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Abstract

We study solution techniques for an evolution equation involving second order deriva-
tive in time and the spectral fractional powers, of order s € (0, 1), of symmetric,
coercive, linear, elliptic, second-order operators in bounded domains 2. We real-
ize fractional diffusion as the Dirichlet-to-Neumann map for a nonuniformly elliptic
problem posed on the semi-infinite cylinder C = £2 x (0, 0o). We thus rewrite our
evolution problem as a quasi-stationary elliptic problem with a dynamic boundary
condition and derive space, time, and space—time regularity estimates for its solution.
The latter problem exhibits an exponential decay in the extended dimension and thus
suggests a truncation that is suitable for numerical approximation. We propose and ana-
lyze two fully discrete schemes. The discretization in time is based on finite difference
discretization techniques: the trapezoidal and leapfrog schemes. The discretization in
space relies on the tensorization of a first-degree FEM in §2 with a suitable hzp-FEM
in the extended variable. For both schemes we derive stability and error estimates. We
consider a first-degree FEM in §2 with mesh refinement near corners and the afore-
mentioned ip-FEM in the extended variable and extend the a priori error analysis
of the trapezoidal scheme for open, bounded, polytopal but not necessarily convex
domains £2 C R%. We discuss implementation details and report several numerical
examples.
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1 Introduction

We are interested in the numerical approximation of an initial boundary value problem
for a space-fractional wave equation. Let §2 be an open and bounded domain in R”
(n > 1) with boundary 9£2. Given s € (0, 1), a forcing function f, and initial data g
and h, we seek u such that

Pu+Lu=f in2x0,T),

. : (1.1)
u() =g in 2, Ju(0)=nh in $2.

Here, £ denotes the linear, elliptic, self-adjoint, second order, differential operator
Lw = —divy (AVyw) + cw,

supplemented with homogeneous Dirichlet boundary conditions. The coefficient A €
C%1(£2,GL(n, R))is symmetric and uniformly positive definite and 0 < ¢ € L*°(£2).
By L*, with s € (0, 1), we denote the spectral fractional powers of the operator L.

One of the most common and studied physical processes is diffusion: the tendency
of a substance to evenly spread into an available space. Classical models of diffu-
sion lead to well-known models and even better studied equations. However, in recent
times, it has become evident that many of the assumptions that lead to these models
are not always satisfactory or even realistic: memory, heterogeneity, or a multiscale
structure might violate them. In this setting, the assumption of locality does not hold
and to describe diffusion one needs to resort to nonlocal operators. Different models
of diffusion have been proposed, fractional diffusion being one of them. An incom-
plete list of problems where fractional diffusion appears includes finance [14,40,51],
turbulent flow [15], quasi-geostrophic flows models [12,36], models of anomalous
thermoviscous behaviors [16], peridynamics [21,56], and image science [28,29].

The design of efficient solution techniques for problems involving fractional diffu-
sion is intricate, mainly due to the nonlocal character of £* [8-10,13]. Recently, and
in order to overcome such a nonlocal feature, the Caffarelli-Silvestre extension has
been proved useful in numerical analysis [5,46,47]. When £L = —A and 2 = R”, i.e.,
in the case of the Laplacian in the whole space, Caffarelli and Silvestre [10] showed
that £ can be realized as the Dirichlet-to-Neumann map for an extension problem to
the upper half-space RT] ; the extension corresponds to a nonuniformly elliptic PDE.
This result was later extended in [9,13,57] to bounded domains §2 and more general
operators, thereby obtaining an extension problem posed on the semi-infinite cylinder
C := £2x (0, 00). We shall thus rewrite problem (1.1) as the following quasi-stationary
elliptic problem with a dynamic boundary condition [3,18,19,60]:

—div (y*'AV%) +y*c% =0 inC x (0,T),
U =0 ond;C x (0, T), (1.2)
A2 U + U = di f on (2 x {0)) x (0, T),
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with the initial conditions
W =gon$2x{0}, t=0, 0, =hon§ x{0}, t =0, (1.3)

where 9;,C = 952 x [0, 0o) corresponds to the lateral boundary of C, ¢ = 1 — 2s €
(—=1,1),ds =2%I"(1—5)/I(s), and the conormal exterior derivative of 7 at £2 x {0}
is

WU =— lim y*U,;

y—>0*t

the limit must be understood in the sense of distributions [10,13,57]. We will call y the
extended variable and the dimension n+1 in R1+1 the extended dimension of problem
(1.2), (1.3). Finally, A = diag{A, 1} € C%!(C, GL(n + 1, R)). With the solution %
to the extension problem (1.2), (1.3) at hand, we can find the solution to (1.1) via
[3,9,10,13,18,19,601:

u=U\y=o.

To the best of the authors knowledge this is the first work that provides a com-
prehensive treatment of efficient solution techniques for the space-fractional wave
equation (1.1). In (1.1), £ denotes the spectral fractional powers of the operator L.
Recently, problem (1.1) has been considered in [2] but with £* = (—A)* being the
integral fractional Laplace operator [39]. The authors of this work propose a discrete
scheme that is based on standard Galerkin finite elements for space discretization and
the convolution quadrature approach for the discretization in time. We immediately
comment that the spectral and integral definitions of the fractional Laplace operator
do not coincide. In fact, as shown in [45] their difference is positive and positivity
preserving. This, in particular, implies that the boundary behavior of the respective
solutions is quite different [11,32].

The outline of this paper is as follows. In Sect. 2 we introduce some terminology
used throughout this work. We recall the definition of the fractional powers of elliptic
operators via spectral theory in Sect. 2.1, and in Sect. 2.2 we briefly describe their
localization via the Caffarelli—Silvestre extension and also introduce the functional
framework that is suitable for studying problem (1.2), (1.3). In Sect. 3, we review
existence and uniqueness results together with energy-estimates for problems (1.1)
and (1.2), (1.3). In Sect. 4 we present space, time and space—time regularity results for
the solution of problem (1.2), (1.3). The numerical analysis for problem (1.2), (1.3)
begins in Sect. 5 where we introduce a truncated problem on the bounded cylinder
Cy = 2 x (0, %) and study some properties of its solution. In Sect. 6 we preset two
fully discrete schemes for the truncated version of (1.2), (1.3) studied in Sect. 5. Both of
them are based on the scheme of [5] for space discretization. For time discretization we
consider an implicit finite difference discretization scheme and the so-called leapfrog
scheme. We derive stability and a priori error estimates for the proposed schemes
for all s € (0, 1). In Sect. 7, we extend the a priori error analysis of the trapezoidal
scheme for open, bounded, polytopal but not necessarily convex domains 2 C R>
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180 L. Banjai, E. Otérola

on the basis of a continuous, piecewise linear, Lagrangian FEM in £2 with with mesh
refinement near corners and a suitable Ap-FEM in the extended variable. In Sect. 8
we comment on some implementation details pertinent to the problem at hand and
present numerical experiments in one and two dimensional domains. An important
conclusion is that due to the nonlocality of (—A)*, the explicit nature of the leapfrog
scheme seems to be lost.

2 Notation and preliminaries

Throughout this work, with the exception of Sect. 7, §2 is an open, bounded, and convex
polytopal subset of R” (n > 1) with boundary 8£2. In Sect. 7, instead, 2 C R? denotes
an open and bounded, but not necessarily convex, polygon. We define the semi-infinite
cylinder C := £2 x (0, co) and its lateral boundary 9;C := 92 x [0, 00). For & > 0,
we define the truncated cylinder with base £2 and height 9" as Cy := 2 x (0, 9);
its lateral boundary is denoted by 9.,Cy = 32 x (0,9). If x € R we write
x = (x’,y), withx’ € R" and y € R.

For an open set D C R" (n > 1), if w is a weight and p € (1, 00), we denote
the Lebesgue space of p-integrable functions with respect to the measure w dx by
L?(w, D) [33,37,59]. Similar notation will be used for weighted Sobolev spaces. If
T >0and ¢ : D x (0,T) —> R, we consider ¢ as a function of ¢ with values in a
Banach space X, ¢ : (0, T) 3t +> ¢(t) = ¢(-,t) € X.Forl < p <o00,L?(0,T; X)
is the space of X-valued functions whose norm in X is in L? (0, T'). This is a Banach
space for the norm

r »
léllLro.1:x) = (/0 ||¢(l)||[;(dl> , 1 <p<oo,

ldllL,1;x) = esssuplle ()|l x.
te(0,T)

Whenever X is a normed space, X’ denotes its dual and | - ||x its norm. If, in
addition, Y is a normed space, we write X < Y to indicate continuous embedding.
The relation a < b means a < Cb, with a constant C that neither depends on a or b.
The value of C might change at each occurrence.

The next result, that follows from Young’s inequality for convolutions, will be
instrumental in the analysis that we will perform.

Lemma 1 (continuity) If g € L%(0,T) and ¢ € L'(0, T), then the operator
t
g @ 00 =gue) = [ 40—

is continuous from L*(0, T) into itself and || ® lz200.7) < @10, )18 20,7y

Finally, since we assume §2 to be convex, in what follows we will make use, without
explicit mention, of the following regularity result [31]:
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A space-fractional wave equation 181

lwll g2y S ILwll2@) Yw € HA(2) N Hy (82). 2.1)

2.1 Fractional powers of second order elliptic operators

We adopt the spectral definition for the fractional powers of the operator £. To define
L, we begin by noticing that £ induces the following inner productag, (-, -) on HO1 (£2)

ag(w,v) = / (AVyw - Vv + cwv) dx’, (2.2)
17

and that L : HOl ()3 ur— ao(u,-) € H () is an isomorphism. The eigenvalue
problem:

(A @) € R x HI(\0) 1 ap(p,v) = A9, v) 2y Yv € HI(2) (2.3)

has a countable collection of solutions {A¢, ¢r}leen C R4 X HOl (£2) with the real
eigenvalues enumerated in increasing order, counting multiplicities, and such that,
{®¢}72 | is anorthonormal basis of L2(£2) and an orthogonal basis of(HO1 (8£2),a0((-, )
[6,35]. With these eigenpairs at hand, we introduce, for s > 0, the fractional Sobolev
space

o o0

H* (2) = {w = wege : |l g = D Mlwel* < oo, (2.4)
=1 =1

where, for £ € N, wy = (w, ¢¢) 12(g)- We denote by H™ (£2) the dual space of H* (£2).

The duality pairing between the aforementioned spaces will be denoted by (-, -). We

notice that, if s € (0, §), H(2) = H*(2) = HJ(£2), while, for s € (3, 1), H*(2)
can be characterized by [41,42,58]

H*(2) = {w e H(2) : w = 00n 382} .

1
Ifs = %, we have that ]HI% (£2) is the so-called Lions—Magenes space HOZO(.Q) [41,58].
If s € (1, 2], owing to (2.1), we have that H* (£2) = H*(£2) N H(} (£2) [25].

The fractional powers of the operator £ are thus defined by

[e¢)
L5 (2) > H(R), Lw:=) rwepe, s€,1).
(=1

2.2 Weighted Sobolev spaces

Both extensions, the one by Caffarelli and Silvestre [10] and the ones in [9,13,57] for
bounded domains £2 and general elliptic operators, require us to deal with a local but
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182 L. Banjai, E. Otarola

nonuniformly elliptic problem. To provide an analysis for the latter it is thus suitable
to define the weighted Sobolev space

AlG®.0) = {weHl(y“,C):w=00n aLc}. 2.5)

Since o € (—1, 1), |y|* belongs to the Muckenhoupt class A; [22,43,59]. The follow-
ing important consequences thus follow immediately: H'(y%, C) is a Hilbert space
and C*®(£2) N H'(y*,C) is dense in H'(y%, C) (cf. [59, Proposition 2.1.2, Corol-
lary 2.1.6], [38] and [30, Theorem 1]). In addition, as [46, inequality (2.21)] shows,
the following weighted Poincaré inequality holds:

lwll2gecy S IVwll2gacy Yw e HL G, C). (2.6)

Thus, [[Vwl|2(ye ¢ is equivalent to the norm in H! (%, 0).
We define the bilinear form a : POILl(y"‘, C) x I%Ll(y"‘, C) - Rby

a(w, @) = di/cy“ (A(x)Vw -Vo¢ + c(x')wq&) dx, 2.7)

S

which is continuous and, owing to (2.6), coercive on H Ll (y¥, C). Consequently, it
induces an inner product on H Ll (¥, C) and the following energy norm:

lwlig = a(w, w) ~ Vw720 0 2.8)

For w € H'(y%,C), tr w denotes its trace onto £2 x {0}. We recall that, for o =
1 — 2s, [46, Proposition 2.5] yields

r H (%, 0 =H'(2), |trwlme) < Celwle. (2.9)

The seminal work of Caffarelli and Silvestre [10] and its extensions to bounded
domains [9,13,57] showed that the operator £* can be realized as the Dirichlet-to-
Neumann map for a nonuniformly elliptic boundary value problem. Namely, if 4(
solves

—div (y*AVY) + cy*U =0 inC,
UI=0 on 9,.C, (2.10)
U=df on 2 x {0},

where o = 1 — 25, 054U = —limy o y*4y and dg = 2°I"(1 — 5)/1(s) is a normal-
ization constant, then u = tr U4 € H*(£2) solves

Liu= f. (2.11)
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3 Well-posedness and energy estimates

In this section we briefly review the results of [49] regarding the existence and unique-
ness of weak solutions for problems (1.1) and (1.2), (1.3). We also provide basic energy
estimates.

3.1 The fractional wave equation

We assume that the data of problem (1.1) is such that f € L?(0, T; L*(£2)), g €
H*(£2), and h € L%(£2) and define

A(f, 8 1) = I1f 20,7 022) + 18llEs (@) + 1Al 12(02)- (3.1

Definition 1 (weak solution for (1.1)) We call u € L2(0, T; H*(£2)), with d,u €
L*(0, T; L*(£2)) and 8?u € L*(0, T; H™*(£2)), a weak solution of problem (1.1) if
u0) =g, 0:u(0) =hand,ae.r € (0,7),

(02u,v) + (LSu,v) = (f,v) YveH(RQ),

where (-, -) denotes the duality pairing between H* (£2) and H*(£2).

The following remark is in order.

Remark 1 (initial conditions) Since a weak solution u of (1.1) satisfies that u €
L2(0, T; H*(R)), du € L*0,T;L*(£2)), and 8’u € L>*(0, T; H™*(£2)), an
application of [52, Lemma 7.3] reveals that u € C([0, T]; L2(2)) and du €
C([0, T]; H™*(£2)). The initial conditions involved in Definition 1 are thus appro-
priately defined.

Theorem 1 (well-posedness) Given s € (0, 1), f € L*(0, T; L*(£2)), g € H*(£2),
and h € L3(£2), problem (1.1) has a unique weak solution. In addition,

||u||L°°(0,T;HS(.Q)) + ||at'4||Loo(o,T;L2(g)) f, A(f, g, h), (3.2)

where the hidden constant is independent of the problem data.

Proof The desired results can be obtained by slightly modifying the arguments, based
on a Galerkin technique, of [24,41,52]. O

3.2 The extended fractional wave equation

We consider the following notion of weak solution for problem (1.2), (1.3).

Definition 2 (extended weak solution) We call 27 € L°°(0, T;ﬁLl(y“, C)), with
trd,% e L0, T; L*>(2)) and tr 3>% e L*(0, T; H*(£2)), a weak solution of
problem (1.2), (1.3) if tr Z (0) = g, tr 9% (0) = h and, fora.e.t € (0, T),

(r0>% ) +a(¥,p) = (f.rp) Vo eH}(y*, O, (3.3)
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184 L. Banjai, E. Otarola

where (-, -) denotes the duality pairing between H* (£2) and H™* (£2) and the bilinear
form a is defined as in (2.7).

Remark 2 (dynamic boundary condition) Problem (3.3) is an elliptic problem with the
following dynamic boundary condition: 3% = d;(f — tr 8,2?/ ) on £2 x {0}.

We present the following important localization result [3,7,9,10,13,18,19,60].

Theorem 2 (Caffarelli-Silvestre extension property) Let s € (0, 1). If f, g, and h
are as in Theorem 1, then the unique weak solution of problem (1.1), in the sense of
Definition 1 satisfies that u = tr %, where % denotes the unique weak solution to
problem (1.2), (1.3) in the sense of Definition 2.

We now present the well-posedness of problem (3.3) together with energy estimates
for its solution.

Theorem 3 (well-posedness) Given s € (0, 1), f € L*(0,T; L*(£2)), g € H*(2)
and h € L*(2), then problem (1.2), (1.3) has a unique weak solution in the sense of
Definition 2. In addition,

IV N oo 0,7: 12000 + 100X Nl oo 0,7:12(02)) S AUSf5 8, h), (3.4

where the hidden constant is independent of the problem data and A(f, g, h) is defined
asin (3.1).

Proof See [49, Theorem 3.11]. O

Remark 3 (initial data) The initial data g and & of problem (3.3) determine %/ (0) and
9,7 (0) only on £2 x {0} in a trace sense. However, in the analysis that follows it
will be necessary to consider their extension to the whole cylinder C. We thus define
U (0) = Eyg and % (0) = Eyh, where the a-harmonic extension operator

& H'(2) — H (%, 0) (3.5)
is defined as follows: If w € H*(£2), then # = E,w € I-}Ll (y%, C) solves

—div(y*AV#) + y*c# =0 inC,
W =0 on 9;.C, 3.6)
W =w on 2 x {0}.

~

References [9,13] provide, for w € H'(£2), the estimate [|VEw| 120 c)
lwllws (2)-

3.3 Solution representation

In this section we present a solution representation formula for the solution to problem
(3.3). To accomplish this task, we first notice that the solution to problem (1.1) can
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A space-fractional wave equation 185

be written as u(x’, 1) = Y,y ur ()i (x’), where, for k € N, the coefficient u (1)
solves

ur(t) + Au(t) = fr(), >0, up©0) =gk, dur0)=he, (3.7
with gk = (g, 9 122> Tk = (B, 91) [2(y- and fie (1) = (f (. 1), r) 1252y We recall

that the sequence {Ax, ¢ }reN corresponds to the eigenpairs of the operator £ and are
defined by (2.3). Basic computations reveal, for k € N, that

ui(t) = gk cos (Ai/2t> + hM,:f sin (ki/2t>
s t
a2 / fi(r) sin (Ai/z(t _ r)) dr. (3.8)
0
With these ingredients at hand, we can write the solution % of problem (3.3) as

Ux, 1) =) un®er(x )Y (y), (3.9)

keN

where, for « = 1 — 2s, the functions 1 solve

d? o d

—— V() + ——vk(y) = MV (), y € (0,00),

dy y dy (3.10)
Y (0) =1, yli)n;o Yr(y) =0.

Ifs = %, we thus have Y (y) = exp(—+/Ary) [9, Lemma 2.10]. If s € (O, 1)\{%},
then [13, Proposition 2.1]

() = 5 (V) Ks (Vaiy), (3.11)

where ¢, = 2% /I (s) and K; denotes the modified Bessel function of the second
kind. We refer the reader to [1, Chapter 9.6] and [48, Chapter 7.8] for a comprehensive
treatment of the Bessel function K. We immediately state the following property of
the function :

lim ¥ (y) = exp(—v/Aky) ¥y > 0.

s—5
In addition, for a, b € R, a < b, we have [46, formula (2.33)]
b 2 2 b
/ ¥ (e 0 + 9 0?) dy = ¥ UL, (3.12)
a
[46, formula (2.32)]
Y UYL S Aje V™Y y > 1, (3.13)
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186 L. Banjai, E. Otérola

and [46, formula (2.31)]

o /
im 2V (3.14)
ylot  dgh

4 Regularity

In this section we review and derive space, time, and space—time regularity results for
the solution % of problem (3.3).

4.1 Space regularity

To present the space regularity properties of %, we introduce the weight

wpa(y) =yPe?,  0<6 <2y, 4.1)

where 8 € R will be specified later. With this weight at hand, we define the norm
1

00 2
1l L2wp5.0) = ([0 /gwﬁ,e(y)lv(X’,y)I2dx/dy) : 4.2)

We now present the following pointwise, in time, bounds for % [49, Theorem 4.2].

Proposition 1 (pointwise bounds) Let % solve problem (1.2), (1.3) for s € (0, 1).
Let) <o <sand 0 <v < 1 + s. Then, there exists k > 1 such that the following
estimates hold for all £ € Ny:

1051 % o 2 a0y S TV DG Dfgors ) (43)
altlg, .. 2 < L200+1) 2000 2
Ve 0 U O 20 sy ey S E T CH DG D s gy (44)

LA U W2y o) S K0TV EA DG DG ) (425)

In all inequalities the hidden constants are independent of %, £, and problem data.

The result below shows the spatial analyticity of the solution %/ with respect to the
extended variable y € (0, 00): % belongs to countably normed, power-exponentially
weighted Bochner spaces of analytic functions with respect to y taking values in spaces
H"(£2).

Proposition 2 (space regularity) Let % solve (1.2), (1.3) fors € (0, 1). Let0 <o < s

and(Q < v < 1+s. Then, there exists k > 1 such that the following regularity estimates
hold for all £ € Ny:
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g, 2 2(6+1) 2012
10y N 20,72 wnsaermgicn S €+ DE(I8 s )

+||h||12HIU(_Q) + ”f”iz(o,T;Ha(Q)))’ (46)
£+1 2 2(¢6+1) 2 2
V9, %“L2(OvT§L2(w¢x+2(l+1)72v.0’c)) S« €+ D (”g”H"“(Q)
2 2
+||h||HV(_Q) + ”f”LZ(O,T;HV(.Q)))' (47)

and

{+1 2 2(¢+1) 2 2
VL0 N 20,120y -amecn <K EF DE(Ig s )

+”h||]12{1+v(9) + ||f||iz(0”r;H|+U(Q>))’ (48)
The hidden constants are independent of %, £, and the problem data.

Proof In view of (3.8) and the continuity estimate of Lemma 1, we conclude, for
k € N, that

2 2 —s572 24 —3 2
”uk”LZ(O,T) S Tgk + T)\k th +T )\'k Y”fk”Lz(O,T).

The desired estimates (4.6)—(4.8) thus follow directly from (4.3)—(4.5). O

4.2 Time regularity
We begin this section by defining, for £ € {1, ..., 4},
Ze(fy 8 h) == Ngllpervs @y + 1llges 2y + 1 F 220,718 2))- 4.9)
In addition, and to shorten notation, we define
E(f. 8. h) = Za(f. g. 1) + 197 fll 20,71 (22))- (4.10)

We now derive regularity estimates in time for the solution % . These estimates will
be needed in the analysis of the fully discrete schemes proposed in Sect. 6.

Theorem 4 (time-regularity) Let % be the solution to problem (1.2), (1.3) for s €
(0, 1). The following regularity estimates in time hold:

18Vl Lo o.7: 120000y S Z1(f. 8 h), (4.11)
197V oo 0.1 1205,0 S Z2(f 5 8 ), (4.12)
17V Nl Looo.7:1200.0y) S Z3(F+ 81 + 18 | 20715 (52)) - (4.13)
17V Nl oo 0,7:1200,00) S B> 8 ). (4.14)

In all these inequalities the hidden constants do not depend either on % or the problem
data.
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188 L. Banjai, E. Otérola

Proof Since {@}ren is an orthonormal basis of L?(£2) and an orthogonal basis of
(HO1 (£2),a0/(-,-)), the definition of the energy norm ||-||c, given in (2.8), and the
properties (3.12) and (3.14) allow us to conclude, for £ € Ny, that

18{vV (-, 0% = d;! f y* [Avaf%(., 1) -VOrU (- 1)+ cdu (-, [))2] dx
C
=d; 'Y 0w )’ /0 ¥ [0 + w0 dy = 3 0fue ).

keN keN

We have thus arrived at the estimate (|0 V% (-, )12 = [0} u:, t)||]12ﬂ5(9).
We now invoke the explicit representation of the coefficient u(¢), with k € N,
which is provided in (3.8), to obtain

t
dyui(r) = —gerl/? sin (A;/zt) + hy cos (A;/zt) +/ fe(r) cos (,\;/z(t - r)) dr.
0

This, on the basis of the definition of the norm | - ||gr (), given in (2.4), and an
application of Lemma 1, reveal that

19: V% (- 01F S Y @ur ()23
keN

S glgps ) + 1Al (o) + D Al fill 2.1y
keN

which implies the desired estimate (4.11).
To derive (4.12) we invoke, again, the representation formula (3.8) and write

a?”k(t) = —gkAj €OS ();]i/zt) _ hk)»}i/z sin (X,i/zt)

1
F i) — 232 /0 fewysin (3 = ) ar. (4.15)

We thus use the definition of the norm || - || () to arrive at (4.12).

The estimates (4.13) and (4.14) follow similar arguments upon taking derivatives
to the explicit representation of the coefficient uy (¢), with k € N, provided in (3.8).
This concludes the proof. O

4.3 Space-time regularity
We present the following regularity result in space and time.

Theorem 5 (space—time regularity) Let % solve (1.2), (1.3) for s € (0, 1). Let 0 <
o <sand 0 <v < 1+ s. Then, there exists k > 1 such that the following regularity
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estimates hold for all £ € Ny:

18705 2 1720 712y S €A D (1835 )
025y + 11720, 7opao 420 2)): (4.16)
187V oy ™ U 1720 7. 12wy sy S KT+ DE(Ig 1150
A2 ) + 171720, 70025 (29)) (4.17)
and
187 05 2 17200 7120 a1y a0y S KT C+ DE (830 )
A2 gy + 11720 7m0 ) - (4.18)

The hidden constants do not depend either on % or the problem data.

Proof Similar arguments to the ones used to derive (4.3) reveal that

18705 % (oD 2y ap o) S KA DN, D -

To control the right-hand side of the previous inequality we invoke formula (4.15) and
the definition of the H" (§£2)-norm, given in (2.4). These arguments reveal the estimate
1871, D o5 2y S 1810135 (g2 F+ 1l 021 ()

+ 24 (RO + Xl 7)) -

keN

(4.19)

This yields (4.16). Similar arguments allow us to derive the regularity estimates (4.17)
and (4.18). O

As it will be used in the analysis that follows, we introduce

ACf. g, h) = lIgllm+3s 2y + Mhllg+as 2y + 1/ 220, 7:m1+25 (2)) + (4.20)
and notice that, if 0 < o < s, then

240+1 2 2 £+1 2
197 83" 02/”L2(0,T;L2(wa+24,20,9,C)) +119; Vx/ay 02/”L2

o Loy w17,

(0.T; L2 (@a42(¢41),0.C))
O.T: L2 (g s2041,9.C)) D@+ DPAS 8. 12 @20

As a consequence of the estimate (4.19) and the previous definition, we can imme-
diately arrive at the following regularity estimate.

Corollary 1 (space—time regularity) Let u solve (1.1) for s € (0, 1). Then
1071 s () S A > &5 h)- 4.22)
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The hidden constant does not depend either on u or the problem data.

5 Truncation

A first step towards space-discretization is to truncate the semi-infinite cylinder C. In
the nextresult we show that the solution %/ to problem (1.2), (1.3) decays exponentially
in the extended variable y for a.e. t € (0, T'). This suggests to truncate C to Cy =
£2 x (0, 9), with a suitable truncation parameter 9", and seek solutions in this bounded

domain.

Proposition 3 (exponential decay) Let s € (0, 1) and % be the solution to (3.3). Then,
for every & > 1, we have that

||V%||L2((),T;L2(ya,_rz><(y,oo))) S efmy/z/\(f, g h), (5.1)

where A1 denotes the first eigenvalue of L and A(f, g, h) is defined in (3.1).

Proof We invoke (3.9) and the fact that {¢ }xen is an orthonormal basis of L2(£2) and
an orthogonal basis of (HO1 (£2), an (-, -)) to conclude that

T
/ f 3 (AW/ NU +c?/2) dx dr
o Joe,

T ')
- [ o /y v (Mv? +900?) dydr.

keN

We now apply formulas (3.12) and (3.13) to obtain that

T
/ f 3 (Av% NU + c%z) dx dr
o Jeve,

T
= 3 19 Y@ () /0 W2(0) di

keN
VAT s 2 VY|, 112
5 Ze A’k””k”LZ(O’T) S e ”u”LZ(O,T;Hj(Q))'
keN

The desired estimate (5.1) is thus a consequence of the energy estimate (3.2) for the
solution u to problem (1.1). O

To describe the truncated version of (3.3), we define the weighted Sobolev space
Al (7. Cy) = {w € H'(y*,Cy) : w =0o0nd.Cy U .Qy} :
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and the bilinear form ay : I-OIII %, Cy) x I-OIL] (»*,Cy) as

1
ay(w, ¢) = d_/c ¥y (A@)Vw - Vo + c(xwe) dx, (5.2)

where Cy = 2 x (0,7) and 2 = 2 x {9}

On the basis of the results of Proposition 3, we thus consider the following trun-
cated problem: Find U € L®(0, T;H} (y*, Cy)) with tr ;U4 € L™(0, T; L*(£2))
and tr 92U € L*(0, T; H™*(£2)) such that tr t/(0) = g, tr 3,U(0) = h, and, for a.e.
te0,7),

(rd2U, r d) +ayU, ¢) = (f,trg) Yo € H} (5, Cy). (5.3)

We define Hy : H*(£2) — H Ll (y*, Cy), the truncated a-harmonic extension oper-
ator, as follows: if w € H*(£2), then W = H,w solves

—div(y*AVW) + y*cW =0 inCy,
Ww=0 on aLCy U .Qy, 5.4
W=w on £2 x {0}.

Remark 4 (initial data) As in Remark 3, we define U/(0) = Hyg and U;(0) =
Hqh, where H, is defined by (5.4). References [9,13] provide the estimates
U 2o 0y S NIgllms(s2) and [[9UO) [l 12y 0y S I llms (2)-

The following result shows that by considering (5.3) instead of (3.3) we only incur
an exponentially small error

Lemma 2 (exponential error estimate) Let % and U be the solutions of problems (3.3)
and (5.3), respectively. Then, for every s € (0, 1) and & > 1, we have

2 2
” tr 8[ (% - u) ||L°°(O,T;L2(Q)) + ”v(% - u) ”LOO(O,T;LZ(yO‘,Cy))

Se VMR (f, g ), (5.5)

where X is defined by (4.9) and the hidden constant does not depend on either % ,
U, or the problem data.

Proof We begin the proof by defining the cutoff function p € W1 >°(0, co) as

Z<y<7, p(y) =0, y>9.

W=1 0<y<2 p()==(r-
PN =1, 0=y==, py—y(iy ), )

Notice that by a trivial zero extension we realize that U € H Ll(y“ ,C). We are thus
allow to set ¢ = 9;(U — p%/) in problems (3.3) and (5.3). With these choices of test
functions, we subtract the ensuing equalities and obtain that

(02U —U), w ;U — p)) + ayU — U, ;U — p%)) = 0.
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This expression yields

1 1
SN U = W) g + Sy U = U U= U) = ayU = U, 9 (pU — ).

We thus integrate over time and use that tr d; (4 — % )|;=o = 0 to arrive at

2 2
It 3 U = 2Oy + IVU = 2Dy 0
t
SIVUO) = % O)72 e e, + /0 lagy U — U , 3 (p% — %)) ¢ (5:6)
=141
It thus remains to bound the right-hand side of (5.6). First, in view of the fact that

U (0) = Eyg and U(0) = Hyg, with &, and H, being defined as in (3.5) and (5.4),
respectively, the results of [46, Lemma 3.3] allow us to conclude the estimate

L= V(o — E08llr20 0y S €V gl ) 5.7)

To bound the term II, we notice that if y < 9/2, (o — )% = 0.1f y > 9°/2, then
2 4 2 2
V(o — D" <2 ?|3102/| +10,VU|” ).
Consequently,
2 1 > o 2 /
V(o — 1)31%”1‘2(},01,@9,) S ﬁ > Qy |0;,7|°dx"dy
2
¥
+/9, / Y19,V > dx’ dy. (5.8)
2 Je
2

A weighted Poincaré inequality, an application of (3.12) and (3.13), as in the proof of
Proposition 3, and the use of the estimate (5.1) allow us to conclude the estimate

IV — Do %3 10,V 3,

<
O0*.Cy) ~ (. £2x(5/2,9))

2 —V/A /2 2
=< ”atV%”Lz(y",QX(y/Z,oo)) 5 e ! ”atV%”LZ(},a,C)‘

The regularity estimate (4.11) thus implies that

< Ce V2R f g )+ LIV ~ U o0 121205y )

where C denotes a positive constant. Replacing the previous estimate for II and the
one in (5.7) for I into (5.6) we obtain the desired exponential error estimate (5.5). O
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6 Space and time discretization

In this section we present two fully discrete schemes for approximating the solution to
problem (1.1).In view of the localization results of Theorem 2 and the exponential error
estimate (5.5) we shall thus discretize the truncated problem (5.3). We begin by setting
notation on finite element spaces and introducing a finite element approximation in
2.

6.1 Finite element methods

We follow [5] and present a scheme based on the tensorization of a first-degree FEM
in £2 with a suitable 7p-FEM in the extended variable. The scheme achieves log-linear
complexity with respect to the number of degrees of freedom in £2. To describe it, on

the interval [0, 9], we consider geometric meshes Qﬁ” ={l,lm=1,... M} with M
elements and grading factor o € (0, 1):

L=10,90"", L=y oeM™m) mef2,...,M}. (6.1
Notice that the meshes G are refined towards y = 0 in order to capture the singular
behavior exhibited by the solution %/ on the extended variable y as described in
Propositions 1 and 2. On the aforementioned meshes, we consider a linear degree

vector r = (r1,...,ry) € NM with slope s: 1y, := 1 4 [s(m — 1)], where m =
1,2, ..., M. With these ingredients at hand, we define the finite element space

ST((0, ), GM) = [vM € Cl0, 9] valy, € Pr (L) Iy € GMom = 1, M}
and the subspace of S” ((0, ), g{,” ) containing functions that vanish at y = 9:
Sty (0,2, G2 = o € 5709, G2 : vw(9) =0}

Let .7 = {K} be a conforming partition of £2 into simplices K. We denote by T a
collection of conforming and shape regular meshes that are refinements of an original
mesh .%. For 7 € T, we define h 7 = max{diam(K) : K € J}and N = #.7, the
number of degrees of freedom of 7. We introduce the finite element space:

Sé(.Q,y) = {vh € C(f_Z) uplk € PI(K) VK € T, vulpe 20}. (6.2)

With the meshes GM and 7 at hand, we define 7y = .7 ® GM and the finite-
dimensional fensor product space

Vv (Ty) 1= S5(2..7) @ 87,,((0, 7)., GM) C H] (y*, Cy). (6.3)
We write V(.75 ) if the arguments are clear from the context.
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Finally, we recall the standard LZ($2)-orthogonal projection operator IT,
L?(2) — S}($2, 7) which is such that

(ITyw, W) 20y = (W, W20y YW € S3(2, 7). (6.4)
If .7 is quasi-uniform, then [23, Lemma 1.131]
Tywl2ey < lwllp2gy, IVITvwlzg) S VWil (6.5)
forall w € Hl(.Q). If, in addition, w € H2(.Q), then [23, Proposition 1.134]

lw = Mewl 20y + h7 |IVw — Tow) 202 S hwlg2g).  (6.6)
6.2 Weighted elliptic projector
We define the weighted elliptic projector
Gz, HL(y*,Cy) — V(Ty)
such that, for w € Foli (y%, Cy), it is given by
ay (Gzyw, W) = ay(w, W) YW € V(). 6.7)
This operator is stable in H Ll (y*, Cy) [47, Proposition 26]:
IVG g wll 20 ¢y S IVWI2Ge e,y Yw €HE (O Co). 6.8)

In what follows we present approximation properties for G 7, .

Lemma 3 (error estimates for G 7,) Fix 0 < o < 1 and, for each ¢, denote by Q(’,”
the geometric mesh defined in (6.1) where & ~ |logh | with a sufficiently large
constant. Assume that M is such that ciM < Y < cyM with absolute constants c
and c. Let w € H'T(2). If W denotes the truncated a-harmonic extension of w,
then there exists a minimal slope s,;, such that for linear degree vectors r with slope
5 > Spin there holds

IVOV = G2 W)liL2e ey S hllwlip+s @)- (6.9)

In addition, if W denotes the a-harmonic extension of w, i.e., the solution to (3.6)
with w € H(Q) as a datum, then

It (¥ — G M) lms2) S IV =Gz W)l 2 e 0)
N hﬂ”w”Hlﬂ(Q). (6.10)

The hidden constants are independent of W, #', w, and h 7.
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Proof Let 17;’ ) and [T, be the univariate hp-interpolation operator of [5, Sec-
tion 5.5.1] and the L?(£2)-projection operator defined in (6.4), respectively:

] 0y 2 €U0, D) = 87((0,9),G)). My : L*(2) > S5(2, 7). (6.11)

SetW = [T, ®@"

i 9,}VV. Since W € V(Zy), Galerkin orthogonality and definition
(6.7) yield

IVOV = Gz W) 2y 0y S ar WV = G W W = W).

It suffices tobound [VIW—W) || [2(y,Cy)- The stability properties of I1,/, as described
in (6.5), reveal that ’

IVOV = W)ll2e,cp) SIVOV = LWl 202 ¢,
HIVOV = 1T W)l 200 -

The estimate (6.9) thus follows from the approximation properties of /1, as described
in (6.6), the exponential interpolation error estimates of [5, Lemma 11], and the regu-
larity properties of VW [5, Theorem 1]. The estimate (6.10) follows similar arguments
by using first the exponential decay of 7 in the extended dimension [46, Proposi-
tion 3.1]:

INOV — G 2 M)l 12e0) < IV |20 crery + INOV = G W)l 1250 )
< eV R w s @) + VOV — G 2 W)l 120 -
This concludes the proof. O

The following improved estimate for the weighted elliptic projection G 7, in the

L?(£2)-norm can be obtained by invoking the estimates of Lemma 3 and the arguments
elaborated in the proof of [47, Proposition 28].

Lemma 4 (L2(.Q)—error estimates for G yy) Let Qf,” be the geometric mesh defined in
(6.1) where & ~ |log h 7| with a sufficiently large constant. Let w € H'*$(2). IfW

denotes the truncated a-harmonic extension of w, then there exists a minimal slope
Smin sSuch that for linear degree vectors r with slope s > s,,i, there holds

IOV — Gz W)l2@) S h L Twliges q)- (6.12)

In addition, if W denotes the a-harmonic extension of w, i.e., the solution to (3.6)
with w € HYS () as a datum, then

e (¥ — Gz, M)l 122y S B Iwllgres o) (6.13)

The hidden constants are independent of W, #', w, and h 7.

@ Springer



196 L. Banjai, E. Otérola

6.3 Time discretization
Let K € Nbe the number of time steps. We define the uniform time stepas At = T /K,
andwesetty = kAt,k =0, ..., K.If X is anormed space with norm || - || x, then for

w e C([0, T]; X) wedenote wy = w(ty) € X and wpa; = {wk}fzo C X.In addition,
for wa; C X and p € [1, 00), we define

K P
— p —
||wAt||ep<X>—(I;Aruwknx) o lwarlleso = max wgly. (6.14)

For a sequence of time-discrete functions wa, C X, we define, fork =0,..., K —1,
dwipr = (AN wepr —wp),  wipiy2 = 3w +wp). (6,15
We also define, fork =1,..., K — 1,
cwy 1= %(wk+1 +2wr +wg—1) = %(wk+1/2 + wr—1,2), (6.16)
and

2wy == (AN A (wig1 — 2wy + wr—1). (6.17)

6.4 Trapezoidal multistep method

Let us now describe our first fully discrete numerical scheme to solve problem (5.3).
The space discretization is based on the finite element method on the truncated cylinder
Cy described in Sect. 6.1. The discretization in time is based on a trapezoidal multistep
method.

The fully discrete scheme computes the sequence Va; C V(.7), an approximation
of the solution to (5.3) at each time step. We initialize the scheme by setting

1
Vo=GzMHag. Vi=Gg, (Hag + AtHoh + E(At)zafu«))> . (6.18)

where H, denotes the truncated «-harmonic extension and atzu (0) = Hqew with
w € H*(£2) satisfying

(w, tr ) = —ay U©0), ) + (£ (0), tr¢) V¢ € H} (", Co). (6.19)

Note that, if tr ¢ = 0 the previous equation is satisfied for any w.
Fork=1,..., K —1,let Viy| € V(Jy) solve

1
p(ﬂ‘(vk_,_] =2V + Vic), e W) + ay (cVi, W) = (cfi, tr W) (6.20)
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forall W € V(Jy), where ¢V} and ¢ fi are defined in (6.16). To obtain an approximate
solution to the fractional wave equation (1.1), we define the sequence

Un = (UK, € 832, T) 1 Unp =1t Va,. (6.21)
Remark 5 (locality) The main advantage of problem (6.18)—(6.20) is that it provides

an approximated solution to the fractional wave equation (1.1) based on the resolution
of the local elliptic problem with a dynamic boundary condition (5.3).

6.4.1 Stability

To present the stability of the scheme we introduce, for k = 1, ..., K, the uncondi-
tionally nonnegative discrete energy

Ex(War) = 31w Wil ) + 31 Wim1 211G (6.22)

Lemma5 (energy conservation) If f = 0, then the fully discrete scheme (6.18)—(6.20)
conserves energy, i.e., forallk € {1, ..., K}, we have that

Ex(Var) = E1(Vay). (6.23)
If f #0, then, for £ € {1, ..., K}, we have that

¢
1 1 1
Eq(Va)2 < E1(Va)?2 + —= E At fiell 2y (6.24)
V2 i

In particular, we have that EK(VAt)% < El(VAt)% + \/LE”CfHZI(LZ(Q)).

Proof Set W = A1) (Vip1 — Vie1) = 27 @Vigr + 0Vi) = (A (Vegayo —
Vk—1/2) in (6.20). Basic computations reveal that

1 1
yr (Eks1(Va) — Ex(Var) = E(ka, tr(@Vip1 +0Vi)). (6.25)

If f = 0, the previous relation immediately yields (6.23). If f # 0, an application of
the Cauchy—Schwarz inequality allows us to conclude

Eee1(Vae) — Ee(Var) < 25 fell 2o (Eri(Vat + Ex(Va?),

7

which yields Exs1(Va)? — Ex(Va)? < AL ¢ fell 2y Adding over € we arrive at
the desired estimate (6.24). This concludes the proof. O

Let us now show the stability of the scheme.
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Lemma 6 (stability) The fully discrete scheme (6.18)—(6.20) is stable, namely, for
Le{l,..., K}, we have that

14

ItroVellz2ie) + IVemi2lle S It aVillaey + 1Vizlle + Y Atlle fill 2,
k=1

where the hidden constant is independent of VA; and At.

Proof The proof follows immediately from (6.24). |
6.4.2 Error analysis

Let us now present an error analysis for the fully discrete scheme (6.18)—(6.20). To
accomplish this task, we introduce the error e o; := Va; — Ua; and write, as usual,

ear = (Var — G<7yuA[) + (G{%J/{At —Unar) =1 Oar + Pay. (6.26)

The control of P4, follows from (6.9) and (6.12): For ¢ € {0, 1, 2}, we have the error
estimates

19V Pall 2o ey S UL 80 h) (6.27)
and
19/ tr Pacllzr2goy S b Af, 8. h), (6.28)

where 2((f, g, h) is defined in (4.20). Notice that to obtain the estimates (6.27) and
(6.28) the regularity estimates of Corollary 1 are essential.
In what follows we bound the sequence © ;.

Lemma 7 (error estimate for ® »;) Let U be the solution to (5.3) and let V 5, be its fully
discrete approximation defined as the solution to (6.18)—(6.20). If A(f, g, h) < oo
and E(f, g, h) < oo, then

Ex(©a? ShUS, g, h) + (ADPE(f, g, h), (6.29)

where Oar = Var — G 7,Une, A(f, 8, h) and E(f, g, h) are defined in (4.20) and
(4.10), respectively, and the hidden constant is independent of Va;, U, At, and h 7.

Proof We proceed in three steps.

Step 1. We invoke the continuous problem (5.3), the discrete equation (6.20), and
the definition of G g, , given by (6.7), to arrive at the problem that controls the error:
Fork=1,...,K — 1, Ox41 € V(Jy) solves

1
P(“(@kﬂ =20+ Or_1), tr W) + ay (cOr, W)

= (tr[cdU ) — G 7 Ut)], tt W) YW € V(Ty), (6.30)
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where ca}u (1) and G %J/{ (tx) are defined by (6.16) and (6.17), respectively. On
the other hand, in view of Remark 4 and (6.18), we have that

O = G 7,(Hag —U(0)) =0,

and
©1=Gg, <Hag + AtHqh + %(AI)ZGIZU(O) — um)) .
Now, we write, for k > 1, the difference cB,ZZ/l (tx) — DZGQ%U (1) as follows:
OFU1R) — VG 7, Un) = [07Ua) — UMW) | + [%U ) = 06 7 U]
+4¢ [007U t41) — 097U | = T + Ty + 11

We thus apply the stability estimate (6.24) to (6.30) and obtain

1 1 1
Ex(©a1)? < E1(Oa)? + ﬁ”(SAt”zl(LZ(_Q)), (6.31)

where 84, = {8}, and & = tr[cd2U (1) — G 7, U(1)].
Step 2. We proceed to control the term (|54 [|¢112())- First, notice that

K-1
I8atllerz2()) = Z Ar(lt el g2y + e el 2
k=1

To control || trIx|l;2(ey we employ a basic result based on Taylor’s Theorem. In
fact, for kK > 1, we have

It Ll 2y S (A0 sup [t /U, 21l 2 (- (6.33)
Z

Now, notice that in view of (6.26) we have that Iy = —02 P (#). The same argument
that yields (6.33) allow us to conclude the estimate

Il tr el 20y S Nt 87 P10l 12y + (A sup || tr 3} P, D)l 12
Z

We invoke the trace estimate (2.9) and the stability estimate (6.8) of the weighted
elliptic projection to conclude, for z € (0, T), that || tr 8,4 P(-, 2)ll12(s) is bounded by

It o} U — G U, D2y S I FUC, D20y + IVTUC, Dl L2000 ¢, -
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Consequently, an application, again, of the trace estimate allows us to conclude an
estimate for tr II:

Tt el 2oy S AACL . ) + (AN IVO Ul oo, 721200 0y (6.39)
where we have used (6.28) with £ = 2; A(f, g, h) is defined in (4.20).

We finally bound III;. To accomplish this task, we invoke an argument based on
Taylor’s Theorem. In fact, for k > 1, we have

Il tr Mgl 222y
= 4 e[0UC, tipr) + 507U 2 — U, 1) — 597U, D 22
S (A2 e U Lo 0.7:12(2))- (6.35)

where z and 7 belong to (tx—1, tx41)-
Replacing the estimates (6.33), (6.34), and (6.35) into (6.32) we arrive at

I8acllerr2coy S hS AL, 8 h) + (DD} VU 10,7125 - (6.36)

Step 3. We bound E1 (O 4;). Since ®¢ = 0, we utilize (6.15) and write

E1(®ar)

1 2 1 2
SHTR61 12 g, + 51012112

— 1 ® 2 1@ 2
—m”tr 1||Lz(9)+§|| 1llg-

In view of the trace estimate (2.9) and the stability property of G 7, given in (6.8),
we can thus conclude that

ltr®1llz22) S 1O1le

(6.37)
S IUO) + Atth; (0) + 5(AD>FUO) — U@ e
An application of Taylor’s Theorem reveals that
e O1llz22) S 101lle S (AN VU Lo 0,7512(0 ) »
which immediately yields
E1(©@40)7 S (AD0} VU e 0.1:12 (5.0 - (6.38)

The desired estimate follows from replacing (6.36) and (6.38) into (6.31) and using
the time-regularity results of Theorem 4. O

The exponential error estimate of Lemma 2 combined with the error estimate of
Lemma 7 allow us to conclude the following error estimates.
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Lemma 8 (error estimates for (6.18)—(6.20)) Let % be the solution to (3.3) and let
VAt be the solution to the fully discrete problem (6.18)—(6.20). If A(f, g, h) < oo and
E(f, g, h) < oo then, we have the following error estimates

It (@ % (tk—172) — VKl 22y S HF ACf . . )
+H(AN?E(f. g. h), (6.39)

and
1% (tk-12) — Vk-12llc S haU(f, g. h) + (AD*E(f. g. h), (6.40)

where UA(f, g, h) and E(f, g, h) are defined by (4.20) and (4.10), respectively, and
the hidden constants are independent of Vs, U, U, At, and h 7.

Proof We proceed in several steps.
Step 1. We begin with the following trivial application of the triangle inequality:

[0 % (tk—172) — V]l 2y < 1t 9% (tk—172) — Utk —1/2)]lI12(02)
UK —12) — Vil 2y = T+ 1L (6.41)

To control the term I we invoke the exponential error estimate (5.5). The latter yields
L= |t 3% (e -172) = Utk 1)) 20y S €V ENS . 8. h).

The control of the term II is as follows:
I < |8 U (tx—172) — UK 1) + lItrDex 12y =2 11 + 1D,

where we recall that ex = Vk — Uk . Replace the obtained estimates into (6.41). This
yields

| tr[3, % (tk —172) — DVK]HLz(_Q) < e_miy/zzl (f,g. h)+1I1 +1I. (6.42)

Step 2. The control of Il = || tr[0;:U (1k —1/2) — 0UK 1|l .2 () follows from a simple
application of Taylor’s Theorem. In fact, we have that

I = H“ (8ru<t1<—1/z> - %M

< (An?sup ||t UG, D 20
LZ(Q) . t L>(£2)

We now focus on the term Iy = || tr dek || 12(g)- The triangle inequality yields
I < |1 3Ok [l 2(0) + 1 tr 0Pk [l 12
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The result of Lemma 7 implies that

Itr 2Ok |l 200y S AL, 8. h)
+(AD?E(f, g, h). (6.43)

The control of || tr 9 Pk || ;2 (g follows the same arguments used to bound II; :
ltroPx |2y = (AD ™ [ (P — Pr-1)l12(2)
S d Pk -172)ll12(2) + (A0 w08} Pll o 0,7:12(2))-
The stability property (6.8) and the estimate (6.28) imply the estimates

|| tr DPK”LZ(Q) S || tr 8,P||L00(0’T;L2(_Q)) + (At)z||V8t3u||L°°(O,T;L2(y°‘,C9/)
1
ShF AL g h) + A IVEU oo 7,120, ¢

The previous estimate combined with (6.43) allow us to control II,. Replacing the
obtained estimates for II and II; into (6.42) yield the desired estimate (6.39).
Step 3. To obtain (6.40) we invoke similar arguments upon using the estimate

I1Pk-1/2llc S IIPkllc + I1Pk-1llc S IV Patllesor2ye,cyyy S haACf 5 8. ).
This concludes the proof. O

The following error estimates follow immediately from Lemma 8 and show how
the fully discrete approximation U 4; approximates u.

Theorem 6 (error estimates for (6.21)) Let u be the solution to (1.1) and let U ; be its

fully discrete approximation defined by (6.21). If A(f, g, h) < oocand E(f, g, h) <
00, then

0ru(tg —172) — UKk |22y S h_lyﬂm(f, & h) +(AD2E(f, g, h), (6.44)
and
lultk—12) — Uk 1252y S hrA(f, g, h) + (AD?E(f, g, h),  (6.45)

where A(f, g, h) and E(f, g, h) are defined by (4.20) and (4.10), respectively, and
the hidden constants are independent of U a;, u, At, and h 7.

6.5 The leapfrog scheme
We now present a second fully discrete scheme to approximate the solution to (1.1).

To advance in time we use the leapfrog time-stepping method while the discretization
in space is based on the finite element method described in Sect.6.1. The scheme
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computes a sequence Vo, C V(.7y), an approximation to the solution to (5.3) at each
time step. To begin with the description of the scheme, we first initialize it by setting

1
Vo=GzHeg. Vi=Gg, (Hag + AtHgh + E(At)zafu(0)> ., (6.46)

where 8,22/{(0) = Hqw and w solves (6.19). Fork = 1,..., K — 1, Vi1 € V(Ty)
solves

1
F(tr(vk—&-l —2Vi + Vi), tr W) + ay (Vi, W) = (fi, tr W) (6.47)

for all W € V(Zy). As in the previous section, we define an approximated solution
to problem (1.1) as

Ua = U)Ky © 8482, ), Upr =tr Va,. (6.48)

Note that in the k-th step we can assume to have tr Vi and tr Vj_; already computed.
However, to be able to compute a(Vi, W) we need the discrete function Vi on the
whole cylinder Cy. The function Vi can be obtained by solving the following discrete
problem: Find Vi € V(J5), an extension of tr Vj, such that

ay(Vi, W) =0 VYW € V(Zy) :tr W = 0.

Hence, the leapfrog scheme when applied to our problem requires the resolution of a
linear system at each time step even when using mass-lumping. As a consequence of
the nonlocality of (—A)?, the explicit nature of the leapfrog scheme seems to be lost.
Further details on the implementation of this scheme are given in Sect. 8.2.

In the analysis that follows, the following discrete inverse inequality will be instru-
mental.

Lemma9 (discrete inverse inequality) Let n € H™°(§2) and let X € V(Jy) be the
solution to

ay(X, W)= (n,tr W) VW € V(Ty). (6.49)
We thus have that | X ||c S || tr X ||ms 2y and that
1Xlle < Civh 5 1tr X1l 2), (6.50)

for some constant Cipy > 0

Proof Define Z :=tr X € Sé (£2, 7). There exists x € ﬁLl (y%,Cy) such that tr x =
Z.Infact x = HyZ, where H,, is defined in (5.4).

Let us introduce the operator [T = Ty ® ﬁ;, where I:Iy’ is a slight modification
of the operator of [5, Section 5.5.1]: on the first interval 7, interpolation at the edge
point 0 is used rather than in the middle point of I;. The operator 1,/ corresponds
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to the LZ(Q)-orthogonal projection operator defined in (6.4). Define X = [Ty and
notice that the stability properties of IT and IT y’ yield

1Xlle < lxlie.

This, in view of the fact that || x [l¢ < I Z]lms (52, implies ||5(||C SN Zws (2)-

Now, since Z € Sé (82, .7), we have that tr X =tr X = Z = tr X and then that
tr(X — f() = 0. Since X — X € V(Jy), we can thus invoke problem (6.49) and
conclude that

ay (X, X = X) = (1, r(X — X)) =0,
which yields

ay(X, X) = ay(X = X)+ X, (X = X) + X)
=ay((X — X), (X — X)) + ay(X, X) > ay(X, X).

This immediately implies that || X ||¢c < ||)~(||c, and thus, since ||X||C SN Z s 2y, we
can conclude that

IXlle S N Z1ws2)-

Since Z = tr X, we have thus obtained the desired estimate || X|lc < [l tr X [|ms(02).
The estimate (6.50) thus follows, for instance, from the results of [17]. O

6.5.1 Stability

To analyze the fully discrete scheme (6.46), (6.47), we define, fork = 1, ..., K, the
discrete energy

E(War) = gl OWil|7 ) + a0 (Wi, Wem1), (6.51)

where the bilinear form a. is defined in (5.2).
In the result that follows we show the nonnegativity of the discrete energy &} under
the following CFL condition: At is chosen to be sufficiently small such that

2 (A1)?

1- Cinv@

>0>0, 6¢c(0,1). (6.52)

The constant Cj,y is as in (6.50).
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Lemma 10 (CFL condition and nonnegativity of &) If (6.52) holds, then

0
EVar) = SN WVelF g + 5 [||vk||c+||vk THEC (6.53)

forallk e {1,--- ,K}.

Proof We invoke the inverse inequality (6.50) and the CFL condition (6.52) to arrive
at

2ay (Vi, Vie1) = Vel + 1 Vi1 ll3 — 1 Ve — vk 1%
> Villg + IVi-1112 = Ciryh 71 (Ve = Vie D172
> [ VEllg + Vi1 13 +20 — DI traVel 72

where, in the last step, we have used definition (6.15). Consequently,

1 1 @-1
gkwm)z5||trovk||iz(g)+Z||vk||é+ IVie1lg + =5 — 1 aVil 2 .

which immediately yields (6.53). This concludes the proof. O

Lemma 11 (energy conservation) If f = 0, then the fully discrete scheme (6.46),
(6.47) conserves energy, i.e., forallk € {1, ..., K}, we have that

Ex(Var) = E1(Var). (6.54)

If f #0, then, for £ € {1, ..., K}, we have that

E(Va)? < E(Va)? + — Z At fiell 2 (2)- (6.55)

1 1
In particular, we have that &x (Va1)2 < &1(Va)2 + J%—e||f||zl(L2(Q))~
Proof Set W = A1)~ (Vi1 — Vie1) = 27 (0Vit + 0Vi) in (6.47). This yields
1 1
v (E1(Var) = (Var) = §<fk, tr(@ Vi1 +oVi)). (6.56)

In the case that f = 0, (6.56) immediately yields (6.54). If f # 0, a trivial application
of the Cauchy—Schwarz inequality reveals that

At
Sk1(Var) — Ex(Var) < 7||fk||L2((2) (Il tr 9Ves1 lz2c2) + 10Vl z2c2)) -
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Invoke the estimate (6.53) and conclude, for k € {1,..., K — 1}, that &(Va;) >

O/ trdVi |12, - Thus,

At

Ek+1(Var) — & (Var) < \/—”fk“Lz(!Z)

1 1
<£)k2+] (Var) + gkz (VAt)> .
Consequently, we arrive at £k+1(VA,)% — é”‘k(VA[)% < (At/V20)| fill 2(2y Which,
by adding over ¢, yields (6.55). This concludes the proof. O

Lemma 12 (stability) The fully discrete scheme (6.46), (6.47) is stable: for € €
{1,..., K}, we have that

I oVell 2 + 1 Velle S It aVill gy + [Volle

L
HVille + ) Atll fill 122y, (6.57)
k=1

where the hidden constant is independent of Va:, At and h 7 but depends on the
parameter 0.

Proof We begin by noticing that (6.53) yields

1
It Vel 2oy + 1Velle S @72+ Dé&E(Van)?. (6.58)
Now, since

2ay (V1, Vo) = ay(V1, V1) + ay(Vo, Vo) — ay (VI — Vo, Vi — Vo)
=< aﬂ/(vlv Vl) + aQ/(V()’ VO)a

an application of the estimate (6.55) allows us to conclude that

14

1
G (Van? S I wdVillaig) + Volle + 1Ville + 75 > At fill 2.
k=1

The desired estimate (6.57) thus follows from replacing the previous estimate into
(6.58). This concludes the proof. O

6.5.2 Error analysis

We now present error estimates for the fully discrete approximation U 4, defined in
(6.48) that is based on the solution V4, to the fully discrete scheme (6.46), (6.47). The
arguments are similar to the ones used to prove the results in Lemma 7, Lemma 8, and
Theorem 6. For brevity we leave details to the reader.
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Theorem 7 (error estimates for (6.48)) Let u be the solution to (1.1) and let U ; be its
fully discrete approximation defined by (6.48). If A(f, g, h) <ocoand E(f, g, h) <
0o, then

0ru(tk—12) — UKk |22y S hlﬂm(f g h) +(AD*E(f, g, h), (6.59)
and
lu(tk) — Uk w2y S haA(f, g h) + (AD*E(f, g, h), (6.60)

where UA(f, g, h) and E(f, g, h) are defined by (4.20) and (4.10), respectively, and
the hidden constants are independent of U a;, u, At, and h 7.

6.6 Computable data

In (6.18) we considered
1
Vo=GzMHag. Vi=Ggy (Hag + AtHyh + E(At)"’afu(O)) (6.61)

as initial data for the fully discrete schemes of Sects. 6.4 and 6.5. Since the action of
‘H,, involves the resolution of a problem posed on an infinite dimensional space, we
immediately conclude that the initial data Vo and V| are not computable.

To overcome this deficiency, we introduce the discrete extension operator Hf,
which is defined as follows: if ¢ € Sé (82, ), then Hg?e := E € V() is such that

ay(E,2W)=0 YW € V(Jy) :r W =0, trE=e.

With Hg? at hand, we define the following computable initial data:
~ ~ 1
Vo=H Myg, Vi=H (Hx/g + At h + E(At)22> . (6.62)

where Z € SO(.Q T) solves (Z,tr W) = —Cliy(V(), W)+ (f(0),tr W) for all W €
V(Zy). Notice that Z corresponds to a finite element approximation of tr 821/{ 0).

If we consider Vo and V1, instead of V{y and Vi, as initial data for the schemes of
Sects. 6.4 and 6.5, then, to provide an a priori error analysis, it is necessary to modify
the first two elements of the sequence © 4, defined in (6.26), as follows:

O =Vo— Gz Uty), O1=Vi—GzUH).

In particular, it suffices to estimate

1

Ei(Oa)? = <2|| trod, IILz(Q) %Il@l/zllé)2
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We present the following error estimates.

Lemma 13 (error estimates for ®gy and &) If (Vy, V1) and (\70, \71) are defined by
(6.61) and (6.62), respectively, then

1©ollc < h 78l @), (6.63)

and

181l S hgUf, g h) + (AN’ E(f, g ), (6.64)

where A(f, g, h) and E(f, g, h) are defined by (4.20) and (4.10), respectively, and
the hidden constants are independent of g, h, (Vy, V1), (Vo, Vl) and h 7.

Proof Since Vj, \70 € V(Jy), we can invoke property (6.7) and conclude that

Vo — Volig = ay (Vo — Vo, Vo— G 2, HaITy 8) +ay (Vo— Vo, G 7, Ho (I, g — 8))
= ay (Vo — Vo, Vo — Ho T g) +ay (Vo — Vo, Ho (ITy g — g)) =I+1IL

To bound I, we notice that tr(Vo —HqI1,g) = 0. On the other hand, V) — Vo satisfies
ay(Vo— Vo, W) =0 YW e V(Ty) :t W =0

and tr(Vy — Vo) =1tr Gz, Hoag — I1vg. Consequently, I = 0. Now, since H, satisfies
Howlle S llwllms @) for all w € H*($2), we arrive at

| < 11Vo — Voliellg — Mgl @) S hallVo— Vollcligllm+s (2)-
Since I = 0, the estimate for II yields (6.63).

We now control ||®1||c. A basic application of the triangle inequality together with
estimate (6.37) reveal that

1©1llc < IV = Ville + Vi = G z Ul
SV = Ville + (A0 107 VU | 0, 7:12 00, -

It thus suffices to bound || \71 — Villc. To accomplish this task, we first notice that a
simple application of Taylor’s Theorem yields

= H M [U(0) + At U (0) + 27 r 02 (0)]
+AD T (7~ [T 02U(0) = HZ T, [trb{(tl) _ @ty a,?u@)]

+AD T (7 — [Tt 82U(0)), (6.65)
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with ¢ € (0, ¢1). Similar arguments allow us to conclude that

(Ar)?
6

Vi=Ggz, (um) - afu<9> : (6.66)

with ;e (0, t1). Consequently,

Vi = Ville S I1H Mo el(t) — Gz Un) e
+ (A1 VU 10,7 1200 0
+ (AD2|HT (Z — Ty tr 32U (0))[|¢ = 1+ 11+ 111

To estimate I we invoke the same arguments that lead to (6.63):

IS hzlwUt@) s @) S hg el oo, 7m0+ (2))-

A bound for the term III follows from stability results. The collection of these estimates
yield (6.64) O

Lemma 14 (estimate for E1(®a;)) If we consider Vo and 171 as initial data for the
schemes of Sects. 6.4 and 6.5, we then have that

1
|| tr 0@1”1}(9) = E” tr(®) — @0)”L2(Q)
SHFAS, g )+ (AN E (S, g ),

(6.67)

and
1012llc S 180l + 101 llc S haA(f. 8. h) + (AD?E(f. g, h). (6.68)

where 2A(f, g, h) and E(f, g, h) are defined by (4.20) and (4.10), respectively, and
the hidden constants are independent of g, h, (Vo, V1), Vo, V1), and h 7

Proof The proof of (6.68) follows directly from the estimates (6.63) and (6.64). In
what follows we derive (6.67). To accomplish this task and simplify notation, we
define

DU) := U(0) + Atd,U(O0) + %(mfa}woy

Now, notice that

1tr(©1 — Ol 2y = I tr(Vi — G 7 U (1) — Vo + G 7, U(O) || 122
< e (Vi = DG U) — Vo + G 7,UO) 12
+ DG 7 U) — G U1l 12(02)-
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The trace estimate (2.9), the stability property (6.8) and an application of Taylor’s
Theorem reveal that

1tr(D(G 7,U) — G 7, Ut [ 1200y S I1D(G 2,U) — G 7, UM e
SIDU) — U le S ADFVUC, DN Lo0.7:12(0.0))-

We now use the definitions of ‘70 and Vl to arrive at

Itr (Vi = D(G 7,U) — Vo + G 7, UO) | 2 ()
< (A Tyh — v G 7,0UO) | 12y + (AN Z — tr G 7,07 UO) || 12(2)-

To bound || I1yh — tr G 7,0,U4(0) || 12(s) We proceed as follows:

| Toh —t G 7, 04O 20y < 1wk — hll 120
It UO) — tr G 7 AU 120y S B (Whllszres ) + ACF . 8. ).

where we have used (6.28) with £ = 1. Similar arguments allow us to control ||Z —
trG g, 8,21/{ (0)[I£2(2- This concludes the proof. m|

Remark 6 (influence of computable data in error estimates) If (Vo, 171) are used as
initial data for the trapezoidal multistep method of Sect. 6.4 and the leapfrog scheme
of Sect. 6.5, then the error estimates of Theorems 6 and 7 hold with no modifications.

7 Polygonal domains c R2

In this section, we let £2 C R? be an open and bounded, but not necessarily convex,
polygon and provide a priori error estimates for the trapezoidal multistep method
(6.18)—(6.21). Notice that the error estimates that we have previously derived for this
scheme, i.e., estimates (6.44) and (6.45), rely on the convexity of the domain £2. Given
g € H'(£2), we consider the Dirichlet problem

Lw=gins2, w=0o0nds. (7.1)

It is immediate that problem (7.1) has a unique solution w € HO1 (£2). However, in
general the solution w ¢ H?(£2), evenif g € C*°(£2) [31]. More precisely, for every
€ > 0, there exists a polygon §2. and a smooth function g, such that the corresponding
solution w, does not belong to H 3/2+e (£2¢) [53]. However, under additional regularity
assumptions on A, ¢, and g, aregularity analysis can be carried out in weighted function
spaces related to the geometry of 9£2; see Proposition 4 below.

7.1 Regularity estimates in weighted spaces
Let £2 C R? be an open and bounded, but not necessarily convex, polygon with straight
sides and corners {c} and 8 > 0. We define the weight and the weighted Lebesgue

space

@ Springer



A space-fractional wave equation 211

R3xH d(x) = ]_[ lx —cl. L3(2)=L*®* @)
c

We also define H é(ﬂ) as the closure of H2(£2) N H(} (£2) with respect to the norm

102y = 0l @) + 1DVl 1202, 0)- (7.2)

With this setting at hand, we present the following regularity result for (7.1).

Proposition 4 (weighted regularity estimate) Let A € W1 (§2, GL(R?)) be uniformly
positive definite and ¢ € WLoo(2, R) with ¢ > 0. Then, there exists B € [0,1),
depending only on $2, A, and c, such that for g € L%(Q) the solution w of (7.1)

belongs to H 5(9). In addition, the solution w satisfies the estimate
||w||H§(_Q) S ||Lw||L/23(Q) = ”g”L/zS(_Q)’ (7.3)

where the hidden constant is independent of g.

Proof The result follows from [4, Theorem 1.1]. To observe this, it suffices to set, in
the notation of that reference,m = 1,b; =0,and B =1 — a. O

The following space regularity estimates follow from Propositions 2 and 4.

Theorem 8 (global regularity of 7/ : weighted estimates in £2) Let A and c satisfy
the assumptions of Proposition 4. Let % solve (1.2), (1.3) for s € (0, 1). Then, there
exists B € [0, 1), depending only on $2, A, and c, such that the following regularity
assertions hold:

(i) For0 <V < 1—s, we have that

2
”% ||L2(0,T;L2(w

a—2v

< 2
1,5+(0,00): H2(2))) ~ (”g||H1+v’+sm)
2 2
I gy 1 B oo ) (7.4)

(ii) For0 <V < 1 + s, there exists k > 1 such that

a2 < 206+1) )
Iy %”LZ(OvT?Lz(%+2<z+1)—2a,e»(0»<>0);Hﬁ(ﬂ))) ~ K e+
2 2 2
. <||g||H1+\7+S(Q) + ||h||Hl+\7(Q) + ||f||L2(0,T:H1+ﬂ(Q))> ) (75)

forall £ € Ny.

In both estimates the hidden constants are independent of % and the problem data.
In addition, in (7.5) the hidden constant is also independent of .
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Proof The proof of (7.5) follows from (4.8) and (7.3). In fact, for fixed y > 0 and
t>0,setw = 8§+102/(~, y,t) in (7.1) and hence g = aﬁ“wz(., y,1). Since 8 > 0,
we have that g € L%(.Q). We can thus apply the estimate (7.3) to arrive at

10571 % (. 3. Dl ) S 10T L% (3. Dl 2 0.

Square the previous estimate, multiply by the weight wy12(¢+1)—27,, and integrate,
first, with respect to y over (0, oo) and then with respect to ¢ over (0, 7). We thus
utilize (4.8) to arrive at the desired estimate (7.5).

Similar arguments allow us to derive (7.4). For brevity, we skip details. O

We conclude this section by mentioning that, on the basis of the estimate (4.18),
the following space—time regularity estimate can be derived. Let 0 < ¢ < s and
0 <V < 1 + 5. Then, there exists k > 1 such that the following estimate holds for all
e No:

240+1 2 < L2041 12
1979y %”LZ(O,T;Lz(wa+2<i+1>—za,e»(0,00);Hé(ﬂ))) ~ K e+

: (||g||H2.Hl+ﬁ+3s(Q) + ”h”H2.H1+T)+2x(_Q) + ”f”iZ(O,T;HIJr\”)JrZs(Q))) . (76)
The hidden constant is independent of %, £, and the problem data. Consequently,

20b4+14,12 < L206+D) ) 2
1950y Z N 2 0. 1s 2wy ooy = K EF DI 8. 1%

where 2l is defined in (4.20); compare with (4.21).

7.2 Meshes, finite element spaces, and quasi-interpolation operators

In the next section we will present error estimates for the trapezoidal scheme on the
basis of a piecewise linear finite element discretization on properly refined meshes
in £2. We stress that 2 C R? is an open and bounded, but not necessarily convex,
polygon. The analysis requires meshes and approximation operators suitable for the
approximation of functions with H g(.Q) regularity. This is achieved with appropriate
refinement toward the vertices of £2 [27].

In what follows, we will consider nested sequences {.7 ¢} ¢>0 of triangulations of §2
that are generated by bisection-tree refinement of a coarse, regular initial triangulation
9 of 2. We denote by hy = max{diam(K) : K € .7} the meshwidth of .7¢. On
these meshes we will consider the finite element spaces S(l) (82, Tt defined in (6.2).

We present the existence of a sequence of meshes {ﬂﬂg} ¢>0 and operators [T g that
satisfy a series of properties on which our theory rests. In what follows, 8 € (0, 1].

Lemma 15 (meshes {%E}gzo and operators I7 é) There is a sequence {9;}520 of

nested, regular bisection-tree meshes with corresponding quasi-interpolation opera-
tors Hg CL2(2) > Sg (£, %‘Z) such that the following properties hold:
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(i) Ne:=dim S§(2, 7f) < h %
(ii) Simultaneous stability:

ITgull 20y S Ivll2) Yo € L),
HTgullgico) S ol Yo € Hy ().

(iii) Projection property: Hgv =vforallv e S& (82, ﬁﬁe).
(iv) Optimal approximation rates for H& (£2) and Hé (82)-functions:

Nellw = MTgwll3 o) S wliyi o) (7.7)

Nellw = Mgwl 7o) + Ve (w = TEw)l[ 72 o) S N, ||w||§,§(m, (1.8)

forallw € H& (£2) and all w € HO1 £2)N Hé(.Q), respectively.

In (ii) and (iv), constants hidden in < are independent of (.

Proof The meshes {%[}(Z() are constructed as described in [27]. By construction,
property (i) follows. Approximation properties follow from [27] and [44, Section 5]:

by e = Ly wllz) + Ve @ = I7w)l2e) S helwlgpgy (19)

where I 7 denotes the nodal interpolant. The operator IT% can be taken as the L2(£2)-
orthogonal projection. The results of [26] thus guarantee the stability estimates stated
in item (ii). The estimates (7.7) and (7.8) follow from the fact that IT g preserves
the finite element space combined with (7.9). We refer the reader to the proof of [5,
Lemma 8] for further details. O

7.3 Approximation properties for the elliptic projector

We derive approximation properties for the elliptic projector G 7, defined in (6.7),
within the finite element framework described in Sect. 7.2.

Let B € (0, 1] be such that (7.3) holds. Let (%Z)ZZ() be a sequence of uniformly
shape-regular meshes of meshwidth £, such that the properties stated in Lemma 15
hold. Within this framework, the following error estimates can be derived; see also [,
Theorem 5].

Lemma 16 (error estimates) Fix 0 < o < 1 and, for each {, denote by ggl the
geometric mesh on (0, Y) defined in (6.1), where & ~ |logh | with a sufficiently
large constant. Assume that M is such that cyM < 9 < co M with absolute constants
¢y and c3. Let w € HITS(2). If W = Hyw denotes the truncated a-harmonic
extension of w, then there exists a minimal slope sp;, such that for linear degree
vectors r with slope s > s,,i, there holds

IVOV = Gz W)l 12y ¢y S hellwllm+s ). (7.10)
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and
[ trONV — nyW)HLz(_Q) < hé+s||w||H1+.;(_Q). (7.11)

The hidden constants are independent of VW, w, and hy.

Proof Replace, in the proof of Lemma 3, the operator I1, by IT g. Invoke the stability
and approximation properties of the latter, as described in Lemma 15, items (ii) and
(iv), respectively, and utilize the weighted regularity estimate of [5, Theorem 2]. This
concludes the proof. O

7.4 Error estimates

In previous sections we have elaborated all the ingredients that can allow us to conclude
the following error estimates for the trapezoidal scheme.

Theorem 9 (error estimates for (6.21)) Let u be the solution to (1.1) and let U ; be
its fully discrete approximation defined by (6.21). In the framework of Lemma 16, we
have the following error estimates for the trapezoidal scheme

I8u(tk—1/2) — Ukl 200y S by ™ + (A2, (7.12)
and
lutk—1/2) — Uk —12lms2) S e + (AN (7.13)

The hidden constants are independent of U as, u, At, and hy.

Proof Invoke the arguments developed in the proof of Lemmas 7 and 8 upon utilizing
the error estimates (7.10) and (7.11) for the weighted elliptic projector. O

We conclude this section with the following remark.

Remark 7 (Leapfrog scheme) The extension of the error estimates (6.59) and (6.60)
to the setting described in Sect. 7.2 would require a stability result as (6.57). This, in
turns, requires a CFL condition that limits the choice of the size of the time step to be
bounded by the minimal meshsize in the spatial finite element mesh. In view of the
nature of the meshes {%e}gzo this would lead to an impractical algorithm. Several
techniques have been developed in order to remove such a critical restriction. These
include local time-stepping [20,34] and the incorporation of a subspace projection step
inspired by numerical homogenisation [50].
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8 Numerical results and implementation

Let{¢1, ..., p )} denote abasisof S"((0, ), Q(’,”) suchthat¢;(0) = land¢;(0) =0
for j > 1. The corresponding mass and stiffness matrices are denoted by By and Ay

¥y ¥
(By),:,:/O Y i () (y)dy, (Asy),..,zfo Y ()¢ (y)dy.

We denote by B, and A, the standard mass and stiffness matrices corresponding to
the finite element space S& (82, 7). In what follows, we describe the implementation
of a discrete Dirichlet-to-Neumann map. Once this operation is available the time-
stepping methods that are proposed in this work can be implemented in a standard
way; in the case of the implicit method some further steps may be needed in order to
obtain an efficient algorithm.

8.1 Discrete Dirichlet-to-Neumann map

GivenU € Sé (2, ), we consider the problem: Find V € V(Jy)andn € Sé (£2,.9)
such that

ay(V, W)=, uW) VYW eV(T), -
trvV=uU. @.1)

Let us denote by U, V, and » the coefficient vectors associated with the discrete
functions U, V, and n, respectively. Note that the first N components of V and U are
equal; we recall that N = #.7, the number of degrees of freedom of 7. We denote the
remaining components of V by V= (V)i,i =N +1,..., NM. With this notation
at hand, the matrix system (8.1) takes the form

U B
(By®A9+Ay®BQ)<‘~,>=< g”)

We denote by Ey and A. + the matrices that are obtained by removing the first row
and first column from By and A., respectively. Let by and Gy denote the vectors
containing the first components of the rows i € {2, ..., M} of the matrices By and
Ay

The vector V is the solution to

(By ® Ag + Ay ® Bo)V = — (by ® Ag +dy ® Bo ) U. 8.2)
Once this system is solved we can obtain 5 by solving
Bon = (bAg +aB)U + (bL ® Ag +ak ® Bo)V,
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where b = (By)11 and a = (Ay)11. We denote by Lj the matrix that describes the
linear map u +— n:

L;U = Bgy. (8.3)
The main computational cost when solving (8.1) is the Lesoluti0~n of (8.2). This
can be done efficiently by diagonalizing the small matrices By and A . In fact, since
both matrices are symmetric and positive definite, we can find a matrix of generalized
eigenvectors X such that
XTByX = diag(u1.,.... up), X' AyX = diag(l, ..., 1),
where p1; > 0 denote the eigenvalues of the generalized eigenvalue problem EfyX =

Ay Xdiag(p1, ..., urq). The system (8.2) can thus be transformed to M independent
linear systems

(iAg +Ba)V; = ((XThy) Ag + (XTay);Ba ) U,
where VI = (VT ...,V/TM),
V=xaonv,
and I € RV*Y is the identity matrix.

8.2 Leapfrog time-stepping scheme

Using the previously defined operator L}, the leapfrog scheme can be now written in
the familiar form

1
—5 Bo(Upy1 — 2Ui + Ug—1) + Ly Uy = Befy,
Ar?

where f}, is the coefficient vector containing the L? projection of f(#;) onto the space

SO1 (£2, 7). The main cost is the application of Lj Uy in each step followed by the
inversion of the mass matrix By ; the latter being usually cheap.

8.3 Trapezoidal time-stepping scheme

The matrix system can be written, in a familiar form, involving only functions in
SR, T):

1 1
A_tzBQ(Uk+1 —2U; + Ug—1) + ZLZ(UH] +2U; + Ui—1) = cBef;.
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The difficulty now is that at each step we need to solve the system
2 ~
(B.Q + AT’LZ) Uiy =1,

where f; contains known terms. While we could solve this system iteratively, it is more
efficient to unwrap again the operator Lj, to see that Uy satisfies the system

U B
(By ® Ag + Ay ® Bg) <~k+1> = < ng+1>

Vit1
and
2 ~
BoUpy1 + ATZB.Q"k+1 = f.
Denoting by E; = diag(1, 0, ..., 0), we can write this as a single system
A2 A2 ) Uit _ fi
( T By ® A + (E1+ 5-Ay) ® B <Vk+1> = (0 .

As the matrices By and E + (Ar?) 4) Ay are again symmetric and positive definite a
similar diagonalization procedure results in a decoupled system of linear systems that
can be solved in parallel.

Remark 8 (comparison of the two schemes) When compared with the trapezoidal
scheme the leapfrog scheme is easier to implement. However, it seems to lose one
of the main advantages that it has for the resolution of the standard wave equation. As
the diffusion operator is nonlocal, the explicit nature of the scheme is no longer an
advantage; it requires the resolution of a linear system at each time step even when
using mass-lumping. We would also like to mention that, in each time-step and for
both schemes, the costliest operation is the solution of the decoupled linear systems.
However, if the spatial mesh is graded, for instance, as in Sect. 7, the CFL condition
for the leapfrog scheme requires a time-step that is much smaller. In conclusion, there
seems to be little to recommend leapfrog over trapezoidal rule for the problem that we
are considering.

8.4 Numerical results
8.4.1 A 1D example

Let us first perform a numerical example for n = 1. Let £2 = (0, 1) and consider the
space—fractional wave equation

u+ (—A)u = f,

with f(x', 1) = (7% — 1) sin(¢) sin(;rx’). The initial data are such that the exact solu-
tion is u(x’, r) = sin(z) sin(7rx’). The initial values for both time-stepping schemes
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-1
10 - .
’ ’
10™
leapfrog error
= — - —trapezoid o .
2107 oy g Teapiog crror
5] 52 - = —trapezoid error
102 o®
10° X 2 ‘-1 0 -3 ‘-2 ‘-1 0
1078 10™ h 10 10 10 10 b 10 10

Fig.1 Experimental rates of convergence for the error (8.4) for a one dimensional example. The experiment
for s = 1/4 is shown on the left and the one for s = 3/4 on the right

can be taken as Uy = 0 and U; = AtIT, sin(x’). Note that the additional O (A#2)
term that is needed in the definition of U is zero because u”(0) = 0.

We set the final time as 7 = /2 and perform numerical experiments for the
following choices of the parameter s: s = 1/4 and s = 3/4. For space discretization
in §2, we consider a uniform mesh with meshwidth % . For the trapezoidal scheme,
and to obtain linear convergence, we set At = (0.5h #)!/2. For the leapfrog scheme,
in order to ensure the stability of the scheme, we choose Ar = (0.5h y)max(l/ 2.8),
Notice that, the aforementioned choices of the parameter s would render the leapfrog
scheme unstable as a solution technique for the standard wave equation.

In Fig. 1 we show the experimental rate of convergence for

error = [|Ux — u(T) |l (@). (8.4)

We observe that, as expected, the error decays linearly with respect to & 5. We also
notice that the errors for both discretization schemes are almost identical.

8.4.2 A 2D example

We let n = 2, and consider the square domain 2 = (—1, 1)2 C R? and the space-
fractional wave equation

2u+ (—A)u = f.
The data of the problem is such that the exact solution is given by
u(x’, 1) = cos(2*/?m*t) sin(x}) sin(wx}).

Weset T = 1.5and At = 0.5h 7. In this experiment we measure, in the L2(.Q)-n0rm,
the error committed in the approximation of the time-derivative:

erroryp = [[0Uk — dru(tk—1/2) |l 12(02)- (8.5)
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107" T
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Fig. 2 Experimental rates of convergence for the error (8.5) when 2 = (-1, 1)2 and for different values
of s. Leapfrog time-discretization is used

The computations were done using the NGSolve/Netgen software package [54,55].

The convergence properties of the leapfrog scheme are presented in Fig. 2. It can be

observed that, for both values of the parameter s considered, the experimental rate of
convergence for the error,p decays quadratically with respect to /2 7. We notice that
the observed rates are better than the ones derived in Theorem 7, but are in agreement
with approximation theory since, in this case, u is smooth. The improvement of the
estimate (6.59) of Theorem 7 from hlgjf “to hzq is an open problem.
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