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Abstract

We propose a new nonconforming finite element algorithm to approximate the solution
to the elliptic problem involving the fractional Laplacian. We first derive an integral
representation of the bilinear form corresponding to the variational problem. The
numerical approximation of the action of the corresponding stiffness matrix consists
of three steps: (1) apply a sinc quadrature scheme to approximate the integral repre-
sentation by a finite sum where each term involves the solution of an elliptic partial
differential equation defined on the entire space, (2) truncate each elliptic problem to
a bounded domain, (3) use the finite element method for the space approximation on
each truncated domain. The consistency error analysis for the three steps is discussed
together with the numerical implementation of the entire algorithm. The results of
computations are given illustrating the error behavior in terms of the mesh size of
the physical domain, the domain truncation parameter and the quadrature spacing
parameter.
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1 Introduction

We consider a nonlocal model on a bounded domain involving the Riesz fractional
derivative (i.e., the fractional Laplacian). For theory and numerical analysis of general
nonlocal models, we refer to the review paper [24] and references therein. Particularly,
several applications are modeled by partial differential equations involving the frac-
tional Laplacian: obstacle problems from symmetric «-stable Lévy processes [18,34,
40]; image denoisings [27]; fractional kinetics and anomalous transport [45]; fractal
conservation laws [5,23]; and geophysical fluid dynamics [16,17,19,30].

In this paper, we consider a class of fractional boundary problems on bounded
domains where the fractional derivative comes from the fractional Laplacian defined
on all of R¢. The motivation for these problems is illustrated by an evolution equation
considered by Meuller [38] of the form:

up = —Agu+ f@), inR" x D, (1)
u=0, inD". (2)

Here D is a convex polygonal domain in R?, D¢ denotes its complement and
Asu = ((=4)D)|p

with i denoting the extension of u by zero to R. This fractional Laplacian on R is
defined using the Fourier transform F:

F(=2) 1)) = [LI*F()Q). A3)

The formula (3) defines an unbounded operator (—A)* on L?(R?) with domain of
definition

D(=2)) i={f € L2®Y): e P F (/) € LRD].
It is clear that the Sobolev space
HE®RY = | f € L2®D: (1 + 16 F() € LR

is a subset of D((—A)*) for any s > 0. Note that (—A)*v for s = 1 and v € H*(RY)
coincides with the negative Laplacian applied to v.

The term — Ay along with the “boundary condition” (2) represents the generator
of a symmetric s-stable Lévy process which is killed when it exits D (cf. [38]). The
f(u) term in (1) involves white noise and will be ignored in this paper.

The goal of this paper is to study the numerical approximation of solutions of
partial differential equations on bounded domains involving the fractional operator
Ay supplemented with the boundary conditions (2). As finite element approximations
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Numerical approximation of the integral fractional Laplacian 237

to parabolic problems are based on approximations to the elliptic part, we shall restrict
our attention to the elliptic case, namely,

; .
e “
u

The above system is sometimes referred to as the “integral” fractional Laplacian prob-
lem.

We note that Lhe variational formulation of (4) can be defined in terms of the
classical spaces H*(D) consisting of the functions defined in D whose extension by
zero are in H*(R?). This is to find u € H*(D) satisfying

a(u,¢):/ fpdx, forallp € H (D), (5)
D
where

a(u,¢) = fR d[(—A)S/Zﬁ][(—A)S%dx (©6)

with & and $ denoting the extensions by 0. We refer to Sect. 8.1 for the description of
model problems. The bilinear form a(-, -) is obviously bounded on H (D) x H* (D)
and, as discussed in Sect. 2, it iS coercive on HS (D). Thus, the Lax—Milgram theory
guarantees existence and uniqueness.

We consider finite element approximations of (5). The use of standard finite element
approximation spaces of continuous functions vanishing on d D is the natural choice.
The convergence analysis is classical once the regularity properties of solutions to
problem (5) are understood (regularity results for (5) have been studied in [1,41]).
However, the implementation of the resulting discretization suffers from the fact that,
for d > 1, the entries of the stiffness matrix, namely, a(¢;, ¢;), with {¢;} denoting
the finite element basis, cannot be computed exactly.

Whend = 1,5 € (0,1/2) U (1/2, 1) and, for example, D = (—1, 1), the bilinear
form can be written in terms of Riemann-Liouville fractional derivatives (cf. [33]),
namely,

(0] @i, 0xPj)p + (07 ¢}, Opdi) D
2 cos(smr) ’

a(gi, ¢j) =

@)

Here (-, -) p denotes the inner product on L?(D) and for¢ € (0,1) and v € HO1 (D),
the left-sided and right-sided Riemann-Liouville fractional derivatives of order ¢ are
defined by

L) = ;i/x 20
W= na ey ® ®
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and

E i) — ;E/Iﬂ
R =Frapar ). oy @ ©)

Note that the integrals in (8) and (9) can be easily computed when v is a piecewise
polynomial, i.e, when v is a finite element basis function. The computation of the
stiffness matrix in this case reduces to a coding exercise.

A representation of the fractional Laplacian for d > 1 is given by [44]:

nx) —ny)

————"dy, forallpes, 10
o T = ypdras 4. foralln (10)

(—AY D)) = cas PV /
R

where S denotes the Schwartz space of rapidly decreasing functions on R, PV
denotes the principle value and ¢4 s is a normalization constant. It follows that for
n,0 €S,

a(ns 9) = ((_A)snv 9) =

cd,S/ (n(x) =n( O ) —6(y) dydx. (11)
Re JRA

2 |x _y|d+2s

A density argument implies that the stiffness entries are given by

Cd

o , 12
2 x (12)

a(pi, ;) =

/' (9i (x) — di(¥)(P;(x) — ¢, () dyd
Re JRY

v — yldtas

where again ¢ denotes the extension of ¢ by zero outside D. It is possible to apply
the techniques developed for the approximation of boundary integral stiffness matri-
ces [42] to deal with some of the issues associated with the approximation of the
double integral above, namely, the application of special techniques for handling the
singularity and quadratures. However, (12) requires additional truncation techniques
as the non-locality of the kernel implies a non-vanishing integrand over RY. These
techniques are used to approximate (12) in [1,21]. In particular, Acosta and Bortha-
garay [1] use their regularity theory to do a priori mesh refinement near the boundary
to develop higher order convergence under the assumption of exact evaluation of the
stiffness matrix.

The method to be developed in this paper is based on a representation of the under-
lying bilinear form given in Sect. 4, namely, fors € (0,1),0 <r <s,n € H" (R9)
and 6 € H*"(RY),

o dt
[ 1oy asPordx=e, [ A - fay e
R4 0
(13)
where (-, -) denotes the inner product on L2(R?) (see also [3]). We note that for > 0,

(I —2A)~! is a bounded map of L2(RY) into H%(RY) so that the integrand above
is well defined for 7,6 € L?(R?). In Theorem 4.1, we show that for n € H" (R?)
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Numerical approximation of the integral fractional Laplacian 239

and @ € H*~"(R?), the formula (13) holds and the right hand side integral converges
absolutely. It follows that the bilinear form a(, -) is given by

o -~ dt ~
a@Jﬂ:g/mt%h«ﬁma—ﬂAY4,®D7n forall n, 0 € H* (D). (14)
0

There are three main issues needed to be addressed in developing numerical methods
for (5) based on (14):

(a) The infinite integral with respect to t must be truncated and approximated by
numerical quadrature;

(b) At each quadrature node ¢;, the inner product term in the integrand involves an
elliptic problem on R¥. This must be replaced by a problem with vanishing bound-
ary condition on a bounded truncated domain 2™ (¢ ;) (defined below);

(c) Using a fixed subdivision of D, we construct subdivisions of the larger domain
M ) which coincide with that on D. We then replace the problems on QM i)
of (b) above by their finite element approximations.

We address (a) above by first making the change of variable 1> = ¢¥ which results
in an integral over R. We then apply a sinc quadrature obtaining the approximate
bilinear form

N+
k , -
ak(n,e)::% § V(A I—A)T'F, 0)p, foralld, neL*(D), (15)
j=—N-

where k is the quadrature spacing, y; = kj, and N~ and N T are positive integers.
Theorem 5.1 shows that for & € H*(D) and n € H*(D) with § € (s, 2 — s], we have

la(n, ) — a*(n,0)]
<C@,s, d)[e_zﬂd/k L eONTR2 | e_'YkN7]||77||175(D)||9||ﬁs(D)v

where 0 < d < 7 is a fixed constant. Balancing of the exponentials gives rise to an
O (e~ 2md/k) convergence rate with the relation N* + N~ = O(l /k?).

The size of the truncated domain 2™ (¢ j) in (b) is determined by the decay of
(e¥i I — A)~! f for functions f supported in D. For technical reasons, we first extend
D to abounded convex (star-shaped with respect to the origin) domain £2 and set (with
tj = e Vil 2)

QM“yZ{KLHﬂHJ@ﬂmeQL f =1
K {24+ M)x:x € 2}, f< 1.

Let A; denote the unbounded operator on L2(2M (1)) corresponding to the Lapla-
cian on 2™ (¢) supplemented with vanishing boundary condition. We define the
bilinear form a*™ (17, 6) by replacing (—A) (eI — A)~!in (15) by (=A) (] —
Atj)_l. Theorem 6.2 guarantees that for sufficiently large M, we have
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240 A.Bonito et al.

la*(n, 0) — a1, 0)| < Ce™ M|l 2(py 101l 2(py. foralln, 8 € L*(D).

Here ¢ and C are positive constants independent of M and k. This addresses (b).

Step (c) consists in approximating (—A,j)(eyi I — Atj)_1 using finite elements. In
this aim, we associate to a subdivision of 2™ (¢ ;) the finite element space Vﬂ” (¢j) and
the restriction allj’M(-, Yofa*M (., ) to VhM (tj) x Vﬁ” (¢j). As already mentioned, the
subdivisions of 2™ (¢ ) are constructed to coincide on D. Denoting by V}, (D) the set
of finite element functions restricted to D and vanishing on d D, our approximation to
the solution of (5) is the function u; € V(D) satisfying

ai’M(uh,9)=/ fOdx, forall® € Vy(D). (16)
D

Lemma 7.2 guarantees the V,(D)-coercivity of the bilinear form alg’M (-, -). Conse-
quently, uj, is well defined again from the Lax—Milgram theory. Moreover, given, for
every 7, asequence of quasi-uniform subdivisions of QM 1), we show (Theorem 7.5)
that for v in H# (D) with B € (s, 3/2) and for 6, € V,(D),

M (wp, 0) — ap™ (wn, )] < L+ I )EP= 0]l 75 ) 160 | s ) -

Here C is a constant independent of M, k and %, and v, € V(D) denotes the Scott—
Zhang interpolation or the L? projection of v depending on whether 8 € (1, 3/2) or
B e (s, 1].

Strang’s Lemma implies that the error between u and uj, in the H* (D)-norm is
bounded by the error of the best approximation in H*(D) and the sum of the consis-
tency errors from the above three steps (see Theorem 7.7).

The outline of the paper is as follows. Section 2 introduces notations of Sobolev
spaces followed by Sect. 3 introducing the dotted spaces associated with elliptic oper-
ators. The alternative integral representation of the bilinear form is given in Sect. 4.
Based on this integral representation, we discuss the discretization of the bilinear form
and the associated consistency error in three steps (Sects. 5-7). The energy error esti-
mate for the discrete problem is given in Sect. 7. A discussion on the implementation
aspects of the method together with results of numerical experiments illustrating the
convergence of the method are provided in Sect. 8. We left to “Appendix” the proof
of technical result regarding the stability and approximability of the Scott—Zhang
interpolant in nonstandard norms.

2 Notations and preliminaries

2.1 Notation

We use the notation D C R to denote the polygonal domain with Lipschitz boundary
in problem (5) and @ C R to denote a generic bounded Lipschitz domain. For a

function n: @ — R, we denote by 7 its extension by zero outside w. We do not specify
the domain w in the notation 7 as it will be always clear from the context.
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Numerical approximation of the integral fractional Laplacian 241

2.2 Scalar products
We denote by (-, -),, the Lz(a))-scalar product and by || - ||L2(w) = (-, -)30/2 the asso-
ciated norm. The L2(R?)-scalar product is denoted (-, -)ga. To simplify the notation,

we write in short (-, -) := (-, )ge and || - || :== || - ||L2(Rd).

2.3 Sobolev spaces

For r > 0, the Sobolev space of order r on R4 , H" (]Rd ), is defined to be the set of
functions @ € L2(R%) such that

1/2
1611 7 (rety == ( A;{ S+ |c|2>’/2|f<0>(;>|2d;) < oo. (17)

In the case of bounded Lipschitz domains, H" (w) with r € (0, 1), stands for the
Sobolev space of order r on w. It is equipped with the Sobolev—Slobodeckij norm, i.e.

1/2
161117 @) = (10122, + 1603 a) >, (18)

where

L O(x) — 6(y))*
|9|H’(a)) —/;U wmdxdy

When r € (1, 2) instead, the norm in H" (w) is given by

IVO(x) — VO
lx — y|d+2(r—1)

||9||%.1r(w) = “9”%11@) +/ dxdy,
w

w

where [|w|l 1) = (lwll3, @ FIVw| 17, (w))l/z. In addition, H] () denotes the set

of functions in H'(w) vanishing at dw, the boundary of w. Its dual space is denoted
H~'(w). We note that when we replace @ with R? and r € [0, 2), the norms using
the double integral above are equivalent with those in (17) (see e.g. [35,37]).

2.4 The spaces A (D)

For r € (0, 2), the set of functions in D whose extension by zero are in H S(RY) is
denoted H" (D). The norm of H" (D) is given by ||| - ra). Note that for r € (0, 1),
(10) implies that for ¢ in the Schwartz space S,

(@) — ()

oy drdy: (19)

(=AY ¢, ¢) = |Cd,r|/
R JRE
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242 A.Bonito et al.

Thus, we prefer to use

PNy 2 1/2
1611 () = (wdm|/' Eﬂ:fl——‘?@)—-cz)cczy) (20)
Rd JRe |

X — y|d+2r

as equivalent norm on H"(D) forr € (0, 1). This is justified upon invoking a variant
of the Peetre—Tartar compactness argument on H" (D) C H" (D).

2.5 Coercivity

Since C3°(D) is dense in ﬁS(D) for s € (0,1) [28], (11) and a density argument
imply that for n, 8 € H*(D), we have

a(n.9) = 54 /}‘Qd 3 (M) =n(yE ) —0(y) dy dx.

2 |x _y|d+2s

In turn, from tNhe definition (20) of the H* (D) norm, we directly deduce the coercivity
ofa(-,-) on H*(D)

a(n.m) = i ). Y0 € H (D). 21
2.6 Dirichlet forms
We define the Dirichlet form on H!(w) x H!(w) to be
dy(n, ¢) == f V- Vegdx.
w

On H'(R%) x H'(RY) we write

dm, @) :==dra(n, @) := /Rd Vn-Vodx.

3 Scales of interpolation spaces
We now introduce another set of functions instrumental in the analysis of the finite
element method described in Sects. 6 and 7. In this section w stands for a bounded

domain of R9.
Given f € L%(w), we define 6 € HO1 (w) to be the unique solution to

0,9+ du(0, $) = (f, P, forall ¢ € Hy(w) (22)
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Numerical approximation of the integral fractional Laplacian 243

and define 7,,: L?(») — H] (») by
T,f =6. (23)

As discussed in [32], this defines a densely defined unbounded operator on L% (w),
namely L, f = Tw_lf for f in

D(L,) = {Tw¢:¢ € L2(a))}.

The operator L, is self-adjoint and positive so its fractional powers define a Hilbert
scale of interpolation spaces, namely, for » > 0,

H' (w) := D(L'/?)
with D(L?)) denoting the domain of L/ . These are Hilbert spaces with norms
Wl r ) = ILE 2wl L2¢)-

The space H! (w) coincides with H& (w) while H 0(w) with L%(w), in both cases with
equal norms. Hence for r € [0, 1], we have

H' (@) = (L*(@), Hy (@), 2,
where (L%(w), HO1 (w))r2 denotes the interpolation spaces defined using the real
method.
Another characterization of these spaces stems from Corollary 4.10 in [14], which

states that foL r € [0, 1], the spaces H" (w) are mterpolatlon spaces. Since H! (w) =
H(; (w) and H(w) = L*(w), H (w) coincides with H" (w). In particular, we have

CTU0N (< 161175 (w) < 1Ol i - (24)
for a constant C only depending on w.

The intermediate spaces can also be characterized by expansions in the LZ(w)
orthonormal system of eigenvectors {;} for T,,, i.e.,

H' () = {¢ € LX@): Y M@, yi)ol® < oo} :

i=1
Here A; = /Ll-_l where u; is the eigenvalue of T, associated with ;. In this case, we
find that
oo
16117 () = 116701720 = D 1@, Yol
i=1
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244 A. Bonito et al.

and for r € (0, 1), (see e.g., [13])

’ _ 2sinmwr Oot_2rK , dt
19130 = = | 6.0
Here

Ko@. 0= inf (I = wls, + 1wl

weHo (w)

Note that if @’ C w then since the extension of a function ¢ in Hé (') by zero is in
HO1 (w), the K-functional identity implies that for all r € [0, 1],

181 vy < 1811 oy (25)

where 5 denotes the extension by zero of ¢ outside «'.

The operator T, extends naturally to F € H™!(w) by setting T,,F = u where
ue H(} (w) is the solution of (22) with (f, ¢),, replaced by (F, ¢). Here (-, -) denotes
the functional-function pairing. Identifying f € L?(w) with the functional (F, ¢) :=
(f, ®)w, we define the intermediate spaces for r € (—1, 0) by

H (@) := (H™ (@), L*(@))14r2
and set H~! := H (). S‘ince T, maps H _’l(a)) isomorphically onto 'I-'I () and
L*(w) isomorphically onto H 2(a)), T, maps H " (w) isometrically onto H 2-r (w) for
e [0, 1].

Functionals in H~!(w) can also be characterized in terms of the eigenfunctions of
T,, indeed, H -1 (w) is the set of linear functionals F for which the sum

S oaTE
i=1

is finite. Moreover,

1/2
IF -1 = sup (ZA F%)
i

9eH] () ”9”H'<w)

forall F € H’l(a)). This implies that for r € [— 1, 0],

H (w) = {F eH ZK,TI(F, Uil < OO}

i=1
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and

00 172
1F 1 e (@) = (ZAWF, wmz) :

i=1

Rema~rk 3.7 (Norm equivalence for Lipschitz domains) For r € (1, 3/2), it is known
that H" (w) = H" (w) N H (w). On the other hand, we note that when dw is Lipschitz,
— A is an isomorphism from H (w)N H (w) to H'~ 2(w); see Theorem 0.5(b) of [31].
We apply this regularity result into Proposmon 4.1 of [8] to obtain H" (w) N H (w) =

H' (). So the norms of H "(w) and H' (w) are equivalent for r € [0, 3/2) and the
equivalence constant may depend on w. In what follows, we use H "(D) to describe
the smoothness of functions defined on D. When functions defined on a larger domain
(see Sects. 6, 7), we will use these interpolation spaces separately so that we can
investigate the dependency of constants.

We end the section with the following lemma:

Lemma 3.1 Leta be in [0, 2] and b be in [0, 1] witha + b < 2. Then for u € (0, c0),
we have

1 + T) Bl sy < T2 Nl o). forall g € H ().

Proof Let ¢ be in H%(w) = D(L%/?). Setting 6 := L/*

prove that

¢ € L%*(w), it suffices to

Il + )T 5200 ooy < 27061 2. forall 6 € L2(w). (26)

The operator T, and its fractional powers are symmetric in the L (w) inner product.
Therefore, we have

oo

(I + T) ' T3 2005 ) = D 1] + To) ™' 1920, Y P4,
i=1
00 —a—b

= Z 1pi)cu|2-

7 (u + Ay )2
Inequality (26) follows from Young’s inequality

)\i—(a-'rb)/z’ulf(a+b)/2(u+)Li—1) <1.

O
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246 A.Bonito et al.

4 An alternative integral representation of the bilinear form

The goal of this section is to derive the integral expression (13) and some of its
properties.

Theorem 4.1 (Equivalent representation) Let s € (0,1) and 0 < r < s. Forn €
HST" (RY) and 6 € H* " (RY),

o0
d
(= )+ 2 (—A)6=D29) = ¢, / rz-z‘%—A(I—zzA)—ln,e)Tt, 27)
0

where

0o ,1-2s -1 :
y 2sin(ws)
Cs = d = —. 28
' </o 1+ y? y> ™ @9

Proof Let I(n, 0) denotes the right hand side of (27). Parseval’s theorem implies that

kP S
(—AU - 24) n,é’)—/w AP OOFO0 . (9)
and so
_ > 1o ¢ I? STV
I(n,e))—csfo r /Rd AT WOFO@ dcdr G0)

In order to invoke Fubini’s theorem, we now show that

oy gP?
/Rf 1+t2|§|2|f(n)(é)| |F(0) ()| d¢ dt < oco.

Indeed, the change of variable y = ¢|¢| and the definition (28) of ¢, implies that the
above integral is equal to

145
141222

_ /R PIEDONIFO@) de.

cs / IFMONFO) Q)] f =% dtdg
R4 0

which is finite for n € H"(R?) and € H*~"(R?). We now apply Fubini’s theorem
and the same change of variable y = ¢|¢] in (30) to arrive at

1(n,0) = /R ) 1Z1* F)(©)FO)(C) de = ((—2)SH2y, (=)= 2g).
This completes the proof. O
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Numerical approximation of the integral fractional Laplacian 247

Theorem 4.1 above implies that for 1, 6 in H (D),
e~ dt
a(n,0) =cs 7 (wm, 1),0)p - 3D
0

where for ¥ € L*(R%)
w(t) = w, 1) = —12 A — 1> 2)" .

Examining the Fourier transform of w(i, 1), we realize that w(r) = w(y,t) =
V¥ + v(y, 1) where v(r) := v(y, 1) € H'(R?) solves

(1), §) + 12 d (1), ¢) = (. ¢), forall$ € H'(RY). (32)
The integral in (31) is the basis of a numerical method for (5). The following
lemma, instrumental in our analyze, provides an alternative characterization for the

inner product appearing on the right hand side of (31).

Lemma4.2 Letn be in L2(RY). Then,

(w(n,t),n) = in
peH!

£ {lln—01*+1*d©®,0)} = K(n,1). (33)
H(R4)

Proof Let n be in L?(R?). We start by observing that for any positive  and ¢ € R?,

Fm(@)

¢Q@) =132 I

solves the minimization problem
inf {IF©) - 212 + 2l P12
zeC

and so

?[¢)?

mmn)(mz. (34)

inf (17N (©) 2P+ 2Pz =

We denote ¢ to be the inverse Fourier transform of d; Note that ¢ is in H'(R?)
[actually, ¢ is in H*(R?)].
Applying the Fourier transform, we find that

K(n,t)= inf / (IF@m©@) — FONO) I + 2 PIFO)OP de.  (35)
0eH!(R) JRd
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Now, ¢ is the pointwise minimizer of the integrand in (35) and since ¢ € H L(RY), it
is also the minimizer of (33). In addition, (34), (35) and (29) imply that

Kn. 1) =/ L
’ R4 l+t2|§'|2 B

This completes the proof of the lemma. O

Remark 4.1 (Relation with the vanishing Dirichlet boundary condition case) The
above lemma implies that for n € H*(D),

o ~ _dt
a(, n)=cs/ t 2SK(n,t)T-
0

It is observed in the Appendix of [13] that for any bounded domain w, and n €
(L*(w), HOl (w))s.2, the real interpolation space between L?*(w) and HO1 (w), we have

o dt
2 _ 25 20 dt
1 L2 ), 110 @1y = CS/O R U

where

Koo i= inf il =612, +12du0.0)]. (36)

feH] ()

Let {wio } C HO1 () denote the L2(w)-orthonormal basis of eigenfunctions satisfy-
ing

do(?,0) =i (Y, 0),, foralld € Hy(w).

As the proof in Lemma 4.2 but using the expansion in the above eigenfunctions, it is
not hard to see that

(o (1, 1), Mo = Ko (1, 1) (37)
with w,(n,t) =n+vandv € HO1 (w) solving
W, 0o + 12dy(v,0) = —(u, 0),, foralld € H}(w).
This means that if n € Lz(a)), K@,r) < Kg(n, t) and hence

W@, 1), Mo < (Wo(1, 1), No.

5 Exponentially convergent sinc quadrature

In this section, we analyze a sinc quadrature scheme applied to the integral (31). Notice
that the analysis provided in [6] does not strictly apply in the present context.
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5.1 The quadrature scheme

We first use the change of variable t~2 = ¢” so that (31) becomes

a(n.0) == | e 1(y). 0)p dy.
2

—00

Given a quadrature spacing k > 0 and two positive integers N~ and N, set y; := jk
so that

tj= e Vil? = ¢~ Ik/2 (38)

and define the approximation of a(n, 6) by

N+
k . Csk Sy ~
at(n,0) == =~ X;V eI (w (7. 1), 6)p. (39)
Pt

5.2 Consistency bound

The convergence of the sinc quadrature depends on the properties of the integrand

g0 m.0) == e W 1)), 0)p = ¢ (=AET = H7'7.8).  (40)

More precisely, the following conditions are required:

(a) g(-; n,0) is an analytic function in the band
B=Bd):={z=y+iweC:|lw| <d},

where d is a fixed constant in (0, ).
(b) There exists a constant C independent of y € R such that

d
f lg(y +iw;n, 0)|dw < C;
d

o0

© N(B) :=f (g(y + id: n.0)] + 1g(y — idk: 0, 6)]) dy < oo.

—00

In that case, there holds (see Theorem 2.20 of [36])

o0 o0
, N(B)
Uoog(y; n.0)dy—k ) g(kJ;n,G)‘ S ek 1 (41)

j==o0

In our context, this leads to the following estimates for the sinc quadrature error.
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Theorem 5.1 (Sinc quadrature) Suppose 6 € H* (D) andn € H®(D) with§ € (s, 2 —
s]. Let a(-, ) and a® (-, -) be defined by (5) and (39), respectively. Then we have

2¢(d) 2 _s N
ok (s—8)N*k/2 N .
la(n,0) —a“(n,0)| < 5 (ean/k ] + e > ”n”H“(D)'le”HS(D)
c(d) 2 -
+— (m +e Il 2y 101l 2Dy, (42)

1

(I+cosd)/2”

Proof We start by showing that the conditions (a), (b) and (c) hold. For (a), we note
that g(-; , ) in analytic on B if and only if the operator mapping z > (eI — A)~!
is analytic on B. To see the latter, we fix zo € B and set pg := €. Clearly, pol — A
is invertible from L2(R?) to L%(R%). Let My := ||(pol — A)~! Il 22 (rd)—> 12 (R4~ For
p € C, we write

where c(d) :=

pl —A=(p—po)l+(pol —A) = (pol —A) ((p = po)(pol — A~ + 1) :

so that the Neumann series representation

(pl = 27" =Y =1/ (p = po) (poI =AY/ | (pol — 2)~"
j=0

is uniformly convergent provided ||(p — po)(pol — A)~! 22 d)— L2(Rey < 1 OF
|p — pol < 1/Mo.

Hence (pI — A)~! is analytic in an open neighborhood of py = % for all py € B
and (a) follows.

To prove (b) and (c), we first bound g(z; n, 0) for z in the band B. Assume 1 €
ﬁﬁ(D) and 6 € H (D) with 8 > s. For z € B, we use the Fourier transform and
estimate |g| as follows

2 T~
Ig(z;n,9)|=e“/H; KV rehF@) dc

¢ et 4[|

sRez |§|2 123
< c(dye /R e FIFE@de,

1

A/ (14-cosd)/2

where c¢(d) = and upon noting that

e + 122 = c(Om2) ' (@™ 4+ 1213 = c(d) 1™ + 1.
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If Rez < 0, we deduce that
gz 1, 0)| < (@)l 2y 1011 L2y - (43)

Instead, when PRez > 0, we write

lg(z: m, 0)]
(|§- |2)17(5+S)/2(em22)(5+s)/2

< c(d e(saS)iRez/Z
=9 R ez ¢

1215 | FGDIIF @) de.

Whence, Young’s inequality guarantees that
|g(z: 0. O)] < (e P2l g5 ) 101l 75 ) - (44)

Gathering the above two estimates (43) and (44) gives

d Inll 2oy 101l 2pys ¥y <O,
[ ls0 i olaw <2de@ | PIEE O (45)
~d Inll 75 oy 161l s (py> ¥ =0,
and N (B) in (41) satisfies
4 2
N(B) < c(d) E”””]—Nﬁ(D)”Q”ﬁS(D)+;”77”L2(D)”9”L2(D) : (46)

Estimates (45) and (46) prove (b) and (c) respectively.
Having established (a), (b), and (c), we can use the sinc quadrature estimate (41).
In addition, from (43) and (44) we also deduce that

—00

. c(d) iy~
koY lgtkisn 01 = ——e7 N Hnl 2 10l 2p) and
JS—N——1
> 2¢(d) +
koo lglkism o)l = SN Rl s 100l ooy (47)
J=N*tTH+1
Combining (41) with (46) and (47) shows (42) and completes the proof. O

Remark 5.1 (Choice of N~ and N ) Balancing the three exponentials in (42) leads to
the following choice

2nd/k ~ (8 —s)NTk/2 ~ sN k.

Hence, for given the quadrature spacing k > 0, we set
47d 27d
NT .= [L—‘ and N~ := IVL—‘ (48)
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With this choice, (42) becomes

la(. 0) — a* (.0 < ¥ ®) 10l 751011 7y (49)
where
1 1
y(k) =C (— -, d) e 2md/k, (50)
§—s s

6 Truncated domain approximations

To develop further approximation to problem (5) based on the sinc quadrature approx-
imation (39), we replace (32) with problems on bounded domains.

6.1 Approximation on bounded domains

Let £2 be a convex bounded domain containing D and the origin. Without loss of
generality, we assume that the diameter of £2 is 1. This auxiliary domain is used to
generate suitable truncation domains to approximate the solution of (32). We introduce
a domain parameter M > 0 and define the dilated domains

Moy Jly=0+td+M)x:x €2}, t=1,
270 '_{{y=(2+M)x:xe.Q}, <. D
The approximation of ak(-, -) in (39) reads
P

kM . G o Mo

M. 0) = 5= > @M 1), 0)p, (52)
J=—N~—
witht; :=t(y;) = e Vil2, according to (38), and

wh (@) == wM @, 1) = Tloue + 0" @0, (53)

where v¥ (1) := v™ (3, 1) solves

M), @) gu oy + Pdgu WM (1), ) = —(n. ¢)p. forall ¢ € Hy (2M (1))
(54)

compare with (32). The domains QM ) are constructed for the truncation error to
be exponentially decreasing as a function of M. This is the subject of next section.
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Fig. 1 Tllustration of the
different domains in R2. The
domain of interest D is a
L-shaped domain, 2 ¢ 2M (1)
are interior of discs, and BM (1)
is the filled portion of oM@

6.2 Consistency

The main result of this section provides an estimate for a¥ — aX¥ . It relies on decay
properties of v(7], 1) satisfying (32). In fact, Lemma 2.1 of [2] guarantees the existence
of universal constants ¢ and C such that

IV, Dl L2c8m 1y + WG Dl 2gm )y < Ce™ ™ DMy 0 00, (55)
provided n € L3(D) and v(r) := v(7, 1) is given in (32). Here
B (t) = {x e 2M(1): dist(x, 992M (1)) < t}
so that the minimal distance between points in D C §2 and BY (¢) is greater than

M max(1, t). An illustration of the different domains is provided in Fig. 1.

Lemma 6.1 (Truncation error) Letn € L*(D), e(t) := v(ij, t) — vM (7}, 1) and ¢ be
the constant appearing in (55). There is a positive constant C not depending on M
and t satisfying

le()l 2(@my < Ce™ ™ DM 15 (56)

Proof 1In this proof C denotes a generic constant only depending on §2. Note that e(¢)
satisfies the relations

(e(t), ) + 2dguy(e(t), §) =0, V¢ € Hj (2™ (1)),

57
e(t) = v(t), ond2M(@). o7

Let x(t) > 0 be a bounded cut off function satisfying x(t) = 1 on 32 (1)
and x(t) = 0 on 2M(t)\BM(1). Without loss of generality, we may assume that
VX (@)l pooray < C/t. This implies
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I OO 250 0y + IV OV L2054y
<C (||U(t)||L2(BM(t)) + t||VU(t)||L2(3M(;)))
—max(1,t)cM/t

<Ce Il z2(py-

Here we use the decay estimate (55) for last inequality above. Now, setting e(t) :=
x(Ov(t) + ¢ (1), we find that £ (1) € HJ (2M (1)) satisfies

M), §)gm )y + Pdgu (1), §) = —(x (D), §) gu ) — t2dgu (y (X DV(D), $)

forall ¢ € Hj (2M(1)). Taking ¢ = ¢ (#), we deduce that

1EO1F 2@y T 2 IVED T2
< X OV 2 gm gy + IV OCOVE 172530 py,

S Ce—2max(1,t)cM/t ”n”iz(D)

Thus, combining the estimates for ¢(¢) and x (t)v(¢) completes the proof. ]

Lemma 6.1 above is instrumental to derive exponentially decaying consistency error
as M — oo. Indeed, we have the following theorem.

Theorem 6.2 (Truncation error) Let ¢ be the constant appearing in (55) and assume
M > 2(s 4+ 1)/c. Then, there is a positive constant C not depending on M nor k
satisfying

la*(n,0) — a*M (n,0)] < Ce™Mnll 2(py 101l 2y, foralln, 6 € L*(D). (58)

Proof In this proof C denotes a generic constant only depending on £2. Let 1, 6 be in
L?(D). It suffices to bound

Nt
E:= % Z eVi(w(t;) —wM (), 0)p
J==N~
-1 Nt
<C (k > i) —vM ), 0)pl+k Y e —vM (), 0)p
j=—N— j=0
= E|+E;

with v(t) = v(7,t) defined by (32) and v™(r) = v™ (7, 1) defined by (54). We
estimate E1 and E; separately, starting with Ej.
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From the definition ¢; = e7Yi/2 we deduce that when J < 0,t; > 1so that (56)
gives

-1
—cM SV
E| < Cke ¢ Z el 2y 161l 22
j==N-
—sk

< Ce_CMm”77”L2(D)||9”L2(D) < Ce™ Ml 20 101 L2)-

Similarly, for j > 0, 1i.e. #; < 1, using (56) again, we have

N+
Ey < CkY_ e e ™M |n| 210l 2p)
=0
N+
< Ck Ze”’f‘e_CM(Hyf/z)||77||L2(D)||9||L2(D)
=0
N+
= Cke™ M " =MD In| 20y 101 22y
j=0
< C67CM 0
< T exp(k(s —cM/2) 170 L2y 1011 2y
—cM
< L||77||Lz<D)|I6’IIL2<D) < Ce= Ml 2161112y
T cM/2—5 B

where we have also used the property cM /2 — s > 1 guaranteed by the assumption
M >2(s+1)/c. O

6.3 Uniform norm equivalence on convex domains

Since the domains 2™ (¢) are convex, we know that the norms in H' (2™ (1)) are
equivalent to those in H" (2 (t)) N HJ (2M (1)) for r € [1, 2], see e.g. [8]. However,
as we mentioned in Remark 3.1, the equivalence constants depend a-priori on 2¥ (1)
and therefore on M and ¢. We show in this section that they can be bounded uniformly
independently of both parameters.

To simplify the notation introduced in Sect. 3. We shall denote Tpum ;) by Tr, L gum 4
by L; and H*(2M (1)) by H*. We recall that 2™ (¢) is a dilatation of the convex and
bounded domain £2 containing the origin, see (51). We then have the following lemma.

Lemma 6.3 (Ellipitic regularity on convex domains) Let f € L2(2M(t)). Then 6 =
T, f is in H*(2M (1)) N Hi (2M (1)) and satisfies

101 2 2m 1)y < ClLf NL22m 1) (59)
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where C is a constant independent of t and M.

Proof Itis well known that the convexity of £2 and hence that of QM) implies that the
unique solution 6 of (22) with  replaced by 2M (¢) is in H*(2M (1)) N H} (2M (1)).
Therefore, the crucial point is to show that the constant in (59) does not depend on
M or t. To see this, the H? elliptic regularity on convex domains implies that for
e H(} (£2) with Ab € Lz(.Q) then 6 € Hz(.Q) and there is a constant C only
depending on £2 such that

01200y < CllAG 200 (60)

Here | - | y2(g) denotes the H?(£2) seminorm. Let y be such that 2™ (r) = {yx, x €

2} [see (51)] and H(%) = 6(yX) for £ € £2. Once scaled back to 2™ (1), estimate
(60) gives

|9|H2 QM(I)) = C”AOHLZ .QM(I)) = C”f 9||L2 .QM(I)) (61)
Now (22) immediately implies that ||0|| 41 @M@y = 1 fl 2 @M@y and (59) follows
by the triangle inequality and obvious manipulations. O
Remark 6.1 (Intermediate spaces) Lemma 6.3 implies that D(L;) = H? =

H?*(2M (1)) N H} (2 (1)) with norm equivalence constants independent of M and 7.
As D(L}"*) = H' = H (2M (1)), for s € [1,2]

HS = (H(2M (1)), H*(2M (1)) N HY (2™ (1)))5-1.2= H* (2™ (1)) N H} (2™ (1))

with norm equivalence constants independent of M and ¢.

Lemma 6.4 (Norm equivalence) For B € 1, 3/2), let 6 be in HP and 8 denote its
extension by zero outside of M (t). Then 9 isin HP (Rd) and

16175 < ClIFN 25 et

with C not depending on t or M.

Proof Given & € H'(2M (1)), we denote R6 to be the elliptic projection of 6 into
Hy (2M (1)), ie., RO € H) (2™ (1)) is the solution of

(RQ, d)).QM(t) + d_QM(t)(RQ, ¢)
= (0, ) gm(y +domy (0. ¢), forall g € Hy (2 (1)).

It immediately follows that
IRON g1 = 1RO g1 @2m 1)y = 10111 (2m 1)
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Also, if & € H*(£2M (1)), Lemma 6.3 (see also Remark 6.1) implies
ROl g2 < ClIRON 2 2ms1yy = ClION 22 1)
with C not depending on ¢ or M. Hence, it follows by interpolation that
1RO 5 < Cloll 2wy, 12 @M 0y 62)

Now when 6 € HP ¢ H'(2M(t)), RO = 6 so that in view of (62), it remains to
show that

101l (M 1)), 2 @M (1))p 12 = ClON B RS

for a constant C independent of M and ¢. To see this, note that g is in H! (R?) and
the extension of V6 by zero is in HF~1(R?) for B < 3/2. We refer to Theorem
1.4.4.4 of [28] for a proof when d = 1 and the techniques used in Lemma 4.33 of
[22] for the extension to the higher dimensional spaces. This implies that 6 belongs to
H? (Rd). Moreover, the restriction operator is simultaneously bounded from H J (Rd)
to H/(2M (1)) for j = 1, 2. Hence, by interpolation again, we have that

101l 2v 1)), 2 @M ()))p 10 = N0 18 RA)-

This completes the proof of the lemma. O

7 Finite element approximation

In this section, we turn our attention to the finite element approximation of each
subproblems (54) in akM .. Throughout this section, we omit when no confusion
is possible the subscript j in #;, i.e. we consider a generic ¢ keeping in mind that
the subsequent statements only hold for # = ¢; with j = —N—,..., NT. We also
make the additional unrestrictive assumption that §2 used to define 2 (¢) [see (51)]
is polygonal. In turn, so are all the dilated domains 2™ (r).

7.1 Finite element approximation of a®M(., .)

For any polygonal domain w, let {7}, (w) },-0 be a sequence of conforming subdivisions
of w made of simplices of maximal size diameter 7 < 1. We use the notation ThM (t) =
Th(2M (1)) for t = tj, j = —N—,. .., NT, given by (38). We assume that the
subdivisions on D are shape-regular and quasi-uniform. This means that there exist
universal constants o, p > 0 such that

sup max (M> <o, (63)

n=0TeTy(D) \ r(T)
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sup
h>0

(maxTeg;,(D) d1am(T)> < (64)

Il’liIlTe'];l (D) diam(T)

where diam(7") stands for the diameter of 7" and r(T') for the radius of the largest ball
contained in 7. We also assume that these conditions hold as well for ThM (tj) with
constants o, p not depending on j. We finally require that all the subdivisions match
on D, i.e.

Tw(D) C T, (1)) (65)

for each j. We discuss in Sect. 8 how to generate subdivisions meeting these require-
ments.

Define V;,(w) C HO1 (w) to be the space of continuous piecewise linear finite element
functions associated with 7}, () with @ = D or 2M (). Also, we use the short notation
V(@) := Vip(2M 1)),

We are now in position to define the fully discrete/implementable problem. For 5,

and 6y, in V;, (D), the finite element approximation of ak-M (-, -) given by (52) is
k +
c . ~
ay ™ . On) = == 3 €y Gine 1)), 6)p (66)
j=—N~—
with
wp! (. 1) = Ml g gy + vy (1) (67)

and where v (1) € VY (1) solves

W (0, dn) gu gy + 2 dgm oy O (1), 1) = — G, dw) om ). Vo € Vi (1) (68)

Remark 7.1 [Assumption (65)] Two critical properties follow from (65). On the one
hand, our analysis below relies on the fact that the extension by zero vy, of v, €
Vi (D) belongs to all Vﬁ” (t). This property greatly simplifies the computation of

(i (h, 17), 64) p in (66).
The finite element approximation of the problem (4) is to find u;, € V; (D) so that
ay™ (up, ) = (f,0n)p forall 6, € Vy(D). (69)

Analogous to Lemma 4.2, we have the following representation using K-functional.
The proof of the lemma is similar to that of Lemma 4.2 and is omitted.

Lemma 7.1 (K-functional formulation on the discrete space) For n, € V,(D), there
holds

i Gns 1), ) = Wi G, ). T gmy = Kn(in. 1),

@ Springer



Numerical approximation of the integral fractional Laplacian 259

where

K0 i= min (I = 01113 20m 0 + iy (01 90)) -
eV (1) L2(2M (1)) )

We emphasize that for v, € Vg” (1), its extension by zero 7, belongs to H'!(R?)
and therefore

Kp(vp, 1) = K(vp, 1). (70)

This property is critical in the proof of next theorem, which ensures the Vj(D)-
ellipticity of the discrete bilinear form afl’M. Before describing this next result, we
recall that according to (49)

la(nn. On) — a* (n. O < ¥ ) 1l 5oy 100 1l 75 oy
with § between s and min(2 — s, 3/2) (since V; (D) C H3/2¢ (D) for any € > 0) and
y(k) ~ Ce™?" d/k Also, we note that from the quasi-uniform (63) and shape-regular

(64) assumptions, there exists a constant ¢; only depending on ¢ and p such that for
r~ <rt < 3/2, there holds

-+
lonll ot py <t " Monll gy You € VI ). (1)

Theorem 7.2 (V,(D)-ellipticity) Let § in Theorem 5.1 between s and min(2 —s, 3/2),
k be the quadrature spacing and cy be the inverse constant in (71). We assume that the
quadrature parameters N~ and N are chosen according to (48). Let y (k) be given
by (50) and assume that k is chosen sufficiently small so that

cry(oh* =% < 1.
Then, there is a constant ¢ independent of h, k and M such that
k.M 2
ay ™ () = el s for all € V(D).

Proof Letn, € Vﬁ” (t)sothat?, € H L(R4). We use the equivalence relations provided
by Lemmas 4.2 and 7.1 together with the monotonicity property (70) to write

NT Nt

csk - - csk i~

aﬁ’M(nh,nh)=s7 > e”th(nh,fj)Z% Y K Gn 1) =d" ()
j=—N- j==N-

The quadrature consistency bound (49) supplemented by an inverse inequality (71)
yields
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k.M
ay™ s, mn) = a@, mn) — ¥ R nnll gs oy el gs (p)
= a(n, m) — ery OB mnl 3. ) -

The desired result follows from assumption c¢;y (k)h*~® < 1 and the coercivity of
a(-,-), see (21). O

7.2 Approximations on QM (t)

The fully discrete scheme (69) requires approximations by the finite element methods
on domains £2¥ (¢). Standard finite element argumentations would lead to estimates
with constants depending on £2M (1) and therefore M and 7. In this section, we exhibit
results where this is not the case due to the particular definition (51) of M @).

We can use interpolation to develop approximation results for functions in the inter-
mediate spaces with constants independent of M and 7. The Scott—Zhang interpolation
construction [43] gives rise to an approximation operator JT;;ZI HOl 2M@¢) —> V;:” (1)
satisfying

I =7l @uy = Clnla@ma:
forall n € H} (2" (1)) = H' and
In =i nlla@my < Chllnlla@m )

forallp € H2(2M (1)) N HO1 (2M (1)) = H?. The Scott—Zhang argument is local so
the constants appearing above depend on the shape regularity of the triangulations but
not on ¢ or M. Interpolating the above inequalities shows that for all » € [0, 1]

inf 10 — xllg1(@mqy < CH Il jsr, foralln e H'* (72)
xeVil @)

with C not depending on ¢ or M.
] Let 7;,;, denote the finite element approximation to 7; given by (23), i.e., for F €
HL, TinF = wy with wy, € Vz/[ (#) being the unique solution of

(Wi, $)om () + dou gy (Wi, §) = (F, ¢), forallp € V) (1).

The approximation result (72) and standard finite element analysis techniques implies
that for any r € [0, 1],

ITiF = TenFll 2 omqyy < CR T ITF | gior < CRT | F | o, (73)

where the last inequality follows from interpolation since [|T:F | g1omqyy =
Il F Il gy-1 (2 sy) and (59) hold.
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For f € L>(22M (1)), we define the operator
Sif :=ne€ Hj(2M @) (74)
satisfying,
dou (. ¢) = (f. $)guy. forallg e Hy(2Y (1))

andlet S, , f € V,’i” () denote its finite element approximation; compare with 7; and
Ty.;. Although the Poincaré constant depends on the diameter of 2 (), we still have
the following lemma.

Lemma 7.3 There is a constant C independent of h, t, or M satisfying
IS0/ = St fll2@may < CRIf 2@y

Proof For f € LZ(QM(t)), set ey := (S; — S;,n) f. The elliptic regularity estimate
(61) on convex domain and Cea’s Lemma imply

lenl oM@y = ing ISt f = xnlgt@may = ChIS: fla2om oy
XhEVh )

< ChllAS: fllp2@m @y = Chll fll2@m @)

where C is a constant independent of /2, t and M. Galerkin orthogonality and the above
estimate give

”ehHiZ(QM(I)) = d_QM(z)(ehs Sien) = d_(zM(t)(eh, (St — St,n)en)
=< lenl g1 @M@yl (St = St.n)enl g @m )

< Chlenlgr@myllenll L2(@m 1))

Combining the above two inequalities and obvious manipulations completes the proof

of the lemma. O
We shall also need norm equivalency on discrete scales. Let (Vﬁ:” @) -l p2em 1))
and (V1 (1), || - | g1 (24 s)) denote V) (1) normed with the norms in L*(£2¥ (1)) and

H] (.QQM 1)), res.pectively. We define || - ||H;(9M(z))’ or simply || - ||H,;’ to be the norm
in the interpolation space

(VT O iz @mon)s (Vi O T @mn), -

Forr € [0, 1], as the natural injection is a bounded map (with bound 1) from Vﬂ’[ (1)
into L2(£2M (1)) and H} (2™ (1)), respectively, lvn |l gr < Ilva Il ;- forallvy, € VM ().

For the other direction, one needs a projector into Vlly (¢) which is simultaneously
bounded on L2(22M(¢)) and HO1 (2M(1)). In the case of a globally quasi uniform
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mesh, it was shown by Bramble and Xu [12] that the L2(M (#)) projector mrj, satisfies
this property. Their argument is local, utilizing the inverse inequality (71) and hence
leads to constants depending on those appearing in (63) and (64) but not ¢, i, or M.
Interpolating these results gives, for r € [0, 1],

cllvnll gy < Nonllgr < lunllgy, forall vy € V) (@), (75)

where c is a constant independent of 47, M and ¢. The spaces for negative r are defined
by duality and the stability of the L2(2M (t))-projection mj, yields

cllonllg-r = lonllgg—r < llvall g forall vy & Vi @). (76)

We finally note that a discrete version of Lemma 3.1 holds. Its proof is essentially
the same and is omitted for brevity.

Lemma7.4 Let a be in [0,2] and b be in [0, 1] with a + b < 2. Then for any u €
(0, 00),

(a+b)/2—1

el + T mll 0 < e lmnll . for all iy € Vi @).

7.3 Consistency

The next step is to estimate the consistency error between akM (-,-) and af’M (-,-) on
Vi (D). Its decay depends on a parameter 8 € (s, 3/2), which will be related later to
the regularity of the solution u to (4).

Theorem 7.5 (Finite element consistency) Let 8 € (s,3/2). We assume that the

quadrature parameters N~ and NV are chosen according to (48). There exists a
constant C independent of h, k and M satisfying

@M G, 4) = ™ G, 60| o
< CA+In(h™ NAP " nall go ) 1681l 55 )

forall ny, 6, € Vi, (D).

Proof In this proof, C denotes a generic constant independent of 4, M, k and ¢.

Fix n, € V,(D) and dtznote by 7y, its extension by zero outside D. We first observe
that for 6, € V;, (D) and 6}, its extension by zero outside D, we have

WM @, 1)), 00 p = Gaw™ Gin. 1), 0) gm . (78)

where 7, denotes the L2 projection onto Vi (2M (1)). Using the above identity and
recalling that ; = e Yi% we obtain
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a"M (g, ) — a;]i’M(Tlh, On)

Cs i M~ M 1~ ~
=Sk Zl i (rpw™ ([, 1) — wi! Gin. 1), On) om oy

1j=3
=E
+ Sk e i 1) — wlf Gine 1), B gm
>3
=:E

We bound the two terms separately and start with the latter.
In view of the definitions (53) of w™ (r) and (67) of wfl” (1), we have

mpw™ G, 1) — wl G, 1) = o™ G, 1) — v Gin, 1). (79)

We recall that 7; = Tgum(;y and S; are defined by (23) and (74) respectively. Using

these operators and the relations satisfied by v* (¢) and v}’l” (1) [see (54) and (68)], we
arrive at

mnw i, 1) = wi Gin 1) = [ S (S + 207 = mu S, + 2D |

= 1Sy + 172D T i (Sen — SO + 121 7 .

(30)
Thus,
lmnw™ Gin, ) — il Gn, Ol 2@ 1)
< 2N Sen + 2D (S — SO+ 2D il 20w o)
< UGS+ DTl 1S = Sl 1S+ 2D 1Tl 22y -
Here we have used || - || to denote the operator norm of operators from L2(.QM (1)) to

L%(£2M(1)). Combining
IS+ 2Dl <72, (S +2D 7 <172
and Lemma 7.3 gives
lrnw™ @, 1) — wil G, DIl < Ct2R2 [Tl 20 1))

Whence,
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|Ea| < Ch%k Y eI 2 om0 160 1 200 1)

1
1j>3

< C2 Il 2y 10l 2oy | K D STV < CR2{mall 2y 16811 2y -
jk<2In2

We now focus on E; which requires a finer analysis using intermediate spaces.
Also, we argue differently for 8 € (1,3/2) and for 8 € (s, 1]. In either case, we
define

€ :=min{l — s, 1/In(1/h)}
and note that
el < c(1+1In(l/h)) and h™ € <c (81)

with ¢ depending on s but not 4.
When 8 € (1, 3/2), we invoke (79) again to deduce

5y;j M 1~ N M~ ) . iy -
Ed <k 37 e ™ Gine ) — o Gine 1)1 180 . (82)

1
lj=3

We set u(t) := =2 —1and compute

w0 @i, 1) = v G ) = 172 [+ ROT) ™ T = 1T+ wOT) ™ |

= (eu@) 2O+ T ™ mn(Ton = T (@~ + 1) 7T,
(83)

which is now estimated in three parts. Lemma 3.1 guarantees that
@™ T+ T Mo, e < 1,

where we recall that H* stands for H* (22M(1)). For the second part, the error estimate
(73) with 1 4+ r = B reads

”Tt,h - Tt||Hﬁ_2—>L2(QM(I)) < Cl’lﬁ
We estimate the last term of the product in the right hand side of (83) by

l (/L(I)_l + Tt,h)_ln'h ||1‘2(_(3M(;))_>1-'1h—-v

< O™ + T ™ e s Wn 2 iy it
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Thus, Lemma 7.4, the inverse estimate and (81) yield

@™+ Te) ™ wnll p2m ) s < CHT° 74T < CR5 12,
, L2(2M (1))~ H,
Note that for t € (0, 1/2],0 < > < u(t)~' < 312 < 1 so that

2
N

9
Combining the above estimates with (83) gives
™ G, 1) = v Gin, Ol s < COPFRP= Tl g (84)
Since t; = e Vil2,
e%Vi t~/25+€ — Vil

Estimates (82), (84) and (75) then yield

Bl < ChP= k> e a0 s 100 s
ky;j>21n2 (85)
< CHP= e 1Tl s 19l s -

We bound the norms on £2*(¢) by norms on D using (25) with r = s and
Lemma 6.4 to arrive at

|Erl < CHP =S¢l o ey 160 1 s ) -
Applying the norm equivalence (24) gives
|E1l < CRP e il s () 160 | 55 oy (86)
When B € (s, 1], we bound (83) using different norms. In fact, we have
IO T+ T N ge g <770 NTon = Tl g-1 2 @My < Ch.
and by Lemma 7.4,

@™ + T ™ nll 2o o3y

—1 —1
< @)~ + T n) 7Th||H1—ﬁ+s+eHH;S ”n/’l”LZ(QM(z))_)Hl*ﬁJrHE
S Ch_l+ﬁ_st(2s+€_’ﬁ_l).
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These estimates lead (84) and hence (85) as well when 8 € (s, 1]. The remainder of
the proof is the same as in the case 8 € (1, 3/2) except that the norm equivalence (24)
is invoked in place of Lemma 6.4.

The proof of the theorem is complete upon combining the estimates for £ and
E>. O

7.4 Error estimates

Now that the consistency error between a(-, -) and a,’j’M (-, -) is obtained, we can apply
Strang’s lemma to deduce the convergence of the approximation uj towards u in the
energy norm. To achieve this, we need a result regarding the stability and approxima-
bility of the Scott—Zhang interpolant 7, [43] in the fractional spaces HP (D).

This is the subject of the next lemma. Its proof is somewhat technical and given in
“Appendix A”.

Lemma 7.6 (Scott—Zhang interpolant) Let 8 € (1,3/2). Then, there is a constant C
independent of h such that

7y vll g8 oy < Cllvll sy (87)
and for s € [0, 1],
;v — vl gspy < CRP* Il Gy (88)

forallv e I-Nlﬁ(D).

We note that the above lemma holds for 8 € (0, 1) and s € (0, B) provided that
m;,° is replaced by 7, the L? projection onto V;,(D); see e.g. Lemma 5.1 of [9]. In
order to consider both case simultaneously in the following proof, we set [1, = w1
when g € [0, 1] and IT;, = 7;° when 8 € (1, 3/2).

Theorem 7.7 Assume that the solution u of (5) belongs to ﬁﬂ(D) for B € (s,3/2).
Let § := min(2 — s, B) be as in Theorem 5.1, k be the quadrature spacing and c be
the inverse constant in (711). We assume that the quadrature parameters N~ and N

are chosen according to (48). Let y (k) be given by (50) and assume that k is chosen
sufficiently small so that

cry(oh* = < 1.

Moreover, let up, € V(D) be the solution of (69). Then there is a constant C inde-
pendent of h, M and k satisfying

lu = unll s py < Cr &)+ e M+ A+ In (W= NRP ) |ull gppy-  (89)
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Proof In our context, the first Strang lemma (see e.g. Theorem 4.1.1 in [15]) reads

k,M
. [(a —a;™)(vp, wp)|
|l — Mh”fjé’(])) <C inf [l — Uh”fjé‘(])) + sup = ,
v €Vi(D) wy €V (D) lwnll gs p)

where C is a constant independent of /, k and M. From the consistency estimates (49),
(58) and (77), we deduce that

lu —unllgspy = Cllu — pull gs p)
+Cr (k) +e M+ 1+ In (= NRP ) I Tull g5 )

The desired estimate follows from the approximability and stability of ITj,. O

8 Numerical implementation and results

In this section, we present detailed numerical implementation to solve the following
model problems.

8.1 Model problems

One of the difficulties in developing numerical approximation to (5) is that there are
relatively few examples where analytical solutions are available. One exception is the
case when D is the unit ball in RY. In that case, the solution to the variational problem

a(u,$) = (1,¢)p, forall¢ € H (D) (90)
is radial and given by, (see [21])

wy = — 22 TAD 1)
rd/2+s)(1+s) '

It is also possible to compute the right hand side corresponding to the solution
u(x) = 1 — |x|? in the unit ball. The corresponding right hand side can be derived by
first computing the Fourier transform of i, i.e.,

F@) =250/ Ig),

where J,, is the Bessel function of the first kind. When 0 < s < 1, we obtain

2X51(d)2 +5)

_ 1 25—2 - - =

F (d/2+s, s—1,d/2, |x|2> ,
(92)

where ; F is the Gaussian or ordinary hypergeometric function.
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Remark 8.1 (Smoothness) Even though the solution u(x) = 1 — lx|? is infinitely
differentiable on the unit ball, the right hand side f has limited smoothness. Note
that f is the restriction of (—A)*% to the unit ball. Now # € H3/>¢(RY) for ¢ >
0 but is not in H3/2(R?). This means that (—A)*% is only in H3/2725—¢ (R?) and
hence f is only in H3/2725=€(2). This is in agreement with the singular behavior of
2F1 (d/2+s,s —1,d/2,t)att =1 (see [39], Section 15.4). In fact,

I'd/24s)I'(1 —2s)

2F1d/2+s,s—1,d/2,1) = T2 +1 =) (=) when 0 < s < 1/2,
lim 2F1 (d/2+s,s—1,d/2,1) _ rdj2) when's = 1/2
(—1- —log(l —1) r1/2)ray/2) ’
lim 2Fi(d/2+s,s—1,d/2,1) _ rdj2) when 1/2 <5 < 1
t—>1- (1 —¢)=2s+1 r1/2)ray/2) ’

This implies that for s > 1/2, the trace on |x| = 1 of f(x) given by (92) fails to
exist (as for generic functions in H 3/2=2s(R4)Y). This singular behavior affects the
convergence rate of the finite element method when the finite element data vector is
approximated using standard numerical quadrature (e.g. Gaussian quadrature).

8.2 Numerical implementation

Based on the notations in Sect. 6, we set 2 = D to be either the unit disk in R? or
D = (—1, 1) inR. Let 2M(¢) be corresponding dilated domains. In one dimensional
case, we consider 75 (D) to be a uniform mesh and Vj (D) to be the continuous
piecewise linear finite element space. For the two dimensional case, 7, (D) a regular
(in the sense of p. 247 in [15]) subdivision made of quadrilaterals. In this case, V(D)
is the set of continuous piecewise bilinear functions.

8.2.1 Non-uniform Meshes for Q" (t)

We extend 7, (D) to non-uniform meshes ThM (1), thereby violating the quasi-uniform
assumption. For ¢+ < 1, we use a quasi-uniform mesh on 2™ (t) = 2" (1) with
the same mesh size ~. When ¢+ > 1 and D = (—1, 1), we use an exponentially
graded mesh outside of D, i.e. the mesh points are +¢"0 fori =1, ..., [M/h] with
ho = h(Iny)/M, where y is the radius of 2™ (¢) [see (51)]. Therefore, we maintain
the same number of mesh points for all 2¥ (). When D is a unit disk in R2, we start
with a coarse subdivision of 2 (¢) as in the left of Fig. 2 (the coarse mesh of D in
grey). Note that all vertices of a square have the same radial coordinates. We also point
out that the position of the vertices along the radial direction and outside of D follow
the same exponential distribution as in the one dimensional case. Then we refine each
cell in D by connecting the midpoints between opposite edges. For the cells outside
of D, we consider the same refinement in the polar coordinate system (Inr, 8) with
r > 1 and @ € [0, 27]. This guarantees that mesh points on the same radial direction
still follows the exponential distribution after global refinements and the number of
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Fig.2 Coarse gird (left) and three-times-refined non-uniform grid (right) of QM) withM =4andr = 1.
Grids of D are in grey

mesh points in ’Z;IM (z) is unchanged for all + > 0. The figure on the right of Fig. 2
shows the exponentially graded mesh after three times global refinement.

8.2.2 Matrix aspects

To express the linear system to be solved, we denote by U to be the coefficient vector
of uj, and F to be the coefficient vector of the L? projection of f onto V(D). Let
M, (t) and Aj(t) be the mass and stiffness matrix in V,’l”(l). Denote Mp j to be the
mass matrix in V(D). The linear system is given by

sin (mB)k N . ; -1
Z eV Mp (e My(t;) + Ap(6:) " AU = F (93)

i=—N—

with y; = ikandt; = e Yi/2 Here Mp n, U and F are all extended by zeros so that
the dimension of the system is equal to the dimension of V,’:” ().

8.2.3 Preconditioner

Since the linear system is symmetric, we apply the Conjugate Gradient method to solve
the above linear system. Due to the norm equivalence between (L*(D), H(} (D))s2
and H* (D), the condition number of the system matrix is bounded by Ch~%*. In order
to reduce the number of iterations in one dimensional space, we use fractional powers

of the discrete Laplacian Lp ; as a preconditioner, where Lp p: HO1 (£2) > L*(D) is
defined by

dp(Lp rw, ¢p) =dp(w, ¢p), forall ¢, € V;(D).
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This can be computed by the discrete sine transform similar to the implementa-
tion discussed in [7]. More precisely, the matrix representation of Lp ; is given
by (MD,h)_lAD‘h, where Ap , is stiffness matrix in V; (D). The eigenvalues of
Ap,, and Mp (for the same eigenvectors) are a; := (2 + cos(jmwh))/h and
mj = h(4 + 2cos(jmh))/6 for j = 1,...,dim(V,(D)), respectively. Therefore,
the eigenvalues of Ly are given by A; j :=aj/m;. We use

B :=SAS

as a preconditioner, where S;; := «/2h sin(ijh) and A is the diagonal matrix whose
diagonal entries are )L;‘h /m ;. We also note that s—l=s.
In two dimensional space, we use the multilevel preconditioner advocated in [11].

8.3 Numerical illustration for the non-smooth solution

We first consider the numerical experiments for the model problem (90) and study the
behavior of the L%(D) error.

8.3.1 Influence from the sinc quadrature and domain truncation

When D = (-1, 1), we approximate the solution on the fixed uniform mesh with
the mesh size h = 1/8192. The domain truncation parameter M is also fixed to
be 20. Thus, & is small enough and M is large enough so that the L?(D)-error is
dominant by the sinc quadrature spacing k. The left part of Fig. 3 shows that the
L*(D)-error quickly converges to the error dominant by the Galerkin approximation
when k approaches zero. Similar results are observed from the right part of Fig. 3 when
the domain truncation parameter M increases. In this case, the mesh size h = 1/8192
and the quadrature step size k = 0.2.

1e-2 1e-1
03 o e
07 —*— =0.

1e-3 1e-2 &\
\ \
e~ \\\
- 1e-4 \\\,\\

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 1 2 3 4 5 6 7
k M

i

\

\
N
N\

L? error
>
B

L2 error
°
w

Fig. 3 The above figures report the L%(D)-error behavior when D = (—1, 1). The left one shows the
error as a function of the quadrature spacing k for a fixed mesh size (h = 1/8192) and domain truncation
parameter (M = 20). The right plot reports the error as a function of the domain truncation parameter M
with fixed mesh size (h = 1/8192) and quadrature spacing (k = 0.2). The spatial error dominates when k
is small (left) and M is large (right)
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Fig.4 Approximated solutions of (91) for s = 0.3 (left) and s = 0.7 (right) on the unit disk

Table 1 LZ(D)—errors for different values of s versus the number of degree of freedom used for the 2-D
nonsmooth computations

#DOFS =03 5s=05 s =07

345 2.69 x 107! - 1.63 x 107! - 1.03 x 107! -
1361 1.59 x 107! 0.7575 9.07 x 1072 0.8426 5.55 x 1072 0.8918
5409 9.56 x 1072 0.7323 5.05 x 1072 0.8438 2.95 x 1072 0.9091
21,569 5.71 x 1072 0.7447 2.78 x 1072 0.8633 1.54 x 1072 0.9366
86,145 3.38 x 1072 0.7547 1.51 x 1072 0.8832 7.91 x 1073 0.9641

34,4321 1.99 x 102 0.7644 8.07 x 1073 0.9004 3.97 x 1073 0.9936

#DOFS denotes the dimension of the finite element space V% (1)

8.3.2 Error convergence from the finite element approximation

We note that we implement the numerical algorithm for the two dimensional case
using the deal.ii Library [4] and we invert matrices in (93) using the direct solver from
UMFPACK [20]. Figure 4 shows the approximated solutions for s = 0.3 and s = 0.7,
respectively. Table 1 reports errors ||u — u || ;2(p) and rates of convergence with s =
0.3,0.5 and 0.7. Here the quadrature spacing (k = 0.25) and the domain truncation
parameter (M = 4) are fixed so that the finite element discretization dominates the
eITOr.

We note that Theorem 7.1 together with Theorem 5.4 in [29] (see also Proposition
2.7 in [10]) guarantees that when 9 D is of class C* and f is in L?(D), the solution
of (5)is in HT® (D) where

« = min{s, 1/2} (94)
and o~ denotes any number strictly smaller that «. This indicates that the expected
rate of convergence in L?(D) norm should be g + a~ — s if the solution u is in

ﬁﬂ(D). Since the solution u is in H11/2=€(D) (see [1] for a proof), Table 1 matches
the expected rate of convergence min(1, s + 1/2).
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Table 2 L2(D)—err0rs and rates for s = 0.3, 0.5 and 0.7 for the problem (5) with the right hand side (92)

#DOFS s=03 5=05 5s=07

409 6.24 x 1072 - 9.55 x 1072 - 1.35 x 107! -
1617 2.90 x 1072 1.10 433 x 1072 1.14 6.27 x 1072 1.10
6433 1.44 x 1072 1.01 1.94 x 1072 1.15 2.81 x 1072 1.16
25,665 721 x 1073 1.00 8.55x 1073 1.19 1.20 x 1072 1.23
102,529 3.56 x 1073 1.02 3.67 x 1073 1.22 478 x 1073 132
409,857 1.74 x 1073 1.04 1.54 x 1073 1.25 1.73 x 1073 1.47

#DOFS denotes the number of degree of freedoms of oM (1)

8.4 Numerical illustration for the smooth solution

When the solution is smooth, the finite element error (assuming the exact computation
of the stiffness entries, i.e. no consistency error) satisfies

lu —upll2py < ch* T,

where « is given by (94). In contrast, because of the inherent consistency error, our
method only guarantees (c.f., Theorem 7.7)

lu = unllp2py < k7% (95)

Table 2 reports L2 (D)-errors and rates for the problem (5) with the smooth solution
ux)=1-— |)c|2 and the corresponding right hand side data (92) in the unit disk. To
see the error decay, here we choose the quadrature step size k = 0.2 and the domain
truncation parameter M = 5. The observed decay in the error does not match the
expected rate (95). We think this loss of accuracy may be due either to the deterioration
of the shape regularity constant in generating the subdivisions of 2M (1) (see Sect. 8.2)
or to the imprecise numerical integration of the singular right hand side in (92).

To illustrate this, we consider the one dimensional problem. Instead of using (92)
to compute the right hand side vector, similar to (7), we compute

@7 ', ) + @7 u, ¢
2 cos(sm)

(f.¢j) =alu, ¢j) = (96)

with D = (—1, 1). We note that when s < 1/2, the fractional derivative with the
negative power 2s — 1 still makes sense for the local basis function ¢ ;. The right hand
side of (96) can now be computed exactly.

We illustrate the convergence rate for the one dimensional case in Table 3 when the
L?*(D)-projection of right hand side is computed from (96). In this case, we compute at
s = 0.3,0.4, 0.7 as the expression in (96) is not valid for s = 0.5. We also fix k = 0.2
and M = 6. In all cases, we observe the predicted rate of convergence min(3/2, 2 —s),
see (95).
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Table3 LZ(D)-errors and rates for s = 0.3, 0.4 and 0.7 for the one dimensional problem when right hand
side of the discrete problem is computed by (96)

h s =03 s =04 s =0.7

1/16 451 x 1074 3.47 x 1074 9.27 x 1074

132 1.42 x 1074 1.58 1.02 x 1074 1.77 4.16 x 1074 1.16
1/64 425 x 1073 1.63 3.31 x 107 1.62 1.80 x 1074 1.21
1/128 1.34 x 1073 1.66 1.14 x 1073 1.54 7.66 x 1075 1.23
1256 4.43 x 107 1.59 4.06 x 1070 1.49 321 x 1079 1.25
1/512 1.50 x 10° 1.56 1.46 x 107 1.48 1.33 x 1073 1.27

A. Proof of Lemma 7.6

The proof of Lemma 7.6 requires the following auxiliary localization result. We refer
to [26] for a similar result in two dimensional space.

LemmaA.1 Forr € (0, 1/2), let v be in H" (D) and v denote the extension by zero of
u to RY. There exists a constant C independent of h such that

1513 gy < c<h—2’ o2y + D |v|%{,(,)>
te7,(D)
with a constant C independent of h.

Proof Let ﬁ (D) be any quasi-uniform mesh [(satisfying (63) and (64)] which extends
7, (D) beyond a unit size neighborhood of D. Fix § > 0 and for t € 7;,(D) set

T= UineT, (D) dist(n,r)<sn) -

Let

py= |J 7

t€7,(D)

and let ’?},(Dfl) denote the set of T € ﬁ,(D) contained in Dfl. Finally, for 7 €
Tn(Dy)\Ti (D), set

T= U n.

ey (D): dist(n,7)<sh)
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Fix v € H” (D). Since ¥ vanishes outside of D?,

oR. = / W(x) = 0(y)?
H" (R4) D Jpi |x — y|d+2r

v(y)? _
+ 2/ /Da)c g dxdy =:J1 + J>.

dxdy

The second integral above is bounded by

v(y)?
h<2 / / dx dy
e—y|=sh |X — Jx — y|d+2r

97)
=206 / v(y)*dy / 2177 dz = Ch™ ol -
D |z|>1

Expanding the first integral gives

((x) — v(y))?
Z / |x _ y|d+2r dx dy

re’Th(Dh

_ 2
+ Z / ‘dedyzzh—i—h.

|x _ |d+2r
re’]}l(Dh Y

(98)

Applying the arithmetic-geometric mean inequality gives

n=2 Y // V@) 4 v(y)? dx dy. (99)

T(DS lx — y|d+2r
TE L)
As in (97),
U(Y) —2r 2
= > BT dxdy < Ch™ [[vl72 - (100)
(D))

Now,

{(z,11):T € ’?h(Dz) and 71 € T}
= (v, 1) € Ty(DY) x Tp(D}): dist(z, 7)) > 5h)
= {(t, 71):T] € ’fh(Dg) and T € ?1‘} )
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Using this and Fubini’s Theorem gives

v(x)?
Z / = |x — |d+2r dxdy

re?},(Dh
v(x)?
= Z 7 |x_y|d+2r dydx = Js.
rleﬂ(Dﬁ

Thus J4 < 4J5 and is bounded by the right hand side of (100).
For J3, we clearly have

J3 < Z |U|%1r(?)~

re74(D})

For any element 7’ € ﬁ(Di), let v, denote v restricted to T/ and extended by zero
outside. Asr € (0, 1/2), vy € H" (R?) and satisfies

lve l gr ey = CllVIEr -

The constant C above only depends on Lipschitz constants associated with t/ (see
[22,28]), which in turn only depend on the constants appearing in (63). We use the
triangle inequality to get

[vlar @) = Z lve a7 3

T/CT

and hence a Cauchy—Schwarz inequality implies that

2 2 2
W@ < Ne 3 orlira < € 3 ool

T'CcT T/'CcT

with N; denoting the number of elements in T. As the mesh is quasi-uniform, N; can
be bounded independently of 4. In addition, the mesh quasi-uniformity condition also
implies that each E/ € 7,(D) is contained in a most a fixed number (independent of
h) of T (with T € 7,,(D3)). Thus,

B=C Y Il
€7, (D)

Combining the estimates for J>, J3 and J4 completes the proof of the lemma. O

Proof of Lemma 7.6 In this proof, C denotes a generic constant independent of 4 and
J defined later. The inequality (4.1) of [43] guarantees that for T € 7, we have
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m
o =7 vl mey < € Y)W v = pllgres,).  form =0,1, (101)
k=0

for any linear polynomial p and v € H'(S;). Here S, denotes the union of 7’ € 7},
witht N7/ #£ @.

Now, we map t to the reference element using an affine transformation. The map-
ping takes S; to S;. Our aim is to take advantage of the averaged Taylor polynomial
constructed in [25], which requires the domain to be star-shaped with respect to a ball
(of uniform diameter). The patch 3’} may not satisfy this property. However, it can
be written as the (overlapping) union of domains D ; with each D ) consisting of the
union of pairs of elements of S; sharing a common face. These D; are star-shaped
with respect to balls of diameter depending on the shape regularity constant of the
subdivision, which is uniform thanks to (63). Hence, the averaged Taylor polynomial
Q; constructed in [25] satisfies (see Theorem 6.1 of [25]), forall v € H P (S ),

||U - QjU”Hl(ﬁj) < C|v|Hﬂ(5]—)' (102)

Taking ”'”5_,- tobe ||~||Lz(5j) or ||'||H1(5_,-) and |'|5,- = |'|Hﬂ(5_,-) in Theorem 7.1 of [25]
implies that (102) holds with D; replaced by S;. This, (101) and a Bramble-Hilbert
argument implies that for v € H#(D) N H} (D),

||U - T[ZZU”LZ(D) + h”v - 7T,‘;Zv||H1(D) 5 Chﬂ|v|H,‘3(D) (103)

Inequality (88) follows from (103) and interpolation.
We cannot use Theorem 7.1 of [25] to derive (87) because of the non-locality of the
norm |- | yp (D)- Instead, we apply Lemma A.1, (103), and the fact that |7TZZ vl ys = 0

to obtain, for v € H(D) N HOl (D),

|v—n,§zv|§iﬂ(D)<C(h2 PIVO =1 02y + D Ivlﬂr(t)>
teT(D)

< [l p)- (104)

The norms in (87) can be replaced by || - || HB(D) and hence (87) follows from (103)
and (104). O
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