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Abstract

This work focuses on the study of partial differential equation (PDE) based basis func-
tion for Discontinuous Galerkin methods to solve numerically wave-related boundary
value problems with variable coefficients. To tackle problems with constant coef-
ficients, wave-based methods have been widely studied in the literature: they rely
on the concept of Trefftz functions, i.e. local solutions to the governing PDE, using
oscillating basis functions rather than polynomial functions to represent the numeri-
cal solution. Generalized Plane Waves (GPWs) are an alternative developed to tackle
problems with variable coefficients, in which case Trefftz functions are not available.
In a similar way, they incorporate information on the PDE, however they are only
approximate Trefftz functions since they don’t solve the governing PDE exactly, but
only an approximated PDE. Considering a new set of PDEs beyond the Helmholtz
equation, we propose to set a roadmap for the construction and study of local interpo-
lation properties of GPWs. Identifying carefully the various steps of the process, we
provide an algorithm to summarize the construction of these functions, and establish
necessary conditions to obtain high order interpolation properties of the corresponding
basis.
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1 Introduction

Trefftz methods are Galerkin type of methods that rely on function spaces of local
solutions to the governing partial differential equations (PDEs). They were initially
introduced in [27,35], and the original idea was to use trial functions which satisfy the
governing PDE to derive error bounds. They have been widely used in the engineering
community [20] since the 60s, for instance for Laplace’s equation [30], to the bihar-
monic equation [33] and to elasticity [23]. Later the general idea of taking advantage
of analytical knowledge about the problem to build a good approximation space was
used to develop numerical methods: in the presence of corner and interface singu-
larities [10,34], boundary layers, rough coefficients, elastic interactions [2,3,28,29],
wave propagation [2,9]. In the context of boundary value problems (BVPs) for time-
harmonic wave propagation, several methods have been proposed following the idea
of functions that solves the governing PDE [13], relying on incorporating oscillating
functions in the function spaces to derive and discretize a weak formulation. Wave-
based numerical methods have received attention from several research groups around
the world, from the theoretical [13] and computational [14] point of view, and the pol-
lution effect of plane wave Discontinuous Galerkin (DG) methods was studied in [11].
Such methods have also been implemented in industry codes,! for acoustic applica-
tions. The use of Plane Wave (PW) basis functions has been the most popular choice,
while an attempt to use Bessel functions was reported in [25]. In [24], the authors
present an interesting comparison of performance between high order polynomial and
wave-based methods. More recently, application to space-time problems have been
studied in [4,21,22,31,32].

In this context, numerical methods rely on discretizing a weak formulation via a
set of exact solutions of the governing PDE. When no exact solutions to the governing
PDE are available, there is no natural choice of basis functions to discretize the weak
formulation. This is in particular the case for variable coefficient problems. In order
to take advantage of Trefftz-type methods for problems with variable coefficients,
Generalized Plane Waves (GPWs) were introduced in [17], as basis functions that
are local approximate solutions—rather than exact solutions—to the governing PDE.
GPWs were designed adding higher order terms in the phase of classical PWs, choosing
these higher order terms to ensure the desired approximation of the governing PDE.
In [15], the construction and interpolation properties of GPWs were studied for the
Helmholtz equation

— Au+ B(x, y)u =0, (D

with a particular interest for the case of a sign-changing coefficient §, including prop-
agating solutions (8 < 0), evanescent solutions (8 > 0), smooth transition between
them (8 = 0) called cut-offs in the field of plasma waves. The interpolation properties
of a set V spanned by resulting basis functions, namely || (I — Py)ul|| where Py is
the orthogonal projector on V while u is the solution to the original problem, play a
crucial role in the error estimation of the corresponding numerical method [5]. For this

1 http://www.waveller.com/Waveller_Acoustics/waveller_acoustics.shtml.
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same equation the error analysis of a modified Trefftz method discretized with GPWs
was presented in [18]. In [19], Generalized Plane Waves (GPWs) were used for the
numerical simulation of mode conversion modeled by the following equation:

(af +(d+d)d, 0, + |d|za§) F+ (d — d)xd, F

—(1~|—£+x(x+y)>F=O. 2)

In the present work, we answer questions related to extending the work on GPW
developed in [15]—the construction of GPWs on the one hand, and their interpolation
properties on the other hand—from the Helmholtz operator —A + S to a wide range
of partial differential operators. A construction process valid for some operators of
order two or higher is presented, while a proof of interpolation properties is limited to
some operators of order two. We propose a road map to identify crucial steps in our
work:

1. Construction of GPWs ¢ such that Lo ~ 0

(a) Choose an ansatz for ¢ (Sect. 2).

(b) Identify the corresponding Ngor degrees of freedom and N4, constraints
(Sect. 2.1).

(c) Choose the number of degrees of freedom adequately Nyor > Negn (Sect. 2.1).

(d) Study the structure of the resulting system and identify Ny, — N.q, additional
constraints (Sects. 2.2, 2.3).

(e) Compute the remaining N4, degrees of freedom at minimal computational
cost (Sect. 2.4).

2. Interpolation properties

(a) Study the properties of the remaining N4, degrees of freedom with respect to
the Ngof — Negn additional constraints

(b) Identify a simple reference case depending only on the N, — Negyy, additional
constraints (Sect. 3).

(c) Study the interpolation properties of this reference case (Sect. 4.1).

(d) Relate the general case to the reference case (Sects. 3.1, 3.2).

(e) Prove the interpolation properties of the GPWs from those of the reference
case (Sect. 4.2).

We will consider linear partial differential operators with variable coefficients, defined
as follows.

Definition 1 A linear partial differential operator of order M > 2, in two dimensions,
with a given set of complex-valued coefficients o= {otx ¢—i, (k, £) € N2, 0<k<{< M}
will be denoted hereafter as

M ¢
Lpa =YY aroi(x,y) ool

=0 k=0
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Our goal is to build a basis of functions well suited to approximate locally any
solution u to a given homogeneous variable-coefficient partial differential equation

Lprqu = 0onadomain Q C ]R2,

where by locally we mean piecewise on a mesh 7, of 2. Such interpolation properties
are a building block for the convergence proof of Galerkin methods. For a constant
coefficient operator, it is natural to use the same basis on each element K € Tj.
However, with variable coefficients, it cannot be optimal to expect a single basis to
have good approximation properties on the whole domain  C R2. For instance,
for the Helmholtz equation with a sign-changing coefficient, it can not be optimal
to look for a single basis that would give a good approximation of solutions both in
the propagating region and in the evanescent region. Therefore it is natural to think
of local bases defined on each K e Tj: with GPWs we focus on local properties
around a given point (xo, yo) € R? rather than on a given domain Q. A simple
idea would then be freezing the coefficients of the operator, that is to say studying,
instead of Ly o, the constant coefficient operator L7 5 with constant coefficients
a = {ak,(x0, ¥0), 0 < k+1 < M}. However, as observed in [15,16], this leads to low
order approximation properties, while we are interested in high order approximation
properties. This is why new functions are needed to handle variable coefficients. This
work will focus on two aspects: the construction and the interpolation properties of
GPWs.

We follow the GPW design proposed in [15,17]. Retaining the oscillating feature
while aiming for higher order approximation, GPW were designed with Higher Order
Terms (H OT) in the phase function of a plane wave. These higher order terms are to
be defined to ensure that a GPW function ¢ is an approximate solution to the PDE:

@(x,y) =exp (ik(cosOx +sinfy) + HOT) (3)

¢(x,y) =expik(cosfx + sinby)
M,a® ~ 0

[—A _ Kz] 6=0 versus {

In Sect. 2, the construction of a GPW ¢(x, y) = ¢ ®¥ will be described in detail,
then a precise definition of GPW will be provided under the following hypothesis:

Hypothesis 1 Consider a given point (xg, yo) € R?, a given approximation parameter
q €N,q >1,agiven M € N, M > 2, and a partial differential operator L s o, defined
by a given set of complex-valued coefficients @ = {ax 1, 0 < k +1 < M}, defined in
a neighborhood of (xg, yo), satisfying

o aiis @71 at (xg, yo) for all (k,[) suchthat0 < k +1 < M,

o a,0(x0, yo) # 0.

This construction is equivalent to the construction of the bi-variate polynomial

Px,y)= > hijlx—x0) (v — o),
0<i+j<dP

and is performed by choosing the degree d P, and providing an explicit formula
for the set of complex coefficients {A;j}; j)en 0<itj<apy> in order for ¢ to satisfy
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Larapx,y) = O ([(x,y) — (x0, y0)||9). An algorithm to construct a GPW is pro-
vided. In Sect. 3 properties of the A;;s are studied, while the interpolation properties
of the corresponding set of basis functions are studied for the case M = 2 in Sect. 4,
under the following hypothesis:

Hypothesis 2 Under Hypothesis 1 we consider only operators Ly o such that M is
even and the terms of order M satisfy

M

_ i
Zak,M—k(XO» YO XYM, = () X2 + XY + 3772
k=0

for some complex numbers (y1, y2, ¥3) such that there exists (i1, u2) € C?, uipy £ 0,

a non-singular matrix A € C>*? satisfying I' = A’DA where I' = noor/ 2)
/2 v3
and D = (’ul 0 ) , and therefore
0
M M
_ 2
> cka—k o, y) XYM = (i (AN X + AY)? + (A X + An¥)?) ©
k=0
For instance, these matrices are ' = D = Id for Ly = —A — K2(x, y) or
Lp:= ALy, and T = D = c(xg, yo)Id for Lc := =V - (c(x, y)V) — k2(x, y).

Note that if T" is real, this is simply saying that its eigenvalues are non-zero. Finally,
corresponding numerical results are then provided, for various operators £ s o of order
M = 2 in Sect. 5.

Our previous work was limited to the Helmholtz equation (1) for propagating and
evanescent regions, transition between the two, absorbing regions, as well as caustics.
The interpolation properties presented here cover more general second order equations,
in particular equations that can be written as

V. (AVu) +d - Vu + k*mu = 0, )

with variable coefficients A matrix-valued, real and symmetric with non-zero eigen-
values, d vector-valued and m scalar-valued. It includes for instance

e Helmbholtz equation with absorption corresponding to A = I with %(m) > 0 and
J(m) #0;

o the mild-slop equation [8] modeling the amplitude of the free-surface water waves
corresponding to m = cpc, being the product of ¢, the phase speed of the waves
and ¢, the group speed of the waves with A = mId;

e if 1 is the permeability and € the permittivity, then the transverse-magnetic mode
of Maxwell’s equations for A = ;%1 and m = ¢, while the transverse-electric

mode of Maxwell’s equations for A = %I and m = u.

Throughout this article, we will denote by N the set of non-negative integers, by N*
the set of positive integers, by Rt = [0; +00) the set of non-negative real numbers,

@ Springer



92 L.-M. Imbert-Gérard, G. Sylvand

and by C[z1, z2] the space of complex polynomials with respect to the two variables
z1 and z. As the first part of this work is dedicated to finding the coefficients 4},
we will reserve the word unknown to refer to the A; ;s. The length of the multi-index
(i, j) € N? of an unknown Aij, 1@, j)| = i+ j, will play a crucial role in what follows.

2 Construction of a GPW

The task of constructing a GPW is attached to a homogeneous PDE, it is not global
on R? but it is local as it is expressed in terms of a Taylor expansion. It consists in
finding a polynomial P € C[x, y] such that the corresponding GPW, namely ¢ := e’
is locally an approximate solution to the PDE.

Consider M =2, B = {B0.0, Bo.1 = B1.0 = B1.1 =0, fo2 = —1, B2o = —1},and
the corresponding the operator L7 g = —83 — Byz + Bo,0(x). Then for any polynomial
P e Clx, yl:

Lopel ) = (=92P = (0. P)? = 92P — (0,P)? + foo(x, ) "),

so the construction of an exact solution to the PDE would be equivalent to the following
problem:

Find P € C[x, y] such that
P (x,y) + (0 PY2(x, y) + 07 P(x, y) + (0, P)*(x, y) = Boo(x, y). (5)

Consider then the following examples.

e If Bo.o(x, y) is constant, then it is straightforward to find a polynomial of degree
one satisfying Problem (5); Bo o being negative this would correspond to a classical
plane wave.

e If Bp.o(x,y) = x, then there is no solution to (5), since the total degree of the
polynomial BfP + (0, P): + Bsz + (8yP)2 is always even.

e If Bo.o(x, y) is not a polynomial function, it is also straightforward to see that no
polynomial P can satisfy Problem (5).

From these trivial examples we see that in general there is no such function,
@(x,y) = e’®Y P being a complex polynomial, solution to a variable coeffi-
cient partial differential equation exactly. It could seem that the restriction for P to be
a polynomial is very strong. However since we are interested in approximation and
smooth coefficients, rather than looking for a more general phase function we restrict
the identity L¢ = 0 on Q into an approximation on a neighborhood of (x¢, yo) € R? in
the following sense. We replace the too restrictive cancellation of L7 ye” ) by the
cancellation of the lowest terms of its Taylor expansion around (xg, yo). So this section
is dedicated to the construction of a polynomial P € Cl[x, y], under Hypothesis 1, to
ensure that the following local approximation property

Lm e’ = 0(l(x — x0, y — yo)I9) (©6)
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is satisfied. The parameter g will denote throughout this work the order of approxi-
mation of the equation to which the GPW is designed. In summary, the construction
is performed:

e for a partial differential operator £,/ , of order M defined by a set of smooth
coefficients «,

e at a point (xo, yo) € R2,

e atorder g € N*¥,

e to ensure thatLM,aeP(x’Y) = O0(|(x —x0,y — yo)|9).

Even though the construction of a GPW will involve a non-linear system we propose
to take advantage of the structure of this system to construct a solution via an explicit
formula. In this way, even though a GPW ¢ := e’ is a PDE-based function, the
polynomial P can be constructed in practice from this formula, and therefore the
function can be constructed without solving numerically any non-linear—or even
linear—system. This remark is of great interest with respect to the use of such functions
in a Discontinuous Galerkin method to solve numerically boundary value problems.

In order to illustrate the general formulas that will appear in this section, we will use
the specific case £, where y = {y0,0, 1,0, ¥0,1, ¥2,0 = —1, ¥1,1, Y0,2}, for which
we can write explicitly many formulas is a compact form. In order to simplify certain
expressions that will follow we propose the following definition.

Definition 2 Assume (i,)) € N2 and (x, yo) € R2. We define the linear partial
differential operator D-/) by

o o 1 .
Q). i+ s = gig
PEd. fee i!j!axayf.

A precise definition of GPW will be provided at the end of this section.

2.1 From the Taylor expansion to a non-linear system

We are seeking a polynomial P(x, y) = Zoﬁﬂ»fdp Ajj(x — x0)! (y— yo)f satisfying
the Taylor expansion (6). Defining such a polynomial is equivalent to defining the
set {A;j: (i, j) € N2,0 < i+ J =< dP}, and therefore we will refer to the A;;s as
the unknowns throughout this construction process. The goal of this subsection is to
identify the set of equations to be satisfied by these unknowns to ensure that P satisfies
the Taylor expansion (6), and in particular to choose the degree of P so as to guarantee
the presence of linear terms in each equation of the system.

According to the Faa di Bruno formula, the action of the partial differential operator
L 1. on a function ¢(x, y) = e” Y is given by

Lipae” ) =el ) <ao,o(x, »)

M L 14
+ Y D ek R0t Y Y Y

=1 k=0 1<p<t s=1 py((k, k), 1)
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N

1 . km
(lma]m)P )
|=| . ( (x, ) )

where the linear order < on N? is defined by

L. 1 + 2 < vy +va; or

V(u,v) e N2 u<v &
(e, v) € N7, p 2. 41+ mr =v; +wvand uy < uy,

and where p((i, j), i) is equal to

{(klv kav (ilvjl)ﬂ R (ij‘s ]Y))kl > 070 < (i17j1) << (iSa jS)v

s N N
Zkl =u, Zklil =1, Zkljl = j}-
=1 I=1 I=1

For the operator £; ,, the Faa di Bruno formula becomes

£ el = eP<— P+ y110:0y P + y020; P — (3, P)*
+ 7110 POy P + y0.2(3y P)

+ Y1,00x P 4+ y0,10y P + V0,0>.

In order to single out the terms depending on P in the right hand side, this leads to
the following definition.

Definition 3 Consideragiven M € N, M > 2, a given set of complex-valued functions
a = {ag,1,0 < k+1 < M}, and the corresponding partial differential operator L/ ¢.
We define the partial differential operator Lf,[’a associated to Ly 4 as

ZZk'(Z—k)'ake kY Z > H . ,(@(i””j’”)('))km

t=1 k=0 L<pu<t s=1 py((k,0—k),u) m=1

or equivalently, since the exponential of a bounded quantity is bounded away from
zero:

Ly we!
Lf,,’a:f eV Me]of — ®0,0-

For the operator £, ,, this gives

£8P = —07P + y1.1050y P + 10207 P — (3: P)* + 1,10, PO, P
+ 0.2y P)* + ¥1.00x P + 0,10, P
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Since, for any polynomial P, the function e’ is locally bounded, and since
Lyalef] = (LAM’aeP + ao,0)e”’, then for a polynomial P to satisfy the approxi-
mation property (6), it is sufficient to satisfy

Loy o P, y) = —a00(x, y) + O(|(x = x0. y — yo)|). (7
Therefore, the problem to be solved is now:

Find P € Clx, y], st.¥(I, /) eN>,0<1+J <gq,
DD P(xo, yo) = —DDag o(x0, y0). ®)

In order to define a polynomial P(x, y) = Y g<;y j<gp Aij (¥ — x0)! (y — yo)/, the
degree d P of the polynomial determines the number of unknowns: there are Ny, =
w unknowns to be defined, namely the {A; ;}{(, j)eN,0<i+j<ap. In order to
design a polynomial P satisfying Eq. (7), the parameter g determines the number of
equations to be solved: there are Nog, = q(q'H) terms to be canceled from the Taylor
expansion. The first step toward the constructlon of a GPW is to define the value of
d P for a given value of g.

At this point it is clear that if dP < g — 1, then the resulting system is over-
determined. Our choice for the polynomial degree d P relies on a careful examination
of the linear terms in L;‘,LOZP. We can already notice that, under Hypothesis 1, in

L;‘,I o P there is at least one non-zero linear term, namely o, (xo, yo)a)?” P, and there

is at least one non-zero non-linear term, namely a7 0(X0, yo) (x P)M  This non-linear
term corresponds to the following parameters from the Faa di Bruno formula: u = M,
s =1, (ky, (i1, j1)) = (M, (1, 0)). The linear terms can only correspond to s = 1,
w = land pi((k, £ — k), 1) = {(1, (k, £ — k))}, see Definition 3. We can then split
Lf“,l, o 1nto its linear and non-linear parts.

Definition 4 Consideragiven M € N, M > 2, a given set of complex-valued functions

= {o;,0 < k+ 1 < M}, and the corresponding partial differential operator
L.« The linear part of the partial differential operator Lf,[’a is defined by L%,I’a =

LMo — aoyoag 83 , or equivalently

M L
Lita = Z Z“k,ﬁfka;]faﬁ_k,

=1 k=0

and its non-linear part L%,a = LAM’Q — L%,I’a can equivalently be defined by

IQAN/I,ot = ZZk'(ﬂ — k) ot p—k Z Z Z 1_[ P (D(lm Jm)( ))

¢=1 k=0 2<pu=t s=1 ps((k,0—k), 1) m=1
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96 L.-M. Imbert-Gérard, G. Sylvand

For the operator £, ,, this gives respectively

L5, P =—37P + 1,100y P + 1020, P + y1.00: P + 0,10, P,
LY P = —(0:P)* + y1.10: P3P + y02(3y P)*.

Consider the (/, J) coefficients of the Taylor expansion of Lﬁma Pfor (I,J) e N?
and0<I+J <gq:

M ¢
D(LJ) I:LLM,G{P:I (xo’ yo) = Z ZD(I'J) I:ak’efka)]faﬁ_kp] (x07 y0)7

=1 k=0

so that in order to isolate the derivatives of highest order, i.e. of order M + I + J, we
can write

DD [P o, 30)
M
ZakM £ (x0, y0)3 0 P (xo, yo)

T
MoI-1J-1
(I=i,J—)) k+l M k+j
+ I;ZZ ;']'D e, M—k (X0, ¥0) O P (xo, yo)
=Yi=0 j=0

J
1 P ol—k+]
+Y. > Z” =D~ WDy (xo0. y0) 85 8y P(xo, yo). (9)
=1 k=0 j— j—0 !

Back to Problem (8), the (/,J) terms (9) a priori depend on the unknowns
{rij, (@i, j)eN20<i+j<dP}. Since

A ifi4j<dP,

MUFS N7, DOJ)P(XO’ Yo) = { 0 otherwise

then under Hypothesis 1 any (/, J) term in System (8) has at least one non-zero linear
term, aslongas [ +J <dP — M, namely aM 0(x0, Yo)Aa+1,7, while it does
not necessarily have any linear term as soon as I +J > dP — M. Avoiding equations
with no linear terms is natural, and it will be crucial for the construction process
described hereafter.

Choosing the polynomial degree to be d P = M + g — 1 therefore guarantees the
existence of at least one linear term in every equation of System (8). Therefore, from
now on the polynomial P will be of degree d P = M + g — 1 and the new problem to
be solved is
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J axis ] axis
q—1+n q—1+
q—1 q—1
I axis i axis
g—1 q—1

Fig.1 Representation of the indices involved in the nonlinear system (10), for ¢ = 6 and n = 4. Each cross
in the (1, J) plane corresponds to the equation (/, J) in System (10) (Left panel), while each cross in the
(i, j) plane corresponds to the unknown 2;; (Right panel)

Find {4; j, (i, j) € N>,0 < i+ j < M + g — 1} such that
MA+q—1 M+qg—1—i

P(x,y):= Z Z Ap,j(x — xo)i(y — y())j € Clx, y], satisfies (10)
i=0 =0

VI, J)eN* 0<I+J<q.D"DLy  Plxo.yo) = =D ag o(x0, yo).

w, and the system

As a consequence the number of unknowns is Ngor =

is under-determined : Nyof — Negn = Mq + w See Fig. 1 for an illustration of
the equation and unknown count.

Note that this system is always non-linear. Indeed, under Hypothesis 1, the
(0,0) equation of the system always includes the non-zero non-linear term
ap.0(x0, Y0) (A1 ,O)M , corresponding to the following parameters from the Faa di Bruno
formula: u = M, s = 1, (ky, (i1, j1)) = (M, (1, 0)).

The key to the construction procedure proposed next is a meticulous gathering of
unknowns A; ; with respect the length of their multi-index i + j. As we will now see,
this will lead to splitting the system into a hierarchy of simple linear sub-systems.

2.2 From a non-linear system to linear sub-systems

The different unknowns appearing in each equation of System (10) can now be stud-
ied. A careful inspection of the linear and non-linear terms will reveal the underlying
structure of the system, and will lead to identify a hierarchy of simple linear subsys-
tems.

The inspection of the linear terms is very straightforward thanks to Eq. (9). The
description of the unknowns in the linear terms is summarized here.

Lemma 1 Consider a point (xo, yo) € R?, a given g € N*, agiven M e N, M > 2, a
given set of complex-valued functions o = {a, € 11 ar (xo, v0),0 <k+1 < M},
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98 L.-M. Imbert-Gérard, G. Sylvand

and the corresponding partial differential operator Ly . In each equation (1, J) of
System (10), the linear terms can be split as follows:

e a set of unknowns with length of the multi-index equal to M+ 1+ J, corresponding
tol=Mand (i, j)=U,JT),
e a set of unknowns with length of the multi-index at most equalto M + 1 + J — 1.

Under Hypothesis 1, both sets are never empty.
Proof In terms of unknowns {}; ;, (i, j) € N2,0<i+j<M+gq—1},Eq. (9
reads:

099 [Lsz,aP] (x0, y0)

M
= > (UM — K)otk 1k (X0 YO) Mk, M~k
k=0
M—1 ¢
+ Z (N — k)latk, ek (x0, Y0)Ak,e—k: (11
(=1 k=0
VJ >0, DOJ [LLM,D[P] (X0, Y0)

M
- — Zk'(M k 4+ I ot sk (X0, YO) Ak, M—k+7
" k=0
M J-1 (M—k—i—]')! .
0,J—j) -
+ Z Z k!#D P m—k (xo, yO))‘k,Mfk+j
k=0 j=0 '
M-1 ¢ g (E—k+f)! )
©.J—-)) -
+ Z Zk'TD J ak,efk(x()a yO))Lk’e,k+ja (12)
=1 k=0 j—g

VI >0, U0 [LLM,QP] (X0, ¥0)

M
1
=7 > e+ DIM — K)ok vk (X0, Y0)Ak+1,m—k

N % 1(k+z>
XI:(H;)

1

(M — -NDY O i (x0, YOM 17—k

M—1

=T

Y(I,J),1J #0, DU N [LLMa ](xo,yo)

MNOM

— DYV gk (60, Y0) A7 0t (13)

N‘
O

I,J,Z<k+1)'<M K+ )l p—k (X0, YO) it 1M k-7
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M I-1J-1 (k+§)!(M—k+f)! o
(I—i,J—]) . -
+2.0.0 i H DI o -k (0. YOI 7 pg s ]

M1 ¢ 1 J (k+§)! (e—k+j)! o
+ Z Z Z = 5 DU=HT=Dey o_i(xo, YOO M4 T ekt ]
=1 k=0;—0 j=o : J:
(14)

The result is immediate for / = J = 0 from (11). The following comments are valid
for the right hand sides of (12)—(14): the third term only contains unknowns with a
length of the multi-index equal to £+i 4 j < M — 141+ J, while the second term only
contains unknowns with a length of the multi-index equal to M —{—;—l—f <M+I1+J-2;
as to the first term, it only contains unknowns with a length of the multi-index equal
to M + I + J. This proves the claim. O

We then focus on the inspection of the non-linear terms. Each non-linear term in
Lﬁ o P reads from the definition of L% o

S ) . km N
arei [ | (a;ma;m P) with 3k > 1 (15)
m=1 m=1

and yields a sum of non-linear terms with respect to the unknowns {A;; }((i, j),0<i+j<M4g—1}»
implicitly given by the following formula:

s
DD [ak, e [T (oimad P)k"l} (x0, Y0)

m=1

1 J s
7 bt T v . , km
= ZZWI_IJ_J)Qk,e—k(Xo, y0)DP |:l_[ (8;'5” 3_5"’13) } (x0, ¥0)-
m=1

i=0 j=0

(16)

Therefore coming from the term (15), only a restricted number of unknowns contribute
to the (/, J) equation of Problem (10).

In order to identify the unknowns contributing to (16), here are two simple yet
important reminders are provided in “Appendix C”.

It is now straightforward to describe the unknowns A; ; appearing in the non-linear
terms of the equation (7, J) of System (10), unwinding formula (16).

Lemma 2 Consider a point (xo, yo) € R?, a given g € N*, agiven M e N, M > 2, a
given set of complex-valued functions a = {ay; € C9™ at (xq, y0),0 < k+1 < M},
and the corresponding partial differential operator Ly . In each equation (1, J) of
System (10), the unknowns X; ; appearing in the non-linear terms have a length of the
multi-indexi +j <M+ 1+ J.
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m=1

T 7 1 i km
Proof Each term 995 []_[S (8,’{” " P) :| in L4 , P is a polynomial, and its con-

) P ke
stant coefficient contains coefficients of the polynomial [];,_, (8,’{" " P) with a

length of the multi-index length of the multi-index at most equal to i + J, that is to say
coefficients of the polynomials 8)';’" 8;"’ P with a length of the multi-index length of the
multi-index at most equal to i+ ]~ for every (i,,, jm) from the Faa di Bruno’s formula,
so coefficients A; ; of the polynomial P with a length of the multi-index at most equal
tof+f+im+jm. Since the indices are such thati < I,f' < J,andip+j, <€ <M,

-~ 7 . . ki
the unknowns ; ; appearing in each term 9’9y []_[fnzl (8,’{” " P) (x0, yo) have
a length of the multi-index at most equal to M + I + J — 1. It is therefore true for any

linear combination such as (16). O

From the two previous Lemmas, we see that, in each equation (/, J) of System
(10), unknowns with a length of the multi-index equal to M + I 4 J appear only in
linear terms, namely in

“k+ D' (M —k+J)!
D N T

e, M—k (X0, YO)Mkt-1,M—k+J >
k=0

whereas all the remaining unknowns have a length of the multi-index at most equal
to M + I + J — 1. It is consequently natural to subdivide the set of unknowns with
respect to the length of their multi-index M + £, for £ between 0 and g — 1 in order
to take advantage of this linear structure.

2.3 Hierarchy of triangular linear systems

Our goal is now to construct a solution to the non-linear system (10), and our under-
standing of its linear part will lead to an explicit construction of such a solution without
any need for any approximation.

The crucial point of our construction process is to take advantage of the underlying
layer structure with respect to the length of the multi-index: it is only natural now
to gather into subsystems all equations (I, £ — I) for I between 0 and £, while
gathering similarly all unknowns with length of the multi-index equal to M + £. In
the subsystem of layer £, we know that the unknowns with a length of the multi-index
equal to M + I 4 J only appear in linear terms, and we rewrite each equation (/, J)
as

i(k—irl)!(M—k—kS—I)!

T E_ 1) A, M~k (X0> YO Akt I, M—k+£—1

k=0
= —D"Dag o(xo, yo) — DL, P(xo, yo)

n

k+DV (M —k+£— D)
2 I € —1)!

e, M—k (X0, YO)Mk+-1,M—k+-£—1-
k=0
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For the sake of clarity, the resulting right-hand side terms can defined as follows.

Definition 5 Consider a point (xg, yp) € R2, agivenqg € N*, agiven M e NNM > 2,a
given set of complex-valued functions o = {o;; € eI at (x0, y0),0 < k+1 < M},
and the corresponding partial differential operator Ly 4.

We define the quantity Ny j from Equation (/, J) from (10) as

M—1 ¢
Noo:=— Y Y () (L — k)l ek (x0, Y0)hk ek
(=1 k=0 17
— L. P(x0, ¥0) — @0,0(x0, Y0);
M J-1 } (M_k+f)! .
VJ >0, No,j = Z Z (k + i>!+'®(o’lij)ak,M—k(x07 yO))‘k,M_k_;,_j
k=0 j=0 J:
M-l ¢ (z-k+}')! .
+ Y3 (k)!+’9(0’17])01k,2—k(x07 YOOy g gy
=1 k=0 ;g J:
— O [L,’&’QP] (x0. y0) — D@ Pag 0 (x0, y0);
(18)
M -1 (k +Z)! )
1-i,
VI > O’ NI,O = Z Z ~—' (M — k)!@](()leoli)(-x07 yO))»k_H?’M_k
=0 1o i!
M=1 ¢ 1 (k + Z)! ]
+ D) s €= DY Ve (30, 307
=1 k=0;— "
— p0 [Lﬁ,ai’] (x0. y0) — D"V arg 0(x0, y0);
(19)

v, J), IJ #0, Niy

. _%I—IJX—:I (k+l~')! (M_k+j)!®(1—7,l—f)
20

i

e M~k (X05 YO A7 p1—gt 7

0~k (X0> YOOMy 47 oy 7

ii <k~|—l~')! (Z _k+j)!D(1—Z,J—f)

i

— DEDNLY P | (o, y0) — DY Dag o (x0, yo).- (20)
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[EX] For the operator £, ,, the non-linear terms in Ny o, N1,0 and Ny ; are respectively

ﬁjz\{yP(xo, yo) = —/\%,o + ¥1,1(x0, Yo)A1,0%0,1 + 70,2 (x0, yo))»%’l,
O [Eé\{y P1(x0, y0) = —2X2,0A1,0 + ¥1,1(x0, ¥0) (2A2,0h0,1 + A1,0A1,1)
+2y0,2(x0, Yo)A1,140,1
+ 3xv1.1 (X0, Y0)A1,040,1 + x70.2(x0, YO)AF 1+
3y[53§{,, P1(x0, y0) = —2A1,1A1,0 + 1,1 (X0, Y0) (A1,1A0,1 + 241,042,0)
+2y0.2(x0, y0)A0.220.1
+ dyy1,1(x0, Yo)A1,0r0,1 + 9y 0,2 (x0, yo)l(z),y

We now consider the following subsystems for given £ between 0 and g — 1:
Find {%; ;, (i, j) € N*,i + j = M + £} such that

VI, ) eN> I+J=2¢,

Yk + DUM =k + )
N

o, M—k (X0, YO) A1, M—k+J = Ny . 2D

k=0

The layer structure follows from our understanding of the non-linearity of the original
system:

Corollary 1 Consider a point (xo, yo) € R?, agivenq € N*, agiven M e N, M > 2, a
given set of complex-valued functions o = {a, € 1V at (x0, y0), 0 < k+1 < M},
and the corresponding partial differential operator Ly . For any (I, J) € N2 such
that I + J < q, the quantity Ny j only depends on unknowns X; ; with length of the
multi-index at most equal to M + 1 + J — 1.

Proof The result is straightforward from Lemmas 1 and 2 . O

Assuming that all unknowns A; ; with length of the multi-index at most equal to
M + I + J — 1 are known, then (21) is a well-defined linear under-determined system
with

e £ linear equations, namely the (I, J) = (I, £ — I) equations from System (10)
for I between 0 and £;
o M + £+ 1 unknowns, namely the A;; fori + j = M + £.

Therefore, if all unknowns A; ; with length of the multi-index at most equal to M +
I + J — 1 are known, we expect to be able to compute a solution to the subsystem
£; this is the layer structure of our original problem (10). Figure 2 highlights the link
between the layers of unknowns and equations of the initial nonlinear system on the
one hand, and the layers unknowns and equations of the linear subsystems on the other
hand.

At this stage, we have identified a hierarchy of under-determined linear subsystems,
for increasing values of £ from 0 to ¢ — 1, and we are now going to propose one
procedure to build a solution to each subsystem. There is no unique way to do so,
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J axis JaXiSi
g—1+n g—1l+n
‘k
q—1 q—1
y
I axis i axis
q—1 q—1 o

Fig. 2 Representation of the indices of equations and unknowns from the initial nonlinear system (10)
divided up into linear subsystems (21). For ¢ = 6 and M = 4, each shape of marker corresponds to one
value of £: the indices (1, J) satistying / + J = £ correspond to the subsystem’s equations (Left panel),
while the indices (i, j) satisfying i + j = £ + M correspond to the subsystem’s unknowns (Right panel)

j axis j axis
g—1+n g—1l+n

J+ni—

|
qg—1 n g—1
n J+n n
J | |
|
i axis J o T |1 axis
Ji I+n T I+n

Fig. 3 Representation of the indices of unknowns involved in two equations (7, J) of the subsystem (21).
For g = 6, for M = 4, and £ = 4, each filled blue square marker corresponds in the (i, j) plane to an
unknown 4;;, involved in the (1, J) = (1, 3) equation (Left panel), orin the (, J) = (4, 0) equation (Right
panel) (colour figure online)

however if either apr.0(x0, yo) # 0 or ag,a(x0, yo) # 0 it provides a natural way
to proceed. Indeed, the unknowns involved in an equation (/, J) = (I, £ — I) are
{Aimye—isi € NI <i <1+ M}; and the coefficient of the unknown A;4p ¢y is
proportional to «ps o (xo, ¥o), which is non-zero under Hypothesis 1. Figure 3 provides
two examples, in the (i, j) plane, of the indices of one equation’s unknowns: for each
equation, the coefficient of the term corresponding to the rightmost marker is non-
zero. By adding M constraints corresponding to fixing the values of A; pr4+¢—; for
0 <i < M, that is the unknowns corresponding in the (i, j) plane to first M markers
on the left at level M + £, we therefore guarantee that for increasing values of / from
0 to £ we can compute successively Aj 4y, e—7.

We can easily recast this in terms of matrices. At each level £, numbering the
equations with increasing values of I and the unknowns with increasing values of
i highlights the band-limited structure of each subsystem, while the entries of the
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Mth super diagonal are all proportional to aaz,0(xo, Yo), and therefore non-zero under
Hypothesis 1. The matrix of the square linear system at level £ is then constructed
from the first M lines of the identity, corresponding to the additional M constraints,
placed on top of the matrix of the subsystem.

Definition 6 Consider a point (xq, yg) € R2,a giveng € N*, agiven M e N, M > 2,
a given set of complex-valued functions o = {atx; € e~ lat (x0, y0),0<k +1<M},
and the corresponding partial differential operator L/ ,. For a given level £ €

N with £ < ¢, we define the matrix of the square system of level £, T* €
(C(M+£+1)><(M+£+l)’ as

£ _
Tk+1,k+1 = 1(] oMM — k42— Dt Vkst.0<k<M-—1,
+OM —k+£-1)!
T Mt 1kt = N 1) ok m—k (X0, ¥0), Yk, I)s.0.0<k<M,0<1<g,
Tl?,k’ =0, otherwise,
or equivalently
- _
e 1 i€ o kDM kL))
== |70% 0T with | kT ne=nr
Mo™A0 - My~ Am Ay = g, m—k (X0, Y0)-
2.8 2.8
L 5"~ Ao s T A

Assuming that all unknowns A; ; with length of the multi-index at most equal to
M + I+ J — 1 are known, then, as expected, a solution to the linear under-determined
system (21) can be computed as follows.

Proposition 1 Consider a point (xq, yo) € R?, a given g € N*, a given M € N,
M > 2, a given set of complex-valued functions o = {ax,; € 1= at (xo, y0),0 <
k + 1 < M}, and the corresponding partial differential operator Ly . For a given
level £ € N with £ < g, under Hypothesis 1, the matrix T* € CM+E+Dx(M+L+1)
is non-singular.

We now assume that the unknowns {; ;, (i, j) € N2, i+ j < M + £} are known,
so that the terms Ny g_1 for I from O to £ can be computed. Consider any vector
B € CM+L+1 satisfying

Byis1ss = Nio—1, ¥Ist.0<1<g.
Then independently of the first M components of B, solving the linear system
TEX® = B® (22)
by forward substitution provides a solution to (21) for

Aimrse—i =X, Vi € Nsuchthat0 <i <M + £.
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Proof The matrix T< is lower triangular, therefore its determinant is

e <
I+ MIELE-1T)! 1+ M)!
det 7€ = ] (wazw,o(myog = (H ( ) ) (eenr,00x0.50)) =,

! — ! !
P e -1 o

which can not be zero under Hypothesis 1. The second part of the claim derives directly
from the definition of T* and B and the fact that the system is lower triangular, and
can be illustrated as follows:

o1 T roeem ] *
o 1 _— AM—1,e41 | | *
My~Ag - I, Ay AM.g No.g
L My A o My Aud L Aeemo | [Neod

— —
T X< BL
O

To summarize, we have defined for increasing values of £ a hierarchy of linear
systems, each of which has the following characteristics:

e its unknowns are {A; yy+¢—;; Vi € NsuchthatO <i < M + £};

e its matrix T® € CM+L+Dx(M+L+1D) jg 3 square, non-singular, and triangular;

e its right-hand side depends bothon {}; ;; V(i, j) € N? such that 0 <i+j < M + £}
and on M additional parameters.

Ateach level £, assuming that the unknowns of inferior levels are known and provided
M given values for A; y+¢—; for 0 < i < M, Proposition 1 provides an explicit
formula to compute A; prye—; for M <i <M + £.

2.4 Algorithm

The non-linear system (10) had N[(li)(;-) = w unknowns and Néé(,)l) = w
equations, whereas each linear triangular system introduced in the previous subsection
has NdTOf = M + £ + 1 unknowns and Nean = M + £ + 1 equations for each level
£ such that 0 < £ < g — 1. Therefore the hierarchy of triangular systems has a total
ofo (M+1)q+@unknowns and N2 :Ne(cll(,),)+Mq :Mq+w

of — eqn
q(+D
2

equations, including the equations of the initial non-linear system (10).

The remaining Nt(if)(}) - NdTO ;= w unknowns, which are unknowns of none
of the triangular systems but appear only on the right hand side of these systems, are
the {A; j, (i, ) € N2,0<i+ J < M}. These are the unknowns with length of the
multi-index at most equal to M — 1, and the corresponding indices (i, j) are the only

ones that are not marked on the right panel of Fig. 2. It is therefore natural to add
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constraints corresponding to fixing the values of the remaining unknowns
{hi,j, (., ]) € N2,0 < i+ j < M}. The final system we consider consists of these
w constraints, guaranteeing that the unknowns {A; ;, (i, j) € N2, 0<i+ Jj <
M} are known, together with the hierarchy of triangular systems (22) for increasing
values of £ from 0 to ¢ — 1; it has Nfaf = w

MM+1)
2

unknowns, namely the

unknowns of the original system (10), and N e’;n = w equations, namely

the equations of the original system split into linear subsytems together with a total of
w + g M additional constraints. A counting summary is presented here: Thanks

Number of unknowns Number of equations
Original non-linear system (10) N((JL(}) = w NL(,KII(,)[) = q(q;l)
Subsystem at level £ (21) Njs=M+£+1 Ngp,=2+1
Triangular system at level £ (22) Ngof =M+ L£+1 N(zjn =M+ L£+1

Hierarchy of triangular systems for £ Ng}f =M+ g + w NeZn = Mg+ q(qT-H)
from 0 to ¢ — 1
Final system

N{f — (M+f1)(121’1+f1+1) NE — (M+q)(§4+q+1)
o eqn
(initial constraints + triangular systems)

to the w constraints, for increasing values of £ from 0 to ¢ — 1, the hypothesis
of Proposition 1 is satisfied, the right hand side B can be evaluated and the triangular
system (22) can be solved. So the unknowns {A; pr4+g—;; Vi € NsuchthatO <i <
M + £} can be computed by induction on £, constructing a solution to the initial
non-linear system (10) by induction on £.

The following algorithm requires the value of %H) + g M parameters, to fix
initially the set of unknowns {A; ;, (i, j) € N2,0 < i+ j < M)} and then at each
level £ the set of unknowns {A; yy+¢e—i,i € N,0 <i < M}. Under Hypothesis 1, the
algorithm presents a sequence of steps to construct explicitly a solution to Problem
(10) and requires no approximation process.

Algorithm 1 Constructing a solution to Problem (10)

1t Fix (i .G ) eN2 0 <itj < M) b MED o
2: for Lfrom0tog — 1do > ¢ times
30 Fix{Appe—i i €N0<i<M) &> M unknowns
4:  for I from0to £ do > £+ 1 times
1 e S
5 MAM.L-1F g BT MA1 = 2o T4t Ik 1 M1 +k M4 ST —k & 1 unknown
T+M+1,1+M+1 k=0

From the definitions of T* and B* we immediately see that the step 5 boils down
to
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1!
(I + M)!opg,0(x0, yo)

M1
T+OM —k+£—1)
x <N1,£—1 - ; e =1 O, M~k (X0, YOAT+k, M+E~T—k

Al4M.e—1 =

(23)

If the set of unknowns {4, ;, (i, j) € N2,0 <i+j < M+q—1}iscomputed from
Algorithm 1, then the polynomial P (x, y) := 205i+j5q+M_1 Ai,j(x —x0) (y — y0)/
is a solution to Problem (10), and therefore the function ¢ (x) := exp P(x) satisfies
(6). This is true independently of the values fixed in lines 1.1 and 1.3 of the algorithm.

Remark 1 Ttis interesting to notice that the algorithm applies to a wide range of partial
differential operators, including type changing operators such as Keldysh operators,
Lx = 83 + yz’”‘"1 8y2~|— lower order terms, or Tricomi operators, Lt = 8)% 2t 8}2,4—
lower order terms, that change from elliptic to hyperbolic type along a smooth parabolic
curve.

To conclude this section, we provide a formal definition of a GPW associated to an
partial differential operator at a given point.

Definition 7 Consider a point (xg, yp) € R2, agiveng € N*,agiven M e NNM > 2,a
given set of complex-valued functions o = {o;; € e4=1 at (xo, v0),0 <k+1 < M},
and the corresponding partial differential operator L/ . A Generalized Plane Wave
(GPW) associated to the differential operator L , at the point (xp, yo) is a function
¢ satisfying

Lmapx, y) = 0((x = x0, y = yo) ).

Under Hypothesis 1, a Generalized Plane Wave (GPW) can be constructed as func-
tion ¢(x, y) = exp P(x, y), where the coefficients of the polynomial P are computed
by Algorithm 1, independently of the values fixed in the algorithm.

The crucial feature of the construction process is the exact solution provided in
the algorithm: in practice, a solution to the initial non-linear rectangular system is
computed without numerical resolution of any system, with an explicit formula.

The choice of the fixed values in Algorithm 1 will be discussed in the next paragraph.
Even though these values does not affect the construction process, and the fact that the
corresponding ¢ (x, y) = exp P(x, y)isaGPW, it will be key to prove the interpolation
properties of the corresponding set of GPWs.

Remark 2 Under the hypothesis ooy (x0, yo) # 0 it would be natural to fix the values
of {A;,;,0<j<M-1,0<i <qg+M—1-— j}instead of those of {A; ;,0 <
i<M-1,0<j<gqg+ M —1—i}, and an algorithm very similar to Algorithm 1,
exchanging the roles of i and j would construct the polynomial coefficients of a GPW.
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3 Normalization

We will refer to normalization as the choice of imposed values in Algorithm 1. The
discussion presented in this section will be summarized in Definition 8.

Within the construction process presented in the previous section, only the design of
the function ¢ as the exponential of a polynomial is related to wave propagation, while
Algorithm 1 works for partial differential operators not necessarily related to wave
propagation. In particular, the property Ly o¢(x,y) = O (||(x, y) — (x0, Y0)[|1) of
GPWs is independent of the choice of (A1 0, A¢,1). However, the normalization process
described here carries on the idea of adding higher order terms to the phase function
of a plane wave, see (3), as was proposed in [15].

We will now restrict our attention to a smaller set of partial differential operators
that include several interesting operators related to wave propagation, thanks to an
additional hypothesis on the highest order derivatives in £y o, namely Hypothesis 2.
Under this hypothesis we will be able to study the interpolation properties of associated
GPWs in a unified framework. As we will see in this section, choosing only two non-
zero fixed values in Algorithm 1 is sufficient to generate a set of linearly independent
GPWs. It is then natural to study how the rest of the A;;s depend on those two values,
and the related consequences of Hypothesis 2. These rely on Hypothesis 2 extending
the fact that for classical PWs (ik cos0)% + (ik sin0)? = —«? is independent of 6.

3.1 For every GPWs

In Algorithm 1, the number of prescribed coefficients is %H) + Mg, and the set of
coefficients to be prescribed is the set {A; j,0 <i <M —-1,0<j <g+M—1—i}.

For the sake of simplicity, it is natural to choose most of these values to be zero.
Since the unknown Ag ¢ never appears in the non-linear system, there is nothing more
natural than setting it to zero: this ensures that any GPW ¢ will satisfy ¢ (xo, yo) = 1.
Concerning the subset of Mg unknowns corresponding to step 1.3 in Algorithm 1,
setting these values to zero simply reduces the amount of computation involved in step
1.5 in the algorithm: indeed for 7 = Othen 00" TF, 4/t st Arakom+e—1—k = 0,
while for 0 < I < M then

M-1 M—1
£ _ £
T1+M+1,I+k+1)‘1+k,M+£717k = Z T1+M+1,1+k+1Al+k,M+£fIfk~
k=0 k=M—£

As for the unknowns Ay o and A 1, they will be non-zero to mimic the classical
plane wave case, and their precise choice will be discussed in the next subsection. For
the remaining unknowns to be fixed, that is to say the set {A; ;,2 <i+ j < M — 1},
their values are set to zero, here again in order to reduce the amount of computation
in computing the right hand side entries BAQ,I 4147 and in applying 1.5.

For the operator £, ,, the non-linear terms in Ny o and Ny ; respectively become
with this normalization
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0,125, P1(x0, y0) = —2A2,011.0 + ¥1,1(x0, ¥0)2A2,0%0,1
+ 9x71,1(x0, Y0)A1,040,1 + 9x0,2(x0, yo)lé,l,
8y[£§fy P1(x0, y0) = y1,1(x0, Y0)2A1,0A2,0 + dy¥1,1(X0, Yo)A1,010,1-

Since all but two of the unknowns to be fixed in Algorithm 1 are set to zero, it
is now natural to express the A; ; unknowns computed from 1.5 in the algorithm as
functions of the two non-zero prescribed unknowns, A1 o and Ao j.

Lemma 3 Consider a point (xg, yo) € R2 a giveng e N*, agiven M e N, M >2,a
given set of complex-valued functions a = {ay, € 11 ar (xo, yv0), 0 <k +1< M},
and the corresponding partial differential operator Ly o. Under Hypothesis 1 con-
sider a solution to Problem (10) constructed thanks to Algorithm 1 with all the
prescribed values A; j such thati < M and i + j # 1 set to zero. Each ity j
can be expressed as an element of C[A1 g, Ao.1].

Proof The fact that A;4,7 ; can be expressed as a polynomial in two variables with
respect to A1,0 and g1 is a direct consequence from the explicit formula in step 1.5
in Algorithm 1 combining with setting A; ; such thati < M andi + j # 1 to zero. O

Since unknowns are expressed as elements of C[11 0, Ao,1], we will now study the
degree of various terms from Algorithm 1 as polynomials with respectto A1 ¢ and Aq, 1.
To do so, we will start by inspecting the product terms appearing in Faa di Bruno’s
formula.

Lemma4 Consider a point (xg, yo) € R2 a giveng € N*, agiven M e N, M > 2,a
given set of complex-valued functions o = {a, € 7V ar (xg,y0),0 < k+1< M},
and the corresponding partial differential operator Ly o. Consider a given polynomial
P € Clx, y). The non-linear terms Lﬁ’,[, o P> expressed as linear combinations of

P km
products of derivatives of P, namely [, _, (8)’{” 8;"’ P) , contain products of up to

M derivatives of P, namely 8,';’" 3;’" P, counting repetitions. The only products that
have exactly M terms are (8XP)k(8yP)M_k for 0 < k < M, whereas all the other
products have less than M terms.

Proof Since the operator LAN,,’ o 18 defined via Faa di Bruno’s formula, we will proceed
by careful examination of the summation and product indices in the latter.

The number of terms in the product term is s, with possible repetitions counted
thanks to the ks, and the total number of terms counting repetitions is & = Y 5 _; k..
Since in Lﬁ’,,ya the indices are such that 1 < yu < £ < M, there cannot be more than
M terms counting repetitions in any of the [} _, (8,1{” 8;’" P)km

For s = 1, in the set pi((k, £ — k), n), (i1, j1) € NZ are such that i; + Jj1 > 1
and k; € Nis such that k{(i; 4+ j;) = £. Since £ < M, such a term appears in Faa di
Bruno’s formula as a product of © = M terms if and only if £ = M, k; = M, and
therefore i1 + j; = 1. There are then only two possibilities: either (i1, j;) = (1, 0)
corresponding to the term @, PYM, or (i], j1) = (0, 1) corresponding to the term
@y P)M.
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Fors = 2,inthe set p2((k, £ —k), ), (i1, j1,i2, j2) € N* are suchthati;+j; > 1,
ir + jo > 1, (i1, j1) < (i2, j2), and (k1, k2) € N2 is such that n = ki + kp and
ki@ + j1) +ka(io + jo) = €. Since £ = k(i1 + j1) + koo + o) = k1 + ko =
and ¢ < M such a term appears in Faa di Bruno’s formula as a product of p = M
terms if and only if £ = M and k; + k> = M. There are then two possible cases: either
ip+ jo > 1,then M = ki (i1 + j1) + ka(i2 + jo) > k1 + ko = M, so there is no such
term in the sum, orip + j» = 1, then necessarily (i1, j;) = (0, 1) and (i2, j2) = (1, 0),
corresponding to the terms (9 P)k (8yP)M —k for any k from 0 to M.

For s > 3, in the set pg((k,£ — k), ), for all m € N suchthat 1 < m < s,
(im» jm) € N? and k,, € N are such that iy, + ji > 1, 0 _ kin(im + jm) = &,
u= an:l ky, and (i1, j1) < (i2, j2) < (i3, j3). Because of this last condition, it is
clear thatiz + j3 > 1. Since £ < M and € = > ) _ km(im + jm) = Doy km = 14,
such a term appears in Faa di Bruno’s formula as a product of 4 = M terms if and only
if¢=Mand ), _ ky =M.Butthen M = > _ kpGim + jm) > D ey km = M,
so there is no such term in the sum.

The claim is proved. O

Lemma 5 Consider a point (xo, yo) € R?, a given g € N*, agiven M e N, M > 2, a
given set of complex-valued functions a = {ay, € 11 ar (xo, yv0), 0 <k +1<M},
and the corresponding partial differential operator Ly o. Consider a given poly-
nomial P € C[x, y]. The quantity 3)50 G;IOL%’O[P is a linear combination of terms

‘ N
8;{08;0 (]_[A (8}’{” " P) ), where the indices come from Faa di Bruno’s for-

m=1

m=1

N
mula. Each of these 8,{08;(’ <]_[Y (8,'(”‘ 8;’" P) ) can be expressed as a linear

combination of products ]‘[;121(8,?’"8577710)6'" where the indices satisfy
Yt Em (@ + b)) < Io + Jo + M.

m=1

K ' i .
Proof Thanks to the product rule, the derivative 8;0 8;0 (H (B;Cm 8;’" P) ) can be

N
RN
expressed as alinear combination of several terms l_[ lm 8yj’" |:(3 im 9 P ) ] , where

m=1

t
Y Iw=1Ipand Y),_ Ju = Jo.
m=1

N
We can prove by induction on k that 8){ 8}{ [(8,’6 8; P) ] can be expressed, for all

M
i, j,1,J) € N4, as a linear combination of products 1_[ (agm 85’" P)“m where the

m=1

M
indices satisfy Z cm(@m +bm) <IT+J+k@i+j):

m=1

1. itis evidently true for k = 1;
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2. suppose that it is true for kg > 1, then for any (i, j, I, J) € N* the product rule
. . ki
applied to 850y P x (3)15 3 P) ’ yields

ol [(a;;ayfp)kw] ZZ( )( >a'+’ T9i =T pyia) [(a;afP)ko},

i=0 j=0

T 7 A ki
where by hypothesis each 0}, 8; |:(8 " 8}], P) ! i| can be expressed as a linear combina-

tion of products Hnﬂf:l (@gm 85’” P)°m with Z;]Z[:I emam~+bpm) <i+]+ko(i+ ),
so that each term in the double sum can be expressed as a linear combination of
products HM“(a“ma P)em where aysr =i+1—1i,bysr:=j+J—jand
CMt1 = = 1, which yields Z 1 cm(@m + b)) = Zm:l cm(am +by)+ G +1—
i+ j +J — j) and therefore Zm:l cm@m +bm) <koG+j)+G+1+j+J).
This concludes the proof by induction.

m=1

o m
Finally the derivative 810810 (]—[S _ (8}’” 8}{'” P) ) can be expressed as a linear

combination of several terms [ ], _, ]_[fg[:l @5 85’7’ P)Sn, with Z%I:l ci(am +bs) <
Ly + Jym + ki (i + jm) in other words it can be expressed as a linear combination
of several terms ]_[ (8“’”8 m PYem | with Zm L Cmam A b)) <35 Dy + I+

e
Kon Gim + Jim) = To+ Jo+ 35— km (im + jm). For any 810930 <1‘[;n ! (a"" ol P ) )

coming from 8IOBJ°LN o P> the summation indices from Faa di Bruno’s formula

satisfy Y 5 | kn (im + jm) = ¢, so the products [T¥*, (8" 97" P)» are such that

S e (am +bw) < Io+ Jo + M. O

The two following results now turn to A; 1 s, j computed in Algorithm 1.

Proposition 2 Consider a point (xo, yo) € R2, givenqg € N*and M € N, withM > 2,
a set of complex-valued functions o = {oay; € eI~ g (x0,y0),0 <k +1 < M},
and the corresponding partial differential operator Ly o. Under Hypothesis 1 con-
sider a solution to Problem (10) constructed thanks to Algorithm 1 with all the fixed
values A; j such thati < M and i + j # 1 set to zero. As an element of C[A1 o, Ao,1],
Am.0 is of degree equal to M.

Proof The formula to compute Xy o in Algorithm 1 comes from the (/, J) = (0, 0)
equation in System (10), that is to say LQ’QP(xo, Yo) = —ap,0(xo, yo). It reads

1 M—1
A =— |8 — 7Y A
M.,0 = 10 M+1 M+1,k+1 M~k | »
M+1,M+1 k=0
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and the sum is actually zero since the Ai p—x unknowns are prescribed to zero for
k < M. The definitions of B and L° then give

| M—-1 ¢
AM0 = o | = k(€ — K)ok e~k (x0, Y0)hi e~k
Moy 0(x0, yo) =0 k=0

—L%’aP(xo, yo) — a0,0(x0, yo)) .

Since the A ¢—; unknowns are prescribed to zero forall 1 < ¢ < M — 1 and all k, the
double sum term reduces to o, 1 (xo, Yo)Ao,1 + @1,0(X0, Yo)A1,0. The non-linear terms
from L%’QP, namely ]_[fn:1 (9" 3;’” P)k'" , are products of at most M terms, counting
repetitions, according to Lemma 4. So Liv,] o P (X0, ¥0) is a linear combination of
product terms reading [}, _; (A;,,. jm)km with at most M factors. Moreover, since P is
constructed thanks to Algorithm 1, from Corollary 1 we know that these A;, ;, s have
a length of the multi-index at most equal to M — 1, so they are either A 9 or Ag ; or
prescribed to zero. This means that in C[X1,o, Xo,1] each one of these A;,, ;, is at most
of degree one. So in C[A1,0, X0,1] each an:] ()»l-m,jm)km is a product of at most M
factors each of them of degree at most one, the product is therefore of degree at most
M. As aresult

1

= —————— (—p,1(X0, Yo)ro,1 — a1,0(x0, Y0)A1,0
Moy 0(x0, y0) (

AM,0
— L o P (x0, y0) — 0,0(x0. yo))

as an element of C[A] g, Ao,1] is of degree at most M.

Finally, the term (3, P)™ from 2%, o P identified in Lemma 4 corresponds to a
term ap7,0(x0, Yo) ()q)o)M in the expression of Az o, and this term is non-zero under
Hypothesis 1. As a conclusion Aj7,o as an element of C[X1,0, Ao, 1] is of degree equal
toM. O

Proposition 3 Consider a point (xo, yo) € R? giveng € N*and M € N, withM > 2,
a given set of complex-valued functions o = {o | € C1lar (x0, y0), 0<k +1<M},
and the corresponding partial differential operator Ly o. Under Hypothesis 1 con-
sider a solution to Problem (10) constructed thanks to Algorithm 1 with all the fixed
values A; j such thati < M and i + j # 1 set to zero. As an element of C[A1 0, Ao,1],
each Ay, j has a total degree at most equal to the length of its multi-index i + j + M.

Proof The formula to compute A; 7, ¢—; in Algorithm 1 comes from the (I, J) =
(I,£ — I) equation in System (10), that is to say a){a;‘?—%gmp(xo, yo) =
—8){ 8y2_1a0,0(x0, yo). It reads

1 M—1

A =—— (B -y T17 A

I+M.£=1 = o3 I+M+1 T+MA1, Ik Mk MA-L£—1—k
I+M+1,1+M+1 k=0

@ Springer



A roadmap for Generalized Plane Waves and their... 113

1!
(M + Dy o(xo, y0)

M—1
I +k)!M—-k+£-1D!
(N[’M_Z( +RNM —k+£-1)

— 1N -1

ok, m—k (X0, yo))»1+k,M+£1k> . 24)

We will proceed by induction on £:

1. the result has been proved to be true for £ = 0 in Proposition 2;

2. suppose the result is true for £ € N as well as for all £ € Nsuch that £ < £, then
all the linear terms in N; g¢11—; have a length of the multi-index at most equal
to M + £ so by hypothesis their degree as elements of C[A 0, Xo,1] is at most
equal to M + £, and thanks to Lemma 5 all the non-linear terms in Ny g11—
can be expressed as a linear combination of products [}, _, (Aq,, .5, )" Where the
indices satisfy anzl cm(am 4+ by) < £4 1+ M so by hypothesis their degree as
elements of C[A1,9, Ao,1] is at most equal to M + £ + 1; the last step is to prove
that the A7 m+e+1—1—k are also of degree at most equal to M + £ 4 1, and we
will proceed by induction on /:

(@) for I =0, all Aj4x m+e+1—1—k for 0 < k < M — 1 satisfy the two conditions
I4+k<MandI +k4+M+L+1—-1—k=M+ £+ 1 # 1sothey are all
prescribed to zero and their degree as element of C[A1 0, Ao,1] is at most equal
to M + £ + 1 that; 3

(b) suppose that, for a given I € N, the Mk Mol —T—k for all I € N such that

I < I are also of degree at most equal to M + £ + 1 then it is clear from
Eq. (24) that Aj 414+, g—7—1 is also of degree at most equal to M + £ + 1.

This concludes the proof. O

As explained from an algebraic viewpoint in Sect. 3.2 in [15], the degree of A; a7,
as an element of C[A; o, Ao,1] will be affected by the choice of the last two prescribed
values, namely Ay o and A 1. Indeed if Aj o and A satisfy a polynomial identity
Pi(A1,0, 20.1) = 0, then we can consider the quotient ring C[A1,0, X0,11/(FP)).

Note that choosing to set {A; j, 1 <i+ j < M — 1} to values different from zero
may be useful to treat operators that do not satisfy Hypothesis 2 but this is not our
goal here.

3.2 For each GPW

In order to obtain a set of linearly independent GPWs, the values of A1 g and Ag 1 will
be chosen different for each GPW. However the values of A; ¢ and A1 will satisfy a
common property for every GPWs. Very much as the coefficients of any plane wave
of wavenumber « satisfy ()»1,0)2 + ()»0,1)2 = —«2, independently of the direction
of propagation 6 since Aj,o = itk cos6 and Ag,; = ik siné, under Hypothesis 2 the
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coefficients of each GPW will be chosen for the quantity

d ho) s (r0))
D e m-k(x0, y0) (h1.0) (o, DM T = ((}:),(;) r (A(l)’?))

k=0

to be identical for every GPWs, as we will see in the following proposition and theorem.
This will be crucial to prove interpolation properties of the corresponding set of
functions, which will result from the consequence of this common property on the
degree of each A; 7, ; as an element of C[A1,0, Ao,1]. As the plane wave case suggests,
we will see that A; 1 7 j can be expressed as a polynomial of lower degree thanks to a
judicious choice for A1 ¢ and A, ;.
We first need an intermediate result concerning the polynomial UA\,’L oF-

Lemma 6 Consider a point (xo, yo) € R?, a given g € N*, a given M € N, M > 2,
a given set of complex-valued functions o = {ay; € 11 ar (xo, y0),0 < k +
| < M}, and the corresponding partial differential operator Ly o. Consider a given
polynomial P € Clx, y]. For any £ € N and any I € N such that I < £ + 1, the

3)€3§+1_I

fau P with Y L = LY = S L= 1Y i =k, and
fo:l Jji = £ — k. Moreover, for each product term, there exists tg € N, 1 < t9 < u
such that I, # 0 or Jy, # 0.

quantity [Lﬁv,l O[P] can be expressed as a linear combination of products

Proof The quantity Liv,,’ o P can be expressed, from Faa di Bruno’s formula, as a linear
o

combination of products [}, _, (8;"’ 3){’” P) , with Gy s Jimy) 7 (imys Jmy) for all
my # ma, Y i km = s D 1 kmim =k, and > _, ky jm = £ — k. Therefore
LIAYL o P can also be expressed, repeating terms, as a linear combination of products
[T/, 8¢9y P, with possibly (im,, jm,) = (imy, jmy) formy # mo, Y I iy = k, and
Y= Ji = £ — k. So the quantity 9] 9+~ [L%’aP] can be expressed, from Leib-
niz’s rule, as a linear combination of products fL: | 8;’“’ 8;””’ P, with Zle I, =1
and Y | Ji=L+1-1.

Consider such a given product term ]_[f:1 8;{“’ 8;’—”’ P, and suppose that for all
tly=1J;=0.Thenl =Y/ I, =0and £+ 1—1 = Y, J, = 0, which is
impossible since £+ 1 > 0. O

The two following results gather the consequences of this choice on A; s js com-
puted in Algorithm 1.

Proposition 4 Consider a point (xo, yo) € R2, giveng € N*and M € N, withM > 2,
a given set of complex-valued functions a = {o; € C4 L ar(xo, v0), 0<k +1<M},
and the corresponding partial differential operator Ly o. Under Hypotheses 1 and
2 consider a solution to Problem (10) constructed thanks to Algorithm 1 with all the
prescribed values A; j such thati < M and i + j # 1 set to zero, and

AMOY i 112 cos 6
()\0’1>—1KA D <ind (25)
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for some 0 € R and k € C*. As an element of C[A1 0, Ao.1], Apm.0 can be expressed as
a polynomial of degree at most equal to M — 1, and its coefficients are independent

of 6.

Note that once we impose this condition on A1 o, Ao,1 any element of C[A] 0, X0,1]
can be expressed by different polynomials, possibly with different degrees, simply
because under Hypothesis 2 and (25) we have

M

M—k
Z“k,M—k(XO, YO groF = (_Kz)
k=0

B

See paragraph 3.2 in [15] for an algebraic view point on this comment.

Proof Since

1
AMo = T (— ao,1(x0, Y0)A0,1 — @1,0(x0, Y0)A1,0
Moy 0(x0, yo)
— L31.4P (x0. ¥0) — 20,0(x0, yo)) ; (26)

again the term to investigate is L% o P (x0, ¥0). Lemma 4 identifies products of M

terms in LANLQ P, and from the definition of L%’a they appear in the following linear
combination

(3 P)K (3, PYM—H
k

M
D KM — k)l y TRy Jy

k=0

M
= o m k(@ )@, )M,
k=0

Back to the expression of Ay o, and thanks to Hypothesis 2, the only possible terms
of degree M therefore appear in the following linear combination:

M

> ek m-k(x0, y0) (1,00 o, )M 7
k=0

M
A z . A
= (02r0)r (210 = ( (i)*(h1.0 ho)A'DA 10
0,1 20,1

= <—K2(cos9 sin ) (Z?nsg))z = (—iOM

Finally thanks to (25), the only terms of degree M in (26) can be expressed as a
polynomial of degree at most equal M — 1. O

ES

Proposition 5 Consider a point (xo, yo) € R?, givenq € N*and M € N, with M > 2,
a given set of complex-valued functions o = {o | € C1 L ar(xo, v0), 0<k +1<M},
and the corresponding partial differential operator Ly o. Under Hypotheses 1 and
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2 consider a solution to Problem (10) constructed thanks to Algorithm 1 with all the
fixed values A; j such thati < M and i + j # 1 set to zero, and

)»1,() . —1y—1/2 cos 6
<X0,1>_1KA D sin 0

for some 6 € R and k € C*. As an element of C[A1,0, o,1], each Aiyy. ; can be

expressed as a polynomial of degree at most equal toi + j + M — 1, and its coefficients
are independent of 6.

Proof From Algorithm 1 the expression of A7 ¢ reads

M—1
A S N T e A
I+M,£—1 = T I+M+1 I+MA+1, I +k+1M+k,M+L£—1—-k
I+M+1,1+M+1 k=0

1!

(M + Dl o(x0, Y0)

_Mi(IJrk)!(M—kJFS—l)!a —
INg—1)! ke, M—k (X0, YO)A I+, M+£—1—k | -

(N7 e—1

k=0
27)

We will proceed again by induction on £:

1. the result has been proved to be true for £ = 0 in Proposition 4;

2. suppose the result is true for £ € N as well as for all £ € Nsuch that £ < £, then
we focus on Ny ¢41—7, given by

a & - (M_k+‘;)! 0.84+1—j
Noct1=)_ <k+i)!7773( a _])“k,M—k(XO~YO)}vk’M_k+;

k=079 J!
M—1 € £+1 (g _ j)g .

+ Z Z (k! < Dmvﬂ*’l_l)“kl*k(xo’ YO))”k,[_k_‘_;
=1 k=0 j_g

HE e M~k (%05 YOIA 457 v g 5

M_li: I ;:+21:—1 MD(1_2,3+1—1—5>

K e b~k (X0 YOI 4§ o gy 7

=1 k=07—0 f:()

I
=)

(TS0 e P] o, 30) = DU S D g (xg, yo) otherwise;
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all the linear terms in Ny _g41—7, as elements of C[A1,0, X0,1], by hypothesis have
degree at mostequalto (/ +M)+ (£+1—1)—1 = M+ £, and thanks to Lemma 6
all the non-linear terms in Ny ¢4 17 can be expressed as a linear combination of
products ]_[f:1 Aq, b, Where the indices satisfy Z;L:l(at +b) < £41+ M,
in each such product, as element of C[A1 9, Ao,1], each A, », is either of degree
a; + by = 11if (a4, by) € {(0, 1), (1, 0)}, or of degree at most equal to a; + b; — 1
otherwise by hypothesis; from Lemma 6 there is at least one 7o such that (ay,, by,) ¢
{(0, 1), (1, 0)}, therefore each product ]_[f=1 Ag,.b,»aselement of C[A1 o, Ao,1], can
be expressed as a polynomial of degree at most (Zﬁ;] (a; + bt)) -1 <£4+M;
so all terms in Ny ¢11_y, as elements of C[A1,0, A0,1], have degree at most equal
to M + £; the last step is to prove that the A; 4 y4e+1—71—k are also of degree at
most equal to M + £, and we will proceed by induction on /:

(a) for I =0,all Aj4x m+e+1—1—k for 0 < k < M — 1 satisfy the two conditions
I+k<Mandl+k+M+L+1—-1—k=M+£+1 # 1sotheyareall
prescribed to zero and their degree as element of C[A; g, Xo,1] is at most equal
to M + £ that; ;

(b) suppose that, for a given I € N, the Mk Mol —T—k for all I € N such that

I < I are also of degree at most equal to M + £ then it is clear from Eq. (27)
that X741 14m, e—7—1 is also of degree at most equal to M + £.

This concludes the proof. O

Finally, since we are interested in the local approximation properties of GPWs, it is
natural to study their Taylor expansion coefficients, and how they can be expressed as
elements of C[A] g, Ag,1]. In particular we will find what is the link between the Taylor

expansion coefficients of a GPW, 8)’; 3( ¢ (x0, y0) /(i!j!), and that of the corresponding
PW, (Ao,1)7 (A1,0)"/G!jD.

Proposition 6 Consider a point (xo, yo) € R2, givenqg € N*and M € N, with M > 2,
a given set of complex-valued functions o = {a € e ar (xo, o), 0<k +1<Mj},
and the corresponding partial differential operator Ly o. Under Hypotheses 1 and
2 consider a solution to Problem (10) constructed thanks to Algorithm 1 with all the
fixed values A; j such thati < M and i + j # 1 set to zero, and

ALOY _ . 41172 [cOsO
(/\0,1>_1KA b sin@ )

for some 0 € R and « € C*, and the corresponding

PO, y) = €Xp Y g<iy gt Mijx — x0)'(y — y0)/. Then for all (i, j) € N? such
thati 4 j < q + 1 the difference

Ri.j = 910]¢ (x0, y0) — (ho.1)! (h1.0)’ (28)

can be expressed as an element of C[\1,0, ro.1] such that

o its total degree satisfies dR; j < i+ j —1,
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e its coefficients only depend on i, j, and on the derivatives of the PDE coefficients
o evaluated at (xq, yo) but do not depend on 6.

Proof Applying the chain rule introduced in “Appendix A.2. to the GPW ¢ one gets
for all (i, j) € N?,

i+j i+j

g o=y Y Y [0

u=1s=1 p((@,j),n) =1

where p;((i, j), ) is the set of partitions of (i, j) with length w:

ki, Gy ji)ieqi,sg < ki € N*, 0 < (i1, j1)

N N
<G g0, Y k=Y ki ) = G, )
1=

=1

For each partition (k;, (if, ji))ieq1,sy of (i, j), the corresponding product term,
considered as an element of C[A; o, Ao 1], has degree Deg ]_[le()»i,,j,)kl =
Y i_1 kiDeg %, j,. Combining Proposition 5 and the fact that &; ; = 0 for all (i, /)
such that 1 < i + j < M, we can conclude that this degree is at most equal to

Yookt Y. kit Y ke0+ > kG+j—D. (29

i1=0, ji=1 ii=1,j;=0 L<ij+ji<M ir+jg>=M

The partition with two terms (i, j) = j(0, 1) 4+ i(1, 0) corresponds to the term
(Xo.1 ) ()\1,0)" , which is the leading term in 8)’; 8; @ (x0, Yo). Indeed, any other partition
will include at least one term such that i; + j; > 1, and the degree corresponding to
this term within the product is either &; - O or k;(i; + j; — 1), and in both case it is
at most equal to k;(i; + j;) — 1. As a result, the degree of the product term in (29)
is necessarily less than Y ;_, k;(i; + ji) = i + j. So R; j, which is defined as the
difference between 8)’; B)J«p (x0, ¥0) and its leading term ()»0,1)/' (A 1,0)", is as expected
of degree less thani + j.

Finally, the coefficients of R; ; share the same property as the coefficients of A;;s
from Propositions 5. O

Remark 3 As mentioned in Remark 2, under the hypothesis «g s (x0, yo) # 0, an
algorithm very similar to Algorithm 1 would construct the polynomial coefficients of
a GPW, fixing the values of {A; ;,0 < j <M —-1,0<i <g+ M —1— j}. The
corresponding version of Proposition 6 could then be proved essentially by exchanging
the roles of i and j in all the proofs.
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3.3 Local set of GPWs

At this point for a given value of # € R we can construct a GPW as a function
¢ = exp P where the polynomial P is a solution to Problem (10) constructed thanks
to Algorithm 1 with all the fixed values A; ; such thati < M andi + j # 1 set to

zero, and
MO\ _ . 4—1p-1/2 (COSO
<)»0,1> =ikA"D sinf /-~

This parameter 6 is then equivalent to the direction a classical plane wave, while |«|
is equivalent to the wave number of a classical plane wave, and 6 will now be used to
construct a set of GPWs. Under Hypotheses 1 and 2 , by choosing p different angles
{6;,1 € N*,1 < p} € RP, we can consider p solutions to Problem (10) to construct p
GPWs.

Definition 8 Consider a point (xo, yo) € R%,agivenqg € N*,agiven M € N,M > 2,a
given set of complex-valued functions o = {ox; € eI at (x0, y0),0 < k+1 < M},
and the corresponding partial differential operator L/ o. Let p € N* be the number
of desired basis functions. Under Hypotheses 1 and 2, consider the normalization A; ;
such thati < M andi + j # 1 set to zero, and

Mo “1py—1/2 [COSO;
<)‘61 =xA D sing; ) for {6; € [0, 2m),

Vi e N*,] < PO, #6, VI #,k € C*.

The set of corresponding GPWs constructed from Algorithm 1 will be denoted here-
after by
VO

o

D = {(pl = exp P],Vl € N*,l < [7}

4 Interpolation properties

This section is restricted to operators of order M = 2.

‘We now have built tools to turn to the interpolation properties of GPWs. In particular,
since the GPWs are constructed locally, and will be defined separately on each mesh
element, we focus on local interpolation properties. Given a partial differential operator
L, a point (xg, yo) € R? and an integer n € N, the question is whether we can find a
finite dimensional space V;, C C°°, with the following property:

Vu satisfying Lu = 0, Ju, € Vj, s. t.
V(x,y) € R, Julx, y) — uq(x, y)| < CllCx, ) = (o, yo)I", (30)

that is to say there exists an element of V; whose Taylor expansion at (xg, yog) matches
the Taylor expansion of u at (xo, yo) up to order n, for any solution u# of the PDE
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Lu =0.1f{ f;,i € N*,i < p}isabasis of Vy, this can be expressed in terms of linear
algebra. Consider the vector space IF and the matrix M € C*+D#+2)/2xp defined as
follows:

F:= {F e CFDOFD/2 3 satisfying Lu = 0 s.t.

= 319" (xo, yo)/ (ki Ykz!)} ,

F e +k0) (k) oo +1)
2

+k+2+1
Mgttty st oy 5 = 33 fi (x0. yo) / (k1 ka!). (31)
Then (30) is equivalent to
VF e F,3X € C? s.t. MX = F, (32)

and the choice of p, the number of basis functions, will be crucial to our study.

Our previous work on GPWs was focused on the Helmholtz equation, i.e. corre-
sponding to the operator L = —A + B(x, y), and in that case the classical PWs are
exact solutions to the PDE if the coefficient is constant B(x, y) = —«2. However,
even though the proof of the interpolation properties of GPWs relies strongly on that
of classical PWs, it is not required, in order to obtain the GPW result, for classical PW
to be solutions of the constant coefficient equation [15]. Indeed, what will be central
to the proof that follows is the rank of the matrix M associated to a set of reference
functions—not necessarily classical PWs—that are not required to satisfy any PDE.
For the Helmholtz equation, the reference functions used in [15] were classical PWs
if B(xg, yo) < 0 and real exponentials if B(xg, yo) > 0, and the structure of the proof
provides useful guidelines for what follows.

4.1 Comments on a standard reference case

Interpolation properties of classical plane waves were already presented for instance
in [15], and in [5], however the link between desired order of approximation n and
number p of basis functions was simply provided as p = 2n + 1. We present here
a new perspective, focusing on properties of trigonometric functions, to justify this
choice. The corresponding set of trigonometric functions will constitute the reference
case at the heart of the GPWs interpolation properties.

Definition 9 Consider a given n € N* and a given p € N*. Considering for some
k € R* a space V; = Span{expix(cos6;(x — xo) +sinf;(y — y0)),1 <1 < p,
0r € [0,2m), 0, # 6, Yl1 # 2} of classical PWs, we define the corresponding matrix
(31) for the plane wave functions spanning V¥, denoted M, as well as the reference
matrix M , by

(MS) @iy sipen = (@M (cos )01 (sin 6)2 /(K ko).

(M) st o= (0SB (sim 612/ o).

V(ki, k2) € N* ki + ko < n,
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If we denote by D,Ifc = diag(d,fc, k from 1 to n + 1) the block diagonal matrix with
blocks of increasing size dXC = (ik)¥~1 Iy € CK*¥, it is evident that M = DRCME,
therefore trigonometric functions are closely related to interpolation properties of
PWs.

Consider the two sets of functions

Fp, = {0 > coskOsink*o/(kW(K —K)!),0 <k < K <n},
and G, = {0 — expikf, —n <k < nj}.

The first one, F),, is a set of (n + 1)(n + 2)/2 functions. The second one, G, is a set
of 2n + 1 linearly independent functions: indeed, any null linear combination of these
functions ), ., vk exp(ik@) would define a function f(x) =) _, ;- vexK that
would be uniformly null on the circle |x| = 1, implying that the polynomial x”. f (x)
has an infinite number of roots; hence all its coefficients v are null. Moreover since

k K—k

] B et om0\ /it _ o=it\ K=K 1 O (K — &\ -
cos(@) sin(@)K* = ( 5 ) ( 5 ) = SKKF Z Z (l) ( ; )ez<21+2L K0

1=0 L=0
with — K <2/+2L—-K <K =%, C Span G,,

k
exp ik =) (f) (£i)* (cos 0)F 5 (sin6)* = G, C Span F,,
s=0
we then have that Span &, = Span G,, and in particular the space spanned by F, is
of dimension 2n + 1.
Consider any matrix A7 € C+D(1+2)/2xNp defined for some {Oh<i<n, € (R)N»,
with N, > 2n + 1, by

Ai&; = fi(6), where f; denotes the elements of F}, (independently of their numbering).

Its rank is at most 2n + 1. This is a simple consequence of the fact that the dimension
of Span F,, is 2n + 1 < (n + 1)(n + 2)/2: indeed, this implies that there exists a
matrix C € C((1+D(+2)/2=2n=1)x 1+ D +2)/2 of rank (n 4 1)(n +2)/2 —2n — 1 such
that

(n+1)(n+2)/2
VieN1<i<m+Dm+2)/2-2n—1, > GCjfj=0,
j=1

and therefore CA7 = 0((n+1)(,,+2)/2_2n_1)x/vp; as a result the N, columns of AT
belong to the kernel of C, which is of dimension 2n + 1; so the rank of A7 is at most
2n + 1. In particular the matrix MX introduced in Definition 9 is such a matrix A7,
and is therefore of rank at most 2n + 1.

We know that MS = DRCMR and DXC is non-singular, so rk(MS) = rk(MR). The
rank of M,f is at most equal to 2n + 1 for any choice of angles {6, e R, 1 <[ < p}. It
was previously proved in Lemma 2 from [15] that for p = 2n + 1 and directions such
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that {6 € [0,27),1 <1 < p,lj # 1 = 6, # 6),} the matrix M has rank 2n + 1.
A trivial corollary of this proof is that, for any choice of p distinct angles in [0, 27),

rk(MS) =2n +1=rk(M®) & p>2n +1. (33)

In [15] we also proved that the space F for the constant coefficient Helmholtz
operator is equal to the range of M,f for the corresponding wave number «. As a direct
consequence, a space Vi = Span{exp ix (cos 6;(x — xg) +sin6;(y — yp)), 1 <[ < p}
for any choice of distinct angles in [0, 27) satisfies the interpolation property (30) for
the Helmholtz equation if and only if p > 2n + 1.

4.2 Generalized Plane Wave case

In order to prove that a GPW space Span ng p.q (introduced in Definition 8) satisfies
the interpolation property (30), we will rely on Proposition 6 to study the rank of the
matrix (31) built from GPWs. As in the Helmholtz case, the proof relates the GPW
matrix to the reference matrix, but here via an intermediate transition matrix.

Definition 10 Consider a point (xq, yo) € RZ, agiveng € N*,agiven M e N,M > 2,
a given set of complex-valued functions = {otx; € CI-1 g (x0, ¥0), 0 < k+l < M},
and the corresponding partial differential operator L . For the corresponding set of
GPWs, Vg’p,q ={g :=expP,Vl e N* 1 < p, 6 €[0,2m),0;, #6, V| #12,k €
C*}, we define the corresponding matrix (31), denoted M,,, as well as the transition

matrix M,{ ", by

+ko+1,0 "

(M) iz o= G4 011 G R/ tha),
(Ma) 6yttt 1) 1= 8803 @1 (x0, y0)/ (k1 k2).

+ko+1,0 7

We first relate the transition matrix MI" to the reference matrix MX.

Lemma 7 Consider an open set Q CR?, (xo, yo) €, a given (M,n,p,q) € (N*)*, M >
2, and a given set of complex-valued functions o = {a, .k, € ea-1 (RQ),0<k+ky <M},
the corresponding partial differential operator Ly o and set of GPWs Vg, p.q- There
exists a block diagonal non-singular matrix DXT such that MI"™ = DRT MR indepen-

dently of the number p of GPWs in Vg,p’q.

Proof As long as there are four complex numbers a, b, ¢, d such that

A 0 a b\ (cosb
VpeN.1=l=p. (Aél)_<c d) <sin9; ’
then the diagonal blocks of D,’fT = diag(dgT, K from 0 to n) of increasing size
dBT e CKFD>(EKFD can be built thanks to the following binomial formula

AT R
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K—k k
K—k\ (k\ i i K—ki Kk—j i

= ZZ( ; )() al c? K== K= =i (cos 6;)! 7 (sin ;) K1~/

i=0 j=0 J

since the coefficient of this linear combination of trigonometric functions are inde-

pendent on /. O

The following step is naturally to relate the GPW matrix M,, to the reference matrix
(R?).

Proposition 7 Consider an open set Q@ C R2, a point (xo0,y0) € , a given
M,n,p,q) € (N*)4, M > 2,q > n—1, and a given set of complex-valued functions
o = {ak .k € emax(n.g=D () 0 < kj+ky < M}, the corresponding partial differen-
tial operator Ly o and set of GPWs Vg, p.q- There exists a lower triangular matrix LR
whose diagonal coefficients are equal all non-zero and whose other non-zero coeffi-
cients depend only on derivatives of the PDE coefficients o evaluated at (xq, yo), such
that

M, = LR . mE

As a consequence rk(M,) = rk(M,If) independently of the number p of GPWs in
Vg’p,q, and both ||L,If || and ||(L,lf)_1 || are bounded by a constant depending only on
the PDE coefficients a.

Remark 4 1f n = 1, then the various matrices M belong to C3*3 and we have the
identity M; = MIT’ independently of the value of ¢.

Proof Let’s first relate M,, to MZ ". The polynomials R; ; € C[X, Y] obtained in
Proposition 6 have degree dR; ; < i + j — 1 and satisfy

Vi, j) €N’ i+ j<q+1.Yg eV . 08:0]¢i(x0. o)

= (M) AL + RijO4 0. 4 0). (34)

In order to apply this to all entries in the matrix M, it is sufficient for ¢ to satisfy
n < g + 1, which explains the assumption on ¢. Therefore each entry (i, j) of the
matrix M,, can be written as the sum of the (i, j) entry of M,{’ and a linear combination
of entries (k, j) of MZ’ for k < i. In other words, the existence of a lower triangular
matrix LT, whose diagonal coefficients are 1 and whose other non-zero coefficients
depend only on the derivatives of the coefficients « evaluated at (xg, yp), such that
M, = LI - MI" is guaranteed since the coefficients of R; ; are independent of / and
any monomial in R; j(A1,0, A1,0) has a degree lower than i + ;.

As a consequence, the existence of L,If is guaranteed by Lemma 7 since the matrix

LR := LT . DT satisfies the desired properties. O

Everything is now in place to state and finally prove the necessary and sufficient
condition on the number p of GPWs for the space Vg’ p.q to satisfy the interpolation
property (30). We here turn to the specific case of second order operators.

@ Springer



124 L.-M. Imbert-Gérard, G. Sylvand

Theorem 1 Consider an open set Q2 C R2 a point (xg, y0) € , M = 2, a given
(n,p,q) € N3 n> M, g >n—1and a given set of complex-valued functions
a = {0 € C(RN),0 < ki + ko < M)}, the corresponding partial differential
operator Ly o and set of GPWs Vg,p,q- The space VE = spanvggp’q satisfies the
property

Yu € C"(Q) satisfying Loqu=0,3u, € Vf, 3 a constant C(2, n) s. t.

V(x, y) € Q. fu(x. y) — ta(x, V)| < CQ I y) — oy I+, GV

ifand only if p > 2n + 1.

Proof According to the discussion displayed in the introduction of Sect. 4, the proof
focuses on the linear system (32) for the linear differential operator L7 4. Indeed,
defining the vector space

F, = {F e CHHDID/2 3, ¢ e2(Q) satisfying L v = 0

k1 qk
s.t. F(kl+k2)(§1+k2+l)+k2+l = 8x18y2v(x0, vo)/ (k1 !kg!)}

and considering M,, € C O p defined in (31) for a GPW basis V¥, then (35) is
equivalent to

VF e F,,3IX € CP s.t. M,X = F. (36)

Naturally, the two aspects of this proof are then associated to (1) the rank of M,, with
respect to the choice of p, and (2) the relation between the right hand side and the
range of the matrix.

Combining the fact that rk(M,If) =2n+ 1<% p > 2n+ 1 from (33) with the fact
that rk(M,,) = rk(M,’f ) for ¢ > n — 1 from Proposition 7, we see immediately that,
aslongasg >n —1,rk(M,) =2n + l ifand only if p > 2n + 1.

It is then sufficient to prove that the space [, belongs to the range of M,,, R(M,).
To this end, we now define the space

Ri= [Ke COVIDI2 31 ¢ @) satistying L2 f (x. ¥) = O((x. ) = (0, y0)I"™)

= Bflafzf(xo, YO)/(kﬂkz!)] .

S.te K kg +ky)k
(kl+‘2)(él+k2+l)+k2+l

We can now see that

e R(M,) C R independently of the value of p, since by construction of GPWs, as
long as ¢ > n — 1, each column of M,, belongs to &;

e [y, C R, by definition of Fy;

e dim & = 2n + 1, since - from the condition involving the Taylor expansion coef-
ficients of L, 4 f of order up to n — 2 at (xo, yo) set to zero - & ¢ C+D@+2)/2
is the kernel of a matrix A € C"*=D/2x(n+Dn+2)/2 with

Vi,j)eN,i+j<n—1, A(l+j)(12+j+l)+j+1’(1+J+2)2(1+J+3)+j+1
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= a2,0(x0, yo) # 0 from Hypothesis 1,
Vi, ) eN? i+ j<n—1,ifi+j>itjorifi+j=i+j,j>]
A

(l+])(l2+j+l)+j+1’(l+j+2)2(l+j+3)+j+1 5

m+DH(n+2)  nm—-1) __
2 2 -

so that A is of maximal rank while its kernel has dimension
2n + 1.

Therefore, if p > 2n+1, we obtain that R(M,;) = Kand as aconsequence F, C R(M,,)
as expected. This concludes the proof. O

The necessary and sufficient condition on the number p of GPWs for the space
Vg’ p.q 10 satisfy the interpolation property (30) when M > 2 are still unknown.
Remark 5 As in [15], the theorem holds in particular for the Helmholtz equation with
sign changing.

5 Numerical experiments

In [15], GPWs where constructed and studied for the Helmholtz equation (1) with a
variable and sign-changing coefficient §. The numerical experiments presented there
were restricted to the Helmholtz equation at one point (xo, yo) € R, but considered
a propagative case i.e. 8(xop, yo) < 0, an evanescent case i.e. B(xg, yo) > 0, a cut-off
case i.e. B(xp, yo) = 0. They also considered a case not covered by the convergence
theorem, but important for future applications: considering GPWs centered at points
(x0, yo) at a distance A from the cut-off.

Here, we are interested in illustrating the results presented in Theorem 1. Since the
well known case of classical PW for the constant-coefficient Helmholtz equation is
included by the hypotheses of the theorem, we cannot expect any improvement on
the required number of basis functions p. However, we are interested in exploring the
impact of the order of approximation ¢ on the convergence of (35), in particular for
anisotropic problems.

5.1 Test cases

We propose here four different test cases. Each test case consists of a partial differential
operator of second order L, an exact solution u of the equation Lu = 0, as well as a
computational domain  C R?, such that Hypotheses 1 and 2 hold at all (xq, yo) € Q.
The characteristics of the partial differential operators that we consider here are:

e polynomial coefficients «,

e non-polynomial coefficients c,

e anisotropy in the first order terms as a (x, y) - V for a vector-valued function 7;

e anisotropy in the second order terms as V- (A(x, y) V) for a matrix-valued function
A.
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The Ad est case We consider an isotropic partial differential operator with polynomial
coefficients:

Lag:=—A+2(x+y),
uad @ (x,y) = Ai(x +y),
Qag = (=2,2)%

We have L 44ug = 0 on R2, all the coefficients of £ 44 belong to C*° (R2) and the
coefficients {a,é‘é_k; k =0, 1, 2} satisfy

2
3 a0, y0) X YR = X2+ ¥ W(xg, yo) € B2,
k=0

so L 4q4 satisfies Hypotheses 1 and 2 on R2. Note that the sign of the coefficient
aé‘é(x, y¥) = 2(x+Yy) changes in the computational domain along the curve x +y = 0.
The Jc test case We consider a partial differential operator with non-polynomial
coefficients of the terms of order 1 and 0, and anisotropy in the first order term:

e T . (2 —X
Lje:=V-(xV)+ (cosy

ujye: (x,y) — Ji(x)cosy,
Qe = (1,4) x (0,2m).

>oV+(U2—2x2—sir1y),

We have L. uj. = 0on (0, 00) x R, all the coefficients of L ;. belong to (R+ X R)
and the coefficients {;}§_,: k =0, 1,2} satisfy

2
S a0, ) XKY2 T = x2(X2 4 ¥?) V(xo, yo) € R,
k=0

so L, satisfies Hypotheses 1 and 2 as long as x > 0.
The JJ test case We consider a partial differential operator with polynomial coeffi-
cients and anisotropy in the first and second order terms:

2
0
Ly ::v(’i) y2>v—(’y“>.v+(x2+y2—1),

uyy:(x,y) = Jo(x)Ji(y),
QJJ = (1,3) X (1,3)

We have L1y = 0 on (RT)2, all the coefficients of £, belong to C* ((RT)?)
and the coefficients {oz,{é_k; k =0, 1,2} satisfy

2
> afd @0, 30 X2k = 3x2 4 33¥? V(xo. yo) € R,

k=0
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Fig.4 Exact solutions of the four test cases

so Ly satisfies Hypotheses 1 and 2 as long as xy # 0.

The cs test case Finally we consider a partial differential operator with non-polynomial
coefficients and anisotropy in the second order term:

. 1 0.1cosxsiny _ cosx( cosy)
Les =V (O.l oS x sin y -2 ) V-0l <siny(— sin x)

Lot = 33 +0.2cosx siny 0,0y — 283 +(0.2sinxcosy — 1),
Ues = (x,y) > cosxsiny,
Qe 1= (-1, 1)2»

) -V +(0.2sinxcosy — 1),

We have Lesues = 0 on R?, all the coefficients of L belong to € (R?) and the
coefficients {a,ifz_k; k =0, 1, 2} satisfy

2

0.1)?2
Zdzfz_k(xo, )’O)XkYZ_k = (1 — ( 2) cos? X0 sin? yo) x?
k=0

0.1 2
-2 <Y - €OS X sin po) Y(xo0, yo) € Rz,

so L. satisfies Hypotheses 1 and 2 on RZ,
For reference, Fig. 4 displays the four solutions to the test cases.
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5.2 Implementation of the construction algorithm

For a linear second order operator
o4 = 02,007 + ay,10x0y + 0!0,233- + 1,00y + 0,19y + 0,0
the associated operator SQQ is defined by

€4 P = a2,082 P + 1,105y P + 0202 P

T
+ @200 P)? + 1,19y PAy P + 0 2(3y P)* + a1 00 P + 10y P .

I T3

The implementation of Algorithm 1 simply requires, at each level £, the evaluation
of {N; g_1,0 < I < £} to apply formula (23). At each level £ the coefficients

{,U«ij, @i, j)e st i+j<g+1}jof Q¢ := Z()SiJerMJrgf] )\i,j(x _XO)i()’ - )’O)j
are computed as

o )\.iyj 1fl+]§£+1
Hi.j - 0 otherwise,

and for 0 < I < £ the different contributions to N;_¢_; can be described as follows:

o the linear contributions from first order terms 73

I oe-1
-3 (9(1_"5:_1_’)0!1,0(160, Y0) (i + D1,

i=0 j=0

+ DU =D g 4 (x0, y0) (j + 1)Mi,j+1)

e the non-linear contributions from the terms 7>

I £-1 i1 Ji

-2 2.2

i1=0 j1=0 i=0 j,=0
(D(F""’Q*I*j‘)az,o(xo, yo)(1 —ia+ D@2 + 1) fij—in+1,j1— jolin+1.j
+ DI04 (x0, yo) (i1 — i2 + 1) (2 + Ditiy—is+1. 1 jo Fhi. jo+1
+ DU=IESI=I0 g 5 (x0, y0) (i — Jo + D (2 + 1)Mi17i2,j17jz+1,“«iz,j2+l) ,
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e the linear contributions from the second order terms 7}

1 e-1
B Z Z (@(1—,,2—1—/@2’0@0, yo) (i +2)( + Dpito,j
i=0 j=0 . .
+ DL D gy 1 (x0, y0) (j + DG+ Dptig1j+1
+ DUE =Dy 5 (x0, y0) (j +2)(j + 1)Mi,j+2) )

o the contribution from the zeroth order term g o

—DUL"D g4 (x0, Y0)-

Moreover, all experiments are conducted with the following choice of angles 6; and
k parameters to build the GPW space Vg’ pa

o :=%+20% VieN 1<l<p,

k= \/—a0,0(x0, Y0)-

All exact solutions of the test cases are either products of a function of x by a function
of y, or a function of x 4 y. Our particular choice of angles for the basis functions is
made to avoid the unrealistically favorable case of having a basis function propagating
in a direction aligned with the x direction, the y direction or the x + y direction.

5.3 Construction of a solution to system (36)
In order to construct of a solution to System (36), we follow [15] in defining a matrix

(P")nikﬂ,—"“‘;”ﬂﬂ = (&),

and actually solving the square system

(P,M,)X = P,F.

5.4 Numerical results

The h-convergence results presented in Theorem 1 are stated as local properties at a
given point. In order to illustrate them, for each test case, we consider the following
procedure.

e At each of 50 random points (xg, yp) in the computational domain €2

1. Construct the set of GPWs from Algorithm 1 with the normalization proposed
in Sect. 3.

2. Compute u, the linear combination of GPWs studied in the theorem’s proof,
matching its Taylor expansion to that of the exact solution.
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e Estimate as a function of 4 the maximum L° error on a disk of radius & centered
at the random pOlntZ maX(_xO’yO)eg ”l/l — Ug ||LOO({(X,y)ERZ,|(X,)7)—(X(),y())|<h})'

We always consider a space Vg’ p.qg Of P =2n+ 1 GPWs. According to the theorem,
we expect to observe convergence of order n + 1 if the approximation parameter ¢
in the construction of the basis functions is at least equal to n — 1. For each of the
four test cases proposed, we present: on the one hand results for n from 1 to 5 with
g = max(l,n — 1) (Left panel); on the other hand results for ¢ from 1 to 4 with
n = 4 (Right panel). Hence with the first choice of parameters the theorem predicts
convergence of order n + 1, while with the second choice the theorem does not cover
these cases.

The results are presented in Fig. 5 for the approximation of u 44, Fig. 6 for the
approximation of u j., Fig. 7 for the approximation of u s, and Fig. 8 for the approx-
imation of u.;. We observe on Figs. 5 and 8 the effect of the large condition number
of the matrix P, M,, on the accuracy of the approximation of u by u,: even though the
expected orders of convergence are observed for large values of /2, when n increases
the error stagnates at an increasing threshold for smaller values of 4. Approximate con-
dition number of the matrix P, M, for the corresponding Ad and cs cases are provide
in the following table.

g=1 g¢g=1 ¢g=2 g=3 qg=4 q=1 qg=2 qg=3 qg=4

cond P,MAY 4.8.100 4.8.100 45.10' 3.2-10* 6.9-10° 4.8-10° 6.4-10% 32-10* 59.10
cond P,MS 1.5-10° 1.5-109 2.0-10' 7.8-10* 1.6-10° 1.5-10° 2.0-10' 7.8-10* 1.4-10*

Such problems of conditioning are inherent to wave-like bases, and for larger values
of n, the condition number may become a limitation to compute accurate solutions.
Techniques similar to the Q R factorization proposed in [1] could be investigated in
the future to improve the accuracy of this computation.

We also observe, on the left panels of Figs. 5, 6 and 7 , that these three test cases the
constant C (€2, n) from (35) in Theorem 1 does not seem to depend on 7, even though
the Theorem predicts that it does. The situation seems different on the left panel of
Fig. 8.

We summarize in the following table the orders of convergence observed, always
using Vg’ p.g With p = 2n + 1. The bold entries correspond to cases covered by
Theorem 1i.e.n + 1 for ¢ < n — 1, and the red entries correspond to cases with order
of convergence observed higher than the theorem predicts.

la\n[[1[2[3[ 4 [ 5 |
1 [[2]3[3[3/4] 3
2 [[2[3[4]> 4[> 4
3 (234> 5] 5
4 [[2[3]4]=5] 6
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1 1 1 1
100 e—n=t&kqg=1 100 [(C—n=a&kq=1
w-n=2&q=1 w-n=4&qg=2
—o—-n=3&qg=2 —o—-n=4&q=3
07 fm—n=ttg=3] . 107 flo—n=1&g=1
—~—n=5&q=4}8 LM | a || order 3

max error on disks of radius h

max error on disks of radius h
;
,
'

...... order 2 order 5 K
1078 [{---  order6 i 1 1078 | ; 1
10712 I -1 10712 - B
10716 L L L L 10716 L L L L
1078 107 107* 1072 10° 1078 1076 107* 1072 10°
h h

Fig. 5 GPW approximation of w4 by ug € Vg’p,q with p = 2n + 1. We represent the L error

max(x, yo)ef l4ad — va ||L°°(((x,y)eR2,|(x,y)—(x0,y0)|<h})’ for 50 random points (xg, yo) € Qaq. We
compare results for parameters satisfying Theorem 1 hypotheses i.e. ¢ = max(1, n — 1) (Left panel), and
for varying g with fixed n (Right panel)

1 1 1 1

i 1007—0—71:1&11:1 7'& 1007—0—71:4&(1:1 ]
2 —-n=2&q=1 2 w-n=4&q=2
= . = . ’
s 4 —--n=3&q=2 s 4 —-—-n=4&q=3 K
= 10~ [|=+—n=4&q=3 ) 1 = 10~ [|—+—n=4&q=14 g 1
3 —4—n=5&q=4}" g || order 3 !
w ] order 2 N iz - order 6 /
2 1078 [H--- order 6 . 7 FE 10-8 | ) 1
3 / 3
o ! =
g ' g
g 10—12 - 1 2 10—12 - .
" ]
< <
g g

10716 L 10716 ! h I I

0% 10 107 1072 10° 0% 10 107 1072 10°
h h

Fig. 6 GPW approximation of u . by u, € Vg’p,q with p = 2n + 1. We represent the L° error

max (x, y0)e luje — ”ﬂ”Lm({(x,y)eRz,|(x,y)—(x0,y0)|<h})’ for 50 random points (xg, yg) € Q.. We
compare results for parameters satisfying Theorem 1 hypotheses i.e. ¢ = max(1, n — 1) (Left panel), and
for varying g with fixed n (Right panel)

We can see from this table that in all cases covered by the theorem, we observe a
convergence rate equal or slightly better than predicted. But it would seem that the
hypotheses of the theorem are sharp.

6 Conclusion

In this work we have considered local properties in the neighborhood of a point
(x0, Y0) € RRZ, for an operator L s o. To summarize, we followed the steps announced
in the introduction:

1. construction of GPWs ¢ such that Ly 4¢(x, y) = O (|[(x, ¥) — (x0, yo)[|9)

(a) choose an ansatz for ¢(x, y) = exp ZO§i+j§dP Ajj(x — xo)i(y — yo)f
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100 e—n=t&kqg=1
w-n=2&q=1
—o—-n=3&qg=2

100

1 1
—o—n=4&qg=1
w-n=4&qg=2
—o—-n=4&q=3

04 Hs—n=d4&q=4
------ order 3

1074 | ——n=4&q=3|"
—4—n=5&qg=14

max error on disks of radius h
max error on disks of radius h
;
,
'

...... order 2 y order 6 N
1078 [H--- order 6 ; 7 108 | . n
10712 I -1 10712 - |
10—16 - L 10—16 - L
1078 107 107* 102 10° 1078 1076 107* 102 10°
h h

Fig. 7 GPW approximation of uj; by u, € Vg’p!q with p = 2n + 1. We represent the L error
max (x yo)es lujs — ua”L°°({(x,y)e]R2,|(x,y)—(x0,y0)|<h})’ for 50 random points (xqg, yo) € 277. We
compare results for parameters satisfying Theorem 1 hypotheses i.e. ¢ = max(1, n — 1) (Left panel), and
for varying ¢ with fixed n (Right panel)

I I I
—-o—-n=1&qg=1 1007+n:4&q:1
—w-n=2&qg=1 —w-n=4&qg=2
—-o—-n=3&qg=2 —-o—-n=4&q=3
0 =tk g=3| . 107 f|lw—n=d&q=14
——n=5&q=4 8 Fep ., | o || order 3

100 -

max error on disks of radius h
max error on disks of radius h
:
,
'

...... order 2 K order 6 .
1078 | order 6 N 1 107°F :" |
10712 | 2 10712 | 2
1071() I I I I 1071() I I I I
10 107¢ 107* 1072 100 107 107¢ 107* 1072 100
h h

Fig. 8 GPW approximation of ucs by u, € ngp_q with p = 2n + 1. We represent the L error
max (x y)eQ llites — u“HLOO({(x,y)E]RZ,\(x,y)f(xo,yg)|<h})’ for 50 random points (xq, yg) € Q¢s. We
compare results for parameters satisfying Theorem 1 hypotheses i.e. ¢ = max(1, n — 1) (Left panel), and

for varying g with fixed n (Right panel)

(b) identify the corresponding Nyor = w degrees of freedom, and

1
Negn = q(q2+ )

constraints, namely respectively

(hij; (i, j) eN?,0< i+ j<dP},
(DU Lprwp(xo, y0) =0; (1, J) e N>, 0< T+ J < q).

(c) for dP = g + M — 1, the number of degrees of freedom is Nyor =
w > Negn and this ensures that there are linear terms in all the
constraints

(d) identify Nyof — Negn = Mq + w additional constraints, namely
Fixing {A; j, (i, j) e N*,i + j <q+ Mandi < M}
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to obtain a global system that can be split into a hierarchy of linear triangular
subsystems

(e) compute the remaining N, degrees of freedom by forward substitution for
each triangular subsystem, therefore at minimal computational cost

2. interpolation properties

(a) thanks to the normalization, in particular {A; ; = 0, (i, j) € N2, i+ <
M +qgandi < M,i+ j # 1}, study the properties of the remaining Ny,
degrees of freedom, that is {A; ;, (i, j) € N2, i +j<M+gqgandi > M},
with respect to (11,0, X0,1)

(b) identify a simple reference case depending only on two parameters, that is
basis functions ¢ (x, y) = exp A1,0(x —x0) + A0,1(y — yo) depending only on
the choice of (A1,0, Ag,1), independently of ¢ being an exact solution to the
constant coefficient equation

(c) study the interpolation properties of this reference case with classical PW
techniques

(d) relate the general case to the reference case thanks to 2a

(e) prove the interpolation properties of the GPWs from those of the reference
case

This construction process guarantees that the GPW function ¢ satisfies the approxi-
mate Trefftz property Lar.o9(x, y) = O (||(x, y) — (x0, Yo)[|?) independently of the
normalization, that is the values chosen for {A; ;, (i, j) € N2, i 4+ J < M}, while the
proof of interpolation properties heavily rely on the normalization.

This work focuses on interpolation of solutions of a PDE, and is limited to local
results, in the neighborhood of a given point. In order to address the convergence
of a numerical method for a boundary value problem on a domain €2 with a GPW-
discretized Trefftz method, on a mesh 7}, of 2, we will consider a space Vj, of GPWs
built element-wise, at the centroid (xo, yo) = (xk, yx) of each element K € Tp, to
study interpolation properties on 2. In particular, meshing the domain 2 to respect
any discontinuity in the coefficients, the interpolation error on €2, ||[(/ — Py,)||, will
converge at the same order as the local interpolation error on each element, and the
crucial point will be to investigate the behavior of the constant C (€2, n) from Theo-
rem 1. Related computational aspects of the construction of GPWs proposed in this
work are currently under study.

We are also currently considering extensions to 3D problems. We expect to be
able to follow a similar roadmap to construct GPWs and study their interpolation
properties. However, even if we expect a similar layer structure for the system obtained
to construct GPWs, the subsystems won’t have a natural numbering making obvious
their triangularity. We will therefore need new tools to construct solutions to the
subsystems. Moreover, in 3D, choosing appropriate directions for the normalization
of GPWs is challenging, and we anticipate that the study of interpolation properties
will be more intricate.

Acknowledgements This material is based upon work supported by the National Science Foundation under
Grants No. DMS-1818747 and DMS-2105487.
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A Chain rule in dimension 1 and 2

For the sake of completeness, this section is dedicated to describing the formula to
derive a composition of two functions, in dimensions one and two. A wide bibliography
about this formula is to be found in [26]. It is linked to the notion of partition of an
integer or the one of a set. The 1D version is not actually used in this work but is
displayed here as a comparison with a 2D version, mainly concerning this notion of
partition.

A.1 Faa Di Bruno formula

Faa Di Bruno formula gives the mth derivative of a composite function with a single
variable. It is named after Francesco Faa Di Bruno, but was stated in earlier work of
Louis F.A. Arbogast around 1800, see [7].

If f and g are functions with sufficient derivatives, then

" ; "m0\
—— () =ml Y [ Peen [T 55 :
Hpa\Tr

where the sum is over all different solutions in nonnegative integers (bi)kef1,m] of
> i kb = m. These solutions are actually the partitions of m.

A.2 Bivariate version

The multivariate formula has been widely studied, the version described here is the one

from [6] applied to dimension 2. A linear order on N? is defined by: ¥(u, v) € (Nz)z,
the relation ;& < v holds provided that

L. py + p2 < vy +vp;0r
2. w1+ p2=vi+vyand u; < vy.

If f and g are functions with sufficient derivatives, then
0,01 f(g(x, )

i+j ki
=iljt Y e Y. Y l_[ (,],i’aﬂ(g(x y))) :

I<p<i+j s=1 pg((i,j),m) 1= 1

where the partitions of (i, j) are defined by the following sets: Viu € [1,i + j1I,
Vs e [1,i + jl, ps((, j), 1) is equal to

{(kla LA} k&‘a (ilv j1)7 st (i‘Yv ]Y))kl > 0, O < (ila .]1)

S N N
< s ) Y k=Y ki =i kiji = j} :
=1 =1 =1
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See [12] for a proof of the formula interpreted in terms of collapsing partitions.

B Faa di Bruno

The multivariate formula has been widely studied, the version described here is the one

from [6] applied to dimension 2. A linear order on N2 is defined by: V(u,v) € (Nz)z,
the relation ;& < v holds provided that

L.y + p2 < v+ vy 0r
2. w1+ p2=vy+vyand u; < vy.

If f and g are functions with sufficient derivatives, then

i+j
0L fF(gle.y) =iljl Y [P Y 1‘[
l=p=i+j s=1 ps((,)),w) =1
1 i ki
(T )lcla I(g(x }’))> s
N
1
=t ) e Z 2. Il¢
l<p<t s=1 pg((k,0—k), ) m=1

1 km
im oJm
< 9" 05" P (x, y)) ,
im!jm!

where the partitions of (i, j) are defined by the following sets: Yu € [1,i + j1I,
Vs € [[1,i + jl, ps(G, j), u) is equal to

{(k]a"'aks;(ilaj])7"' 7(l$7,]S)):kl >070< (117.]1)

) S S
< i ) Y k=g Y ki =iy kiji = j} :
=1 =1 =1

Note that s is the number of different terms appearing in the product, while p is the
number of terms in the product counting multiplicity, &, is the multiplicity of the mth
term in the product, while p; represents the possible partitions of (i, j).

Note that since k;, > 0, the condition Y _, k,, = wimpliesthatu = > _ ky >

Y= 1=s.

C Polynomial formulas
Here are two important comments. The first one concerns the product of polynomials.
Assume that min(D1, D3) > ¢g. Then the product of two polynomials, respectively of

degree D1 and D, satisfies:
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Dy Di—iy Dy Dr—in
i j i j
Do pax YYD D dn "y
i1=0 j1=0 i2=0 j>=0
q—1qg—1-i i
S [ q
=2 2 ZZPH, ji.j | 'y + O
i=0 j=0 i=0 j=0

Since in particular the summation indices are such that 0 < i <i,0<i—ic<i,

0<j<j,and0<j—j<j,the only coefficients p; ; and ¢; ; appearing in the
(1o, Jo) coefficient of the product have a length of the multi-index i + j < Ip+ Jy. As
a consequence, the only coefficients of several polynomials appearing in the (I, Jo)
coefficient of the product these several polynomials have a length of the multi-index
i+ j < Io+ Jo. The second comment turns to the derivative of a polynomial:

D D-i D—I—-J D—-I—-J—i

- G+ DG+ D!
3)53; Zzpi,jxlyl = Z Z N ]—Pz+lj+fxy

i=0 j=0 i= j=0

In particular the only coefficients p; ; appearing in the (/o, Jo) coefficient of the
derivative has a length of the multi-indexi 4+ j =1 + J + Iy + Jo.
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