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Abstract

In this paper we provide a priori error estimates with explicit constants for both the L2-
projection and the Ritz projection onto spline spaces of arbitrary smoothness defined on
arbitrary grids. This extends the results recently obtained for spline spaces of maximal
smoothness. The presented error estimates are in agreement with the numerical evi-
dence found in the literature that smoother spline spaces exhibit a better approximation
behavior per degree of freedom, even for low smoothness of the functions to be approx-
imated. First we introduce results for univariate spline spaces, and then we address
multivariate tensor-product spline spaces and isogeometric spline spaces generated by
means of a mapped geometry, both in the single-patch and in the multi-patch case.

Mathematics Subject Classification 41A15 - 41A44 - 65D07 - 65M15 - 65M60

1 Introduction

Spline approximation is a classical topic in approximation theory; we refer the reader
to the book [19] for an extended bibliography. Moreover, it has recently received a
renewed interest within the emerging field of isogeometric analysis (IGA); see the book
[8]. In this context, a priori error estimates in Sobolev (semi-)norms and corresponding
projectors for suitably chosen spline spaces are important.

Classical a priori error estimates for spline approximation are explicit in the grid
spacing but hide the influence of the smoothness and the degree of the spline space.
Such structure, however, is not sufficient for the IGA environment. In particular, IGA
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allows for a rich assortment of refinement strategies [8], combining grid refinement
(h) and/or degree refinement (p) with various interelement smoothness (k). To fully
exploit the benefits of the so-called h—p—k refinement, it is necessary to under-
stand how all the parameters involved (i.e., the grid spacing, the degree, and the
smoothness) affect the error estimate. Furthermore, it is important to unravel the influ-
ence of the geometry map in isogeometric approximation schemes, not only for its
effect on the accuracy but also because it helps in defining good mesh quality metrics
[10].

Besides their prominent interest for analyzing convergence under different kinds
of refinements, error estimates for approximation in suitable reduced spline spaces
play a less evident but still pivotal role in other aspects of IGA discretizations, such as
the design of fast iterative (multigrid) solvers for the resulting linear systems [15,24].
The convergence rate of fast iterative solvers should ideally be independent of all
the parameters involved, and so their explicit impact on the estimates is important to
understand.

In the context of IGA, the role of the smoothness and the degree in spline approxi-
mation has been theoretically investigated for the first time in [2], providing explicit
error estimates for spline spaces of smoothness k and degree p > 2k+1. The important
case of maximal smoothness (k = p — 1) has been recently addressed for uniform grid
spacing in [25] and for general grid spacing in [18], where improved error estimates
have been achieved as well. The above references all deal with both univariate and
multivariate spline spaces.

In this paper we provide a priori error estimates with explicit constants for
approximation by spline functions of arbitrary smoothness defined on arbitrary
knot sequences. Besides filling the gap of the smoothness that is not yet covered
in the literature, our results also improve upon the error estimates in [2,18,25].
The key ingredient to get our results is the representation of the considered
Sobolev spaces and the approximating spline spaces in terms of integral opera-
tors described by suitable kernels [17]. By using this representation we provide
an abstract framework that converts explicit constants in polynomial approximation
to explicit constants in spline approximation. We consider error estimates for both
univariate and multivariate spline spaces, and we also allow for a mapped geom-
etry. After a short description of some preliminary notation, the main theoretical
contributions and the structure of the paper are outlined in the next subsec-
tions.

1.1 Preliminary notation

Fork > 0, let C¥[a, b] be the classical space of functions with continuous derivatives
of order 0, 1, ..., k on the interval [a, b]. We further let C~![a, b] denote the space
of bounded, piecewise continuous functions on [a, b] that are discontinuous only at a
finite number of points.

Suppose E := (&, ..., En+1) is a sequence of (break) points such that

a=:§ <& < <&y <ény1:=D,
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and let
h = i+1—&j). 1
j:%l’e}.)_(’N(ém &) (1)
Moreover, set [ :=[£;,&j4+1),j=0,1,..., N —1,and Iy := [§n, Ey41]. For any
p = 0, let P, be the space of polynomials of degree at most p. Then, for —1 < k <
p — 1, we define the space S;E of splines of degree p and smoothness k by

Sgi={s € Clabl sl € Py j=0,1,.. N}

and we set
._ cpr—1
Sp g = Sp,E .

With a slight misuse of terminology, we will refer to E as knot sequence and to its
elements as knots.

For real-valued functions f and g we denote the norm and inner product on L? (a, b)
by

b
112 = (Fo e (frg)i= / FOg(dx,

and we consider the Sobolev spaces
H'(a.b) = |ue L@ b): 0% e @b, a=1,..r].

We use the notation S; : L%(a,b) > SS’E and S, : L%*a,b) > S .z for the L2
projector onto spline spaces, while P), : L%*(a,b) — P, stands for the L2-projector
onto the polynomial space P,,.

1.2 Main results: univariate case

In this paper we focus on general spline spaces of degree p, smoothness k, and arbitrary
knot sequence E. We first derive the following (simplified) error estimate:

lu — S¥u| < (L> 197 u| )
P =\ap =k ’

forany u € H"(a, b) and all p > r — 1. Here e is Euler’s number. We refer the reader
to Remark 3, Theorem 3, and Corollary 1 for sharper results. We then show that similar
error estimates hold for standard Ritz projections and their derivatives; see Remark 5
and Corollary 2.

The inequality in (2) does not only cover the univariate result from [2], but also
improves upon it by allowing any smoothness; in particular, the most interesting cases
of highly smooth spline spaces are embraced. As already pointed out in [2], a simple
error estimate like (2) is not able to give a theoretical explanation for the numerical
evidence that smoother spline spaces exhibit a better approximation behavior per
degree of freedom. On the other hand, the sharper estimate provided in Theorem 3
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improves per degree of freedom as the smoothness of the spline spaces increase; see
Remark 4 (and Fig. 2). Even though this does not prove the superior approximation
per degree of freedom of smoother spline spaces, the presented error estimates are a
step towards a complete theoretical understanding of the numerical evidence found
in the literature. For uniform knot sequences, it has been formally shown in [5] that
CP~! spline spaces perform better than C® and C~! spline spaces in almost all cases of
practical interest. A similar approximation behavior per degree of freedom is observed
for the Ritz projections; see Remark 6 (and Fig. 3).

For maximally smooth spline spaces, the best known error estimate for the L>-
projection is given by

h r
llu = Spull < (;) 19" ull, 3

foranyu € H" (a, b) and all p > r — 1. This estimate has been recently proved in [18].
Note that the same error estimate also holds for periodic functions/splines [18,21], for
which it has been shown to be optimal on uniform knot sequences [13,17,18].

It is easy to see that (3) is sharper than (2) for k = p — 1. Nevertheless, for fixed r,
this estimate only ensures convergence in /, and not in p. The role of the grid spacing
and the degree is made more clear in the following estimate:

2eh(b — a) ro
lu— Spull < <en’(b—a)+4h(p+ 1)> 10" ull, (4)

for any u € H"(a,b) and all p > r — 1; see Remark 8. For small r compared to
P, a better estimate is formulated in Remark 9. The general result, covering both (3)
and (4), can be found in Corollary 3. Similar estimates hold for Ritz projections and
their derivatives; see Remark 11 and Corollary 4. The p-dependence has also been
strengthened for the arbitrarily smooth case in Corollary 1.

Motivated by their use in the analysis of fast iterative solvers for linear systems
arising from spline discretization methods [15], we also provide error estimates for
approximation in suitable reduced spline spaces; see Theorems 4 and 5.

1.3 Main results: multivariate case

The univariate results can be extended to obtain error estimates for approximation in
multivariate isogeometric spline spaces. As common in the related literature [1,3,4], we
first address standard tensor-product spline spaces, then investigate the effect of single-
patch geometries for isogeometric spline spaces, and finally discuss C° multi-patch
geometries. In all cases we provide a priori error estimates with explicit constants, high-
lighting all the actors that play arole in the construction of the considered spline spaces:
the knot sequences, the degrees, the smoothness, and the possible geometry map.
For tensor-product spline spaces we provide error estimates for L? and Ritz pro-
jections in Theorems 6 and 7, respectively. In case of single-patch geometries, we do
not confine ourselves to the plain isoparametric context which is typical in IGA [8],
i.e., the same space that generates the geometry is mapped to the physical domain,
but we allow for possibly different spaces for the geometry representation and the
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function approximation. In the first instance, we assume geometric mappings that are
sufficiently globally smooth; see Theorem 8 and Example 18. Afterwards, we also
provide error estimates for mappings generated by more general geometry function
classes that include spline spaces and NURBS spaces of arbitrary smoothness; see
Theorem 9 and Example 19. In this perspective, following the literature [3,4], we
introduce suitable bent Sobolev spaces, so as to accommodate a less smooth setting
for the geometry. We explicitize the role of the (derivatives of the) geometry map in
the constants of the error estimates, both for L? and Ritz projections. Finally, to deal
with the C° multi-patch setting, we consider a projector that is local to each of the
patches and is closely related to the standard Ritz projector. Indeed, since the global
isogeometric space is continuous, we cannot directly use standard L?-projectors as
local building blocks on the patches. Instead, we choose each of the projectors to be
interpolatory on the patch boundaries [3,24] so that they can be easily combined into
a continuous global projector. We provide explicit error estimates for the new local
projectors, which immediately give rise to the desired estimates for the global one;
see Example 20.

Even though the multivariate results emanate from the univariate ones by fol-
lowing arguments similar to those already presented in the literature, see [1,3,
4,16,24] and references therein, the novelty of the provided error estimates is
twofold:

o they are expressed in terms of explicit constants and cover arbitrary smoothness;
e they hold for a certain (mapped) Ritz projector which is very natural in the context
of Galerkin methods.

It is also worthwhile to note that, although the current investigation has been
mainly motivated by IGA applications, standard C° tensor-product finite elements
are included as special cases.

1.4 Outline of the paper

The remainder of this paper is organized as follows. In Sect. 2 we introduce a
general framework for dealing with a priori error estimates in standard Sobolev
(semi-)norms for L2 and Ritz projections onto univariate finite dimensional spaces
represented in terms of integral operators described by a suitable kernel. Based on
these results, error estimates with explicit constants are provided for spline spaces
of arbitrary smoothness in Sect. 3, and further investigated for the salient case of
spline spaces of maximal smoothness in Sect. 4. Section 5 addresses certain reduced
spline spaces which can be of interest in several contexts. Then, we extend those uni-
variate results to the multivariate setting. Standard tensor-product spline spaces are
considered in Sect. 6, while isogeometric spline spaces defined on mapped (single-
patch) geometries are covered in Sect. 7; we provide explicit expressions for all
the involved constants. In Sect. 8 we discuss a particular Ritz-type projector and
related error estimates for isogeometric spline spaces on C° multi-patch geome-
tries. Finally, we conclude the paper in Sect. 9 by summarizing the main theoretical
results.
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2 General error estimates

In this section we describe a general framework to obtain error estimates for the L2-
projection and the Ritz projection onto spaces defined in terms of integral operators.

2.1 General framework

For f € L?(a, b), let K be the integral operator

b
K f(x) i=/ K(x, y)f(y)dy. (&)

Asin [17], we use the notation K (x, y) for the kernel of K. We will in this paper only
consider kernels that are continuous or piecewise continuous. We denote by K* the
adjoint, or dual, of the operator K, defined by

(f.K*g) = (Kf, 8.

The kernel of K* is K*(x, y) = K (y, x).

Given any finite dimensional subspace Zy 2 Py of L?(a, b) and any integral
operator K, we let Z; for t > 1 be defined by Z; := Py + K(Z;—1). We further
assume that they satisfy the equality

Z:=Po+K(Z_1) =Po+K*(Zi_1). ©)

where the sums do not need to be orthogonal (or even direct). Moreover, let Z; be the
Lz-projector onto Z;, and define ¢, , € Rfor¢,r > 0 to be

&= = ZOK"|. @)

Note that ¢; o = 1. In the case 1 = 0 and r = 1 we further define the constant € € R
to be
¢ :=max{||(I — ZO)K|, (I — Zo)K*||}. (3)

The following inequality is stated in [18, Lemma 2.1]. For completeness we provide
a short proof here as well.

Lemma 1 The constants in (7) and (8) satisfy

&i1<¢ >0
Proof For t = 0, this is true by the definitions of €y ; and €. For ¢ > 1, we see from
(6) that K Z,_; maps into the space Z;. Now, since Z; is the best approximation into

Z; we have
I = Z)KII < IKUI = Zi—D)ll = (I = Z—) K.
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Continuing this procedure gives

(I —Zo)K||, 1even,

(I = Z)K]| < .
(I = Zo)K™|l, 1 odd,

and the result again follows from the definitions of ¢; | and €. m]
Inspired by the idea of [14, Lemma 1] we have the following more general result.

Lemma 2 The constants in (7) satisfy
Q:t,r f Qt,sezt—s,r—sw

forall0 <s <t,r.

Proof Observe that the operator (I —Z;)K*Z; K" ™* = 0Osince K*Z, ;K" f € Z;
forany f € Lz(a, b). Thus,

I =Z)K"Il = (I = Z)K* (I = Z—) K" || < | = ZOK* | 1T = Zi—) K",

and the result follows from the definition of &; ,. O

Similar to [18, Theorem 2.1] we obtain the following estimate.

Lemma 3 The constants in (7) and (8) satisfy

Cr<CaCgq- oy <€,
forallt >r — 1.

Proof The case r = 1iscontained in Lemma 1. For the first inequality, the cases r > 2

follow from Lemma 2 (with s = 1) and induction on r. The second inequality then
follows from Lemma 1. O

In the next subsection we consider a particularly relevant integral operator: the
Volterra operator.

2.2 Error estimates for the Ritz projection

Let K be the integral operator defined by integrating from the left,

(Kf)(x) = / FO)dy. ©)

One can check that K* is integration from the right,

b
(K* f)(x) = / FO)dy:
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see, e.g., [14, Section 7]. Note that in this case we have ||(I — Zo)K || = ||(I — Zo) K ™|,
and so € = &g 1. Moreover, the space H' (a, b) can be described as

H'(a,b) = Po+K(H "'(a, b)) = Po+K*(H" " (a. b)) = Pro1 + K" (H(a, b)),

(10)
with H%(a, b) = L?*(a,b) and P_; = {0}. Thus, any u € H' (a, b) is of the form
u=g+K fforg e P._yand f € L%(a,b). This leads to the following error
estimate for the L2-projection.

Theorem 1 Let Z; be the Lz-projector onto Z; and assume P,_1 C Z;. Then, for any
u € H" (a, b) we have
lu — Zull < & |0 ull. (11)

Proof Since P,_; € Z, and using (10), we have u = g + K’ f for g € P,_1 and
f € L?*(a, b). Thus,

lu—Ziul =g+ K" f=Zig+ K" NIl =1U = ZoK" fl =&, fIl. (12)

and the result follows from the identity 0"u = f. O

Remark 1 By definition of the operator norm, the constant ¢, , is the smallest possible
constant such that the last inequality in (12) holds for all f € L?(a, b). We thus see
from the above proof that whenever P,_; € Z;, the constant €; , is the smallest
possible constant such that (11) holds for all u € H (a, b).

Example 1 From the definition of Z, in (6), with K as in (9), it follows that P,_ is a
subspace of Z; for any r > r — 1. Hence, Theorem | and Lemma 3 imply that for any
u € H" (a, b) we have

lu — Zeull < &, 110"ull < C"J[0"ull,

for all t+ > r — 1. However, as we shall see in the next section, there are important
cases where P._1 C Z; forsomet < r — 1 (e.g.,if Px C Zp with k > 1). Such cases
will be considered in our proof of the error estimate in (2) and the sharper estimates
in Sect. 3.

We now focus on a different projector which is very natural in the context of Galerkin
methods. For any ¢ = 0, ..., t we define the projector R/ : H4(a, b) — Z; by

@1R]u, 37v) = (3%u, 39v), Vv € Z, (13)
(Rlu, g) = (u, g), Vg € Py-1.

We remark that R{ is the Ritz projector for the g-harmonic problem. Observe that
this projector satisfies 3R} = Z;_404, where Z,_, denotes the L?-projector onto
Z,_4. With the aid of the Aubin—Nitsche duality argument we arrive at the following
estimate.
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Lemma4 Let u € HY(a, b) be given, and let R be the projector onto Z, defined in
(13). Then, forany £ =0, ..., q we have

18 — Rl < €rgg-ell39u — Z1—4ul,
forallt > q such that Py_¢—1 € Z;_y.
Proof Letu € HY(a, b) be given and define w as the solution to the Neumann problem

(=197 9* 0Dy =y — RYu,
w(q—@)(a) — w(q_g)(b) _ .= w(2(¢]—@)—1)(a) — w(Z(q—E)—l)(b) —=0.

Using integration by parts, g — £ times, we have

19°(u — RIw)|* = (“(u — Ru), 8" (u — R u))
= 3% — RIu), (—1)47%9%9%=0y)
= (@7(u — Rlu), 37w) = (37 (u — Ru), 37 (w — v)),

for any v € Z;, since (39(u — Rl'u), 37v) = 0. Using [|3°(u — RIu)| = [|0%‘w)|
and the Cauchy—Schwarz inequality, we obtain

10 — RTw) | 19°9~ w]| < 1109w — R w)| |89 (w — v)I.
Ifweletv = R,qw, then Theorem 1 implies that
189w — Rfw)|| = 189w — Zi—gd7w|| < €—g q—ell3*7 w],
since Py ¢—1 € Z;4. Thus,
18 — RIw)|| < €—gq—elld?(u — RIw)|| = € —gg—elld%u — Z;_gdul],

which completes the proof. O

Theorem 1 in combination with Lemma 4 results in a more classical error estimate
for the Ritz projection.

Theorem 2 Let u € H' (a, b) be given. Forany q =0, ..., r, let R! be the projector
onto Z; defined in (13). Then, forany £ =0, ..., g we have

19 — R )|l < € —g.q—eCimgr—qll0"ull,

forallt > q suchthat P41 C Z; g and Py C Z; 4.

Example 2 Similar to Example 1, we observe from the definition of Z;_ in (6), with K
asin (9), that P, _,_1 and P, _,_1 are subspaces of Z,_, for any # satisfying r > r — 1
and t > 2g — ¢ — 1, respectively. Then, Lemma 4 and Theorem 2, together with
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Lemma 3, imply the following results for u € H?(a,b). Forany £ = 0,...,q we
have

10 — R{u)|l < €—gg—elldTu — Z,—d%ull < €T70%u — Z,_y3%ull, (14)
for all + > max{g,2q — ¢ — 1}, and
0% — R{WI| < € —gg—eCi—gr—g 13 ul < €0 ul, (15)

for all t > max{g,r — 1,2q — £ — 1}.

Example3 Let ¢ = 1. Then, for any u € H 1(a, b) and t > 1 we have the error
estimates

lu — Rlull < €y 1 10u — Z—1dull < €11 ]|dull,
18 — Ru)|| < ||du — Z;—1dul| < ||dul,

and the stability estimates

1OR ull = 1 Zi—1dull < |dul, (16)
IR ull < llull + IR u —ull < llull + €1 111du]. (17)

We end this section with an observation that will be relevant in the case of a multi-
patch geometry; see Sect. 8.

Lemma5 If'P, C Z; then Rtlu(a) = u(a) and Rtlu(b) = u(b).

Proof Let g = 1 and pick v(x) = (x — @)? in (13). Then, using integration by parts,
we have

(OR'u, 3v) = 2(b — a)Rlu(b) — (R'u, 3*v) = 2(b — a)R'u(b) — (R!u,2),
(Qu, dv) = 2(b — a)u(b) — (u, 3*v) = 2(b — a)u(b) — (u, 2),

and R!u(b) = u(b), since (R'u,2) = (u, 2). Similarly, by picking v(x) = (b — x)?
we obtain R,]u(a) = u(a). O
3 Spline spaces of arbitrary smoothness

In this section we show error estimates, with explicit constants, for spline spaces of

arbitrary smoothness defined on arbitrary knot sequences. To do this we make use of
a theorem in [20] for polynomial approximation.
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Lemma6 Letu € H'(a, b) be given. For any p > r — 1, let P, be the L2-projector

onto Pp. Then,
b—a\ [(p+1-r)
lu — Ppull < ( ) 1107wl (18)
2 (p+1+r)!

Proof This follows from [20, Theorem 3.11] since the L°°-norm of the weight-function
is bounded by 1. O

Lemma7 Letu € H'(a, b) be given. For any p > r — 1 and knot sequence E, let
S;l be the L*-projector onto S;IE Then,

1
lu—S; un_( ) b als LYPY
(p+1+1r)

Proof This follows from Lemma 6 applied to each knot interval. O

Example 4 For r = 1 we have

_ h
lu — S, ul < 1]
2J(p+Dp+2)

We are now ready to derive an error estimate for the L2-projection onto an arbitrarily
smooth spline space Sk . We start by observing that if Zy = S = we have

Ziy1 =Sk .2 for the sequence of spaces in (6). Specifically,

Sye=Po+K(S\ 1) =Po+K*Sy |2, k=0,

and from Lemma 7 (and Example 4) we deduce that

N\ [(p—k—r)! h
r— by —7 — b 1
%, <(2> Vo—kin “S2/-Po—FTD (19

forany r suchthat P, € Zp =S P ! “k—1.3>5€e Remark 1. We then define the constant
Cpk,r for p >r —1asfollows. If k < p — 2 we let

< ! r k>r—2,
Vp—k)(p— k+1)

1r
C”*’”:(E) ( 1 "*‘\/ (p+1—1r) s

«/(P—k)(p—k+1) (p—1+r=20"

1 r
c =\ .
= (1)

andifk = p — 1, we let
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By combining [18, Theorem 1.1] with Theorem 1 (and Example 1) we obtain the
following error estimate.

Theorem 3 Let u € H'(a, b) be given. For any knot sequence E, let S;‘, be the L?-
projector onto Si,afor —1 <k < p—1. Then,

k
llu — Syull < cprrh”107ull,

forallp >r — 1.

Proof For k = p — 1, this result has been shown in [18, Theorem 1.1]; see inequality
(3). Now, let k < p — 2. For r < k + 2, the result follows from Example 1 (with
t = k4 1) and the bound for € in (19). On the other hand, for r > k + 2, we
use Theorem 1 (with t = k 4+ 1), since P,_; is a subspace of Z;4| = S;E for all
p > r — 1. Then, applying Lemma 2 (with t = k 4+ 1) and Lemma 3 (witht =k 4 1)
we get

Chttr < Charth41€0, k1 < T4y,

and the bounds in (19) complete the proof. O
Remark 2 In the case p = 0 and r = 1, the error estimate in Lemma 6 reduces to

b—a

23/2

llu — Poull < lluell,

for any u € H'(a, b). The above constant is very close, but not equal, to the sharp
constant given by the optimal Poincaré inequality:

b—a
lu — Poull < ——||9u].
T

How close (18) is to being sharp for degrees p > 1 is an open question. However, we
would like to highlight that any improvement upon the error estimate in (18) could be
used in (19), and in the proof of Theorem 3, to immediately deduce sharper constants
for spline approximation.

Remark 3 We can bound ¢, , for k < p — 2 as follows. For r < k + 2, we

have
Cc < ! '
- ,
p.k,r = 2( ‘)

while for r > k-2, using the Stirling formula (see, e.g., [20, proof of Corollary 3.12]),

we get
1 " e (r—k—k1)2 e r
o= (z5m) 61 =(a)
2Ap—ky) \2 4(p—k)

@ Springer



Explicit error estimates for spline approximation. . . 901

As a consequence, the estimate in Theorem 3 can be simplified to

eh "
_ Sk < — 9" s 20
flu pMH_.<4UQ_k)> 10" ul| (20)

for all p > r — 1. This is in agreement with the estimate in [2, Theorem 2].

Remark 4 Numerical experiments reveal that smoother spline spaces exhibit a bet-
ter approximation behavior per degree of freedom; see, e.g., [11]. It was observed
in [2], however, that a simple error estimate like (20) does not capture this
behavior properly. The sharper estimate in Theorem 3 seems to provide a more
accurate description of this behavior. Now, let (a,b) = (0, 1). Assuming a uni-
form knot sequence E and & <« 1, the spline dimension can be measured
oy k k
—dim(Sk = P T ~ P~
n.—dlm(Sp’E)_ Y +k+1~ P 21
Hence, the estimate in Theorem 3 can be rephrased as

p—k\"
e — Shull < cpicr (T) 0" ull (22)

forall p > r—1. Asillustrated in Example 5 (Fig. 1) and Example 6 (Fig. 2), numerical
evaluation indicates that

Cpdrr(p—k)" < cpior(p—ka)', ki > k.

This is in agreement with the numerical evidence found in the literature that, for
fixed spline degree, smoother spline spaces have better approximation properties per
degree of freedom, even for low smoothness of the functions to be approximated. We
refer the reader to [5] for a more exhaustive theoretical comparison of the approxima-
tion power of spline spaces per degree of freedom in the extreme cases k = —1, 0,

p— 1

Example5 Let r = 3. Figure 1 depicts the numerical values of ¢, 3(p — k)3 for
different choices of p and k. We clearly see that the smallest values are attained for
maximal spline smoothness k = p — 1, namely ¢ 13 = (l/JT)3 ~ (0.0323.

Example 6 Consider now the maximal Sobolev smoothness r = p + 1. Figure 2
depicts the numerical values of ¢, p+1(p — k)P*! for different choices of p
and k. For any fixed p, one notices that the values are decreasing for increas-
ing k, and hence the smallest values are attained for maximal spline smoothness
k=p-—1

By utilizing Lemma 6 once again we can further sharpen the error estimate in
Theorem 3. Let us now define Cj, p x - by

b — r 1—7r)!
Chopir = min{cp,k,rh’,( “) (pr1-r) } (23)

2 (p+1+4+r)
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0175 T T ‘]
015 [ —o—p=27=3
. p=3,r=
—o—p=4dr=
0.125 [ —o—p=5r=3
p=61r=3
01 r —o—p=T,r=3
—o—p=8r=3
N —o—p=9,r=3
= o075 | o p=10r=3
co
&
5
=<
=y
S 005 ,
0025 1 1 1 1 1 1 1 1 1 1 1

Fig.1 Numerical values of ¢, - (p —k)" forr = 3 and different choicesof p > r—land —1 <k < p—1.
For any fixed p, one notices that the values are decreasing for increasing k. This means that the smoother
spline spaces perform better in the error estimate (22) for fixed spline dimension

100 T T T
—o—p=1Lr=2
—6—p=2,r=3

p=3,r=4
—o—p=4,r=5
—o-—p=5r1r=6

p=6,r=7
—Oo—p=T7,r=8 4
—o—p=8r=9
—6—p=9,7=10
—Oo—p=10,r=11

Cpir(p—K)

10—6 1 1 1 1 1
-1 0 1 2 3 4 5 6 7 8 9

k

Fig.2 Numerical values of ¢, x » (p—k)" forr = p+1 and different choicesof p > land—1 <k < p—1.
For any fixed p, one notices that the values are decreasing for increasing k. This means that the smoother
spline spaces perform better in the error estimate (22) for fixed spline dimension

for p > max{r—1, k+1}.Since P, C Sk

.5 the following result immediately follows
from Lemma 6 and Theorem 3.

Corollary 1 Let u € H' (a, b) be given. For any knot sequence &, let Sf, be the L>-
projector onto S;‘,’Efor —1 <k < p—1. Then,

k
llu — Spull < Ch,per19"ull,
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forallp >r — 1.

The above corollary shows that & , < Cj pk r for Z, = Sk =5 see Remark 1. Note
that for k = —1, the constant Cj, pt,r equals cj  h" for any p, h and r. However,
for large k and p (compared to 1/k) the second argument in (23) can become smaller
than the first. The error estimate in Corollary 1 will in this case then coincide with the
error estimate for global polynomial approximation. We will look closer at this case
in the next section; see in particular Fig. 4.

In many applications one would be interested in finding a single spline function that
can provide a good approximation of all derivatives of # up to a given number g. Deriva-
tive estimates for the L2-projection could be obtained under some quasi-uniformity
assumptions on the knot sequence which ensure stability of the L2-projection in the
H'! semi-norm; see, e.g., [9, Theorem 2] for such conditions in the case k = 0. How-
ever, these assumptions can be avoided by using a Ritz projection. As a special case of
(13) we define, forany g = 0, ..., k + 1, the Ritz projector R;],’k :H(a, b) — S;,E
by

(9 RY u, 99v) = (39u, 9%v), Vv e Sk -, o4
(RY u. g) = (u.g). Vg e Pyt

As a consequence of Theorem 2 we have the following error estimate.

Corollary2 Let u € H'(a,b) be given. For any degree p, knot sequence E and
smoothness —1 <k < p — 1, let R;I,’k be the projector onto S;;E defined in (24) for
q=0,...,min{k + 1, r}. Then, forany £ =0, ..., q, we have

k
19 — RY“ )l < Ch.p—q.k—g.9—¢Ch. p—q.k—g.r—q 119" ull,
forall p > max{q,r —1,2qg — £ — 1}.

Remark 5 Using the definition of Cj, , x - together with the argument in Remark 3, we
can simplify the result in Corollary 2 as follows. For any ¢ = 0, ..., min{k + 1, r}
and ¢ =0, ..., q, we have

—L
k _ eh "
19° — RE“ )l < cpgh—g.g—eCp—gh—g.r—gh™ 10"l < (m> 19wl

for all p > max{q,r — 1,2q — € — 1}. Since this estimate is explicit in 4 and p, it is
very useful for 27— p refinement.

Example 7 Similar to Example 3 we let ¢ = 1. Then, forany u € H" (a, b) and k > 0
we have the stability estimates

OR ) ull = 1S5~} dull < [[dull,

eh
RLVky| < Ch p—1i—11l10u| < —loul|,
IR, ull < llull + Ch,p—1,k—1,1110u]| _||u||+4(p_k)|| ull

and, as in Remark 5, the error estimates
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904 E.Sande et al.

lu — RYFull < Chp—t k=11 Chopet k—1,r—1 1870 < _eh ruafun,
e ~\4(p -k
—1
19 — R )| < Chopetk—t.r—1107ull < (L) 18" ull,
4(p —k)

for all p > r — 1. Thus, Rll,’ku provides a good approximation of both the function u
itself, and its first derivative.

Example8 Let ¢ = 2 and r = 3. For Rlz,’k u to approximate u € H>(a,b) in
the L?-norm, Corollary 2 requires the degree to be at least 2¢ — 1 = 3, and not
r — 1 = 2 as one might expect. In view of (24), this is consistent with the com-
mon assumption to solve the biharmonic equation with piecewise polynomials of at
least cubic degree for obtaining an optimal rate of convergence in L?; see, e.g., [23,
p. 118].

Remark 6 In the spirit of Remark 4, the above error estimates for the Ritz projection
can also be used to investigate the approximation behavior per degree of freedom. Let
(a,b) = (0, 1), and assume a uniform knot sequence E and & < 1. Then, keeping
the dimension formula (21) in mind, the first inequality in Remark 5 can be rephrased
as: forany ¢ = £, ..., min{k + 1, r}, we have

—L
& p—k\
”al(u - Rz u)|l ,S Cp—q.k—q,q—LCp—q.k—q.,r—q (T) ||3rM||, (25)

forall p > max{q,r — 1,2q — ¢ — 1}. As illustrated in Example 9 (Fig. 3), numerical
evaluation of the constant in (25) indicates that our error estimate performs better per
degree of freedom for smoother spline spaces, not only in the L? norm but also in
more general H ¢ (semi-)norms.

Example9 Let ¢ = 1 and consider the maximal Sobolev smoothness r = p + 1.
Figure 3 depicts the numerical values of ¢,y k—g,q—tCp—g.k—g,r—q(P — k) ¢ for
£ = 0, 1 and different choices of p and k. For any fixed p and ¢, one notices that
the values are decreasing for increasing &, and hence the smallest values are attained
for maximal spline smoothness k = p — 1. Since this trend is happening for both
£ = 0, 1, it means that our error estimate performs better per degree of freedom for
higher smoothness, in both the L? and H ' norms, for any fixed p. Note that the graphs
look like the ones in Fig. 2 using the L2-projection. This is not a coincidence because
one can check that

Cp—1,k—1,1—€Cp—1,k—1,p = Cp—l.k—L,p+1—L>

forO0<k<p-—1land?=0,1.

Remark 7 The last observation in Example 9 can be generalized as follows. In case of
maximal Sobolev smoothness r = p+ 1l and max{g — 1,2qg —¢ -2} <k <p—1,
we have

Cp—q,k—q.q—tCp—q.k—q,p+1—q = Cp—Lk—C,p+1—L-
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Fig. 3 Numerical values of ¢;,_g k—g.4—0Cp—g.k—q.r—q(P — k=t for r = p+l,g=1¢=01,
and different choices of p > 1 and ¢ — 1 < k < p — 1. For any fixed p, one notices that the values are
decreasing for increasing k. This means that the smoother spline spaces perform better in the error estimate
(25) for fixed spline dimension
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4 Spline spaces of maximal smoothness

As mentioned in the introduction, the error estimate in (3) is perfectly suited to study
the case of grid refinement with maximally smooth splines. However, it provides
almost no information in the case of degree elevation. The best it can tell us is that
the error will not get worse as p increases. This is in contrast to the standard error
estimates for CY finite element methods (or the case k = 0 of (2)), which show clear
convergence as p — oo. In this section we therefore study error estimates for the
space of maximally smooth splines in more detail, and in particular, we investigate
the p-dependence. The main goal is to obtain various estimates for the full hA—p—k
refinement scheme, i.e., as p — oo and/or as & — 0 under the constraintk = p — 1.

Let us define the constant Cy, p, » by Cp.p , := Cp p, p—1,r With C_p i » in (23), or
more explicitly by

_ ) (r\ (b—a) [p+1-1!
Clpr '_mm{<n) ( 2 >V(p+1+r)!}’ (20

for p > r — 1. As a generalization of [25, Corollary 6.3] we obtain the following
result.

Corollary 3 Let u € H'(a, b) be given. For any knot sequence E, let S, be the L%
projector onto Sy, z. Then,

llu — Spull < Chpr 10" ull, (27)
lu— Spull < Chn,p,1Chp-1,1- Ch,p—r41,1110" ull, (28)
forallp >r — 1.

Proof The estimate (27) is the case k = p — 1 of Corollary 1. For (28), we first
observe that if Zy = Sp g we have Z, = S, £ for the sequence of spaces in (6). From
Lemma 3 (with r = p) we then obtain (28) for u € H" (a, b). O

The first argument in the definition of Cy, ,  only depends on /& and r, while the
second argument only depends on p and r. Hence, it is clear that the second argument
is smaller than the first for large enough p with respect to k. This is illustrated in the
next examples.

Example 10 Let r = 2 and b — a = 2. Then, assuming
T
> -,
P>

we have

1 1 ( h )2
veip+Dp+2(p+3) p T
In this case the error estimate (27) is better than (3).

Ch,p,2 =
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o7
{06
{05
1
S 34
[ 0.4
= 12
?; 1/4
0 0.3
02

*

Fig. 4 The two arguments of Cp, j,  in (26) are equal for i = h}, ,., depicted in normalized form (divided
by the interval length b — a) for different choices of » > 1 and p > r — 1. Lower values of & will activate
the first argument of Cj, p, -, while higher values of & the second argument of Cp, ), »

Example 11 Figure 4 depicts the values 7, /(b — a) € [0, 1] satisfying

<h’;,,r r_ (b—a "lp+1-r)

7 > -\ 2 ) (p+1+nr!°

for different choices of r and p. It follows that the two arguments of Cy, , , in (26)
are equal for & = hj, .. For smaller values of & we have Cj, , » = (h/m)", and then
(27) coincides with (3). Otherwise, for larger values of &, (27) coincides with the
estimate for global polynomial approximation in Lemma 6. Assuming a uniform knot
sequence, we observe that the latter only holds for a rather small number of knot
intervals N = (b — a)/h with respect to p. For instance, if p = 10 and r = 11, then
h’;’,/(b —a) ~ 0.17 and so N must be less than or equal to 5 for the estimate in (27)

to coincide with the estimate for global polynomial approximation. Similarly, one can
check that if p = 10 and r = 1, then N must be less than or equal to 7.

It is easy to see that for fixed p and small enough %, both estimates in Corollary 3
coincide. Moreover, for fixed & and large enough p, (27) is a sharper estimate than
(28). On the other hand, as we illustrate in the next example, there are certain choices
of h and p such that (28) is sharper than (27).

Example 12 Letr = 2 and b — a = 2. Then, assuming

T T

< h<—— 29
N RS 9
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we have

h 1
Chp1Chp1l=——F—————
prnp 7 J/(p+Dp+2)

Ch’p,z.

2
< min <ﬁ> , ! =
{ﬂ Ve(p+D(p+2)(p+3)

As a consequence, when £ satisfies (29), the error estimate (28) is sharper than (27).

The estimates in Corollary 3 hint towards a complex interplay between / and p in
the sense that for a strongly refined grid (very small /), increasing the degree p might
give little or no benefit, and vice versa.

Remark 8 Using the Stirling formula (in the same way as in Remark 3), we have

(p+1-=r) << e )r
(p+14+r! ~\2(p+1 )~
. R\" (eb—a)\"| (. [h eb—a)]\
cune =i (2) - (56555) | = (o {55655

and by taking the harmonic mean of the two quantities in the above bound, we get

2eh(b — a) g v
lu — Spull < <en(b_a)+4h(p+ 1)> 10" uell, (30)

Thus,

for all p > r — 1. Even though this estimate is less sharp than the result in Corollary 3,
it has the benefit of always decreasing as the grid is refined and/or as the degree is
increased.

Remark 9 For small values of r (compared to p) we can improve upon the estimate
in Remark 8 as follows. Since Cj, p—iy1,1 < Cp,p—r41,1 fori =1, ..., 7, Corollary 3
implies that

lu = Spull < (Ch,p—r+1,0)" 107ull,

for all p > r — 1. By taking the harmonic mean of the two quantities in the bound
h b—a

Ch o <mn{—, —— 1,
h,p—r+1,1 = Ml {7‘[ 2([)—}’—0—2)}

we obtain
2h(b — a)

.
lu — Spull < 0" ull,
b —a)+2h(p —r +2)

forall p > r — 1. This estimate is sharper than (30) if p > -5 (r + % — 2). Note that
this is always the case if p > 4(r — 1).
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We now look at some error estimates for the Ritz projection. Using inequality (15)
and Lemma 3 we obtain the following result.

Corollary4 Let u € H' (a, b) be given. For any g = 0, ..., r and knot sequence E,
let RZ be the projector onto S, g = Z, defined in (13). Then, forany £ =0, ...,q
we have

19 = RG) | < Ch,p—q.q—¢Chp—q.r—q 13" ull,

¢
18° @ — Rl < (Ch,p—g,1 -+ Ch, p-2++1,1) (Ch,p—g,1 - Chp—r+1,1) 18" ull,

forall p > max{q,r —1,2q — £ — 1}.

Remark 10 As a generalization of [18, Theorem 3.1], it follows from Corollary 4 that
foranyg =0,...,rand¢ =0, ...,q,

h r—=
n#m—Rhms<;) 19" ull, (1)

for all p > max{q,r — 1,2q — £ — 1}. Not only is this a very simple and explicit
estimate, but it is also very useful for / refinement. Note that the error estimate for
periodic splines in [18, Theorem 4.1] is of the same form as (31) for the corresponding
Ritz projection in the case of periodic boundary conditions.

Remark 11 Following a similar argument as in Remark 8, we get foranyg =0, ..., r
and?=0,...,q,

2eh(b — a) )"’3 1ol

Lo pd
19°(u = Rpuw)ll < (m(b_a)+4h(p—61+ D

for all p > max{q,r — 1, 2¢q — £ — 1}. In addition, following a similar argument as in
Remark 9, we get forany g =0,...,rand ¢ =0,...,q,

. g 2h(b — a) =t

10" (u — Rpu)|| < 10" ull,
(b —a)+2h(p+2—max{2qg — £, r})

for all p > max{q,r — 1,2g — £ — 1}. The latter estimate is sharper than the former

one if p > —%5(max{2q — ¢, r} + @ — 2). Even though these two estimates are

less sharp than the result in Corollary 4, they have the benefit of always decreasing as

the grid is refined and/or as the degree is increased. They are therefore useful estimates

for h— p—k refinement.

5 Reduced spline spaces
The goal of this section is to prove error estimates for the Ritz projection onto certain

reduced spline spaces of maximal smoothness studied in [12,14,15,18,22,25]. To do
that we first prove a general result for any integral operator K using ideas from [12,14].
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5.1 General error estimates

Let K be any integral operator as in (5), and let Xy and )) be any finite dimensional
subspaces of L2(a, b). We then define the subspaces X; and )/;, in an analogous way
to (6), by

X = KQV-1), Yri= K (X)), (32)
for t > 1. Finally, for any r > 0, let X; be the Lz-projector onto X; and Y; be the
L?-projector onto ).

Lemma 8 Foranyt > 1 we have

K — XoKl, 1 odd,

IK = KY|| < [|IK* = K*X; 1]l <
K* — YoK*|, teven.

Proof First, note that

IK — KY|| = K" =Y, K*|| = sup [|[K*f—Y,K"f].
=1

Next, observe that K*X,_| maps into ); and since Y; K* f is the best approximation
of K* f in ), we must have

sup |[K*f =Y K*fl = sup [[K*f —K*X,_fll =K"= K*X;]|.
I fI=1 I£lI=1

This shows that || K — KY;|| < || K* — K*X,_1]. Similarly, by swapping the roles of
K and K* we have |[K* — K*X;|| < ||[K — KY;_1]|. The result then follows from
induction on ¢. m|

5.2 Error estimates for reduced spline spaces

In [12,14,18,25] error estimates for certain reduced spline spaces were shown. Here
we prove a generalization of these results for the Ritz projections. Specifically, in [14]
and [18] the spaces Sp g0 and S, g1, defined by

%))

[]

0= {s €Spz: %) =93"s()=0, 0<a<p, «a even},
1= {s €Spe: %) =03"b)=0, 0<a=<p, « odd} , (33)

P,

%)
ol

)

were studied. We further define the related spaces 3,,, g.0 and 31,, g.1 by

1]

p,E,0

21R%]

{seSpz: %) =0%®b)=0, 0<a < p, aeven},
{s €Spe: %) =03 b)=0, 0<a<p, « odd} . (3%

For uniform knot sequences, the spaces 3,,, .1 are exactly the reduced spline spaces
investigated in [25, Definition 5.1]. Observe that S, =.0 € S p,2,0 where equality holds

[

P81

@ Springer



Explicit error estimates for spline approximation. . . 9

for poddand S, =1 C S »,8,1 where equality holds for p even. Observe further that
in the case p = 0 all the spaces in (33) and (34) equal the standard spline space Sp =
except for 5o z 0.

For a specific (degree-dependent) knot sequence E it was shown in [14] that the
spline spaces in (33) are optimal for certain n-width problems. Later it was shown
in [18] that if n is the dimension of these optimal spaces, then they converge to the
space spanned by the 7 first eigenfunctions of the Laplacian (with either Dirichlet or
Neumann boundary conditions) as their degree p increases. Convergence in the case
of periodic boundary conditions was also studied in [18].

Staying consistent with the notation in [12,14,17] we define the integral operator
K by

Ky :={ - Py)K,

where Py denotes the L?-projector onto P, and K is the integral operator in (9). One
can verify thatifu = K f thendu = fandu L 1. Moreover, since K| = K*(I — Py)
it follows that if u = K| f then du = (Py — I) f and u(a) = u(b) = 0. Using these
properties it was shown in [14] that

Sp.z0=K{(Sp-1,21),
Spe1 =Po®Ki(Sp-1,2,0), (35)

for all p > 1, since the derivative of a spline is a spline of one degree lower on the

same knot sequence. For the spline spaces in (34) we deduce by the same argument
that

g0 = K{(Sp-1,2,1),

S,
Spe1=Po®Ki(Sp-1.20), (36)

for all p > 1.
Let S, : Lz(a, b) = S, =i, i = 0,1, denote the L2-pr0ject0r. Analogously to
(13) we define, for p > 1, the Ritz projector R o : H(} (a,b) — Sp.g,0by
(ORp,ou, 0v) = (u, dv), Yv € S, =0, 37

and the Ritz projector R, : H'(a,b) — S, .1 by

(ORp 11, dv) = (u, dv), YveSpe1,
(Rp,1u, 1) = (u, 1). (38)
Using the above definitions, together with (35), we find that R, o = K TS p—1,1 and
Rp1=Po+ K1Sp-1,0. R
Lastly, we define the quantity / by

T = max{2(&) — &), (&2 — £1), (53 — &), ..., (En — EN—1), 2(En+1 — EN)),
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where we observe that the difference between 7 and the % in (1) is that the length of
the first and the last knot interval is scaled by a factor of 2. To prove the error estimates
for our Ritz projections onto the sequences of spaces in (33) we make use of the next
lemma.

Lemma9 Foranyu € H(a, b) we have
h
lu — So,1ull < —Iloull,
b4

and for any v € HO1 (a, b) we have

o~

h
lv = So.ovll = —llov].
14

Proof These results follow from the Poincaré inequality. We refer the reader to [18,
Theorem 1.1 and Lemma 8.1] for the details. O

Using the above lemma together with Lemma 8 we obtain the desired error esti-
mates.

Theorem 4 Let p > 0 be given. Then, for any u € H'(a, b) we have

h
llu = Rpyul = —loull.  p odd.

h
lu — Rp1ull < ;Ilaull, p even,
and for any v € H(} (a, b) we have

h
lv=Rpovll = —lldvll. podd,

o~

h
lv = Rpovlf = —ldvll,  peven.

Proof Define the spaces S, by
Sp = {S € Spj,] 15 L l}.

Using (33) we find that if K plays the role of the generic integral operator K in
Sect. 5.1, then the spaces S, are examples of the &; in (32) and the spaces S, = o are
examples of the ); in (32) for p =¢.

Moreover, using the definition of K; we observe that H!'(a,b) = Py @
K1(L%(a, b)). Thus, any function u € H'(a, b) can be decomposed as u = ¢ + K1 f
forc € Pyand f € L%(a, b). Using Lemma 9 we then find that

h h
IKS = Soa KfIl = llu = Soull = —ll9ull = —[1./ll
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since Py C Sy 5,1, and so |K — So,1 K || < h/m. Furthermore, it was shown in [14]
that HOl (a,b) = KZ(LZ(a, b)) and so any function v € HO1 (a, b) can be written as
v = Kjgforg e L“(a, b). Again, using Lemma 9, we find that

o~

h
vl = —llgll,
T

A=)

|K*g — So,0K*gll = llv — So,ovll <

and [|[K* — Sp.0K*|| < ﬁ/n. The result then follows from Lemma 8 since R, o =
Ki“Sp_l,land Rpy1=Py+ KiSp_10. |

Let Ep,,- : Lz(a, b) — 3,,,5,,-, i = 0, 1, denote the Lz—projector. We then define
the Ritz projector Ep,o :H'a,b) - gp,E,O in a completely analogous way to (37)

and Ep,l - H! (a,b) — Sp =1 in a completely analogous way to (38). As before,
using (36) we find that R, 0 = K} S,—11and R, 1 = Po+ K1Sp—1.0.

Theorem 5 Let p > 0 be given. Then, for any u € H'(a, b) we have

h
lu — Rp1ull < —loull,
b4

and for any v € HO1 (a, b) we have

h
lv—=Rpovll = —[ldv],
i

Proof This result follows from a similar argument as in the proof of Theorem 4.
The rnai_n change being that in the case p = 0 we have So.g.0 = So.z, and so
IK* — So,0K*|| < h/m. o

Remark 12 Let hp;, be the minimum knot distance. The reduced spline spaces defined
in (33) and (34) all satisfy the boundary conditions stated in [ 18, Theorem 9.1]. Hence,
any element s in such spaces satisfies the following inverse inequality:

24/3

min

sl < l[s1l-

Remark 13 As the error estimates in Theorems 4 and 5 are complemented with the
inverse inequality in Remark 12, the reduced spline spaces defined in (33) and (34)
can be used to design fast iterative (multigrid) solvers for linear systems arising from
spline discretization methods [15,22].

6 Tensor-product spline spaces
In this section we describe how to extend our error estimates to the case of

tensor-product spline spaces. We start by introducing some notation. Consider the
d-dimensional domain Q := (ay, b1) x (a2, by) x - -- x (ag, bg), and let | - | o denote
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914 E. Sande et al.

the L2(2)-norm. Moreover, we deal with the standard Sobolev spaces on €2 defined
by

H'(Q) = {u € LAQ): 9 - 0% u e LAQ), 1 <o+ +ag Sr}.

Fori =1,...,d, let Z; be a finite dimensional subspace of Lz(ai, b;) as in (6)
with K as in (9), and define the tensor-product space Zy := Z;, ® Z, ® - - - ® Z;,. We
only investigate projectors onto Z; of the form IT := [} ® [T ® - - - ® 1. To simplify
notation, we use the following convention: when applying the univariate operator IT;
to a d-variate function u, we mean that I'l; acts on the i -th variable of # while the others
are considered as parameters. In this perspective, we have [1 = I1j o [Ty o - - - o 1.

We first study error estimates for the L2(2)-projection onto Z;, denoted by Z¢ :=
Z) ® Zy @ -+ ® Zy,. The following result can be concluded from the univariate
error estimates using a standard argument (see, e.g., [2,5,18,20,25]), but for the sake
of completeness we include the argument here.

Theorem 6 For any u € L*(S2) we have

d

e — Zeulle <> llu — Zyullg.
i=1

and consequently, ifu € H" () and Pr—_1 C Z;, foralli =1, ...,d, we have

d
lu = Zeullg <> €, 110 ullo- (39)

i=1

Proof We only consider the case d = 2. The generalization to arbitrary d is straight-
forward. From the triangle inequality we obtain

lu—Z1y ® Znulle < lu— Zyulle + 1Zyu — Z1y ® Znulo
< llu = Zyullg + 11 Z4 || lu = Ziulle
< llu—=Zyullg + llu — Zyullq.

since the L?(2)-operator norm of Z;, is equal to 1. Applying Theorem 1 we then
obtain (39). O

Remark 14 For simplicity let = (0, 1)?. Note that (39) actually holds for all func-
tions u in the larger Sobolev space

d
ﬂ L20, )" @ H (0, 1) ® L*(0, )™ D H'(Q).

i=1

We make use of a similar Sobolev space in Sect. 7.2.
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For tensor-product spline spaces of arbitrary smoothness, let Sllf = Sf,‘l ® - ® Si(,‘;’]

denote the L%(£2)-projector onto S;l:,a = 8211’51 ® - ® SﬁZ,Ed'
smooth spline spaces, let Sp = S, ® --- ® S, denote the L?(£2)-projector onto
Sp.z i=8p.8, @+ @Sy, g, Error estimates for these spaces can be immediately
obtained by replacing ¢;, , in Theorem 6 with the constants derived in Corollaries 1

and 3. Let /; denote the maximal knot distance in E; fori =1, ...,d.

For maximally

Corollary 5 For any u € H" () we have

d

k
lu = Sgulle < D Chprder 18] 2,
i=1

and
d
lu — Spull < Y Crypir 18]l
i=1

d

e — Spitlle <D Chyprt Chipy—1.1 - Chyopy—r 1.1 18] w2,
i=1

forall p;i >r — 1.

Example 13 Let h := max{hy, hy, ..., hg}. Then, for any u € H" (2) we have

d h r h r d
lu— Spulle <Y (;) I8 ulle < (;) 3 o7 ul
i=1 i=1

forall p; >r — 1.

Let us now focus on error estimates for tensor products of the Ritz projection in
(13). For simplicity of notation, we only consider the case ¢ = 1 and d = 2. Define
the tensor-product Ritz projector Ry : H' (a1, by) ® H'(az, by) — Z, ® Z;, by

Ri:=R  ®R,.
Note that H!(a;, b1) ® H'(az, by) consists of functions u € L2(§2) such that du €
L2(Q), du € L*(Q) and 810u € L%(Q). We thus have H2(Q) C H'(a1, b)) ®
H'(a, by) c HY(Q).

Lemma 10 Let u € Hl(al, b)) ® Hl(az, by) be given. Then, for all t;,t; > 1 we
have

1 1
lu — Reullg < llu — Rl ullg + lu — R} ullg

+min € 11101 = R drulla, oonilldau — RY daulle
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916 E.Sande et al.

191 (u — Ran)lle < 191 — RE w)lle + 1011 — R}, d1ullq.
10102(u — Reu) @ < [10102u — Z;,—10102ull@ + (101024 — Z,—10102u || .

Proof From (17) and by adding and subtracting R,llu we obtain

lu — Rulle < llu — Riulle + R, (u — RL )|
<llu—Rulle+ llu— Riulle + C\—11101(u — RLu) |,

and similarly for R}zu. The first result now follows since d; commutes with Rtlj for
i # j. Analogously, using (16) we obtain

01 (u — Ran) | < 191 — REw)lle + 01 R, (u — Ry )|l
<191 — R wlle + 181 — RLw) g,

and the second result follows. For the third result we use the commuting relation
BiRtli = Z;-10;, i = 1,2, to conclude that 9;0,Ry = Zt_10102, and we apply
Theorem 6. O

By using Theorem 2 we can now achieve error estimates for the tensor-product Ritz
projection. If the function u is only assumed to be in H Yy, b)) ® H'(a, by) then
one obtains the “unbalanced” estimate:

lu — Riulle < &—1,1l101ulle + Ch_11ll02ulle + € —1,1€,—1,1110102ullq,
for all #1,# > 1. Indeed, the partial derivatives involved in this estimate are not
of the same order. This can be resolved by requiring higher Sobolev smoothness. If
u € H%(), then for all ¢;, 7o > 1 we have

lu — Rellg < (€1, )% 18%ullg + (Cno1,)?183ullq + €o—1,1Cn_1,1113102ul 0.

This is a special case of the following more general statement.

Theorem7 Letu € H" () forr > 2 be given. If Pr_» C Z;,_1NZ,_1 fort, 1 > 1,
then

lu — Reulle < €n—11€y—1,r—11107ulle + Cpo1,1€—1,r-11103ull 2
. -1 -1
+ CmraComrmin €1, 210195 ulles €-r—2l8] B2ulla]
and

01w — Ru)ll@ < €1—1r—1l107ullq + ¢z2—1,1€r2—1,r—2||313§_1M||sz,
182(u — Rew)ll@ < €—1.1€0—1,,—2118] ' doulle + €t r—1 185 ull 0,

18182(u — Re)llg < Co—1,,—2118] " doullg + €t r—2 113135 g
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Proof Using Lemma 10 and Theorem 2 we find that
lu — Reulle
< llu = R\ullg + llu— Riullg
+min € 1110 — Ry dulle, €t 10u = Ry daulle )
< Co11C—t—tl0Tulle + €Ho1,1Ch—1,-1l105ullq

. -1 -1
+m1n{%—1,1€z2—1,1€z2—1,r—2||313£ ulle, €o-1,1€n-1,1€,—1,r—2119] 32“”9},

which proves the first result. The other results follow by a similar argument. O

In the spirit of Corollary 5, using results from Sects. 3 and 4, the above theorem
can be used to obtain error estimates for tensor-product Ritz projections onto spline
spaces of any smoothness. We end this section with two examples.

Example 14 Let ng ‘=R 117,1k '® R},’Zkz be the tensor-product Ritz projector onto SI],‘ =

and let 4 := max{hy, hy} and p — k := min{p; — ki, p» — k»}. Then, for ainy
u € H (), r > 2, we have

eh d
lu — Ryulle < (—) [91ulle + lulle + 91,ulle)
P 4(p _ k) ( 1 2 12 )
where we slightly abuse notation by letting
185l = min {19185~ ulla, 18]~ d2ulle]

for all py, pp >r — 1.

Example 15 Let Ry := R }71 ®R 11,2 be the tensor-product Ritz projector onto Sp_z, and
let i := max{hy, h}. Then, for any u € H?%(Q) and for 0 < £, £2 < 1 we have

2—01—4Lo
Ly ot
188, (u — Rpu)ll < (;) (Nfulle + 193ul + 101920l )

for all py, p» > 1. In general, forany u € H"(R2),r > 2,and for 0 < €1, > < 1 we
have

I8¢ 03> (4 — Rpu) |l

[ e )
< (;) (No7ulle + 105ulle + 1010~ ullg + 19] " daullg)

for all p, pop >r — 1.

Similar results hold for the tensor products of the reduced spline spaces in Sect. 5.2.
The results of this section can also be generalized to higher order Ritz projections in
a straightforward way.
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7 Mapped geometry

Motivated by IGA, in this section we consider error estimates for spline spaces defined
on a mapped (single-patch) domain. Let & = (0, 1)? be the reference domain, < the
physical domain, and G : Q — Q C RY the geometric mapping defining Q. We
assume that the mapping G is a bi-Lipschitz homeomorphism. As a general rule, we
indicate quantities and operators that refer to the (mapped) physical domain by means
of the symbol ". In particular, the derivative operator with respect to physical variables
is denoted by d. _

Define the space Z; as the push-forward of the tensor-product space Z; with respect

to the mapping G. Specifically, let
th = IsoG*I:seZt}. 40)

Furthermore, for any projector IT : LZ(Q) — Z¢ we let m: L2(S~2) — Z denote the
projector defined by

i := (M@0 G) o G, Vii € LX(D). 41)

Using a standard substitution argument we obtain the following result.
Lemma 11 Forii € L*(Q) and G € (W'>°(Q2))? let u := ii 0 G € L*(Q). Then, for

any projector I1 as in (41) we have

it — il < || det VG| Lo llu — Mu|g.

7.1 Smooth geometry

If we, similar to [15,24], make the assumption that the geometry map G is suffi-
ciently globally smooth, then we can easily extend the results from Sect. 6 using
techniques from [1,3]. Specifically, in this subsection we assume G € (W”“(Q))d,
which implies that u := it o G € H"(2) whenever u € H r(fl). We further assume
G e (Who(@)d. B

We define the mapped Lz-projector Z : Lz(fz) — Z; by taking [T = Z; in (41).
Then, combining Lemma 11 and Theorem 6 gives rise to the following estimate.

Lemma 12 Let G € (W"(Q))4. Then, for any ii € H" (ﬁ) we have
d
it — Zyiillgy < || det VG| Y €197 (i 0 G|,
i=1
forallt; > r — 1.

Using a slightly simplified version of the multivariate Faa di Bruno formula in [7]
and substituting back to the physical domain, we obtain an error estimate in a more
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classical form. To this end, we set G := (G, ..., G4) and define
Cg = || det VG| (e || det VG| oo ).

and

Z lL[ am ) km1 (amG )km,d

o mo m]‘ kmd)(m)k A+ tkma

; (42)
L>(Q)

CGlrJ =

where j := (ji, ..., jg) and
I(r,j) = {(kl,l,--~,k1,d,k2,l,---,k2,d, conken, oo ke g) € Zg(()d :

r r r
INEVIRED WALV U RESee e
m=1 m=1 m=1

Theorem8 Let G € (W"®(2)? and G~ € (WL(Q))". Then, foranyii € H" ()
we have

d
i — Zitllg < Ce Y (Z a,.,rcc,,,-,r,j> 197" -+ 83l g5.
1<ljl=r \i=l

forallt; > r — 1.

Proof By means of the multivariate Faa di Bruno formula in [7] we can express the
high-order partial derivatives in Lemma 12 as

r amG]) . (almGd)k"Ld

oG = Y @ 3iD)oG er]_[

|) (m!)km.l+"‘+km,d :

1<ljl=r I(r.j) m= 1 m I m,d~
This gives
d . .
it — Zydillgs < | det VGl Y Cor Y Cairjll@3] -+ 810 0 Glq,
i=1 I<ljl=r
and a standard substitution argument completes the proof. O

In the spirit of Corollary 5, using results from Sects. 3 and 4, the above theorem can
be used to obtain error estimates for mapped L?-projections onto spline spaces of any
smoothness. Indeed, we just need to replace &, , with the corresponding constants,
e.g., the ones derived in Corollaries 1 and 3.
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Example 16 Let d = 1. Given the geometry map G, we have

km

ZHG)

I(r,j) m= 1

CGlr]—

L°°(Q)’

where

I(r, ) :={(k1,.. k) eZly: ka—], kam—r}

m=1

Observe that Cg 1,,,; can be compactly expressed in terms of (exponential) partial
Bell polynomials B, ;(x1, ..., X,—j+1) by

Coarj =B (3G, 3G, ..., 8" G| 1=

see, e.g., [6, Section 3.3]. These Bell polynomials can be computed through the fol-
lowing recurrence relation:

—1
1 X r
B j(x1, ... X—jt1) = = Z (.)xr—iBi,j—l(xlv--~axi—j+2),
TSt M
where By o = 1 and B, o = 0 for » > 1. In particular, we have
By,1(x1) = x1,

By 1(x1,x2) =x2, Bppo(xy) = (x1)?,

B31(x1,x2,%3) = X3, B3a(x1,x) =3x1x2, B3z(x)) = (x)>.
Example 17 Letd = 2.Forr = 1 andi = 1, 2 we have
Cg,i1,1,00 = 10:iGillL=@), Cg,i,1,0,1) = 10iGallL=@)-

Forr =2 andi = 1, 2 we have

Cc.i2a.0 = 137Gillzo@), Ca.i2o0.1) = 137GallLo@),

CG,i2,2,0 = ||(3i01)2||L°°(Q), Cg,i2,02) = ||(3iGz)2||L°°(sz),
Cg,i2.a,n = 112(0:G1)(0;G2) | L= ()-

Similar results can be obtained for tensor-product Ritz projections in the presence
of a mapped geometry. As before, it is a matter of applying the Ritz estimates from
Sect. 6 in combination with the multivariate Faa di Bruno formula [7]. We omit these
results to avoid repetition. We just illustrate this with an example.
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Example 18 Let d = 2 and r = 2. Recall from Example 15 that for any u € H*(R)
and for 0 < £, ¢, < 1 we have

2—01—4Lo
197195° (u = Ryl < (;) (1fulle + 103ulle + 13102ulla)

for all pi, p» = 1 and h := max{h;, hy}. We define the mapped Ritz projector
Rp : HZ(Q) — Zt by taking I1 = Rp in (41). Assume G € (W22°(2))? and
G e wh °°(S2))2 From Theorem 8 (and Example 17) we know estimates for
||82(u 0G)|lq and ||32 (i1 0 G)| o, and we can compute similar ones for [|01 92 (i1 0 G) || -
Then, for any &t € HZZ(Q) and for 0 < £, £, < 1 we obtain

8174 o~ > ~
||811322(’4 - Rp“)”ﬁ

2—01—4y ..
=co (F) Y (Cei2j+ Carnj+ Co2) 0] 3 ilg.
I=ljl<2

for all py, p» > 1, where

Cg,12,2,1,00 = 110102G 1l @), CG,12,2,00,1) = 10102G2 | Lo (%),
Cg,12.2,2,00 = 101G (02G D IL>), Cg,12,2,0,2) = 1(01G2)(02G2) || L= (),
Cg,12,2,(1,1) = [1(01G1)(02G2) + (32G1)(01G2) | L= () -

7.2 Bent geometry

In IGA the geometry map G is commonly taken to be componentwise a spline function
from the same space as our approximation space. However, the results in the previous
subsection can require the geometry map to be in a smoother subspace. We will
overcome the issue in this subsection. As before, we use the techniques of [1,3].

For r > 1 and k > 0 we define the univariate bent Sobolev space

HEH0,1) = Ju e B0, 1) u e HY (66540, j =01, N].

Note that for kK > r — 1 we have Hgk(O, 1) = H" (0, 1). Then, similar to the space in
Remark 14, we define the (L?-extended) multivariate bent Sobolev space

d
M2 (@) = () L20. ' @ HZ (0, 1) ® L2(0, ).
i=1

Following [3] we also introduce the mesh-dependent norm

2
== > 12,

oeMz=
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where Mz is the collection of the (open) elements defined by Z and || - ||, denotes
the L2-norm on the element o.
Furthermore, for k; > 0,7 =1, ..., d, we define the bent geometry function class

G54 (@) =[G e WK (2) 1 G e W(0), 0 € Mz},

where WktL0(Q) 1= wh+l.2 1) @ ... @ Wkt1.20(0, 1). The space Qrs’k(Q)
contains the spline space S, k’ =z »and it also allows for several other interesting piecewise
spaces such as NURBS spaces based on SI')"E. If we assume G € (gg"(sz))d , then

u:=uoGe Hgk(Q) forii € H™(Q). Having u not in H" (2) is a potential problem
for applying the error estimates we derived in Sect. 6, but this can be fixed by making
use of [4, Lemma 3.1]. For completeness we provide a short proof here as well.

Lemma 13 For k < r — 2, there exists an operator " : Hgk((), 1) — Sf—l,s such
that u — Tu € H" (0, 1) for all u € 50, 1).

Proof Letu € Hgk(O, 1) for some k < r —2, and let 8* u (8f_u) denote the limit from
the left (right) of the £-th order derivative of u. From the definition of the bent Sobolev
space we know that u is Ck continuous at any interior knot§;, j = 1,..., N. Now,
we define

@+ — okl &)

(k + 1)!

0 x(x) == max {o, (x — gj)"“} .

Itis easy to check that ¢; x € Sf_l g and thatu — ¢; ¢ is C*+1 continuous at the knot
&;. Repeating this argument and taking

)

r—

lu= Z ®jls

j=11

Il
~

it follows that u — Cu is C"~! continuous at each interior knot. Since Tu € Sf_ 1
we also know that u — T'u € Hra’k(O, 1),andsou —T'u € H" (0, 1).

O m

Similar to [4, Proposition 3.1] we then obtain the following error estimate.
Lemma 14 Letu € Hgk(O, 1) be given. Then,
e = Skull < Chpuacr 1 ull 0.1, 5
forallp >r — 1.
Proof For k > r — 1, the result immediately follows from Corollary 1 by recalling that

Hgk(O, 1) = H" (0, 1) in this case. Assume now k < r — 2. Since Sf—l,a C Sf,’a we
deduce from Lemma 13 and Corollary 1 that
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lu = Spull® = lu — Tu ~ Sk(u =T = (Chpoir 107w = Tu)])
2
= (Chpir)’ Z 19" uliF, g,y = (Chpkr 13 ull0,10,5)
j=0
and the result follows by taking the square root of both sides. O

The univariate error estimate in Lemma 14 can be easily extended to the multivariate
tensor-product spline setting.

Lemma 15 Letu € ’Hg‘k(Q) be given. Then,

d
k
llu — SPuHQ = Zchivpi,ki,rnair“”Q,E,
i=1

forall p;i >r — 1.
Proof Using Theorem 6 we have

d

k ki
e — Sgulle <Y llu — Skiulle,
i=1

and the result follows by applying Lemma 14 in each direction separately. O

In the case of maximal spline smoothness, i.e., k; = p; — 1 for all i, the constants
Ch;, pi k;,r in the above lemma can be replaced by the constants used in Corollary 3.

Using the argument of Theorem 8 we then arrive at the desired error estimates for
a bent geometry. To this end, we need to redefine the constants Cg ; , j in (42) using
the mesh-dependent norm

|- llzo(),2 := max || - [[Leo@). 43)
oeMz

Theorem 9 Let G € (GgX(2))? and G™' € (WH°(Q))“. Then, for any i € H' (Q)
we have

i - Syitlg < Ce ) (Zch,p,krcc,”> 13" - 3l

L<ljl=r \i=1
forall p; >r — 1.

Similar results can be obtained for tensor-product Ritz projections in the presence
of a bent geometry. As before, it is a matter of applying the Ritz estimates from Sect. 6
in combination with the operator in Lemma 13 and proper (Ritz extended) multivariate
bent Sobolev spaces. We omit these results to avoid repetition. We just illustrate this
with an example similar to Example 18.
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Example 19 Letd =2 and r = 2. Assuming G € (Sp.z)? and G™! € (W1 ®(Q))?,
for any u € Hz(Q) and for 0 < £, ¢, < 1 we have

1811952 (it — Rpid) Il

2—01—¢

h 1—£2 P

< Cg (;) Z (CG.1.2j+ Cg22+ Ca12,2,5) 1107 057l 3,
1=ljl=2

for all p1, p» > 1 and h := max{h, hy}. The constants in the above sum are the same
as the ones in Examples 17 and 18 but in the mesh-dependent norm (43).

8 Multi-patch geometry

In this section we generalize our error estimates to the case of multi-patch domains
with C? continuity across the patches. The arguments here are based on those found
in [3,24].

We start by explaining the general framework in the univariate case. Let Z; be a
finite dimensional subspace of L?(a, b) as in (6) with K as in (9). For ¢t > 1 we define
the projector Q; : HlY'(a,b) > 2 by

Qu:=u(a)+ KZ,_0u, 44)
where K is the integral operator in (9) and Z; the L2-pr0jector onto Z;. As we shall
see momentarily, the projection (44) is closely related to the Ritz projection forg = 1

in (13) and satisfies essentially the same properties. Additionally, we observe that
Q.u(a) = u(a) and

b b
Q:u(b) = u(a) —l—/ Zi 10u(x)dx = u(a) +/ du(x)dx = u(b). 45)

Thus, O, can be equivalently expressed as
Quu=u(b) — K*Z;_1u. (46)
The interpolation at the boundary will be used to enforce C° continuity across the

patches. Similar to the case ¢ = 1 of Theorem 2 we have the following error
estimate.

Lemma16 Letu € H" (a, b) for r > 1 be given. Then,

lu — Qrull < C—11C—1, 1110 ull,
0w — Qu)|l < &1 —1113"ull,

forallt > 1 such that Pr_» C Z;_1.
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Proof By the fundamental theorem of calculus we have u = u(b) — K*v for v €
H"~(a, b). Thus, using (46),

lu — Quull = IK*v — K*Z—vll = |K*(I = Zi—D)v].

Moreover, v € H"~!(a, b) can be written as v = g + K" "' f for g € P,_, and
f e L*a,b). Using Pr_o € Z,_yand (I — Z,_1)> = (I — Z,_1) we obtain
IK*(I = Z—)vll = |K*(I = Zi—DK" ' £l
<NK*( = Zi DA = Z- DK £l
= (I = Z—OKI U = Z— )K" £l
=& 1,1C—1,—1l10"ull,

which proves the first inequality. The second inequality follows from Theorem 1 since
8 Q = Z 1—1 3 . O

Error estimates for spline spaces can be immediately obtained by replacing the
constants in Lemma 16 with the constants derived for ¢ = 1 in Corollaries 2 and 4.

Remark 15 Since the Ritz projection in (13) is uniquely defined, it follows from
Lemma 5 and (45) that Q;, = Rl1 whenever P, C Z;. Lemma 16 would in this
case directly follow from Lemma 5 and Theorem 2 (with g = 1).

We now move on to the bivariate case (d = 2). As before, we let t = (11, 1p)
and define the tensor-product projector Oy : H'(a;, b)) ® Hl(ag, b)) = 24 ® 2,
by

Qt = Ql‘] & Qtz'

Remark 16 As in [24, Theorem 3.4], we conclude from (44) and (45) that for all
u € H'(ar, b)) ® H' (a2, b),

e u and Q¢u coincide at the four corners of [ay, b1] x [a2, b>], and
e Qqu restricted to any boundary edge of Q2 = (ay, b1) x (az, b2) coincide with the
univariate projection onto that edge, e.g.,

Qtu(ay, ) = Qpulay, ).

Using the same argument as for Theorem 7 we obtain the following error estimates
for Q.
Theorem 10 Letu € H" (2) forr > 2be given. If Pr_o € Z,,_1NZ,_1fort1, 12 > 1,
then
lu — Quulle < €11 —1,,—1l10]ulle + Ch—1,1€,—1,,—1103ulle

+€,_1.1C,_1. min {6,2_1,r_2||ala§—‘u||sz, ctl_l,r_z||af‘1azu||g},
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and

101(u — Qu)llo < €1, —1l10]ullo + Q:rz—l,l@tz—l,r—z||313§_1M||Q,
l02(u — Otu)llq < Q:tlfl,lQ:tlfl,r72||81r_182u”9 + Ch1—1ll0zullq,
131920 — Qu)ll < €—1.r—2110] ' Doulle + Cpmtr2 1013, w2

In the spirit of Corollary 5, using results from Sects. 3 and 4, the above theorem
can be used to obtain similar error estimates for spline spaces of any smoothness.

Finally, we are ready to consider the multi-patch setting in IGA. We assume that
the physical domain Q c R? is divided into M non- overlapping patches Ql, i =
1, ..., M. The patches are conforming, i.e., the intersection of the closures of Q and
Q j fori # j is either (a) empty, (b) one common corner, or (c) the union of one
common edge and two common vertices. Following [24], we define the bent Sobolev
space in the physical domain H>! Q) by

HEL(D) = {ﬁ e H'() :iilg, € HX(), i = 1,...,M}.

_ Weassume thatforeachi = 1, ..., M thereis a geometry map G; : @ = (0, 1?2 -
2;, which can be continuously extended to the closure of €2, such that

e G e (gi"(sz))2 andG e wh (g ))* (see Sect. 7.2), and

e for any interface I ij shared by Q; and Q; j» the parameterlzatlons G; and G; are
identical along that interface, i.e., Gi IFU =R;j oG i |l‘,», where R;; is a r1g1d
motion of the unit square to itself.

Similar to (40) we define
gt,i = {S OGi_l S Zt,,'] s

and, following [3,24], we require that these function spaces are fully matching on the
1nterfaces ie., for each 5; € Z; there exists §; € Z¢ ; such that along any interface
I';; shared by Q; and Q we have
Silf; = S
Remark 17 Under the assumptions on the geometry maps, the fully matching require-
ment at the interface I';; is simply satisfied whenever for/ = i, j the univariate spaces
Z,mz,l, my € {1, 2}, associated with G;l (I';;) coincide. For instance, if Glf] Tij)isa
horizontal edge while G;l (Fi j) is a vertical one, then Z;, ; = Z;, ;.

With the patch spaces th,i in place, we define the continuous isogeometric multi-
patch space Z; : Q@ — R as the continuously glued collection of those patch spaces,
ie.,

Z = {ge CO) : 315, € Zuiv i = 1,...,M}.
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We let ét,i H 2(§~2,-) — gt,i denote the projector defined by
Ouifi == (Qui@o G)) o G, Vi € HA (),
and for any u € H>! (SNZ) we define ét(ﬁ) by
(Quib)|g, = Ouiit

From the same line of arguments as in [3, Proposition 3.8] (see also [24, Lemma 3.4]),
by using Remark 16 together with the requirement that the patch spaces are fully
matching, it follows that étﬂ can be extended to a continuous function across the
patch-interfaces and hence this is a projector onto Zi.

Similar to the mapped Ritz projection in the previous section we can now obtain
error estimates for the projector ét. As a continuation of Example 19 we can for
instance obtain the following result.

Example 20 Letd = 2 and r = 2. Assume G; € (Sp,g)2 and G;l € (Wl""’(fzi))2
fori = 1,..., M. Then, for any u € H2(Q;) and for 0 < £, €5 < 1 we have

8174 o~ N o~
||311322(u - qu)”ﬁ,

h 2—01—4y P
< Cg, (;) Z (€125 + €6, 2.2.§4Ca;.12,2,5) 110]1 957t 5,
l=ljl=2
(47)

for all p;, pp > landi = 1,..., M. Here h := max{hy, h}. The constants in the
above estimate are the same as the ones in Example 19. By squaring both sides of (47)
and summing over all the patches one can obtain a global estimate for it € H>' ().

Remark 18 If i1 € H2 l(Q) is zero at the boundary then it follows from Remark 16
and the definition of Qt that Qtu is also zero at the boundary. Thus, we can obtain the
same error estimates in the case of Dirichlet boundary conditions.

9 Conclusions

In this paper we have provided a priori error estimates with explicit constants for
approximation with both classical spline spaces and with their isogeometric extensions.
More precisely, we have considered error estimates in Sobolev (semi-)norms for L?
and Ritz projections of any function in H” onto univariate and multivariate spline
spaces, addressing single-patch and C° multi-patch configurations.

In order to obtain these estimates we have introduced an abstract framework to
convert explicit constants in polynomial approximation to explicit constants in spline
approximation of arbitrary smoothness and on arbitrary knot sequences. The constants
in our spline error estimates are not sharp as they stem from constants in global
polynomial approximation that are not sharp. However, our abstract framework is
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independent of the polynomial error estimate we start with. Whenever better constants
are available for polynomial approximation, they can be simply plugged into our
framework, resulting immediately in a sharper result for spline approximation.

Our results improve upon existing error estimates in the literature as they fill the gap
of the smoothness [2] and allow for more flexible /21— p refinement for spline spaces of
maximal smoothness [18,25]. Moreover, they are consistent with the numerical evi-
dence that smoother spline spaces exhibit a better approximation behavior per degree
of freedom, which has been observed when solving practical problems by the IGA
paradigm. Our error estimates also pave the way for extending to arbitrary smooth-
ness and to arbitrary knot sequences the theoretical comparison, recently performed
in [5], of the approximation power of different piecewise polynomial spaces com-
monly employed in Galerkin methods for solving partial differential equations. In
case of a mapped domain, the error estimates explicitly highlight the influence of the
(derivatives of the) geometry map on the approximation properties of the considered
isogeometric spaces.

Besides their direct theoretical interest, the presented results may have an impact
on several practical aspects of the IGA paradigm, including the convergence analysis
under different kinds of refinements, the definition of good mesh quality metrics,
and the design of fast iterative (multigrid) solvers for the resulting linear systems.
We finally note that the range of possible applications of the presented results is not
confined to the IGA context, since standard C° tensor-product finite elements are also
covered as special cases.
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