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Abstract

Pointwise error analysis of the linear finite element approximation for — Au +u = f
in 2, 8,u = t on 92, where 2 is a bounded smooth domain in RY, is presented. We
establish 0(h2| log h]) and O (h) error bounds in the L*°- and W% norms respec-
tively, by adopting the technique of regularized Green’s functions combined with local
H'- and L?-estimates in dyadic annuli. Since the computational domain €2, is only
polyhedral, one has to take into account non-conformity of the approximation caused
by the discrepancy €2;, # €. In particular, the so-called Galerkin orthogonality rela-
tion, utilized three times in the proof, does not exactly hold and involves domain
perturbation terms (or boundary-skin terms), which need to be addressed carefully. A
numerical example is provided to confirm the theoretical result.

Mathematics Subject Classification Primary 65N30; Secondary 65N 15

1 Introduction

We consider the following Poisson equation with a non-homogeneous Neumann
boundary condition:

—Au4+u=f in Q, du=1t on I':=09%Q, (1.1)
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where Q@ C R¥ is a bounded domain with a smooth boundary I of C*°-class, f is an
external force, 7 is a prescribed Neumann data, and 9,, means the directional derivative
with respect to the unit outward normal vector n to I'. The linear (or P) finite element
approximation to (1.1) is quite standard. Given an approximate polyhedral domain
2, whose vertices lie on I', one can construct a triangulation 7, of €, build a finite
dimensional space V), consisting of piecewise linear functions, and seek for u, € Vj
such that

(Vup, Vop)a, + (un, vi)e, = (f, v)e, + & v)r, You € Vi, (1.2)

where 'y, := 02, and f and 7 denote extensions of f and 7, respectively. Then, the
main result of this paper is the following pointwise error estimates in the L°°- and
W% norms:

it — up ooy < Ch*[loghl ully2.0 g,

i —unllwricoq,) < Chllullwzeo ), (1.3)

where & denotes the mesh size of 7, and # is an arbitrary extension of u (of course,
the way of extension must enjoy some stability, cf. Sect. 2.3 below).

Regarding pointwise error estimates of the finite element method, there have been
many contributions since 1970s (for example, see the references in [14]), and, con-
sequently, standard methods to derive them are now available. The strategy of those
methods is briefly explained as follows. By duality, analysis of L>°- or W *®-error
of u — uj, may be reduced to that of W' !-error between a regularized Green’s func-
tion g, with singularity near xo € €2, and its finite element approximation g,. To
deal with V(g — gn)llL1(q) in terms of energy norms, it is estimated either by
YI_0d) 1V — gllziana;) or by 0NV (g — gl 2y Where {d;}_q are
radii of dyadic annuli A; shrinking to xo with the minimum d; = Kh, whereas
o(x) = (x — x0|2 + kh?)Y2, The two strategies may be regarded as using discrete
and continuous weights, respectively, and basically lead to the same results. In this
paper, we employ the first approach, in which scaling heuristics seem to work easier (in
the second approach one actually needs to introduce an artificial parameter A € (0, 1)
to avoid singular integration, which makes the weighted norm slightly complicated,
cf. Remark 8.4.4 of [3]).

The main difficulty of our problem lies in the non-conformity V), ¢ H'() arising
from the discrepancy 2, # Q and ', # I', which we refer to as domain perturbation.
In fact, the so-called Galerkin orthogonality relation (or consistency) does not exactly
hold, and hence the standard methodology of error estimate cannot be directly applied.
This issue was already considered in classical literature (see [18, Section 4.4] or [5,
Section 4.4]) as long as energy-norm (i.e. H') error estimates for a Dirichlet problem
are concerned. However, there are much fewer studies of error analysis in other norms
or for other boundary value problems, which take into account domain perturbation.
For example, Barrett and Elliott [2], Cermak [4] gave optimal L2-error estimates for
a Robin boundary value problem.

@ Springer



Pointwise error estimates of linear finite element method. .. 555

As for pointwise error estimates, the issue of domain perturbation was mainly
treated only for a homogeneous Dirichlet problem in a convex domain. In this case,
one has a conforming approximation Vj, N HOl () C HOI(Q) with the aid of the
zero extension, which makes error analysis simpler. This situation was studied for
elliptic problems in [1,17] and for parabolic ones in [8,19]. Although an idea to treat
Q¢ Qin the case of L°°-analysis is found in [17, p. 2], it does not seem to be directly
applicable to W1-*-analysis or to Neumann problems. In [8,14,16], they considered
Neumann problems in a smooth domain assuming that triangulations exactly fit a
curved boundary, where one need not take into account domain perturbation. This
assumption, however, excludes the use of usual Lagrange finite elements. The P;-
isoparametric finite element analysis for a Dirichlet problem (N = 2) was shown in
[20], where the rate of convergence 0(h3’€) in the L°°-norm was obtained.

The aim of this paper is to present pointwise error analysis of the finite element
method taking into account full non-conformity caused by domain perturbation. We
emphasize that a rigorous proof of such results for Neumann problems remained open
even in the simplest setting, i.e., the linear finite element approximation. Therefore,
in the present paper, we focus on showing how the issues of domain perturbation can
be managed and confine ourselves to the linear approximation. Our main result (1.3)
implies that domain perturbation does not affect the rate of convergence in the L*°- and
W1-%°_norms known for the case €2, = Q when Pj-elements are used to approximate
both a curved domain and a solution. We would like to extend this to higher order cases
(e.g. isoparametric finite elements) in future work, by adopting the strategy developed
in this paper to manage domain perturbation.

Finally, let us make a comment concerning the opinion that the issue of 2, # 2 is
similar to that of numerical integration (see [16, p. 1356]). As mentioned in the same
paragraph there, if a computational domain is extended (or transformed) to include €2
and a restriction (or transformation) operator to €2 is applied, then one can disregard
the effect of domain perturbation (higher-order schemes based on such a strategy
are proposed e.g. in [6]). On the other hand, since implementing such a restriction
operator precisely for general domains is non-trivial in practical computation, some
approximation of geometric information for €2 should be incorporated in the end.
Thereby one needs to more or less deal with domain perturbation in error analysis, and,
in our opinion, its rigorous treatment would be quite different from that of numerical
integration.

The organization of this paper is as follows. Basic notations are introduced in
Sect. 2, together with boundary-skin estimates and a concept of dyadic decomposition.
In Sect. 3, we present the main result (Theorem 3.1) and reduce its proof to W!:!-error
estimate of g — g,. The weighted H'- and L?-error estimates of g — g are shown
in Sects. 4 and 5, respectively, which are then combined to complete the proof of
Theorem 3.1 in Sect. 6. A numerical example is given to confirm the theoretical result
in Sect. 7. Throughout this paper, C > 0 will denote generic constants which may
be different at each occurrence; its dependency (or independency) on other quantities
will often be mentioned as well. However, when it appears with sub- or super-scripts
(e.g., Cog, C’), we do not treat it as generic.
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2 Preliminaries
2.1 Basic notation

Recall that @  R¥ is a bounded C*°-domain. We employ the standard notation of the
Lebesgue spaces L” (), Sobolev spaces W* 7 (2) (in particular, H* () := W*2(Q)),
and Holder spaces C™%($2). Throughout this paper we assume the regularity u €
W?22°(Q) for (1.1), which is indeed true if f € C*(Q) and © € C*(T) for some
a € (0,1).

Given a bounded domain D C R¥, both of the N-dimensional Lebesgue measure
of D and the (N — 1)-dimensional surface measure of d D are simply denoted by | D|
and |0 D], as far as there is no fear of confusion. Furthermore, we let (-, -)p and (-, -)3p
be the L2(D)- and L2(d D)-inner products, respectively, and define the bilinear form

ap(u,v) := (Vu, Vo)p + (u,v)p, u,ve H (D),

which is simply written as a(u, v) when D = 2, and as a;, (u, v) when D = ), (to
be defined below).

Letting €2, be a polyhedral domain, we consider a family of triangulations {7} 0
of €2, which consist of closed and mutually disjoint simplices. We assume that {7} 0
is quasi-uniform, that is, every 7' € 7}, contains (resp. is contained in) a ball with the
radius ch (resp. h), where h := maxrc7, hr with Ay := diam T'. The boundary mesh
on 'y, := 90y, inherited from 7}, is denoted by Sy, namely, S, = {S C 'y | S is an
(N — 1)-dimensional face of some T € 7j,}. We then assume that the vertices of every
S € S), belong to I, that is, I', is essentially a linear interpolation of I.

The linear (or Pp) finite element space V}, is given in a standard manner, i.e.,

Vi = {vn € CQu):uplr € PI(T) VT € Tp},

where Py (T) stands for the polynomial functions defined in 7 with degree < k.

Let us recall a well-known result of an interpolation operator (also known as a local
regularization operator) Z;,: H'(2;,) — Vj, satisfying the following property (see [3,
Section 4.8]):

IV*=Thv)ll Lo (1) < CIh'}l_kHVmUHLP(MT) k=0,1,m=1,2,ve W"P(Qy),
where My := | {T’ € T;: T' N T # #} is a macro-element of 7' € 7j,. The constant

C7 depends on c, k, m, p and on a reference element; especially it is independent of
v and h7. We also use the trace estimate

12 12
||v||L2(Fh) S C”v”Lz(Qh) ||U||HI(Q;,)’

where C depends on the C%!-regularity of €2, and thus it is uniformly bounded by
that of Q for h < 1.
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2.2 Boundary-skin estimates

To examine the effects due to the domain discrepancy €2;, # €2, we introduce a notion
of tubular neighborhoods I"(8) := {x € R¥: dist(x, I') < 8}. It is known that (see [9
Section 14.6]) there exists §o > 0, which depends on the Cl*l-regularity of 2, such
that each x € I"(§p) admits a unique representation

x=x+1tn(x), xel,tel[-5,dl

We denote the maps I'(§p) — I'; x — x and I'(6g) — R; x — ¢ by m(x) and
d(x), respectively (actually, 7 is an orthogonal projection to I and d agrees with the
signed-distance function). The regularity of €2 is inherited to that of 77, d, and n (cf. [7,
Section 7.8]).

In [12, Section 8] we proved that 7|, gives a homeomorphism (and piecewisely a
diffeomorphism) between I and ', provided £ is sufficiently small, taking advantage
of the fact that I', can be regarded as a linear interpolation of I" (recall the assumption
on S;, mentioned above). If we write its inverse map 7*: T — [’y as 7*(x) = x +
1*(X)n(¥), then ¢* satisfies the estimates || VE#*||poory < Cxph* * fork = 0,1, 2,
where Vr means the surface gradient along I" and where the constant depends on the
C!!-regularity of . This in particular implies that 2, AQ = (£2;,\2) U (2\2,) and
', UT are contained in I'(8) with 8 := Corh® < 8. We refer to €2, AQ, I'(8) and
their subsets as boundary-skin layers or more simply as boundary skins.

Furthermore, we know from [12, Section 8] the following boundary-skin estimates:

’/fdy— Fomdm| = ColflLiry
r Ty

I £ lie ey < CEYPIFliLeay + 81V FllLe ey,
If — forlleay, < C8""VPIV fllLeae)y,

@2.1)

where one can replace || flz1ry in (2.1)1 by || fll1(r,)- As a version of (2.1)2, we
also need

IflliLr@ne) < CEYPI ey + IV fllr@ne)s (2.2)

whose proof will be given in Lemma A.1. Finally, denoting by nj;, the outward unit
normal to 'y, we notice that its error compared with n is estimated as ||[n o T —
npllLeer,) < Ch (see [12, Section 9]).

2.3 Extension operators

We let Q := QU ') = Q, UTL(®) with 8 = Coph? given above. For u €
W2°(Q), /€ L>(), and T € L*(I"), we assume that there exist extensions
e W2X(Q), f e L®(Q), and T € L®(Q), respectively, which are stable in the
sense that the norms of the extended quantities can be controlled by those of the orig-
inal ones, e.g., ||| Waood) = Cllullw2.00(g)- We emphasize that (1.1) would not hold

any longer in the extended region £\ Q.
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We also need extensions whose behavior in I'(§)\€2 can be completely described
by that in I'(¢§) N Q for some constant ¢ > 0. To this end we introduce an extension
operator P: Wk-P(Q) — WkP(Q)(k = 0,1,2, p € [1, o)) as follows. For x €
Q\I'(§) welet Pf(x) = f(x); forx = x + tn(x) € ['(§) we define

fG&+1tn(x)) (=80 <t <0, 3
3f(x —tn(x)) =2f(x —2tn(x)) (0 =<1 <o),

Pf (X + tn(¥)) = el

Proposition 2.1 The extension operator P satisfies the following stability condition:

IPfllwerrey < Clfllwkr@nresy (*k=0,1,2), pell, ool

where C is independent of 6 and f.

The proof of this proposition will be given in Theorem A.1.

2.4 Dyadic decomposition

We introduce a dyadic decomposition of a domain according to [14]. Let B(xq; r) =
{x e RV:|x —xo| < r}and A(xo;r, R) = {x € RN:r < |x — x9| < R} denote a
closed ball and annulus in RY respectively.

Definition 2.1 For xog € RV, dy > 0,J € Nx, the family of sets A(xo, do, J) =
{Aj}/]'=0 defined by

Ag=B(xo;do), Aj=AWo;dj-1,d)), dj=2dy (j=1,...,0)

is called the dyadic J annuli with the center xo and the initial stride d.

With a center and an initial stride specified, one can assign to a given domain a
unique decomposition by dyadic annuli as follows.

Lemma 2.1 For a bounded domain D C RY | let xy € D, 0 < dyp < diam D, and
J be the smallest integer that is greater than J' := W. Then we have
DcC J A(xo, do, J).

Proof Since 2J/d0 =diam Dand J' < J < J' + 1, one has diam D < d; <

2_diam D. For arbitrary x € D we see that [x — xo| < diam D < d;, which implies
D C B(xo; dy) = A(xo, do, J). O

Definition 2.2 We define the decomposition of D into dyadic annuli with the center x
and the initial stride dy by Ap (xo, dp) = {DNA; }‘;:O, where {4 ; }JJ-=0 = A(xg, dy, J)
are the dyadic annuli given in Lemma 2.1. We also use the terminology dyadic decom-
position for abbreviation.

For A(xg,do, J) = {A; }‘;:O and s € [0, 1], we consider expanded annuli
A®) (xo, do. J) = (AY}_, where
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A§ = B(xo; (1 +9)dp),
. N .
AY = A(x; (1 — D1 (L+9)d) (G=1.....0).

In particular, for s = 1 one has AE.]) =A; UA;UA ;| whereweset A | :=§
and Ajy1 = A(xp; dy,dy+1) with djy1:=12dy.

We collect some basic properties of weighted L?”-norms defined on a dyadic decom-
position.

Lemma 2.2 For a dyadic decomposition Ap(xg, dy) = {D N Aj}jj-:0 of Dand p €
[1, oo], the following estimates hold:

J
1/p N/p'
1F iy <oy D d PN flLrona,). 23)
j=0

J J
N / 7 _ 7 N /
Zd.i ” ”f”L”(DmA(/.])) < QNP 1 42Ny Zdj /r I fliLrpnay- (2.4
— . =

Here, ay = 1\/2112—%//22) means the volume of the N -dimensional unit ball and p' =
p/(p=1.

Proof 1t follows from the Holder inequality that
J J
1 oy = D 1 Iiona,y < D 1ANYP I f Lewnay,
Jj=0 =0

which combined with A ;| = (1 — Z_N)d]NozN yields (2.3). The estimate (2.4) follows
from the fact that

”f”u’(m,a\(/‘)) < fllerona;_py + 1 fllLepnay) + 1 llLepnaj ),

together with DNA_; = DN A4+ =0 O

Setting now D to be €2, introduced in Sect. 2.1, we consider its dyadic decom-
position Ag, (xo,do) = {2, N A j}jj':o and its triangulation 7. At this stage, each
triangle in 7j, can simultaneously intersect with some annuls A and its complement
A€; however, we have the following lemma:

Lemma 23 Let Ag, (xo,do) = {QrNA; }]J.:0 be a dyadic decomposition of 2, with
xo € Qp and dy € [16h, 1], and let s € [0, 3/4].

O If T € Ty satisfies T 0 AS'S) # O then Mt C A§S+l/4), where My is the macro
element of T.
(i) If T € Ty satisfies TNASTD £ ¢ then My < (AW)e.
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Proof We only prove (i) since item (ii) can be shown similarly. Let x € M7 be
arbitrary. By assumption there exists x’ € T N A;s); in particular, (1 —s/2)d; 1 <
x" —xol < (1 + s)d;. Also, by definition of M7, |x — x'| < 2h. Then we have
(7/8 —s/2)d;j—1 < |x — xo| < (5/4 + s)d; as aresult of triangle inequalities, which
implies x € A;SHM). O

Corollary 2.1 Under the assumption of Lemma 2.3, let v € H'(Qy,) satisfy suppv C
A;S). Then we have supp Zyv C A;.SH/“).

Proof It suffices to show Z,v(x) = O for all x € Qh\AyH/ 4 . In fact, since there

exists T € 7y, such that x € T, one has M7 N AE.S) = () as a result of Lemma 2.3(ii).
Hence v|y, = 0, so that Z,v|r = 0. O

Finally, notice that for any dyadic decomposition Ag, (xo, dy) we have

J cd’ (B > 0),
Ydl ={CU+]logdoh) (B =0), 2.5)
j=0 cdl B <0),

where C = C(N, €2, B) is independent of xg, dy, and J (for the case § = 0, recall
Lemma 2.1 to estimate J). Moreover, since d; < d; < 2diam 2, one has

d?+d? <cd!™P 0<j<J apeR C=CNN.Qap),

which will not be emphasized in the subsequent arguments.

3 Main theorem and its reduction to W'-'-analysis

Let us state the main result of this paper.

Theorem 3.1 Let u € W>(Q) and up, € Vj, be the solutions of (1.1) and (1.2)
respectively. Then there exists hy > 0 such that for all h € (0, ho] and vy, € V), we
have

it — unlloo(@y) < Chlloghl lli — vallwree(q,) + Ch*|log bl [lully2s(g),

it —unllwioq,) < Clli — vhllwio(q,) + Ch llullwooq),
where C is independent of h, u, and vy,.
Remark 3.1 (i) By taking v, = Z,u, we immediately obtain (1.3).

(ii) The factor hllit — vp|ly1.(q, in the L>-estimate could be replaced by ||z —
vl Lo (@, (cf. [14, p. 889]), which will be discussed elsewhere.
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(iii) The above error estimates cannot be improved even if one employs a higher
order finite element, as far as the boundary I" is only linearly approximated. In
fact, the domain perturbation term /4 (see Lemmas 3.2 and 3.5 below) gives
rise to 0(h2| log h)- and O (h)-contributions for L°°- and W% _error estimates
respectively, regardless of the choice of V},. Both of the approximation of func-
tions and that of the boundary must be made higher order in a proper manner
to achieve better accuracy (a typical way to do this is the use of isoparametric
elements).

Let us reduce pointwise error estimates to W' !-error analysis for regularized
Green’s functions, which is now a standard approach in this field. For arbitrary T € 7},
andxg € T weletn =1y, € C(‘)>o (T), n > 0 be aregularized delta function such that

/ n()vp(x) dx = vp(x0) Yup € Pi(T), [IV¥nllzeery < Ch7F (k=0,1,2),
T
dist(suppn, 0T) > Ch, 3.1

where C is independent of T, &, and x¢ (see [15] for construction of 7).

Remark 3.2 (i) The quasi-uniformity of meshes are needed to ensure the last two
properties of (3.1).

(i) We have suppn N I'(28) = P with § = Corh?, provided that # is sufficiently
small.

We consider two kinds of regularized Green’s functions go, g1 € C*°(Q) satisfying
the following PDEs:

—Ago+go=n in Q, 9,20=0 on T,

and
—Agi+g1=09n in 2, 9,g1=0 on T,

where 0 stands for an arbitrary directional derivative. Accordingly, we let gon, 811 €
V), be the solutions for finite element approximate problems as follows:

ap(vn, gon) = (vn, Mg, Yvn € Vi, and ap(vp, g1n) = (vh, 9N)q, Yo € V.
The goal of this section is then to reduce Theorem 3.1 to the estimate
18m — mnllwiig, < ClhlloghD'™, m=0,1, 3.2)
where C is independent of &, xo, and 9, and g, := Pg, means the extension defined
in Sect. 2.3. To observe this fact, we represent pointwise errors at xo, with the help of

n, as

u(xo) — up(xo) = (@ — vp)(xo) + (vp — i, Mg, + @ — up, N,
(it — up)(xg) = a0 — vp)(x0) + vy — %), N)q, — (U — up, 9N)g,,
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for all v, € Vj. Since the first two terms on the right-hand sides are bounded by
2\lit — vpllzeo(g,) and 2||V (@ — vp) |1 (g,), in order to prove Theorem 3.1 it suffices
to show that

(@ — up, Mg, | < Chlloghllli — vally1eqq,) + Ch? log hlllull 2.0 gy,

| — up, In)g,| < Cllu — Uh||w1,oc(§zh) + Chllul| W2.20(Q)-

With this aim we prove:

Proposition 3.1 For m = 0, 1 and arbitrary v, € Vj, one obtains

| —up, 3" g, < C(lla — vh”WLOO(Qh) + Ch”“”wloc(sz))”gm - gmh”Wl»l(Qh)
+ Ch(hllogh))'™" [ull 2.0 (q)-

It is immediate to conclude Theorem 3.1 from Proposition 3.1 combined with (3.2).
The rest of this section is thus devoted to the proof of Proposition 3.1, whereas (3.2)
will be established in Sects. 4—6 below. From now on, we suppress the subscript m of
gm and g, for simplicity, as far as there is no fear of confusion.

Let us proceed to the proof of Proposition 3.1. Define functionals for v € H'(R2,),
which will represent “residuals” of Galerkin orthogonality relation, by

Res, (v) = (= Al + il — f,v)n + Bl — T, V)1,
Res, (v) = (v, = Ag + @a,a + (V, 9,81, -

If in addition v € Hl(fl) in the expanded domain Q=QuU I"'(8), then Res, (v)
admits another expression. To observe this, we introduce “signed” integration defined
as follows:

(@, Vg,an = (@, Ve — @, Ve,
(@, V)r,ur = @, ¥Ir, — (&, V)T,
ag, aa(®. V) == (Vé, Vg, na + (0, Vg, ra-

Lemma 3.1 Forv € HY(Q) we have
Res, (v) = —(f, Vg, a0 — & V)i,ur + a6, ao . V).
Proof Notice that the following integration by parts formula holds:
(— A, v)/Q;,ASZ = (Vi, Vv)’QhAQ — (O, it, V)1, + (Onut, V)7
From this formula and (1.1) it follows that

(= At V)o@ + O, i, V), = (= Au, v)g\@, + (ViL, V)g, ng + (1, V)1
_(M - f9 v)Q\Qh + (Vﬁ, Vv)/QhAQ + (T’ U)F~
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Substituting this into the definition of Res, (v) leads to the desired equality. O

Now we show that Res,, (-) and Resg (-) represent residuals of Galerkin orthogonality
relation for # — uy, and g — g, respectively.

Lemma 3.2 Forall v, € V), we have

ap(it —up, vp) = Res, (vp), an(vn, & — gn) = Resg(vp),
and
(t —up, 9"n)g;, = an(it —vi, & — gn) — Resg (it — vp) — Resy (g — gn) + Resu(g)
=hLh+DL+1z+ 14
Proof From integration by parts and from the definitions of u and u;, we have

an(@i — up, vp) = (— Adi + i, vi)g, + @it v, — (F> v, — (F v,
= Res, (vy).

The second equality is obtained in the same way. To show the third equality, we observe
that

(p —up, 3", = an(vp — up, gn) = ap(vp — i, gn) + an (i — up, &)
=ap( — vy, & — gn) — an(it — vp, §) + Res, (gn).

It follows from integration by parts, — Ag + ¢ = 9™ nin 2, and suppn C 5 N €2,
that

ap(t —vp, §) = (U — vy, — Ag + &), + (U — vi, 9,81,
= (u — vy, 3" Mq,ne + Resg (it — vp)
= — vy, 3m7])g2h + Resg(ﬁ —vp).
Combining the two relations above yields the third equality. O

By the Holder inequality, [1;| < [l — vallwi.o(g,) 1€ — grllwri(q,)- The other
terms are estimated in the following three lemmas. There, boundary-skin estimates
for g will be frequently exploited, which are collected in the appendix.

Lemma3.3 || < C(hllogh)!'™™ |lii — vpllLy)-
Proof By the Holder inequality,

|Resg (i — vp)| < llu — Uh||L°°(Qh)(||§||w2«l(r(5)) + ”E)ﬂhgllL'(l"h))’

where [|g]l w210 < Ch'=™ as a result of Corollary B.1. Since (Vg) o -nomw =0
on I'y, it follows again from Corollary B.1 that

”anhg”L‘(Fh) <|IVg-(np—n °7T)||L1(r,,) + ||(V§ —(Vg) 077) -n °7T||L1(r,1)

@ Springer
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< ChlIVEllLir,) + CIVZEllLire) < ChlloghD' ™" + Ch'",
which completes the proof. O
Lemma3.4 |3] < Chllully200)ll8 — gnllwii(g,)
Proof By the Holder inequality and stability of extensions,
[Res, (g —gn)l < Cllullwzoo)lg —8rll1 (@0 10,8 — Tl I8 —gnlli(r,)-
From (2.2) and the trace theorem one has
18 — gnllLr e < C3UIE — gnllLir,) +1IV(E — gl @na)
< CI?g — gnllwiiqy-
From (Vu)om -nomwr = tomw onI'y, (2.1), and the stability of extensions, it follows that

I8yt = TllLoo(ry) < IV - (= n o)l Loe(ry) + Vit — (Vi) o ) - n o 7| poo(ry,)
+ ltom —Tllpoory,)
< Ch||\Viillzoory) + C8IVZiill oo (1 (s))
+ ColIVTliLeorey) < Chllullyzoo(q,)-

Combining the estimates above and using the trace theorem once again, we conclude

|Resy (g — gn)l < Chz”””wlw(g) g — gh||W|,1(Qh) + Ch““”wloo(gh)”g — 8h ”L'(Fh)
=< Ch”””wloo(g) g — gh”Wl,l(th

This completes the proof. O
Lemma3.5 |I4] < Ch(h] logh|)1*’"||u||Wz,00(Q).
Proof We recall from Lemma 3.1 that
Resy(8) = (/. g a0 — (. Oh,ur +ag, a8
Let us estimate each term in the right-hand side. By (2.1), we obtain
I(Fs Dapaal < I Flzeaweplglli ey < Colloghl' ™" llullyzso gy,

where 8§ = Cogh?. Next, from (2.1) and Corollary B.1 we find that

(T Dr,ur =@ Or = @ 9| < 1T, &r — (tom, gom)r,|
+ |(tom,gomr —gr,|+(tor — 7,9,
< Cdlltlleoligloiy + CliTllioem V&Il L))
+ C8lIVTlLeaonllgloir,
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< C8[|Vull Lol log h™ + C ||Vl oo 8h ™| log h|' ™"
+ C8llullyr.coqy| logh|'™"
< C8h™" [Tog hl' ™™ |u]l 2.0 (-

Finally, for the last term we obtain

|ag'2hAQ(ﬂv &I = llullwroomeyllgllwiire) < C||u||wl~oo(§z)5h7m|10gh|17m~

Collecting the above estimates proves the lemma. O

Proposition 3.1 is now an immediate consequence of Lemmas 3.2-3.5.

4 Weighted H'-estimates

As a consequence of the previous section, we need to estimate [|§ — gnllw1.1(q,)
where we keep dropping the subscript m (either O or 1) of g, and g,;,. To this end we
introduce a dyadic decomposition Ag, (xo, do) = {2, N A} jj'=0 of €5, and observe
from (2.3) that

J
~ N/2 ~
18 = gnllwiiy = C Y di 212 = gl aroyna,)- 1)
j=0
Then the weighted H'-norm in the right-hand side is bounded as follows:
Proposition 4.1 There exists Ko > 0 such that, for any dyadic decomposition

Ag, (x0, do) = {2 N Aj}jzo of Q, withdy = Kh, K > K, we obtain

J

N/2, ~ — —
> a1 — gl auna,) < CK™N2RM 4 C(hllog h)! ™"
j=0

J
—14+N/2 ~
+C Y d7 ) — enllpagunay (42)
j=0

Here the constants Ko and C are independent of h, xo, 9, and K.

The rest of this section is devoted to the proof of the proposition above. In order
to estimate |8 — gnllg1(@,na,) for j = 0,....J, we use a cut off function w; €

C(‘)’O(RN), wj > 0 such that
=1 i . ‘ /4 k. —k _
wj=1 in Aj, suppw; C Aj o Vo)l peowyy < Cdj (k=0,1,2).
4.3)
Then we find that
18 = 8nl31i0,na,) < (@i (& = 81). 8 = 8n)g, + (@ V(& = gn). V(& — &n))g,
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566 T. Kashiwabara, T. Kemmochi

= ap(; (& — 1), & — 8n) — (Vo (& — &) V(& — gn))q,
= ap(w; (& — 8n) — vn & — &n)

~ ((Vo)(@ = 8. V(& = &), + Resg (vp)
=1+ L+,

where v, € V}, is arbitrary and we have used Lemma 3.2.
Substituting v, = Z(w;(g — gn)), Where Zj, is the interpolation operator given in
Sect. 2.1, we estimate I, I, and I3 in the following.

Lemma 4.1 I is bounded as

D~ ~
< K — —
|I]| —_ Chd] ”g gh||L2(thAFfl/2))||g gh”Hl(thA;l/z))

2

—1y~
+Chd; g ghllHl(thA;Im)

—m—N/2

+ C]hdj ”g_gh”Hl(thA;]/z))v

4.4)

where Cy = CK™tN/2 and Cj = C for1 < j < J.

(1/2)

Proof By Corollary 2.1 we have suppv, C Q5 N A i and hence

] < llw;j(€ —gn) — vrllgiq, g — ghllHl(QhﬂA;lm).

It follows from the interpolation error estimate, together with (4.3), that

loj & = 81) = wnllyi g, < Ch* D IV @ = 8m) 72 p,
TeTy

= Y (I0V20)@E = g oy + 1(V0) ® V@ — gn) 207 + 1928122, )
TeT),

e Y (4748 = oy + 4728 = 8l + 122 ) )
TnAS 2

where we made use of the fact that V2gh|T = 0 for T € 7. This combined with
Lemma 2.3(i) implies

loj (@ = gn) = vill 1 (@) < Ch(d; 2118 — g 20,0402
1y~
+d/ ”g - gh”LZ(thA;'/z))

+ vl 1)
LZ(QhﬂAj )
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When j = 0, by the stability of extension and the H2-regularity theory, we deduce
that

25 —m—N/2 N/2 ;—m—N/2
1221 2 g, a0/, = Cl8llzey < €Il 2@y < CAT" /2= cxmN2g N,

. . ~ —-m—N/2
When j > 1, it follows from Lemma B.2 that ”Vzg”LZ(thAg”z)) < Cdj m-N/2,

Collecting the estimates above, we conclude (4.4). O

For I, we have
1~ ~
|12| S Cd/ ”g - gh ”Lz(thA;]ﬂ))“g - gh”Hl(QhﬂA;l/z))’

which dominates the first term in the right-hand side of (4.4) because hd;1 <1.

1/2=m=N/2 | ~ T
Llemma4.2 |3] < Chdj/ mN (“g_gh||H1(thA;1/4))+dj1||g_gh||L2(thA(jl/4)))~

Proof Since I3 = (v, — Ag + &)a,\Q + (Un, 9n, &)1, We observe that

(v, — AZ + Dapnal < C8 ol g, 6d) ~HV2d "N

—1/2—m—N/2
< Céd; lonll g1,

and that

|(Vhs 8n, @)1y | < ||Uh||L2(rh)||3nh§||Lz(FhﬁA§1/4>)
< Clvllgr (e, (IVE - (n —no n)”Lz(FhﬁA_(le))
IV = (VR o) - mo s, y00)
< Cllvnll o (RIVEN 2,009,
+ T N AE'IM)|1/28“V2g||L°°(FhmA_(,'l/4)))
< Cllvnll gy (hd; > ™"~ 4 p2a 127N,

1/2—m—N/2
= Chdj ”vh”Hl(Qh)'

Therefore, by the H !-stability of Z, and by d i < 2diam Q,

1/2—m—N/2

|13] < Chd,; lw;j (& — gnllai o)
1/2=m=N/2 | ~ 1y~
< Chdj/ "N - ghllHl(thAym) +d; g - ghlle(QhﬁA;l/m)),
which completes the proof. O
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Collecting the estimates for I, I, and I3 we deduce that

N/2, ~
d;""llg = gnllm@una;)

— N/2, ~
< Chd; D2 dF N = gl 1 g a0

1/2 1/2
N/2, ~ —1+N/2 ~
+ C <dj g — gh”Hl(thA;l))> (dj g — gh”Lz(QhﬂA;”)>

- 1/2\1/2, ;NJ2, ~
+ (Cihd;™ (1 +dj/ ) ! (dj/ g _gh||H1(thA5_|)))1/2
1/2 1+N/2 12
—m\172 [ ;— ~

We now take the summation for j =0, 1, ..., J and apply (2.4) to have

J J

N/2, ~ —1\1/2 N/2, ~
Y dY 18 = gl oynay < C'hdg )2 a1z — gullgnana)
j=0 j=0

J
1 N/2, ~
+ 5 E dj/ & = gnllmuna)

j=0
J J
_ 1/2 1/2—m
+ Y Cihd;"(1+d;/ )+ ChYy d,
j=0 j=0

J
—14+N/2 ~
+ €Y dT N = enllizianna -
j=0

If hdy = g-! <1/4cC’ )2, then one can absorb the first two terms into the left-hand

side to conclude (4.2). This completes the proof of Proposition 4.1.

Thus we are left to deal with Zj]':o dj_1+N/2||§ — &nll2(@,na ) Which will be the

scope of the next section.

5 Weighted L2-estimates

Let us give estimation of the weighted L?-norm appearing in the last term of (4.2).

Proposition 5.1 There exists Ko > 0 such that, for any dyadic decomposition
Ag, (xo, do) = {Q, N Aj}jf.zo of Qu withdy = Kh, Ko < K < h™!, we obtain
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J

—14+N/2) ~
> d; 1 = gnll2@una,)
j=0

J
- N/2y =~ . B
= C(hd, h E d; / I8 = gnllmi@unay + 118 = gnllwrig, | + ch¥Fm,

j=0
5.1)
where the constants Ko and C are independent of h, xo, 9, and K.
To prove this, first we fix j = 0, ..., J and estimate ||g — gx ||Lz(thAj) based on

a localized version of the Aubin—Nitsche trick. In fact, since

g — gnllr2@,na;) = sup (®, 8 — gnay»
PEC(QuNA)

01,2004 )=!

it suffices to examine (¢, g — gr)gq,, for such ¢. To express this quantity with a solution
of a dual problem, we consider

—Aw+tw=¢ in Q, dw=0 on T, 5.2)

where ¢ is extended by 0 to the outside of €2, N A ;. From the elliptic regularity theory
we know that the solution w is smooth enough. We then obtain the following:
Lemma 5.1 Forall wy, € V, we have

(0,8 —gn)a, =an(W — wp, § — gn) — Resy (8 — gn) — Resg (W — wy,) + Resg ()
L+ h+ 5L+ 1y, (5.3)

where W = Pw and Res,, : H' (Q,) — R is given by
Resy (v) := (= Aw + W — ¢, v)g\@ + (3, W, V)1,
Proof We see that

(0.8 —gney, = (@. & — gayna + (9. & — gn)a,\a
=(—AD+W, & —gna, + (AL — 0+ ¢, & — gna,\Q
=ap(w, & — gn) — (9, W, & — gnr, + (AW — W + ¢, § — gn)a,\Q
= ap(W — wp, & — gn) + Resg(wy) — Resy (g — gn),

where we have used a;,(wy, § — g1) = Resg(wy,) from Lemma 3.2. This yields the
desired equality. O
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Remark 5.1 In a similar way to Lemma 3.1, one can derive another expression for
Res, (v) if v e HY(Q):
Resg(v) = abhAQ(v, 2).

In the following four lemmas, taking w;, = Z,w, we estimate Iy, I, I3, and I4
by dividing the integrals over €2j, I'j,, or boundary-skin layers, into those defined
near A; and away from A ;. The former will be bounded, e.g., by the Holder inequal-
ity of the form [|§]l 12, ||1ﬂ ||L2(Q mA(l/Z)) together with H2-regularity estimates for

w, whereas the latter will be bounded by ||¢||LOC(Q \A(l/2) ¥, together with

Green’s function estimates for w (see Lemma B.4).
Lemma5.2 |I;| < Chl|g — ghllHl(thA;lm) + Chdj_N/zllg = &nllwiig,)-
Proof By the Holder inequality mentioned above,
L] < v —wallgrg,lg — gh”Hl(thA.(il/z))
+ llw — wh”wl.oo(Qh\A.(/_l/z))”g = gnllwiie,)
where we notice that
lw—whllgr g, < Chllwlig g < Chlgllzwy) = Ch,

and from Lemma B.4 that

~ 2 N2
lw — wy ||W1~°°(Q;,\A_(jl/2)) < Ch|V w||Loo(Q \A(l/‘”) < Chd
This completes the proof. O
Lemma 5.3 I, is bounded as
|| < Ch'2||g — gl +Chlig — gl

LZ(thAf/‘”)

—N/2, ~
+Chd; 1z = gallwii gy

Hl(szhmAf/‘”)

Proof Recallthat I, = (Aw —w+ ¢, g — gnane — (On, W, & — 8T, =: o1 + In.
Noting that ¢ = 0 in Qh\A;l/ 2 we estimate I>1 by

il = € (ol + 19126) 18 = 80l 2 (0, 00a0)
+ IIﬂJIIWz,OO(Qh\Ay/b)llg =&l @

~ —N/2, ~
= CIIg = &l 2 g nat®) + €4 21z = gnllLi@na-

To address the first term we introduce a); € Cy° (RN), a)’l > 0 such that

o =1 in AV suppw; ¢ AV IVE | ey < CdF (k=0.1,2).

@ Springer



Pointwise error estimates of linear finite element method. .. 571

Then it follows from (2.2) and the trace estimate that

g — gnll a2
Lz((ﬂh\Q)ﬂAJ- )
< lo}(€ = gl 20
< C8'20(& — gl 2y, + COIV(0 (@ = gm)ll2@me)
- 1/2 ~ 1/2
< Chll}(@ — &)l 21, 195 @& — &) liq,,

+ Chd; g — 8ill 2, nat) + Ch*|IV(g - 8l 2, nat)
J S
—1/2,, = 8
<Ch(1+d; g - 8hll ;2 nat®) T ChlE = gnll 1 g 40,
J J
< Ch'7)g — gl

+ Chllg — gl 54

L2(, OA5.3/ 4y H(, mA§.3/ Dy

where we have used hd;1 < land h < 1. Again by (2.2) we also have

g — gnllLi e = C8UIg — gnllLir,) + IIV(E — gL @)
< Ch%|1g = gnllwi -
Combining the estimates above now gives

|La1] < Ch'2||g — gnll + Chllg — gnll

L2@unASY) HY@nAYY)

—N/2, ~
+ Ch?d Vg = gnllwri - (55)
Next we estimate 1> by
[122] < 110n, Wl g2(r,) 18 — gh”LZ(rmAj.‘/”) + ||3nth||LOO(Fh\A5_1/2>)II§ —8nllLiry)-
For the first term we see that

||3nth||L2<Fh) < ”V'lz) . (nh —no 7T)||L2(l"h) + ||(VIZJ — (V'lz]) (@) 7T) -no 7T||L2(Fh)
< ChIV® | 12, + C8 IV 205y < Chllwll g2y < Ch,

and, in a similar way as we derived (5.4), that
12 — gnll o, < Cd;PlIg — gl v, +ClE — gl 4
Ml2myna7?) = =4, Ml L2(Q,na ) "l @una):
For the second term, observe that

115, w1l <|IVw-(np —nomn|

Lrp\A) Lorn\AY?)

+ ” (Vw - (Vw) o T[) no T[“Loo(rh\A;]/z))
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< Ch|Vo| + C8| V20|

LorEN\Af?)

< Chd; "+ cn?d;N? < chal TN,

Loer@\al)

and that |g —gnll 1 (r,) < ClI8 —8nllw11(q,)- Combining these estimates, we deduce

—1/2) 8
| < Chd; ""llg — gh||L2(thA<j3/4)) + Chlg - gh”Hl(thAS?/“))

1-N/2, ~
+Chd; "2z = gnllwiaay)- (5.6)

From (5.5) and (5.6), together with h < d; < 2diam 2, we conclude the desired
estimate. O

Lemma5.4 |15 < Ch%/>~"d M2,

Proof Recall that I3 = (W — wp, Ag — @)\ — (W — wp, 9,81, =: 131 + [32. We
estimate /31 by

|I3l| S ”ib - wh”Lz(Qh)”g”Hz(]"(S)ﬁAj_l/z)) + ||1I) - whHLOO(Qh\A;_l/Z))||§||W2,1(F(6))

< Ch2||v2a)||L2(Qh)(3d§v—1)1/2d;m—N + Ch2||v2uv||LOC(Qh\A1_/4)5d(;1—’"
J

< Ch3dj_1/2_m_N/2 + Chzdj_N/zhl—m < ChS/Z—mdj—N/z’

where we have used h < d;.
It remains to consider I3;; we estimate it by

ll — wh||L2(Fh)||8nhg||L2(rhmA‘(’_1/2)) + lw — thILm(Fh\Af/_l/z))||3nh§||L1(rh)-
For the first term, we have || — wp | 12(r,) < ChY/? (V20| 2(q,) < Ch*/? and

||8nh§”L2(FhﬂA§.1/2))

1/2 ~
< [T N AYP P21V -y —n O T ey a1

+1IVg— (Vg o 7T||LOC(F}1QA§_1/2)))

N—-1)/2 ~ ~
<cd vz +8IV33|

Loo(r(s)mAf/‘”))

< Cdj(N—l)/2(hd}—m—N +h2dj—m—N) < Chdjl_/z—m—zv/z_

LTy, ﬂA;]/z))

For the second term, we have || — wy|| < Ch%| V|

Lo\l L@\Ay )
Ch2dj_ and we find from Corollary B.1 that [|9,, 8|1,y < C(h] log h|)!—"™
Ch{=m)/2 Therefore,

N/2

IA

I3 < Chs/zaljw”"’l"/2 + Ch5/2—m/2dij/2 < Ch5/2—md;N/2’
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which completes the proof. O

Lemma5.5 |1y < Ch%d,/> ™" N/ 4 >~ 1ogh|'="d; /2,

Proof We estimate Iy = agzh rq(W, &) by
4] < IIﬂJIIHl(r((s))||§||H1(F(5)0A;1/2>) + IIITJIIWI,OO(F((;)\A;I/%||§||wl»1(r(5))-
The first term of the right-hand side is bounded, using (2.1); and Lemma B.3, by
C81/2”w||H2(Q)(8d;v—1)l/2d}—rn—N < Chzd}/2fm7N/2‘

The second term is bounded, in view of Lemma B.4 and Corollary B.1, by
Cdjl._N/28h_m| log 4|~ . This completes the proof. O

Now we substitute the results of Lemmas 5.2-5.5 into (5.3) and multiply by
—1+N/2
d;

; to obtain

—14+N/2, ~
;"N = anll2ouna,)
—1\ yN/2 | ~ Iy~
< Clhd; N PIE = gl 1 g, ) + COd; DI = gallray
172 7~ 14+N/2, ~
+ Ch dj ||g gh”Lz(thA;l))
+ CROPmaT 4 Ch2d; P 4 ChP T log h|' ™, (5.7)
Taking the summation for j = 0, ..., J, assuming /% is sufficiently small and using

(2.4), we are able to absorb the third term in the right-hand side of (5.7) and then arrive
at

7
—14N/2 ~
Zd./ & — &nllL2@,na))
j=0

J
— N/2| ~ ~
< Clhdg ") [ D d 1z = enll i iaunay) + 12 — gallwiiay
j=0

5/2—m 3—1 2 ,—1/2—m
+ Ch*magt + Chid,

+ Ch*> ™| log h|'"™™|log dy|,

where we note that the last three terms can be estimated by Ch3/2~™ because dy =
Kh < 1and K > 1. This completes the proof of Proposition 5.1.
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6 End of the proof of the main theorem

Substituting (5.1) into (4.2) we obtain
J
> di 1z = gull oy
j=0
J
<"k a1z - enllmgunay + 12 — gallwnigy
j=0

+ CK™TN2pl=m 4 C(h|logh|)' ™.

If K > 2C”, then it follows that

J
N/2, ~
> 18 = gnllinayna,)
j=0
< CK7 g — gnllwii g, + CK™ V201" 4 C(hlloghl)' ™,
which combined with (4.1) yields
18 = gnllwii(ay, < C"K Mg = gnllwrigy + CK™ /20" 4 C(h|log h)' .

If K > 2C"”, then this implies the desired estimate (3.2), which together with Propo-
sition 3.1 completes the proof of Theorem 3.1.

7 Numerical example

Letting @ = {(x, y) € R2: =022 L 0402% _ 1 (v 07)24 (y—0.1)2 > 0.5,
which is non-convex, we set an exact solution to be u(x, y) = x>. We define f and 7
so that (1.1) holds. They have natural extensions to R?, which are exploited as f and
7. Then we compute approximate solutions u’;l of (1.2) based on the Pg-finite elements
(k =1, 2, 3), using the software FreeFEM++ [11]. The errors ||u — u’,‘l I o0 (g2;) and
IV — uﬁ)” L>(Qy)> Which are calculated with the use of P4-finite element spaces,
are reported in Tables 1 and 2, respectively.

We see that the result for k = 1 is in accordance with Theorem 3.1. The one
for k = 3 (although it is not covered by our theory) is also consistent with our
theoretical expectation made in Remark 3.1(iii). When k = 2, the L*°-error remains
sub-optimal convergence as expected. However, the W!->-error seems to be O (h?),
which is significantly better than in the Pz-case. We remark that such behavior was also
observed for different (and apparently more complicated) choices of €2 and u. There
might be a super-convergence phenomenon in the P,-approximation for Neumann
problems in 2D smooth domains.
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Table 1 Behavior of the L®-errors for the Py-approximation (k = 1,2, 3)

h lu —ubllzoo (@) Rate llu = uZll oo () Rate llu = upll oo (o) Rate
0617  5.72e—2 - 1.89e—2 - 2.08e—2 -
0314  1.75¢—2 1.8 4.39¢—3 22 5.07e—3 2.1
0.165  4.64e—3 2.1 1.05e—3 2.2 1.30e—3 2.1
0.085 1.42¢—3 1.8 2.55e—4 2.1 3.33e—4 2.1
0.043  3.92¢—4 1.9 6.28¢e—5 2.1 8.3le—5 2.1

Table 2 Behavior of the W1 -errors for the Py-approximation (k = 1, 2, 3)

h IV —uplizoo(,) Rate [V —uplro, Rate [V —up)lio, Rae
0.617 6.24e—1 - 9.98e—2 - 39le—1 -
0.314 3.2le—1 1.0 2.68e—2 1.9 2.15e—1 0.9
0.165 1.58e—1 1.1 6.85¢e—3 2.1 1.04e—1 1.1
0.085 9.18e—2 0.8 1.58e—3 22 5.47e-2 1.0
0.043  4.63e—2 1.0 4.42e—4 1.9 2.77e-2 1.0

Remark 7.1 If k > 2 and T is chosen as Vu - ny, then ”IZ agrees with u (note that
the above u is quadratic), because this amounts to assuming that the original problem
(1.1) is given in a polygon £2;. This was observed in our numerical experiment as
well (up to rounding errors). However, since such 7 is unavailable without knowing
an exact solution, one cannot expect it in a practical computation.

Appendix A: Auxiliary boundary-skin estimates
Local coordinate representation

We exploit the notations and observations given in [12, Section 8], which we
briefly describe here. Since 2 is a bounded C*°-domain, there exist a system of
local coordinates {(U,, y,, (pr)}f”: | such that {Ur}f”: | forms an open covering of T",
yr = (¥, yrn) is a rotated coordinate of x, and ¢,: A, — R gives a graph represen-
tation ®,(y,) := (v, ¢, (y.)) of I N U,, where A, is an open cube in Ry_l.

For § € Sj, we may assume that § U 7(S) is contained in somer U,, where
7:T(89) — T is the projection to I givenin Sect. 2.2. Let b,: RN — RV=1:y, s y/
be a projection to the base set and let S” := b, (7 (S)). Then ®, and &, := 7* 0 D,
where 7*:I" — T, is the inverse map of 7|r,, give smooth parameterizations of
7(S) and S respectively, with the domain S’. We also recall that 7* is also written as
T (Dr(y) = Dr () + (D (1) (D1 (3)))-

Let us represent integrals associated with S in terms of local coordinates. In what
follows, we omit the subscript r for simplicity. First, surface integrals along 7 (S) and
S are expressed as
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/(S) fdy =[S, (@) det G(y)dy',
[ £am = [ r@nyaaGihay.

where G and G, denote the Riemannian metric tensors obtained from the parameteri-
zations ® and @y, respectively. Next, let 7 (S, 8) := {x +tn(x):x € §, —6 <t < §}
be a tubular neighborhood with the base 7 (S), where § = Cogph?, and consider
volume integrals over m (S, §). For this we introduce a one-to-one transformation
W: S x [—8,8] — 7(S,8) by

y=W(, 1) = D) +tn(P(E)) &= 7 =b@(y), t =d(y).

Then, by change of variables, we obtain

/ fdy = / FV(, D) det J(Z,1)d7 dt,
7(S,5)

S§'x[—6,6]

where J := V(¥ denotes the Jacobi matrix of W. In the formulas above, det G,
det G, and det J can be bounded, from above and below, by positive constants depend-
ing on the C!-!-regularity of 2, provided 7 is sufficiently small (for the proof, see [12,
Section 8]).

Proof of (2.2)

In [12, Theorem 8.3], we estimated the L”-norm of a function in the full layer I"(5).
By slightly modifying the proof there, we can estimate it in €25, \€2, which is important
to dispense with extensions from 2, to .

LemmaA.l Let f € WP () (1 < p < 00) and § = Cogh?. Then we have

I lr@ne) < CEYPIFfllLeay, +8Ilmom) -V ElLr@ne)

where C is independent of 6 and f.

Proof To simplify the notation we use the abbreviation t*(z") to imply *(®(z')). For
each § € S we observe that

f |fD)IPdy
(Q\DN7(S.)

max{0,r*(2)}
=f/ | f(W(Z, )P det J dtd7
7 J0O

max{0,t*(z")}
=¢ f fo ('f (DRI + (¥ (1) — f(CDh(z’))l”) drdz

=11+ I,
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and that forz/ € S’ and 0 <t < t*(2)

(2

LfOV(E, ) = f(@p()] = '/t n(@() - VW, s)ds

*(z)
< / (@) - VU, 5)|ds
0

k()

< r*(H (/’ ©
0

: 1/p
[n(®() - V¥, S))I”dS> .
Then it follows that
I < Cllf*llLOO(S)/ |f(@p (NP dZ
S/
<05 [ 1F@uNIP VAt Grdz’ = Coll 1]
S/
and that
max{0,r*(z')}
I < C”t*nioc(s)/ / In(®()) - V¥, 5)|P det Jdt dZ
s Jo

<Cé|nom- Vf||lzp(n(sya)).
Adding up the above estimates for S € S), gives the conclusion. O
LemmaA.2 For a measurable set D RN and fe WLoo(T(8)) we have
lf — fomllLe@npy < SIIV fllLe@@)nDas)s
where Dys = {x € RV: dist(x, D) < 26}.
Proof This is an easy consequence of the Lipschitz continuity of f. O
Proof of Proposition 2.1
Let us prove stability properties of the extension operator P defined in Sect. 2.3.
Theorem A.1 Let f € Wk’P(Q) withk =0, 1,2, and p € [1, 0o]. Then we have
||Pf||W/~'=l’(l"(5)) = C||f||wk‘p(gmr(25)),
where C is independent of § and f.

Proof First, for each S € S;, we show

p p
”Pf”Ll’(n(S,S)\Q) S C“f”LP(;-[(S,QS)ﬂQ)'
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In fact we have

/ IPf(»)IPdy < C/ 13f( —tn(@)) —2f(E —2tn()|P dZ'dt
7(S,8)\Q §/%[0,8]

IA

C/ (If(z/ — (@D +1fE — 2tn(z’))|P) d7'dt
§'%[0,8]

C/ LfOD)IP dy +Cf [fOD)I” dy.
7(S,86)NQ 7(5,28)N<Q

IA

Next we show

p p
||VPf||Lp(ﬂ(5’3)\Q) = C”Vf”LP(n(S,QS)ﬁQ)' (A1)

Since by the chain rule Vy, = Vy(b o m)Vy + (Vyd)d, and since Pf(y) = 3f o
W(z, —t) — 2f o W(Z/, —21), it follows that

VPF() = Vy(b o) (3Va(f 0 W)l -y = 2Va (f 0 W)l 20))

+ Vyd( =30 0 Wl + 40 (F o Wl 2n). ¥ € T(S, N\
(A2)

In particular, if y € I i.e. = 0, then

VPf(y) =Vybom)Vy(f oW)|,0 + (Vyd)d(f o V)z,0
=77 0 OV, f(3) = VIO,
which ensures that Pf(y) € W>P(rr(S, 8)). Now, noting that V, (7 ) = J=1(z/, 1)

and that V(z’,t)(f o q”)|(z’,—it) = J(Z/, —it)(Vyf)lq,(z/’_i,) (i = 1,2) where J and
J~! depend on the C!-!-regularity of €2, we deduce that

/ VRroPdy=C [ ([T Dl [P+ T Do ) a2,
m(S,0)\Q §'%[0,8]

from which (A.1) follows.
Finally we show

2 P 2 (P p
IV2PAIL paisoney < CUVE LI piaisamngy + IV F M prsanngy)- (A3)
By differentiating (A.2) we find that for y € 7 (S, §)\Q2
2
VEPF(y) =) (A,-(z’, DV (f 0 W —in + Bi(Z, OV (f o llf><zf,_i,>),

i=1
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where the coefficient tensors A;, B; depend on the C!-!-regularity of Q. Then the

L?-norm of the above quantity can be estimated similarly as before and one obtains
(A.3).

Adding up the above estimates for S € S, deduces the desired stability properties.

O

We also need local stability of the extension operator as follows.

Corollary A.1 For a measurable set D C RN and § = Coph?* we have

I1Pfllwkeor@ynpy = Clf lwke@nresnps) *k=0,1,2),

where D35 = {x € RV: dist(x, D) < 38} and C is independent of 8, f, and D.

Proof We address the L>-norm of V Pf; the treatment of Pf and V2P is similar.
For each S € &j, we find from the analysis of Theorem A.1 that VPf(y) for y €
(S, 8)\2 can be expressed as

2
VPF(y) =Y A Dy Ple—in-

i=1

where the matrices A; depend on the C*!-regularity of 2. Then the desired estimate
follows from the observation thatif y = W(z’, 1) € 7 (S, §) N D\Q then ¥ (7', —ir) €
w(S,i8) N D3sNQfori =1,2. O

Appendix B: Analysis of regularized Green’s functions
Estimates for g

Recall that for arbitrarily fixed xo € € we have introduced n € C§°(2;, N ) and
gm € C®(Q)(m = 0,1) in Sect. 3. Using the Green’s function G (x, y) for the
operator — A + 1 in © with the homogeneous Neumann boundary condition, one can
represent g, as

8o(x) =/ G, yn(y)dy, gi(x)= —/ 0yG(x, yn(y)dy, x €.
supp n supp 7
The following derivative estimates for G are well known (see e.g. [13, p. 965]):

C+|x—y> =% Ny (+k+N>2),

VEVLG(x, y)| <
VeVy Gl y)l_{C(1+|log|x—y||) (N=2,l=k=0).

From this, combined with a dyadic decomposition of €2, we derive some local and
global estimates for g, and its extension g,, := Pg,,. Below the subscript m will be
dropped for simplicity.
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LemmaB.1 Let Ag, (x0,do) = {2 N Aj}JJ.:0 be a dyadic decomposition of 2, with
do € [4h, 1]. Then, for j = 1,...,J and k > 0 we have

ca +d]2._’”_k_N) (m+k+N>2),

Vk 00 N <
IVZgllLe(ena;) < {C(1+|1ogdj|) (N=2.m=k=0).

where C is independent of xy, dy, h, j, and 0.

Proof We only consider m+k+ N > 2 because the other case can be treated similarly.
Notice thatif x € QN A; (j > 1) and y € suppn then |x — y| > %dj,l, which is
obtained from |x — xg| > d;—1 and |y — xp| < h. It then follows that

IV¥gllL@na,) = sup / NVEG(x, y)n(y) dy
xeQNA; [Jsuppn
< sup

lx—y|=3d; 1|97 VEG (x,y)|

<CA+d;m N,

which completes the proof. O

We transfer these estimates in €2 to those in Q2 = Q U I'(§) using an extension
operator and its stability.

LemmaB.2 Let Ag, (xo, do) = {Qx N Aj}j].:0 be a dyadic decomposition of 2, with
do € [h, 1], 8§ = Coph®. Forpell,ool, j=1,...,J,andm =0, 1, we have

25 —m=N/p'
v g”LP(fZﬂAj) = Cdj )

where p' = p/(p — 1) and C is independent of xg, do, h, j, and 9.

Proof By the Holder inequality and Lemma B.1 we see that

2~ 2~ N
V280 o ena ) < ClS N A;IVPIVEE <cd"|g|

||LOO(S~20AJ') Wz'w(QﬁA(le))

N/p 2—m—N I-m—N —m—N -m—N/p’
= Cd;"" (1 +d; +d; +d; ) =Cd,; ,
where we have used d; < 2diam € in the last inequality. m|

We also need local estimates in intersections of annuli and boundary-skins (or
boundaries).

Lemma B.3 Under the assumptions in Lemma B.2, let k = 0, 1, 2. Then we have

IV*gllLor@nay < C@dYHYP A +d7 "+,

~ N—1 —m—k—
||ng||LP(mA,-) + ||ng||LP<rhmA,-) < Cd; P -l-dj2 m=k=Ny,
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providedm+k+ N > 2. Evenwhen N = 2 andm = k = 0, the above estimates hold
with the factor djz.fm k=N replaced by |logd;|. The constants C are independent of
X0, do, h, j, and 0.

Proof We only consider m + k + N > 2 since the other case may be treated similarly.

From Corollary A.1 and Lemma B.1 we deduce that (note that (A;)3s C A(/.l/ » for
small /) ‘

IV*gllLrr@na,) < IT@) N AP IVFE ] Lo r@na,)
N—-1\1/p
=< C((de ) ”g”Wk*oc(QﬂF(ZS)ﬂAEIM))

< C@dYHPA 4 dmTY,
where we have used d; < 2diam (2 in the second line. Similarly,

IV*gllraruna;y < 10w N AGYPIVEE ] Looryna,)
(N=1)/p
S Cd] ”g” Wk,oo(er(za)mA.(/l/“))

<cd VA g ad N,
One sees that ||ng||Lp(mAj) obeys the same estimate. O

Remark B.1 The three lemmas above remain true with A; replaced by AE.S)
(0 <5 < 1), where the constants C become dependent on the choice of s.

Especially when p = 1, the following global estimate in a boundary-skin layer
holds.

Corollary B.1 Letr § = Corh? with sufficiently small h. Then we have

Cs (k =0,
8ollw1(rey < §Cdllogh|  (k=1),
csh™! (k =2),
o) (k = 0),
IV*gollLiry + 1V¥80llL1r,) < { Clloghl (k= 1),
Ch~! (k =2),

and

Cé|logh| (k=0),
&1 llwr1(resy) = Csh~! (k=1),
Csh~2 k =2),
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Cllogh|  (k=0),
V¥l iy + IV¥81l iy < YCRTY (k= 1),
Ch™? (k =2),

where C is independent of xg, h, and 9.

Proof We only consider the estimates in WX (I"(8)) because the boundary estimates
can be derived similarly. With a dyadic decomposition Agq, (xo, 4h) = {2, N A} jj.:O,

we compute Z]J-=o I8 llwk1(r@s)na;)- When j > 1, it follows from Lemma B.3 that

C(adjv—l)d]?—"’—k—N m+k+N>2),

B.1
C(adf*1)|1ogdj| (N=2,m=k=0). (B.1

||g”Wk~'(l“(8)mAj) =<

When j = 0, notice that dist(supp n, ['(28)) > Ch = %do for sufficiently small A,
which results from (3.1). Then, calculating in the same way as above, we find that
(B.1) holds for j = 0 as well. Adding up the above estimate for j = 0, ..., J and
using (2.5), we obtain the desired result. m]

Remark B.2 We could improve the above estimates for go when k = 1 if the Dirichlet
boundary condition were considered. In fact, the Green’s function G p(x, y) in this
case is known to satisfy |V, G p(x, y)| < Cdist(y, 3Q)|x — y|~" (see [10, Theorem
3.3(v)]). Then, taking a dyadic decomposition with dy = dist(supp n, 92) > Ch, we
see that

J
IV&ollLiry = €D dY ' IVEollLmyna,
j=0
J
< Cdist(suppn, 92) Y _d;"
j=0
< Cdody ' = C,

and that [[Vgoll .1 r(s) < C8. However, such an auxiliary Green’s function estimate
is not available in the case of the Neumann boundary condition. A similar inequality
is proved in [17, eq. (5.8)] by a different method using the maximum principle, but its
extension to the Neumann case seems non-trivial.

Estimates for w

Let us recall the situation of Sect. 5: fixing a dyadic decomposition Ag, (xo, dp) and
an annulus A; (0 < j < J), we have introduced the solution w € C ®(Q) of 5.2)
for arbitrary ¢ € C3°(£2;, N A) such that lellz2@,na;) = 1. Hence w is represented,
using the Green’s function G (x, y), as
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w(x) =/ G, ey dy (x€Q).
QNRNA,

Then we obtain the following local L*°-estimates away from A :
LemmaB.4 Fork =0,1,2and§ = Cogh?, we have

cd> N2 (N +k>2),

w ~ < J
I Cd;(1+|logd;) (N =2.k=0),

where Q ;= QU I'(8), w := Pw, and C is independent of h, xq, do, and j.

Proof We focus on the case N + k > 2; the other case is similar. We find that

” w ” Wk,oo(fz\Aill/z))

k

< Clol gy, =€ s ([ VLG e dy
J 1=0 er\A(,lM) QNLRNA;

k
<cy len@ Nl sup o IVIG(, gl 2@nauna;)
=0 lx—yl=dj-1/8

scalP(1+d™ 4 37N < ca N2
where we have used d; < 2diam €2 in the last inequality. O

Remark B.3 The lemma remains true with A;l/ 2 replaced by AE.S) (0 <s < 1), where
the constant C becomes dependent on the choice of s.
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