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Abstract

We consider the use of complete radiation boundary conditions for the solution of
the Helmholtz equation in waveguides. A general analysis of well-posedness, con-
vergence, and finite element approximation is given. In addition, methods for the
optimization of the boundary condition parameters are considered. The theoretical
results are illustrated by some simple numerical experiments.
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1 Introduction

In this paper, we shall study time-harmonic wave propagation problems in unbounded
waveguides. Waveguides are an important technology with a variety of applications
in acoustics, optical communications and so on. Many applications of waveguides
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are found to be posed in large, effectively unbounded, domains. A challenge for the
numerical solution of wave propagation problems posed in large domains is the con-
struction and application of domain truncation techniques with high accuracy. The
boundary conditions imposed on the artificial boundaries resulting from domain trun-
cation, so-called absorbing boundary conditions (ABCs), should have the following
properties

— the artificial boundary produces as little reflection as we wish and so the solution
on the truncated domain can be made arbitrarily close to the solution on the original
unbounded domain,

— the artificial boundary conditions are easy to implement in the discretized problems
using, e.g., finite elements method (FEM) or finite difference method (FDM),

— the numerical methods incorporated with the artificial boundary conditions are
stable and robust.

Many ABC:s satisfying the properties listed above have been developed, for exam-
ple, nonlocal boundary conditions based on Dirichlet-to-Neumann (DtN) mappings
[3,13,19], high-order local boundary conditions [24,26,27,31], and perfectly matched
layers (PMLs) [2,29]. We note that the design of efficient ABCs is also important
for scattering problems in exterior domains, which we will consider in a subsequent
paper. For general reviews of this subject, see [4,9,15,25,35].

This paper is devoted to developing local high-order absorbing boundary conditions
for time-harmonic wave propagation problems in waveguides motivated by complete
radiation boundary conditions (CRBCs) for wave propagation problems in the time-
domain [17,18]. For time-domain calculations, CRBCs exploit the auxiliary function
formulation proposed in [17], which leads to a more efficient and natural implemen-
tation of high order radiation conditions than those proposed by Higdon [20,21] and
by Givoli and Neta [11]. In addition, it is shown in [17] how optimal parameters can
be chosen based on the simulation time, 7', the separation, b, of sources and inhomo-
geneities from the artificial boundary, and the error tolerance, 7. The parameterizations
are quite efficient, with the total number of auxiliary functions, P, obeying

1 cT
Poxln|—)-In{—, (1.1)
T b
with a positive constant c.

The new method that we shall investigate not only fulfills the necessary requirements
for ABCs but also has certain advantages. First of all, compared with methods based
on DtN mappings [3,13,19], CRBCs do not need the knowledge of eigenfunctions of
the transverse Laplace operator on the cross-section of waveguides and the number of
propagating modes, though easily-obtained partial information on the distribution of
the eigenvalues can be used to improve efficiency.

In addition, as CRBCs are local, the sparsity of the system matrix is retained. In
contrast with earlier local boundary condition sequences or PML, CRBCs are con-
structed to treat evanescent modes as well as propagating modes. Thus they can be
placed quite close to wave sources or scatterers without compromising accuracy. This
fact will be illustrated in the numerical examples later. Here we note that to handle
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evanescent modes the PML width needs to be inversely proportional to the smallest
decay rate of evanscent modes so that it can be arbitrarily wide, whereas in such a
case we can use suitably chosen nodes, e.g., Newman nodes, and guarantee accuracy
independent of how small the smallest decay rate is.

Via the introduction of auxiliary variables, CRBCs, as well as some of the other
methods mentioned above, avoid the higher order derivatives involved in product
boundary operators of Higdon. Hence, these boundary conditions are compatible with
FEM. The literature [10,12,16,31] shows many computational results of these ABCs
for wave propagation problems in time- and frequency- domains incorporated with
FEM. However, the analysis for finite element problems, e.g., well-posedness and
quasi-optimal convergence, has not been available in any case. In the present paper, we
will provide an improved analysis for the finite element application to time-harmonic
wave propagation problems with CRBCs in waveguides. In general, the unique solv-
ability and quasi-optimal convergence of finite element approximations to solutions
of indefinite problems satisfying a Gérding type inequality and the regularity of the
adjoint problem is obtained by an argument of Schatz [33]. Schatz’s argument requires
that the regularity of the continuous variational problem be established and that the
mesh size i be small enough. Thatis, 0 < & < hg, where ho depends on the regularity
constant of the elliptic problem. In CRBC applications, it turns out that the regularity
constant may increase polynomially as P grows (a PML application has the similar
result that the stability constant depends on the width of the layer polynomially [5]),
which means that for large P a smaller mesh # may be required to retain the unique
solvability and quasi-optimal convergence. As the error due to the approximate bound-
ary condition typically converges exponentially with increasing order, this possible
restriction on the mesh is not likely to be important. We note that in our numerical
simulations no dependence on P of the mesh size for the solvability of the discretized
problem or the quasi-optimality of the finite element approximations was observed.

This paper is organized as follows. In Sect. 2 we study analytic solutions of a time-
harmonic waveguide model. We define the CRBCs for wave propagation problems in
the frequency-domain in Sect. 3. Section 4 is devoted to reformulation of the model
problem to a variational form and in Sect. 5 existence and uniqueness of solutions
to the Helmholtz equation satisfying CRBCs is established. Section 6 includes the
convergence analysis of the continuous problem and parameter optimization is dis-
cussed in Sect. 7. We analyze the stability and regularity of the variational problem in
Sect. 8 and discuss the finite element analysis in Sect. 9. Finally, in Sect. 10 numerical
examples that confirm the theories are presented. Note that we cannot directly use
the time-domain analysis in the frequency domain, as in the time domain we use the
finite simulation time, 7', in an essential way. As a result the parameter optimization
problem considered here is different and, in fact, more difficult.

2 Fourier series of solutions to the Helmholtz equation in waveguides
We consider a time-harmonic waveguide problem

Au+ku=0 in Qs (2.1

@ Springer



920 T. Hagstrom, S. Kim

Fig.1 Geometry of the Tn
semi-infinite waveguide £2o in Qoo
R2, I'T=I'yUTIyg
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on a semi-infinite waveguide 2o, = {(x, y) € R x Rl . x>0, ye®),d=2or
3. Here © is a bounded subset of R¢~! with a smooth boundary. (For the numerical
experiments we will specialize to R with @ = (0, W). See Fig. 1). Here k is a
positive wavenumber. For definiteness we assume the lateral waveguide boundary is
sound-hard, i.e., the normal flux is equal to zero,

9 i ,
a—“ =0 on Iy =(0,00) x 90, 2.2)
v

where v is the outward unit normal vector on fT. In addition, we assume that wave
sources come from the west boundary Iy of £2, located at x = 0 and so it determines
the boundary data on Iy,

u=yf only. 2.3)

This models the practically important case where more complicated physics, geometry,
or distributed sources are located in the region x < 0.

Solutions of the Helmholtz equation (2.1) can be expressed in a Fourier series in
terms of the eigenfunctions of the negative transverse Laplace operator

AyY, +22Y, =0 ino,

Y, 2.4
=0 onodo,
av

where A% and Y, are the nth eigenpair. We denote ,u% = k* — )Lﬁ. By choosing
normalized eigenfunctions, we have an orthonormal basis consisting of eigenfunctions
Y,,. Moreover, as
lim u? = —o0, (2.5)
n— o0
there are only finitely many u,zz > 0, infinitely many u% < 0 and there may be
cutoff modes u% = 0. We also note that the asymptotic behavior of the eigenvalues is
well-known (e.g. [6, Ch. VI, Thm. 20-21]): for some constant A

2 2
W, ~ —And-1, (2.6)

Now, under the time-harmonic assumption e~ with angular frequency w, for each
Un, we only take solutions that propagate to the right or are bounded for x > 0,

2n(x) = €.
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This represents a propagating mode for ,u,% > 0 with u,, > 0 and an evanescent mode
for u,% < 0 with @&, := J(uy) > 0. In some cases, there is a mode, a so-called cutoff
mode, associated with i, = 0, for which special care needs to be taken. For ease of
exposition we now assume that there exists N > 0 such that uy = 0, p.ﬁ > 0 for all
n < N and ,uﬁ < 0 for all n > N. However, we will make clear when the absence of
such a mode yields substantial improvements in the error and stability estimates. Note
that extensions to the case of multiple cutoff modes could similarly be obtained.

Thus, a general solution to the Helmholtz equation satisfying the outgoing radiation
condition is represented by the Fourier series

o0
u(x,y) =Y Ape Y, (y)
n=0
N o ) 2.7
=Y AV () A+ D Ane Y (y),
n=0 n=N+1

which is a superposition of finitely many propagating modes (including a cutoff mode)
and infinitely many evanescent modes. Here the Fourier coefficient A, is determined
by the sources from I'yy,

m=/u@wn@m»
]

The constant C throughout the paper is a generic constant and may be different
at different places, but it does not depend on functions. Where the dependence of
constants on the parameters of the approximate radiation condition are important we
will indicate the dependence via a subscript, C,,. We remark that the construction and
analysis can easily be extended to problems with variable coefficients depending only
on the transverse coordinates, y, including the important case of layered materials.
Also, the theory can be established for a case where the domain §2,, includes any
bounded smooth cavity with any inhomogeniety in x < 0, and the analysis for this
case can be found in [23].

3 Complete radiation boundary conditions

Complete radiation boundary conditions were introduced in [17,18] to provide a
rapidly convergent local boundary condition sequence for time-domain calculations.
Fundamental differences between the time-domain and frequency-domain cases are:

i. In the frequency domain only a discrete set of modes exists, while in the time
domain we must consider the continuum of modes present as k varies along an
entire inversion contour;

ii. Inthe time domain we are only concerned about accuracy up to the simulation time,
T, which allows for the continuation of k in the complex plane. In the frequency
domain this would be akin to solving a limiting absorption approximation to the
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Fig.2 Geometry of the I'n 0
truncated computational domain N 00
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Helmholtz system, and thus the size of the imaginary part would be tied to the
accuracy.

Directly, the conditions proposed in the time domain can be simply translated to the
frequency domain by the replacement c‘1% — —ik, where ¢ is the wave speed.
However, both the analysis and parameter optimization differ.

We truncate the unbounded strip 2 to a bounded region £2, = (0,b) x O,
whose east boundary I'g is located at x = b (see Fig. 2). The problem in the finite

computational domain £2;, is

Au+ku=0 in$2p, (3.1
3
3—” =0 inl7 =(0,b) x 00, (3.2)
vV
u=f onTly. (3.3)

To close the problem, we need to supplement it with the CRBC on the east boundary
I'g. The boundary condition is defined by the following recursive formulas satisfied by
auxiliary variables ¢;, that also satisfy the Helmholtz equation (3.1) with the sound-
hard boundary condition (3.2) on I'7:

$o = u,
0 0 (3.4)
o T4 )=\ 37 T4 )P+
for j =0,1,2,..., where a; are parameters to be chosen for reducing reflection from

the artificial boundary. As motivation we note that the recursion terminates if u is a
superposition of modes annihilated by one of the operators (% +aj). The parameters
aj are chosen as follows:

—ikcj forj=0,...,np, —1,

g . 3.5
4j {ojnp forj=np,,....,np,+ne 3.5)
with

O<cj=<lforj=0,....,n,—1, and 0 <ojforj=np,,...,np+n. (3.6
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In practice, the parameters we take satisfy
un—1 <kc; <k and fiyy1 <o0j < M,, 3.7

where 1 y—1 represents the smallest axial frequency of propagating modes and [ty 1
is the smallest decay rate of evanescent modes. Also, M, is an upper bound for the
decay rates o of evanescent modes that the CRBC can damp effectively and it can be
chosen so that e=M7? is less than an error tolerance of numerical simulations. These
bounds and selection of parameters in practice will be discussed in more detail in
Sect. 7. We could choose repeated parameters a;, however from now on we assume
that a; are all distinct since the parameters in the optimal selection are all different.
These recursions are terminated by

¢n,,+ne+l =0 onlFE. 3.8)

Here (n), n.) is called the order of CRBCs and let P = nj, + n,. If a; is selected
to be purely imaginary so that kc; = p, > 0, then the recursion exactly eliminates
the corresponding propagating mode, and if a; is chosen to be real so that o; equals
the decay rate [i, of an evanescent mode, then it does not produce reflection of the
corresponding evanescent mode.

Remark 3.1 As suggested for time-domain problems in [17], we may also use param-
eters a; of the form
ajZUj—iij (3.9)

for j = 0,..., P with the conditions (3.6). In this case, although the recursions
do not annihilate any mode exactly, they damp reflection of propagating modes and
evanescent modes simultaneously. In this paper, however, we only investigate CRBCs
employing a; as given in (3.5), which are generally more effective for frequency-
domain problems.

For numerical implementation of these boundary conditions, we need to eliminate
the derivative of the auxiliary variables with respect to the normal direction from the
recursive formulas (3.4). To do this, we apply the operator d/dx to the Eq. (3.4) for
the (j — 1)th and jth recursion, which yields

92 92 9 9
W‘ﬁj—] + m(ﬁj = aj—laf,bj - aj—la‘ﬁj—l, (3.10)
and
92 92 9 9
2%t g abir = a5 bjt —ajod). (3.11)
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Here we eliminate d¢;_1/dx from (3.10) and d¢p;41/9x from (3.11) by using (3.4)
for the (j — 1)th and jth recursion, respectively, which shows that

9? 9? 3 3
W¢j—l + @d)j = aj—l£¢j —aj-1 _£¢j taj19j—aj-19;-1

0
= Zaj—la—x¢j - a]2'_1¢j + a12-_1¢j—1,
(3.12)
and

9* 9? 9 9
520ty atini=aj =500 T aibin —ajdj | —aj5=d;

d
=4@a@+#wﬂ—ﬁ@. (3.13)
Now, multiplying (3.12) by 1/a;—1 and (3.13) by 1/a; and subsequently adding them
together produces

2 32 82
Lijmigga@int ¥ hiiga®i t biiviga®in (3.14)

+M; i pj1+M;jp; +M; jr1¢j+1 =0,

where
I 1 I 1 n 1 I 1
1= i = -, il = —,
Jii @ METo TG Ji a
Mj i | =—aj, Mjj=aj 1 +aj, M;j i1 = —a;j. (3.15)

To find the connection between the solution u(= ¢) and the auxiliary variables on
I'r, as in the above derivation, we have

82¢ + 82¢ 3¢ 8¢
- - = an— — ap—
9x2 0 2t 05 1 4050

ad ad
=ao | —7=¢0 +aopr —aopo | — ao—¢o
ax ax
d
= —2a0—¢o + ajé1 — aj¢o.
ax
Therefore,

28¢>—1 82¢+82¢> + aod ¢ (3.16)
ax00= oo\ g0t 5% ) +aodo —aodr. .

To obtain our final system, with
1
Loo = — and Mo, = ao,
ao
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Complete radiation boundary conditions for the Helmholtz... 925

we define L and M by the (P +1) x (P + 1) symmetric (but not Hermitian) tridiagonal
matrices whose non-zero elements L; ; and M; ; are given as above, respectively. We
can write the boundary condition in matrix form

p u e—L82¢+M¢
ax ) 0T Tox2 ’

where e; is the standard (P + 1) x 1 basis vector whose non-zero element is one at
the jth component and @ = (¢, ..., ¢p)" with ¢o = u on I'g.
Finally, the Helmholtz equation removes all x-derivatives in the equation,

ou 2
- 28_ eOZ—LAyd)-F(—k L+M)§D.
X

Thus the model problem completed by the CRBCs on I is to find functions u defined
in 2, and @ = (¢, ..., ¢p)" defined on I'r with u = ¢ on I'g such that

Au+Kku=0 inp, (3.17)
9
M _0 onrly, (3.18)
Jv
u=f only, (3.19)
9 ~1
#&0=-504¢5¢+4—HL+A0¢)(m[g (3.20)
X
with
)
0 onorlg. (3.21)
dv

Remark 3.2 A similar algebraic computation for time-domain problems, in which the
contribution of evanescent modes is not negligible, can be found in [16]. For time-
domain problems the process of removing the d/dx operators required a seam function
to transit from the recursions for propagating modes to those for evanescent modes,
which is not needed in the recursions for frequency-domain problems as time deriva-
tives are not involved and there is no difference between recursions for propagating
modes and those for evanescent modes.

4 Variational reformulation
In this section, we reformulate the problem (3.17)—(3.21) to a variational form for a
given order (1, n.) of CRBCs withn ,+n, = P.We begin by defining the appropriate

Sobolev spaces,

H'(2) = {& e H'(2) : &l € H'(ITp)),
Hy($2y) = (& € H'(2,) : £ =00nI'y}.
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926 T. Hagstrom, S. Kim

In the sequel, we will use the notations (-, -)o, and (-, -) , for the L2-inner product
on §2, and I'g, respectively,

For the space of auxiliary variables, we first introduce the symmetric positive defi-
nite matrices £ and M, which are obtained by replacing a; with |a;|in L and M, and
define

P

17 = (LD, D)y = Y

j=0

1

. . 2
|aj| ||¢j + ¢j+l ”LZ(I‘E)s

P
P15 =MD, D)y = Y " lajlld; — j+1l72p,,

Jj=0
andforf{ =1,2
Py P
1PIZ, = w1t Si+ilgeryy NP1 =D lajllie; — bl
j=0 j=0

for® = (¢, ..., ¢p) € (L>(I'g))’+! with ¢p, 1 = 0. We define the Sobolev space
Vi = (H'(I'g))P*! with the norm

1215, = 1PIZ, + 1215

which is equivalent to the standard product norm of (H L(rg)P*! but the constants
involved in the equivalence may depend on P. Furthermore, we introduce fractional
Sobolev spaces H*([g) for —1 < s < 2 characterized by the norm

o0

el 3gs )y = DO + D lun]?
n=0

foru =302 unYy.

Remark 4.1 We note that H* (I'g) for3/2 < s < 2inthis paper is different from a usual
fractional Sobolev space. In this case, H* (I'g) is the space of functions which are in a
usual fractional Sobolev space obtained by real interpolation [H 1 (I'e), H 2(I"E)]S_l
and whose normal derivatives vanish on d I'g. However H*(I'g) for —1 <s < 3/2 s
a usual fractional Sobolev space

[(H'(Te))*, L2 (I'g)ls41, —1 <5 <0,
H*(I'g) = { [L*(I'g), H (I'e)1s, 0<s<l,
[H'(I'g), H*(I'e)]s—1, 1<s<3/2

with (H'(I'g))* the dual space of H'(I'g).
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If we use the same notations || - ||z and || - || o4 for vectors in C +1, the norm in
V r can be written as

o0
IR, =D Ca+ DIS"IZ + 19" Iy
n=0

for functions @ in V . with Fourier series @ = Z;‘;o oY,
The solution space V is defined by
Vi={(u®) e H Q) xVp, : u=¢y onIlfgfor® = (¢o.....¢p)'},
which is equipped with the Sobolev norm
G, @I = Nl 31, + 191, -
We note that since V is closed in H'(§2) x (H'(I'g))* 11, it is a Hilbert space. For

regularity estimates, more regular spaces V%E and V? are required, where V%E is the
set (H2(I'g)) ! with the norm

o
1915 = I@IZ 5+ 1@ 151 = DG + DXL IZ + O + DIP Iy
E n=0

(which is also equivalent to the standard product norm in (H 2(F %) P+ and VZisa
subspace of V consisting of (u, @) satisfying

2 . 2 2
I @Iz =l + 1915, < oo

Finally, we introduce the test space V, the set of functions (&, ¥) € ﬁol (2p)x Vg
such that & = g on I'g for ¥ = (Yo, ..., ¥p)". Now, we take a test function
(&,¥) € Vo, multiply (3.17) by 2& and (3.20) by 2¥, and integrate them by parts,
which transforms the problem (3.17)—(3.21) to the variational problem of finding
(u, @) € V withu = f on I'y such that

A((u, @), (§,¥)) =0 4.1)
for all (¢, %) € Vg, where
A, @), (6. 9)) = 2(Vu, V&) g, —2k2(u, &), + J (@, %),  (42)
and

J(@, W) = (LV,y®, VW), + (=KL + M)®, W),
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928 T. Hagstrom, S. Kim

is the sesquilinear form defined on V. x V.. Also, we define

A, @), (£, W) =2(Vu, VE) g, +2(u, ) g, + (@, ¥)
and

J(@,W) = (LV,®, Vy W), + (LO, W)y, + (MP, )y,

where M isthe (P + 1) x (P + 1) tridiagonal symmetric matrix whose components
are the complex conjugate of those of M.

Lemma4.2 For &,V in (L*(I'g))" 1, it holds that
(LD, V)| < 1Pl I¥lic,

((M®, ¥)ry| < [@IMmIP M-
(M@, @) ry| < @I MmI¥ I

Proof Noting the symmetry of the matrix L, application of the Cauchy—Schwarz
inequality shows that

P
1
(L@ el =D — (@ +bje1. ¥+ Vye0re | < IPUcl®lz 43)
j=0"/
The other cases are proved similarly. O

The boundedness of J and J is easily obtained from Lemma 4.2.

Lemma4.3 For @, ¥ € Vy, it holds that

[J(®, )] < Cl® v, 1%y, ,
[T(@, @) < Cll@llvy, 1¥]lvy,

with a positive constant C depending only on k.

The following boundedness and coercivity of the sesquilinear form A(-, ) will play
an important role for the existence of solutions in the next section.

Lemma 4.4 It holds that

A, ®), & ¥))| < Cllw, DY VIE )y

and
|A((u, @), (u, @))| > Cli(u, D)}

forall (u, ®), (&, ¥)eV.
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Complete radiation boundary conditions for the Helmholtz... 929

Proof The boundedness of A- (-, -) is an immediate consequence of Lemma 4.3 and the
Cauchy-Schwarz inequality. For the coercivity, we firstexamine the real and imaginary
parts of A((u, @), (u, D)),

R(A((u, D), (u, D)))

np+ne

2 2
= 20l g, + 2. (a—/nvyw,- +¢j+DI2 ) “d)
J=np N

1 2 2
+ Z”f]ﬁ/ + ¢j+l||L2(FE) +aj||¢j - ¢j+1”LZ(FE)>

and ~
S(A((u, @), (u, D)))

np—1

Z 1 2
- = (|Clj| ”Vv(d)] + ¢j+1)”L2(['E) (45)
1 2 2
+ ] #j + @i+l T lajllle; = bjrili2ry |

and we obtain that

|A((u, @), (u, @))| = COMA((u, D), (u, D)) + J(A((u, D), (u, P))))
= C(lul}i g, +1217,,),
which completes the proof. O

We close this section with a lemma about a property of the norms || - || 2 and || - || a1,
which will be used for the stability analysis of cutoff modes.

Lemma 4.5 Let aj be the parameters defined by (3.5) satisfying (3.7). It holds that
[@llz = Ca(P + DIPI M

for @ € CP* ywhere C, is a constant depending on maxo<j<p{1/la;|}.

Proof Noting that
P P
Yolbe+ e CP+ 1D Igr — peq
=0 =0
for @ = (¢y, ..., pp)" € CP+! with ¢p+1 = 0 (see e.g., [34]), it can be proved that
P P
17 =Y LA +eril® < Ca Y b + el
=0 =0
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P
< Ca(P+ 1) e — desi P < CLP + D@1
{=0

5 Existence and uniqueness of solutions to the Helmholtz equation
with the CRBCs

This section is devoted to establishing the existence and uniqueness of solutions to

the problem (3.17)—(3.21). For establishing the uniqueness of solutions, assume that
f = 0on I'y and let the solution u be represented by the Fourier series

u(x,y) = (AN + BN)Yy(3) + Y (Ape™ + Bye Y, (y).  (5.1)
n# N

The boundary condition on I'yy implies

A, =0 forn=N, 5.2)
Ap+B,=0 forn#N. 5.3)

Let C? and DY be the Fourier coefficients of the trace of u and du/dx on I'g,
respectively,

0 — B,b forn= N,
n — Anelltnb + Bne—lll«nb forn # N, 5.4)
Do — By, forn = N, '
" | ipn(Apettn? — Bye~itnby forn #£ N.
The auxiliary variable ¢; on I'g has the Fourier expansion
o .
$; () =Y CaYa(y).
n=0
Now we note that the vector C, = (CY, ..., CF)" consisting of the nth Fourier
coefficients of the auxiliary variables satisfies
—2DJey = (—ppL + M)C,y. (5.5)

2

:» the nth Fourier

Indeed, since Y;, is an eigenfunction associated with the eigenvalue A
mode of the right hand side of (3.20) is

-1 -1
— O LGy + (=KL + M)C)Yy = —(=piz L + M)C, ¥,
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while that of the left hand side is D,?ean. Applying the inner product (-, -)cr+1 in
CP*1 of (5.5) against C, leads to

_ZDSC_'S = —,[,LZ(LC,,, Cn)(cP+l + (MCn» Cn)(CP‘H

P 2
- . 1 . . (5.6)
=) [—a.” G+ Ca P + a1 Ci — C,4“|2],
j=0="

where C,{ is the complex conjugate of C,{ and C,f’“ = 0. Owing to (5.3) and (5.4),
the left hand side of (5.6) is given by
AnS(An By ™y — 201, (| Anl? = |BulP)i= —4panl An P30 (5.7)
for n < N (propagating modes, u, > 0),
2010 (|Anl?e 21" —| B, P2 P) 4471, 3 (A By)i= 2fin] Anl* (e — 210) (5.8)
for n > N (evanescent modes, M% < 0)and
—2b|By|? (5.9)

for n = N (cutoff mode, u, = 0).
Now, we are ready to prove the uniqueness of solutions.

Lemma 5.1 Suppose that the parameters a; are given by (3.5) and k is a positive
wavenumber. Then solutions to the problem (3.17)—(3.21) are unique.

Proof Forn < N (12 > 0), by (5.6) and (5.7)

np—1

2
~ i —K j j+1 . j i+1
—4pn| A PSPy = N [Tg_m{ + G P —ike;|Cr = G ﬂ
; - J

2 , _ _
+ ) [—lf”lc,{+cr{+‘|2+a,-|c4—cf‘|2]. (5.10)
J

Comparing the imaginary parts of both sides, we see that
C) =0forj=0,....n, and n=0,...,N—1. (5.11)
In addition, since C,? = C,ll = 0, it follows from the zeroth row of (5.5) that D2 =0,
which yields that A, = B, =0forn =0, ..., N — 1 by solving the Eq. (5.4). Then,
(5.5) becomes
(=L + M)C, = 0. (5.12)
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Since the superdiagonal entries of —u;; 21, + M below the (n p — 1)throw are non-zero,

2 2
—ﬂ—aj =—ﬂ—aj <0
(lj Uj
for j =np,...,np + n., applying forward substitution to (5.12) from the 7 ,th row

by using C;; = 0 for j =O,...,npgivesC,i =0forj=n,+1,...,np+ne.
Forn > N (,uﬁ < 0), (5.10) with (5.8) used instead of (5.7) leads to

np—1

2
o —2ji 7 i+1 . i i+l
2fin| AP (€720 — Py = [_zk G+ G P — ke |G = G d
j=0
np+ne
+ Z[ Icf+cf+1|2+o,|cf c,{“ﬁ}

J=np

Since the real part of the left hand side is non-positive while that of the right hand side
is non-negative, they need to be zero, which implies that A,, = B, = 0 and Cl=0
for j = np,...,np +n.. We observe that A, = B, = 0 implies DS = 0, and so
again from (5.5) obtain the linear equation (5.12) as above. In this case, since the
subdiagonal entries of — M,,L + M above the (n, + 1)th row are non-zero,

2 2
—Hn My .
—aj = +ikc; #0
aj / —iij e 7
for j =0,...,n, — 1, we solve (5.12) by backward substitution from the n,th row
by using C; = 0 for j = Np,...,np + n, and then we can see that C; = 0 for

j:O,...,n[,—l.
Forn =N (,uﬁ = 0), (5.6) becomes

np—1 np+ne
2 ; J Jj+12 J Jj+12
—2b|By|” = E _lkcj|Cn -G I+ E oilCh — Cy " |
j=0 Jj=np

By comparing the real and imaginary parts of both sides, it can be easily shown that
C) = 0 for all j = 0,..., P. In addition, due to CR, = Byb and (5.2), we have
Ay = By =0. )

Finally, the fact that A, = B, = 0 and C) =0foralln >0 and j =0,...,P
results in u = 0in 25 and ¢; = O on I'g for j = 0, ..., P, which completes the
proof of the uniqueness of solutions. O

Theorem 5.2 The problem (3.17)—(3.21) has a unique solution (u, @) € V.
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Proof By invoking Lemma 4.3, we can show boundedness of A(:, -), i.e., there exists
a positive constant C such that

[A((u, @), (5, ¥))| < Cill(u, D)€, ¥)llv.

Furthermore, Lemma 4.3 and Lemma 4.4 show that there exist positive constants C3
and C3 such that

A, @), (u, ®)) = A((u, D), (u, ®)) = 206> + Dull7s g,
— (K +1D(LD, ), + (M — M)D, D), (5.13)
> Coll, DIy = Ca(lullfa g, + IPIZ + 19154

for all (u, @), (,¥) € Vy. Since Vj is compactly embedded in L2(82p) x
(L%2(I'g))P*!, the existence of solutions is a consequence of the Fredholm alternative
theorem and the uniqueness of solutions given in Lemma 5.1. O

In the proof, it is not established how the stability constant depends on the number
of parameters, P + 1. This will be studied in more detail in Sect. 8.

Remark 5.3 Let V{ be the dual space of V with the norm

||g|| - sup M
K 0£E,w)ev, 1€, Vllv

for G € V. The same argument used in the proof of Theorem 5.2 can show that the
problem A((u, @), (§,¥)) = G, W) for all (£, ¥) € V( admits a unique solution
in Vo.

We can find a formula for the approximate solution u and ¢ satisfying the CRBC on
I'r in terms of a prescribed condition f € H 172(I'w). To this end, let f € H'/2(I'y)
be a boundary datum, which has a Fourier series

fO)Y =) fa¥a ),

and introduce

Zoa +i
n H—E Hn form > j,
Qj’m =1 jag—lu,, (5.14)
1 form < j,

forn # N.Now, ¢; in the recursions (3.4) are represented by a Fourier series similar
to (5.1),

$;(x.y) = (Al + BI0)YN() + D (Ane'™ + Ble )Y, (y)
n#N

with A0 A, and B
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Non-cutoff modes, n # N: By (3.4) it is easily shown that

. +1 . j
(aj —ipn) AL = (aj + i) As, 515)
(aj +ipn)Bi T = (a; —ipn) B

forall j.Ifaj +iu, # Oforall0 < j < P, then it holds that

1
Q0,j-1

A£=Q8,j—1An and B] = B, for 0<j=<P.

The coefficients A, and B,, of the approximate solution « in (5.1) are determined by
the system of linear equations

An + Bn = fn’
ei””bQS,pAn + (eiM"ng’P)_an =0,

from which one can easily see that

In — (e O b)? fr

Ay=——F—F————— and B)= ——— ——.
T (b Qg p)? T L= (e O p)?

(5.16)

Ifaj+ip, = 0forsome j, then a similar computation shows that A} = ngj_lAn

and B,{ = 0 for all j and hence (5.16) is still valid.
Cutoff modes, n = N : By the recursive relations (3.4), we observe

) " ) ) . "
Bl = B\, Bl +ajAy =—By" +a;A)", (5.17)
which implies
. . ! 1
By =By and Ay =Ay+2) —By
ag
=0
for j =1, ..., P. From the boundary condition AV = fn and the terminal condition
AN+ Bib =0, (5.18)
we find
—fn

AN = fN and BN = (519)

b+2Yt ga;it

The formula (5.19) reveals the convergence of cutoff modes provided ) f:o a;] —

oQ.
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We note that better results if a cutoff mode is known to be present could be obtained
by changing the termination condition (3.8) to

)
—¢pr+1 =0, (5.20)
0x

since cutoff modes do not have any variation along the axis of the waveguide. In fact,
the CRBC terminated by (5.20) yields coefficients A, and B,, of approximate solutions
such that

— (e O p)? fr
1+ (eltb Qf )2

In

—————— and B, =
14 (eltnb Qp )2 !

n =

which converge to the exact coefficients at the same rate as those of (5.16) by the
Dirichlet condition, but Ay = fy and By = 0, which coincide with those of the
exact solution. However this would change the form of the boundary system and
require further analysis. Thus we do not consider it here but refer readers to [23].

Alternatively, we can guarantee rapid convergence independent of the distribution
of eigenvalues by using Newman nodes which converge to 0 geometrically, for example
Newman’s nodes a; = —ikel/VP for propagating modes and/or their analogous form
in the evanescent regime [7,22]. Even though it turns out that with such a choice our
bounds on the stability constants degenerate with e‘/F, our experiments, presented in
Sect. 10, indicate the discretized problem keeps a convergence rate expected in the
continuous level with increasing P as long as the problem is discretized with small
mesh size compensating the degenerating stability constants.

6 Convergence of approximate solutions satisfying CRBCs

In this section, we show convergence of approximate solutions satisfying CRBCs. As
we have seen above, the error of the cutoff mode is estimated in terms of

P
_ —1,—1
Sp=1b+2) a;'l™,
j=0

which approaches zero as the order P increases. For non-cutoff modes the error is
controlled by the following factor

np—1 a'—l—iu 2
J—,n forO<n <N -1,
aj — lln
nb 2
0y | =17,
e~ Pnb l_[ 4j = Hn M" for N +1 <n.
j=np a/"‘ﬂn
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Since lim, o0 | Qg p| = 1, the error does not decay exponentially as a function of

P. However, since the factor e/#»? decays exponentially for large 1, we can bound
the error almost by an exponential function of P (except for the cutoff mode) in the
sense of the following theorem. The optimal choice of parameters would depend on
a knowledge of the axial frequencies w,, fi,. Later on we will advocate a simpler
approach based only on the knowledge of intervals containing the axial frequencies.
We then introduce the min—max problems determining the reflection coefficients for
eachn # N,

ny—1 .
' P aj +in 2
pp = min max 1_[ —_ 6.1)
aQ; -+ an p— 1€iR_ uy—1<n<k =0 (lj —1n
np+ne -
. aij 7]
Do = min _ max e 1_[ < (6.2)
Anpyseoslnptne ERY N1 SH<Mo aj+n

Here we recall that M,, is determined by e~™7” less than an error tolerance. It is

shown in [30] that the reflection coefficients can be reduced at an exponential rate
with respect to the number of parameters used,

—Cnp/In(k/uN—1)
pp <e ,
P 6.3)

Pe < e_llN+Ibe_Cne/1n(Ma/llN+l).

by selecting parameters which satisfy (6.1)—(6.2). These are easy to compute in practice
using the Remez algorithm, and in the case of (6.1) they are known analytically (see

[7D.

Theorem 6.1 Suppose that f isin H'/*>(I'y), u* is the exact radiating solution to the
problem (2.1)—(2.3) and u is the solution to the problem (3.17)—(3.21). Then it holds
that

llu — uex”Hl(_Qh) < CopMg,np,n)ll fllgzay) (6.4)

where

(Mg, np,n.) = max{Sp, e*C”p/ln(k/MN—l)’ e*llN+1be*C”e/ln(Ma/llN+l)7 e*Mab}'

Remark 6.2 We have not attempted to sharply estimate the dependence of the inequality
(6.4) on the wave number k, or on the k-dependence of inequalities (8.3), (8.4), (9.3),
or (9.4). From the arguments given we can only derive bounds which grow very
rapidly with k. Numerical experiments with k as large as 100 show that the actual
k-dependence of the stability and error constants is in fact quite mild.

Remark 6.3 Note that the term Sp is absent if no cutoff modes exist. Then we have
that with node choices satisfying (6.1)—(6.2) and an error tolerance t
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ren(t) n(u(2)

To prove Theorem 6.1, we start by studying the regularity of solutions satisfying
the exact radiation condition given by the Dirichlet-to-Neumann map on the artificial
boundary I'g. For0 < s < 2,letT : H'(Ig) — H*~Y(I'g) be the Dirichlet-to-
Neumann map defined by

suffices.

o0
Tv = ZiunvnYn
n=0

forv = Z,O;O v, Y, in H*(I'r). We consider the problem with the exact boundary
condition associated with the Dirichlet-to-Neumann map 7': For g;, € H*(£2p) and
8bd € HS+1/2(FE) with —1 < s <0,

Au + Ku = gin in  $§2p,
du

u=0 only, — =0 onlTp,
av

a
o Tu=gp onTl%. (6.6)
ox

As in [3], it can be shown that the regularity of solutions satisfying the exact boundary
condition holds by transforming the problem to one without the Dirichlet condition
on [y via the odd reflection with respect to Iy .

Lemma 6.4 Forgi, € H*(2y) and gpq € H*TV/2(I'g) with —1 < s < 0, the problem
(6.6) admits a unique solution in H*%(82y). Moreover, there exists a positive constant
C such that

lull gs+2(2,) < CUIginllHs(52,) + 186l s+12(p))-

Now, the proof of Theorem 6.1 is as follows.

Proof of Theorem 6.1 We first note that the error function z = u — u®" satisfies
Az +Kk*>z2=0 in 2y,

9z
z=0 onlw, —Z=0 on I,
ov

0z
— —Tz=gpa onlg,
0x

where gpq has the Fourier series
ou —1

2zu e’“"b(Qo P>2
8d=——Tu= —fNYN+ JnY,

(6.7)

by using (5.16) and (5.19).
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Let N, > N be the largest integer such that iy, < M. Since |1 — (ei“"bQ8’P)2|
is bounded away from zero for all » > 0 and lin)? < C(A% + 1) for alln # N, by
(6.3) we obtain

2
Z o—2Cnp/ I/ 1) |tn fnl

2 _—
”gbd”H—l/Z([‘E) =C (1+ )»%)1/2

0<n<N-1

n Z o—2inb y=2Cne /(Mo /it 41) |t fl?
(1 +A2)172

N+1<n<N,
_ |Mnfn|2 1
+ Z 2M5b niz |fN|
Not1=n AV b2y a;!

S Cp(Mo'v np» ne)2||f||%11/2(pw)~
Finally, Lemma 6.4 completes the proof of (6.4). O

Remark 6.5 When the parameters a; are chosen such that
aj=—ipjforj=0,...,N—1 and a;=jjy forj=N,..., P,

the CRBCs behave as the exact boundary conditions for the important P + 1 modes,
which are all propagating modes combined with slowly decaying evanescent modes.
These are the modes which would produce the largest reflections without efficient
absorbing boundary conditions. Since QS,P =0forn=0,...,Pandn # N, the
error is estimated as

lu — u Nl g1y < CSp+e PN Fllyiziry),

where again Sp is absent if there are no cutoff modes.

7 Parameter selection

The general error formulas derived in the preceding section can be used to guide the
selection of optimal parameters. Experiments with an automatic parameter selection
algorithm will be reported elsewhere; here we will make selections which, though
suboptimal, show that the number of parameters will be small even for difficult cases.

Optimal parameters for a fixed P, chosen independent of f and minimizing the error
in the Fourier coefficients at x = b, would be those which minimize the maximum
overn # N of

Q1 ) ‘ for p2 > 0,

p=|=etP(Qf p)| =
0. b (1 )2‘ for p2 < 0.

(7.1)
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Note that the number of propagating modes is finite, as is the number of evanescent
modes satisfying e7#* > ¢ for any error tolerance 7. The remaining evanescent

modes are sufficiently small at the boundary, so the value of ‘(Qg’ P)z‘ < 11is unim-

portant. Moreover, the number of important modes increases with increasing k; for
k small it is feasible to directly compute this small number of modes and choose
parameters which are exact on these modes. (For a discussion of conditions using a
different set of auxiliary variables which are exact for propagating modes, see Bendali
and Guillaume [3].)

Here we look at the simpler problem of minimizing p over an entire interval rather
than over a discrete set. We introduce the following scalings:

n=u/k Gi=i/k), aj=aj/k, b=2mk "n,
where n;, is the number of wavelengths of the normally propagating mode, ¢/**, on
the interval [0, b]. Now, we explicitly assume that i, # 0; that is the cutoff mode is
absent. To perform the optimizations we quantify the gap in the spectrum near 0

" =c¢ and i =g (7.2)

for some constants ¢y and go. In real situations, cp and gg would be some constants
approximate to the smallest axial frequency, uy—1, of propagating modes and smallest
decay rate, [iy+1, of evanescent modes, respectively. We then consider the reflection
coefficients

i aj+in 2
co=n= =0 J n
np+ne | .
_ —2mny 0
Pe = Max e . (7.4)
‘T iz 1__11[17 aj + 77‘

For fixed values of n, and n., we can compute optimal parameters using the Remez
algorithm (see, e.g., [30]). For instance, consider the truncated waveguide £2;, defined
with W = 1, b = 0.1. When the wavenumber is k = 100, there are 32 propagating
modes involved in acoustic pressure fields. For n, = 4 and n, = 3, the Remez
algorithm applied to minimization of the maximal reflection coefficients (7.3) and (7.4)
produces the damping parameters with which the graphs of the reflection coefficients
as a function of n are presented in Fig. 3. It indicates that reflection of all propagating
modes and evanescent modes can be reduced up to 3.9590 x 107% and 5.3492 x 107>,
respectively. Here the upper bound for 7 in the Remez algorithm is determined in a
way that the modes between the vertical green lines damped effectively. Note that
our simple Matlab implementation of the Remez algorithm, which uses a geometrical
sequence as an initial guess, has converged rapidly for all the cases considered here.
The authors will provide it to any interested readers.
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Fig.3 Reflection coefficients of 100 - : —

lopl and |pe| as a function of n —o—|p,|

with the optimal parameters —— | pe|

obtained by Remez algorithm — ——3.9590e-06
5.3492e-05

10

ool or [pc|

10718 : . :
0 20 40 60 80

To determine the smallest P for a given tolerance, 7, as a function of cq, go and n;,
we simply find the smallest values of n,, and n, such that the optimal nodes chosen
by the Remez algorithm lead to p, < 7, p. < T.

Note that these approximations can be directly related to optimal approximation of
the square root function, which was solved by Zolotarev using elliptic functions [30].
The error estimates developed in [7,22] state the error in the Zolotarev approximation
of degree (d — 1, d) on the interval [zg, z1] to be of the order e~d/InG1/20) | For
propagating modes this implies

1 1
np «In (—) -In <—) (7.5)
T co

For evanescent modes we note that the largest value of 7 is relevant scales like
nzl In ( ! ) Thus we conclude that

(2) 2 () +(2) o ()
nexIn{—1]-In +In{—)-Inln(—). (7.6)
T ngo T T

We carried out the optimizations discussed above for the parameters

co={1072,107%}, go = {1072, 107%}, n, = {1, 0.1}, T = {1073, 107°}.

The results are shown in Table 1. Based on the Remez algorithm the results are con-
sistent with the estimates (7.5)—(7.6). We emphasize that these results are definitely
suboptimal as they do not take account of the actual modal distributions. Methods
for constructing better parameters may be based, for example, on rational Krylov
algorithms [8,14,28] applied to the finite element discretization of the cross-sectional
Laplace operator.

In practice, then, we recommend the following procedure to select the method
parameters. Given a choice of b, which can be taken as the separation between the
radiation boundary and any sources, scatterers, or inhomogeneities, and an error tol-
erance, T:
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Table 1 Number of terms .
P, th (3.5

needed to meet the tolerance, t, <o 0 " ’ opt With (3.5)
for select values of ¢, go, and 10-2 10-2 1 10-3 10
ny

102 102 1 105 16

102 102 0.1 1073 12

1072 1072 0.1 1075 18

1072 104 1 1073 14

102 1074 1 10-5 21

1072 1074 0.1 1073 16

102 1074 0.1 1075 24

10~4 102 1 1073 14

1074 1072 1 1073 22

104 1072 0.1 1073 16

10~4 1072 0.1 1073 25

10~4 10~4 1 1073 18

1074 10~4 1 1073 28

10~4 10~4 0.1 1073 20

1074 1074 0.1 1073 31

i. If possible estimate the number of important modes; in many cases this can be done
based on the frequency, &, and the geometry of the cross-section using standard
inequalities on the spectrum of elliptic operators [6]. If this is small enough, for
propagating modes, evanescent modes, or both, application of a Lanczos algorithm
[32] will produce them at minimal cost. Then choose the parameters to exactly
absorb these modes.

ii. If the use of exact conditions is deemed inefficient, again for propagating modes,
evanescent modes, or both, use the Lanczos algorithm to compute the eigenvalues
nearest k% and use that information to define the intervals for input into the Remez
algorithm.

8 Stability and regularity of the variational problem
In this section, we study the stability and regularity of the variational problems
A((u, @), 6. ¥) = (fs. 5y 8.1
for all (§, %) € Vo with f; € L2($2p) supported away from I'g, and
A((u, @), 6, ¥) = (LY, ¥)r; (8.2)

for all (&, ¥) € V( with the source LY, T € (L*(Ig))P+! being given as auxiliary
variables. The study of the problem (8.1) suffices for verification of the stability and
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regularity of solutions to the problem (4.1) since the boundary value problem can be
reduced to the source problem due to a lifting of the boundary condition. Also, these
results will come into play in the finite element analysis.

8.1 Stability and regularity of solutions to Problem (8.1)

We note that the problem (8.1) has a unique solution in Vo by Remark 5.3. The
energy norm estimates for the solution # and the auxiliary variables @ are given in
the following theorem.

Theorem 8.1 Let a; be the parameters defined by (3.5) satisfying (3.6). Then for any
fs € L%(82y) supported away from T'g, the solution (u, ®) to the problem (8.1)
satisfies

lull g, < Clifslliizg,)

and

I@llvy, = Ca(P+ DIlfsliz2gy)-

In addition, the regularity result holds,

lullp22,) < Cllfslliza, (8.3)

and
@1y, = Ca(P + DIlfsllz2g,)- (8.4)
E

If cutoff modes are excluded, the constants C, for the stability and regularity estimates
are independent of a; and the exponents on (P + 1) are halved; that is the constants
in the estimates of @ become C(P + 1)1/2.

The proof of Theorem 8.1 proceeds based on a sequence of lemmas for solution
formulas of auxiliary variables. In order to study the stability estimate of problem
(8.1), it is required to analyze the auxiliary variables solving the problem

~LAy® + (—k*L + M)® = Epey in I'g,

0P (8.5)
— =0 onadlg.
av

The nth Fourier coefficients @” of @ satisfy the equation
— W2LO" + MP" = Eleo. (8.6)

We start by finding the explicit form of the solution @" with E;.’e jforj=0,...,P
on the right hand side of (8.6), recalling the definition (5.14) of Q;?’m forn # N.
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Lemma 8.2 Suppose that aj # —iu, and , is not a cutoff axial frequency, i.e.,
wn # 0. Let " € CP*1 be a solution to the linear system (8.6) with E;?ej on the

right hand side. Then ¢} is given by the formula ¢y = s; jE ;’, where

1+ (Qg,g_l)z)Qz’j_l(] - (Q7,P)2) lfﬁ <j

s —4ipn(1+ (05 p)?) o @7

Y| de -y |
ife=j.

—4ipa(1+(QF )%

Proof We will find the solution @” in the form

08 o An+ o Bn fore=0.1.....J.
¢y = N 0t (8.8)
Q?,l—lcﬂ"i_Qn—Dn fore=j,j+1,...,P

J.t—=1

for0 < j < P.When j = 0or P, we assume that ¢y is defined by the upper formula
with € =0, 1, ..., P. Here we will verify the formulas for 0 < j < P, as the other
cases can be treated with only small modifications.

By the definition of Q;fm one can easily show that the three term recursions

(—12Lg 1+ Meo—1)df_y + (—p2Lee + My )@}
(2L o1 + Mg o+1)pp, 1 =0

hold for £ # 0, j, P.Thus, the four unknowns A~n, En, 5,1 and 5,1 are to be determined
by

— iy (Ay — By) =0 (8.9)
from the Oth equation,
L~ 1 ~ ~ o~
00.¢—1An+ ——By = Cy + Dy (8.10)
QO,Zfl

from the definition of ¢} with £ = j,

~ 1 ~ ~ ~
0o_1An — B, | —(C,—D,) = E" 8.11
(Qo,g_l e ) €y = D) = 5, -] 8.11)
from the jth equation and
no o~ I~
Qj,PCn'i‘ Qn D, =0 (8.12)

J.P
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from the Pth equation. Solving the Eqgs. (8.9)—(8.12) leads to

T (1—(Q’}-,p)2)Q8’j_1E,'l 5 (1—<Q’;,p)2>Qg,j_1E,?
T i, (L D T T i (405 )Y
O (TR ~ (L (Q5 Q) )
" T i+ QY

n

T i (gD

and hence the formula (8.7) is obtained. O

The next lemma gives solution formulas when there exists an index J such that
ay +ip, = 0. In this case the problem can be written as two block systems. The first
block system is reduced to the case in Lemma 8.2, and the formulas for the second
one can be derived by a similar computation to that used in Lemma 8.2 and hence we
omit the proof.

Lemma 8.3 Suppose that there exists an index J such that ay + iu, = 0. Let " €
CP*! be a solution to the linear system (8.6) with E;‘e j in the right hand side. Then
¢ are given by the formula ¢} = s ,E"}, where if j < J

—1

— (1 + (Q8,6—1)2)QZ, i <,
sio= 1 4k ’ (8.13)

o] —1 n 2\ AN . .
4i,un(] + (Qo‘jfl) )Qj,eq ift>j

andif j > J
dip, Sti-1 PR A

»J -

i ) (8.14)
TQ'},E_l(l —(Qpp)) ift =]

4i

We notice that these formulas in Lemma 8.3 are consistent with (8.7) since Q" , = 0
forc < J <d.
As a special case the solution to (8.6) is given in the following lemma.

Lemma 8.4 Let ®" € CP*! be a solution to the linear system (8.6). For n # N, the
¢y are given by

=05, (10 p)?)

o (1 Q) 0 (®:19
and n n 2
R
fort=0,...,P. Forn=N, |
¢y = XP: iES. (8.17)
j=t "
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Proof When a; + iu, # 0 for all j, the formula (8.15) is obtained from (8.7) with
Jj = 0. If there exists J such that a; + iu, = 0, (8.15) immediately follows from
(8.13) and noting that QZP =0forf < J and Qg,e—l = 0for{ > J + 1. In addition,
we have (8.16) by rewriting Ej in terms of ¢y;.

The formula (8.17) for n = N is obtained straightforwardly by Gaussian elimina-
tion. O

We note that by the arithmetic-geometric mean inequality

1 Lot = 2 Tagia] 1 c
Viadl S e il Vil = il
2] (8.18)
vazu
Viagl|1 = 0} 1 = - \/ |tn ]

la
and (A2 + 1) < C|un|? forn # N.
Lemma8.5 Leta; be the parameters defined by (3.5) satisfying (3.6). We assume that

@ € Vi, ¢o € HYV2(I'g) and Eg € HV2(Ig) for s > 0. If ® and E satisfy
(8.5), then it holds that

I@llvr, = Ca(P+ DUEolg-112(ry) + b0l m2ry) for s = 0.

In addition, we have the regularity estimate
||¢||V2FE < Ca(P + 1)(||E0||H|/2(FE) + ||¢0||H3/2(1~E))f0rs =1

If cutoff modes are excluded, the constants C, for the stability and regularity estimates
are independent of a; and the exponents on (P + 1) are halved; that is the constants
in the estimates of @ become C(P + 1)/2.

Proof Cutoff modes, n = N: By using the solution formula (8.17), we have

P P
1
1M 5 = lacllgy — ¢ 1> = meéﬁz 1) |Z |E0 |
=0 =0 '“*
V2
< V2I0EQ 1180 | = —p—— 190 I* < Clayg' 1> (8.19)
Zz:oag |

Here we used (8.17) with £ = O for the first inequality. Also, invoking Lemma 4.5 and
(8.19), we are led to

1@M 17 < Ca(P+ DN 5 < C2(P + 1)|¢g 1.
Thus, since Ay = k is a constant, we have

%+ DL+ DN IZ + 10N 3 ) < CHP + D23 + D29 1. (8.20)
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Non-cutoff modes, n # N: For the estimation of non-cutoff modes, we decompose
N\{N} into two disjoint sets A; and A>,

Ni={neN\(N} : [1+(Qf )1 =1} and Ny =N\(N;U{N}).

Since |1 + (Qf p)*| = 1 or |1 — (Qf p)?| = 1 for each n > 0, if n € N3, then
1 — (Qg P)2| > 1. Therefore, for n € N the solution formula (8.15) implies

0y (1= (Qpyy p)* Q1) (1 + 0F EG

1+ 0} )E;
6 + 0l = L . o| =),
(1 + (QO,P) ) 21/,Ln leun
and by (8.18) we have
2 _ AEGP
_|¢z + i lf = C—5. (8.21)
|ael | nl

A similar computation yields that

2
11 (L4 (04 p)? Q) (1= 0 PEG

2
lacllpy — dpq1” = lacl

n 2 .
(1+(Qp )2 2iun 8.22)
Ej)? _ C
< Clag||1 - Q“Fl °|2_| 1E o
n

Combining (8.21) and (8.22) yields

A2+ D 241y
G2+ DY (O2+ DI 1% + 12" 3 < C(P+1) ( |Ej?

[ i4n |3 [ 4n]
< C(P+ 12+ 1DV ER2.
(8.23)
On the other hand, the same calculation as above but using (8.16) instead of (8.15)
shows that for n € N>

a ||¢[ +op P < m ||¢>o|
lacllg} — @i 1> < Cluallgg I,
from which it follows that
(r + DY(Og + DI + 19" 130 < CP+ DOy + D2 |g517. (8.24)
Finally, we obtain the stability and regularity estimates by using (8.20), (8.23) and

(8.24) for s = 0 and s = 1, respectively. O
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Proof of Theorem 8.1 1t suffices to prove the regularity estimates (8.3) and (8.4). Let
u®* be the solution to the problem (6.6) with g;, = f; and gpqy = 0 satisfying

1 N 522, < Cllfsllz2 ey (8.25)
by Lemma 6.4. Also, by u we denote the solution satisfying CRBCs, i.e.

Au+Ku = fs in §2p,

9
=0 onTly, 8—”:0 on I'r, (8.26)
v

Bp(u) =0 on FE,

where Bp(u) = ¢py is the trace of the (R + 1)th auxiliary variable ¢p11 on ['g.
Since u®* is expressed as u®* =y 2 ) A%*e'*n*Y, beyond the support of f;, the error
function z = u — u®* satisfies

Bp() = Bp(—u) = —AG Yy = 3_ 0f A5 el Y,.
n#N

Assume that z is written as z = (Ay + Byx)Yny + Zn;éN(Anei“’lx + B,e"iHnY)y, .
If there exists an index J such that a; + i, = 0 for some n, then the error does not
include the corresponding mode, i.e., A, = A" and B, = 0. Otherwise, the boundary
conditions on I'g and I'yy lead to the linear problem for A,, and B,

A, + B, =0,

inb i iinb
Q&Pezun An+ _Q(’;,Pelun A;)C’

QS Peil"lb Bn =
forn # N and
P
Av=0 and Ay+By|b+2) a;'|=-AF
j=0
for n = N. It then follows that

(Qf pe'tn?)?

—(Q} pe'tnh)?

A= T g eyt M B = gyt 82D
forn # N and
— A%
Ay =0 and Bsz
forn = N.
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948 T. Hagstrom, S. Kim

Then z solves the problem (6.6) with g;, = 0 and

0 2ipne’* (05 p)°
Ghi = e~ T(Q) = AV + Y 0L ALY,

dx b+ 221 0 4] o5 1= (e O p)?

Here, we note that gpg isin H 1/ 2(I"E ). Indeed, from the boundedness of the coefficients

1 " 2i(0f p)?
b+2Y i ya;! 1 — (eitn? Qf p)?

of gpa, a trace theorem and (8.25), it follows that

lgsalipinry) < C | OF + DVIAGE + Y- 0 + DVl ” A5
n#N
ex |2 2
S C”M ||H3/2(['E) S C||fs“L2(Q[,)'
Therefore, Lemma 6.4 reveals that
flu — uex”[-ﬂ(gb) < Cligrallgirrryy = Cllfsliz2 (2,
which, in turn, results in (8.3)
||M||1-12(_rzb) = ||Z||H2(,Q,,) + ||Mex||1-12(_(2b) = C||fs||L2(_Q,,)

In addition, a trace inequality yields that
ou
el g3z gy and ||8—x||H1/2(rE) = C”fS”LZ(_Qh)v (8.28)
and hence Lemma 8.5 with ¢9 = u and Eg = —20u/dx on I'g shows (8.4). O

8.2 Regularity of solutions to Problem (8.2)

It is clear that the solution (u, @) to the problem (8.2) solves

du
—2— )eg=—LA,® + (—k’L + M)® — E in I,
dax ’
(8.29)
0D
=0 ondlE,
m

where & = LY.
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As done in the previous subsection, we will derive explicit formulas for the solution.
We know that the solution has the series representation

u(x,y) = (An + BNX)Yy(3) + Y (g + Bue )Y, (y)  (8.30)
n#N

and the linear systems for the nth Fourier coefficients
iy (Apet? — Bre Mibyeg — 2L 4 MO" = E" (8.31)

forn # N and
2Beg + MP" = 5" (8.32)

for n = N hold with Z" being the nth Fourier coefficients of Z. In case of n # N, it
suffices to derive the formula when a; # —iu,. Otherwise the system matrix can be
written as a 2 x 2 block diagonal matrix and solutions of the lower block are given by
the same formulas as (8.14) in Lemma 8.3.

Lemma 8.6 Suppose that aj # —iu, and [, is not a cutoff axial frequency, i.e.
pn # 0. Then for & = Eje; =y vo E;’ Y,ej, there exists a unique solution to the
problem (8.31) given by the formula, ¢y = tg’jE;.’, where

(11— EZiM"b(QS)gfl)z)QZ,jfl(l - (Q?,P)z)

- iff < i\
n —4i (1 — 2imnb QP )2) ft=<j
lﬁ j = (1 2i iy b n 2 n > . 5 (833)
, —e (QO,/'—I) )Qjﬁf—l(l_(QE,P) ) .
. - B i > ]‘
—4ip, (1 — 62’Mnb(Qg’P)2)
Also, the normal derivative of the nth Fourier mode u, on I'g satisfies
3 (14 embyon . (1—(Q" )%
OUn — 29-,1 bl — J.p E;’Yn. (8.34)
dx A(1 — e2imb(Qp ,)%)

Proof The same computation used in the proof of Lemma 8.2 will be applied. We only
provide the proof of the cases for 0 < j < P, as the other case for j = 0, P can be
treated with small modifications. The only difference from the proof of Lemma 8.2 is
that instead of (8.9) we employ the boundary conditions

A, +B, =0 only,

| _ ) on | (8.35)
Anelﬂnb + Bneilunb = An + Bn on FE

and
2ipn (Ayetnt — Bpe= by i1 (A, — B,) =0 (8.36)

from the Oth equation.
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By solving (8.10), (8.11), (8.12), (8.35) and (8.36) in terms of E;’, we obtain that

N L e (BB Lo .
T i (1= e2mb(Qg )2 T T T i (1= b (Qf p)?)
~ _e2iunb(1_(Q;z”P)2)Qgﬁj_1 - —(1= (@} IO,y
"7 i (= A (f D) T g (1= B (D)
P Vo R S et/ N Vi LS N
" A (1= 2 (Qp )2 T T T dip (1= 2 (Q )Y

Finally, the formulas (8.33) and (8.34) result from substituting them into (8.8) and

ouy

oo = in(Ane? — BTy,

which completes the proof. O

In order to study the regularity result of the problem (8.2), properties of 7}’ j are
required. Let us define forn # N,

L 4n n + . .
tej=1tp ;15 4 and Ay =1t j £ty

(the formula (8.33) can be extended to j or £ = P + 1, saying th = 0 for j or
£ = P+ 1since (1 — Q% 41.p) = 0). The following lemma provides estimates of
Aei j and its proof will be given in the Appendix.

Lemma 8.7 The following inequalities hold,

[ c
Af = = ——.
Viael 5 lajl il
_ 1 C
V |a€||Ag j| < —. (8.37)
’ laj] [tnl

Also, for the analysis in case of ay +iu, = 0 for some J, we need to estimate the
analogues to AZ j for sZ I defined in (8.14). As above, let us define

_on n + _ . .
S j =S ;50 41 and Ee’j—ﬁgy]:bspr])].

The same estimates of Z‘f ;as those of Azt ; are in the following lemma, which can
be proved in the same way as Lemma 8.7.

Lemma 8.8 The following inequalities hold,
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1 B | C
\/la_d | j| |:Uvn|2’
C
Va2, < (8.38)
tjl Neiel

Lemma 8.9 Let a;j be the parameters defined by (3.5) satisfying (3.6). Then for any
Y e (LATp)P*! the solution (u, D) to the problem (8.2) satisfies the regularity
result,

lull g2,y < Ca(P+DIT I (8.39)

and
121z, = CAP+ DT Iz, (8.40)

If cutoff modes are excluded, the constants C, for the stability and regularity estimates
are independent of a; and the exponents on (P + 1) are halved; that is the constant
in the estimate of u becomes C(P + 1)'/2 and that for ® becomes C(P + 1).

Proof We first prove (8.40).
Proof of (8.40) |: Assume that & = Y 2 LY"Y, with Y" = (¥, y{', ..., ¥})".
Non-cutoff modes, n = N: We note that

(1 2P0 (A +(QF )00l < 4, (8.41)

forany0 < p,q,r,s,c,d < Pand |l — e2i“"b(Q8’P)2| is bounded below away from
zero for alln # N.
Ifaj +iw, #0for0 < j < P, then Lemma 8.6 shows that the solution ¢} can

be written as ¢ = Z =0 tg /(LT”) ;j and a simple computation gives

P
1
%=Z${ (%rﬂﬂ+_%+%m}
j=0
P
= -—(y + vl (8.42)
j=0

Now, the Cauchy—Schwarz inequality and (8.37) show that

P
1 11
< |Af | l¥! + vl
;Wau NN R

Vlael
P N2/, 1/2
1 1 1

> | =A== >l vl

= 0, . +1
| Vlac "l lal
VP +1

<C 17"z
[ en]
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and hence we obtain that

(A +1)?
(g + D" < C(P + 1>2ﬁnr"u’i S C(P+ DT ;. (8.43)
}’l

In addition, the same computation as above gives that

V0acllo} - ¢4+1|<Z\/|ae 'A“WFW’H””

» N2/, 1/2
1
<> Ay —— Z !+ vt
l, i+1
= Tl Slagl
VP+T
<C 17"l .,
|t
which shows that
2 n2 AL 2i~en 2
(Ap + D[®"[|153 < C(P + 1) WIIT 12 < C(P+ D77, (8.44)
n
Thus, it follows from (8.43) and (8.44) that
(A2 + D?@"% + (A2 + DII@" 3 < C(P + DX|T"|7. (8.45)

In case when ay 4 i, = 0 for some J, the system of Egs. (8.29) breaks into two
block diagonal systems. We notice that ¢} is represented by

oLty fort < J,

=0

o =1'7) (8.46)
Z sy (LY™); for € > J +1,
j=J+1

where te ~and s} 7. are defined by (8.33) (with P replaced by J) and (8.14), respectively.
By using Lemmas 8.7 and 8.8 as in the argument used above, the same result as (8.45)
can be derived.

Cutoff modes, n = N: In this case, @V satisfies (8.32), which is equivalent to

20 Y eg + MON = LTV (8.47)

since Ay = 0 from the boundary condition on I'y and Ay 4+ Byb = 4)(1)\’ . B
examining the real and imaginary parts of the inner product of the left hand side of
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(8.47) with @V, we observe that

2 2
2160 P+ 197 5y = C|(Gog’e0 + MO™, 0M)crir| < CITV el @V
< Ca(P+ DTV 10N -
(8.48)
The last inequality is the result from Lemma 4.5. Therefore, it follows that
N N
27 lam < Co(P+ DT £ (3.49)
Applying Lemma 4.5 again to the above inequality (8.49) yields that
1@V < C2P+ DTV,
and hence it is concluded that
Ay + D2OVIZ 4+ 0F + DISV Iy < Co(P + DTV % (8.50)

Finally, combining (8.45) and (8.50) implies

1@lly; < CatP+ DTz,

which completes the proof of (8.40).

Proof of (8.39) |: We shall estimate gpg = du/dx — T (u) in H'/?(I'g),
gball g1r2(ryy = Ca(P + DIT . (8.51)
Once the inequality is established, Lemma 6.4 with (8.51) yields that
lull g2, < Ca(P +DIT |z,
which completes the proof of (8.39).

Now, we are left with proving (8.51). To do this, as done in (8.42) we use (8.33)
with £ = 0 and (8.34) forn # N and a; +iu, # 0 to have

B XP: 05,1 (1= 0] (07, )+ 07 ) 1
ax T o 2(1 — 2mb(Qf 1)?) aj

(Vj + yj+l)Yn'

The Cauchy—Schwarz inequality and (8.18) shows that

P

ou, . 5 n
|5 = itnttnlzagry,y < | D2 CIT+ Q)
j=0

1

/] |an + V;l+1|
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O .
Z g
~ 4l = laj]
+
L
and so we obtain
ou .
(o + DV = ittt o,y < CP 4 DT (8.52)

In case when a; + iu,, = 0 for some n and j, since du, /dx and u, are affected by
only the first (J + 1) components of 7", it holds that

ou .
G+ DV —iptunlGa ) < €U+ DIT"IE < CP+ DIT" 7. (8.53)

For the cutoff mode, i.e., n = N, we use (8.48) and (8.49) to see

B
” ”LZ(F ) | Nl b2|¢0 | (854)
< Ca(P+ DTV @M < Co(P + D TVZ
Finally by combining (8.52), (8.53) and (8.54) we obtain
ou
||a =Tl g2y < Ca(P+DIT |2,
which completes the proof. O

9 Finite element approximations

Now, we are in a position to discuss the solvability and quasi-optimal convergence of
the finite element approximation (uj,, ®@;,) to the solution u and the auxiliary variables

= (¢0, ..., ¢p)" to the variational problem (4.1).

Let 7}, denote a partition of £2, with shape-regular meshes and let & represent the
diameter of elements, e.g., h = max g7, diam(K). By extracting the boundary nodes
on I'g generated by 7j,, we define the boundary meshes, which are denoted by Tb Let
Sh denote a subspace of H! (§2p) consisting of piecewise polynomial finite element
functions and S? ;, denote the subset of functions in Sh which vanish on I'y. Also, Gy,
is analogously defined by a finite element subspace of H'(I'r). We assume that f is
the trace of a function on [y in our approximation space as the errors associated with
boundary quadrature in the finite element method are well understood. Let Sj, be the set
of functions in S, which coincide with f on Iy . Denoting by V/, the set of all elements
(up, @p) in S, x (Gy) P+ such that uy, = ¢p.0 on I'e for & = (Pn.os - - ., Pn.p)' and
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by V2 the set of all elements (1, @;) in S}? X (G;,)‘DJrl such that uy = ¢p0on I'g,
the finite element approximation to (u, @) is the function (uj, @) € V), satisfying

A((up, Pn), (&n, ¥r)) =0 forall (&, ¥)) € Vg. .1

As mentioned earlier, we will now invoke an argument due to Schatz [33] to establish
the unique solvability and quasi-optimal convergence of finite element approximations.
This requires that the mesh size & satisfies 0 < h < hg for a constant &, which may
depend on the stability and regularity estimates of the elliptic problem studied in
Sect. 8.

In our case, for a given order (1, n.) with P = n,+n, and the damping parameters
aj given by (3.5) satisfying (3.6), we already know that the sesquilinear form A(:, -)
is bounded,

|A((u, @), (5, ¥))| < Cll(u, P)lvIIE. ¥)lv.

Also, since
np—1
(M —M)D, D) | = ) 2lajlllg) — dj+1l72, < CpllPIZ
Jj=0

due to the fact that |a;| < k for j = 0,...,n, — 1, it follows from (5.13) that the
sesquilinear form A(., -) satisfies the inequality

|A((u, @), (u, ®))| = Cillw, DIy = Cany (lull7a g, + 1917 9.2)

in Vo x Vg for some positive constants C| and C». Now, the solvability and quasi-
optimal convergence of finite element approximations are given in the following
theorem. The proof follows the same line as the standard Schatz’s argument in [33]
with the regularity result given in Theorem 8.1 and Lemma 8.9.

Theorem 9.1 Let a; be the parameters defined by (3.5) satisfying (3.6). Then there
exists an ho > 0 such that for 0 < h < hy, (9.1) has a unique solution (up, @) € Vy,

satisfying
[, @) — (up, Pp)llv = Chll(u, P)|ly2. 9.3)

Furthermore, the solution uy, satisfies the L?-error estimate
lu —unliz2g,) < Ca(P + DA? | (u, D)|lya- 04

Here the constant C, is independent of a; if cutoff modes are not involved.

Proof Let (e, E) = (u,®) — (up, ;) € Vo be the error function. Since the
sesquilinear form A(:, -) is symmetric (not Hermitian), that is, A((u, @), (§,¥)) =
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A(E, W), (i1, D)) for (u, @), (£,¥) € V), the solution (w,Y") € Vj to the dual
problem

A, ¥), (w, 7)) =(§,e)a, + (LY, E)r, forall(§,¥) e Vo

also satisfies the regularity estimates in Theorem 8.1 and Lemma 8.9. By choosing
a linear or bilinear interpolation 3, = (y4.0, ..., ¥n.p) of T = (yo, ..., yp)’, itis
obvious that

P

1r = Mlz, = Z(:) ﬁll)ﬁ +¥jrt = v = Vil
J= . 1
<ChYy’ PRLARG 3y, = CRITIZ >
j=0"
and
,
17 =Yl = D lajllj = vie1) = Gnj = v 1320y
j=0

P
< Ch* Y lajlllyi = vi+i g ryy = CRPIT I 1
j=0

which reveals that
[(w, T) — (wp, Tu)llv < Chll(w, T)|ly2 9.5)

with a linear or bilinear interpolation wy, of w. The approximation property (9.5) and
Lemma 8.9 show that

e3>, + IEIZ < CIA((e, E), (w, 1) = (wp, Ti)))|
< Chlle, B)llvllw, Dlly2 9.6)
< CZ(P + D?hll(e. E)lv(llel}s g, + 1EI)"2,

which in turn gives
(lelfagg,) + IEIZ)? < C(P + Dhli(e, E)lly. ©.7)
From Gaérding’s inequality (9.2) for (e, E),

Cill(e, B)Iy — Canjyllel7a q,, + IEIZ) < |A(e, E), (e, E))]
= |A((e, E), (u, )| < Cli(e, Bllvll(u, D) v,
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we see that
Cillte, B)lly = Cany(llel7a g, + IEIZ'? < Cli, D)llv
and apply (9.7) to the inequality to obtain
(C1 = C2Cony (P + 1*h)|[(e. E)|ly < Cll(u, @)y 9.8)

For unique solvability of the finite dimensional problem, suppose that f = 0, and

so (u, @) = 0. Then there exists /g such that C{ — Czcgnf,(P + D2hg > 0. For such

0 < h < hy, we clearly see that (e, E) = 0, implying the unique solvability of finite
element problem.

Also, the error estimate (9.3) in the energy norm is proved from Garding’s inequality
for 0 < h < hg and Theorem 8.1,

Cli(e, E)lly < |A((e, E), (e, E))| = |A((e, E), (u, @) — (un, Dp))|
= Chli(e, E)llvIl(u, @)lly2

with a linear or bilinear interpolation (u,, ®@p,) of (u, @), which leads to (9.3).
For the L?-error estimate, let (w,, T,) € V be the solution to the adjoint problem

A& ¥), (we, Te)) = (§. 0),

for all (¢, ¥) € V. Then the same argument used for (9.6) with Theorem 8.1 instead
of Lemma 8.9 shows again that

= A((e, E), (we, Te))

= Chll(e, E)lv l[(we, Te)lly2

< Cq(P + Dhl(e, E)llvllellr2g,)-

2
”e”LZ(.Qh)

which implies that
lell 2@,y < Ca(P + Dhli(e, E)lly < Ca(P + Dh*|(u, @)l

and completes the proof. O

We note that the regularity constant in Lemma 8.9 may increase polynomially
(quadratically, but linearly if cutoff modes are excluded) as P grows and so a smaller
mesh & may be required for large P to retain the unique solvability and quasi-optimal
convergence, though this has not been encountered in our experiments. However,
when a cutoff modes is present, C, depending on max ;—o,... p{l/|a;|} comes in the
regularity constant and it is found in numerical tests that the convergence of finite
element approximations is affected by the smallest parameter used for CRBCs. A
discussion on the convergence with respect to C, and & will be made in the following
section.
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10 Numerical experiments

In this section we provide numerical examples that confirm the well-posedness and
convergence theories that were developed in the preceding sections. We specialize to
R? and take ©® = (0, W). Note that now

) = o o ()

are transverse eigenfunctions associated with eigenvalues A% = (nw/W)? forn > 0.
The domain £2, = (0, b) x (0, W) is a rectangular region obtained by truncating the
semi-infinite waveguide 2, at x = b (see Fig. 2). Weset W = 1.

In the first example, we take k = 20 and choose f corresponding to the analytic
solution of (2.1)—(2.3):

6

u”(x,y) =
,,2:;) V2

Ty, (y)

in £2, with b = 0.2. The exact solution u®* is a superposition of seven propagating
modes. In order to apply an efficient CRBC on I, the optimal parameters discussed
in Sect. 7 are computed on the interval [1e, k] & [6.6853, 20] by the Remez algorithm
and their distributions forn, = 1, 2, ..., Sare depicted in Fig. 4. Their maximal reflec-
tion coefficients for propagating modes are presented in Table 2 as well. We compute
piecewise bilinear finite element approximations u;, with mesh A = 1/800, 1/1600
and 1/3200 by using the finite element library deal . IT [1]. To see the convergence
of approximate solutions, we measure relative L?- and H'-errors and report the errors
in Fig. 5. It is observed that approximate solutions obtained by CRBCs converge as
the order of CRBCs increases until mesh size errors dominate. In particular, when
the mesh size is small enough so that mesh error is ignorable, the relative L>-error
converges at the same convergence rate of the maximal reflection coefficients.

The second example illustrates the effect of CRBCs on evanescent modes. To do
this, we take k = 20 and choose an analytic solution #“* including seven propagating
modes and ten evanescent modes

16
1 ]
U, y) =y ——=e Y, (y).
=17V2

We also assume that the source coming from the left boundary Iy is close to the
artificial boundary I'g, e.g., b = 0.1 (W = 1). For this example, we use the same
purely imaginary parameters as those obtained with n,, = 4 since the CRBC with
np = 4 serves as an accurate absorbing boundary condition for propagating modes
for the meshes 7 = 1/800, 1/1600 and 1/3200. For the real parameters responsible for
damping evanescent modes, we solve numerically the min—max problem (6.2) on the
interval [j17, M,] =~ [9.1438, 147.0887], where M, is determined by e Mo — Op-
The distribution of the real parameters and the maximal reflection coefficients p, for
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Fig. 4 Distribution of optimal parameters for n, = 1,2, ..., 5. The seven red circles represent the exact

propagation frequencies u, and the blue * marks are the optimal parameters of n, = 1 in (a) through

np =5in (e)

Table 2 Maximal reflection

coefficients for propagating "p Pp e pe

mode§ and evanescent mpdes 1 7.1448E—2 1 3.6102E—1

resulting from CRBCs with the

optimal parameters for k = 20 2 1.2794E-3 2 3.4899E-2
3 2.2883E—-5 3 3.2613E-3
4 4.0927E-7 4 3.0468E—4
5 7.3199E—9 5 2.8463E—5

each n, are shown in Fig. 6 and Table 2, respectively. The numerical results given in
Fig. 7 also illustrate the convergence of solutions with respect to increasing n,. Also,
it can be seen that the convergence rate of the relative L?-errors coincides with the
decay rate of p, as long as the mesh is fine enough.

In the third example, the performance of CRBCs for the cutoff mode is examined.
We set k = 6 and choose u“* such that the exact solution is composed of six
propagating modes and one cutoff mode:

6
1 .
u(x,y) = E e 2167
=1V2

defined on §2, with b = 0.2 (W = 1). We increase the number of purely imaginary
parameters in the optimal way for propagating modes withn, = 1 ~ 30. Asindicated
in Theorem 6.1, the error of the cutoff mode is controlled by Sp = |b+2 Zf:o aj_l |1,
which is illustrated in Fig. 8. We notice that the optimal parameters used for propa-
gating modes do not seem to be the best choice.

In case that cutoff modes are involved, we may want to try other choices of param-
eters, with which CRBCs can reduce Sp to much smaller level while the reflection
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Fig.5 Relative L2-and
H ! errors for the exact
propagating solution
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Fig. 6 Distribution of optimal parameters for n, = 1,2, ..., 5. The red circles represent the exact decay
rate of evanescent modes /i, and the blue * marks are the optimal parameters of n, = 1 in (a) through

ne = 5in (e)

Fig.7 Relative L2-and

H !-errors for the solution
including both of propagating
modes and evanescent modes
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Fig.8 Relative L% and 102 T T T T T

H ! _errors for the solution —o— L* h =1/800
including both of propagating N —>—H',h =1/800
modes and a cutoff mode 10 ] s E
satisfying CRBCs with optimal

parameters
100 £

107
102§
10.3 ! ! ! ! !
0 5 10 15 20 25 30
p

coefficients from propagating modes are not deteriorated too much, e.g., Newman’s

nodesa; = —ikej/‘/F based on geometric sequences for j =0, ..., P. Aswe can see
Fig. 9 of relative L2-errors, the CRBCs with geometric sequences produce improved
results, though it is observed that the errors obtained from this approach have an irreg-
ular behavior for large P. It can be explained in terms of a small parameter a p for large
P. According to the formula for Sp, it seems that one might improve the accuracy
of CRBC:s at the continuous level by adding a small parameter such as the smallest
parameter ap of the geometric sequences, which reduces Sp to the error tolerance.
However, the cutoff mode on the discrete level does not satisfy the actual equation on
the continuous level

MoV = —28—“e0
0x

but solves an equation of a propagating or evanescent mode

0
2

2 N
— L+ M), =—
( KN + M) h ax

for some discrete axial frequency uy , 7 O since no discrete eigenvalue of the trans-
verse Laplace operator will typically coincide with the cutoff transverse eigenvalue
A%. When small parameters are used, some components of L become large but in
contrast corresponding components of M become small. Therefore in case that & is
not small enough that py 5 is big, —u%\]’ , L might be dominant over the actual cut-
off mode system matrix M and so the resulting solution would not be accurate. The
mesh size affected by the small parameter used for CRBCs can be examined in Fig. 9.
We observe the minimum errors at P = 13, 17,22 for h = 1/800, 1/1600, 1/3200,
respectively, in the plot and they are shifted as 4 is halved. The ratios of the smallest

parameter ap = —i ke=vP determining C, = O(aljl) between two minimum error
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Fig.9 Relative L2-errors for the 101 T T T T T
solution including both of — % —Optimal parameters, h = 1/800
propagating modes and a cutoff © *:L = 1; ngo

. . — % —h= E
mode satisfying CRBCs with h = 1/3200
Newman nodes

104 F

107 ! .
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(a) Relative L2-errors (b) mesh size for each P

Fig. 10 Relative L2-errors in approximate solutions with % refined according to P for the solution including
both of propagating modes and a cutoff mode satisfying CRBCs with Newman nodes

points are ¢¥13/e¥17 ~ 0.5960 and ¢¥17 /e¥2! ~ 0.5670, which indicates that it
appears that C,h in Gading’s inequality is the main factor contributing to solvability
and quasi-optimality of the finite element analysis (9.8), and it is necessary to choose
h small enough when cutoff modes exist and ap is small. To see this observation in
more detail, we take a mesh refinement according to P in such a way that eVPhisa
constant Cpewman. For example, Cpewman 1S taken to be V10 /800 ~ 0.03 and we do
numerical tests with 7 = Cnewmane_‘/? for each P. The results are given in Fig. 10a
with mesh size for each P in (b). While relative L?-errors in approximations for opti-
mal parameters with decreasing / are not improved due to reflection errors, those for
Newman’s nodes decrease asymptotically at the same rate of that of Sp, without any
oscillatory behavior as long as meshes are refined according to P.

Aside from this, it is found in Fig. 11 that the norm of auxiliary variables, (|| ||2£ +
|® ”3\4)1/ 2, of the second and third examples increases with increasing P as in the
stability analysis of Theorem 8.1 but its variance is small. The independence of the
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(a) propagating and evanescent modes (b) propagating and cutoff modes

Fig. 11 Norm of auxiliary variables, (||® H2£ + |\<15||3M)1/2

Fig. 12 Relative L>-and H'- 100 ,
errors with 7 = 1/200, 1/400, —e— Relative L? error
1/800, 1/1600, 1/3200 — © —Relative H' error
107" ]
102 J
103 ]
104 .
10 1073 102

finite element problem from P seems to be caused by the small variance of the norm
with respect to P.

In the last example, we are concerned with finite element convergence as h
approaches zero. To do this, we set k = 100 and take the computational domain
to be £2, = (0,0.1) x (0,1),1.e., b = 0.1 and W = 1, for which the number of
propagating modes is 32. We choose the CRBC of order (n,, n.) = (4, 3) for which
pp = 3.9590 x 107% and p, = 5.3492 x 107 and so reflection errors are negligible
compared with mesh errors. The wave source f on [y is given so that the exact
solution is defined by

31

63
1. 1
u(x,y) = E ——=""Y, (y) + E
Y — 642 nty = 6442

e_ﬂnx Yu(y)

having 32 propagating modes and 32 evanescent modes. The plot in Fig. 12 shows the
quasi-optimal convergence of relative L?- and H !-errors in finite element approxima-
tions with (n,, n.) = (4, 3).
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11 Appendix

Proofof Lemma 8.7 1, ; is given by

(1- €2iunb(Q8’g_1)2)Qz,j—l(l - Q;f,j(Q’}H,P)Z)
—diptn (1 — e2inb (Q )7

(1 =P (g )?0% Q41 11— (QF p)?)
—4ipn (1 — 2 (QF 1)?)

(1+0] ) ife<

(140" ) if > j.

(11.1)
We first consider AZ ; for £ # j. A simple computation shows

At (1— ezmnb(Q&f—l)zQZ@)QZ+1,j—1(1 _ Q,r;,j(Q7+l,P)2)
" —4ipp (1 — €2kl (Qf p)?)
I+ 07 )1+ 0% )

for £ < j, and A+ = A}" , by the symmetry of #; ;. Analogously, it can be shown
that A, 1s given by

(1+ €2t (Qn, 2! )O . (1= 0" (0", )
|: 0,6—1 0005041, -1 i =j+LpP (1-— szl,z)(l + Q?,j)

4ipn (1= Kb (0 1))

for £ < j and

[(1 (08 ;105 ) D11 L+ Q7 o(Q 41, p))

—4ipn(l — ez’“””(QS,P)z) :| (1- QZ@)(l + Q;l])

for £ > j. Thus, by (8.18) we have

: AT | L _ ¢ <'1+Q“|) 1+ 95! - C (11.2)
NI |aj|—|iun| V1 N R '

(o ¢
ViaellA; (\/ml QMI)(W>SW|- (11.3)

“.ﬁw fin]

In case of £ = j, we see that

201+ e2mb(Q8 p)?/ Q4 ) — (1+ QF D((Q) p)* + €2t (0 1)) ,
“Ee= { B —%’un(l —eZiffb(QSZ:)]é; L)
' (11.4)
[« p)? =g . .
Ap, = { _fg;:(l_ezlunb(Q,?‘); (1= 0t 1+ 0} . (11.5)
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Now by the fact that |1 + Q’Z’ZI/Iagl = 2/lag —ipunl < C/lpnl, (8.18), (11.4) and
(11.5), it is easy to show that

n
S SN | /i e

1
A, < - < ,
Viael 4 Vael littallael = ial?

Viaell Ay, L _ ¢
ay = s
8 Vel ~ il

which completes the proof. O
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