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Abstract This paper introduces a low-order discontinuous Petrov-Galerkin (dPG)
finite element method (FEM) for the Stokes equations. The ultra-weak formula-
tion utilizes piecewise constant and affine ansatz functions and piecewise affine and
discontinuous lowest-order Raviart-Thomas test search functions. This low-order dis-
cretization for the Stokes equations allows for a direct proof of the discrete inf-sup
condition with explicit constants. The general framework of Carstensen et al. (STAM J
Numer Anal 52(3):1335-1353, 2014) then implies a complete a priori and a posteriori
error analysis of the dPG FEM in the natural norms. Numerical experiments investigate
the performance of the method and underline its quasi-optimal convergence.
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1 Introduction

The initial motivation for the discontinuous Petrov-Galerkin (dPG) methodology in
[18-20] was the design of the optimal test function space in applications of fluid
mechanics, when a stabilization appears obligatory for many standard finite element
methods (FEMs). Since important examples of this class follow as linearizations of
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the Navier—Stokes equations, the understanding of simple low-order dPG schemes for
the Stokes equations appears to be a necessary step. The first dPG FEMs for the Stokes
equations in [25] and [10] utilize polynomials of much higher degrees in the trial and
test search space. This paper introduces a much simpler lowest-order dPG FEM with
an emphasis on a direct estimation of the discrete inf-sup constant and the discussion
of the associated Fortin-type operators for a reliable a posteriori analysis to generalize
[10] for low-order test functions. Popular alternative simulation tools for the Stokes
equations with optimal convergence rates for adaptive mesh-refining algorithm are the
nonconforming (restricted to first-order in 3 D) and the pseudostress FEM with a more
complicated a posteriori error analysis [8, 16].

The dGP methodology is roughly described as a minimum residual method with
discontinuous ansatz and test functions. This leads to piecewise (also called broken)
Sobolev spaces with related trace spaces on element boundaries and so requires a
careful definition and analysis on the independence of the underlying partition. In
return, this results in a local and parallel computation of the underlying dual norms
and a simple implementation and allows rather general geometries of the element
domains; both regarded as obligatory in particular in higher space dimensions. The
detailed description of the ultraweak formulation with piecewise smooth functions
and several flux variables on the boundaries of the element domain is cumbersome
and follows in Sect. 3. For the sake of this introduction it may suffice to acknowledge
that this leads to a continuous formulation in Lebesgue and broken Sobolev spaces
X and Y such that the continuous problem of the standard Stokes equation leads to a
right-hand side F € Y* and an exact solution x € X of the (well-posed) equation

b(x,y) = F(y) forally €Y. @))

The bounded bilinear form b : X x ¥ — R models the equivalent ultraweak formu-
lation of the Stokes equation as in [10]. This equation is well posed if that b satisfies
an inf-sup condition on the continuous level,

0<p:= inf

b(x,y)
sup —————
x€X\(0} yey\(oy llx Il x

. )
M

With a few and well-spotted exceptions, the least-squares FEMs start with the mini-
mization of the residual F — b(xy,, e) in subspaces of L2. For the bilinear form b at
hand, this is impossible as ¥ does not solely contain Lebesgue functions. The dPG
schemes first approximate the dual norm in Y* of the residual by the dual norm Y;*
over a finite-dimensional subspace Y, C Y of Y and second minimize the residual
F — b(xy,, o) for ansatz functions xj, in a finite-dimensional subspace X, C X of X.
In other words, the dPG approximation is the minimizer xj, in

Xp = argmin”F — b(&,, o)’

hEXn

= min max (F —b(&,, . 3
vy = i yheyh\{o}( Ens ya))/lynlly.  (3)

The computational costs are related to the total number N + M of unknowns with
the dimensions N := dim(X},) for the ansatz function space and M := dim(Y}) for
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A low-order dPG method for Stokes 3

the test search space. The minimal residual method is not a mixed finite element
scheme in that it allows N < M with significantly larger M. The benefit is that the
test search space Yy can be much richer and approximate ¥ well so that the crucial
discrete inf-sup condition

b(xp, yn)

0<Bp:= inf
Yh”Y

su
xpeXp\{0} yheYp\{0} llxn ”X

“

can be made larger to approximate the idealized inf-sup constant 8},

b(xy,
Bn < By == inf sup u
2 eXi\0} yeyvioy lxnllx || v y

which may even be larger than the global inf-sup constant 8. Hence a sufficiently
large test search space Y, may stabilize a situation, when a stable pairing does not
exist or is at least unknown and a mixed finite element scheme is not available with
M = N. It is known that the dPG scheme is equivalent to a mixed scheme with an
extended bilinear form B : (X x Y) x (X x Y) — R, when Y is a Hilbert space [from
L. Demkovicz in personal communication]. Moreover, it can even be reduced to the
computation of some subspace M, C Y} with dim(Mj,) = N such that x, is a solution
to a quadratic mixed FEM with b reduced to Xj x Y, [20]. This is all related to the
numerical linear algebra of the dPG schemes and the computational costs grow with
N + M. 1t is therefore practically relevant to minimize the test search space Y3, and so
M > N, while 8 > 0 is still uniformly bounded away from zero as the underlying
partitions become finer and finer. The first proofs of a stability result of this type [22]
involve some linear and bounded Fortin operator IT : Y — Y, with operator norm
|[IT]| and the annulation property

b(xp,y—Iy) =0 forallx, € X, and yeY. 5)

Given such an operator [7, the analysis in [22] leads to 8/||I1|| < B [6, Proposition
5.4.2] and so is a sufficient condition for stability. Conversely, the stability leads to the
existence of some Fortin interpolation operator I7 with || IT|| < |b| /B, [14, Lemma
2.10].

The examples in [10,22] typically involve piecewise polynomials of degree k (and
one variable with k + 1) in X and piecewise polynomials of degree k + n in Y, of
the underlying partition with J element domains in R” with n space dimensions. This
leadsto N = O(J(k + 1)) and M = O(J(k + n + 1)), which results in overall
computational costs which grow with J(2k + n + 2). The subsequent discussion
concerns the same fixed ansatz space X, and so N is fixed. The overall costs are then
expected to be of a monoton function in M and the precise dependence is less clear
for an optimized numerical linear algebra with parallel computation. This paper is
motivated in the extreme case k = 0 because then the current dPG schemes require
M = O(J(1 + n)) which is n + 1 times higher than the costs for a (unknown) mixed
FEM with M = N = O(J) for the space dimension n = 2, 3. This paper introduces
a stable choice of Yj, with piecewise polynomial degree at most 1 rather than n from
[10,22] for k = 0.
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4 C. Carstensen, S. Puttkammer

The mentioned ultraweak formulation of the well-known Stokes equation with a
volume term f € LZ(Q; R™) on the right-hand side leads on the discrete level to the
residual F(yp) — b(xp, yn). Throughout this paper, dev denotes the deviatoric part of
a matrix, Dy is the piecewise functional matrix, - (resp. :) denotes the scalar product
of two vectors (resp. matrices), cf. Sect. 2 for more details. For some particular x;, and
v, in the Stokes equations below, the aforementioned residual reads as

/f~v1 dx—/ao:(DNCv1+dev1RT) dx
Q Q

—/ uo-diVNchde+Z/ (to - v1 + 851 - Trev) ds
Q oT

TeT

up to modifications for the Dirichlet boundary conditions. Therein, oo and ug are
piecewise constant functions, while v; and 7, are piecewise affine with respect to
a triangulation 7. On the skeleton with respect to the sides &€ in 7, # is piecewise
constant but, s; is piecewise affine and globally continuous.

This paper bounds the inf-sup constants (2) and (4) for arbitrary dimension n explic-
itly in terms of the Friedrichs, the tr-div-dev constant, and the inf-sup constant of the
H (div, £2; R"") /R x L?(£2; R") mixed FEM for Stokes equations. This implies the
quasi optimal convergence

(281123 —
Ix —xally < ——— min [x —&| (6)

B EneXy

for the novel low-order dPG FEM. The general a posteriori error analysis of [10] leads
to the a posteriori error control for any approximation &, € X}, (so it allows an inexact
solve of the discrete minimization problem)

Blx =&y <1 F = b (6 o)

<IBll (LTI 4111 = 1T0) [ — & i - )

Ao —m],.
Yh

The residual term H F—0b(&,e)

. is computable and the remaining data approxi-
h

mation term || Fo(l-1) || y+ involves the Fortin interpolation /7. In all the examples
of [10] with the aforementioned larger test search spaces, this term is an oscillation
and hence the data approximation term may be regarded as a higher-order term and in
fact is neglected in many practical calculations.

In the novel low-order dPG scheme, this is not the case and the Fortin inter-
polation operator is characterized in Theorem 5.2 below. It turns out that the data
approximation term is of first order and so, for quasi-uniform meshes and a sin-
gular solution possibly of higher-order. For adaptive mesh-refining, this argument
is no longer valid and the a posterior error control may fail to be efficient. This
leads to the extension Y}, of the trial search space Y;, C Y, C Y by three piece-
wise enrichments by additional cubic bubble functions, piecewise affines or first-order
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A low-order dPG method for Stokes 5

Raviart-Thomas functions in the first component. The resulting overall strategy for
guaranteed and effective a posteriori error control assumes an approximation x;, € Xy,
computed by the proposed dPG scheme even with inexact solve from an iterative
numerical linear algebra with the test search space Y},. The a posteriori error control
applies to );h and computes the residual || F — b(x,, @) ||f,; in the dual norm f’,j and

allows for the reduced data approximation term || F o (1 — n ) v+ with respect to the
Fortin interpolation m:Y — Yh Notice that the inf-sup constant ﬂh > ,Bh, where
B = infy,ex, supg, .y bCxn, )/ (xnllx [ 9 | )- This leads to | F o (1 — 1)y as
oscillations, Wthh may be negligible at least for piecewise smooth data. The analysis
of this strategy and affirmative numerical examples conclude the paper.

The remaining parts of the paper are organized as follows. Section 2 recalls the
necessary notation on triangulation and function spaces. Section 3 and 4 investigate
the continuous and discontinuous formulation (1)—(3) related to (7) and prove the
inf-sup conditions (2) and (4). Section 5 discusses the data approximation error in the
two-dimensional case which contains the Fortin interpolator. Numerical experiments
for benchmark problems are presented in Sect. 6. The supplement contains some
remarks on the Fortin operator and on the implementation.

Standard notation applies to Lebesgue and Sobolev spaces throughout this paper,
H'(T) abbreviates H' (int(7')) for aset T with nonempty interior int(7'). Furthermore,
a < b abbreviates, that there exists a generic constant C with a < Cb, while a ~
b abbreviates a < b < a. Given a normed linear space (X, ||e] y), let S(X) :=
{x € X: ||e|lx = 1} be its unit sphere.

2 Notation
2.1 Vector and matrix notation

This subsection clarifies details on the overall notation of vectors and matrices. For
two vectors a, b € R™, the dot denotes the scalar producta - b = Z;’;l ajbj € R,
while the scalar product A : B of m x m matrices A, B € R"*™ reads A : B =
> k=1 AjkBjk € R.The dyadic productof a, b € R" readsa ® b := ab? e RMmxm,
Notice that |a ® b| = |a||b|. The identity mapping is denoted by e. The notation
|e| is dependent on context, the norm induced by - (resp. :) on R" (resp. R"*"),
the cardinality of a finite set, the n- or (n — 1)-dimensional Lebesgue measure of a
subspace of R". The linear operators deviator,dev A = A —1/n (tr A) I,,x,, and trace,
trA=A( +- -+ Ay, of any matrix A € R"*" lead to trdev A = 0 and

||r||§2(m=1/n||trr||§2(m+||devr||iz(m forall T € L(2; R™"). (8)

(This is the theorem of Pythagoras |A|> = A : A = |devA|> + 1/n(tr A)? for a
matrix A € R"*" based on the orthogonality of the unit matrix I, and the deviatoric
part dev.) Let Ry := dev(R"*") denote the deviatoric (also called trace-free) n x n
matrices and note devA :devB=devA: B = A:devBforall A, B € R"™",
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6 C. Carstensen, S. Puttkammer

Fig. 1 Edge patch P_
wg = T4 U T_ for an edge
E € £(£2)

2.2 Triangulation

Given a regular triangulation 7 of £2 C R” into closed n-simplices T € 7, E(T)
denotes the set of all n + 1 sides ((n — 1)-simplices like edges for n = 2 and faces
for n = 3) of T and N(T) the set of all n + 1 vertices of T. The set of all sides and
nodes read

g=Jem and N:=|JNT):
TeT TeT

the set of all interior (resp. boundary) sides reads £(§2) (resp. £(9£2)) as well as
N(£2) (resp. N'(3£2)) is the set of all interior (resp. boundary) nodes. The skeleton
07 := Jyeg 0T is the union of all boundaries of simplices 7 € 7. Throughout
this paper, h abbreviates the piecewise constant function with h7|r = hr =
diam(T') = max, yer |x — y| the diameter of a simplex 7 € 7 and 4 ,,,, := max hr
its maximum.

Let vr denote the outer unit normal vector field along the boundary 97 on a fixed
element 7 € 7.Eachside E € £ has an assigned orientation of the unit normal vg . For
exterior sides E € £(382), vE = vg points outwards. For an interior side E = 074 N
dT_ € £($2) one orientation of the unit normal v is fixed throughout this paper. The
neighbouring triangles are named such that vg points from 775 to 7_ as in Fig. 1. In this
context the following sign-functionis defined sgn(7, E) := vg-vr € {1} forall T €
T, E € &(T). Furthermore, for a function v € L?(£2; R"*") the jump along an
interior side £ € £(£2) is denoted by [v]g = (v|, — U|T—)|E € L2(E; R™ ") and
along an boundary side E € £(382) by [v]g := v|g € L>(E; R™*").

For each simplex T € 7, mid(T) := fpx dx = |T|_1fo dx = 1/(n +
D> . (1) % denotes the center of gravity and the function e—mid(7) € L*°(§2; R")
has the value x — mid(T) forx € T € 7 and satisfies forall T € 7

/ x —mid(7T) dx = 0 and || — mid(7) ||Loo(m < hpun/(n+1). )
T
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A low-order dPG method for Stokes 7

2.3 Function spaces

Standard notation applies to L2(.Q), HY(£2), H(div, £2) and their vector- or matrix-
valued relatives such as LZ(Q; R™"), LZ(SZ; R*1y, HI(Q; R™), H(div, £2; R™™).
Let 7 be a regular triangulation of £2. The test search space only exhibits certain
piecewise regularity propertieson T € 7,

H(div, T; R := [r e L?>(2: RV VT e€T,1< Jj <n,tj|lr € H(div, T)},
H'(T:R") := {v cLX2:R"Y: VT T, vy € H(T; R”)},

where 7; denotes the j-th row of 7. The piecewise application of the divergence
operator div and the derivative D read div . and D . and give rise to

11 aiv, 7y = 1T iy 7y = 171720y FdiVse TliZa g

3¢y = 10051 ) = 1001720y +IDsc V72 g -
The following essential facts about trace spaces are proven in [2,21]. For any open,
bounded Lipschitz domain U € R", there exists exactly one continuous linear map-
ping yo : H'(U) — L? (3U) with yow = wlyy for all w € H'(U) N CO(U). Let
H'2U) := yo(H" (U)) andlet H~'/2(dU) = (H'/?(3U))* be its dual space. Then
there exists exactly one continuous linear mapping y, : H(div, U) — H~'/2 (3U)
with y,g = (gqlay) - v for all ¢ € H(div, U). Moreover, for all ¢ € H(div, U) and
w € H'(U) it holds

<yvq, yow)aU = /Uq -Dw dx + /;] wdivg dx. (10)

The extension of the L>-scalar product on the skeleton is for all 1 = (t7)7c7 €
[Trer HV2 (0T; R") and s = (s7)re7 € [[rer H'/? (9T; R") denoted by

(t,8)y7 = Z (tr,sT)yr -

TeT

Define the trace operators

vo s H' (T:R") > [ H'* (a1: R"),

TeT
yVT: H <div, T; ]R””’) — l_[ H1/2 (BT;R”)
TeT
T N : N T .
on the skeleton 87 by yi w := (sp)rer withsy = y(wir) and 3/ ¢ :=

(tr)7er Withtr = p, (qIT) for all T € 7. The associated trace spaces read
Hy? (0T; RY) := o (Hg (2:R")), (1)
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8 C. Carstensen, S. Puttkammer

H1/? (8’]’; R”) = y‘;f (H (diV, £2; Rnxn)) . (12)

These spaces are equipped with the following minimal extension norms

sl 12 =5l 12 = inf wl| g1 ,
|| ”HO/ (8T) || ”HO/ (8T’Rn) weHl(Q;R") || ”H (.Q)
Vg w=s
Nt =172 =\t g-1/2¢97 Ry = inf q . .
H-12(T) HOVRGTR S ) | raiv. )
T, _
Y q=t

The spaces Hé /2 (37 R") and H~!/? (97; R") are subspaces of product spaces and
not dual to each other in general.

Lemma 2.1 (Duality Lemma) It holds

12 n
sl 12 = sup ()/Tr, s> foralls € Hy'” (3T; R"),
Hy"OD) | Csmiv. TRy Ry T ( )
ltlgrery = swp (wfv) - forallre BTV (9T RY).
veS(H (T;R")) T
Proof This is contained in [11, Lemma 2.2]. O

2.4 Discrete function spaces
The finite-dimensional subspaces of the trial space X; C X and the test search space
Y, C Y are piecewise polynomials. For any k € Ny, let P, (T; R"*") denote polyno-

mials of total degree at most k in each component as functions in L(T'; R”*") and
set

P (T, R™") = {qk € L®(2; R™"): VT € T, q;|r € P(T; Rmx”)},
Analogous definitions apply on the skeleton, i.e.,

P& R™ ) = (g, € L¥(_JER™") VT € T, VE € &(T),
qile € Pe(E; R™ M
Let IT be the L? projection onto Py(7) defined for f € L?(§2; R"™*™) by ITy f|7 :=
|T|~! fT fdx = fT f dx. The continuous and piecewise finite element functions Py
on 7 read
SHT R == PU(T; R™") N C(2),
So(T: R™) = SK(T: R™") N Co(2)

@ Springer



A low-order dPG method for Stokes 9

and on the skeleton

SHER™ ™) = P& R™ M nC( | aT),
TeT

SK(E R 1= |u € SLER™MY : ylpg = 0] .
The lowest-order Raviart-Thomas functions read

RTS (TR i={g 4 € L¥(2; R"™) 1 3A € Py(T; R,
b e Py(T:R"), g =A+b® (e —mid(7)) },
RTH(T; RV := RT™(T; R™") N H(div, 2; R™").

On each simplex T € 7 any q,., € RTOPW('T; R™ ™) can be written as ¢ .|t =
A+1/n divg,, ® (e — mid(7)) for some A € R"*". Then it holds by (9)

(1—My) g =1/ndivg,, ® (e —mid(7)) L Po(T; R""). (13)
It is useful to regard Po(E; R™) as a subspace of H~!/2(3T; R") via the embedding
Py (5, Rn) s H71/2 (37; Rn) , tor>t=(r)reT Withtr = q vrlar,

where q ., € RTy(7; R"*") satisfies q ..|vE = to|g for all E € £. Notice the norm
equivalence

ol 122y <19 sl a0y < (L 1+ 402, /7)ol =12

from [13, Lemma 3.2].

3 Continuous problem

Given some f € Lz(.Q; R"™) on some n-dimensional, bounded Lipschitz domain §2
with polyhedral boundary 92 and Dirichlet boundary data g € H'(3$2; R") with
f 90 & - v ds = 0, the Stokes pseudostress formulation seeks o € H (div, §2; R*7)
andu € H' (2;R") with

devo =Du, f+dive =0in$2, u = galongas2. (14)

There exists a unique solution (o, u) to (14) up to a constant multiple of the n x n
unit matrix Iy, fixed by [,tro dx = 0 written 0 € H(div, £2; R"*")/R. The
discontinuous Petrov-Galerkin formulation (dPG) is based on a regular triangulation
7T of §2 from Sect. 2.2. On each simplex 7 € 7, a multiplication of (14) with the test
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10 C. Carstensen, S. Puttkammer

functions T € H(div, T; R"™") and v € H'(T; R") followed by an integration by
parts leads to

/deva:rdx—i—/u-divr dx:(yut,you>aT,
T T

/a:Dvdx—(yva,yov)aTzff~vdx.
T T

The summation over all T € 7 results in traces on the skeleton yOT u and va o.Let
g € H'(£2; R") extend the Dirichlet boundary data g € H'(9£2; R"). The interface
variables s := yOT (u—g)andt := yVT o circumvent the continuity conditions for o
and u. The sum of the two equations leads to the dPG formulation (on the continuous
level). In abstract notation, the dPG formulation seeks x € X with

b(x,y) =F(y) forallye?Y. (15)
Foranyx = (o, u,s,t) € Xandy = (7,v) € Y with

X :=L2(2; R /R x L2(2: R") x HY*(0T:R") x H™'2(OT;R"), (16)
Y := H(div, T; R"™")/R x H'(T; R"), (17)

the bilinear form b : X x Y — R and the functional F' € Y™ read

b(x,y) ::/ o0 :Dyv dx+/ deva:rdx—}—/ u-divye T dx (18)
Q Q Q
T T
el -

._ ) T_ T
F(y) '—/Qf v dx+<)/v T, 9 g>aT~ (19)

a7’

The remaining parts of this section establish the boundedness of b, its non-degeneracy,
and the inf-sup condition (2). The weak formulation of (14) leads with Z :=
H (diV, 2 R"X") /R x L? (.Q; R") to a bilinear form b : Z x Z — R defined
for (T, v), (p, w) € Z by

15((1,v),(p,w)) :=/ devr:pdx—i—/ v-divp dx—i—/ divt -w dx. (20)
Q Q Q

The well-posedness of (14) leads to a positive inf-sup constant [9, Thm.2.3]

0<y:= inf sup b(a,b), 21
a€S(Z) pes(z)
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A low-order dPG method for Stokes 11

which allows to describe the dependence of the inf-sup constant 8 below. The bilinear
f~orm b of the ultraweak formulation is a broken form of the established bilinear form
b with the term broken used in the sense of [11].

Theorem 3.1 The bilinear form b from (18) is bounded with

|b(x,y)| <3 ||x||X||y||Y forallx e X, yeY

and satisfies N = {y eyY: b(o,y) =0¢e X*} = {0} as well as

0< 1/\/15/)/2 +6~|—\/32~|— 168/y2 +225/y* < B:= inf sup b(x,y).
xeS(X) yeS(y)

The constant y involves the Ladyshenskaya constant [7, (11.2.3)] or the constant Cygq
from the following tr-dev-div lemma.

Lemma 3.2 [6, Thm.9.1.1] There exists a constant Cygq < 00 (solely depending on
§2) such that any T € H(div, £2; R"")/R satisfies

ltr Tl 200 < Cuaa (Ildev Tl 2 +IdivT ||L2(Q)) .

The proof of Theorem 3.1 requires the following splitting argument from [11].

Theorem 3.3 (splitting lemma) Let X and Y be (real) Hilbert spaces with X =
X1xXo. Leth; : X1xY — Randb, : Xo xY — R, suppose the continuous bilinear
formb : X xY — Ris their sum, in the sense that forall x = (x1,x3) € X1 x X2 =X
andally €Y,

b(x,y) =bi(x1,y) + ba(x2, ).

Set Y] = {y €Y :by(x2,y) =0forall x; € Xz} and suppose, that

0< = iInf sup by(xg, , 22
B1 XleS(Xl)yleSFYl) 1(x1, y1) (22)

0< Br:= inf sup by(x2, V), 23)
B szS(Xz)yES(py) (x2,y (
Ny = {y1 €Yy :b1(x1,y1) =0forall x| € Xl} = {0}. 24)

Then it follows N := {y €Y : b(x,y)=0forallx € X} = {0} and

V28182

0<
\/ BT + B3 + b1 + (BT + B3 + b1 1P)? — 4B23

< inf sup b(x,y).
xeS(X) yGSFY) Y
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12 C. Carstensen, S. Puttkammer

Proof This is essentially [11, Thm.3.1] in different notation, but the constant here is
—1,2
slightly better than 8 = B/ (ﬁ% + B3 +1Ib1 1> + 281116y ||) and this requires

the additional condition (24). Set Y, := Yll for an orthogonal split Y = Y| & Y>. Then
B> from (23) is positive and b2 | x, <y, is non-degenerate in the sense that by (e, y2) #
0 in X;‘ for all y, € Y» \ {0}. The general theory on bilinear forms [4, Thm.2.1]
guarantees, that given any x = (x, x2) € X, there exists y, € Y, with b> (e, y2) =
(x2, ®)x, in X73. Hence B, ||y2 ||Y <llx2llx,. Since B > 0 and N| = {0}, there exists

aunique y| € Y such that bi(e, y1) = (o, x1)x, — bi(e, y2) in X} and i | y1 ], <
Ixtllx, +1&10 | y2]y- Then

b(x, y1 + y2) = lx1 1% +llx2l% =lx1% -

Moreover, y = y; + y» € Y satisfies

2
I3 =I5 + 25 < 672 (||x1 I, + 85 b1l ||x2||X2>

-2 2
+ 852 xal%, -

The upper bound is recast as

B2 By 2By bl B )
Ixtllx, . x| ) LA PP B ) < Alx
(il Bzl B2, bl 8285 20k + By ) \laly, ) = AT

for the maximal eigenvalue

BB JB2+ B +Ibi1D)? — 48763
26153
of the displayed symmetric 2 x 2 coefficient matrix. This concludes the proof. O

Proof of Theorem 3.1 In the setting of Theorem 3.3, let (equipped with the natural
norms)

X1 = L2(Q2; R™™M)/R x L*(2; R"), (25)
Xy := H,>(0T; R") x H™'>(0T; R"), (26)
Y := H(div, 2; R"™")/R x H}(2;R") C Y. 27)

Forall x; = (o,u) € X1,x2 = (s,t) € Xoandy = (7, v) € Y set

bi(x1,y) ::/ 0 :Dyv dx+f deva:rdx—i—f u - divye T dx, (28)
Q Q Q

br(x2,y) == — <t, yoTv>aT - <var, s>3T. 29)
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A low-order dPG method for Stokes 13

Forall x; = (0,u) € X1 and y = (7, v) € Y, the Cauchy—Schwarz inequality proves

|b1(x1, y)| < lollL2¢2) (IDxc vl 2(2) HlTllL2(0) Hllull 22y 1divae Tl 20

< \/EHXIHXI ”y“Y

Thus, |b1]| < /2. Given x» = (s,1) € X» and y = (t,v) € Y. The substitution of
s = yOTw with w € H} (£2; R") and [wll g1y = lIsllg12(97) as well as t = vIq

with ¢ € H (div, £2; R"*") and Hq”H(div) = It g-1/2(o7) allow an integration by
parts. Hence,

bz(xz,y)z—/ diVNC‘r-wdx—/ r:Dwdx—f divg - v dx
Q Q Q
—/Qq:Dchdxs||xz||X2||y||Y.

It follows, ||b2]] < 1 and so||b]| < /3. i
For an arbitrary 0 # x; = (0, u) € X1, define F € Z* by

F(p,w) ::[(Z(G:p+u~w) dx for all (p,w)eZ. (30)

The Cauchy—Schwarz inequality implies || Fllze < ~2|x1ll x, - Since the formulation
(20) for the Stokes equations has unique solutions [9, Thm.2.3], there exists (7, —v) €
Z such that b ((r, —v) , ) = F in Z*. For any (p, w) € Z, this reads

O:/ (a—devr):pdx+/.divp'vdx+/‘ (u—divt) - w dx. 3D
Q Q Q

Since w € L?(£2; R") and p is arbitrary in H (div, £2; R”*")/R, divt = u and (31)
implies v € Hé (£2; R") with Dv = o — dev 7. This test function y; := (7, v) € Y]
allows for

bixr, y) =lxil%, -
Recall y from (21) the inf-sup constant for 5. Then

vyl =vl@ -], <16 (. —v). o)z
=IFllz < V2lx1llx, -

2

12(2) = 2llo 12, +2lTl1%,, , - The previous

The triangle inequality implies||D v|| 12(Q) 12(@)

two displayed inequalities prove

i3 < 6y 2 +2)lxi1%, -

Hence, for all x; = (0, u) € X1 and y; := (7, v) € Y] as above,
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14 C. Carstensen, S. Puttkammer

©y 2+ 27 il < bty /|y = sup biGoy).
yiesS¥r)

This proves (22) with (6y =2 4+2)~1/2 < ;.
The duality Lemma 2.1 shows, that any x, = (s, 1) € X satisfies
Ix2llx, <lsllz2er) Hltlg-12067)

= sup <yVTq, s> + sup <t, yOTw>

geS(H (div,T;R"*") /R) T weS(H! (T;R")) T

=< sup by(x2, (g, w)) < ~2 sup ba(xz, y).
qes(H(div. T;R"")/R) yes(y)
wes(H(T:R"))

Hence, (23) holds with 271/2 < B,.

Given any y = (7,v) € Y with ba(x2,y) = — <yUTr, S>aT — <t, yOTU)aT = 0 for
all x = (s,1) € X7. This means that all jumps of v and (normal components) of T
disappear. Hence, y € Y as demanded in Theorem 3.3.

Let y; = (r,v) € Ni. With x; = (0,u) € X, forany u € C§° (3’2; R") -
L?(£2;R"), y; € N; implies div T = 0. The boundary conditions and continuity in
Y| prove

0:/ v-rvds:/v~divrdx~|—/Dv:'rdx=/Dv:rdx.
2 Q Q Q

Furthermore, the choice x; = (t, 0) € X results in

O:f 7:Dv dx+f devr:rdx:/ devr:rdx:||devr||iz(m;
Q Q 2

whence dev T = 0. Lemma 3.2 proves T = 0. Further, for all 0 € CSO(Q; R"*") set
6:=0—1/n(fytro dx)I,x, and x; = (,0) € X;. Then

1
/a:Dvdx:/&:Dvdx—i——(][ tradx)fdivvdx:bl(xl,y1)=0.
Q Q n\Jo Q

Hence, Dv=0forv e H(} (£2; R™) and so v = 0. This concludes the proof. ]

4 Discrete problem
The low-order discrete trial and test search space of the introduced method read
Xy i= Po(T; RV /R x Po(T; R") x S§(E;R™) x Py(E; R™), (32)

Yy := RT)V(T; R™™) /R x Pi(T; R"). (33)
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A low-order dPG method for Stokes 15

Given b from (18) and F from (19), the discrete problem seeks x, € X; with (3).
This section establishes the discrete inf-sup condition (4) with a constant gj, which
depends on the Friedrichs constant C (with || e|[,2(o) < CFr[|D e|[;2(o) in HO1 (£2))
and the tr-div-dev constant Ciqq.

Theorem 4.1 (inf-sup) The discrete spaces (32)—(33) and the bilinear form b from
(18) satisfy

b(xn, yn)

1< = .
~ P il

inf  sup
xn€Xp\{0} y, ey, lxnll x

Proof Step 1. Discrete test functions. The discrete traces in Sé (&; R™) (resp.
Po(&; R™)) admit a unique extension by S& (7T; R™) (resp. RTy(7; R"*™)). Thus,
given x, = (00, Uo, 51, t9) € Xp, chose w, € S&(’T; R™) with yoTwC = s1 and
g € RTo(T; R™") with y.Z q .. = 1. The norm for the trace space in Sect. 2.3
by minimal extension fulfils

lenlk =lo0ll3 20, +l0lF2gg) + 176 welliuagr + 1% € aly-1207
2
<No0l32.) +Hl0 1320y HlwelZ1 o) + 19 el 3reaiv.o) (34)
For x; = (60, 40, ¥§ We» Vil @) € Xn \ {0}, set y4 = (T i, v1) € Y

Ty =deveo—Duwe+ 1/n (ug — Mowe) ® (o — mid(7)),
v) = —divg , + ((70 — Ilpq RT) (o - mid(T)) .

Notice, thatdiv yc T gr = uo—Iowe, Dyc v1 = 00—11oq o and ITov; = —div q ;.
The side restriction [, tra dx = 0 implies [, tr T, dx = 0.

Furthermore, the substitution of s by yOT w, and 79 by yUT q . allows an integration
by parts. Hence, x; = (09, uo, yOT We, yVT q ) and the above test function y;, =
(T &r» V1) satisfy

b(xh,yh)=/;2001Dch1 dx+/

devog: Ty dx ~|—/ ug - divye T e dx
Q

Q
—/ (v - diVg + ¢ i Dycvr) dx
Q
—/ (Trr - Dwe + we - divye Ter) dx
Q
2
= i|00 - HO‘I RT ||L2(.Q) +lldeveo — D wC”%Z(Q)
. 2
+lluo —nowcniz(g) +Hdiv g o] 1) - (35)

Step 2. Key estimates. The test function from Step I. and (9) prove
2
Iyally =17l +lvilp 7,
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16 C. Carstensen, S. Puttkammer

<lldevao = Dl g, + (H2,/ 01+ D + 1) o = Mowel 2

max

+||diquT||iz(Q) + (h%‘mnz/(n + 1%+ 1) oo — Mog RTHiZ(.Q) :

The combination with (35) shows for Cy, :=1+ h2 n2/(n + 1)2 holds ”yh ||§ <

max

Cy, b (xh, yh). The proof of ||x; | x S b (xh, yh) requires the computation of Cy,,
with[[Dwell 2oy =t llwe I < Cy.b (xh, yh). The function

Goi=q.—1/n <][ rq. dx) Lixn € H (div, 2 R"X") /R (36)
2

allows an application of Lemma 3.2. Moreover,
(@) ”dequT“Lz(.Q) =|devg RT“LZ(.Q) and [[div g, ||L2(.Q) =|divg RT”LZ(Q)’
(ii) for o € L2(82: ™) /R holds |00 — G | 120) <[00 — Ta 120

(iii) for f € L*(22; R) with [, f dx =0holds [, ftrq, dx = [, firg,, dx.
This verifies

Ct?‘lc% “tr é RT || L2(2) = ||deV q xr H L2(2) + ”le q xr H L2(2) " @7
It holds

|devg “L2(.rz) <[ devieo —q.) HLZ(Q) +[dev(oo — Dwo) | L2(2)

+ ”deV D We ”LZ(.Q) .
From (13) and (9) it follows

max

|dev(oo — g ) ||L2(.Q) < |[dev(oo — Mog ) HLQ(.Q) + " ddiRT“L2(Q) :

+1
This proves
Ctdd_l ”tI-QRT ”LZ(_Q) = ||GO — Iloq RT”LZ(Q) + ”deV(UO -D wc)”LZ(Q)
+lldevD well 2y + (1 4 7w/ (n + 1))||diquT||L2(m.

On the other hand,

Idev D well75 ) = / (Mo(00 — g 1) — dev(oo — D we) + g ) - devD we dx
2
= (oo = Mo el 20, +dev@o = D) 12 ) )Idev D wel 2

+/ q o - devDwg dx.
2
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A low-order dPG method for Stokes 17

The decomposition of the deviator followed by an integration by parts shows

fdevéRT:ch dx:/c}RT:ch dx—l/n/(trém)divwC dx
2 2 2

<= [ e div g et Un ] g v el
2

IA

Crllwell|div g ] ;2 g,
+1/n |0 g o] o) 1AV well o) -

The combination of the aforementioned estimates leads with
a= |00~ o | 2o, +[devieo —=Dwo)| o) + Cuaa/n Idivwell 2 (q) -
b:= Cua (||oo —IT0q o[ 12, +[[dev(o0 — Dwe) me) +lldiv well 120

+ Caa(I 4 e/ (n+ 1) div g o[ 12y - and € = Cr[[divg |20
o flwell® < alldev D well 2oy + b/nlidivwell 2 + cllwell.
This upper bound is the scalar product in R? of the vector (a, b/ /n, c) with

(|devD wclle(Q) , |Idiv wclle(_Q) /+/1, lwell). The Cauchy-Schwarz inequality
leads to

lwell® < JidevD well?,, o, + 1/nlldivwel?,, o + llwell?y/a? 4+ b2/n + 2
L2(2) L=(£2)
= Nlwellv2y/a? + b2/n + ¢ =: C Jlwell.

The Cauchy-Schwarz inequality, (8), and the abbrevations g := H div q H 12

82)°
[ =IDwe —devaoll o) and e = ||o0 — [Tog || 2o, allow to rewrite the
pre-factors a, b, and c as

aS\/Z—i—Ctzdd/n\/ez—i-fz,

b=\ + f24 g n+ CRy@+ (1 + /(1 + D)) and e = Cr g.

Since by (35), € + % + g% < b(xy, yn), it follows
n n

2 o B\
Ct<2|max{C;.24+ 441 44— 2+<1+%) b(xh, h)-
n

Therefore, the constant Cy,, with [Jwc I? < Cu.b(xp, yn) satisfies

Cu. <2 (max {C%, 2+ c?dd/n] + 1+ Chg/nQ+ (1 + hp/(n + 1)>2)> :
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18 C. Carstensen, S. Puttkammer

It remains to prove [[x; 1% < b (xn. yn). For ¢, € RTo(T;R"™™"), (13) and (9)
imply

max

. 2 2
||qRT ||L2(Q) = m ||d]VqRT||L2(Q) + 2”‘70 — Ilog RT||L2(.Q) + 2"‘70'@2(9) :

On the other hand, the auxiliary function ¢ , from (36)—(37) allows for

- C
looll 2@y = loo =G ||L2(.Q) \;CE ||d1VqRT||L2(Q)

C
+ (1 + %) ”deV‘IRT”LZ(.Q)
S (2 + Ctdd/ﬁ) ”0'0 - qRT”L2(_Q) + Ctdd/\/ﬁudiquTHL2(_Q)

+ (14 Cua/v/n)lldevooll 2 () -

Furthermore, it holds

lo0 = a2 =loo = Mog il 2g) + h/ (0 + D][diVg ] 2, and

ldevooll 2oy <lldeveo — Dwell 2o + llwell-

Therefore, all terms in the decomposition of ||x || x as in (34) are under control,

2
lenll% <looly2gg) +1u0l72 gy + 19wl b @iv.a) 1wl o)
<lloolja g + (1 + Ci)lluo — Mowells g,
2
+ 2+ 20 wel’ + 14wl .2 -

Careful bookkeeping reveals that

2
3h2 Crad 6h.. [C> Cud
C := max 2 max tdd 2
3 (n+1)2(ﬁ+ i\ Tt e

2
FRTY SR B
\/_

satisfies

el = (1+ C3)luo = Mowel2: g, + Calldev oo — Dwel
2
+ Q2+ C3)| o0 — Mog |12y + 2+ 2CF + C3)llwel?
2 2 . 2
+ (U1, 41?4+ C3)|dive o o) -

max
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A low-order dPG method for Stokes 19

Therefore, ||x; |5 < Cx,b(xn, yn) holds for

2

h
Cyy = max |14 CE, G+ max [2, 1+ m}} +(C3+2¢E +2) Cu.

Step 3. Alltogether, for all x, = (0, uo, yoTwc, yVTq o) € Xp \ {O}and y;, € ¥},
as in Step 1, it holds

Ixnllx < v/Cxy Cyy b (xs y1) /|30 |-

This concludes the proof of 0 < (th Cyh)_l/2 < B with g, from (4).

5 Data approximation error

The Fortin interpolator (5) is explicitly constructed in [10,19,22] with higher-order
test search functions. The low order spaces in [13,14] require a direct verification of
the discrete inf-sup condition and allow explicit constants ||b] , B, in the a posteri-
ori error bound (7). The upper error bound involves the computable residual error
|F — b, o)||y;« and the remaining data approximation error || F o (1 — IT)| y+. The
latter is not of higher-order in general as shown in Sect. 5.1. This motivates an extension
of the test search space in Sect. 5.2.

5.1 Fortin interpolation

The description of the operator I7: Y — Yj with (5) in 2D with a shape-regular
triangulation 7 of the simply-connected bounded polygonal domain 2 C R? into
triangles requires further notation. For g € C 1 (£2; Rz), set

—03pB1/0x2 9pB1/3x1

Curl 8 := (—8,32/3)62 3,32/3)61) , curl B := tr(Curl B) = 9B2/90x1 — 3B1/9x2

with the piecewise version Curl . and curl i (piecewise with respect to 7). Define
Xeud 1= {uc e ST RY): f ve dx =0, / curlve dx = 0]
Q Q
= SUT; R*)/R’.
The nonconforming Crouzeix-Raviart functions space reads

CRY(T:R?) :={v € P|(T,R?) : vis continous in mid(E) for all E € £(£2)},
CRY(T; R?) := (v € CRY(T; R?) : v(mid(E)) = 0 forall E € £(38)},

CR'(7T,R*/R? := {v e CRY(T,R?): / vdx = 0}.
2
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20 C. Carstensen, S. Puttkammer

The discrete divergence-free Crouzeix-Raviart functions
Zew i={v € CRY(T; R?) : div.v = 0} € CRY(T; R?)

are well known from the the nonconforming finite element analysis of the Stokes
equations. Any w ¢, € CR(I)(T; RZ) satisfies fE [we]g ds = 0 along any edge E €
£. The local nonconforming interpolant /% guarantees a similar property: Define
v e P(T;R? forve H(T;R*) onany T € 7T via

(Igzvv) |7 (mid(E)) =][ vl ds :=|E|_1/ v|r ds. (38)
E

E

Forall T € T and E € £(T) holds fE IE(V;vv|T = va|T ds, whence [TgD v =
Dy IEXJU.

Lemma 5.1 (discrete Helmholtz decompositions) For a simply-connected domain 2,
the following decompositions are orthogonal in L*(§2; R?*?)

Po(T; R3X?) = Do Z o @ dev Curl Xy, (39)
Py(T; R*>?) =D S}(T; R?) @ Curl .. CR' (T, R?)/R>. (40)
Proof The paper [17] includes a proof of (39) and (40) is known from [3]. O

Based on those preliminaries, the Fortin interpolation is characterized in the sequel.
Given a simply-connected domain £2 and y = (t, v) € Y. Leta € CR!(7; R?)/R?
satisfy [ o dx =0 and

/ (Dyxcoter — MpT) : Dyc W dx = / W - (1 = Ip) divye T dx 41
2 2

for all we € CR'(T;RR?). (This follows from one solve of the Crouzeix-Raviart
FEM and [, (1 — ITp) divyc T dx = 0.) Let ag := —1/2 f,, div e @ x. The discrete
Helmholtz decomposition (39) guarantees the existence of z, € Z  and B, € Xcurl,
such that

dev (ITot — Dyc &) = Dy z2cx + dev Curl 8. 42)

Theorem 5.2 Given (t,v) € Y and oy € CRYT;R?)/R% 2k € Zexs Be €
Xeurls &0 € R? as above with (41)—(42), set

T i= Dycag + Curl B + aglaxo + (1'[0 div ¢ 1/2) ® (e — mid(7)),
vy =100 + 2.
The mapping I1: Y — Yy, (T,V) > (T, V1) is linear, bounded, idempotent and

fulfils (5). The discrete kernel Ny := {yh €Yy b(xp,yp) =0Vxy, € Xh} of Boy :
Y, — X, yn > b(e, yp)ly, has dimension dim(Nj,) = 2(]T| — 1) and is equal to
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A low-order dPG method for Stokes 21

Ny = {(Curl e Ber, ver) € Curlye CRY(T, R?)/R? x Z ¢y
— Dy v = dev Curl i B}

Proof The design of ¢ leads to fQ tr 7 dx = 0. Forall 6 € Py(T; R*?*?)/R, the
split (42) and ITg Dycv = Dy [ P prove

b((00,0,0,0), y — yn) = f 00 : Dye(v —vp) dx +/ devog: (T — Tx) dx
2 2

/ 00 : (oD (v —v1) +devITo(t — T4)) dx
2

op: (— Dycz +dev(lIpt — Dyc g — Curl ﬂc)) dx
Q

0.

Since div ¢ T = 1o divye T, any ug € Po(7; RZ) satisfies

b((0,u0,0,0),y —yp) = / ug - div e (T — Tgp) dx
2

=/ ug - Mo div (T — T ) dx = 0.
2

For all s1 € Sé (&; Rz) on the skeleton 97, consider the linear extension w. €
S§(T;R?) € CRY(T,R?) with y we = s to allow an integration by parts. Thus,
f_Q Dw, dx =0, (40)-(41), and div ¢ T xr = 1y div \c T prove

~5(0.0:51,0),y =) = [ Due: Mo(r = 1) dx
2
+/ We - divye (T — Tye) dx
Q
= / Dwe : (H()T dx — Dyca g — Curl B, — C(()szz) dx
Q

+/ we - (1 — IMy) divye T dx = 0.
Q

The properties of the Crouzeix-Raviart-functions and 7 PY (38) prove for all #y €
Py(E; R?),

=Zt0|E~</ [v—IEZVv]E ds—f[zCR]E ds):O.
E E

EeE

For the proof, that IT is idempotent (hence a projection), suppose that (t,v) €
RTg’W (T: R?*2) /R x P;(T; R?) and decompose 1yt = Dy a  +Curl b, for unique
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22 C. Carstensen, S. Puttkammer

de € CRY(T;R?)/R? and b, € S}(T; R?). Since (1 — Ip) divye T = 0 ace. in 2,
(41) shows a y = o . Since b, = 0 along 92 and b, — fg b, dx € Xcurl, (42) reveals
that . = b — o, be dx and z, = 0. Notice that 0 = [, tr7 dx = [, tr [Tor dx =
f o divyc @ dx = 0 implies ag = 0. Altogether, it follows that 7 ., = 7 and v; = v,
ie, [1? =11.

The discrete Friedrichs and Poincaré inequality [7, Thm.10.6.12], Lemma 3.2, and
[12, Thm.4] show that the proposed mapping I7 is bounded. A lengthy but straight

forward calculation with C := 2 max {1 + Ctzdd, 2+ 2C§F} reveals

1P < (14O + Chp) +max [C, 1442,/9].

It remains to characterize Ny,. For all y, = (T ¢, V1) € Np, the condition

0=5((0,0,0, 1), ) = — Z t0|E/ [01];ds forallzg € Po(&: R?)
Ee& E

implies 7 € CR}(7; R?). Since
0 = b((0, ug, 0,0), ) = / uo - divye Tee dx  forall ug € Po(T; R?),
2

it follows div y¢ T xr = 0 and I1yT x; = T & The linear extension of s; € Sé &; IRZ) to
We € Sé (T; R?) with yOT we = 51 and an integration by parts result in

0 = b((0, 0, s1,0), ) = —/ Dwe: To dx  forall we € S3(T; R?).
2

This and the Helmholtz decomposition (40) reveal T, = Curly B for B €
CR!(T;R?)/R%. Forall 6 € Py(T; R>*?)/R,

0 =5((00,0,0,0), ) = / (00 :Dye ) +devog: Ty) dr.
2

Hence, dev Ty = — D 01 and so v; € Z . This proves the asserted representation
of Nj,. Let M), .= Nhl C Y}, denote the orthogonal compliment of N, in Y) with
respect to the scalar product in Y. Then the dPG FEM is equivalent to the mixed FEM
with x;, € X, and b(xy,, @) = F in M} [13,14]. Its solvability guarantees dim(M}) =
dim(Xp) = 6(‘7’\ +2|N(2)| + 2|5T — 1. This and dim(Y;,) = 12|7| — 1 leads to
dim(Ny) =2(7| - 1). O
Given an extension g € H 1(§2: R?) of the Dirichlet data geH 1(362; R?) the data
approximation error contribution reads
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A low-order dPG method for Stokes 23

|Fo(l—M,. = sup </f-(v—nv)dx+<y07g,yv’f(1—n)r> )
(v,7)eSY) 2 0T

In addition, assume that g € H'(£2; R?) N H(T; R?) is piecewise divergence free in
that [Tpdivg = 0in £2. Letx := ,/1/48 + ]flz = 0.298234942888 for the first root
Jj1.1 of the first Bessel function and the discrete Friedrichs constant Cyr [7, 10.6.14].

Theorem 5.3 The projection I1 from Theorem 5.2 satisfies

|Fo(—m|

yx = K||hTfHL2(Q)
+o (CdFHf |2 + (2 + 146202, ||H||) |||g|||> :

Proof First investigate the volume contributions, i.e., the data approximation error in
case g = 0. The Cauchy-Schwarz and the discrete Friedrichs inequality [7, 10.6.14]
with constant Cgp prove, for all y = (7, v) € Y, that

/f-(v—ﬂv)dx:/f-(v—IEZVv)dx—/f-zCRdx
I?) 2 2

< b1 f] 20, Hh:[1 (v— IEZVU)\

L3(£2)
+ CdFHf”LZ(_Q) Iz cll xe-
The first term is bounded as in [12, Thm.4] by
' w1, <l = 12l < e 43)

The choice of z «; in the Helmholtz decomposition (42), (41) and the Poincaré inequal-
ity, prove for the second term

lzeellZe = /Q Duzex : (o7 — Dy avey) dx
= —/ Zew - (1 = M) divye T dx
2
< /it lzallnc[ (1 = F0) divac 7] 20 - (44)

Altogether,

sup / f . (U - HU) dx < hmaxCdF/jl,l ||fH LZ(Q) + K”hTfHLZ(Q) .
(t,v)esS(Y) J 2

Letg e H 1(£2: R?) N H?(T; R?) be as above and define the nonconforming inter-
polant I g € CR(T; R?) by I g(mid E) := fE gdsforall E € £.
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<)/()Tg, )/‘;T(r - TRT)>3,Z_ = <V(,)T(g — I8), Vl;T(r - TRT)>BT

+<y(;TINcgs )/VT(T - TRT)>BT~

The definition of T i, (9), divyc g = 0, and (41) lead to

<V(;TINcga V;T(T - TRT)>8T 2/ Dye Incg: (HOT — Dy _Curlﬁc) dx
2
+/ Incg - (1 — Ip) divye T dx
2

= —/ Dy Ixcg : Curl B, dx.
Q

Equation (42), the Cauchy-Schwarz inequality, and (41) lead to

—/ Dy Incg : Curl B, dx
2
= / Dye Incg (DNCZCR +dev(Dycorer — HOT)) dx
2
< M xcgllnellz exlll e +/ DycIncg : Dycacr — IpT) dx
2
= I xcgllxellzexllne + / h' (Iseg — Molyeg) - by (1 = Mp) divye T dx.
2

The application of the Poincaré inequality and (44) prove

2h
sup <J/oTlNcg, J/VT(T - rm)>‘ < —
(T.0)eS(Y) T~ 11

max

(I —Ty)divye T HLz(Q) 17 el ne

2h max
= ——Illgll-
J1,1
Finally, for all (z, v) € S(Y}), it holds

<VoT(g —Ivg), v (x - rRT)>BT <|lg = Ixcg | g1 (1T = Twall rcaiv. 1)

< J1+ €22, g Lcgllne 11 = TNl )
< JU+ @R 1T /Dl

The equality ||1 — IT|| =||IT]| follows from Kato’s lemma [23, Lemma 4]. O

In conclusion, the data approximation term is not necessarily of higher-order, but at
least controlled by 4 ,,,, even for non homogeneous boundary data.
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5.2 Extensions of test spaces

The discrete inf-sup condition (4) also holds for an enlarged discrete test search space.
Three examples for an enlarged test search space Y, =Y}, j for j =1, 2, 3 allow for
a decoupling of the Fortin interpolation operator /T and higher-order data approxima-
tion error. Here, B3(7) := {v € P3(T) : v = 0 along 97 } denotes the cubic bubble
functions, and

() Va1 =Y & (B(DRE? x 0}),

(i) Yp2 = PI(T;RP?)/R x P(T; R?),
(iii) Yp3 := RT{" (T; R¥?)/R x P(T; R?).

Given T € H(div, T; szz)/R, there exists (T g, 0) € Y, = Yy jforj=1,23
with

ITydev T o = Iydev T, (45)
(T — DV we),; =0 forall T € 7 and we € Py(T; R?). (46)

In particular (46) implies ITy div T ¢ = [Ty div 7. Altpgether, the definition IT (t,v) =
(T wr, INe v) With (45)~(46) guarantees b(xy,, (1 — IT)y) = 0 for all x;, € Xj,. In case
Y, = Yp0 and Yy, = Y 3, (45)—(46) allow multiple choices of T .

Lemma 5.4 In case ¥V, = Yy, [1(y) = (fe Iv) € RIP'(T;R*)/R @
B3 (’T)]Ré;(v2 x P1(T;R?) is unique and defines a projection. A bound of || <

(2 + 15.5/cot(@min)h o + (3.22 + 60 cot(amin))h2, )/? depends on h.,, and the
smallest angle of the triangulation otmip.

Proof The proof of Lemma 5.4 is given in the appendix. O

The representation ok (T, v) == (Ter, [ by v) of the operator [T and (43) prove

sup / fo= 1) dx < k|hr £ 2 - (47)
(v,7)eS(Y) /2

In case of inhomogeneous boundary data, let g € H!(£2, R?) be an extension of
g€ H'(32; R*) withg|g € P{(E) forall E € £(£2).Let Ig € S1(£; R") denote the
conforming interpolation defined by linear interpolation of the nodal values, /g(z) =
g(z) forall z € N. Hence, g and I g coincide along any interior edge E € £($2). This
choice and (46) lead to

(y&’ g. vl (t— m}w =(v(g — 1), (T — T V), -

Let g’ := dg/ds denote the arc-length derivative of g € H!(32;R?) along the
boundary, 1'[6€ g’ the L2(8.{2)-orth0gonal projection of g’ onto Py(E(3£2); R?), and
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he € Py(&) the piecewise constant function with g | g = diam(wg) = diam(7UT-)
forevery E € £ as in Fig. 1. This allows to define the Dirichlet data oscillation

1/2
osc(g’, E02)) = Ihd* (1 — T§)g | 2 og)-

According to [8, Proof of Lemma 2.1], [5] there exists w € H'(£2; R?) with wlpe =
(I = Dglae and||w| g1 (o) < osc(g’, £(382)). Hence,

<)/og, (- fRT)>aT = (yow, (r — Ty
:/ w - divye (T — Tge) dx +/ Dw: (T —Ty) dx
2 2
<llwlgr @) I = IDT| Hdv.7)- (43)

Therefore, for each I?h ==Yy jfor j =1, 2,3, it follows

swp (u g (7 =), S I = 1] 0se(g £02)).
(v.1)eS(Y) 0T

Hence, a slight enlargement of the test search space guarantees an higher-order data
approximation error independent of the given Dirichlet data g. For g|g € H>(E) for
all E € £(0£2) with edgewise second surface derivative 8% g/ds* abetter estimate with

explicit constants is possible. There exists w € H! ($2; ]R2), suchthatw|yo = (1-1)g

and
3/2
lwllg @) < et + M o063 11y 2028/85% 1 12q)- (49)

The constants are computed in [15, Thm.5.1] and [24, Thm.4.2.2]. They depend only
on the shape of the triangles of 7 not on the mesh-size, e.g., for right isosceles triangles
c1 < 0.4980 and ¢ < 0.0654.

Lemma 5.5 Let T consist of right isosceles triangles and g|p € H?*(E) for all
E € £(0%2). The data approximation error || Fo(l— 17)| is explicitly bounded
from above by

Y*

0-3”hTfHL2(Q)

+ \/ 0.5+ 3.84h ,,, + 15.9h2, +0.07h3, +0.27h% |h > 928/95% | 12 502)-

max

Proof This follows directly from (47)—(49), Kato’s Lemma and Lemma 5.4. O

6 Numerical examples
Three benchmark examples concern uniform and adaptive mesh-refinement with var-

ious choices of the input bulk parameter 6 in the adaptive algorithm displayed in the
convergence history plots.
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Algorithm 1: AFEM

input: regular initial triangulation T and bulk parameter 0 < 6 <1
for(=0,1,2,... do
solve Compute solution xg for discrete problem (3) on T,

estimate Compute local contributions n%(T)for all T € Ty and global error estimator
m = Lrer 1T

mark Choose My € Ty of minimal cardinality with 6 ZTe’Te n%(T) < ZTeMg n%(T)
refine Generate minimal refinement Ty of Ty with My € Ty \ Ty4q

output: Series of triangulations Ty, discrete solutions xy, and error estimators ng

6.1 Numerical realisation

The implementation has been performed straightforwardly into Matlab and extends
the data structures of [1]. The adaptive finite element mesh-refining runs Algorithm 1
with n? := | F — b(x(, ) Hf@* for the discrete test search space Y, on level £ and the
associated discrete solution x;. Let Y, (T) C Y, denote the set of all basis functions
with support T € 7 and use n7(T) := | F — b(x, o) “;z(T)* as a refinement indicator.
The extended test space Y =Y ®(Bs (T)Rg;vz x {0}) from Sect. 5.2 leads to the error
estimator 77 := | F — b(x, o) ||§[* and 77 := 77 + osc?(g’, £(3£2)). The oscillations

are computed with the exact derivatives of g € H'(9£2; R?) and numerical integration
with 7 Gauss points per edge. In the examples f = 0, so that 7j; is a guaranteed error
estimator upto a multiplicative generic constant. Instead of the exact error ||x — x¢|
an upper bound is computed and displayed via the unique extensions w, € Sé (T;R?)
(resp. g € RTH(T; R?)) of 51 € S{(E; R?) (resp. tg € Py(E; R?)) as in (34),

2 2 2
e = xellx <llu —uollzzg) +lo —=0aollz2g)

+lu — wc”%{l(g) +H0' TG ||§1(div;9) :

6.2 Colliding flow example

In this benchmark problem f = 0in £ = (—1, 1)> with given boundary data from
the exact solution (u, p) with, for all (x1, xp) € £2,

u(xy, xp) =4 <5x1x§1 — xls, Sx?xz — xs) ,

p(x1, x2) = 120x3x5 — 20(x} + x3) — 16/3.

Figure 2 presents the computed error estimator and upper bound for the exact error for
uniform refinement. The estimator converges with the optimal rate 0.5 for uniform red-
refinement. The exact error is dominated by the error in the pseudostress component.
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Fig. 2 Convergence history plot for uniform red-refinement for the colliding flow example

6.3 Example on L-shaped domain

In this example f = 0 on the L-shaped domain, 2 = (—1, 1)2 \ ([0, 1] x [—1,0]),
with w = 37 /2, « = 856399/1572864, and

w(g) = sin((1 —i—lotigoicos(aw) — cos((1 + a)p)

+sin((a — D) cos(aw)
l—«

+ cos((@¢ — 1)g).

The exact solution from [26, p.324] reads, in polar coordinates for the implicit bound-
ary data, for all (r, ¢) € [0, o0) x [0, 37/2],

u(r, @) =r*((1 +a) sin(p)w(p) + cos(p)w’(¢),
— (14 @) cos(p)w(p) + sin(p)w'(¢)).

pr9) == (1L + 2w/ (@) + () /(1 = ).

Figure 3 shows the convergence history plot with an adaptive refinement strategy of
optimal empirical convergence rate 0.5. In case of uniform refinement, as expected in a
non-convex domain with singularity in the reentrant corner, the empirical convergence
rate is 0.25. The computed error shows some pre-asymptotic range, which is typical
also for other finite element discretizations (not displayed). The error estimator 7,
which includes the boundary oscillation, follows accordingly. The adaptive algorithm
resolves the singularity in the reentrant corner first as depicted in Fig. 4.

@ Springer



A low-order dPG method for Stokes 29

—— ne, 0 =1

10! | o | fle, 0 =1
- & ] -
% B ] ||ZE—5135||X,9:1
g - 4| —— ne, 0 = 0.3
E - Tl-m- 7, 0=03
5 100 94| —— e, 6 = 0.3
%:) - 1| |lz— x5, #=0.3
& i ]
&
= 107 E E
o - =
o - .
) u ]

10_2 TN 11 S N BN AT N WA TT| B S WA TN 1 B A R AA11 R A WA

10! 102 10 10 10° 108 107
number of degrees of freedom

Fig. 3 Convergence history plot for uniform and adaptive refinement with & = 0.3 for the example on the
L-shaped domain

Fig. 4 Triangulation 7; with
3711 degrees of freedom (371 1 -
elements) for the example on the ]
L-shaped domain from adaptive
refinement with 6 = 0.3 0.5 - .
0 -
—0.5 |- B
—1} |
\ \ \ \ \

6.4 Backward facing step example

This benchmark example with f = 0 on a slightly deformed L-shaped domain £2 =
((=2,8) x (=1, 1))\ ((=2,0) x (—1, 0)) has the Dirichlet data g for (xj, x2) € 952

1/10 (—x2(x2 — 1), 0) for x; = —2,
gx1,x2) = 1 1/80 (—(x2 — D(x2 4+ 1),0)  forx; =38,
0,007 else.

Figure 5 presents the error estimator for varying bulk parameter 6. Obviously, a smaller
0 leads to a better convergence rate. On the other hand, more levels are needed to
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Fig. 5 Convergence history plot with varying bulk parameter 6 for the backward facing step example

Fig. 6 Triangulation 7, with 15511 degrees of freedom (1551 elements) for the backward facing step
example from adaptive refinement with 6 = 0.3

reach a certain number of degrees of freedom and & = 0.3 leads to the optimal
empirical convergence rate. The choice of different error estimators n¢, 7j¢, 7j¢ does not
influence the result. The inhomogeneous Dirichlet boundary conditions are resolved
in the triangulation in Fig. 6 before the singularity at the reentrant corner becomes
significant.

6.5 Conclusion

All the numerical experiments confirm the theoretical results and support the conjec-
tured instant stability of the dPG paradigm: The systematic convergence with a clear
empirical convergence rate is visible from the very beginning even for the coarsest
meshes. The extensions of the test search space do not affect the approximation of the
discrete solution significantly. It is not rewarding to compute with bigger test search
spaces. The error estimators 7, and 7, are almost identical thought 77, leads to a guar-
anteed error bound. It is utterly an empirical observation that the associated adaptive
mesh-refining algorithm improves suboptimal convergence rates in case of singular
solutions.
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Appendix: Fortin interpolation in an extended test search space

Proof of Lemma 5.4 For ¥y := (RTJ™(T; R?)/R @ B3(T)R3?) x Pi(T; R?) the
Fortin interpolator n:Yy—Y, nmaps (T, v) > (T, [ P¥ ) such that (45)—(46) hold.
Recall the edge-based Raviart-Thomas basis Y g for E € £(T), the opposite vertex
Pg € N(T), and the component k = 1, 2, let Wg , ‘= e, @ Y = e, @ x(T)(x —
Pp)|E| /(2|T|). The Crouzeix-Raviart basis functions in two components @ , read
Dg = ¢E e = x(T)(1 —2¢p,) e, with nodal basis functions ¢, of z € N. Given
TeT,trec H(iv, T; ]R2X2), define

1
Irr= Y > <|E| /aT @, - Tvr ds WE,K). (50)

k=1,2 E€&E(T)

Since (Vg - vr)|F = 8gr and [ ¢p ds = Sgp|E| for E, F € E(T), Ir = I} is
a projection. Moreover, (IFTvr, @ )y; = (Tvr, PE )y, for any E € E(T) and
k = 1, 2 implies (46). An integration by parts allows to rewrite Irt. The projection
property implies /rg = q for all ¢ € Py(T'). This and ZEeS(T) ¢r = 1 reveal

Irt=Y > |EL|(/TD<PE,K:de+/

¢E,K -divt dx) lI/E’K

k=1,2 EcE(T) r
=M+ Y, Y 1/2][ Pp, -divt dx e, ® (x — PE)
«=1,2 EE(T) r
ITydivt .
= Iyt + — ® (x —mid(T)) + O(T),

where O(T) := i » ZEES(T) 1/2 (]CT @p, -divt dx) e ® (mid(T) — Pg).
Given by 1= 60p @93 € B3(T),for T € T, set

It ;= It + by devIily(t — Ipt) = IpT — by dev Q(T). (@28

Since br|y7 = 0 and fT br = 1, this operator I1; satisfies (45)—(46). To compute
(17 || with

2 2
HHT(T)HH(div,T) = ”IFT — br dev O(T) ”LZ(T)
+|div IpT — dev Q(T)Vbr [,
estimate the Frobenius norm || o) HF of Q(T) as follows. Since | mid(T) — Pg| <
2h7/3 and ||¢E ||12(T) =|T| /3, the Cauchy-Schwarz inequality allows
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lom|r=> Y (Y 1/2][ B - dive dx (mid(T) — Pg) - ¢)°
k=1,2k=1,2 Ee&(T) r
<2) () yarn f|q>E,K.divr| dx [mid(T) — Pg|)®
T

k=1,2 Ee&(T)
. B 2
<229 Y (ldive ey 3o 1T 0e] )
(1.2 Ee&(T)
<2h%/G3IT)) ||diVT||iZ(T) :

2 .
Moreover, ||bT||i2(T) =10|T| /7 and||VbT||iz(T) = 20|T|||G(T)| . with
Vo N L
G(T):=|Ve, | = 1 0
T P P P
Vo3 0 1

and ||G(T) ||2F =Q|T)2 ZEGS(T)|E|2 < 3h:‘}(2|T|)_2. Let a7 denote the smallest
angle in 7' and recall h2 < 4|T| cot(eer). Hence,

|67 dev Q1) 127y <[ QD3 1b7 122, = 2083 /21 [div T2,

|dev Q(T) Vbr |12y < | QD) [V 122, = 15HT AT div T2y,

< 60h7 cot(ar) Idiv T35 7, -

Alltogether,

1y = (072, +1 QD] gy +or dev D )
+ (1 Mot 2y + ey (D) Vr | 2, )
< (urnm) + (V273 + V2021 hrldiv r||Lzm)2
+ (14 2y/T5eott@nhr ) v el

< (1 +3.2213 + (1 + 7.75,/cot(a)hT)2) 11w
< 2+ 15.5\/cot(ar)hy + (3.22 4 60 cot ()P 1 T3 aiv. 1) -

Set I1(t, v)|r := (I (z|7), I% v|7) as in (51). Given y = (z,v) € Y, the above
computation, the abbreviation o for the smallest angle of the triangulation (which
is bounded in a regular triangulation) and [12, Thm. 4] prove
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~ 2
IO =@ [y iy + 1 VG0 (7
<2+ 15.5/cot(etmin)t o + (3.2 + 60 cot (@min VA2 )T 13 @iv. 1)
212 2
+ Q2+ 2R )03 7,

<(2 + 15.5/c0t@min) 1 s + (3.22 + 60 cot@min)h2,) |y || -

References

10.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Alberty, J., Carstensen, C., Funken, S.: Remarks around 50 lines of Matlab: short finite element imple-
mentation. Numer. Algor. 20(2-3), 117-137 (1999)

Alt, H.-W.: Lineare Funktionalanalysis: Eine anwendungsorientierte Einfiihrung, 5. Auflg (2006)
Arnold, D.N., Falk, R.S.: A uniformly accurate finite element method for the Reissner-Mindlin plate.
SIAM J. Numer. Anal. 26(6), 1276-1290 (1989)

Babuska, I.: Error-bounds for finite element method. Numer. Math. 16, 322-333 (1970/1971)
Bartels, S., Carstensen, C., Dolzmann, G.: Inhomogeneous Dirichlet conditions in a priori and a pos-
teriori finite element error analysis. Numer. Math. 99(1), 1-24 (2004)

Boffi, D., Brezzi, F., Fortin, M.: Mixed Finite Element Methods and Applications. Springer Series in
Computational Mathematics. Springer, Berlin, Heidelberg (2013)

Brenner, S., Scott, R.: The Mathematical Theory of Finite Element Methods. Texts in Applied Math-
ematics. Springer, Berlin (2008)

Bringmann, P., Carstensen, C.: An adaptive least-squares FEM for the Stokes equations with optimal
convergence rates. Numer. Math. 135(2), 459-492 (2017)

Cai, Z., Tong, C., Vassilevski, P.S., Wang, C.: Mixed finite element methods for incompressible flow:
stationary Stokes equations. Numer. Methods Partial Differ. Equ. 26(4), 957-978 (2010)

Carstensen, C., Demkowicz, L., Gopalakrishnan, J.: A posteriori error control for DPG methods. SIAM
J. Numer. Anal. 52(3), 1335-1353 (2014)

. Carstensen, C., Demkowicz, L., Gopalakrishnan, J.: Breaking spaces and forms for the DPG method

and applications including Maxwell equations. Comput. Math. Appl. 72(3), 494-522 (2016)
Carstensen, C., Gallistl, D.: Guaranteed lower eigenvalue bounds for the biharmonic equation. Numer.
Math. 126(1), 33-51 (2014)

Carstensen, C., Gallistl, D., Hellwig, F., Weggler, L.: Low-order dPG-FEM for an elliptic PDE. Comput.
Math. Appl. 68(11), 1503-1512 (2014)

Carstensen, C., Hellwig, F.: Low-order discontinuous Petrov—Galerkin finite element methods for linear
elasticity. SIAM J. Numer. Math. 54(6), 3388-3410 (2016)

Carstensen, C., Merdon, C.: Computational survey on a posteriori error estimators for nonconforming
finite element methods for the Poisson problem. J. Comput. Appl. Math. 249, 74-94 (2013)
Carstensen, C., Merdon, C.: Computational survey on a posteriori error estimators for the Crouzeix-
Raviart nonconforming finite element method for the Stokes problem. Comput. Methods Appl. Math.
14(1), 35-54 (2014)

Carstensen, C., Peterseim, D., Rabus, H.: Optimal adaptive nonconforming FEM for the Stokes prob-
lem. Numer. Math. 123(2), 291-308 (2013)

Demkowicz, L., Gopalakrishnan, J.: A class of discontinuous Petrov—Galerkin methods. Part I: The
transport equation. Comput. Methods Appl. Mech. Eng. 199(23), 1558-1572 (2010)

Demkowicz, L., Gopalakrishnan, J.: Analysis of the DPG method for the Poisson equation. SIAM J.
Numer. Anal. 49(5), 1788-1809 (2011)

Demkowicz, L., Gopalakrishnan, J.: A class of discontinuous Petrov-Galerkin methods. Part II. Optimal
test functions. Numer. Methods Partial Differ. Equ. 27(1), 70-105 (2011)

Girault, V., Raviart, P.A.: Finite element methods for Navier-Stokes equations: theory and algorithms.
Springer, Berlin (1986)

Gopalakrishnan, J., Qiu, W.: An analysis of the practical DPG method. Math. Comput. 83(286), 537—
552 (2014)

@ Springer



34

C. Carstensen, S. Puttkammer

23.

24.

25.

26.

Kato, T.: Estimation of iterated matrices, with application to the von Neumann condition. Numer. Math.
2(1), 22-29 (1960)

Merdon, C.: Aspects of guaranteed error control in computations for partial differential equations.
Ph.D. thesis, Humboldt-Universitit zu Berlin (2013)

Roberts, N.V., Bui-Thanh, T., Demkowicz, L.: The DPG method for the Stokes problem. Comput.
Math. Appl. 67(4), 966-995 (2014). High-order Finite Element Approximation for Partial Differential
Equations

Verfiirth, R.: A posteriori error estimators for the Stokes equations. Numer. Math. 55(3), 309-325
(1989)

@ Springer



	A low-order discontinuous Petrov–Galerkin method for the Stokes equations
	Abstract
	1 Introduction
	2 Notation
	2.1 Vector and matrix notation
	2.2 Triangulation
	2.3 Function spaces
	2.4 Discrete function spaces

	3 Continuous problem
	4 Discrete problem
	5 Data approximation error
	5.1 Fortin interpolation
	5.2 Extensions of test spaces

	6 Numerical examples
	6.1 Numerical realisation
	6.2 Colliding flow example
	6.3 Example on L-shaped domain
	6.4 Backward facing step example
	6.5 Conclusion

	Acknowledgements
	Appendix: Fortin interpolation in an extended test search space
	References




