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Abstract The discontinuous Petrov—Galerkin method is a minimal residual method
with broken test spaces and is introduced for a nonlinear model problem in this paper.
Its lowest-order version applies to a nonlinear uniformly convex model example and
is equivalently characterized as a mixed formulation, a reduced formulation, and a
weighted nonlinear least-squares method. Quasi-optimal a priori and reliable and effi-
cient a posteriori estimates are obtained for the abstract nonlinear dPG framework
for the approximation of a regular solution. The variational model example allows
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for a built-in guaranteed error control despite inexact solve. The subtle uniqueness of
discrete minimizers is monitored in numerical examples.

Mathematics Subject Classification 47HOS - 49M15 - 65N12 - 65N15 - 65N30

1 Introduction

The discontinuous Petrov—Galerkin methodology (dPG) has recently been introduced
with the intention to design the optimal test spaces in a Petrov—Galerkin scheme for
maximal stability. On the continuous level, the weak form of a PDE may assume the
general form b(u, -) = F with a unique solution u# in some real Banach space X and
some bilinear form b : X x ¥ — R for some real Hilbert space Y with scalar product
a:Y x Y — Rand a given right-hand side F € Y*, the dual to Y. Well-posedness is
understood to lead to an inf-sup condition on the continuous level. Given some discrete
trial space X;, C X, the restriction b|y, xy clearly satisfies the inf-sup condition (even
with a possibly slightly better inf-sup constant) but it is less clear how to choose the
best trial space My, i.e. some subspace, My, C Y such that

b
0 < B(Xp. My) = inf sup —ChIm) (1.1)

xneXy yueMy, | Xnllxllynlly

is maximal under the condition that dim(X) = dim(Mjy,) is fixed. The idealized dPG
method computes the optimal test space utilizing some Riesz representations in the
infinite-dimensional Hilbert space Y [18]. The practical realization utilizes, first, a test-
search space Y, C Y with dimension n = dim(Y}) much larger than the dimension
m = dim(X},) of the trial space X, and, second, a minimal residual method to compute
the discrete solution as a minimizer

x € argmin || F — b, *)lly;- (1.2)
EneXn

The method is in fact equivalent to a Petrov—Galerkin scheme with the bilinear form
restricted to X, x M), for an appropriate subspace M, C Y, of dimension m as pointed
out in [8, Thm. 3.3]. Therefore, the large discrete space Y}, (which is an input of the
dPG scheme) is called test-search space [17] and the (implicit) test space M}, is not
visible in (1.2).

The computation of xj, in (1.2) is equivalent to solving the normal equations and
so possibly expensive. This guided Demkowicz and Gopalakrishnan [19] to break the
norms in the test (and ansatz) spaces [6]. This allows a parallel computation of the
dual norm separately for each individual element domain. As it stands today, the term
dPG abbreviates “discontinuous Petrov—Galerkin” and stands for a minimal residual
method with broken test or ansatz functions and solely outlines a paradigm. The dPG
methodology allows various weak and ultra-weak formulations, where X and Y are
completely different and b is not at all symmetric. The least-squares finite element
methods can be seen as a (degenerated) subset of (an idealized) dPG with a degenerated
test space in which the Lebesgue norm can be evaluated exactly.
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Nonlinear discontinuous Petrov—Galerkin methods 531

To the best knowledge of the authors, not much is known about nonlinear versions
of the methodology. One first choice is to linearize the problem and then apply the dPG
schemes to the linear equations to generalize the Gauss-Newton method. There exist
already suggestions for nonlinear applications, in which there are constraints plus a
linear problem, e.g., for the contact problem in [21]. Concepts of nonlinear dPG in
fluid mechanics have been discussed in [16]. Another usage of the term nonlinear is in
nonlinear approximation theory and there is the contribution [22] on linear problems
with an attempt to replace the Hilbert space Y by some uniformly convex Banach space.

This paper introduces a direct nonlinear dPG methodology and replaces the above
bilinear form » by some nonlinear mapping b : X x ¥ — R, which is linear and
bounded in the second component to allow the computation of the dual norm in the
minimal residual method. To stress the nonlinear dependence in the first component
in X, the notation in this papers follows [24] and separates the linear components by
a semi-colon so that the nonlinear dPG method replaces b(&p,, ) in (1.2) by b(&p; o).

The simplest case study for the nonlinear dPG methodology is an energy mini-
mization problem with some Hilbert space setting and a nonlinearity with quadratic
growth in the gradient. The scalar model example of this paper stands for a larger class
of Hencky materials [28, Sect. 62.8] and is the first model problem in line towards
real-life applications with a matrix-valued stress o (F) given as a nonlinear function
of some deformation gradient F (such as the gradient Vu of the displacement u) and
the remaining equilibration equation

f+dive(Vu) =0 ae.in 2 (1.3)

for some prescribed source term f in the domain £2. Although the existence of discrete
solutions xj, to (1.2) follows almost immediately, the closeness of xj to some contin-
uous solution x is completely open (cf. Remark 2.11 below for a brief discussion).

One critical point is the role of the stability condition (1.1) in the nonlinear setting
for a regular solution and its low-order discretizations (as the most natural first choice
for nonlinear problems, partly because of limited known regularity properties). In the
situation of the model scenario (1.3), the discrete stability follows from the stability
of the continuous form for piecewise constant Vi, and so the local discrete stability
simply follows from the linearization.

The overall structure of the nonlinear dPG of the type (1.2) but for a nonlinear map
b with derivative b’ with respect to the first variable is also characterized as a nonlinear
mixed formulation with solution (xj,, y,) € X;, X Y, to

a(yn, nn) + b(xps mp) = F(np) forall n, € Yy, M)

b’ (xn: &n, yn) =0 forall &, € Xy
Another characterization in the lowest-order cases under consideration is that as a
weighted least-squares functional on Courant finite element functions S(l) (7) with
homogeneous Dirichlet boundary values and the Raviart-Thomas finite element

functions RTy(7) with some mesh-dependent piecewise constant weight Sy €
Py(T: R™")
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we.prn e argmin (oS +divarrla g,
(ve,qrT)ESH(T) X RTo(T)

[ Laen + 500~ (Flogrr = o (Vue) + Mo(f (d = mid (D)2 g )-

This is already a new result even for the linear cases in [9, 13] and opens the door to a
convergence analysis of adaptive algorithms via a generalization of [11,14].

This paper contributes the aforementioned equivalent characterizations and a first
convergence analysis in the natural norms. The a priori result is local quasi-optimal
convergence for the simple model problem in that any discrete solution x; € Xp,
sufficiently close to the exact regular solution x € X, satisfies

lx —xnllx S inf [lx —&ullx.
EneXp

It has been discussed in [5,9, 13] that the norm of the computed residual ||y, |y =
|F—b(vc, grr; *) |l Yy is almost a computable error estimator for linear problems and
this paper extends it to the a posteriori error estimate

Ip = arr 3y @iv.g) + llu = vl = IF = blve. gras )y

(1 =) f 172, + (1 = Mo)arrll 2,
(1.4)

for the nonlinear model problem (1.3). Since || F —b(vc, grt; *) |l v is the computable
residual, this leads to built-in error control despite inexact solve: The discrete quantities
(vc, grr) in (1.4) do not need to solve the nonlinear dPG discrete problem.

The analysis is given for the primal version of the nonlinear dPG for brevity but
applies to the other formulations of Sect. 4.4 as well. The results of this paper can
be generalized, e.g., to the Hencky material [28, Sect. 62.8], and then applied to
more complicated real-life computational challenges where the advantages of the dPG
methodology are more striking.

The remaining parts of of this paper are organised as follows. Section 2 discusses
an abstract framework for different equivalent formulations of a dPG method for
nonlinear problems and develops an abstract a priori estimate. Section 3 presents a
model problem with a dPG discretization. Section 4 analyses this discretization and
gives proofs of the existence of a solution and an a posteriori error estimate. Some
numerical examples in Sect. 5 conclude the paper.

This paper employs standard notation of Sobolev and Lebesgue spaces H¥(£2),
H(div, 2), L*(£2), and L®°(£2) and the corresponding spaces of vector- or
matrix-valued functions H¥(£2;R"), L%(§2;:R"), L>®(£2;R"), Hk(2;R"™™M),
H (div, £2; R™™), L?(£2; R™™), and L>(£2; R"*"). For any regular triangulation
T of 2, let HY(T) = [[yor HXT) := {v € LX) |¥T € T, vlr € HYT))
denote the piecewise (or broken) Sobolev spaces and (Vnc v) |T =V | T) onT €T
the piecewise gradient for v € H' (7). Let ||« || := |« lai2) = IV |l 2(q) abbre-
viate the energy norm. For every Hilbert space X, let (o, ¢)x denote the associated
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inner product and, for every normed space (X, ||« | x), S(X) :={x € X | ||x|lx = 1}
the sphere in X. The measure |« | is context-dependent and refers to the number of
elements of some finite set or the length |E| of an edge E or the area |T'| of some
triangle 7' and not just the modulus of a real number or the Euclidean length of a vector.

Throughout the paper, A < B abbreviates the relation A < C B with a generic con-
stant 0 < C, which does not depend on the mesh-size of the underlying triangulation
7T but solely on the initial triangulation 7p; A ~ B abbreviates A < B < A, e.g., in
(1.4).

2 Abstract framework

This section analyses an abstract nonlinear dPG method and presents an a priori error
estimate.

2.1 Abstract nonlinear dPG

For an open set D # ¢ in a real Banach space X and a real Hilbert space Y with
scalar producta : ¥ x Y — R,let Be C 1 (D; Y*) be a differentiable nonlinear map
with Fréchet derivative DB(x) € L(X; Y*) at x € D. With the duality bracket (e, o)
in Y, associate the nonlinear map b : X x Y — R, b(x; «) := (B(x), ), which is
linear and bounded in the second component. Let b’ (x; ) abbreviate the derivative
DB(x) € L(X; Y*) with b'(x; &,n) := (DB(x;&),n)forx e D,§ e X,n €Y.

Given F € Y*, let x € D be a regular solution to the problem B(x) = F in Y'*.
That means that x solves B(x) = F and the Fréchet derivative DB at x is a bijection
from X to Y*. The latter implies the inf-sup condition for the Fréchet derivative at the
regular solution x, namely,

0 <pB(x):= inf sup b'(x;&, n). 2.1
£eS(X) neS(Y)

The minimal residual formulation of the continuous problem seeks x € X with

x € argmin |F — B(€) | y~. (2.2)
EeD

The existence of a solution x to (2.2) is immediate from the assumption B(x) = F.In
particular, the minimum is zero and any minimizer x in (2.2) solves B(x) = F. The
situation is (in general) different on the discrete level with some discrete subspaces
X, € Xand Yy, C Y, the dPG scheme seeks a minimizer x;, € Dy, := X, N D of the
residual F — B(&) in the norm of Y/*,

xp, € argmin [[F — B(&p)|ly;- (dPG)
&neDp
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The existence of a solution to (dPG) requires further assumptions and follows in
Proposition 4.3 for a model problem.

2.2 Derivation of nonlinear dPG

A formal Lagrange ansatz leads to the minimization of the Lagrange functional L :
Dy x Yy x R — R defined for (xj, yn, A) € X, x Y5 x Rby

A
L(xn, yi A) = F(yn) — b(xns yn) — E(“()’h» yi) —1).

The stationary points x;, € Dy, y, € Yy, and A € R of L are characterized by the first
derivatives of £ with respect to each argument in the sense that, for all ; € ¥}, and
&n € Xn,

xa(yn, nn) + bns mp) = F(p), ' (xns &ny yn) =0, alyn, yn) = 1.

For ny = yp, this implies A = F(y,) — b(xp; yr). The substitution of y;, by Ay, leads
to a modified system of equations. The resulting mixed formulation of the nonlinear
dPG method seeks x; € X, and y, € Y, with

a(yp, mp) +bCxp; np) = F(np) foralln, € Yy,
b’ (xp; &, yn) =0 forall &, € X.

Notice that this is known for linear problems (there, b = b’ (x;; )) [17, Sect. 2.3].

2.3 Equivalent mixed formulation

It is known in linear problems that the dPG method is equivalent to the mixed problem

(M) and this is generalized in this subsection to the nonlinear problem B(x) = F at

hand. Any local (or global) minimizer of @ (&) := ||F — B&||2./2 is a stationary
h

point of @.

Definition 2.1 (stationary point) Any x;, € Dy, := D N X}, is a stationary point of the
dPG discretization (dPG) if any directional derivative of @ (&) := |F — B&,|2./2
h

vanishes at xj, i.e., lims—o(® (x;, + 8&,) — @ (xp))/8 = 0 forall &, € Xy,.
Stationary points are exactly the solutions to (M).
Theorem 2.2 ((dPG) & (M))

(a) Suppose xy, is a stationary point of (dPG) and yy, is the residual’s Riesz repre-
sentation (i.e. a(yp, ) = F — b(xp; ¢)) in Yy,. Then (xp, yi) solves (M).
(b) Suppose that (xp, yi) solves (M), then xj, is a stationary point of (dPG).
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Nonlinear discontinuous Petrov—Galerkin methods 535

Proof (a) For any &, € Dy, the unique Riesz representation o (§;) € Yj of the
residual F — b(&y; «) € Y, satisfies

1 2
P(En) = SllenEnlly-

Given the stationary point x, € Dy to (dPG) and &, € X}, consider @ (x;, + &) as
a scalar function of the real parameter ¢t with a derivative zero at + = 0. For |¢| small
such that x, (¢) := xp + t&, € Dp, and y,(¢) := on (x5 (1)), it follows

a(yp(t), ) +b(xp(t); o) =F inY}.
A differentiation with respect to ¢ shows for y;, := 9y, (0)/9t and xj, := 9x,(0)/9t =
&y, that yy, exists and is the Riesz representation of —b'(xp; &, o) = a(yp, ¢) in Yj.

Therefore, @ (x;,(t)) = a(y,(t), yn(t))/2 is differentiable and the derivative vanishes
at t = 0, which leads to

0=a(yn, yn) foryp := yu(0).
It follows that
b (xp; &, yn) =0 forall &, € X,.
Since yp, = yn(0) = on(xn), (xn, yn) solves (M).
(b) Conversely, if (x5, y) solves (M) then, for any &, € Dy, and the above notation
for the Riesz representation yy (¢) of F — Bxy(¢) in Yy,
IF— Bxh(t)”%/; =a(yn(t), yn(t)) = F(yn(t)) — b(xn(1); yn(1))

has a derivative with respect to ¢ at r = 0, namely, for y;, := y;(0)

2a(n, yn) = F(n) = b’ (xns &ns yn) — b(xn; In)-

Since b’ (xp; &, yn) = 0and F (34) —b(xn; yu) = a(yn, yp), this implies a (¥4, yn) =
0. Recall 9@ (x(2))/0t|;—=0 = a(¥p, yn) = 0, and so x, is a stationary point of @. O

Proposition 2.3 (necessary and sufficient second-order condition)
Assume that @ is twice differentiable. (a) If xj, solves (dPG), then

b (xns &ns Ene i) < 16" G G )50 for all & € X 2.3)
(b) If, in addition,
b" (xn; &n, Eny yn) < 1B (xns &n, ')II%; forall &, € X, \ {0}, 2.4

then xy, is locally unique.

@ Springer



536 C. Carstensen et al.

Proof The second derivative of @ (xy(¢)) reads a(d%y, /312, yy) + |9y /9t ||3. Recall
from the proof of Theorem 2.2 for ¢ = 0, that the Riesz representation y;, = 9y, (0)/0¢
satisfies

a(in, ©) = =b'(xps &, ) inYy and |[9ully = I16"Cens &ny )y
Another differentiation with respect to ¢ shows that ¥, := 9%y;,(0)/9¢> satisfies

a(p, o) = —=b"(xp; &p, &p, ») in Y.

Consequently, the second derivative of @ (x;,(¢)) att = 0 is
— 0" (xns &n Ens yn) + 116 Cons En )1 2.5)

The assertion follows from this and standard arguments in the calculus of stationary
and minimal points. O

Remark 2.4 (linear problems) For a linear problem, b”(xj; ¢) vanishes and (2.4)
holds. This implies local uniqueness in the linear situation (which is a global one).

The uniqueness of the discrete solution is observed in numerical examples; cf.
Theorem 4.4 for a sufficient condition in the model example below.

2.4 Abstract a priori error analysis

This section presents a best-approximation result based on a discrete inf-sup condition
and the existence of a Fortin operator.

Hypothesis 2.5 Throughout this paper, assume that there exists a linear bounded
projection I, : Y — Yj, with [T, ]y, = id |y, and

b'(Dp; Xp, (1 — )Y) =0, (2.6)

ie,forallx, € Dyandally € Y, 1,y € Y}, satisfies b’ (xp,; &, y — I, y) = 0 for all
&, € Xy,. Let || Iy, || denote the bound of [T, in L(Y; Y).

The following theorem generalizes [1, Prop. 5.4.2] to the nonlinear problem at
hand. A sufficiently fine initial triangulation guarantees that B(x, &) N X, C Dy is
nonempty.

Theorem 2.6 (discrete inf-sup condition) Given a regular solution x to B(x) = F,
there exists an open ball B(x, ¢) .= {x € X | ||x — X|lx < €} of radius ¢ > 0 around
x such that, for all X, € B(x, €) N X, C Dy, the following discrete inf-sup condition
holds

Bx; Xn, Yn) - . /o
————— < B Xp, Yp) = inf sup b (Xp; &n, ).
2|y || EneS(Xp) npeSYy)
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Nonlinear discontinuous Petrov—Galerkin methods 537

Proof The continuous inf-sup condition (2.1) and the continuity of DB in D lead to
some ¢ such that

B(x,e) C D, 2.7
B(x)/2 < inf B(&). (2.8)

£eB(x,e)

Then X, € B(x, ¢) N X}, and (2.6) imply

B(x)/2 < Bp) < inf  sup B'(%p:én, n)
£ eS(Xp) neS(Y)

= inf  sup b'(Xp; &, Iynm)
£eS(Xp) neS(Y)

= inf  sup |[Iunllyd (%n; & Han /| Tanlly)
EneS(Xp) neS(Y)

< ||l inf  sup b'(%n: & Tun /| Tunlly)
EneS(Xp) neS(Y)

= ||| inf sup b (Xn; &n, mn)-
EneS(Xn) neS(Yy)

Hence, any xj, € B(x, ¢) satisfies 0 < % < B(Xn; Xn, Yn). O

Remark 2.7 (converse of Theorem 2.6) Given the discrete inf-sup condition

0< inf sup b’ (Xn; &n, 1) (2.9)
& eS(Xp) neSy)

at some point X;, € Dy, the techniques of [9, Lemma 10] guarantee the existence
of a linear bounded projection IT; (X)) : ¥ — Y;, with (2.6), which depends on XJ,.
The above proof shows that the existence of IT, (X)) is also sufficient for (2.9). The
class of model examples allows for the simple more uniform Hypothesis 2.5 with
I, (X)) = My, independent of X, € Dy,.

Theorem 2.8 (local best-approximation) Given a regular solution x to B(x) = F,
there exist positive constants ¢ > 0 and C(x, €) > 0 such that any solution (x,, yr)
to (M) with ||x — xp|lx < ¢ satisfies

lx = xallx + lyrlly < C(x,e) inf |lx —&llx.
EneXn

The proof of the theorem requires the following lemma.

Lemma 2.9 Any e > 0 and xj, € B(x, ¢) C D satisfy

16" (xn; x — xp, o) — b(x; o) + b(xp; )|y

<2 sup [[DB(x)—=DBE)|Lcx:ysllx —xnllx (2.10)
£eB(x,¢e)
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B(x) — B(xp)lly= < sup [[DBE)Lx:y+llx — xallx. (2.11)
EeB(x,e)

Proof Given any n € S(Y), the Taylor’s formula of b at x;, with remainder reads
b (xps x — xp, ) — b(x; ) + bxps 1)

1
= / (b’(xh; X —xp,n) —b(xp+s(x —xp); x — xp, n)) ds.
0

Since ||x —xp|lx < € implies || x — (xp +s(x —xp))||lx < € for0 < s < 1, the triangle
inequality proves

b’ (xp; x — xp,m) + b(xp:n) — b(x; n)

<2 sup |b'(x;x —xp,m) —b'(E;x —xp, 1)
EeB(x,¢)

<2 sup [[DB(x)—=DBE)lLx:vollx —xnllx.
EeB(x,¢)

Since n € S(Y) is arbitrary, this implies (2.10). The assertion (2.11) follows from the
same arguments without the term b’ (xp,; x — xp,, 17). O

Proof (of Theorem 2.8) Let X}, be the best-approximation to x in Xy, i.e.,

lx = Xpllx = inf flx —=&llx < llx —xnllx <e.
&neDy

Suppose ¢ > 0 satisfies (2.7)—(2.8) and, with the continuity of DB at x,

sup [IDBE)lILx:y+ < 21DBOX)|Lx;y+)- (2.12)
£€B(x,¢)

The discrete inf-sup condition from Theorem 2.6 plus the Brezzi splitting lemma [3,
Thm. 4.3 in Ch. III] with inf-sup constants, 8(x)/2 and 1, and continuity constants,
2| DB(x)|lL(x:y*) and 1, for the bilinear form &’ (xj,; «, ) and scalar product a prove
the global inf-sup condition 0 < y < B(xp; Xp, Yj) for

yi=  inf sup (B Con: By i)+ s B )+, ) )-
En i eSXpxYy) Ennn) €S (X xYp)

independent of ¢ with (2.7)—(2.8) and (2.12). Given y > 0 and B(x) > 0O suppose, for
some smaller ¢ > 0 if necessary, that ¢ > 0 satisfies (2.7)—(2.8), (2.12), and, from the
continuity of DB at x,

: ZL:P )II DB(x) —DB(&)llL(x;y+ < min{y /4, B(x)/8}. (2.13)

For the best-approximation y, = 0toy = 0in ¥}, and (éh, ) = (Xn—Xn, Yn—yYn),
this implies the existence of (&, n,) € S(X; x Yj) with
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Nonlinear discontinuous Petrov—Galerkin methods 539

y(IIXn — xullx + llynlly) < ' Gens Xn — xn, mn) — b'(xns En yn) — aQyn, mi).

Since (xj,, yi) solves (M) and y;, = 0, this leads to

Y (1% — xnllx + llyally) < b'Gens %0 — x, 1)
+b' (xp: X — xp, mw) + b(xns np) — b(x; p).

Lemma 2.9 and (2.13) imply

b’ (xp; x — xp, mp) + b(xps ) — b(x; mp) < yllx — xullx /2.

The combination of the preceding two displayed formulae reads

V= -
Ellxh —xnllx +vlyelly <b'(xns Xn — xp, m0)-
With (2.12), this is bounded from above by
I DB(xm)lLx;yollx — Xnllx < 2IDBGu)llLix;ysllx — Xnllx.

The triangle inequality concludes the proof. O

Remark 2.10 Under further smoothness conditions on the nonlinear mapping b’ the
local existence and uniqueness of a discrete solution, e.g., follows from [25, Thm. 2].

Remark 2.11 The Newton—Kantorovich theorem [27, Section 5.2] is another tool for
the proof of the existence of discrete solutions close to the regular solution. In the
model problem of Sect. 3, the higher Fréchet derivatives for this argument do not
exist, cf. Remark 3.3 for details.

2.5 Abstract a posteriori error analysis

This subsection is devoted to a brief abstract a posteriori error analysis of the nonlinear
dPG. Given adiscrete approximation x;, close to the regular solution x to B(x) = F, the
residual F — B(xp) € Y* has anorm ||F — B(x;)||y* that, in principle, is accessible
in the sense that lower and upper bounds may be computable. The latter issue is a
typical general task in the a posteriori error analysis and will be adressed in Sect. 3
for a model example.

Theorem 2.12 (local a posteriori analysis) Let x be a regular solution to B(x) = F
with inf-sup constant (x) from (2.1). Then there exists some ¢ > 0 such that any
xn € B(x, €) C D satisfies

B(x)
Tllx —xpllx = I1F — B@xp)llys <21DB@)ILx; v llx — xpllx.
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540 C. Carstensen et al.

Proof With the choice of ¢ > 0 from the proof of Theorem 2.8 it follows (2.7)—(2.8)
and (2.12)—(2.13). The continuous inf-sup condition (2.1) implies the existence of
n € S(Y) with

px)
2

lx — xnllx < b'(eps x — x4, 1)
< b(x;n) — bl n) + 1B (xp; x — xp, 1) — b(xs n) + by )l
Lemma 2.9 for the last term, b(x; n) = F(n), and (2.13) show

P — sl = Fon = b + 252 e — iy,

This proves the asserted reliability

@Hx —xnllx < IF®) = b(xn; )llys.

To prove the efficiency, utilize F = B(x), Lemma 2.9, and (2.12) to verify

|F — B(xp)llys = [1B(x) — B(xp) v+
<2IIDBX)llLcx;yollx — xpllx. O

Remark 2.13 Since y = 0 and y;, is computed, the a posteriori error ||y — yu|ly =
llynlly is already an error estimator and can be added on both sides of the reliability
(resp. efficiency) a posteriori error estimate. This justifies the usage of the extended
residual || F — a(yp, o) — b(xp; o)|ly= + ||lynlly of the system (M).

Remark 2.14 The constants B(x)/4 (resp.2|| DB(x)||(x.y*)) in Theorem 2.12 follow
from the choice of ¢ in the a priori error analysis in the proof of Theorem 2.8. For
smaller and smaller values of ¢, those constants could be replaced by any number
< B(x) (resp. > || DB(x)|lL(x;y*)) in the following sense. For any 0 < A < 1 there
exists some ¢ > 0 such that any x; € B(x, ¢) satisfies A\B(x) < ||F — B(xp)|ly* <
(T +MVDIDB)lLix;y+-

3 Model problem
This section introduces a nonlinear model problem and a low-order dPG discretization

and establishes two further equivalent characterizations of the nonlinear dPG method:
reduced discretization and weighted least-squares.

3.1 Convex energy minimization

The nonlinear model problem involves a nonlinear function ¢ € C 2(0, 00) with 0 <
Y1 <) <yrand0 < y; < ¢(t) +1¢'(t) < y, forall t > 0 and universal positive
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constants yp, y». Given f € L2%(£2) and the convex function o, o(t) == fot sp(s)ds
for t > 0, the model problem minimizes the energy functional

E(v) :=/ (p(le(x)|)dx—/ fvdx amongallv e H&(.Q).
Q Q

The convexity of ¢ and the above assumptions on ¢ lead to growth-conditions and
sequential weak lower semicontinuity of £ and guarantee the unique existence of a
minimizer u of E in Hé (£2) [29, Thm. 25.D]. The equivalent Euler-Lagrange equation
reads

/¢(|Vu|)Vu~Vvdx=/ fvdx forallveH(}(.Q) 3.1
2 2

and has the unique solution « in HO1 (£2). The stress variable o (A) := ¢ (|A|) A defines
a function o € C'(R"; R") with Fréchet derivative

Do (A) = ¢(|AD Inxn + ¢'(|ADIA| sign(A) ® sign(A) (3.2

with the sign function sign(A) := A/ |A| for A € R" \ {0} and the closed unit ball
sign(0) := B(0, 1) in R". The prefactor ¢’(|A|)| A| makes Do a continuous function
in R”. In fact Do € C° (Rg}x,r"n) is bounded with eigenvalues in the compact interval
[¥1, ¥2] € (0, 00).

Remark 3.1 (Lip(c) < ) For A,B € R", the argument oc(A) — o(B) =
]01 Do(sA+ (1 —s5)B)(A — B)ds and (3.2) imply the global Lipschitz continuity of

g,
1
lo(A) —a(B)| < / |Do(sA+ (1 —s)B)(A—B)|ds < y2|A — B|.
0

Example 3.2 In the following examples, 0 < ¢” < 2 is bounded as well as ¢’ and
Do from (3.2) is globally Lipschitz continuous. (a) ¢(t) := 2 + (1 + 1)~2 with
y1 =1 < y» = 3[15] and Lip(Do) < 4 and (b) ¢(r) := 2 — (1 + >)~! with
y1 =1 <y, =4and Lip(Do) < 2.

Remark 3.3 (second derivative) A formal calculation with s(j) := (signA)j,
s(j, k) := (sign A) j (sign A) etc. and the Kronecker symbol § j; for j, k, £ =1,...,n
leads at any A € R" to

D0 (A) ke =¢"(|AD)(8jxs ()48 05 (k) +8kes () + (" | ADIA| =@ (| A (. k. £).

Although D?¢ (A) may be bounded (at least in the Example 3.2.a and b), it may be
discontinuous for A — 0. In Example 3.2.b, ¢/(0) = 0 and D?c is continuous with
D%o (0) = 0. The associated trilinear form b” (x; ), however, is not well-defined on
X x Y x Y because the product of three Lebesgue functions in L2(£2) is, in general,
not in L1 (£2).
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3.2 Breaking the test spaces

Let 2 € R” be a bounded Lipschitz domain with polyhedral boundary 9£2. Let 7
denote a regular triangulation of the domain 2 into n-simplices and let £ (resp. £(T'))
denote the set of all sides in the triangulation (resp. of an n-simplex T € 7).

The unit normal vector vy along the boundary 97 of an n-simplex T € 7T (is
constant along each side of T and) points outwards. For any side £ = 0T NdT_ € £
shared by two simplices, the enumeration of the neighbouring simplices 7= is globally
fixed and so defines a unique orientation of the unitnormal vg = vr, |g. Let At denote
the diameter of T € 7, hyax := maxye7r hr < diam(£2) and h7|x = hg for any
K € 7. The barycenter mid(7") of T € 7 defines the piecewise constant function
mid(7) € Py(7;R") by mid(7)|x := mid(K) for any K € 7 and mid(E) is the
barycenter of E € £. The piecewise affine function « — mid(7) € P;(7; R") equals
x—mid(T)atx e T 7.

Recall that HX(T) := [[reg HX(T) := {v € L2(2)|¥T € T, v|r € HXT))}
denotes the piecewise Sobolev space. Define the discrete spaces

Pi(T) := {vg € L°(T) | vy is polynomial on T of degree < k},
Pi(T) :={vp € L(2) | VT € T, v|r € P(T)},
P (T;R") = P(T)",
S§(T) := P(T) N Hy (£2),
RT(T) := {qx € H(div, 2)|3A € P(T;R"),3b € P(T),
gk = A+ b(e —mid(7))},
CR'(T) := {vcr € Pi(T)|VE € £(£2), vcr continuous atmid(E)},
CRY(T) :={vcr € CRY(T) |VE € £(3R), ver(mid(E)) = 0},
Pu(&) == {t € L>(OT) | tx| € Pc(E) forany E € &}.

Definition 3.4 For a triangulation 7" with skeleton 87 := Urcr Ugeg(r) E and
T € T, recall the local trace spaces HY2OT)and H-V20T) = (HY2(3T))* and

H™'20T) := {t = (tr)rer € [Trer H @1
dq € H(div, 2),VT € T, tr = (q|7)lor - v7}

endowed with the minimal extension norm, forr € H~Y/ 2(8’]’),
el =127y = min{llgll Haiv.2) | ¢ € H(div, $2),¥YT € T,tr = (q|7)lor - vr}.
The duality brackets (e, )57 in H_1/2(8 T)x H1/2(8 T) extend the L? scalar product

in L2(3T) and lead to the duality bracket on the skeleton for any t = (t7)7e7 €
[Trer HY2@T) and s = (s7)7e7 € [17e7 H/?(3T) defined by

(t.s)a = Y {tr.sr)ar.

TeT
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Remark 3.5 (RTo(T) = Py(€))

The spaces RTy(7) and Py(E) are isomorphic [8, Lemma 3.2] in the sense that any
grr € RTH(7T) and E € £ with fixed unit normal vector vg satisfies grT|g - VE €
Py(E). Conversely, for any g € Py(E), there exists a unique grt € RTp(7) with
grrlE - VE = ty|lg for any E € &, in short notation grr - v = fp in 37 . Since
||f0||H*1/2(aT) ~ |lqrrll H(div,2), this identification justifies the embedding Py(E) €
H~'2(T), where any T € T and E € E(T) satisfy (grt - v7)|g = *to| g with the
sign = = vr - vg depending on the (globally fixed) choice of the orientation of the
unit normal vg € {vr,|g}.

Definition 3.6 Define Sy € Py(7; R"*") and Hy : L*(2) — Py(T;R") forT € T
and f € L*(2) by

Solr = Io((» —mid(T)) ® (+ —mid(T))),

) (3.3)
Hy f :=Ho(f(« —mid(7))) € Po(7;R").

Remark 3.7 An analysis of the eigenvalues of the piecewise symmetric positive semi-
definite matrix S shows that any 7 € 7 and v € R” satisfies

[v] < [(Inxn + Solr)vl < (14 A3l and [v] < [(Lysn + Solr) 0] < (1 + A7)l

Furthermore, [|Ho fl;2(2) < hmax|l(1 — ITo) fll12(g) for the maximal mesh-size
Nmax = max h7 in 7.

3.3 Lowest-order dPG discretization

The nonlinear model problem of this paper concerns the nonlinear map o : R” — R”
of Sect. 3.1. A piecewise integration by parts in (3.1) and the introduction of the
new variable ¢ := o (Vu) - v on 37 leads to the nonlinear primal dPG method with
F(v) == [, fvdxand b : X x Y — R for X := HJ(2) x H '/>(37) and
Y := H'Y(T) defined by

b(u,t;v) = / o(Vu)-Vncvdx — (t,v)y7 =: (B(u, 1), y)y. 3.4
2

forall x = (u,t) € X := Hi(2) x H'2@T)andy = v € Y = HY(T)
with associated norms and the scalar product a in Y. Given the subspaces X; :=
SO1 (T) x Py(E) and Y, := Py (7), the discrete problem minimizes the residual norm
and seeks (uy, ty) = x, € Xj with

F—-B « = min ||F — B %, 3.5
l Cen)lly; Jnin l Enlly; (3.5)
The derivative Do : R" — R"*" gives rise to the map

b(u,t;w,s,v) = / Vw- (Do (Vu)Vncv)dx — (s, v)yT. (3.6)
2
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This defines a bounded bilinear form ' (u, t; o) : X x Y — Rforany x = (u,1) € X
and the operator B associated with b belongs to C!(X; Y*). Recall the equivalent
mixed formulation from (M) for the model problem at hand, which seeks (1, 1) € Xj,
and vy, € Yj, with

a(p, np) + bQup, ty; np) = F(np) forall n, € Yy, 37)
b’ (up, ty; wp, sp, vp) =0 forall (wy, s) € Xp. '

Remark 3.8 (regular solution) Since Do (Vu) € L*°(£2; R'sl;ﬁl) uniformly positive
definite, the splitting lemma from the linear theory [6, Thm. 3.3] implies the inf-sup
condition (2.1) for the nondegenerate bilinear form 4’ (x; s, ¢) : X x ¥ — R. Hence,
the solution x € X to B(x) = F is regular.

3.4 Reduced discretization

The dPG discretization (3.5) can be simplified to a modified problem that seeks
(un, vi) € SY(T) x CRY(T) with

a(vy, WeRr) +/ o(Vup) - VNc wer dx = / fwcr dx for all wer € CR(%(T),
2 Q

/ Vuwc - (DO’(V up) VNC vh) dx =0 forall wc € S(%(T) R)
2

Theorem 3.9 ((3.7) & (R))

@ If (up, th; vp) € Xp x Yy, solves (3.7), then vy € CRé(T) and (uy, vy) €
SA(T) x CRY(T) solves (R).

(b) For any solution (up, vy) € Sé (7) x CR(I) (T) to (R), there exists a unique
ty, € Po(E) such that (uy, ty; vy) solves (3.7).

The proof utilizes the following discrete inf-sup condition of a linear primal dPG
method [19]. Let the bilinear forms anc : H'(7) x H'(T) - Randb: X xY — R
be defined by

anc(vy, v12) = / Vncvi - Vncvadx  for vy, va € H(T),
Q

b(x,y) :=anc(u, w) — (t,w)yr forx=w,0)eX,y=weY.

Lemma 3.10 The bilinear form b:X,xY — R satisfies the discrete inf-sup
condition

0<pBp:= inf  sup b ). (3.8)
EneS(Xp) nueS(Yn)

Proof The proof follows the arguments from [8, Thm. 3.5] for the bilinear form bin
the lowest-order scheme at hand. O
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Proof (of Theorem 3.9) (a) Since b'(xp; 0, s, vi) = —{sp, vp)y7r = O for all 5, €
Py(&), vy, € CRY(T). Then, (3.7) reduces to (R).

(b) Conversely, suppose (uj, vj,) solves (R), then the second equation in (3.7)
follows from the second equation in (R) and v, € C R(l) (7). The first equation in (R)
leads to the first equation in (3.7) for any #, € Py(&) and test functions in C R(l) (7).
In other words, the linear functional

Ay ;:a(vh,o)~|—/ O'(Vuh)-VNCOd)C—FEY;lk
2

vanishes on C Ré (7) C ker Ay. It remains to show that there exists 7, € Py(E)
with (t3, )97 = Ap, because then (up, 13, vy) solves (3.7). To prove the existence
of such a 1, for A, € Y;f with C Ré (7T) C ker Ay, recall the bilinear form b from
Lemma 3.10 with discrete inf-sup condition (3.8) and consider the linear problem that
seeks (uy, ty, vp) € X, x Yy, with

anc vy, wy) + b(up, th, w1) = —Ap(wy) forall wy € Y, L

b(we, so, vi) =0 forall (we, s0) € Xa.

Since (rg, v1)y7 = 0 for vy € P1(7) and for all ro € Py(E) implies vy € CR& (7) c
P (T), the kernel

Zp = 1{v1 € Pi(T) | b(xp, v1) = 0 forall x, € X5}

of b consists of particular Crouzeix—Raviart functions, Z, C C Ré (7), and the discrete
Friedrichs inequality [4, p. 301] shows that anc is Zj-elliptic.

Hence, the Brezzi splitting lemma [3, Thm. 4.3 in Ch. III] applies to the linear
system (L) and (L) has a unique solution (up, 5, vy) € X5 x Yj. The test of the first
equation in (L) with wy € CRé(T) C ker Ay, shows anc (v, +up, o) =0in CR(%(T).

The second equation in (L) implies v € C Ré (7)) and this proves v, = —uy. This
leads to (ty, )y7 = Ap in P{(7). The uniqueness of #, follows from the fact that
(th, *)s7 = 0in P1(7) implies t;, = 0. O

3.5 Least-squares formulation

Recall Sy € Py(T; R"™") and Hy : L%(2) — Po(T;R") from (3.3) to define an
equivalent least-squares formulation.

Theorem 3.11 (dPGisLS)Anyx;, = (uc, ty) € Xy and prt € RTo(7) with prr+v =
to in 97 satisfy

IF = b0 ) ye = [ Unxn + So) ™2 (Moprr — o (Vue) + Hof) 172 g,

. (3.9)
+ 1o f +div prel7 -

Consequently, any solution x, = (uc, ty) € Xy to (3.7) and prr - v = to in 37T from
Remark 3.5 minimizes the weighted least-squares functional (3.9).
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Proof Let vy € Pi(T) = Y), be the Riesz representation of b(xy; o) — F € Y,f, ie.,
any w; € Py(7) satisfies

a(vy, wy) = b(xp; wy) — F(wy).

The substitution of 7p = prr-v based on the isometry in Remark 3.5 and an integration
by parts lead to

ben: wi) — Fwy) = / (0(Vuc) — prr) - Ve wy dx — / (f + div prryw; dax.
2 2
With wy = ITow; + Vnc wi - (¢ — mid(7)), this results in

/ Myv ITyw, dx +/ (Unxn + So) VNc v1 - Ve wy dx
I7] 2
= / (6 (Vuc) — Myprr) - Vnc wy dx — / (ITp f + div prr)TTow; dx
2 2

—/ Hof - Vnc wy dx.
2

For any T € 7, the choices w; = x7 and w| = xreg - (¢ —mid(7)),k=1,...,n,
show

Myvy = —(div prr + Iy f),
(Inxn + S0) VNcvi = o (Vuc) — IToprr — Ho f.

The Riesz isometry and [[v113,1 o) = 1770011175 ) + [ Tnscn + S0/ Ve 011175
for any v; € Pi(7) conclude the proof. O

4 Mathematical analysis of dPG for the model problem

This section analyses the low-order dPG method presented in Sect. 3 and proves an
a posteriori result next to the existence of a solution and applies the abstract framework
from Sect. 2. Recall the discrete spaces Xj := Sé (T) x Py(E), Yy := Pi(7T), and the
nonlinear map from (3.4).

4.1 Well-posedness

This subsection is devoted to the equivalence of the dPG residuals and the errors. For
grr € RTH(7) and v¢e € Sé (7), the isomorphism between RTy(7) and Py(E) from
Remark 3.5 leads to the abbreviation b(vc, grt; *) = b((vc, (GRT - VT)TeT); ).
Recall the energy norm ||« || = [V« ||;2(q) in Hj (£2).
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Theorem 4.1 The exact solution u € H& (82) to the model problem (3.1) with stress
p = o (Vu) € H(div, £2) and any discrete (vc, qrr) € Sé (T) x RTy(T) satisfy the
equivalence

lp— qRT||2H(div,Q) + |H“ - UCH|2 ~ |F — b(vc, gr; ')||%/;
(1= o) f 172y + 11 = Mo)grrll7 -
The proof is based on a lemma on the nonlinear least-squares formulation. The
related least-squares formulation is associated with the nonlinear residual R(f; o) :
H(div, 2) x H}(£2) — L*(£2) x L*(£2; R") for the first-order system of (3.1) and
defined, for (p, u) € H(div, 2) x H} (), by
R(f; p,u) :=(f +divp, p—a(Vu)).
Lemma 4.2 Any (p, u), (g, v) € H(div, £2) x HO1 (82) satisfy
IR pow) = RUF3 4. W20y ~ 1P = dll v, + lu = vl

Proof Following [23, Thm. 4.4], the fundamental theorem of calculus shows

Iq
R(f;q,w—R(f;p,u):/O SR(5 pslg — Pt s - w)ds
1
=/ R'(p+s(@—p)u+sv—u);q—p,v—u)ds.
0

Forx € 2 and 0 < s < 1, define F(s) := Vu(x) +s V(v — u)(x) and

F(S)®F(S))

1
M) ;:/O (¢UF@DIen + 6/ (PO

Then
IR(f3 a4, 0)=R(Sf5 P w7y =11div(g = P2 gy +lla—p =M VW=)lI75 -

Since the assumptions on ¢ show that M € L?(£2; R"*") is pointwise symmetric and
positive definite with eigenvalues in the real compact interval [y1, 2] C (0, 00), the
triangle inequality shows

| R(f;q,v) —R(f; p, u)lliz(m <2max{L, y3}(lg — pllaw@v.2) + v — ul?).

For the reverse estimate, the positive definiteness of M provides the unique existence
of a solution @ € HOl (£2) to the weighted problem

/MVaVydxzf(q—p)Vydxforally)/GHol(Q)
2 2
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An integration by parts shows r := g — p — MVa € H(div, §£2) with divr = 0. The
Friedrichs inequality with constant Cr (i.e. [lo[|;2() < Cr||a||) implies

M2V all}s o = / div(p — ¢)a dx < Ce /1l div(g—p)ll2(2) 1M V @l 12 ().
2

The orthogonality of V HOl (£2) and H (div, £2) N {div = 0} in L2(£2) shows

||(] - P”iz(_Q) = ||MV(¥ + r”iZ(Q) S V2||M1/2V05 + M_l/zr”iZ(Q)

= M2V alls g + M 2riTs g

The two previous displayed inequalities, the triangle inequality, and the abbreviation
e:=v—uyield
lg = PlFaw.o) + llell® < @+ IM' 2V alis o) + I1divig = p)li7a g,
+max{2, 2} (IM"2 Ve —e) 172, + 1M~ r117
< (@ +y)CE/yi + DIldivig — I}z,
+max{2, 2} /yillg — p— M Vel7s g

(.Q))

m}

Proof (of Theorem 4.1) Since R(f; p,u) = 0, Lemma 4.2 with (g, v) := (grT, v¢)
shows

1P = qrrl v, @) + It = vell> = 1L f + divgrrl}a g, + llgrr — 0 (Vve) 172 q)-
The L2-orth0g0nality of (1 —I1p)grr and (1 — I1p) f onto piecewise constants implies

If +div grell 72 g, + lart = o (V ve) 172 g
= [0 f + divgrrl7a g + (1 = To)grrll7s g
(= o) flI32 o) + I TTogrr = 0 (VVO) 1720

The triangle inequality and the estimates of Remark 3.7 result in

lp— qRT”%l(div,.Q) + [lu = vell?
S o f +divgrrll7a g, + 11 = Mo)arrll72 o) + 11 = o) f 171
+11Ho f 1172, + Mogrr — o (Voe) + Hof 72,
S o f + divgrrlga g, + 11 = Mo)grrll72 g + 11 = TT0) £1172 )
+ lMogrr — o (Vve) + Ho f 172 q)-
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Recall that Sy is pointwise positive semi-definite, hence I, x, + So is positive definite
and Remark 3.7 also proves

1 Togrr =0 (Vve)+Ho f 1720y = | Unxn+50) "> (Mogrr —o (Vve) +Ho /)l 72 -

The proof of the converse estimate utilizes the last estimate and the triangle inequal-
ity to show

I (Tnxn + S0) ™2 (Mogrr — 0 (Vve) + Ho /)72y + 101 = TT0) f 1720,

< Mogrr — 0 (Vve) 32, + 1Ho f 117y + 101 = o) £ 1172 g
< IMogrr — 0 (Vo) 7o) + 11 = 1T0) f1175 ) -

This and the aforementioned orthogonalities imply

1 (Tnxn + S0) ™2 (Mogrr — 0 (Vve) + Ho )72, + 11 = o) f 172,
+ 111 = MTo)grr 172, + 1o f + divgrrll 72 g
S llgrr — o (Vo)) + I1f + divgrrli}a g

2 2
S P = gl @iv.o) + e —vell” O

4.2 Existence and uniqueness of discrete solutions

The existence of discrete solutions follows from variational arguments, while their
uniqueness is fairly open.

Proposition 4.3 The discrete problem (3.5) has a solution.
Proof The proof follows with the direct method in the calculus of variations and, in the

present case of finite dimensions, from the global minimum of a continuous functional
on a compact set from the growth condition

lim ||F — B€h||y; = 00. 4.1
o

&nllx—

The latter property follows from Theorem 4.1 up to some perturbation terms. Theo-
rem 3.11 shows

(1 — Io)grrll2(2) < ||hTHOf||L2(Q) + hmax[[ 1o f +diVQRT||L2((z)
< Ik o fliz2(@) + hmax || F — Bénlly; -
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The combination with Theorem 4.1 shows that the right-hand side of Theorem 4.1 is
bounded from above by

(14 25 I F = Bénllys + 2hg 10 f 17200, + 11 = 1T0) f 172,
< (1 + 2 )UIF = B&llys + 11f 1 2@))-

Hence the left-hand side in Theorem 4.1 is controlled by this and so

lx —&nllx S IF = Bénlly; + 1/ 220)-
Since f and x are fixed, this implies (4.1) and concludes the proof. O

The uniqueness of the exact solution (i, f) on the continuous level does not imply
the uniqueness of discrete solutions. There is, however, a sufficient condition for a
global unique discrete solution. Notice that vy = v = 0 on the continuous level # = 0
satisfies (4.2).

Theorem 4.4 (a posteriori uniqueness) Suppose that (up, vy) € Sé (7)) x C Ré (7T)
solves (R) with Do € C(R"; Rg;,fh) globally Lipschitz continuous and

Lip(Do)(1 + C3) /v Ve vall (e < 1 (4.2)

with the Friedrichs constant C from ||« || 2(o) < CE||«|| in Hé (£2). Then (R) has
exactly one solution (up,, vy) € SO1 (T) x CRé (7).

Proof Suppose that (i1, Uj) € Sé (T) x CRé (7T) solves (R) as well and so
atvn, o) = Fon) = [ o (V) - Vncuy da
=a(vy, vp) + /Q(U(Vﬁh) — o (Vuyp)) - Vnc vy dx.
This and the second equation of (R) imply
a(vp — Vp, vp) = /Q Ve v - (0 (Vidp) — o (Vup) — Do (Vup)V (iy — up)) dx.

Since o0 € C 1(R") is bounded and Do Lipschitz continuous, any A, B € R" with
F(s) :=(1 —s5s)A+sBfor0 <s <1 satisfy

1
lo(B) —0(A) —Do(A)(B — A)| = I/O (Do (F(s)) — Do (A))(B — A) ds]|

1
1
< Lip(Do)|B — A|/ [F(s) — Alds = SLip(Do)| B - A2
0
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With A = Vuy(x) and B = Vuy,(x) for a.e. x and an integration over £2, this leads
in the preceding identity to

~ 1 . ~
a(vp — Uy, vp) < ELIP(DG)II Ve vl ooy llun — tin || 4.3)

The discrete solutions of (R) lead to the same minimal discrete residual norm and
hence

lvrlly, = I1F — bQun, tn; lly; = IF — b(itp, In; Iyy = 0k lly,-
This shows a (v, — Vp, v;, + Vi) = 0 and the combination with (4.3) is

lon — Bull§, = 2a(vh — Vn, vi) — a(vs — D, v + p) @)
< Lip(Do)|| Ve vnll Lo () lun — in|*.

On the other hand, Do (A) € ngxn'; has eigenvalues in the compact interval [y1, 2] C

(0, 00) and so, for all A, B € R",

1
J— 2 J— . J— J—
vilA — B| 5/0 (A—B)-Do(B+s(A—B))(A— B)ds “s)

= (0(A) — o (B)) - (A— B) < y2|lA — B|".
With A = Vuj,(x) and B = Vi, (x), and an integration over a.e. x € £2, this shows
Villun —in | < /Q(U(Vuh) — o (Viy)) - V(up — up) dx.
The first identity in (R) for (uy, vy) and (i}, Uy), respectively, results in
[ @) = (Vi) - V= ) dx = 0@y = v,y — )

< llvk = Tnllyyy/ 1 + CEllun — @]
The combination with the previous inequality shows
villun = nll < /14 CElvn — Tnlly,- (4.6)
The substitution in (4.4) results in
lon = Bully, < LipMa)(1 + CH/LIl Ve vallze@) llve — TallF, -

This and (4.2) show vy, = vj,. Then (4.6) implies uj, = uy. O
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4.3 Best-approximation

For any v € H'(T), the nonconforming interpolation Ill\?év € P(7) is defined, on
each triangle 7' € 7, by piecewise linear interpolation of the values

(I%Ev) (mid(E)) = ][ v|, ds .7
E

at the midpoints of the sides E € £(T).

Proposition 4.5 The operator I1 := Ill\?é satisfies Hypothesis 2.5.

Proof Givenv € H'(T), set v, := Ill\?év € Pi(7). Forevery K € 7, an integration
by parts leads to

V(Uh|K)=/3th-v1(¢v:/aKv~des=/KVvdx/|K|.

Since Vwe € Py(7; R")and (3.2) shows Do (V uc) € Po(7T; R"™") forallwc, uc €
Sé (7), this implies

f Vwe - (Do(Vuc) Vnc(v — vp))dx = 0.
2
Moreover, (4.7) guarantees that any so € Py (&) satisfies

(s0, v —vp)oT = 0.

Consequently, any x;, = (uc, to) € X;, and &, = (wc, so) € X, satisfy

b (xp; &py v —vp) = f Vwe - (Do (Vuc) Vne(v — vp)) dx — (so, v — vp)y7 = 0.
fe)

O

The estimates for the function Do from Sect. 3.1 lead to an explicit generic constant
for the best-approximation estimate from Theorem 2.8 without any local hypothesis.

Theorem 4.6 (best-approximation)
Let x = (u,t) € X be the unique solution to B(x) = F for the nonlinear map B
from (3.4) in Sect. 3.3. Any discrete solution (up, ty; vp) € Xp X Yy, to (3.5) satisfies

llu—unll + lvally S inf  [Ju —ucl| + inf ||t —toll y-1207)-
uceSH(T) 10€PY(E)
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Proof Given the best-approximation x; = (uy, ;) € Xj to (u,t) in X;, and let
A = Vuj(x) and B = Vuy,(x) in (4.5) and integrate over a.e. x € §2. Then

villuy — uhmz < /Q (G(V up) —o(Vuy) - Vuy — uh)) dx
= b(x;; uy — up) — b(xp; ujy, — up).
Since b(u, t; ») = F, the last term is equal to

F(uy —up) — b(xps uj, — up) + b(x)s uy —up) — bus uj, — up)

(4.8)
= a(vp, uj, — up) + / (G(V up) —o(Vu)) - Vuy —up)dx.
2
The Lipschitz continuity from Remark 3.1 leads to
lo(Vu) —o(Vuplipze) < vallu —ul (4.9)
and the last term in (4.8) is controlled by
/ (c(Vup) —o(Vu) - Vuy —up)dx < yollu — up|| uj; — unll.  (4.10)
Q

Since xj, is a global discrete minimizer,
loally = II1F = bCxas ) llyy < I1F — bz )llyy = [1b(xs o) = blxy: @)y
The Lipschitz continuity (4.9) of ¢ and the structure of the map b from (3.4) show

that the last term is < y2 ||u — uj || + || — ;| y-1/2(97)- The combination of [[vy ||y <
vallu —uj |l + It — ;| p-1/2(57) With (4.8) and (4.10) shows

yillug = unll < \/1+ Cllvnlly + vallu — up]].

A triangle inequality concludes the proof with explicit constants

llu = unll < A+ 920+ 1+C3)/y1) inf [lu—uc|

uceSi(T)

+ 21+ C3/y1 inf It = toll 12057,

1€ Py(E) m|
The following a posteriori error estimate holds for any discrete approximation, and

even for inexact solve, and generalizes the built-in error control despite inexact solve
of [5, Thm. 2.1] to the nonlinear model problem at hand.
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Theorem 4.7 (a posteriori) There exist universal constants k ~ 1 &~ Cgp such that
the exact solution (u, t) € X of B(x) = F and any discrete (vc, so) € Sé (T) x P (T)
satisfy

2 2 2 2 2 2
U—"uv <({1+C F — b(vc, sg; .+ Krh .
]/] |H C|H = ( dF)” ( C> 30 )”CR(%(T) ” Tf”L2(Q)

Remark 4.8 The proof reveals that Cgp is the constant in the discrete Friedrichs
inequality [4, p. 301] ||« || < C4rl| VNC ¢l in CRé (7). The explicit bounds of Cyg
in [10] allow quantitative estimates in 2D and show in particular Cqp < 6.24 for a
convex domain with diam(£2) < 1 and a triangulation with right isosceles triangles.

Remark 4.9 The proof reveals that « is the constant in interpolation error estimate for
the nonconforming interpolation operator ||h§—1 (1 — Inc)vll < k|| Vne(1 — Inc)v||

forv e H! (£2). An estimate with the first positive root jj 1 of the Bessel function of
the first kind in [7, Thm. 4] in 2D reads « = (1/48 + 1/ )/? = 0.29823.

Proof (of Theorem 4.7) The estimate (4.5) with A = Vu(x), B = Vu,(x), e :=
u — uy, and an integration over a.e. x € £2 leads to

y1|HeH|2S/Q(G(Vu)—a(Vuh))-Vedx. (4.11)

Since (u, t) € X solvesb(u, t; ») = Fin Y™ and with the nonconforming interpolation
operator (4.7), this is equal to

F(e)—/ o(Vuy)-Vedx ZF((l—INc)€)+F(INCe)—/ o(Vuyp) - Vne Incedx
2 2

= F((1 — Inc)e) + F(Ince) — b(up, ty; Ince)
< F((1 = Ino)e)+ I F —b(up, ty; ')||CR6(T)*||INC6||Y11~

The interpolation error estimate for the nonconforming interpolation operator with
constant « [7, Thm. 4] yields

F((1 = Ince) = «kllhr fll 2o lle — Incellne.
The discrete Friedrichs inequality [4, p. 301] and Ince € C R(]) (T) prove
Iincelly, < /1 + Cgll Incellnc.
The Cauchy inequality in R? and the theorem of Pythagoras imply

1/2
nllell* = (Pllh fl72 )+ A+ CERIF = bn, tns )¢ g1 ) "lellnc.
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4.4 Other nonlinear dPG methods

This section illustrates the plethora of dPG methodology by introducing the primal
mixed, the dual, and the ultraweak dPG method for the nonlinear model problem. All
three methods concern the first-order system of (3.1) with the convex function ¢ and
o = D(¢ o |e|) and its dual ¢* so that the relation p = o (Vu) is equivalent to Vu =
Dg*(| p|) sign p on the continuous level. Recall the space of functions with piecewise
divergence H (div; 7) =[], o7 H(div; T) from [8] as well as the piecewise version
RTkNC (T) Cc H(div; 7) of RT;(7T), and the subspace Sg &) = Sg (T)|aT of

HQ]/Z(E)T) ={s = (7)reT € HTeTHl/Z(aT) ELES HOI(‘Q)’
VT € T,s7 = (v|1)lar )

Recall the primal nonlinear dPG method (dPG) in Sect. 3.3 with b from (3.4) and
general polynomial degree k > 0 and m > k in the discrete spaces

Xp, = SETUT) x P(€) and Yy, := Pyy 1 (7).

The primal mixed nonlinear dPG method departs from a piecewise integration by
parts and employs the spaces and discrete subspaces

X :=L*(2;R") x HY (T) x H/?(@T) and Y := L*(£2; R") x H'(T),
Xp = P(T;R") x S§THT) x Pe(E) and ¥y, := Py(T; R") x Py (7).

For (p,u,t) € X and (¢, v) € Y, define (dPG) with F(g, v) := (f, v)2(g) and

b(p,u,t;q,v) :=(p—o(Vu), @) 2(2) + (P, VNC V) 12(2) — (1, V)T
The dual nonlinear dPG method utilizes the spaces and discrete subspaces
X := H(div; 2) x L*(2) x Hy>(dT) and ¥ := H(div; T) x L*(Q2),
X = RT(T) x P(T) x S§T1(E) and ¥, := RTYC(T) x P (T).

For F asbeforeand (p, u, s) € X and (¢, v) € Y,define (dPG) withb(p, u, s; q, v) :=
(D™ (| p|) sign p, @2y + W, divNe @) 20y — (div p, v) 20y — (g - v, $)aT-

The ultraweak nonlinear dPG method utilizes a piecewise integration by parts in
both equations of the first-order system and the spaces

X :=L2(2; R x LX(2) x H>(3T) x Hy'*(9T) and Y := H (div; T) x H'(T),

Xp = Pe(T;R") x Pe(T) x P(€) x S§THE) and V), := RTNC(T) x Py (7).
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For F from the above primal mixed method and (p, u,?,s) € X and (¢q,v) € Y,
define (dPG) with

b(p,u,t,s;q,v) := De*(|p]) sign p, ¢)12(2) + (P, VNC V) 12(02)
+ (u, divNe @) p2(2) — (g - v, 8)oT — (1, V)oT-

The linear version is analysed in [2,6,8, 18]. The four nonlinear dPG methods may be
further analysed in the spirit of this section.

5 Numerical experiments

This section presents numerical experiments with the LS-FEM of Sect. 3.5.

5.1 Computational realization

Given f € L2(£2), the discrete solution of (3.7) is computed by a Newton scheme
with an initial iterate from the solution of the scaled linear Poisson model problem. Let
S3(T) be endowed with the energy norm || « ||| and RTo(7) with ||« || z(div,2) and let
|| « ||+ denote the norm of the dual space of S} (7) x RTo(7 ). The first Fréchet derivative
DLS(f; uc, prr) of LS(f; ) belongs to the dual space of Sé (T) x RTo(T). After at
most 5 Newton iterations, every displayed discrete solution (uj,, pp) in the following
subsections satisfy || DLS(f; un, pn, *)||« = 0 up to machine precision. In the case
of successive mesh-refinement, the iteration starts with the prolongated solution from
the coarser triangulation and terminates in at most 3 or 4 iterations.

Table 1 presents the errors || DLS(f; u;lj ), p}(lj ) o) ||+ of the Newton iterate
(uzj ), p,(lj )) for j = 0,1,...,5 on fixed triangulations of the square domain from
Sect. 5.2 and the L-shaped domain from Sect. 5.4 with the convex function ¢ from
Example 3.2.a. The iterations (A) and (B) utilize a uniform triangulation of the square
domain with 4096 triangles (ndof = 8193) and an initial iterate from a Poisson
model problem for (A) and a weighted Poisson problem with constant weight 2.5 in
(B). The adaptive mesh of the L-shaped domain with 3 450 triangles (ndof = 6.901)
in (C) and (D) has been generated by the algorithm from Sect. 5.3 below at level
£ = 12. Iteration (C) starts with a weighted Poisson solution with constant factor 2.5
and (D) with the prolongated solution from the previous mesh.

From the very beginning of the Newton iteration, all values in Table 1 provide
numerical evidence for Q-quadratic convergence.

In order to investigate the uniqueness of discrete solutions, the minimal and the
maximal eigenvalue Apin and Amax of the Hessian matrix D2LS (f;un, pn; o, ») of
the least-squares functional is computed, where (uj, g;) € X;, and A € R satisfy, for
all (s, qn) € Xp,

D?LS(f: un. pis Vi qn: Bhs Gn) = A(anc@ns O + (@n. G H@iv.2)- (5.1
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Table 1 Convergence history of Newton iteration for 4 representative examples

Miter (A) B) ©) D)

0 1.67431 x 10! 8.73230 x 10° 6.431245 x 100 1.16987 x 10~!
1 220124 x 100 7.69274 x 1072 4.194389 x 1072 1.94092 x 103
2 1.59872 x 10! 2.13909 x 10~4 8.04263 x 1073 3.30072 x 1076
3 9.61529 x 104 1.74101 x 1072 3.74273 x 10710 1.17441 x 10~ 11
4 411730 x 10~8 1.12689 x 10~ 14 6.111556 x 1015 6.26485 x 10~15
5 1.13667 x 10~ 14 1.09142 x 10~ 14 5.70819 x 10~13 5.93587 x 10~ 12
6 1.11131 x 1014 1.10560 x 10~ 14 5.92760 x 10~15 5.82990 x 10~
7 1.09108 x 10~ 14 6.03978 x 10~15
8 1.14493 x 10~ 14

The value Ami, is uniformly bounded from zero for the examples in the following
subsections, so that every computed discrete solution (uy,, pj) is a local minimizer.
For any discrete approximation (uy, py), Theorems 3.11 and 4.7 verify the a pos-
teriori error estimator n%(7) := LS(f; up, pp) + llh1 f ”22(9) even for inexact solve
in its computation. In view of a lacking proof in Sect. 5.4 below that the computed dis-
crete solution is in fact a global discrete minimizer (at least up to machine precision),
it is only by this universal a posteriori error control that we know that the computed

approximations converge to the exact solution.

5.2 Numerical example on square domain

This subsection considers the nonlinear model problem for the exact solution
u(x) :=cos(mwxy/2)cos(wxy/2) forx € 2 := (-1, 1)2

with homogeneous Dirichlet boundary condition, f := —div(c(V u)), and ¢ from
Example 3.2.a. This defines the exact stress function p := o (V u) € H(div, £2).

Figure 1 displays the error estimator i, := n(7;) at the discrete solutions (ug, py)
on each level ¢ of a sequence of uniform triangulations as well as the error to the
exact solution (u, p). The reference energy E (1) = —5.774337908509 in the energy
difference E(ug) — E(u) > yi||lu — u¢||?/2 has been approximated by the ener-
gies of P-conforming finite element solution with an Aitken A? extrapolation. The
eigenvalues of (5.1) in all experiments of Fig. 1 satisfy 1.597 < Apin < 1.722 and
9.943 < Amax < 16.128 and so prove that the discrete solutions are local mini-
mizers. The parallel graphs confirm the equivalence of the built-in error estimator
Iyelly = (LS(f; ue, pe))'/* with the exact error from Theorem 4.1.

With the Friedrichs constant Cg = /2 /7 of the square domain, the criterion (4.2)
is equivalent to || VNc vpllLe(2) < ylzLip(Do)_l(l + CI%)_1 = 0.17239892 and
so Fig. 1 shows that the criterion (4.2) holds for each level £ > 6 and Theorem 4.4
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—— e
o— /E(ug) — E(u)
—— || VN yel Lo ()

—— e =l
—o— |p — el H(div,2)
--- 0.17239892

error

! ‘
10! 102 103 10 10° 106
ndof

Fig. 1 Convergence history for a sequence of uniform triangulations of the square domain with exact
solution u from Sect. 5.2

implies global uniqueness of the computed (u¢, p¢). This proves that there exists only
one local minimizer in the discrete problem (dPG).

5.3 Adaptive mesh-refinement

The natural adaptive algorithm with collective Dorfler marking [20] utilizes the local

error estimator n*(7, T) := [|(Inxn + So) ™"/ (o prr — 0 (Vuc) + Ho f) ”iZ(T) +

1To.f + div prell3a ) + 07 fl 727, for any (uc. prr) € So(T) x RTo(T) and
T € T as follows.

Input: Regular triangulation 7 of the polygonal domain §2into simplices.
for any level ¢ =0,1,2,... do
Solve generalized LS-FEM with respect to triangulation 7, and solution
(e, pe)-
Compute error estimator 1y := 1n(7Zy).
Mark a subset M, C 7; of (almost) minimal cardinality | M| with

0307 <npMp) == Y 1*(Te,T)
TeM,;

Compute smallest regular refinement 7y of 7, with My, C 7y \ ¢4+ by
newest-vertex bisection (NVB). od
Output: Sequence of discrete solutions (i, p¢)¢en, and triangulations (7¢)¢en,-

See [26] for details on adaptive mesh-refinement and NVB.
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Fig. 2 Solution uy, for different functions ¢ on a uniform triangulation of the L-shaped domain into 768
(ndof = 1537). a ¢ from Example 3.2.a. b ¢ from Example 3.2.b

(a) (b)
1 1
0.5 0.5
0 0
—0.5 -0.5
-1 -1
—1 —0.5 0 0.5 1 -1 —-0.5 0 0.5 1

Fig. 3 Adaptively refined triangulation 7 for different functions ¢. a ¢ from Example 3.2.a, mesh with
1783 triangles (ndof = 3567). b ¢ from Example 3.2.b, mesh with 1838 triangles (ndof = 3677)

5.4 Numerical example on L-shaped domain

This subsection considers f = 1 on the L-shaped domain £2 := (—1, l)2 \ [0, 1]2 C
R? with homogeneous Dirichlet boundary condition u|3 = 0 and unknown exact
solution u. Figure 2 displays the corresponding discrete solutions u#, on a uniform
triangulation of §2 for the different functions ¢ from Example 3.2.a and b.

Figure 3 shows two typical adaptively generated triangulations with considerable
refinement at the re-entrant corner for different functions ¢. At first glance, the meshes
appear similar and resemble the undisplayed adaptive triangulation from the Poisson
model problem.

For ¢ from Example 3.2.a, Fig. 4 shows the convergence history plot of the natu-
ral least-squares error estimator ny = 1(7y) and the difference of the energy E (uy)
of the solution u, and a reference energy E (1) = —3.657423002939 x 1072 (com-
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—m— ne
—o— VE(u) — E(u)

—— | Vnc velloe (o)
--- 0.22650326

error

‘ ‘
10! 102 102 10 10° 106
ndof

Fig.4 Convergence history for adaptive mesh-refinement (solid lines) and uniform mesh-refinement (dot-
ted lines) with ¢ from Example 3.2.a

puted by the energies of Pj-conforming finite element solutions with an Aitken A?
extrapolation).

The eigenvalues of (5.1) in all experiments satisfy 1.787 < Apin < 1.914 and
16.682 < Amax < 17.932 and so prove that all the discrete solutions are local mini-
mizers. The function ¢ from Example 3.2.b leads to (undisplayed) similar results.

For the L-shaped domain, the smallest eigenvalue A1 = 9.6397238 of the Lapla-
cian with homogeneous Dirichlet boundary conditions yields the Friedrichs constant
Cr = 1/y/A1 = 0.32208293. Since || Vnc vellze2) = y2Lip(Do) (1 + C3)~! =
0.22650326 for all level £ € Ny in Fig. 4, Theorem 4.4 is not applicable to any
triangulation 7, of the computation at hand.

To guarantee optimal convergence rates for least-squares FEMs with an alternative
a posteriori error estimator, the choice of a sufficiently small bulk parameter is crucial
[11,14]. However, for the natural error estimator with the values of the least-squares
functional, the plain convergence proof of [12] requires the bulk parameter sufficiently
close to 1. For the nonlinear model problem at hand, the convergence history plot in
Fig. 4 provides numerical evidence for optimal convergence rates for adaptive mesh-
refinement of Sect. 5.3 and suboptimal convergence for uniform refinement.
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