; even
if x, does not have a closed formula, there exist fast algorithms for solving the min-
imization problem that is used to define x,, since it does not involve the operator A,
see Sect. 4 and [9, 29, 33] for instance. This can significantly save the computational
time.

The paper is organized as follows, In Sect. 2, we give a brief review of some
basic facts from convex analysis in Banach spaces. In Sect. 3, after a quick account
on convergence, we focus on deriving the convergence rates of the dual gradient
method under variational source conditions on the sought solution when the method
is terminated by either an a priori stopping rule or the discrepancy principle; we also
discuss the acceleration of the method by Nesterov’s strategy. Finally in Sect. 4, we
address various applications of our convergence theory.

2 Preliminaries

In this section, we will collect some basic facts on convex analysis in Banach spaces
which will be used in the analysis of the dual gradient method (1.3); for more details
one may refer to [8, 44] for instance.

Let X be a Banach space whose norm is denoted by | - ||, we use X™* to denote its
dual space. Given x € X and £ € X* we write (§, x) = &(x) for the duality pairing.
For a convex function f : X — (—o00, 00], we use

dom(f):={x e X: f(x) < oo}

to denote its effective domain. If dom( f) # @, f is called proper. Given x € dom(f),
an element £ € X* is called a subgradient of f at x if

fX) > f(x)+ (€, x —x), VielX.

The collection of all subgradients of f at x is denoted as d f(x) and is called the
subdifferential of f at x. If d f(x) # @, then f is called subdifferentiable at x. Thus
x — 9 f(x) defines a set-valued mapping d f whose domain of definition is defined
as

dom(d f) := {x € dom(f) : 3 f(x) # 0}.
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Given x € dom(d f) and & € 9 f(x), the Bregman distance induced by f at x in the
direction £ is defined by

DY(F.x) = f(®)— f(x)— (£.§—x), VieX

which is always nonnegative.
For a proper function f : X — (—o0, 0o], its Legendre—Fenchel conjugate is
defined by

FHE) =sup{(§.x) — f(x)}, §eX*

xeX

which is a convex function taking values in (—o0, oo]. According to the definition we
immediately have the Fenchel-Young inequality

[rE+ f() = (6, x) 2.1

forallx € X and &£ € X*. If f : X — (—00, 00] is proper, lower semi-continuous
and convex, f* is also proper and

E€if(n) = xedf () & f()+ [T(E) = x). (2.2

We will use the following version of the Fenchel-Rockafellar duality formula (see
[8, Theorem 4.4.3]).

Proposition 2.1 Let X and Y be Banach spaces, let f : X — (—oo,00] and g :
Y — (—o00, 00] be proper, convex functions, and let A : X — Y be a bounded linear
operator. If there is xg € dom(f) such that Axo € dom(g) and g is continuous at
Axq, then

inf {f(x) + g(Ax)} = Suf{—f*(A*n) - g (=m} 2.3)
xXe ney*

A proper function f : X — (—o0, 00] is called strongly convex if there exists a
constant o > 0 such that

R+ A =D0) +ot(=DIF = x> < tf @+ A =0Df(x) (24
for all x, x € dom(f) and ¢ € [0, 1]. The largest number ¢ > 0 such that (2.4) holds
true is called the modulus of convexity of f. It can be shown that a proper, lower semi-

continuous, convex function f : X — (—o0, oc] is strongly convex with modulus of
convexity o > 0 if and only if

DY(E. x) = olx — &2 2.5)

for all x € dom(f), x € dom(df) and & € 9 f(x); see [44, Corollary 3.5.11]. Fur-
thermore, [44, Corollary 3.5.11] also contains the following important result which in
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particular shows that the strong convexity of f implies the continuous differentiability
of f*.

Proposition 2.2 Let X be a Banach space and let f : X — (—o00, 00] be a proper,
lower semi-continuous, strongly convex function with modulus of convexity o > 0.
Then dom(f*) = X*, f* is Fréchet differentiable and its gradient V f* : X* — X
satisfies

IV &) — VW)l < M
(o}

forallE,n € X*.

It should be emphasized that X in Proposition 2.2 can be an arbitrary Banach space.
For the gradient V f* of f*, it is in general a mapping from X* — X**, the second
dual space of X. Proposition 2.2 actually concludes that, for each & € X*, V f*(&)
is an element in X** that can be identified with an element in X via the canonical
embedding X — X** and thus V f* is a mapping from X* to X.

3 Main results

This section focuses on the study of the dual gradient method (1.3). We will make the
following assumption.

Assumption 1 (i) X is a Banach space, Y is a Hilbert space, and A : X — Y is a
bounded linear operator;
(i) R : X — (—o0, 0o] is a proper, lower semi-continuous, strongly convex function
with modulus of convexity o > 0;
(iii) The equation Ax = y has a solution in dom(R).

Under Assumption 1, one can use [44, Proposition 3.5.8] to conclude that (1.1)
has a unique solution x* and, for each n, the minimization problem involved in the
method (1.3) has a unique minimizer x,, and thus the method (1.3) is well-defined. By
the definition of x,, we have

ALy € OR(xp). 3.1
By virtue of (2.2) and Proposition 2.2 we further have

Xn = VR*(A*Ap) (3.2)

foralln > 0.

3.1 Convergence

The regularization property of a family of gradient type methods, including (1.4) as a
special case, have been considered in [33] for solving ill-posed problems in Banach
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spaces. Adapting the corresponding result to the dual gradient method (1.3) we can
obtain the following convergence result.

Theorem 3.1 Let Assumption 1 hold and let L := |A||>/(20). Consider the dual
gradient method (1.3) with Lo = 0 for solving (1.1).

(i) If0 < y < 1/L then for the integer ns chosen such that ns — oo and 8*ns — 0
as 8 — 0 there hold

Rny) — R and Diy ™ (x7, x,5) = 0

and hence ||x,; — x| = 0ass — 0.
(ii) If t > 1l and y > 0 are chosen such that 1 — 1/t — Ly > 0, then the discrepancy
principle (1.5) defines a finite integer ns with

R(xp;) = R(x") and D%*An‘s (7, xpy) = 0

and hence||x, —xT| > 0ass — 0.

Theorem 3.1 gives the convergence results on the method (1.3) with A9 = 0. The
convergence result actually holds for any initial guess Ao with the iterative sequence
defined by (1.3) converging to a solution x" of Ax = y with the property

D;‘;A"(xT,xo) = min {D%*AO(X,XO) tx € Xand Ax = y} ’

where xo = argmin,ex{R(x) — (Ao, x)}; this can be seen from Theorem 3.1 by

replacing R(x) by D;‘;A0 (x, x0). This same remark applies to the convergence rate
results in the forthcoming subsection. For simplicity of exposition, in the following
we will consider only the method (1.3) with Ao = 0.

In [33] the convergence result was stated for X to be a reflexive Banach space.
The reflexivity of X was only used in [33] to show the well-definedness of each x,
by the procedure of extracting a weakly convergent subsequence from a bounded
sequence. Under Assumption 1 (ii) the reflexivity of X is unnecessary as the strong
convexity of R guarantees that each x, is well-defined in an arbitrary Banach space,
see [44, Proposition 3.5.8]. This relaxation on X allows the convergence result to be
used in a wider range of applications, see Sect. 4.2 for instance.

The work in [33] actually concentrates on proving part (ii) of Theorem 3.1, i.e. the
regularization property of the method terminated by the discrepancy principle and part
(1) was not explicitly stated. However, the argument can be easily adapted to obtain
part (i) of Theorem 3.1, i.e. the regularization property of the method under an a priori
stopping rule.

It should be mentioned that the convergence R (x,;) — R(x ) was not established
in [33]. However, if the residual || Ax,, — ys || is monotonically decreasing with respect to
n, then, following the proofin [33], one can easily establish the convergence R (x,;) —
R(x") as 8 — 0. For the dual gradient method (1.3), the monotonicity of ||Ax, — N
is established in the following result which is also useful in the forthcoming analysis
on deriving convergence rates.
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Lemma 3.2 Let Assumption 1 hold and let 0 < y < 40 /|| A||%. Then for the sequence
{x,} defined by (1.3) there holds

[Axps1 — Y21 < 1Ax, — VP

for all integers n > Q.

Proof Recall from (3.1) that A*A,, € 9R(x,) for each n > 0. By using (2.5) and the
equation A,4+1 = A, — y(Ax, — y5), we have
20 || xXn41 — xnll* < D{‘{“ (Xn+1, Xp) + D%*A”“ (X, Xn41)
= (A" A1 — A" A, X1 — Xp)
= (An+1 = An, AXpg1 — Axy)
=y (Axy = y°, Axy — Axni).

In view of the polarization identity in Hilbert spaces, we further have

4
20 0ensr =5l = 5 (143 = 12 = DAt = 312+ NGt — )I1?)

yIA]?

IA

2
lxnr1 — xull”.

4
2 (1A% =31 = 1A% = YI7) +

Since 0 < y < 40/||A||2, we thus obtain the monotonicity of |[Ax, — y‘3||2 with
respect to n. |

3.2 Convergence rates

In this subsection we will derive the convergence rates of the dual gradient method
(1.3) when the sought solution satisfies certain variational source conditions. The
following result plays a crucial role for achieving this purpose.

Proposition 3.3 Let Assumption 1 hold and let dys(A) := R*(A*A) — (A, y%). Let

L := |A||?/(20). Consider the dual gradient method (1.3) with Ay = 0. If0 < y <
1/L then for any . € Y there holds

dys3) = dysGung) 2 5 (I = 202 = 1212)
y y n+ _2)/(n+1) n+

1 Ly 1 Ly 512
-7 -7 Ax, —
+{<2 1 >n+(2 > )}VII xp =y’

Proof Since R is strongly convex with modulus of convexity o > 0, it follows from
Proposition 2.2 that R* is continuously differentiable and

IVR* &) — VR* ()| < ”52;6"" VE.n € X",

foralln > 0.
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Consequently, the function & — d s (1) is differentiable on Y and its gradient is given
by

Vds(h) = AVR*(A*) — y°
with
IVdys () = Vdy Il < LIk = Al VA A ey,

where L = ||A||?/(20). Therefore

L
dys Gon1) = dys Gun) + (Velys o), Ant = ) + S gt = hn.
By the convexity of dys we have for any A € Y that
dys (kn) < dys (M) + (Vdys (Mp), A — 4).

Combining the above equations we thus obtain
L 2
dy (1) = dys ) + (Vs ). At = 20+ S nsr = 2l

By using (3.2) we can see dea (Ap) = Ax, — y‘s which together with the equation
dng1 — An = —y(Ax, — y®) shows that Vd,s(An) = (hn — Any1)/y. Consequently

1 L
dys Q1) = dyp (8 = (hn = Rt Kt = )+ 7 Wt = .
Note that

1
O = D1 At = 20 = 3 (g = M2 = Dot = 217 = A = 2all?)

Therefore

1
dys () = dys Gng) = 5~ (||An+1 e e PP Anz)
Y

(= = E) s = (33)
2)/ ) n+1 nil - .

Let m > 0 be any number. By summing (3.3) over n from n = 0 to n = m and using
Lo = 0 we can obtain
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m

D (dyp ) = dyp Ont) =

n=0

1

= (Wt =207 = 121?)

14
1
(2— - ) Z P =2l (34)

Next we take A = A, in (3.3) to obtain

1 L
dy3 (An) — dy3 ()‘n—i-l) = <; - _> ”)Vn—&-l - )‘n”2-

2

Multiplying this inequality by n and then summing over n fromn = 0 ton = m we
can obtain

m

> o (dy ) = dys (hng1)) = (— —~ —) Znnml — Mall®.

n=0
Note that
m m

Y n(dp ) = dy ) = =(m + Ddyo Qo) + Y dyp G,

n=0 n=0
Thus

—<m+1>da<xm+1>+2da(xn+1>_( )Znnml—x 1%
n=0

Adding this inequality to (3.4) gives

1

(m + 1) (dys () = dys Gun 1)) = 3

S (1t =217 = 1217)
(} - ) Z 1 = Aall?
(— — —) > nldagn = Aall

n=0

Recall that A, — X471 = y(Ax, — . By using the monotonicity of ||Ax, — R
shown in Lemma 3.2 we then obtain

(m+ 1) (dy () = dys G 1)

1
= 5 (s =20 = 107) + (— - —) Z l4x, = ¥
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+ (y L) Znqun I

1 1 Ly 52
—<||)»m+1—)»|| — [IAl )-i- > = = ) ym+ DIl Ax, —°|
2y 22

m(m + 1) Y
( ) 5 ———1Axm — Y°II".

The proof is therefore complete. O

We now assume that the unique solution x' satisfies a variational source condition
specified in the following assumption.

Assumption 2 For the unique solution x¥ of (1.1) there is an error measure function
ET: dom(R) — [0, 0o) with £T(xT) = 0 such that

ETx) < R@x) =R + M||Ax — y||?, Vx € dom(R)

for some 0 < ¢ < 1 and some constant M > 0.

Variational source conditions were first introduced in [23], as a generalization of the
spectral source conditions in Hilbert spaces, to derive convergence rates of Tikhonov
regularization in Banach spaces. This kind of source conditions was further gener-
alized, refined and verified, see [15, 17, 20, 24-26] for instance. The error measure
function £ in Assumption 2 is used to measure the speed of convergence; it can be
taken in various forms and the usual choice of £ is the Bregman distance induced by
‘R. Use of a general error measure functional has the advantage of covering a wider
range of applications. For instance, in reconstructing sparse solutions of ill-posed prob-
lems, one may consider the sought solution in the 0! space and take R(x) = ||x|,1.In
this situation, convergence under the Bregman distance induced by R may not provide
useful approximation result because two points with zero Bregman distance may have
arbitrarily large £!-distance. However, under certain natural conditions, the variational
source conditions can be verified with £7(x) = ||x — x7 lp1; see [15, 16].

We first derive the convergence rates for the dual gradient method (1.3) under an
a priori stopping rule when x " satisfies the variational source conditions specified in
Assumption 2.

Theorem 3.4 Let Assumption 1 hold and let L := ||A||*/(20). If0 < y < 1/L and
x" satisfies the variational source conditions specified in Assumption 2, then for the
dual gradient method (1.3) with the initial guess Ao = 0 there holds

1—
E'y) <C (nzqq + 687 4+ =5 +n82>

foralln > 1, where C is a generic positive constant independent of n and §. Conse-
quently, by choosing an integer ns with ns ~ 89-2 we have

EM(xny) = 0(89).
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Proof Let dy(1) := R*(A*L) — (A, y). Since 0 < y < 1/L, from Proposition 3.3 it
follows that

1 Ly 1 Ly 512
-7 -7 Ax, —
{(2 1 )n+(2 5 )}VII Xp — ¥l

< dyp (1) = dyp Gen1) = (W = 217 = 1212)

2y(n+1)
=dy(A\) — dyGont1) + gt — 2, 30 — )
1
e (1 — a2 =112 3.5
o (Pt =312 = 12P) (3.5)

for all A € Y. By the Cauchy-Schwarz inequality we have

(Mt — A, 9% = 3) < 8llAng IAns1 — A2+ y(n + 182

1
A
dy(n+1)

Thus, it follows from (3.5) that

conll Ay = 12 4+ ———— hns1 — A2
" dym+ 1t

111>

e S—— 182,
2y(n+1) trie+D

= dy()t) - dy()tn+l) +

where cp := (1/2 — Ly /4)y > 0. By virtue of the inequality ||A,+1 12 < 201001 +
[Ans1 — A]|%) we then have

conl|Ax —y5||2+—1 [
" 8y(n+1) "
-4 302 5
<dy(A) —dy(Ays1) + +yn+ 1)5°.

4y(n+1)
By the Fenchel-Young inequality (2.1) and Ax™ = y we have

dyOuns1) = R*(A*Ans1) — (hngr, AxT)
= R*(A*hng1) — (A*Ang1, x7)

> —R(xh. (3.6)
Therefore
conll Ay — Y IP + ————hni1 I
n 8)/(1’1 T+ 1) n—+
3)x02

< R*(A*A) — (A, y) + R(xH) + +y(n+ 1)8°

4y(n+1)
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for all A € Y. Consequently

1
Axr — 0112 3 2
conl|Ax, — y° +—8y(n+1)” n+1ll
< inf R*(A*A)—()L,y)—I—R(xTH—ﬂ +y(n + 1)8°
T ey dy(n+1)
_ ¥ oo g% 3|IAl? )
=Rx") —sup | =R (A M)+ (A, y) — ——— ¢ +ym+ 1.
rey dy(n+1)

According to the Fenchel-Rockafellar duality formula given in Proposition 2.1, we
have

3x0?

sup {—R (A" + (A, y) — —4y(n D

1
} = inf {R(x) +-ymn+ | Ax — y||2}~
rey xeX 3

Indeed, by taking f(x) = R(x) forx € X and g(z) = 3)/(n +1Dlz—y|*forz e Y,
we can obtain this identity immediately from (2.3) by noting that

g ) = W;H)uw + (), reY.
Therefore
conll A — I+ ———— st I < 1o + 70+ DS, 3.7
8y(n+1)
where
322 {R(x ) —R(x) — —y(n + DI[Ax — yl } (3.8)

We now estimate 7, when x' satisfies the variatioinal source condition given in
Assumption 2. By the nonnegativity of £ we have R(x") — R(x) < M| Ax — y|9.
Thus

Nn < Sup {Mlle —yl* = —)/(n+ DJ[Ax — yll }

xeX

<sup{qu—1y(n+1)s }—01(n+1) ), 3.9)

s>0

L
where ¢ := (1 — %) (333/1)2 M > 0. Combining this with (3.7) gives

1
conl|Ax, — V|12 + ———— & <cin+1 7+ y(n+1)8>
onllAx, — y°|| 8y(n+1)” a1l < i ( ) 7+ y( )
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which implies that

1 1—
||Axn—y8||§C(n HM) and ||xn||§c(n23 +n8>. (3.10)

Recall A*),, € 9R(x,) from (3.1), we have
R(xn) = RGT) < (Ah, 20 — x7) = (A, Axy — y).

Therefore, by using the variational source condition specified in Assumption 2, we
obtain

ET(xn) < R(xn) — R(xT) + M| Ax, — yl|?
< (Any Axy — y) + M| Ax, — y||
< IAnllllAxy — yll + M| Ax, — y|19.

Thus, it follows from (3.10) that
EN ) < 1l (1A% — Y21 +8) + M (| Axy — ¥°|I + )7
1— 1 1 q
<cC (nzz +n8> (n’ﬁ +6) +C (n*ﬁ +5)

=V = 2
<C(n >4 +6"4+n2a5§+né").

The proof is thus complete. O

During the Proof of Theorem 3.4, we have introduced the quantity 5, defined by
(3.8). Taking x = xT in (3.8) shows 1, > 0. As can be seen from the proof of Theorem
3.4, we have

. . + 3|12
e = inf AR*(A3) = (, y) + R(x) +
€

4y(n+1)
by the Fenchel-Rockafellar duality formula. Taking A = 0 in this equation gives
0<n, < R(x") + R*(0) < co. The proof of Theorem 3.4 demonstrates that i, can

decay to 0 at certain rate if xT satisfies a variational source condition.

Corollary 3.5 Let Assumption 1 hold and let L := |A||>/(20). If0 < y < 1/L and
if there is AT € Y such that A*\% € dR(x"), then for the dual gradient method (1.3)
with the initial guess Ao = O there holds

DEH (v = € (7! + 54 n8?) (3.11)
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for all n > 1, where C is a generic positive constant independent of n and §. Conse-
quently, by choosing an integer ng with ng ~ 8§~ we have

DA (x5, xT) = 0(8) (3.12)

and hence ||x,, — x"|| = 0(8'/?).

Proof We show that x ™ satisfies the variational source condition specified in Assump-
tion 2 with ¢ = 1. The argument is well-known, see [23] for instance. Since
A*AT € 9R(xT) for some AT € Y, we have for all x € dom(R) that

DA (x,x") = R(x) — R(xT) — (AT, Ax — y)
< R(x) — RE) + 1A Ax — vl

which shows that Assumption 2 holds with £7(x) = DA™ (x,x"), M = ||AT|| and
q = 1. Thus by invoking Theorem 3.4, we immediately obtain (3.11) which together
with the choice ng ~ §~! implies (3.12). By using (2.5) we then obtain ||x,,; — x| =
0(s'?). o

We next turn to deriving convergence rates of the dual gradient method (1.3) under
the variational source condition given in Assumption 2 when the method is termi-
nated by the discrepancy principle (1.5). We will use the following consequence of
Proposition 3.3.

Lemma 3.6 Let Assumption 1 hold and let L := |A||>/(20). Consider the dual
gradient method (1.3) with .9 = 0. If t > 1 and y > 0 are chosen such that
1-— 1/7:2 — Ly > 0, then there is a constant ¢y > 0 such that

1
8% < d ——— s l? < 1)8?
con+1)6" <n, an 8y(n+1)” nptll” < +ym+1)

for all integers 0 < n < ngs, where ns is the integer determined by the discrepancy
principle (1.5) and n,, is the quantity defined by (3.8).

Proof The second estimate follows directly from (3.7), actually it holds for all integers

n > 0.Itremains only to show the first estimate. Forany n < ns we have || Ax, —y®| >
78. Therefore from (3.5) it follows for all A € Y that

(-2)e+ (- 9)

< dy(3) = dyGun) + (ent = 2 3* =) (W = 212 = 12112

S 2y(n+ 1)

By the Cauchy-Schwarz inequality we have
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gt — 2, 95 = y)

1
< 8l hnt1 A1 — A2+ S+ 1)8%.

1
Al £ —
2y(n+1)

1 Ly 1 Ly s 1 5
NG5 G- F) e -goen]m

1
<d,(\) —dy(A — M2
= y( ) y( n+l)+ Zy(n—l—I) ” ”

Therefore

By the conditions on y and 7, it is easy to see that

1 L 1 L 1

where ¢ 1= ((1/2 — Ly/2)t? — 1/2) y > 0. Therefore

1
8% < dy(A) —dy(x — A%
c2(n+ 16" <d,(R) y(n+1)+2y(n+1)” l

According to (3.6) we have dy(A,41) > —R(x"). Thus

1
2 kAR T 2
c(n+1)6° <R (A™A) — (A, y) + R(x )+—2y(n+1)”)\”

which is valid for all » € Y. Consequently

1
2 : * * _ T 2
ca(n+1)8° < ig {R (A"2) = (A, y) + R(x") + Lo+l Al }

=R — sup {—R*(A*k) + (X, y)—

—||A||2}.
reY 2y(n+1)

According to the Fenchel-Rockafellar duality formula given in Proposition 2.1, we
can further obtain

. 1
o+ 182 <R — in§ {R(x) + Ey(n + 1| Ax — y||2}
xe

1

= sup {R(x*) =R = 5y (n+ Dl Ax = y||2}
xeX

=M

which shows the first estimate. O
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Now we are ready to show the convergence rate result for the dual gradient method
(1.3) under Assumption 2 when the method is terminated by the discrepancy principle
(1.5).

Theorem 3.7 Let Assumption 1 hold and let L := | A||*/(20). Consider the dual
gradient method (1.3) with the initial guess Ao = 0. Assume that T > 1 and y > 0
are chosen such that 1 —1/t> — Ly > 0 and let ns be the integer determined by the

discrepancy principle (1.5). If x' satisfies the variational source condition specified
in Assumption 2, then

EM(xny) = 0(89). (3.13)
Consequently, if there is AT € Y such that A*\" € R (x"), then
DA (xp, xT) = 0(5) (3.14)

and hence ||x,; — xT = 0(s'7?).

Proof By using the variational source condition on x' specified in Assumption 2, the
convexity of R, and the fact A*A,; € 0R(x,;) we have

ET(xny) < Rxny) — R(xT) 4+ M| Axyy — v
< (Angs AXny — ¥) + M| Axpy — ¥
< s M Axs — Y1l + M| Axy — Y119,

By the definition of ns we have ||Ax,; — y®| < 78 and thus
1Axns = ¥l < [ Axny — Y1l + 19 = yll < (x + 1)s.

Therefore

ET(ny) < (T 4 DAy I8 + M(z + 1)989, (3.15)
If ns = 0, then we have A,,; = 0 and hence 5T(x,,5) < M(z + 1)754. In the following
we consider the case ns > 1. We will use Lemma 3.6 to estimate [|A,;||. By virtue
of Assumption 2 we have 1, < c1(n + 1)_ﬁ, see (3.9). Combining this with the
estimates in Lemma 3.6 we can obtain

2
o+ 178 < ¢ (3.16)

and

2 g 2 202
IAn1ll” < 8yci(n+1) =4 +8y“(n+1)78 (3.17)
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forall 0 < n < ns. Taking n = ns — 1 in (3.16) gives
2—q
(= N
n —
b= 282
which together with (3.17) with n = ng — 1 shows that

—1
A5 Il < €389,

where c3 := \/87/ (y + ¢2)(c1/c2)?~4. Combining this estimate with (3.15) we finally
obtain

ET () < (e3(r + 1)+ M(z + 1)) 87

which shows (3.13).

When A*AT € 9R(xT) for some AT € Y, we know from the proof of Corollary 3.5
that Assumption 2 is satisfied with £7(x) = ngﬂ (x,x") and ¢ = 1. Thus, we may
use (3.13) to conclude (3.14). O

3.3 Acceleration

The dual gradient method, which generalizes the linear Landweber iteration in Hilbert
spaces, is a slowly convergent method in general. To make it more practical impor-
tant, it is necessary to consider accelerating this method with faster convergence speed.
Since the dual gradient method is obtained by applying the gradient method to the dual
problem, one may consider to accelerate this method by applying any available accel-
eration strategy for gradient methods among which Nesterov’s acceleration strategy
[2, 6, 37] is the most prominent. By applying Nesterov’s accelerated gradient method
to minimize the function ds (1) = R*(A*A) — (2, y®) it leads to the iteration scheme

~ n—1
A = Ay +

An — Apn—1),
n+a(n nl)

Aptl = in - Vde5 (in)

Let £, = VR*(A*X,). Then Vd s (hy) = A%, —y® and A*%, € 9R(&,) which imply
that

~ n—1

)\n - )Vn + _()\n - Arz—l)v

n+uo

n =arg§réi)r{1{7€(x) —~ (?\n,Ax—y5>}, G18)
)\n+1 = in - V(Ax,\n - y(s),
Xpg1 = argmin {R(x) — (Anp1, Ax —y°)},

xeX
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where A_1 = A9 = 0, « > 2 is a given number, and y > 0 is a step size. We have
the following convergence rate result when the method is terminated by an a priori
stopping rule.

Theorem 3.8 Let Assumption 1 hold and let L := ||A||?/(20). Consider the acceler-
ated dual gradient method (3.18) with noisy data y° satisfying ||y® — y|| < 8. Assume
that) <y <1/Land o > 2. IfxT satisfies the source condition A*AT e 8R(xT)f0r
some ' € Y, then there exist positive constants c4 and cs depending only on y and
o such that

A% call 2] ’
D M (x" xy) < (T +C5n8> (3.19)
for all n > 1. Consequently by choosing an integer ns with ng ~ §~'/? we have

A s+
Dy " (xT, x0y) = 0(8)

and hence ||x,, — x'|| = 0(8'/?) as § — 0.

Proof According to the definition of x,, we have A*A,, € 9R(x,) for all n > 1. From
this fact and the condition A*AT € R (xT) it follows from (2.2) that
DM (xF ) = R(eT) = R) = (s y — Ax)
- {(A*ﬂ,x*) _ R*(A*,\T)} — (A%, x0) — R¥(A*2))
—(An, y — Axy)

= R*(A*Ap) — R*(A*AT) = (o, y) + (AT, 3)

=dy(hy) —dy (17, (3.20)
where dy (L) := R*(A*L) — (A, y). We need to estimate d (A,) —d, (7). This can be
done by using a perturbation analysis of the accelerated gradient method, see [2, 3].

For completeness, we include a derivation here. Because A"t e BR(xT), we have
xt = VR*(A*A"). Thus

Vdy (") = AVR*(A*AT) —y = AxT —y =0.

Since d, is convex, this shows that Atisa global minimizer of d, over Y. Note that
Vdys(A) = Vdy(A) +y — y®. Thus, it follows from the definition of A, that

A1 = i,, -y (de():n) +y-—- y‘s) .

Based on this, the Lipschitz continuity of Vdy, and the convexity of R, we may use a
similar argument in the proof of Proposition 3.3 to obtain for any A € Y that
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~ L ~
dy()\n—H) = dy()\) + <de()\n)a )\n-i-l - k) + E”)‘n+l - )\n||2
1 L .
=dy(A) + (/\n — M) = (v = ¥°)s Angt — A Ellknﬂ — Al

=d, (A>+— (Wi = 212 = Wasr = A7) = (3 = % h = )
1 L s
5 - E ”)‘n-i-l = Aall”
Since 0 <y < 1/L and ||y? — y|| < 8, we have

| AN
dy (1) < dy3) + 5 (Wi = 212 = st = %) + 6lam = 2. (B21)

_ _ n+a—1 _ 1
Note that 2 n+a = [ — = 2=l Now we take A = (1 — ) + L 2%in

In+1 In+1
(3.21) and use the convexity of dy to obtain

1 .
dy(L")
In+1

1
dy()‘n+l) = (1 - :

n+]

) dy(Ay) +

Hx — (% + tasr G = ))H

2yt
[T = Gt G =2 |
Zyt
HA* G+ b1 G = 2|
tn-i—l

Let u, = Ap—1 + t,(A, — Ay—1). Then it follows from kn = A, + tt"Hl (A — Ap—1)
that A, + 41 ():n — An) = uy. Therefore

1 1 1 s )
dy(Ap+1) < (1 - y(An y 3 A" — uy|
In+1 In+1 2yt

T— Up+1ll.

2)/t3+1 In+1

Multiplying both sides by 2ytn 41> regrouping the terms and setting w, := dy(A,) —
dy (A 7, we obtain

2712 Wagt — 2yt2w, < 2ypupwy + AT — wy I — AT — g |1
+ 2y 8ty 1 1A — g (3.22)
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for all n > 0, where p,, := t3+1 — tht1 — t,%. Note that « > 2 implies p, < 0 for

n > 1.Letm > 1 be any integer. Summing the above inequality over n fromn = 1 to
n =m — 1 and using w,, > 0, we can obtain

m
2y tgwn + AT = um 1> < 2ytfwy + AT — w1+ 278 ) nll AT — .
k=2

Using (3.22) with n = 0 and noting that tg + po = 0 and ugp = 0 we can further obtain
2yt wm + 127 = wn?

m
< 2y(t5 + po)wo + [IATI17 + 2y 801147 —urll + 28 Y tllA’ — |

k=2
m
= 12712+ 28 > lln” — ugll. (3.23)
k=1
According to (3.23), we have
m
AT = 1> < IATIZ +2¢8 D aellAT — ug (3.24)
k=1
from which we may use an induction argument to obtain
m
1T =l <IN 4278 u (3.25)

k=1

for all integers m > 0. Indeed, since ug = 0, (3.25) holds trivially for m = 0. Assume
next that (3.25) holds for all 0 < m < n for some n > 0. We show (3.25) also holds
form = n + 1. If there is 0 < m < n such that |AT — Uptl < AT = w, I, then by
the induction hypothesis we have

m n+1
1T =l < IRTI+2¢8 Y "t < IATI+2¢8 )
k=1 k=1

So we may assume IANT = tpgtll > AT — wyl for all 0 < m < n. It then follows
from (3.24) that

n+1
1T = wnga* < IAT)7 + 28 (Z tk) AT = st -
k=1
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By using the elementary inequality “a” < b2 +ca=a<b+cfora,b,c>0",
we obtain again

n+l
12T = gr | < 1AT) + 28 )t

k=1

By the induction principle, we thus obtain (3.25). Based on (3.23) and (3.25) we have

m
2ytown < IV 4278 Y tllnt — ugl

k=1
m m
< IATIP +2y8 (Z tk) <||ﬂ|| +2y8 Zm)
k=1 k=1
m 2
< <||ﬂ||+2y82tk) :
k=1

Thus, by the definition of #, it is straightforward to see that

1 "N el 2
i i
) ~dy01) = 7 (nx || +2y82zk> < (T +c5ma) :

k=1

where ¢4 and c5 are two positive constants depending only on y and «. Combining
this with (3.20) we thus complete the proof of (3.19). O

From Theorem 3.8 it follows that, under the source condition A*AT € IR (xT), we
can obtain the convergence rate |x,, — x'| = 0(8'?) within O(8~1/?) iterations
for the method (3.18). For the dual gradient method (1.3), however, we need to per-
form O(8~") iterations to achieve the same convergence rate, see Corollary 3.5. This
demonstrates that the method (3.18) indeed has acceleration effect.

We remark that Nesterov’s acceleration strategy was first proposed in [29] to accel-
erate gradient type regularization method for linear as well as nonlinear ill-posed
problems in Banach spaces and various numerical results were reported which demon-
strate the striking performance; see also [27, 28, 35, 39, 45] for further numerical
simulations. Although we have proved in Theorem 3.8 a convergence rate result for
the method (3.18) under an a priori stopping rule, the regularization property of the
method under the discrepancy principle is not yet established for general strongly con-
vex R. However, when X is a Hilbert space and R(x) = ||x||%>/2, the regularization
property of the corresponding method has been established in [35, 39] based on a
general acceleration framework in [21] using orthogonal polynomials; in particular it
was observed in [35] that the parameter « plays an interesting role in deriving order
optimal convergence rates. For an analysis of Nesterov’s acceleration for nonlinear
ill-posed problems in Hilbert spaces, one may refer to [28].
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4 Applications

Various applications of the dual gradient method (1.3), or equivalently the method
(1.4), have been considered in [9, 29, 33] for sparsity recovery and image reconstruc-
tion through the choices of R as strong convex perturbations of the L' and the total
variation functionals and the numerical results demonstrate its nice performance. In
the following we will provide some additional applications.

4.1 Dual projected landweber iteration

We first consider the application of our convergence theory to linear ill-posed problems
in Hilbert spaces with convex constraint. Such problems arise from a number of real
applications including the computed tomography [36] in which the sought solutions
are nonnegative.

Let A : X — Y be a bounded linear operator between two Hilbert spaces X and
Y and let C C X be a closed convex set. Given y € Y and assuming that Ax = y
has a solution in C, we consider finding the unique solution x™ of Ax = y in C with
minimal norm which can be stated as the minimization problem

1
min{§||x||2:xeCandAx:y}. 4.1

This problem takes the form (1.1) with R(x) := % X112+ 8¢ (x), where 8¢ denotes the
indicator function of C, i.e. §¢(x) = 0if x € C and oo otherwise. Clearly R satisfies
Assumption 1 (ii). It is easy to see that for any & € X the unique solution of

min {R(x) — (§, x)}
xeX

is given by Pc (&), where Pc denotes the metric projection of X onto C. Therefore,
applying the algorithm (1.3) to (4.1) leads to the dual projected Landweber iteration

Xn = Pc(A™Ap),
" ! 5 4.2)
Antl = Ay — Y (Ax, — Y°)

that has been considered in [12]. Besides a stability estimate, it has been shown in [12]
that, for the method (4.2) with exact data y® = y, if xT € Pc(A*Y) then

o0
> ey —xT|? < 00
n=1

which implies ||x, — x¥| = 0asn — oo butdoes not provide an error estimate unless
lx, — x| is monotonically decreasing which is unfortunately unknown. Therefore,
the work in [12] does not tell much information about the regularization property
of the method (4.2). It is natural to ask if the method (4.2) renders a regularization
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method under a priori or a posteriori stopping rules and if it is possible to derive
error estimates under suitable source conditions on the sought solution. Applying our
convergence theory can provide satisfactory answers to these questions with a rather
complete analysis on the method (4.2), see Corollary 4.1 below, which is far beyond
the one provided in [12]. In particular we can obtain the convergence and convergence
rates when the method (4.2) is terminated by either an a priori stopping rule or the
discrepancy principle (1.5).

Corollary 4.1 For the linear ill-posed problem (4.1) in Hilbert spaces constrained by
a closed convex set C, consider the dual projected Landweber iteration (4.2) with
*o = 0 and with noisy data y° satisfying ||y® — y|| < 8.

() If0 < y < 1/||A||? then for the integer ns satisfying ns — 0o and 8*nsg — 0
as § — 0 there holds ||xp; — xT| = 0as 8§ — 0. If in addition x" satisfies the
projected source condition

x" = Pe((A*A)Pw) for some 0 <v < land w € X, 4.3)

then with the choice ng ~ 57% we have || x,; — x| = O(SWVV).

(i) Ift > landy > Oarechosensuchthat1—1/t—| A|?y > O, then the discrepancy
principle (1.5) defines a finite integer ng with ||x,, — x| = 0ass — 0. Ifin
addition x" satisfies the projected source condition (4.3), then |05 — x| =

O(8TH).

Proof According to Theorems 3.1, 3.4 and 3.7, it remains only to show that, under the
projected source condition (4.3), xT satisfies the variational source condition

1 12 T = 2
7= X7 = RO = RED + evllof F [ Ax = T 4.4)

for all x € dom(R) = C, where ¢, := 2_1% a+va- v)}%. To see this, note first
that for any x € C there holds

1 1 1 1 .
Sl — X" - R@) +RGY = Sl — x| - Enxn2 + 5l 12

= ()cT,xJf —X).

By using xT = Pc((A*A)"/?w) and the property of the projection Pc we have
(A*A) 0 —xT,x=xT) <0, VxeC
which implies that
T xT—x) < (A" 4w, xT = x) = (0, (AA)?(xT = x)).
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Therefore

%IIX —x"P? = R@) + RG&T) < (0, (A*A)?(xT = x))

< lollI(A*A)"(x" — x)].

By invoking the interpolation inequality [13] and the Young’s inequality we can further
obtain

1 — TNV
Sl = P =R +RE < lollllx —xT 1A — D]

2 2v 1 2
< ool |Ax — T + lex —x'l

which shows (4.4). The proof is therefore complete. m]

We remark that the projected source condition (4.3) withv = 1, i.e. xT e Pc(A*Y),
was first used in [38] to derive the convergence rate of Tikhonov regularization in
Hilbert spaces with convex constraint.

The dual projected Landweber iteration (4.2) can be accelerated by Nesterov’s
acceleration strategy. As was derived in Sect. 3.3, the accelerated scheme takes the
form

N n—1 N
An = A — (A — An—1), X, = Pc(A*\,),
n n+n+a( n n—1) Xn c( n) (4.5)

Antl = ):n - V(Afn - ys), Xn+1 = PC(A*)Ln+1)~

By noting that R (x) = x + 95¢(x), it is easy to see that an element AT e Y is such
that A*AT € R (x") if and only if x = Pc(A*A"). Therefore, by using Theorem 3.8,
we can obtain the following convergence rate result of the method (4.5).

Corollary 4.2 For the problem (4.1) in Hilbert spaces constrained by a closed convex

set C, consider the method (4.5) withio =X_1 =0.If0 <y < 1/||A||2, o > 2 and
xT e Pc(A*Y), then with the choice ns ~ 8§72 we have

Iy — xT Il = 0(8'?)
asd — 0.

4.2 An entropic dual gradient method

Let 2 C R< be a bounded domain and let A : L'(£2) — Y be a bounded linear
operator, where Y is a Hilbert space. For an element y € Y in the range of A, we
consider the equation Ax = y. We assume that the sought solution x is a probability
density function, i.e. x > 0 a.e. on £ and f o x" = 1. We may find such a solution
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by considering the convex minimization problem
min [R(x) ‘= f(X)484(x) :x € L'(£2) and Ax = y} , (4.6)

where 64 denotes the indicator function of the closed convex set
A= {x eLl(.Q) :x > 0a.e.on £2 and f X = l}
2

in L'(£2) and f denotes the negative of the Boltzmann-Shannon entropy, i.e.

For) = {fﬂxlogx ifx € 1.4#(52) and x logx € L'(2),
00 otherwise
where, here and below, L_’;(.Q) ={xeLP(2):x>0ae.onf}foreachl < p <
oo. The Boltzmann-Shannon entropy has been used in Tikhonov regularization as a
stable functional to determine nonnegative solutions; see [1, 11, 14, 31] for instance.
In the following we summarize some useful properties of the negative of the
Boltzmann-Shannon entropy f:

(i) f is proper, lower semi-continuous and convex on LY(£2); see [1, 11].
(ii) f is subdifferentiable at x € L!(£2) if and only if x € L°(£2) and is bounded
away from zero, i.e.

dom(d f) ={x € LS’:’(.Q) :x > B on £2 for some constant 8 > 0}.

Moreover for each x € dom(d f) there holds 0 f (x) = {1 4+ log x}; see [4, Propo-
sition 2.53].

(iii) By straightforward calculation one can see that for any x € dom(d f) and X €
dom(f), the Bregman distance induced by f is the Kullback-Leibler functional

D(x, x) :=/ <9210gf —)?+x).
Q X
(iv) For any x € dom(d f) and X € dom(f) there holds (see [7, Lemma 2.2])
- 4 2 . -
e = XN710) = §||X||Ll(.(2) + §||X||Ll(.(2) D(x, x). 4.7)

Based on these facts, we can see that the function R defined in (4.6) satisfies
Assumption 1. In order to apply the dual gradient method (1.3) to solve (4.6), we need
to determine the closed formula for the solution of the minimization problem involved
in the algorithm. By the Karush-Kuhn-Tucker theory, it is easy to see that, for any
£ € L°°(£2), the unique minimizer of

min{/ (xlogx—@x):xZOa.e.onQand/x:l}
2 Q
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is given by £ = e/ /, o ‘. Therefore we can obtain from the algorithm (1.3) the
following entropic dual gradient method

1 eA*A,, ,

— Jg et 4.8)
A1 = Ay — vy (Ax, — yS).

Xn

We have the following convergence result.

Corollary 4.3 Forthe convex problem (4.6), consider the entropic dual gradient method
(4.8) with A9 = 0 and with noisy data y‘s satisfying ||y‘S —y| <.

() If0 <y < 1/||A|? then for the integer ny satisfying ny — oo and 8*ns — 0 as
8 — O there holds || x,; — xT|| — 0asé — 0. Ifin addition xt satisfies the source
condition

1+logx™ = A*AT for some AT € Y, 4.9

then with the choice ng ~ 8~ we have x5 — xT||L1(_Q) = 0(5'?).

(i) Ift > landy > Oarechosensuchthat1—1/t—| A|*y > O, then the discrepancy
principle (1.5) defines a finite integer ns with || x, —xT 12y — Oasé — 0. Ifin
addition x* satisfies the source condition (4.9), then ||x,; — xt 71 @) = oY,

Proof Under (4.9) there holds A*AT € 3 f(xT). Therefore, by using (4.7), we have for
any x € dom(R) that

Sl =xT13 o) = Derx) = £ = () = (A% = xT)
=Rx) —RG&xH -, Ax — y)
< R(x) — R + 1A Ax — ylI,

where we used R(x) = f(x) and f o X = 1forx € dom(R). Thus xT satisfies the

varaitional source condition specified in Assumption 2 with £ Tx) = % |x —x* ||i1 @)
M = ||AT| and ¢ = 1. Now we can complete the proof by applying Theorems 3.1,
3.7 and Corollary 3.5 to the method (4.8). O

The source condition (4.9) has been used in [11, 14] in which one may find further
discussions. We would like to mention that an entropic Landweber method of the form

x,e? AT =Axn)

8
fQ xpey AT —Axn)

Xat1 = (4.10)

has been proposed and studied in the recent paper [10] in which weak convergence in
L'(£2) is proved without relying on source conditions and, under the source condition
(4.9), an error estimate is derived when the method is terminated by an a priori stopping
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rule. Our method (4.8) is different from (4.10) due to its primal-dual nature. As stated
in Corollary 4.3, our method (4.8) enjoys nicer convergence properties: it admits strong
convergence in LY(£2)in general and, when the source condition (4.9) is satisfied, an
error estimate can be derived when the method is terminated by either an a priori
stopping rule or the discrepancy principle.

Applying Nesterov’s acceleration strategy, we can accelerate the entropic dual gra-
dient method (4.8) by the following scheme

N n—1 . 1 A*A
Ap = Ap + m()»n — An—1), n =€ ",
Jo et @.11)
Mgl = hp — Y (A%, — ) Xpntl = ;em)‘”“.
n n n k] n fg eA*)\VH»l

By using Theorem 3.8 we can obtain the following convergence rate result on the
method (4.11) with noisy data.

Corollary 4.4 For the minimization problem (4.6), consider the method (4.11) with
Mo=Ai_1=0.If0 <y < 1/|A||%, @ > 2 and x" satisfies the source condition (4.9),
then with the choice ng ~ 812 we have

205 — x Ml L1y = 08"

as d — O.

5 Conclusion

Due to its simplicity and relatively small complexity per iteration, Landweber iteration
has received extensive attention in the inverse problems community. In recent years,
Landweber iteration has been extended to solve inverse problems in Banach spaces
with general uniformly convex regularization terms and various convergence proper-
ties have been established. However, except for the linear and nonlinear Landweber
iteration in Hilbert spaces, the convergence rate in general is missing from the existing
convergence theory.

This paper attempts to fill in this gap by providing a novel technique to derive
convergence rates for a class of Landweber type methods. We considered a class of
ill-posed problems defined by a bounded linear operator from a Banach space to a
Hilbert space and used a strongly convex regularization functional to select the sought
solution. The dual problem turns out to have a smooth objective function and thus can
be solved by the usual gradient method. The resulting method is called a dual gradient
method which is a special case of the Landweber type method in Banach spaces.
Applying gradient methods to the dual problem allows us to interpret the method in a
new perspective which enables us to use tools from convex analysis and optimization
to carry out the analysis. We have actually obtained the convergence and convergence
rates of the dual gradient method when it is terminated by either an a priori stopping
rule or the discrepancy principle. Furthermore, by applying Nesetrov’s acceleration
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strategy to the dual problem we proposed an accelerated dual gradient method and
established a convergence rate result under an a priori stopping rule. We also discussed
some applications, in particular, as a direct application of our convergence theory, we
provided a rather complete analysis of the dual projected Landweber iteration of Eicke
for which only preliminary result is available in the existing literature.

There are a few of questions which might be interesting for future development.

(1) We established convergence rate results for the dual gradient method (1.3) which
require A to be a bounded linear operator and Y a Hilbert space. Is it possible
to establish a general convergence rate result for Landweber iteration for solving
linear as well as nonlinear ill-posed problems in Banach spaces?

(ii) For the dual gradient method (1.3), its analysis under the a priori stopping rule
allows to take the step-size as 0 < y < 1/L, while the analysis under the dis-
crepancy principle (1.5) requires 7 > 1 and y > 0 to satisfy 1 — 1/t2 — Ly > 0
which means either t has to be large or y has to be small. Is it possible to develop
a convergence theory of the discrepancy principle under merely the conditions
t>1land0 <y <1/L?

(ii1) In Sect. 3.3 we considered the accelerated dual gradient method (3.18) and estab-
lished a convergence rate result under an a priori stopping rule. Is it possible to
establish the convergence and convergence rate result of (3.18) under the discrep-
ancy principle?
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