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Abstract The paper is concerned with the unconditional stability and optimal L? error
estimates of linearized Crank—Nicolson Galerkin FEMs for a nonlinear Schrodinger—
Helmholtz system in R? (d = 2,3). By introducing a corresponding time-discrete
system, we separate the error into two parts, i.e., the temporal error and the spatial error.
Since the latter is t-independent, the uniform boundedness of numerical solutions
in L°°-norm follows an inverse inequality immediately without any restrictions on
time stepsize. Then, optimal error estimates are obtained in a routine way. Numerical
examples in both two and three dimensional spaces are given to illustrate our theoretical
results.
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1 Introduction

A generalized nonlinear Schrodinger type system is defined by

iuy + Au+ Y f(upDu+1(u))u =0, (1.1)
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ayr — BEAY = f(ubul?, (1.2)
for ¢t € [0, T], with the initial condition
u(x,0) = up(x), (1.3)

wherei = +/—1, a, B are real nonnegative constants with o + 8 # 0, and f, [ are two
given real-valued continuous functions. The above system may describe many different
physical phenomena in optics, quantum mechanics, and plasma physics. The system
defines the Schrodinger—Poisson—Slater model [4,36,45] when o = 0, f(|u]) = ¢,
and the Schrodinger—Poisson model if [ = 0 and @ = 0 [6,16,20,27-29]. When
B = 0, the system reduces to a generalized nonlinear Schrodinger (GNLS) equation
[1,31,32,35]. Besides, the system (1.1)—(1.3) was called a Schrodinger—Helmholtz
system in [10] when [ = 0.

Mathematical analysis for various Schrodinger type equations has been well stud-
ied, e.g., see [5,37] and references therein. In [4,20,29,36], the Schrodinger—Poisson
type equations were analyzed by several authors and the existence and uniqueness
of solutions in R? (d = 1,2, 3) were proved. Cao et al. introduced a Schrédinger—
Helmbholtz system in [10] as a regularization of the generalized nonlinear Schrodinger
equation, and studied local and global existence of a unique solution of the system. On
the other hand, numerical methods and analysis for nonlinear Schrédinger type equa-
tions (system) have also been investigated extensively, e.g., see [8,25,33,39] for finite
difference methods, [2,6,19,34,42,47] for finite element methods, [4,7,13,28] for
spectral methods and [1,24,27] for others. Akrivis et al. [2] presented several Crank—
Nicolson Galerkin FEMs for the GNLS equation. To obtain optimal L? error estimates,
the authors studied a truncated system with a classical energy method, which required
to estimate the numerical solution of the truncated system in L°°-norm. A time-step
condition T = o(hd/ 4) (d = 2, 3) arose immediately for both nonlinear schemes and
linearized schemes when an inverse inequality was used as usual, where t and 7 were
the stepsize in the temporal direction and the spatial direction, respectively. Later,
Tourigny [42] proved optimal H! error estimates of both implicit backward Euler
and Crank—Nicolson Galerkin finite element schemes for the GNLS equation. The
work was based on a nonlinear stability theory introduced in [26], which resulted in
time-step conditions T = o(hd/z) and T = o(hd/4) (d =1, 2, 3) for backward Euler
and Crank—Nicolson schemes, respectively. Similarly, the optimal error estimates of
finite difference methods have been done in [3,34,43] under certain time-step con-
ditions. Chang et al. [11] presented systematic numerical investigations of several
frequently-used finite difference schemes for the GNLS equation. Numerical results
indicated that a linearized Crank—Nicolson scheme was more efficient. Wang et al.
[43] studied this linearized scheme for a coupled cubic Schrodinger system. They
obtained optimal L? error estimates by an energy method in one dimensional space
when © = o(h'/*). The stronger restriction T = o(h%/*) is needed when applying
their method in R?, d = 2,3. More recently in [38], we studied two linearized
Crank—Nicolson finite difference schemes for the coupled cubic Schrédinger system
in three dimensional space. We established optimal L? error estimates of schemes
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unconditionally by making good use of both imaginary and real parts of the error
equations.

Linearized schemes usually show better performance to deal with nonlinear par-
tial differential equations, since one only needs to solve a linear system at each time
step. The analysis of linearized schemes for a variety of nonlinear physical equations
(system) can be found in the literatures, e.g., see [9,12,14,17,18,30,40,44] and ref-
erences therein. In these previous works, optimal error estimates were obtained with
certain time-step restrictive conditions, which make practical computation extremely
time-consuming, especially for a non-uniform mesh. Recently, Li and Sun studied a lin-
earized backward Euler Galerkin FEM for a nonlinear thermistor system in [22]. They
proposed an error splitting technique based on the corresponding time-discrete system.
With a priori estimates of solutions for the time-discrete system, optimal error esti-
mates of the method were obtained unconditionally. Moreover, the method was used
in [23] for a nonlinear equation from incompressible miscible flows in porous media,
in which, the same backward Euler scheme as in [22] and a low-order Galerkin-mixed
FEM was used. Analysis presented in [23] required a strong regularity for the domain.

In this paper, we present two linearized Crank—Nicolson Galerkin FEMs for the
complex Schrodinger type equations (1.1)—(1.3) and provide unconditionally optimal
L? error estimates in both two and three dimensional spaces. For nonlinear complex
PDEs, analysis for Crank—Nicolson schemes is usually much more complicated than
that for Euler schemes, since the error in an energy-norm in Crank—Nicolson schemes
is defined by an average of those at two consecutive time levels. Thus, the nonlinear
term which is often defined in terms of classical extrapolation may not be easily
controlled. The key to theoretical analysis is the boundedness of numerical solutions
in L*°-norm. Following the splitting technique proposed in [22], also see [21], we
introduce a time-discrete system. With the required regularity for solutions (U") of
the time-discrete system, the fully discrete Galerkin FEM solution is bounded by

1U Iz < IRRU" o + I1U} — RaU"™ ||z
< IR U" | + CR™2 U = RyU" |12
< C+Ch™¥2p?
<C, (1.4)

where Uj! is the finite element solution of (1.1) and Ry, is a Ritz projection operator.
With the boundedness, unconditionally optimal L? error estimates of fully discrete
Galerkin FEMs of degree r (r > 1) can be obtained in a routine way.

The rest of the paper is organized as follows. In Sect. 2, we present two lin-
earized Crank—Nicolson finite element schemes for the Schrodinger type equations
(1.1)—=(1.3) and our main results. The corresponding time-discrete scheme is then
introduced, with which, the error function is separated into two parts: the temporal
error function and the spatial error function. In Sect. 3, we obtain the uniform bound-
edness of numerical solutions in L*-norm and establish optimal L? error estimates
unconditionally. Finally, three numerical examples are given in Sect. 4 to illustrate
our theoretical results, i.e. the optimal convergence rate and unconditional stability
(convergence).
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2 The main results

In this paper, we study the Schrédinger type equations (1.1)—(1.3) defined in a bounded
and convex (or smooth) polygon € R? (or polyhedron in R3), with homogenous
boundary conditions # = ¥ = 0 on 9$2. Some remarks for problems in an infinite
domain will be given in the conclusion part. For simplicity, we only consider the case
I(Jul) = 0, since this term will not add any further difficulty in the analysis. For this
case, the system reduces to the Schrodinger—Helmholtz system [10].

In this section, we present two linearized Crank—Nicolson schemes with r-order
(r > 1) Galerkin FEM approximation in the spatial direction. Some notations are
introduced below.

Following classical FEM theory [41,46], we define 7}, to be a quasiuniform partition
of  into triangles in R? or tetrahedrons in R?, and h = maxy, ¢7; {diams, } denotes
the mesh size. Let V}, be the finite-dimensional subspace of HO1 (€2), which consists of
continuous piecewise polynomials of degree r (r > 1) on 7. We define Q; = {t,|t, =
nt;0 < n < N} to be a uniform partition of [0, 7] with the time step t = T/N,
and tn_% = %(tn + t,—1). Let u™ = u(x, ty), v = ¥(x,t,). For a sequence of

functions {w”}flvzo, we denote

n__ ,n—l1 1
D,a)”:w _L_w , a)"_% =§<w"+w”_1), n=12,...,N,
. 1
a)”_% =3 (3@”_1 a)"_z) , n=2,...,N

We define the L?(2) inner product by
(u,v) = / u(x) (v(x))* dx,
Q

where u, v are any two complex functions in L2(2), and v* denotes the conjugate of
v.
With these notations, a semi-implicit linearized Crank—Nicolson Galerkin FEM is:

_1
to seek U;', \IIZ 2 € V}, such that

. n —n—% n—% An—% —n—%
(DU, 0)— (VU 2, v )+ (v, 27 (|0, ) U, 2v) =0, @1
nl

2
a@;;—é,(p)mz(w;—aw):(f(Uh N 40) -

forany v, € Vyandn = 1,2,..., N, where a standard extrapolation [15] is used

~1
for the nonlinear terms. U, is defined to be the solution of the following equation
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1

U2 -y . N

i h 5 h_, v — (VU};, VU) + ((I)gqu;?DUz, U) -0 2.3)
T

where U,? = ITjuo, \112 satisfies

o (0. ¢) + B2 (V). Vo) = (fuoDluol. ¢). 24)

Here, IT; is an interpolation operator. It is easy to see that U satisfies the mass
conservation, i.e.,

1UR N2 = 1URN 2, 1<n<N. 2.5)

With an explicit treatment of the nonlinear terms, an alternative linearized Crank—
Nicolson Galerkin scheme can be defined by

1
n—=z

(DU v) — (VU”; Vv) + <®”5f (‘(7”2 > o'z v) =0, (2.6)
T hv h £ h h h £ £ .
1 1
0¥ |or

1 1 N 2
a (WZ‘Z, w) + p? (VWZ‘% w) = (f ( wp) 2.7)

~L ~1
for any v, ¢ € Vj, where U h2 is the solution of (2.3) and \Ilhz satisfies

2
o (th%, w) + B (V@f, Vw) = (f (’ﬁf ) ‘17,} ,w)- (2.8)

1

At each time step of the scheme (2.1)—(2.2), one has to solve (2.2) for lIJZ_7 first,
and then (2.1) for U}'. However, for the second scheme (2.6)—(2.7), one only needs to
solve the two equations simultaneously for U;’ and W} at each time step. In this paper,
we only present the theoretical analysis for the first linearized scheme (2.1)—(2.3). The
analysis of the second linearized scheme (2.6)—(2.7) can be obtained analogously.

Here, we assume that f : R — R is locally Lipschitz continuous, i.e., for any
s1,82 € [—K*, K*],

[f(s1) = f(s2)| < Lg+ls1 — s2, 2.9

where L g+ is the Lipschitz constant dependent on K *. We also assume that the solution
to the problem (1.1)—(1.3) exists and satisfies

||M()||Hr+l + ||u||L°°((O,T);H'+1) + ”ut ||L2((O,T);Hr+l) + ”Mtt ||L2((O,T);H2)
+ llueeel 20,7y 22) + 1 oo 0,7y 1y < K- (2.10)
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We present our main results in the following theorem and the proof will be given
in Sect. 3.

Theorem 2.1 Suppose that the system (1.1)—(1.3) has unique solutions u, \ satisfying
(2.10). Then the finite element system defined in (2.1)—(2.3) has unique solutions U}"

1
m—y .
and ¥, 2 m=1,..., N. Moreover, there exists Tty > 0 such that when t < 7,

_1 m—1
™ — U2 + va’” Pwy

<G (rz + h’“) . 2.11)
L

where Cy is a positive constant dependent on K and independent of 7, & and N.
In our proof, the following lemma is useful.

Lemma 2.1 Let {w”}flvzo and {v”}fl\'=0 be two sequences of functions in Q2. Then

n
—m—1
o™ <2 @™ 2| + (], (2.12)
m=1
for any norm || - ||, and
" | 1 " | 1

Z " Y — 5‘“1”0 + Z "y Ea)"v”. (2.13)
m=1 m=2

To prove Theorem 2.1, we introduce a time-discrete system
n—1 2 n—1 Sn—L N 7n—4 2
aWtT2 — fEAVTT2 = fFUTT2DIUTT 2, (2.14)
—p—1 ~ —pn—1
iD.U" + AU 2 4wz (U2 DU" 2 =0, (2.15)
with the initial and boundary conditions

U%x) = up(x), inQ,

U'(x) =0, lIJ'F%()C) =0, onodf, (2.16)
forn=1,2,..., N, where U 7 is the solution of the following system
ﬁ% - UO 1 1
i———— + AU+ 0 UpUz =0, (2.17)
/2
U2(x) =0, ondf, (2.18)

and W0 = v/ satisfies the Eq. (1.2) at r = 1. By the homogeneous Dirichlet boundary
condition ¢ = 0 on 9€2, the classical theory of PDEs shows the boundedness of
[ WO L. Also, it is easy to see that U” satisfies the mass conservation, i.e.
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1T 2 = 1U°l 2, (2.19)

~1 . ~1 .
for 1 <n < N,and U? satisfies |[U2];2 < |U°| ;2. As proposed in [22,23], we
separate the errors into two parts

" = Uylie < llu" = U™z + 1U" = Upllg2, (2.20)
1

1 n—s 1 1

n—s 2 n—s n—s

Hw A S O P
L2

_1
2

2.21)

_1 n
L? * H\D" B

L2

Under the splitting, we will prove that the first term in the right-hand side of each
above inequality is bounded by O(z?) and the second term is bounded by O (h?),
with which, classical inverse inequality and induction assumption, we can obtain the
uniform boundedness of numerical solution U ;’Z in L°°-norm. Then, the optimal error
estimates can be easily proved by a routine method.

For the simplicity of notations, we denote by Cx a generic positive constant, which
is independent of n, h, 7 and C( and dependent upon «, 8, f and K given in (2.10),
and which could be different in different places. Also we denote by C a generic positive
constant involved in some classical inequalities, such as Gagliardo—Nirenberg inequal-
ity and inequalities for standard interpolation and Ritz projection, which depend only
upon the domain €2 and the partition 75, in general.

3 The proof of Theorem 2.1

1

1 1 1
We analyze the error functions u” —U" and "2 —W" ™2, U"—U} and W" ™2 -, 2,
respectively, in the following two subsections.

3.1 Temporal error analysis

Under the regularity assumption (2.10), we define

~1
Ko := max [u"|[pe + [[@? || + 1, (3.1
0<n<N
1 1 . ..
where u2 = u? = u(x,t ! ), and Ky is a positive constant dependent on K and

independent of 7, & and n. Let
en — M}’l _ Un 07[—% — wn—% _ \Iln—%

From (2.14)—(2.15) and (1.1)—(1.2), we can derive the error equations of ¢” and 0" 1

_1
a1 — B2A0"TE =G 4 Q" T, (3.2)
1

iDre" + AZ"" 7 + R} = P73, (3.3)

l—
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»—Q=
i

I
—_

!
I\)}’—‘
~—

§
s

2 p(10m2) 10 (34)

S

n—s n—1i =L\ 1 n—1i Sn—1\ 77n—3

R =y 2f(|u 2|>u Y zf(|U 2|>U : (3.5)
1 1 . ~L ~1 =1 .

and Q" 2, P" 2 are truncation errors. Moreover, ¢2 :=u2 — U?2 satisfies

1

. e? L0 e 0t Bl
ih +Ae2 + W f(ju")ez = P2, (3.6)
T

=1 . L .
where P2 is the truncation error at the initial step (2.3). By Taylor expansion, we have

~1
P22 < Ctllusllpooqo,1):12)> 3.7
1 N 1 é
10" 2|2 + (ZrﬂP"‘ZH@) < C Ul 20,1y:2) + el 20,7 12))-
n=1
(3.8)

Theorem 3.1 Suppose that the system (1.1)—(1.3) has unique solutions u, \ satisfying
(2.10). Then, there exists r(’)* > 0 such that when T < 1’6" , the time-discrete system

(2.14)—(2.15) has unique solutions U™ and \Il’”_%, m=1,...,N, satisfying

1
le™ 2 + 16™ 2|2 < Cg?, (3.9)

—m—1 1
TIDU™ g2 + IDU" g2 + U™ g2 + 19772 g2 < €, (3.10)

where C§ and CO+ are positive constants dependent on K and independent of T, h, N
and Cy.

Proof The time-discrete Eqs. (2.14)—(2.15) are actually linear elliptic equations, and
the existence and uniqueness of solutions follow the classical theory of elliptic PDEs
and the mass conservation (2.19). Before studying (3.9)—(3.10), we use mathematical
induction to prove the following estimate

le™ Lo < T4 (3.11)
form=1,2,..., N.

First we estimate the initial error. We multiply (3.6) by (’é%)*, integrate it over 2
and then, take the imaginary part of the resulting equation to get

pul T =1
le2liz2 = SIPZlp2 < Ckt?,
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where we have used (3.7). From (3.6), we see that
~1 2 1 0 41 0pal 51
[Aez|[2 < ;Ile2 2 + 17 fu"De2llp2 + [[1P2]l 2 < Ckr. (3.12)
The above result implies
~1 ~1 ~L ~1 ~L
(U |[Lee < [[u2lpee + [[e2[|ree < [[u2|lLee + Clle? || g2
< |[@2 |z~ + CCxt < Ko, (3.13)
whent <71 = ﬁ From (2.14), it is easy to see that
1 ~1 1
W2 < CIFAUZDIUZ P < Ck. (3.14)
Then, from (3.2) and (3.5), we have
1 1 1 N
16712 < CIG] 2 + CIQ7 2 < Ck eIl 2 + Ckt> < CkT?,  (3.15)

1 L 1
IR .2 = Ck (el + 1%l 2 + 1621,2) = Cx (le' 2 +22). (3.16)

where we have noted ¢ = 0.

Furthermore, multiplying (3.3) by (e!)*, integrating it over Q2 and taking the imag-

inary part of the resulting equation leads to

1 1
Zle!?, + Im (Rf,e‘) = Im (P%, e‘) .
T

By (3.8) and (3.16), we get

1 2
lellp2 < Ckr™.

From (3.3), we have

1

1 1
1 1
1Aaetllzz = —lletliz2 + ”Rf

1
+ 1P 2 = Ckr.
L2

The above estimate implies that
1
le'iz < Clle'll g2 < CCxT < 71,

whent < 1p = (CCK)_%. Thus (3.11) holds form = 1.

(3.17)

(3.18)

(3.19)

(3.20)

Secondly, by mathematical induction, we assume (3.11) holds form < n — 1. Then

1
N0 oo < llu™llLoe + lle™ I < fu™ [l + T3 < Ko.

(3.21)
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From the Eq. (2.14), we know that
L =Sn—1 Sp—1
19"l = CILf (107 31) 1072 Pl < Ck. (3.22)
Then, from (3.2) and (3.5), we have

n—1 n—%
10" 22 = C |G,

FCIQ" 2 < Ck I 22 + Ck T2, (3.23)
L2

n—% —n—1 -1 n—1
IR 212 = Ok (182 2 + 1€ 7 2 + 16" 212)

< Ci (I" 2 M2 + 10" 7 2) + Cx 7> (3.24)

Now we prove that (3.11) also holds for m = n. We multiply (3.3) by (E"_%)*,
integrate it over €2 and take the imaginary part of the resulting equation to get

1 1
5= (1”132 = 1e""122) = —Im (R’f 22”) +1m (P13 )

1 _1 _1
< Cx (8" 2113, + 1" 2112,) + Cx T + | P 7212,
(3.25)

where we have used (3.24). By Gronwall’s inequality and (3.8), there exists 73 > 0
such that

le"ll,2 < CxT? (3.26)
when 7 < 3. The above estimate further shows that
[Dre"ll2 < Ck T, (3.27)

with which and (3.3), we obtain

_p—1 n—1
A" 2|2 < | Dre"|l 2 + HR1 :

F P20 < Ckr. (3.28)
L2
By Lemma 2.1,

n
L
lAe™ 2 <2 ) A" 22 + [[Ae|| 2 < 2Ck.
m=1

By using Gagliardo—Nirenberg inequality, we have

3 1 1
le"llLe < Clie" [l alle" ;2 + Clle"ll 2 < CCx2 < 74, (3.29)
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1
cick”
(3.23) and (3.26), we can easily get

whent < 14 = Thus, (3.11) holds for m = n. The induction is closed. From

le" 2 + 10" 2|2 < Cxt? < Cit2, (3.30)

Furthermore, we arrive at
U™ Lo < lu™ iz + ll€" 20 < [l + 7% < Ko,
WU g2 < 1 g2 + 1€ g2 < N[l g2 + CllAC" |2 < CFF s
"3z < Cx 0" 2 |2 < CF,

t|DU" g2 < T Dot |l 2 + Tl Dee” [l 2 < Cf

1 1 1
n _— = _— =
ID:U" 2|l g2 < ID<u" 2|2 + |1 D" 2| 2 < Cff

forn =1,2,..., N. Taking r(;‘ < minj<;<4 7;, the Proof of Theorem 3.1 is complete.
O

3.2 Spatial error analysis

) . . . . _1 -3
In this subsection, we derive T-independent estimates for U”" — U ,’1’ and "2 — \IJZ 2.

Let Ry, : H(} (2) — Vj, be a Ritz projection operator defined by
(V(v — Rpv), Vo) =0, forallw € Vj. (3.3D)
By classical FEM theory [15,41], it is easy to see that
lv—=Ruvli2 + IV = Rpo)ll2 < Ch*lvllps, 1<s=<r+]1, (3.32)
forany v € HO1 (£2). By classical interpolation theory [41], we further have

lv—Tpvll2 + AV = Tpo)ll2 < ChYvllgs, 1<s=<r+1 (3.33)

Moreover, since [|[RyU" 1 < CIIU” [z and [Ty 9" "2 [l < CW" 2|2, by
Theorem 3.1, we can define

~1
K1 = max ||[RyU" |1 + |RRUZ |1 + 1, (3.34)
0<n<N
1
Ky = max [T, 9" 2|00 + [TT,WO0)| 100 + 1, (3.35)
1<n<N

where K| and K> are positive constants dependent on K and independent on t, 4 and
n. The following inverse inequality will be always used in our proof:

d
[vllzee < Ch™2v]I12 (3.36)

forany v € Vj andd = 2, 3.
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Let

1
n—s -

1
el =R U" U, 6 =T,¥""2 -y,

=

_1
With (2.1)=(2.2) and (2.14)~(2.15), ¢} and 6, * satisfy

n—j 2 n—j
all, o) +B (VO ", Ve

_1
= <G’§ ?, go) +a (Mot —wr=d o) 4 52 (Vw3 — w) V),
(3.37)

_1 1
i(Deell, v) — <sz 2,Vv> + <RZ 2, v) = —i(D:(U" = RyU™),v), (3.38)

for v, ¢ € V), where

2
_1 ~ —~ P ~n—1
Gy 1= fUUINO" R~ f (‘U,f 2 ) g, 2|, (3.39)
_1 —~ 1 _1 oy L 1
Ry 2= \yn—%f()U"—% )U” o, R f (‘U,; 2 )UZ 2 (3.40)
1 PUTP! 1
Similarly, lete, = R,U2 — U, . By (2.3) and (2.17), ¢, satisfies
2 ~3 3 0 N 0 NS
? e,,v | — Veh,vv + (VY U |)U2_"Ijhf(|Uh|)Uh,U
2/~ . 2i
- (U%—RhU%,v)+—l<uo—U,?, v). (3.41)
T T

In this subsection, we prove the following theorem

Theorem 3.2 Suppose that the system (1.1)—(1.3) has unique solutions u, \ satisfying
(2.10). Then the finite element system defined in (2.1)—(2.3) has unique solutions U Z”

_1
and ' m = 1, ..., N, and there exists T}, > 0, h}, > 0 such that when t < T/,
/h 0 0 0
h<h
—= 0)

_1
0, | <cih? (3.42)

L2

e llz2 +

where C is a positive constant dependent on C*, CT, K, and independent of T, h, N
0 p D o Co D
and Cy.

Proof The existence and uniqueness of solutions for Eqgs. (2.1) and (2.3) follow the
mass conservation (2.5) and IIfJ\,:/zlle =< ||U}(,)||L2~ For the Eq. (2.2), the coefficient
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matrix is symmetric and positive definite, which leads to the existence and uniqueness
of solutions immediately. Now, we prove the error estimate (3.42) by mathematical
induction. Since U,? = [Tjugp, by (2.10) and (3.32)—(3.33), we have

lepllz2 < lluo — Upliz2 + lu® — Ruuoll 2 < Ch*lluglly2 < Cxh?.  (3.43)
From (2.4), it is easy to get
WY — 11,90 ,2 < Cxh®. (3.44)

By using the inverse inequality (3.36), we obtain
0 0 0 0 0 _d 2
IUpllLee < IRWU llLoe + IRRU™ — Uy llee < IRWU |lLe + Ch™2Cxh™ < Kj,
_d
Wz < IO zoe + [T — WPl < [T W°0) e + Ch™2Cxh? < Ko,

ford = 2,3, when h < hj = (CCx)™*4.
1

We substitute v = ’ef into (3.41) and take the imaginary part of the resulting
equation to get

1
I2; lle = ——Im <\IJ°f(|U°|)U2 — W f(U; |)U2,?,3>
1
Re< 02 — RyU?, ,3) +Re (U° U,?,",f)
1 ~ L A
< k(|08 - 07 2+||UO—U,?||L2+||\1/0—q:,?||L2) % | |
L
~ N
102 = RO 2 e,, +11U° = U2 ||eF
L? L?
1L 4
<3 2l +cxnt, (3.45)
L2
whent < 15 = ﬁ. Then, we have
1
e < ckh’ (3.46)
L2
Then, we can derive from (3.34) that
L ~1 ~ 1 L
U, < IRy U= + HRhU2 -U;
L>® L>®
~1 _d ~1 A1
<RWU?Z||p~ + Ch™2 |RyU? — U}
L2
=1 _d 9
< |RyU?||pe + CCxh™2h
< K (3.47)
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1
ford =2,3,whenh < hp = (CCK)fﬁ. If B # 0, we substitute ¢ = 9,12 into (3.37)
and use (3.33) to arrive at
+ h) |
L2

1
ot )], =
L2

Furthermore, the difference of the Egs. (2.14) and (2.2) gives

1
2
€

1 1 1 1 1
o shie) (3 (4% -9 59) = (cho)
for ¢ € Vj,. Let g be arbitrary in L%(), take ¢ € H*(Q)N H& (€2) as the solution of
ap — BPA¢ =ginQ, with¢ =0on IS,

1
so that ||¢|| g2 < C|lgll2. Taking g = Wy — \IJ;, we have

1 3 :
vt -

L2

—a(vi —w g~ Pig) + B (V (\Iﬁ - ‘I’f) V6= Pi)

+(G§,Ph¢—¢)+(c,§,¢)

1 1

< Ch? \D%—\v,f ||¢>||H2+ChHV<\I/§—\If,f> o1l 2

L2 L2

1 1
+Ch? |G3 ||¢>||HZ+HG22 Pl 2
L2 L?
) 1 l2 1 1 1 1 i

<o let—wl +cH\uz—w,: (W] (% =)+ 163 ] ),

L2 L?

where Pj,¢ denotes the elliptic projection of ¢. When & < h3 = (2C)~ 2, the above
results further show that

1 1 1 1
Hwi—w,j 5ChHV<qJ%—qJ,§> JFCHGZ2 5c,<<?,f +h2>
L2 L2 L2 L2
< Cxh?. (3.48)
If p = 0, from (3.37), it is straightforward to obtain
: 12 112
sz —wZ | <ck||ef]| +n*)<=cxn. (3.49)
L2 L2
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Then, we derive from (3.35) that

> 1
”‘I’hz < ||Hh‘I’%I|Loo+H1'[h\yi_q,hz
L= L
1 d 1 1
< |TpW2|pec + Ch™2 (T, W2 — W,
L2
1 4,
< |IMpW¥2 |~ + CCxh™2h
=K (3.50)
ford =2,3, whenh < hy = (CCK)fﬁ’ and
2 3 Al 1 1
‘Rz2 SCK( e, | +|e, -|-H\1Jz_\yh2 > (3.51)
L? L2 12 2

1
Again we substitute v = ¢, into (3.38) and take the imaginary part of the resulting
equation to arrive at

1

11 1 1
lepll, + Im <R22 , z,f) = llepll;, — Re <U1 — RyU', E;)+Re (UO — U°,E,§> )
By (3.32)~(3.33), (3.48)~(3.49) and (3.51), we get

= Cxh®. (3.52)
L

1
' 1
lenllz2 + |6

Now, we assume that
lef Il 2 < ChHh?, (3.53)
holds for m < n — 1, By (3.34),

105 e < IR U™ [[Loe + I RRU™ — Up'll Lo
d
S NRaU™ |l + Ch™2||[RyU™ — Uyt |l 2

< IRy U™ || + CCYh~ % >
< K. (3.54)

ford =2,3,and h < hs = (CC(’))_ﬁ. With a similar approach used in (3.48)—
(3.49), we can get

1
St=3
€

_1
2

)

+ Ch2> , (3.55)

<Cg
L2 12
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from the Eq. (3.37). By (3.35), (3.53) and (3.55),

n—1i 1 1 n—1i
H‘l’h : < MW" 2 e + th‘I’"_Z -, ’
L>® L>®
_l _d _1 n—1
< |Tp¥" " 2| poo + Ch™2 ||TT,W" 2 —\Ilh 2
L2
n—1 -4 /3,2
< ITL,W" 3 | + Ch™ 5 C Chh
< K, (3.56)

ford =2,3,and h < hg = (CCKC(’))_é. With (3.54)—(3.56), we have

_1 _1 _1 _1
‘R; 2 SCK<EZ 2 + ’e‘;: 2 _{_quné_\yz 2 +h2>
L2 L2 L2 L2
_1 _1
ch< g, 2| +|e ? +h2). (3.57)
L? L?

_1
We need to prove that (3.53) also holds form = n. Letv = EZ % in (3.38). Taking
the imaginary part of the resulting equation gives

lle 12, = lley =112, ned _nd . e nt
+Im(R, %, >)=—-Re|(D(U"-R,U",¢, *|.

2t
(3.58)
By (3.57), summing up (3.58) leads to

n n
lepllz, < CkT Y ez, —© Y Re (Df (U - RhU’"),z;"”) +Cxh?,
m=1 m=1
(3.59)
where we have used (3.43). By Lemma 2.1, (3.10) and (3.52),
n

_1
Ty (DT(U’" — Ry U™, 2, 2)‘

m=1

T 1 1 0
E‘E(D,(U —RU ),eh)’—i-

+ ‘% (D (U" — RyU™), €

n 1 n
< CORYNDU 3 + llepl, + Coh* Y IDT" 2|50+ CT Y lley 17,
m=2

m=2
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1
+ CTRYDU" G + el
n—1

Loong2 2 4
= Z||€Z||Lz +Ct Y e 7, + Cxh®.

m=1

Applying Gronwall’s inequality to (3.59), there exists ¢ > 0, such that
llejll > < Cxh®. (3.60)

With (3.33) and (3.55), we have

1
n—y /7,2
lepllz2 + |6, ° < Cyh~.

L2

Thus, (3.53) holds for m = n. Taking h{) < minj<;<¢ h; and 16 < min{ts, T, t(’)"}, the
induction is closed. This completes the proof of Theorem 3.2. O

Remark Clearly, the error estimate obtained in Theorem 3.2 is optimal in L?-norm for
linear Galerkin FEM. Since the estimate (3.42) is T-independent, we have the optimal
H! error estimate

_1
Vel + Hve,’j 2

<Cyh, n=1,2,...,N,
L2

immediately by the inverse inequality. By (3.9), (3.32)—(3.33) and (3.42), we have the
optimal error estimates for the linear Galerkin FEM (» = 1) below.

Corollary 3.1 Under the assumption of Theorem 3.1, the finite element system defined

_1
in (2.1)—(2.3) with r = 1 has unique solutions U,’Z", ‘-IJZI 2 m=1,..., N, and there
exist ty > 0 and h{y > O such that when t < tj, h < hy,

1
2

< Co(t? + h?), (3.61)
L2

< Co(t> +h), (3.62)

D=

lu™ — UMl 2 + Hw" .

_1
V@™ — UM + Hv (wm—i — 2)

where 50 is a positive constant dependent on Cg, CS' , C(’), and independent of t, h,
N and Cy.

When r > 1, the above results are not optimal for the r-order Galerkin FEM.
However, by Theorem 3.2, we see immediately the uniform boundedness of numerical
solutions in L*°-norm:

D=
|
BI—

L ~ 1 d ~
1U e < IRyUZ||L + Ch™2 | RyU 2l <k, (3.63)
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n n —4 n n
U L < IRRU"|ILe + Ch™ 2 ||RyU™ — Uyl 2 < Ki, (3.64)
_1 _1
”\y,’j 2 < I e + CRE W — w2 <Ky (3.65)
L>® L2
forn =1,2,...,N whent < 7:(’) and h < h6, with which and in a routine way, we

can derive the optimal L? error estimate as given in Theorem 2.1.

3.3 The proof of Theorem 2.1

At the time step ¢ = ’7‘, let '5,12/2 = Rul/* — 17,}/2. When t < 75 and h < hy, with
(3.32), (3.63) and W0 — WO|| < Cx A"+, we can easily get |&,/% ]| < Cx (z2+ 1" +1)
from the Eqgs. (1.1) and (2.3). Thus, in the following, we only analyze the errors
W — U, 2w P for 1 <n < N.

_1 1 _1
Lete, = Ryu" — Uy, 5;: =TIy 2 —\IJZ 2 At = tn_%,the exact solutions

u and  satisfy

a(v"720) + B2 (Vo8 Vo) = (FQu DI ),

i(uf‘Z, v) _ (w"—%, w) + (w"—%fqu"—%nu"—%, v) -0,

for any v, ¢ € V). With (2.1)—(2.2) and the above two equations, the error functions

ey, 5;1_2 satisfy

_1 _1
() o)

= (6" p) o (Mt = —y""3,0) + B2 (VLY "2 = y"72), Vo),

(3.66)
1
i(D:2;.v) — (WZ i Vv) + (R”_%, v)
_1
—i (DtRhu” a7, v) n (A(ﬁ"—% —u"Dy, v) : (3.67)

forn=1,2,..., N, where

P
G = f(u ) — f (‘Uh 2

1

1 1 1 n—1 ~n—1
R'™Z =" 2 f(u" 2 pu"2 =y 2 f (’Uh ’
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Applying the same approach used in (3.48)—(3.49) to the error Eq. (3.66) and with
(3.65), we obtain

1?2 1?2
Hwn—é —w, 2 = Ck 2, ? o+ Cx(t* +hThH2 (3.68)
L L
Moreover, by (3.63)—(3.65), we further have
L _1
IR"™ 2|2 < Ck < e, ’ o+ 2, o+ 2 +h’+1> . (3.69)
L L

1
We substitute v = EZ % into (3.67) and take the imaginary part to obtain

2 ~n—12
IRz, — e, 1l [
h L h L +Im Rnij,eh 2
T

2

| 1 1

—Re (DTRhu" —u 2, 522> + Im (A(ﬁ"—z —un, 5’;2> . (3.70)

By Gronwall’s inequality, (3.69) and

n

—m—1 12 4 2
Yo TlA@ 2 —u" )5 <CTHIuT 20,112y

m=1
n

1 n
m—=x,2 2
S DRy —u) 12, < > Tl D Ryu™ — Do |2,

n 1
m—sz .2
+ ) TIDu™ —up 7,
m=1

SC(hZ(r+l) ”ut ”iz(((),T);HH") + T4||ulfl‘ Iliz((O,T);Lz))’

there exists a positive constant 77 such that when ¢ < 77, we get |[€} || ;2 < Ck (2 +
R 1), With (3.32) and (3.68), we have

1
2

_1 n
" = Ul 2 + Hw -

=G (2 +n1). (3.71)
L

Up to now, we have proved Theorem 2.1 when t < 7y := min{ré, 77} and h <

1
ho := hy. When h > hq, by the mass conservation (2.5) and ||Uh2 | < ||U}?||L2,

d

< Chy * luoll 2 < Ck, (3.72)

L2

_d _d
IUR Iz < Chy * URll L2 < Chy * lluoll 2 < Ck. (3.73)

@ Springer



498 J. Wang

Together with (1.2), (2.2) and mass conservation, we have

Co
lu™ = Upll2 < lluollz2 + 1URN 2 < Clluoll g2 < > (rz + h’“), (3.74)
1 ~n—1

1 — 1 1 1
Hw”—z —w, 2| <cCk (nu"—z 2 + HUh )
L2 L2

C
< Cxlluolly < 7‘) (z2 n h*“) , (3.75)

2(C+Cx)uoll 2

r+l
hO

for Coy > . The proof of Theorem 2.1 is complete. O

4 Numerical results

In this section, three numerical examples are presented to confirm our theoretical
analysis. All computations are performed by FreeFem++, where the finite element
meshes are generated by a uniform triangular partition with M + 1 nodes in each

V2

direction and & = TR

Example 4.1 First, we consider the Schrodinger—Poisson system

i, + Au+yu =g, 4.1
- AY = |ul* + g, 4.2)

in Q = [0, 1] x [0, 1], with the initial condition u (x, 0) = ug(x) and the homogeneous
boundary condition u = ¥ = 0 on €2, where g; and g, are chosen correspondingly
to the exact solutions

(i+1)t

u=-ce sin(x) sin(y) sin(w x) sin(wy), “4.3)

Yo=Y (1 — x)(1 — y) sin(x) sin(y). 4.4)

We solve the above system by the linearized Crank—Nicolson Galerkin schemes (2.1)—
(2.2), and (2.6)—(2.7), respectively, with a linear finite element approximation. Here,
we choose T = % to confirm the optimal L? convergence rate 02+ h? = 0(#).
Numerical results are presented in Tables 1 and 2 at time ¢+ = 0.5, 1.0, 1.5, 2.0.
We can observe from both tables that the errors in L?-norm are proportional to A2,
which confirm our theoretical results and illustrates that the semi-implicit or explicit
treatment of the nonlinear term in the Eq. (1.1) has little impact on the convergence
of the whole scheme.

Example 4.2 Secondly, we consider a high order Schrodinger—Poisson—Slater system

u + Au+ Yu+ |ulu = g1, (4.5)
— AY = |ul* + g, (4.6)
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Table 1 L2 errors of the first scheme (2.6)—(2.7) (Example 4.1)

t M =10 M =20 M =40 Order(a)

I Gy ) = UL 2

t=0.5 1.0532e—02 2.8991e—03 9.2710e—04 1.7530
t=1.0 1.7826e—02 4.2675e—03 1.1798e—03 1.9587
t=15 2.8029e—02 8.2854e—03 1.9915e—03 1.9075
t=2.0 5.0906e—02 1.3456e—02 3.5601e—03 1.9189

]
WGt 1) = 72

t=0.5 5.0606e—03 1.3425e—03 3.4241e—04 1.9428
t=1.0 8.7334e—03 2.2288e—03 5.6195e—04 1.9790
t=15 1.4764e—02 3.9256e—03 9.8370e—04 1.9539
t=2.0 2.5724e—02 6.7895e—03 1.7389e—03 1.9434

Table 2 L2 errors of the second scheme (2.1)—~(2.2) (Example 4.1)

t M =10 M =20 M =40 Order(cr)

i G ) = Ul 2

t=0.5 1.0501e—02 2.9225e—03 9.2895e—04 1.7494
t=1.0 1.8040e—02 4.3294e—03 1.1696e—03 1.9736
t=15 2.8704e—02 8.3832e—03 2.0182e—03 1.9151
t=2.0 5.1190e—02 1.3519e—02 3.5243e—-03 1.9302

n—}
It =W 2l

t=0.5 5.0590e—03 1.3425e—03 3.4242e—04 1.9425
t=1.0 8.7195e—03 2.2294e—03 5.6190e—04 1.9779
t=15 1.4791e—02 3.9177e—03 9.8498e—04 1.9542
t=2.0 2.5742e—02 6.7805e—03 1.7362e—03 1.9451

in Q = [0, 1] x [0, 1], with the initial condition u(x, 0) = ug(x) and the homogenous
Dirichlet boundary conditions for both « and ¥, where g1, g» are chosen correspond-
ingly to the exact solutions

u =21 4553 (1— x)p(1 - y), (4.7)
¥ = 5(1 4 312 + sin(r)) sin (%) sin (%) (1 —x)(1 = y). (4.8)
We solve the problem by the two Crank—Nicolson Galerkin schemes given in Sect. 2
with a quadratic FEM. To show the unconditional stability of schemes, we take meshes

with M = 10, 20, 30, 40, 50 for each T = . 55. 75 and present in Figs. 1 and 2 the
numerical results at # = 1.0. We observe that, the L2-errors converge to 0(1’2) as

@ Springer



500 J. Wang
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Fig. 1 Stability of the first linearized scheme (Example 4.2)
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-e-1=1/20 —
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Fig. 2 Stability of the second linearized scheme (Example 4.2)

t/h — oo for each fixed time stepsize, which imply that the schemes are stable and
the restriction on time step is unnecessary.

Example 4.3 Finally, we consider the high order Schrodinger—Poisson—Slater system
(4.5)—(4.6) in three-dimensional space with Q = [0, 1] x [0, 1] x [0, 1] and homoge-
nous Dirichlet boundary conditions. The exact solutions are given by

u = 10T (1 4 5535 (1 — x)y(1 — y)z(1 — 2), 4.9)
¥ = 10(1 + 3¢% + sin(r)) sin (%) sin (%) sin (%) (1—x)1 = y)(1 —2). (4.10)

Here, we use the first linearized Crank—Nicolson Galerkin FEM (2.1)—(2.2) with a
quadratic FEM to solve the problem. Numerical results are obtained with several
different meshes foreach t = %, %, % att = 1.0, and presented in Fig. 3. In previous
works, the error estimates in 3-D often required stronger time stepsize conditions than
that in 2-D. However, the results in Fig. 3 indicate that the scheme (2.1)—(2.2) is

unconditionally stable for the three-dimensional model.
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107 10°
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Fig. 3 Stability of the first linearized scheme (Example 4.3)

5 Conclusion

We have proved the optimal L? error estimates of a linearized Crank—Nicolson
Galerkin FEM for a nonlinear Schrédinger—Helmholtz system unconditionally. The
theoretical analysis has been confirmed by numerical results obtained in both two and
three dimensional spaces. In some other works [10,28,29], people often rewrote
explicitly from the Eq. (1.2) in terms of a Green function by

¥ =G (fublul?), (5.1)

where G(x) is the Green’s function of the elliptic equation (1.2) and * denotes the
convolution. With the formula (5.1), the system (1.1)—(1.3) reduces to a general-
ized Schrodinger equation with a nonlinear and nonlocal source. Then, the resulting
equation was solved by Galerkin FEMs or spectral methods. Clearly, our approach is
applicable for such a nonlinear and nonlocal Schrédinger equation to obtain uncondi-
tionally optimal error estimates.
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