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724 M. Hinze et al.

1 Introduction

Let  be an open bounded connected domain in R?, d € {2, 3} with polygonal bound-
ary 0Q and f € H Q)" == H'(Q) be given. We consider the following elliptic
boundary value problem

—V - (qV®) = finQ, (1.1)
gV®-ii =" ond and (1.2)
® =g onoQ, (1.3)

where 7 is the unit outward normal on 9<2.
The system (1.1)—(1.3) is overdetermined, i.e. if the Neumann and Dirichlet bound-
ary conditions jT € H=12(3Q) := HY2(3)", ¢' € H'/2(3R) and the conductivity

geQ:= {q € L™®(Q)]q < g(x) <G ae.in gz} (1.4)

are given, then there may be no @ satisfying this system. Here ¢ and g are some given
positive constants. a

In this paper we assume that the system is consistent and our aim is to identify the
conductivity ¢* € Q and the electric potential ®7 € H'!(Q) in the system (1.1)—(1.3)
from current and voltage, i.e. Neumann and Dirichlet measurements at the boundary
(s, gs) € H™Y2(3Q) x H'/2(3Q) of the exact (jT, gT) satisfying

lis = 5"l 1200 + 185 = 8" 4iiq) < 8 with 8 > 0.

Note that using the H~1/2(3Q) x H'/?(3Q2) topology for the data is natural from
the point of view of solution theory for elliptic PDEs but unrealistic with regard to
practical measurements. We will comment in this issue in Remark 2.2 below.

For the purpose of conductivity identification—a problem which is very well known
in literature and practice as electrical impedance tomography EIT, see below for some
references—we simultaneously consider the Neumann problem

—V .- (gVu) = finQand gVu -ii = js on 99 (1.5)

and the Dirichlet problem
—V - (gVv) = finQand v = gs on 92 (1.6)
and respectively denote by N, js, D,gs the unique weak solutions of the problems
(1.5), (1.6), which depend nonlinearly on ¢, where N, j is normalized with vanishing
mean on the boundary. We adopt the variational approach of Kohn and Vogelius in

[30-32] to the identification problem. In fact, for estimating the conductivity g from
the observation (s, gs) of the exact data ( i, gT), we use the functional
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Identifying conductivity in electrical impedance... 725

Ts(q) = '/qu (qué - Dqgﬁ) -V (qué - Dqgé) dx.

For simplicity of exposition we restrict ourselves to the case of just one Neumann—
Dirichlet pair, while the approach described here can be easily extended to multiple
measurements ( j g, gé)i=1 .... ;> see also Example 5.3 below. It is well-known that such
a finite number of boundary data in general only allows to identify conductivities
taking finitely many different values in the domain €2, see, e.g., [2].

Indeed, we are interested in estimating such piecewise constant conductivities and
therefore use total variation regularization, i.e. we consider the minimization problem

min Ja(q)+pf Val., (17)
quad Q

where Q.4 := QN BV (L) is the admissible set of the sought conductivities, BV (£2)
is the space of all functions with bounded total variation (see §2.1 for its definition)
and p > 0 is the regularization parameter, and consider a minimizer g, s of (1.7) as
reconstruction.

Foreach g € Q let NV ;’ Js and Df; g5 be corresponding approximations of N, js and
D, gs in the finite dimensional space V{’ of piecewise linear, continuous finite elements
and qz’ 5 denote aminimizer of the discrete regularized problem corresponding to (1.7),
i.e. of the following minimization problem

min /Q gV (N js = Dligs) -V (Vs — Dhgs) dx + p /Q VIVaP +eh (18)

q€Ql,

with Qz 4= QaaN Vlh and €’ being a positive functional of the mesh size & satisfying
limj,_o€" = 0.

In Sect. 4 we will show the stability of approximations for fixed positive p. Fur-
thermore as i, § — 0 and with an appropriate a priori regularization parameter choice
p = p(h, 8), there exists a subsequence of (‘12, 5) converging in the L' (€2)-norm to a

total variation-minimizing solution ¢ defined by

qT € arg min / [Vql|.
{4€Qua I Ny j1=Dyst} /2

In particular, if ¢* is uniquely defined, then this convergence holds for the whole
sequence (qf)’ 5). The corresponding state sequences (N :,, ja) and (DZ,, g(s) con-
’ p.8 p.8

verge in the H'()-norm to of = of(gT, jT,¢N solving the system (1.1)—(1.3).
Finally, for the numerical solution of the discrete regularized problem (1.8), in Sect. 5
we employ a projected Armijo algorithm. Numerical results show the efficiency of the
proposed method and illustrate our theoretical findings.

We conclude this introduction with a selection of references from the vast literature
on EIT, which has evolved to a highly relevant imaging and diagnostics tool in industrial
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726 M. Hinze et al.

and medical applications and has attracted great attention of many scientists in the last
few decades.

To this end, for any fixed ¢ € Q we define the Neumann-to-Dirichlet map A, :
H='29Q) — H'Y2(8%), by

J Agj= Vqu’

where y : H L) - HY 2(89) is the Dirichlet trace operator. Calderén in 1980
posed the question whether an unknown conductivity distribution inside a domain
can be determined from an infinite number of boundary observations, i.e. from the
Neumann-to-Dirichlet map A:

p.geQCL®QwithA,=A, = p=q? (1.9)

Calderdn did not answer his question (1.9); however, in [15] he proved that the problem
linearized at constant conductivities has a unique solution. In dimensions three and
higher Sylvester and Uhlmann [41] proved the unique identifiability of a C°°-smooth
conductivity. Pédivérinta et al. [37] and Brown and Torres [12] established uniqueness
in the inverse conductivity problem for W3/27-smooth conductivities with p = 0o
and p > 2d, respectively. In the two dimensional setting, Nachman [34] and Brown
and Uhlmann [13] proved uniqueness results for conductivities which are in W with
p > land W7 with p > 2, respectively. Finally, in 2006 the question (1.9) has been
answered to be positive by Astala and Piivérinta [3] in dimension two. For surveys on
the subject, we refer the reader to [10,17,20,33,43] and the references therein.

Although there exists a large number of papers on the numerical solution of the
inverse problems of EIT, among these also papers considering the Kohn—Vogelius
functional (see, e.g., [28,29]) and total variation regularization (see, e.g., [21,36]),
we have not yet found investigations on the discretization error in a combination of
both functionals for the fully nonlinear setting, a fact which motivated the research
presented in this paper.

Throughout the paper we use the standard notion of Sobolev spaces H ' (Q2), HO1 (),
Wk-P (), etc from, for example, [1]. If not stated otherwise we write fQ -- - instead
of [o---dx.

2 Problem setting and preliminaries
2.1 Notations
Let us denote by
vy H(Q) —> H'?0Q)
the continuous Dirichlet trace operator while

y L H'20Q) > HY(Q)
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Identifying conductivity in electrical impedance... 727

is the continuous right inverse operator of y, i.e. (yoy ~!)g = gforallg € H'/?(3Q).
With f € H ~1(Q) (witha slight abuse of notation) in (1.1) being given, let us denote

cyi=(f. D),

where the expression (f, ¢) denotes the value of the functional f € H~'(Q) at
NS HY(Q). We also denote

12

“Poo) ={je H o) | G =~

where the notation (j, g) stands for the value of the functional j € H~'/2(3Q) at
g € HY?(3). Similarly, we denote

H09) = {g c HI/Z(BSZ)‘ f g(s):O}
Q2

while Hol (€2) is the closed subspace of H L) consisting of all functions with zero
mean on the boundary, i.e.

HY(Q) = {u c HI(Q)‘ / yu:O}.
1Y

Let us denote by Ci’ the positive constant appearing in the Poincaré—Friedrichs
inequality (see, for example, [38])

cffgqﬂ 5/Q|V¢|2 forall ¢ € H (). 2.1)

Then for all ¢ € Q defined by (1.4), the coercivity condition

1+ C% / 1+C$
2oy < —=2 | IVe? < °/v-v 2.2
el @) = 2 Q| ol = %y Ve Ve 22)
holds for all ¢ € Hg(Q). Furthermore, since Hg (RQ) = {u e HY(Q) | yu = O} C
HJ (£2), the inequality (2.2) remains valid for all ¢ € HO1 (€2).
Finally, for the sake of completeness we briefly introduce the space of functions

with bounded total variation; for more details one may consult [4,24]. A scalar function
g € L'(Q) is said to be of bounded total variation if

TV(q)::/ [Vq| := sup{f qdiv B | g e CCI(Q)d, [BEX)] <1, x € Q} < 00.

Q Q

Here ||, denotes the £,,-norm on R? defined by |X|s = lmaxd |x;| and CC1 (2) the
=is

space of continuously differentiable functions with compact support in €2. The space

of all functions in L' () with bounded total variation is denoted by
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728 M. Hinze et al.

BV(Q) = {q c LY(Q) ‘ f Vgl < oo}
Q

which is a Banach space with the norm

lgliBve) == llgll g +/;2|VCI|-

Furthermore, if € is an open bounded set with Lipschitz boundary, then W1(Q) ¢
BV ().

2.2 Neumann operator, Dirichlet operator and Neumann-to-Dirichlet map
2.2.1 Neumann operator
We consider the following Neumann problem
—V-(qVu) = finQand gVu -7 = j on Q. (2.3)

By the coercivity condition (2.2) and the Riesz representation theorem, we conclude

that foreach ¢ € Q and j € H—_clf{2

problem (2.3) in the sense that u € Hg (£2) and satisfies the identity

(0€2) there exists a unique weak solution u of the

/qu Vo= {(j,ye)+(f.0) 2.4

forall p € HOl (€2). By the imposed compatibility condition (j, 1) = —cy, i.e.
(L h+ (D=0, 2.5

and the fact that H(Q) = H;(Q) + span{l}, equation (2.4) is satisfied for all ¢ €
H'(Q). Furthermore, this solution satisfies the following estimate

1+CE .
TQZ ”y”E(Hl(Q),Hl/Z(aQ)) ”.]”H_l/z(BQ) + ”f”H_](Q)

Cn (||].||H71/2(352) + ”f”H*l(Q))s (2.6)

A

||M||H|(Q) =

IA

where

1+C3

Cpi= — 1
N = CQq max ,||V||L(H1(Q),H1/z(39)) .

0_

Then for any fixed j € H_, ]{ :

(02) we can define the Neumann operator
N:Q— HNQ) with g — N j
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Identifying conductivity in electrical impedance... 729

which maps each g € Q to the unique weak solution NV j := u of the problem (2.3).
Remark 2.1 We note that the restriction j € H__le/z(aﬂ) instead of j € H™12(3Q)

preserves the compatibility condition (2.5) for the pure Neumann problem. In case

this condition fails, the strong form of the problem (2.3) has no solution. This is the
reason why we require j € H:CI /{ 2(8 Q). However, its weak form, i.e. the variational

equation (2.4), attains a unique solution independently of the compatibility condition.
By working with the weak form only, all results in the present paper remain valid for
je H2(Q).
2.2.2 Dirichlet operator
We now consider the following Dirichlet problem

—V - (@Vv) = finQand v = g on 9€2. 2.7
For each g € Q and g € H'/2(3Q), by the coercivity condition (2.2), the problem

(2.7) attains a unique weak solution v in the sense that v € H L), yv = g and
satisfies the identity

/Qqu Vi = (f,¥) (2.8)
for all ¥ € HO1 (€2). We can rewrite

v=uv9+ G, 2.9)

where G =y ~'g and vy € Hé (£2) is the unique solution to the following variational
problem

/qw0~w=<f,w>—fqvc-w
Q Q
forall ¥ € H} (). Since

1G g0 < Hy—lﬂﬁ( gl 120

HI2(09).H()

we thus obtain the priori estimate

A

||U||H1(Q) = ”vO”Hl(Q) + ”G”Hl(Q)
1+CY 1+C$

— g1 + ——q IGl g1 + I1Gllg1q
ngq () ng () ()

Cp (||g||H|/2(aQ) + ”f”H—l(Q))a (2.10)

IA
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730 M. Hinze et al.

where

1+C¢ (14 C8
szzmax< + 0,( tCo o

Ciq CSq a7 1) Hy H (H'/2<am,H1<Q))>'
The Dirichlet operator is for any fixed g € H'/?(3Q) defined as
D:Q— H'Y(Q) withq — D,g
which maps each g € Q to the unique weak solution D, g := v of the problem (2.7).
2.2.3 Neumann-to-Dirichlet map
For any fixed ¢ € Q we can define the Neumann-to-Dirichlet map

Agt H-2(09) — H,(09)

jr Ngji=yNgj.

Since
/QqV/\/qj -V = (f,¥)

for all € HO1 (2), in view of (2.8) we conclude that

Agj = gifandonly if N j = D,g.

2.3 Identification problem

The inverse problem is stated as follows.
Given feH™\(Q), (j*, gT) H-!?(09Q) x HY? @@ with A j'=¢". find g'€Q.

In other words, the problem of interest is, given f € H~'(2), and a single Neumann—
Dirichlet pair (j%, ¢*) € H_!/*(99) x H,/*(39). to find ¢" € Qand @ € H} ()
such that the system (1.1)—(1. 3) is satisfied in the weak sense.

2.4 Total variation regularization

Assume that (js, gs) € H_1/2(8$2) l/2(89) is the measured data of the exact

—cf
boundary values (j7, g") with

||j3 - jT”H*lﬂ({)Q) + ”85 —g' ||H1/2(asz) <3 2.1
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Identifying conductivity in electrical impedance... 731

for some measurement error § > 0. Our problem is now to reconstruct the conductivity
q" € Q from this perturbed data (js, gs). For this purpose we consider the cost
functional

Ts(q) == /;qu (quS - Dng) Y (qu8 - Dqgé) ) (2.12)

where N, js and D, gs is the unique weak solutions of the problems (2.3) and (2.7),
respectively, with j in (2.3) and g in (2.7) being replaced by js and gs. Furthermore,
to estimate the possibly discontinuous conductivity, we here use the total variation
regularization (cf., e.g., [14,21,22]), i.e. we consider the minimization problem

min Y, s(g) ;= min <Js(q)+p/ IVql), (Pp.s)
q€Qud q€Qud Q

a,

where
Qua = QN BV ()

is the admissible set of the sought conductivities.

Remark 2.2 The noise model (2.11) is to some extent an idealized one, since in prac-
tice, measurement precision might be different for the current j and the voltage g,
and, more importantly, it will first of all be given with respect to some L” norm (e.g.,
p = 2 corresponding to normally and p = oo to uniformly distributed noise) rather
than in H~1/2(32) x HY%(dQ). While the Neumann data part is unproblematic, by
continuity of the embedding of L?(9<2) in H “1/2(5Q) for p > Zd;l, we can obtain
an H'/2(3Q) version of the originally L?(d$2) Dirichlet data e.g. by Tikhonov reg-
ularization (cf. [22] and the references therein) as follows. For simplicity, we restrict
ourselves to the Hilbert space case p = 2 and assume that we have measurements
g5, € L*(3Q) such that

185, — 8" 1200 < 85

Tikhonov regularization applied to the embedding operator K : H'/?(3Q) — L?*(9%)
amounts to finding a minimizer gﬁg of

min_[|Kg = &5,1172 50, + 18113120

geH2(3Q)

where we use

1/2
Iglz2p0) =y ' glyiq = (/Quw—lgﬁ + |y—1g|2>dx)
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732 M. Hinze et al.

as anorm on H'/2(3). The first order optimality conditions for this quadratic mini-
mization problem yield

§ ~ 1 6 _ 1 8¢ _
/ ¢>(gf—gag>ds+a/(w Lg% vy g+ gy 19 d
I Q

=0forall¢ € H'/?(0Q),

which is equivalent to
/ yelyw — gs,)ds +ozf (Vw - Vo + we)dx =0 forall p € H'(Q),
a0 Q
forw =p~! gig, i.e. the weak form of the Robin problem

—A =0inQ
{ w+w n £2, 2.13)

aVw-n+w = gs, ondQ.

Thus, according to well-known results from regularization theory (cf., e.g. [22]), the
smoothed version g5 := gig = yw (where w weakly solves (2.13)) of gs, converges
to g* as 8¢ tends to zero, provided the regularization parameter @ = «(8g, gs,) is
chosen appropriately. The latter can, e.g., be done by the discrepancy principle, where
« is chosen such that

) ~ ) ~
”Kg(xg - ng”iZ(aQ) = \/BQ |g(xg - gSg|2dX ~ 8§

We also wish to mention the complete electrode model cf., e.g., [40], which fully takes
into account the fact that current and voltage are typically not measured pointwise on
the whole boundary, but via a set of finitely many electrodes with finite geometric
extensions as well as contact impedances.

2.5 Auxiliary results

Now we summarize some useful properties of the Neumann and Dirichlet operators.
The proof of the following result is based on standard arguments and therefore omitted.

1/2

Lemma 2.3 Let (j, g) € H_/*(3Q) x H*(9Q) be fixed.

—cy

(i) The Neumann operator N' : Q C L®(Q) — Ho1 (R2) is continuously Fréchet
differentiable on the set Q. For each q € Q the action of the Fréchet derivative in
direction & € L*(RQ) denoted by ny := Ny j (&) 1= N"(q)§ is the unique weak
solution in Hg (R2) to the Neumann problem

=V - (qVnn) =V - (EVNy ) in Qand gVnp -1 = —§VNj -1 on 9Q
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in the sense that the identity
/anN-W: —/ EVNGJ - Vg (2.14)
Q Q
holds for all ¢ € HO1 (R2). Furthermore, the following estimate is fulfilled

(1+C9)

S (il =12y + 1 f la-1@)) 1E L) (2.15)
Cyq

vl @) <

(ii) The Dirichlet operator D : Q C L®(Q) — H<>1 (R2) is continuously Fréchet
differentiable on the set Q. For each q € Q the action of the Fréchet derivative in
direction & € L> () denoted by np := D, g(§) =: D'(q)§ is the unique weak
solution in HO1 (R2) to the Dirichlet problem

=V - (qVnp) =V -((VD,g)in Qand np =0 on 02

in the sense that it satisfies the equation
/ qVnp - Vi = —/ §VDyg - VY
Q Q

forall € H(} (R2). Furthermore, the following estimate is fulfilled

(1+C¥) Cp

3 (||g||H1/2(aQ) + ||f||H—1(Q)) €1l Lo ()
Cyq

InDll a1 @) <

Lemma 2.4 Ifthe sequence (q,) C Q converges to q in the L' (2)-norm, then q € Q

and for any fixed (js, g5) € H__C]fp(aﬂ) X H;/Z(BSZ) the sequence (./\/qnjg, angg)

converges to (./\/q Js: Dy gg) in the HY () x HY(Q)-norm. Furthermore, there holds
lim 75 (qn) = J5(q).
n—oo

where the functional Js is defined in (2.12).

Proof Since (g,) C Q converges to ¢ in the L' (£2)-norm, up to a subsequence we
assume that it converges to ¢ a.e. in €2, which implies that g € Q. Forall ¢ € Hg (2)
we infer from (2.4) that

/QanNqnja'W=<ja,y¢)+(f,¢)=/ngqua~V¢
and so that

/;zqnv (Nqan _quS) Vo = /S.Z (g —gn) VquS - Vo. (2.16)
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734 M. Hinze et al.

Taking ¢ = N, js — Ny Jjs, by (2.2), we get

Q
— o Nais = Nojs I = /Qqnv (N ds = Nais) - V (Ng, js — Nos)
= / (q _Qn)VquS . V(Nq,ljé _qus)
12
(/ lg — in |VNqu3 ) (/ |V anJs — q]5)|>
and so that

. . 1+CQ 172
s~ Nl = "oy ( [ 1= 900

Hence, by the Lebesgue dominated convergence theorem, we deduce from the last
inequality that

lim |, js — N,
n—oo

qJs ”Hl(sz) =0. (2.17)

Similarly to (2.16), we also get
/ anV (Dy,85 — Dygs) - V¥ = /Q (g —qn) VDygs - VY
Q

for all Y € H}(Q). Since yD,, 85 = yDygs = gs, taking ¥ = Dy, g5 — Dygs €
Hé (£2) in the last equation, we also obtain the limit

nlgr;o | Dy, 85 — Dy gs ||H1(Q) =0. (2.18)
Next, we rewrite the functional 75 as follows
Ts (qn) =/ qnV Ny, js - YNy, Js —2/ qnV Ny, js - VDq, 85
Q Q

+/S;qnqung5 : Vang5
= (js, Y Nga js) + (s Ny, js) — 2 (s, 8s) + (f2 Dy, 8s))

+/ qnVDy,8s5 - VDy,8s (2.19)
Q
and, by (2.17)—(2.18), have that

(js. ¥ Na Js) + (fs Ngudis — 2Dg,85) — (js. v NaJjs) + (f. Ny Jjs — 2Dgg5) (2.20)
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as n tends to co. We now consider the difference
fg qnVDqy, 85 - VDy, 85 — /Q qVDy8s - VDygs
= /Qan (Dy,g5 — Dygs) - V (Dy, 85 + Dy8s)
- /Q (g —4qn) VDygs5 - VD485
and note that
/Q(q —qn) VDqgs - VDygs — 0

as n goes to 0o, by the Lebesgue dominated convergence theorem. Furthermore, then
applying the Cauchy—Schwarz inequality, we also get that

‘ /Qan (Dg,85 — Dq8s) - V (D, 85 + Dqgs)

N\ 12 N
§§</QIV(anga—Dqgs)\> (A!V(angHDqga)!)

< 70,85 — Dysill ey (12085 1y + 1 Pus 1) = O

as n approaches oo, here we used (2.10) and (2.18). We thus obtain that

/;anVangg -VD,, 85 — /;ZqVDqgg -VD,gs (2.21)
as n tends to co. Then we deduce from (2.19)—(2.21) that
Jim_ T (n) = {js, v Nqjs) + (f: Ngds) = 2 (s, ) = 2 (f Dy gs)
+ /Q qVDqy8s - VDygs
= /QCIVqus - VN js — Z/QQV/\QJ'S - VD, gs
+ /Q qVDygs - VDyg8s

= TJ5(q).

which finishes the proof. O

Lemma 2.5 ([24]).

(i) Let (gn) be a bounded sequence in the BV (2)-norm. Then a subsequence which
is denoted by the same symbol and an element ¢ € BV (2) exist such that (qn)
converges to q in the L' (Q)-norm.
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736 M. Hinze et al.

(ii) Let (qn) be a sequence in BV (R2) converging to q in the LY(Q)-norm. Then
q € BV(2) and

/ |Vg| < lim inf / Vgl (2.22)
Q n—oo Q

We mention that equality need not be achieved in (2.22). Here is a counterexample
from [24]. Let @ = (0,27) and g,(x) = L sinnx for x € Q and n € N. Then

n
lgnllp1 () — 0asn — oo, but [, |Vg,| =4 foreachn € N.
Let us quote the following useful result on approximation of BV -functions by

smooth functions.

Lemma 2.6 ([5,16]). Assume that w € BV (R2). Then for all « > 0 an element
w¥ € C*(RQ) exists such that

/Iw—w“|§a/ [Vw|, /|Vw“|§(1+Cot)/ |Vw|and/ |D?w*|
Q Q Q Q Q

< Ca! / Vul.
Q

where the positive constant C is independent of a.
Now, we are in a position to prove the main result of this section

Theorem 2.7 The problem ('Pp’g) attains a solution q, s, which is called the regular-
ized solution of the identification problem.

Proof Let (¢,) C Quq be a minimizing sequence of the problem (P, ), i.e.

a

lim (Ja (qn)+p/ Ian|> = inf (Ja(q)er/ IVqI). (2.23)
=00 Q q€Qua Q

Then, due to Lemma 2.5, a subsequence which is not relabelled and an element g €
Q.4 exist such that (g,) converges to ¢ in the L'()-norm and

/ |Vg| < liminf / IVl (2.24)
Q n—0oo Q

Using Lemma 2.4 and by (2.23)—(2.24), we obtain that
Js(q) + p/ Vgl < lim Js (g) + liminfp/ IVl
Q n—oo n—oo Q
= lim inf (Js (qn) +/0/ Ianl)
n—oo Q

= inf <.75(61)+,0/ IVq|>-
q€Qad Q

This means that g is a solution of the problem (Pp,,g), which finishes the proof. 0O

@ Springer



Identifying conductivity in electrical impedance... 737

3 Finite element method for the identification problem

Let (Th)0<h<l

Q with the mesh size & such that each vertex of the polygonal boundary 9<2 is a node
of T". For the definition of the discretization space of the state functions let us denote

be a family of regular and quasi-uniform triangulations of the domain

V=" ec@ | viir e Put), VT e T
and
Vi =V N HN(Q) and V] := V] N H () C VY.

where P; consists of all polynomial functions of degree less than or equal to 1.
To go further, we introduce the following modified Clément’s interpolation operator,
see [19].

Lemma 3.1 An interpolation operator I'IZ CLY(Q) > Vfly o exists such that
Nie" = ¢ forall " € V{ , and TIL(Hy () C Viy € V..
Furthermore, it satisfies the properties
: h
tim |9 = 1201,

@ =0 forall¥ e HN(Q) 3.1

and

[0 = T80 | ;1 < CRID 2y forall » € HA(NH* Q) (3.2)

with the positive constant C being independent of h and 9.

Proof 1t is well known (see [19] and some generalizations [6,7,39]) that there is an
interpolation operator

" LY(Q) — V] with T"¢" = ¢ forall " € V]! and I (H{ () € VI,

which satisfies the following properties

. h _ 1
21_1)% |9 — 1 19||H1(Q) =0 forall® € H'(Q) (3.3)
and
o — HhﬂHHl(Q) < Ch|[9 |l 2 forall ¥ € H*(Q). (3.4)
We then define for each 9 € L'(Q)
My =y — — y"y e VI
e 10| Jse het
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Then T4 (L1 (Q)) C Vi, Tig" = ¢" forall " € VI and N (HJ(Q)) C Vi,
Furthermore, since Vl‘[ﬁﬁ = VII"9 forall & € LY(Q), the properties (3.1), (3.2) are
deduced from (3.3), (3.4), respectively. The proof is completed. O

We remark that the operator 1" in the above proof satisfies the estimate [ —
"9 geqy < CAK 9 gigqy for 0 < k < 1 < 2and & € H'(Q) (see [19])

which implies that
h
”HQﬁHH‘(Q) < Cl?ly g foral ¥ e HY(Q), (3.5)

an estimate that is required for the proof of part (ii) of the following proposition.
Similarly to the continuous case we have the following result.

Proposition 3.2 (i) Let g be in Q and j be in H__C1 ;2
equation '

(0K2). Then the variational
/ gVul vl = (j, ywh) + (f, wh) forall " € VI (3.6)
Q
admits a unique solution ul € V{l’ o Furthermore, there holds
|| 1@y = Cn (il =120 + 1 1) - 3.7)
(i) Let ¢ be in Q and g be in HY'*(3S2). Then the equation

/ gV . vyl = (f, wh) forall y" € V], (3.8)
Q

with yv = y(l'[ﬁ(y_lg)) has a unique solution v"" € V{l,<>~ Furthermore, the
stability estimate

" ||H1(Q) < Cp (Igllmrpa) + 1/ la-1@) (3.9
— Q Q
is satisfied, where Cp := max (lé_gg , (lg_gg q+ 1) ” n’ H,C(HI(Q),HI(Q))

lv! ”L(H'/Z(BQ),H‘(Q)) )

Let u and u" be solutions to (2.4) and (3.6), respectively. Due to the standard theory
of the finite element method (see, for example, [11, 18]), the estimate

lu = u"ll 1) < Chllull g2 (3.10)
holds in case u € H?(S2), where the positive constant C is independent of / and u.

@ Springer



Identifying conductivity in electrical impedance... 739

Assume that v and v” are the solutions to (2.8) and (3.8), where v € H2(2), we
then have (see, for example, [11, Section 5.4]) that

o= vl < inf o=y ~'e =¥ g + 20y e - T D)
h h
v evw
Since v € H*(R), it follows that g = yv € H>?(Q) and so y ~'g € H*(Q). Due
to the approximation property of the finite dimensional spaces Vfl,o C HOl (£2) (which
states that inf]//hevﬁo 1Y =¥l g1 @) < ChllY | g2q) for each ¢ € H*(Q) N Hy (),
where the constant C is independent of 4 and ) and (3.4), we deduce

lo ="l = Ch (Il + Iy gl - (3.11)

We also mention that above we approximate the Dirichlet boundary condition g by
=y (HZ (y _lg)). There exist some different choices for the approximation g”; for
example, the L?-projection of g on the set SgQ = {yo" | o' € V{‘}, or the Lagrange
interpolation of g in Sg’Q in case g being smooth enough (see [23] for more details).

Definition 3.3 (i) For any fixed j € H_*Jf/z(aQ) the operator N : Q — V{”Q

mapping each ¢ € Q to the unique solution u” =: A/ (;' Jj of the variational equation

(3.6) is called the discrete Neumann operator.

(i1) For any fixed g € H<>1/ 2(8 Q) the operator D" : Q — Vlhy » mapping each g € Q

to the unique solution v =: Dg’ g of the variational equation (3.8) is called the
discrete Dirichlet operator.

Next, the discretization space for the sought conductivity is defined by
ol :=QNVIc QN BV(Q) = Qu.

Then, using the discrete operators N and D" in Definition 3.3, we introduce the
discrete cost functional

Th (q) = Js’“<q>+p/9\/|w|2+eh, (3.12)

I is a positive function of the mesh size & satisfying limj_.q € = 0

where g € Qﬁd,e
and

Thq) = /qu (A7 js = Dligs) -V (N js — Dhgs) withg € Q. (3.13)

The positive function €’ above acts as a smoothing parameter for the total variation.

Theorem 3.4 For any fixed h, p and § the minimization problem

min 1} 5(q) (Pp5)

9<%
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attains a solution q;’ s» which is called the discrete regularized solution of the identi-
cation problem.

Proof We first note that QZ 4 18 @ compact subset of the finite dimensional space V{’.

Let (g») C QZ 4 be a minimizing sequence of the problem (73:)’, 5), ie.

n—o00

lim Y7 5 (gq) = inf Y0 5(q). (3.14)
qeQ,

ad

Then a subsequence of (g,) which is denoted by the same symbol and an element
q € Qz 4 €xist such that (g,,) converges to ¢ in the H 1(©)-norm. We have that

‘f \/|an|2+eh—/ VIVg* + e
Q Q
! /W VqlVan + Vgl
qn — Vq q q
/el Ja " "

1 , 1/2 ) 1/2
< Vg —Vq|> (/ Vg +Vq|>
2+/eh (./Q " Q !

1
= m lgn — q”Hl(Q) (||61n - q”Hl(Q) +2 ”q”Hl(Q)) — 0asn — oo.
€
(3.15)

</ [IVgnl* — 1Vq?|
e VIVauP + €l + VIVl + €

=

On the other hand, similarly to Lemma 2.4, we can prove that the sequence
(Nqn Jss Df]ln g5> converges to (thja, Dg‘&;) inthe H'(Q2) x H'(Q)-norm as n goes
to oo and then obtain

lim J)" (q) = J3(q). (3.16)
n—oo
Thus, it follows from (3.14)—(3.16) that

)o@ = lim Y7, (g) = inf Yy ,(0),
qeQl,

which finishes the proof. O

4 Convergence

From now on C is a generic positive constant which is independent of the mesh size h
of 7", the noise level § and the regularization parameter p. The following result shows
the stability of the finite element method for the regularized identification problem.

Theorem 4.1 Let (hy), be a sequence with lim, .o h,, = 0 and (jan, ggn) be a

_1/2(89) X Hi/z(aﬂ) converging to (js, gs) in the H—1/2(as2) X

sequence in H_, y
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H'2(3Q)-norm. For a fixed regularization parameter p > 0 let qu’an € sz be a

minimizer of (PZT’(SII) for each n € N. Then a subsequence of (qu’an) not relabelled

A
Q

To prove the theorem, we need the auxiliary results, starting with the following
estimates.

and an element q, 5 € Qquq exist such that

im_ a5, = dp.],1 gy = Oand tim_ [ |vgl,

n—oQ

Furthermore, q, ;5 is a solution to (Pp,a).

-1

Lemma 4.2 Let (ji1, g1) and (jo, g2) be arbitrary in H_ /2(89) X H1/2(89). Then

the estimates

1+ C%

o] <
” g1 12 g = Cdq

”y”L(Hl(Q),Hl/Z(aQ)) ”]1 - j2||1-1—|/2(3§2) (41)

and

Djs1 - Djeo|

” q81 — qu H(Q)
1+ C$

< +Q°*+1 H
Cs'q

hold for all g € Q and h > 0.

llg1 —82”111/2(39)

4.2)

L(H'(Q),H () Hy HE(H‘/Z(BQ),HI(Q))
Proof According to the definition of the discrete Neumann operator, we have for all
o" €V} that
/ gVNL i - Vo' = (ji, ve") + (£ ") withi =1,2.
Q
Thus, @lj\[ =N (5’ j1—N (5’ Jj» is the unique solution to the variational problem

/qu%’v-wh =(j1 = 2. ve")

for all (ph € Vlhy - and so that (4.1) follows. Similarly, we also obtain (4.2), which

finishes the proof. O
Lemma 4.3 Let (h,), be a sequence with lim,—h, = 0 and ( Jbns 85, ) C
—1/2

(02) x 1/2(352) be a sequence converging to (js, gs) in the H™ l/2(852) X
Hl/z(BQ) -norm. Then for any fixed q € Q the limit

lim 73" (q) = J5(q) 43)

@ Springer



742 M. Hinze et al.

holds. Furthermore, if (q,) is a sequence in Q which converges to q in the L' (2)-norm,
then the sequence (J\/,Z," Jons Dg,’: ggn) converges to (J\/q Js: Dy g(g) in the H'(Q) x
HY(Q)-norm and the limit

Jim T3 (qn) = J5(q) (44

also holds.

Proof We get for any fixed ¢ € Q that
N7 js, — Dhngs, = (NgJjs — Dqgs) + (N;"ja,, —NgJjs +Dygs — Df;"&,,) :
Thus, with &, = th" Jsn —Ngjs +Dygs — DZ” gs, we have
T (q) = /Q av (N js, = Dirgs, ) -V (N js, = Dlrgs, )
= Ts5(q) +f9qvq>n Vo, +2/qu(qu5 —Dygs) - VP,.
Applying Lemma 4.2, we infer that
[ =N

N js — N jis H + Hth”jsn — N s H

<
HY(Q) — H

< | s = N

HY(Q) H\(Q)

H'(Q)
+ C ”jall - j3 ||H—1/2(SQ) — O asn — oQ,

where we used the limit

. Mo s . _
nlgl;o HNq I8 Nq”HH'(Q) 0,

due to the standard theory (see, for example, [11,18]). Similarly, we also have
hil
HDq 8s, — Dy8s HHI(Q) — Qasn — oo.
We thus get that

IPnll 1) < HN;'”]'B,, — Ny Js H — Qasn — oo.

D,gs — D
+ H qg(S q 88,1 HI(Q)

HY(RQ)

Therefore, we obtain that

lim
n—>0oo

/ qV®, - Vo, + 2/ qVv (qus - Dqgé) Vo,
Q Q
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: 2
< C lim (||<I>n||H1(Q) + II<I>n||H1(52)) =0

and (4.3) then follows.
Next, for ¢, converging to ¢ in L'(2), hence, along a subsequence again denoted
by (gn)n, pointwise almost everywhere, by (3.6) and (2.4), we have

/Q an VN js, - Vo' = (js,. ye") + (f. ¢") = (js. ve™) + (f. ¢)
+ (Js, — Js Wﬂh”)

=£#VNNNV¢M+U&—BJWM>
for all " € V ', which implies that

/ (Nh"Ja,, — N, J5) i
. . . ; . . ;
= /QqVquﬁ : V(Phn - LQnVHo Nq]zS : Vﬁah + (]Sn — 8 Vﬁoh >
. . T . .,
= / (g — qn) VN js - Vo' +/9an (qua — Iy qus) V"
Q
+ (s, — s ve"). 4.5)

where the operator HZ” is defined according to Lemma 3.1. Taking ¢ = N,;’n” Js, —
Hﬁ”]\fq Js € V{" o» by (2.2) and using the Cauchy—Schwarz inequality, we get

CSq
e WAL N
(/ 14 = aul® | VNG js] ) HN}’”JS 1E" N Jy ”H](Q)
+q HNqJ}s - HoanjS HH,(Q) ”N,Z”jan — qJs HHI(Q)
+ IIJ/II'C(HI(Q),HI/z(aQ)) lJsa=ds |l =120 HN;nnijn_Hﬁanj‘s HH‘(SZ)
and so that

1/2
hp hy, . 2 .2
1 +CQ HN% Js, — o quHHl(Q) =< (/ g = qnl* | VNG js| )

—I—q HNq‘]‘S 1_[ Nq](S HHI @ + ||V|| (H](Q) HI/Z(dQ)) ”]‘Sn

_]5”1'1’1/2(89) — Qasn — o0,
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by the Lebesgue dominated convergence theorem and (3.1). Thus, we infer from the

triangle inequality that

] =
” qn Jén qJs HI(Q) — qn Jén o Ngls HI(Q)

+ HHZ” s _qu‘SHHl(Q) — Qasn — oo.

Similarly, using (2.8) and (3.8), for all 1//‘h” € Vlh '» We arrive at
/ gV (Dlrgs — 8Dy g5) - Vi = / (¢ = an)VDqgs - V'
Q Q
+/ qnV <Dqg8 - HZWDng> . th"~
Q

We have

yDings =y (HZ” (v~ '9).

(4.6)

4.7

by Proposition 3.2 (ii). On the other hand, in view of (2.9), we get D, g5 = vo+y ™~ los

with vy € Hol(Q), and therefore

y (M2 Dy g5) = v (M2 (o + ¥ ' 5)) = ¥ (T2 wo) + ¥ (M2 (y ' g9))
y (I (' g9)),

since y (HZ” vo) = 0. It follows from (4.7)—(4.8) that
hn . hn hll hﬂ
V"= an gs — 1" Dygs € Vl,()o
Taking Yhn .= " in the above equation (4.6), it is deduced that
p I o 11hn _
nlggo ’angs "Dy s ”Hl(sz) =0

Using Lemma 4.2, we therefore obtain that

|Pizsn - P

H(Q)
= HD‘};:g‘S" B D‘?Zg‘s ”H](SZ) + HD;";g‘S — 15" Dygs HH'(Q)
+ HHgﬂD"ga ~ Pass HHI(Q)
< C o, ~ 83l gy + [Dhres — M Dss ”H](Q)
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hn
+ HH° Dqgs = Dqss HHI(Q)

— 0asn — oo.

Since (q,,) converges to ¢ in the L' (£2)-norm while the sequence (/\/,;ln” Jbns Df},’f g(gn)

converges to (Nq Js» Dy gg) in the H'(Q) x H'(2)-norm, we conclude, similarly to
the proof of Lemma 2.4 that

lim 73" (4n) = J5().

n—o0
which finishes the proof. O

Proof of Theorem 4.1 To simplify notation we write g, := q;'f’an. Let g € Quq be
arbitrary. Using Lemma 2.6, for any fixed & € (0, 1) an element g% € C*° (L) exists
such that

la —a%| g =< Ceand /qu“| 5Ea+/Q|Vq|, (4.9)
where the positive constant C is independent of «. Setting
q% = max (c_], min (q“, ﬁ)) e W(Q) N Q c Quq and q, = I{l"f]% € Qpr
where
I whP(Q) — C(Q) — VI with p > d

is the usual nodal value interpolation operator. Since the sequence (q,‘f ) converges to
q% inthe H'(Q)-norm as n tends to oo (see, for example, [11,18]), we get the equation

lim / w/|vqgf|2+ehn:/ Vg% (4.10)
n—oo Q Q

Indeed, we have that

V VIVag]* + et —/ |Vqe|
Q Q

< Qe — 0asn — oo

s
=
2 V[Vag ] + et + |vag]

and by the reverse triangle as well as the Cauchy—Schwarz inequality

‘/ |Vq;‘,‘|—f Vgl
Q Q

= ”V‘Iff - Vap “LI(Q) <" ”V‘I: - Vqp ||L2(Q)

— 0asn —> o©

@ Springer



746 M. Hinze et al.

so that (4.10) follows from the triangle inequality. By (4.9) and the fact that g is
constant on {x € Q | g5 (x) # g*(x)}, we have that

/quﬁ‘aI:/ IVapl S/ IVg®| §5a+/ [Vgl.  (4.11)
Q (xe | ¢%(x)=g%(x)) Q Q

By the optimality of g, we get for all n € N that

Ts." (qn)+p/ VIVaul? + € < T3 (q,‘:)+p/ VIVag? + e, (4.12)
Q Q

where, by (3.7) and (3.9),
hn o
Js an) =€

holds for some C independent of n and «. We then deduce from (4.10)—(4.12) that

/ [Vl S/ VIVanl? + € < C(p)
Q Q

for another constant C (p) independent of n and ¢, but depending on p, so the sequence
(gn) is bounded in the BV (2)-norm. Thus, by Lemma 2.5, a subsequence which is
denoted by the same symbol and an element g € Q4 exist such that (g,) converges
to ¢ in the L' (€2)-norm and

f Vgl < liminff [Vgn| < liminf/ VIVanl* + ehn. (4.13)
Q n—o0 Q n—00 Q

Furthermore, due to Lemma 4.3 we get that

J5@ = lim Ty (qu) (4.14)
and
Js (ap) = Jim T3 (q7) - (4.15)

Therefore, by (4.10)—(4.15), we have that
~ ~ . hy .. 2 Tin
T@ +p /Q IVl = tim_ T2 (g) + I;lrglo%fpfg IVgn|? + €, by (4.14) and (4.13)
= lim inf (Ja},:" (qn) + p/Q IVan!? + e”">

CI hy, o a2 hy
slgggf(%n (@) +0 [ Vg e ),by<4.12>
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=Js (q%)+p/Q|Vq%|, by (4.15) and (4.10)

< Js (%) +p/Q [Vg| 4 Cap, by (4.11). (4.16)
Now, by the definition of g, we get |g5 — q| < |¢* — gl a.e. in  and therefore

lap _‘1||L1(sz) < l¢* - ‘IHLI(Q) < Ca.

Sending « to zero in the last inequality and applying Lemma 2.4, we arrive at
G@+p [ 1V3l <@ +o [ 1Val.
Q Q

where § € Quq and g € Q,q is arbitrary. This means that g is a solution to (P,_s)
and (g,) converges to g in the LY(Q)-norm.

Next, as above, from g we can obtain g%, %, g% and note that (g) converges to g%
in the H'(2)-norm, so also in the L' (£2)-norm, as n tends to oo while (Zj‘;ﬁ) converges
to g in the L' (2)-norm as « tends to 0. Then, by the optimality of ¢,,, we have that

T (qn)+pf IVagul? + €l < 73" (G2) +p/ IV@y|? + et (4.17)
Q Q
By (4.14), we then obtain that
. . h . .
1 Van| =1 " 1 Van| —
P zrr_lfolépfgl gnl = lim Js" (qn) + p Ln_l)solép/9| anl = J5(q)
< lim sup (\75}:’ (qn) +p/ VIVanl? +6h") - J5@
n—00 Q
< lim sup (J(g]:," (@n) +P/ IVay | +Eh") — J5(@), by (4.17)
n—oo Q
= J5(@p) +,0/Q IV@3| — J5(q), by Lemma 4.3

< @) +p/Q V31 + Cap — J5@.

Sending « to zero, we obtain from the last inequality that lim sup,,_, fQ Vgl <
Jo IVg|. Combining this with (4.13), we conclude lim,—o [ IVanl = [o 1V,
which finishes the proof. O

Next we show convergence of the regularized finite element approximations to a
solution of the identification problem. Before doing so, we introduce the notion of the
total variation-minimizing solution.

Lemma 4.4 The problem

min / Vgl @P)
quQad (jT’gT) Q
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attains a solution, which is called the total variation-minimizing solution of the iden-
tification problem, where

To, (i1 8") == {a € Qui | Agi" =5} = {a € Qu [ NyJ" =Dyg'} . @18)
Proof By our assumption on consistency of the exact boundary data, the set

Zo,, (j'. g") is non-empty. Let (¢,) C Zg,, (j'. ") be a minimizing sequence
of the problem (ZP), i.e.

lim Vgl = inf v/|Vq|. 4.19)
n—>o0 Jo q€Zg,,(jt.e") Ja

Then due to Lemma 2.5, a subsequence which is denoted by the same symbol and an
element g € Q4 exist such that (g,) converges to g in the LY($2)-norm and

/ V4] < lim / IV4ul. (4.20)
Q n—0o0 Q
On the other hand, by Lemma 2.4, we have that

(Nqan, ang%) — (quT, Dqu) in the H'(Q) x H'()-norm.

By the definition of the set Zg, ( i, gT), we get that N, j f= Dy, g" which implies
N;jT=D;g". Combining this with (4.19) and (4.20), we conclude that

/IWIS inf /|Vq|,
Q q€Zg,,(i".8") Ja

where g € Ig,, ( it gT), which finishes the proof. O

Remark 4.5 Note that due to the lack of strict convexity of the cost functional and the
admissible set, a solution of (Z’P) may be nonunique.

Lemma 4.6 For any fixed g € Quq an element §" € QZ 4 exists such that
13" =4l 1 q) =< Chlloghl (4.21)

and

lim/ |va’1|=/ IVq]|. (4.22)
h—0 Jqo Q

In case ¢ € WP (Q) < C(Q) with p > d the above element Zjh can be taken as
1 lhq.
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Proof According to Lemma 2.6, for any fixed « € (0, 1) an element g% € C*°(R)
exists such that

la=0"| 1@ <Car. [ V4| < Cat [ 1Vql and [ D21 <Ca [ 1val,
Q Q Q Q
where the positive constant C is independent of «. Setting
q% = max (g, min (q“,ﬁ)) whe@) N Q c Qg and 7" 1qP € Qad,

we then have

~h __|gh, : i o —

17" (x) —q(0)| = [I{q*(x) —q(x)| ae.in Q) :={x € Q| g < ¢* <7}
and

3" (@) — 0] < |¢%(x) — ()] ae. inQ\ Q.

We thus have, using for example [11, Theorem 4.4.20], with an another positive con-
stant C independent of « that

”Zih - q”Ll(sz) = ”Ilhqa _q”Ll(Ql) +[g* - q”Ll(SZ\Ql)
= Hllhqa _qauum) + g _anL'(Q.) + [¢® _q”Ll(Q\Ql)

= o [ 19|+ g~ a7l

<Ch <Ea+/ IVqI) +Ca<Ch+a)
Q

< Ch|logh|

for @ ~ h|logh|. To establish the limit (4.22) we first note that

/|v1{’q%] 5/ |VItq®|. (4.23)
Q Q

Indeed, we rewrite

/|v1 0= / Vitgpl+ Y / vitgsl+ X2

TeT} TeT) TeTh\(T'VT})
(4.24)
where Tlh includes all triangles T € 7" h with its vertices x1, . .., X4, X441 at which
either g% (x1), ..., g% (xa+1) < g or q¢*(x1), ..., q%*(xa+1) > ¢
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while Tzh consists all triangles T € T h with its vertices x1, . . ., x4, Xd+1 at which

q*(x1), ..., q%(xav1) € [g. 7]

We then have that
S [ vitagl=0ma X [ vilagl= X [ viletl. @29
Te’Tlh T TeTzh T TeTz" T

Now let T € T"\ (Tlh U Tzh) be arbitrary. In Cartesian coordinate system Oxz with
x € R? we consider plane surfaces z = Ilhq%(x) and z = Ilhq“(x) withx € T
and denote by 7 p and m the constant unit normals on these surfaces in the upward z
direction, respectively. By the definition of the projection g%, we get 0 < (m p) <

(Oz,m) < /2 and so that 0 < cos (Oz, m) < cos (Oz, mp) < 1. Since

cos(m) = ; and cos(ﬁp) = ;,
VIV +1 VIVIigs|? +1
it follows that |V11hq°‘(x)| > |V1f’q%(x)| for all x € T. We thus have that
> / N HES > / |VIiq®|. (4.26)
T T
reT\(T}UTy) TeT\(T}UT})

The inequality (4.23) is then directly deduced from (4.24)—(4.26). We therefore have
with a constant C independent of « that

[va't= [ 1val = [ vita| - [ val < [ jvitas| - [ |val
Q Q Q Q Q Q

f/ IV(If‘q“—q“)|+/ |Vq“|—/ V4|
Q Q Q

§Ch/ |D*q%| + Ca

Q

gcfhoﬂ/ |Vg| + Ca
Q

< C(|loghl™" + h|logh|) — 0as h — 0 and for & ~ h|logh|.

Combining this with (4.21) and Lemma 2.5, we obtain that

f|Vq|§1iminf/ |vg"| §limsup/ |vg"| 5/ Vg,
Q h—0 Jg h—0 JQ Q

which finishes the proof. O
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Lemma 4.7 Let (g, j, g) € Qua X H_le/2(8§2) X H1/2(asz) be arbitrary. Then the
convergence

~h /. h

0y (J:8) = HNA’I] - qJHHl(Q) HD?hg - DngH'(Q) = Oash =0

holds, where @" is generated from q according to Lemma 4.6.
Proof The assertion follows directly from Lemmas 4.3 and 4.6. O

Additional smoothness assumptions enable an error estimate of '@Z (J, g).

Lemma 4.8 Let (q, j,g) € Qua X H =172 1/2

Ze; (39) x H,
that N j, Dyg € H*(Q). Then

(02) be arbitrary. Assume

o , 1/2 ifd =2and
h < C,(h|logh|) with {" = 427
0g (/- 8) = Cr(hlloghl) with 3 05 (520)

Proof Due to Lemma 3.1, since N j € H?(Q), we get that
Nyj=TENGj| < ch. 4.8
H q) — ql H@ ( )

Furthermore, it follows from Lemma 4.6 that

] ~h ~h p—1 e — p—1 1/p
l="0@) =] 19 —7"11a =" = (@@~ Chltogh])

< C(h|loghl)"” (4.29)

for p € [1, 00). Like in (4.5), using (3.6) and (2.4), we infer that
/ q'VNG Ve ={jve") + (f, w") = /QqVqu - Vg!
for all ¢" € Vlhg » and obtain that
fga”v (/\/qﬁhj - Hﬁqu) Vel = /Q (g —G")VN,j - Ve"
4 fQ 7'V (Nyj = TN, /) - Vg, 430)
Since H?(R2) is embedded in W5 () with

4.31)

<oo ifd=2
=6 ifd=3
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(see, for example, [1, Theorem 5.4]), it follows from Cauchy—Schwarz and Holder’s
inequality that

=i v = ([ —?f’*flwqﬁ)]/z (L |v¢h!2)]/2

<]q-7" ||L2x/(s—2>(gz) IVNgj

= C”‘I -q" ” L25/6-2(Q) H‘ph “HI(Q)'

L5(Q) “‘ph ” H(Q)

Then taking ¢" = Nahhj — Hﬁqu € Vf"o and using (2.2), we infer from (4.30) that

‘H‘(Q))

< C(h| logh|)(s—2)/(2s) +Ch < C(h| logh|)(‘g_2)/(2‘”,

h h . ~h . h .
0 =] g, = (1= i+ -

by (4.28)—(4.29). Thus, applying the triangle inequality and (4.28) again, we infer that

AR I VAR R LAY

HY(SQ) HY(Q) ’HI(Q)

<c(n] logm)(s—z)/(zs)_

Similarly, we also get HDqg — Dghg H - C(n| 10gh|)(s_2)/(2s) and so that

HY(Q
j §—2)/(2s
53(J,g)§C(hllogh|)“ )/(25)

for s as in (4.31), which yields the assertion. O

With an appropriate a priori choice of the regularization parameter we get conver-
gence under conditions similar to those stated, e.g., in [35] in the Hilbert space setting.

Theorem 4.9 Let (h,),, (6,), and (p,), be any positive sequences such that

~hy . 3
5 9
on — 0, " S 0and M

N N

— O0asn — o0, (4.32)

where q is any solution to Ny j T = D, g". Moreover, assume that ( JSus g(;n) is a
sequence satisfying

s, — jT”H*l/Z(BQ) + || gs, — gT||H1/2(3Q) =
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and that q,, 1= qz”:, 5, s an arbitrary minimizer of (7);';" 5n> for eachn € N. Then a
subsequence of (q,) which is not relabelled and a solution " to (T'P) exist such that

lim g0 —¢"[ 1 g, = 0 and nlgréofgwq”':/gwqw' (4.33)

n—oo

Furthermore, (N;’, " j5n> and (DZ,’,’ g5n> converge to the unique weak solution ®' =

o7(g", jT, &%) of the boundary value problem (1.1)~(1.3) in the H'(Q2)-norm. If "
is unique, then convergence (4.33) holds for the whole sequence.

Uniform L*° boundedness of (g,) together with interpolation implies that conver-
gence actually takes place in any L? space with p € [1, oo].

Remark 4.10 In case Ny j7, D,g" € H*(Q) Lemma 4.8 shows that 9 (7, g") <

C(h|logh|)" with r asin (4.27). Therefore, in view of (4.32), convergence is obtained
if the sequence (p,,) is chosen such that

hulloghyl)"
— 0 and —( nllog nl)
Pn A/ Pn

— 0asn — oo.

pn_)oa

By regularity theory for elliptic boundary value problems (see, for example, [26,42]),
if j" e HYV2(Q), g7 € HY*(Q), g € C¥1(Q), f € L*(R) and either 9Q is C-!-
smooth or the domain € is convex, then N, j7, D, g™ € H*(Q).

Proof of Theorem 4.9 We have from the optimality of g, that

" I n —~, 12
T, (@n) +pn/ IVgul? + et < 73 (" )+pnf [vghn
Q Q

where " is generated from g according to Lemma 4.6, and

+ e, (4.34)

‘Z‘)‘hn (’q\hn) L a" \ <NAhn j‘sn - ’Dgzn gan) (N’\hn . Dgzn gan)

n

2

fin
< q Nhn J(Sn ,DAhngan
HY()

N arhy M " . .
:q”]\/ahnj(sn—N J +Nh,, '—Da,,nng—/\/qjT

2
hn n
+ 'Dqu + 'DAhn Dz’jhn g5, 1@
2
— hy . Ny hn hn

= 4q(HNAh"”" _NA’WT”HI(Q) + H Ah"g ~ D 8o, HI(®)

"= N [y P88 =P8 )

H g/ HI(Q) + A’l”g Dqs HI(Q)
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2

c i i|? oot (it 7))
S . B . + H B H + ”(." >
<H]8" / HH—1/2(asz) 80 78 | e Ca \/ 8

. 2
§c<sﬁ+§;’" (. ¢") )

where we have used Lemma 4.2 and the fact N j* = D,g". Moreover, by Lemma
4.6, we have that

lim | /|V@h | + e = lim / |vgh =/ 7 (4.35)
n—oo Q n— oo Q Q
We therefore conclude from (4.34) and (4.32) that
T @
lim g, @) =0, lim Jy" (g.) =0 (4.36)
n—o00 Pn n—o00 n
and
limsup/ IVagn| < limsup/ \/‘an‘z +ehn < limsup/ |V§hn|2+e n :/ Vq|.
n—o0 JQ n—oo JQ n—oo JQ Q
(4.37)

Thus, (g,) is bounded in the BV (2)-norm. A subsequence which is denoted by the
same symbol and an element ¢" € Q4 exist such that (g,) converges to ¢ in the
L($2)-norm and

/ Vg sliminf/ IVl (4.38)
Q n—oo Q

Using Lemma 4.2 again, we infer that

2
A it D T”
H Qn‘] ‘Ing HY(Q)
2

53<\N”"1T — Nl js,

4n

hn T _ hn
+ ” an 8 D‘h 88n

HY(Q)

2
H](Q))

< C82 + 3|\ js, — Dl gs,

H(Q)

hy - hy,
+ ”Nqn ‘15" - ’D%l 88,1 ‘

2

H\(Q)
<C (83 +J5" (qn)) :
Thus, using Lemma 4.3, we obtain from the last inequality and (4.36) that
2 2

it — . T — |l hp T — hn ot —
HN’IU Dyrg HHI(Q) nll)II;o ‘Nq"] Dy, 8 HHI(Q) 0
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and so that
Npijt =Dpgl, ie g’ € Ta, ( it g"') . (4.39)

Furthermore, it follows from (4.37)—(4.38) that

f|VqT|sliminf/ |an|shmsup/ |an|s/ Vq|
Q n—>oo Jo n—>o0o JQ Q

for any solution ¢ to Nq Jj = Dqu, hence, in view of (4.39), qT is a total variation
minimizing solution of the identification problem, i.e. a solution to (ZP). Moreover,

by setting ¢ = ¢, we get
/ |Vg'| = lim / IV qnl.
Q n—oo Q

Finally, Lemma 4.3 shows that the sequence (N,zl" Jons DI(};’ ggn) converges in the
H'(©) x H'(Q)-norm to (./\/q—:-jT,Dq-;-gT), where &7 := ./\/qthf = Dq-;-gT is the
unique weak solution of the elliptic system (1.1)—(1.3), which finishes the proof. O

5 Projected Armijo algorithm and numerical test

In this section we present the projected Armijo algorithm (see [27, Chapter 5]) for
numerically solving the minimization problem ’Pf)l’ s )- We note that many other effi-
cient solution methods are available, see for example [8].

5.1 Projected Armijo algorithm

5.1.1 Differentiability of the cost functional

Similarly to Lemma 2.3 one also sees that the discrete Neumann and Dirichlet operators
N h, D" are Fréchet differentiable on the set Q. For given js € H -l 2(8 2) and each

g € Q the Fréchet derivative N’ (¢)& =: N;’/jg (&) in the direction & € L (L) is an
element of Vf, o, and satisfies the equation

/Q gVNI js(€) - Vgl = — /Q EVN js - Vo' (5.1)

for all (ph € V{"o. Likewise, for fixed g5 € H1/2(8Q) and each ¢ € Q the Fréchet

derivative D" (¢)& =: Dg/gg () in the direction £ € L™(R) is an element of Vfl,o
and satisfies the equation

/Q qVD} gs(&) - VY = — /Q EVDlgs - V" (5.2)
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forall y" € Vi,
The functional jgh is therefore Fréchet differentiable on the set Q. For each g € Q
the action of the Fréchet derivative in the direction § € L°°(2) is given by

7' @® = [ &9 (\is —hss) -5 (Vs — Dles)
+2 fg gV (N s = Dl 85®)) - V (N js — Dhgs)
= [ &9 (Mpis = Dhss) -5 (W7o~ Dles)
+2 [ VN i) 5 (Wi~ Plss) =2 [ aVAG s - VDY )
+2 [ VDb VD) 5506

Since N/ js. Dllgs € Vi, and Dg/g(;(g) € Vi, C Vi . it follows from (5.1), (3.6)
and (3.8) that

fQ VN, js(€) -V (N s = Dlhgs) /Q GVN! js - VD g5()
+ /Q qVDl'gs - VDI gs(8)
=— | EVN!js -V (N!js —Dlgs) — (js. y DY
/QS qJs ( qJs qga) <Ja Y qga(§)>
~ (£ DV es®) + (1. D) 6:®)
=— | VNl js -V (N js — D"
fQE qJs ( qJs qgs)
and so that
I = | €V (N js—Dlgs) v (N!js— D!
7' @® = [ &9 (Mis ~ Phes) -5 (Vs — Dles)
—2 | VNl js -V (N js — D!
/QS qJs ( qJs qg,s)

- / £ (VDZg(g . VDlgs — VNI js - VN;J;;) .
Q

Therefore, the derivative of the cost functional T;’ 5 of (Plg 3> atg € QZ d in the

direction & € V{' is given by

Vq-V§

o VIVgl2+ el

(5.3)

15" @® = [ & (VDhes - Ve — VAL VNI Gs) + o
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Let{N; : j=1,..., M"Y} be the set of nodes of the triangulation 7", then Vlh isa
finite dimensional vector space with dimension M”". Let {¢1,..., ¢ i} be the basis
of Vf‘ consisting hat functions, i.e. ¢;(N;) = §;; forall 1 < i, j < M", where 8ij is
the Kronecker symbol. Each functional u € Vlh then can be identified with a vector

M1, ..., upyn) € ]RMh consisting of the nodal values of u, i.e.

Mh

U= Zujqu with u; = u(N;).

j=1

In V{l we use the Euclidean inner product -, -)g. For each u = (uy, ..., uym) and
h

v = (v1,..., V), we have (u, V)g = Z?’il u;v;. Let us denote the gradient of
Thsatqg € Qb by VY) (q) = (Yi,..., Ty). We then have from (5.3) with

£=(&,....Em) € V] that

Mh

Mh
Z h h h h PVq -Vo; _E: A
, 1§jfsz (d)j (VDqg5 VPas = VNq . VNq Jd) " IVg|? + €h - 1§]TJ
j= j=

which yields

Vg -Vo;

VIVg|? + €

T, zfgq)j (vpggg-vpggs—vN;’jg-quhjs)+p/Q (5.4)

forall j =1,..., M".

5.1.2 Algorithm

The projected Armijo algorithm is then read as: given a step size control g € (0, 1),
an initial approximation qé‘ € Qz 4» @ smoothing parameter €”, number of iteration N
and setting k = 0.

1. Compute N qh,, Js and Dgh gs from the variational equations
k k

/;zq,i'V/\/'qhgja Vo' = (js, ve") + (f, (ph) forall ¢ € VI, (5.5)
and
/Qq,’gvp’;,:g,; Yy = (f, 1/;’1) forall y* € VI, (5.6)
respectively, as well as T;”S(q,i') according to (3.12), (3.13).

@ Springer



758 M. Hinze et al.

2. Compute the gradient VT/})” a(q,?) with the j®-component given by

. Vqp - V;
Ja)+p/ k-
Q

VIVal? + e

Yi=| ¢ (Vthga VD", g5 — VN js - VN
Q qy 9y qi

at

due to (5.4).
h
3. Set G ==Y 19
(a) Compute

gp = max (c_], min (q,i‘ — BGY, 5)) ,

N;,, Js» Dgh gs, according to (5.5), (5.6), Tfj 5(5},?), according to (3.12), (3.13),
k k !
and )
L:=7) 5@ =) 5@) + B a — 4} [ 12 with T = 107%.
(b) IfL <0
go to the next step (c) below
else
set B 1= g and then go back (a)
(c) Update q,ﬁ‘ = (j,ﬁ‘, setk =k + 1.
4. Compute

Tolerance := |V s(g{)] @ -1 vk s@h] - @ (5.7)

with 1 := 10732'/2 and 1, := 1072A!/2. If Tolerance < 0 or k > N, then stop;
otherwise go back Step 1.

5.2 Numerical tests

We now illustrate the theoretical result with numerical examples. For this purpose we
consider the the boundary value problem

~V - (¢'V®) = finQ, (5.8)

¢V i = jTon 9Q and (5.9)

® =g onaQ (5.10)

with @ = {x = (x;,x0) € R | — 1 < x,x» < 1}. The special constants g and g in

the definition of the set Q according to (1.4) are respectively chosen as 0.05 and 10.
We assume that the known source f is discontinuous and given by

3 1

f= SXD = SXR\D-
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where x p is the characteristic function of D := {(x1, xp) € Q | |x1] < 1/2 and |x2] <
1/2}. Note that (f, 1) = 0, so that ¢y = 0. The sought conductivity g in the equation
(5.8)—(5.9) is assumed to be discontinuous and given by

g =3xq, +2xa, + xo\@ ),

where
Q) = {(xl,xz) eQ| 9(x1 + 1/2)2+ 16(x2 - 1/2)2 < 1} and
2 2
0 :={(x1,x2)652| (x1—1/2) +(x2+1/2) 51/16}.

For the discretization we divide the interval (—1, 1) into £ equal segments and so
that the domain Q = (—1, 1)? is divided into 2¢2 triangles, where the diameter of

each triangle is hy = */Tg. In the minimization problem (Pg’ 3) we take h = hy and
p = p¢ = 0.01/hy. We use the projected Armijo algorithm which is described in

Sect. 5.1 for computing the numerical solution of the problem (ng’ 5@). The step size

control is chosen with 8 = 0.75 while the smoothing parameter €"¢ = p,. The initial
approximation is the constant function defined by qé’ t=1.5.

Example 5.1 In this example the Neumann boundary condition j© € H_ 1f/ 2(8 Q) in
the Eq. (5.9) is chosen to be the piecewise constant function defined by

T = XO.0x (=1} = X[=1,00x{1} T 2X©0,11x{1} = 2X[~1,01x{—1} 5.11)
+ 33X~ 1)x(=1.0] = 3X{1}x(0.1) T 4X{1}x(=1,00 — 4X{~1}x(0.1)
sothat (7, 1) = 0. The Dirichlet boundary condition ¢* € H,/*(8%) in the Eq. (5.10)
is then defined as g = y gt T, where \V, gt j T is the unique weak solution to the Neu-
mann problem (5.8)—(5.9). For the numerical solution of the pure Neumann problem
(5.8)—(5.9) we use the penalty technique, see e.g. [9,25] for more details. Furthermore,
to avoid a so-called inverse crime, we generate the data on a finer grid than those used
in the computations. To do so, we first solve the Neumann problem (5.8)—(5.9) on the
very fine grid ¢ = 128, and then handle (j', g*) on this grid for our computational
process below.
We assume that noisy observations are available in the form

(Jse- 85,) = (jT +6¢- R+, g +6,- Rg'{') for some 6; > 0 depending on ¢,
(5.12)
where R jt and Rg-;- are Mt x 1-matrices of random numbers on the interval (-1,1)
which are generated by the MATLAB function “rand” and dM"¢ is the number of

boundary nodes of the triangulation 7”¢. The measurement error is then computed as
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/2—>Oas

8¢ = Hjﬁz — H L209) + “8845 —g' || 12069) To satisfy the condition J; 'pz_l
£ — oo in Theorem 4.9 we below take 6y = h¢.,/p¢. In doing so, we reversely mimic
the situation of a given sequence of noise levels §; tending to zero and of choosing the
discretization level as well as the regularization parameter in dependence of the noise
level.

Our computational process will be started with the coarsest level £ = 4. In each
iteration k we compute Tolerance defined by (5.7). Then the iteration is stopped if
Tolerance < O or the number of iterations reaches the maximum iteration count of
1000. After obtaining the numerical solution of the first iteration process with respect
to the coarsest level £ = 4, we use its interpolation on the next finer mesh £ = 8
as an initial approximation qg“ for the algorithm on this finer mesh, and so on for
¢ =16, 32, 64.

Let g¢ denote the conductivity obtained at the final iterate of the algorithm corre-
sponding to the refinement level £. Furthermore, let N,;’f Jjs, and Dgf gs, denote the
computed numerical solution to the Neumann problem

—V - (q/Vu) = finQand ¢,Vu - n = js, on 92
and the Dirichlet problem

—V - (q¢Vv) = finQand v = gy on 092,

respectively. The notations N jT and DZf g" of the exact numerical solutions are to
be understood similarly. We use the following abbreviations for the errors

L; = H‘If - qu”LZ(Q)’ L%\f = ”Nr?;jﬁe _N:fﬂ”ﬁ(sz)

and 13 = |Dtgs, — Dlie"| 2

The numerical results are summarized in Tables 1 and 2, where we present the
refinement level ¢, the mesh size i, of the triangulation, the regularization parameter
pe, the measurement noise 8¢, the number of iterations, the value of Tolerance, the
errors Lf], sz\f’ L2D, and their experimental order of convergence (EOC) defined by

InE —InE
EOCg = nE(h) —InE(hy)
lnh1 —1In h2

with E(h) being an error functional with respect to the mesh size #. The convergence
history given in Tables 1 and 2 shows that the projected Armijo algorithm performs
well for our identification problem.

All figures presented hereafter correspond to the finest level £ = 64. Figure 1

from left to right shows the interpolation / lh ¢4", the numerical solution ¢, computed
by the algorithm at the 953th iteration, and the differences N;f Jse — ./\/qh.‘ j¥ and

h he A
Dyigs — Dyig'.
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Table 1 Refinement level £, mesh size g of the triangulation, regularization parameter py, measurement
noise 8¢, number of iterates and value of tolerance

£ hy e 8¢ Tterate Tolerance

Convergence history

4 0.7071 8.4091e—-3 0.1733 1000 0.2459

8 0.3536 5.9460e—3 8.4273e-2 1000 3.2771e-2
16 0.1766 4.2045e—3 3.4320e—2 1000 5.8479e—3
32 8.8388e—2 2.9730e—3 1.5877e-2 1000 9.4359%e—5
64 4.4194e—2 2.1022e—-3 6.7743e—3 953 —7.6116e—5

Table 2 Errors Lg, Li/, LQD, and their EOC between finest and coarsest level

¢ L2 L3, L% EOC, EOC,3, EOC, 2.
Convergence history and EOC

4 0.7906 0.3016 0.1371 - - -

8 0.4768 0.1546 6.2771e—2 0.7296 0.9637 1.1271
16 0.2306 6.9702e—2 2.1228e—2 1.0480 1.1497 1.5641
32 0.1271 3.0668e—2 9.9234e—3 0.8594 1.1845 1.0971
64 6.7791e—2 1.2116e—2 5.1055e—3 0.9068 1.3398 0.9588
Mean of EOC 0.8859 1.1594 1.1868

-

~

o

o _—os
o e

2o 003,
: of §
i ol

- O o<
12 E:

~. s =
s — 7, ° oors 05—

Fig. 1 Interpolation / fllq#, computed numerical solution g, of the algorithm at the 953th iteration, and

. h[ . he . h[ h[ _ _
the differences qu Jsp — NqT ]T and Dy, g5, — DngT, for £ = 64, §; = 6.7743¢ — 3

We observe a decrease of all errors as the noise level gets smaller, as expected from
our convergence result, however, with respect to different norms. In particular, in our
computations we use an L noise level, as realistic in applications.

Example 5.2 In this example we consider noisy observations in the form
(sor25) = (JT+0 Ry 8" +6 Ryt ),

where ;T is defined by (5.11). This is different from (5.12), since here 8 > 0 is
independent of ¢.

Using the computational process which was described as in Example 5.1 starting
with £ = 4, in Table 3 we perform the numerical results for the finest grid £ = 64 and
with different values of 6.
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Table 3 Numerical results for the finest grid £ = 64 and with different values of 6

0 8¢ Iterate Tolerance Lg LJZV— L2D
Numerical results for the finest grid { = 64

0.005 0.0167 991 —9.723%¢—5 7.7012e—2 1.3085e—2 7.5847e—3
0.01 0.0316 1000 3.4160e—4 9.7971e—2 1.7896e—2 9.3278e—3
0.05 0.1567 1000 7.2599¢-3 0.2467 0.1071 3.8046e—2
0.1 0.3308 1000 2.2546e—2 0.4059 0.2067 0.1077

O N

Fig. 2 Computed numerical solution gy of the algorithm at the 991th iteration, and the differences gy —
h hy . hy .+ h he + .
1q" . Ngtis, — qu] "and Dy g5, — qug' for £ = 64 and 6 = 0.005, i.e. 8, = 0.0167

Fig. 3 Computed numerical solution gy of the algorithm at the 1000th iteration, and the differences g, —
h hy . hy .+ h hy + .
I ¢y, Nytis, — qu] "and Dy g5, — 'qug' for £ = 64 and 6 = 0.1, i.e. §p = 0.3308

In Fig. 2 from left to right we show the computed numerical solution g, of the

algorithm at the final iteration, and the differences g, — I lh ‘q", ./\/’qh,;Z Jse — thf j"and

Dl g5, — DZf g for € = 64 and @ = 0.005, i.e. §; = 0.0167. Finally, Fig. 3 performs
the analog differences, but with § = 0.1, i.e. §; = 0.3308.

Example 5.3 In this example we assume that multiple measurements are available,
say ( jé, g(’;)i=1 ;- Then, the cost functional Tg s and the problem (PZ 5) can be
rewritten as

s N ; . . . _
min T} ;(¢) == min YZI:I/QqV (N;’Jé—Df,’gé)V(N;'Jé—DZgé) +p[Q\/IVq|2+e” . (PZ,(;)

4€Qqq 4€Qqq

=33 @)
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Table 4 Numerical results for £ = 64, 6 = 0.1, i.e. §p = 0.3308, and with multiple measurements
I=1,616

Number of observations Tterate Tolerance L% L'%\/ L2D
Numerical results for ¢ = 64,60 = 0.1

1 1000 2.2546e—2 0.4059 0.2067 0.1077

6 1000 8.5684e—3 0.3159 7.4901e—2 4.4704e—2
16 1000 4.0133e-3 0.2547 5.6985¢e—2 3.2211e—2

Fig. 4 Computed numerical solution g, of the algorithm at the final iteration for £ = 64, 60 = 0.1, i.e.
8¢ = 0.3308, and with multiple measurements I = 1, 6, 16, respectively

which also attains a solution q"f)” s- The Neumann boundary condition in the Eq. (5.9)
is chosen in the same form of (5.11), i.e.

j(TA,B,C,D) = A x0.10x{-1} — A X[-1,01x{1} + B+ X©.11x{1} — B * X[~1,0]x{-1}

+C - x—iyx(=1,0 — C - x{11x©,1) + D - X{1)x(=1,0] = D - X{=1}x(0,1)»

(5.13)

that depends on the constants A, B, C and D. Let gZA,B,C,D) = quTj(TA,B,C,D) and
assume that noisy observations are given by

(J.(A,B,C,D) (A,B,C,D))

3( ’ 3@
N P T P :
= <J(A,B,C,D) +6 Rj(‘A,B,C.D)’ 8apcpy T RgéA.B,C,D)> with 0 > 0,
(5.14)
where R .+ and R + denote M"¢ x 1-matrices of random numbers on the

. (A,B.C.D) 8(4,B.C.D)
interval (—1, 1).

With 6§ = 0.1 and £ = 64 the last line of Table 3 displays the numerical results for
the case (A, B, C, D) = (1,2,3,4) and I = 1, which is repeated in the first line of
Table 4 for comparison.

We now fix D = 4. Let (A, B, C) be equal to all permutations of the set {1, 2, 3}.
Then, the Egs. (5.13)—(5.14) generate [ = 6 measurements. Similarly, let (A, B, C, D)
be all permutations of {1, 2, 3, 4} we get I = 16 measurements. The numerical results
for these two cases are presented in the two last lines of Table 4, respectively.
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Finally, in Fig. 4 from left to right we show the computed numerical solution ¢,
of the algorithm at the final iteration for £ = 64, 6 = 0.1, i.e. §; = 0.3308, and
I =1, 6, 16, respectively.

We observe that the use of multiple measurements improves the solution to yield
an acceptable result even in the presence of relatively large noise.

Acknowledgements The authors M. Hinze, B. Kaltenbacher and T.N.T. Quyen would like to thank the
referees and the editor for their valuable comments and suggestions which helped to improve our paper.
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