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Abstract In this paper we consider the approximation of noisy scattered data on
the sphere by radial basis functions generated by a strictly positive definite kernel.
The approximation is the minimizer in the native space for that kernel of a quadratic
functional in which the smoothing term is a multiple of the square of the native space
norm. The balance between data fitting and smoothness is controlled by a smoothing
parameter, the choice of which should depend on the nature and magnitude of the
noise. The main results concern the choice of that smoothing parameter, under the
assumption that the noise is deterministic rather than random. Four strategies for
choosing the smoothing parameter are considered: Morozov’s discrepancy principle,
and three a priori strategies. For each of these strategies we derive an L, error bound.
The error bounds are similar, with the discrepancy principle giving marginally the best
bound. A numerical example supports the theoretical results.
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1 Introduction

This paper is a contribution to the approximation of noisy scattered data on the
d-dimensional unit sphere S?. The most important case in practice is the case d = 2,
for which there are numerous geophysical problems in which the need is to fit noisy
data available only at scattered points. Some examples are gravitational potential,
magnetic field intensity, topography, and ground or sea level temperature or pressure
(see for example [8]). Often a series of independent local approximations on patches
will suffice, but here we seek a single global approximation.

Our ultimate approximation consists of radial basis functions centered at the given
data points, thus allowing a finer approximation wherever the data points are concen-
trated, perhaps because of greater variability of the physical quantity in that region.
The radial basis functions are generated by a single strictly positive definite kernel.

The approximation is defined (see Sect. 3) to be the minimizer in the native space
for that kernel of a certain quadratic functional. This functional is the sum of the
squared £, norm of the discrepancy between the values of the approximation and the
noisy data values at the data points, and a smoothing term (or regularization term)
consisting of a smoothing parameter (or regularization parameter) A multiplied by the
squared native space norm of the approximation.

The main results (see Theorem 4.1) concern the choice of that smoothing parameter.
The choice should depend on the nature and magnitude of the noise. The statistical and
simulation literatures contain a large number of strategies for choosing the smoothing
parameter for ill-posed problems and variable selection, see for example [4,32]. In this
paper the data errors are considered to be deterministic rather than random. By this we
mean that we assume that the data errors at the N data sites Xi, Xp,...,Xy € S9 are
given by an error vector (or noise vector) € = (€1, €2, ..., & N)T, with the assumption
that only |l&||> is known. (Here for k = 1,2, ..., N, & is the data error at x¢, and
lle|l2 is the Euclidean norm of the noise vector). We do not assume that this noise has
a known or unknown stochastic distribution, and our error estimates are deterministic
and not in terms of expectation values.

For a given level of data error, we consider four strategies for choosing the smooth-
ing parameter A, namely Morozov’s discrepancy principle (which is an a posteriori
strategy) and three a priori strategies. In all four cases we obtain, under the requirement
that the native space is equivalent to a Sobolev space H® with s > d/2, L, bounds on
the approximation error, see Theorem 4.1, that are a sum of two terms. One term is of
the order 4% and the other one is of the order h‘;(/ 2 llell2, where hyx is the mesh norm
of the set X = {x1, Xp, ..., Xy} of the data sites.

The theoretical results, which make essential use of an L, sampling inequality for
the sphere, slightly favor the discrepancy principle.

The theory developed in this paper is especially relevant to the compactly supported
radial basis functions of Wendland (see [28—30]), for which the native space is in every
case equivalent to a Sobolev space. The compactness of the support allows the use of
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Radial basis function approximation of noisy scattered... 581

sparse matrix technology in solving the resulting linear systems, greatly increasing
the efficiency of the approximation scheme.

The structure of the paper is as follows: In Sect. 2 we introduce the required notation
and background material on the sphere, function spaces on the sphere, and radial basis
functions. In Sect. 3 the approximation is introduced, and discussed in the context of
penalized least squares approximation (see, for example, [1,25] for a general discus-
sion of penalized least squares approximation, [2] for a particular polynomial variant,
and [6,24] for this topic in the context of learning theory). In Sect. 4 we present the
main result, Theorem 4.1, on L error estimates for the smoothing approximation from
noisy scattered data on the sphere using radial basis functions. In Sect. 5 we state the
L, sampling inequality for the sphere and sketch its proof. Using the method from
[15] we can lift the L, sampling inequality from [3, Theorem 4.1] by the use of charts
to the sphere, and so obtain an analogous L, sampling inequality for the sphere. This
is an essential part of the proof of our main result. In Sect. 6 we finally give the proof
of the main result, Theorem 4.1. In Sect. 7 we give a numerical illustration of the
different strategies and discuss their practical implementation.

2 Notation and background

In this section, the general notation and background material are introduced.
Throughout the paper generic positive constants are denoted by c, ¢, . . ., and may
have different values at different places. They may depend on the sphere dimension d,
the Sobolev space index s, and the choice of the radial basis function in our approxi-
mation scheme.
For two sequences {a,} and {b,}, the notation a, =< b, means that there exist
positive constants ¢ and ¢ such that ca, < b, < ca, for all n.

2.1 The sphere, spherical geometry, and the mesh norm

For x,y € R%t! et x - y denote the Euclidean inner product and let ||x|[2 = /X X
denote the Euclidean norm. The unit sphere S¢ in R4+ is given by

s = [x e R x|r = 1}.

The unit sphere S? has the (Lebesgue) surface area

27 d+1)/2

sl =T
S (PETYGy

The separation between any two points x and y on S? is measured by the geodesic
distance dist(x, y) € [0, 7], defined by

dist(x, y) := arccos(x - y).
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582 K. Hesse et al.

Let X = {x1,X2,...,xy} C S? denote a set of N distinct points on S¢. The mesh
norm of X is defined by

hx := sup min dist(y, X;).
yeSd X/'GX

2.2 Function spaces on the sphere

The space Ly = L»(S?) is the usual Hilbert space of square-integrable functions on
S? endowed with the inner product

(fs @)L, = /sd Jf(x)g(x) dwq (x),

and the induced norm is || fllz, = /(f, f)1,. Here dw, denotes the (Lebesgue)
surface measure on S¢. The space of continuous functions on S¢ is denoted by C =
C(S?) and is endowed with the supremum norm

Ifllc == sup | f(x)].

xeSd

The space P, = Py (S?) of all spherical polynomials on S of degree < L consists
of the restrictions to S¢ of all polynomials on R¢*! of degree < L. The dimension of
Py is given by

QL+ AI(L+d)

- d
T I'd+DI(L+1) = L+ D%

dL = dim (PL)

A spherical harmonic of degree £ € Ny is the restriction to S? of a harmonic
homogeneous polynomial of exact degree £ on R?*! (see [7, Section 11.2]). The
space H, = H,(S?) of spherical harmonics of degree £ € Ny (together with the zero
function) has the dimension Z(d, £) = dim(lHy), given by

Zd,00=1; Z{d, ) = @t+d-DI+d- 1), ¢eN.
rre+1)

Note that Z(d, £) < (£ + 1)"_1. In this paper, for any £ € Ny, the set

{Yer - k=1,2,....Zd, 0)} 2.1

denotes a real L,-orthonormal basis of Hy. Furthermore, P; = EBf:O Hy, and, in
particular, the union over £ = 0, 1, ..., L of the sets (2.1) forms an L;-orthonormal
basis of Py .

Forfixedo, 8 > —1, Pg(a’ﬂ ) denotes the Jacobi polynomial of degree £ with indices

o and B (see [23, Chapter IV]). The Jacobi polynomials {Pe(a’ﬂ )}geNO are orthogonal
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on the interval [—1, 1] with respect to the weighted inner product

(£ &) pem 11 / fOg =01 +nfdr,

and the induced norm is ||f||L;a,ﬂ)([_1’1]) = /(f, f)L;a,ﬂ)([_lle, where the normal-

ization is such that (see [23, (4.1.1)])

(r, B) _ F(K'}‘Ol‘f’l)
P = T+ DI E+1) 2.2)

and (see [23, (4.3.3)])

_ 20+h+1 rC+a+DHIr'¢+p+1
LD T U+ a+B+DTU+DIE+a+B+1)

|7 e, 23

We denote the space of all measurable functions f on[—1, 1] for which || f ] L@ (117
2 ’

< 00 by Lgx’ﬁ) ([—1, 17). The Jacobi polynomials {P/Z(O"ﬁ)}ee;\r0 form a complete
orthogonal system in L;a’ﬁ)([—l, ).

The spherical harmonics on S? of degree ¢ satisfy the addition theorem (see [7, Sec-
tion 11.4] and [20, Section 4.1, Lemma 4.5 and Theorem 4.7]): for any L;-orthonormal
basis (2.1) of H; we have

Z%)Y oty = LR T 6y 2.4)
0.k (kYY) = d d—2)/2,(d-2)/2 : '
2 S p@22E@D) )

The union over all £ € Ny of the L,-orthonormal bases (2.1) of H, forms a complete
orthonormal system for L,. Thus any function f € L; can be expanded into a Fourier
series (or Laplace series) with respect to this orthonormal system: in the L, sense

Z(d.0)
fexYek,

M

~
Il
(e}

k=1

with the Fourier coefficients given by
few=(£Ye), / F XY (x) dog (x).

The Sobolev space H* = H* (Sd), where s > 0, is defined as the space of those
functions in L, for which the norm
VACNA) 172

1f s = Z(€+ > Z | Feal® (2.5)
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is finite (see [9, Sections 5.1 and 5.2] for the case of S? and [20, Section 6.1, Defini-
tion 6.2 and Theorem 6.3]). The space H*® is a Hilbert space with the inner product

Z(d,0)

(f.@us = Z(H H? Z FerBek,

which induces the norm (2.5).

For s > d/2, the space H® is embedded into C, that is, H®* C C and there exists a
positive constant ¢ such that || f|lc < c|| f||gs forall f € H®. Fors > d/2, the space
H* is a reproducing kernel Hilbert space, that is, there exists a kernel K : S¢ x S¢ —
R such that (i) Ks(x,y) = K(y,x) forall x,y € sS4, (ii) K (-, x) € H* for any fixed
x € $¢, and (iii) the reproducing property holds

(f. Ks(.%) s = f(x) forallx e S?andall f € H".

It is easily verified that the reproducing kernel of H* is

0o Z(d,0)

Yo r(X) Y i (y) d

K;(x,y) = E E TSI x,y € 8%
=0 k=1

2.3 Strictly positive definite functions and the native space

A function @ € Lé(d_z)/l(d_z)/z)([—l, 1]) has the Jacobi series expansion

o0 (d-2)/2.(d-2)/2)

Z zd, t) P
d d—2)/2,(d-2)/2 ’
TSI paDR@D) )

with the coefficients (see (2.2) and (2.3) for the normalization)

re+1 ! (d=2)/2,(d—2)/2) _
=2 iz __ 7 T 7 d()P ’ t 1—[2 C 2)/2(11.
ag " INGETE) )P, (@)( )
Then the kernel ¢ : SS9 x S — R, defined by

00 ((d—2)/2.(d—2)/2)
Zd,¢t) P, (x-y)

PX,y) =P(x-y)= ) ag
Z |§d Pg((d 2)/2,(d— 2)/2)(1)

£=0
00 VAURY)
=Y ar Y Yer®Yer(y), (2.6)

is a zonal function, that is, its values depend only on the inner product of x and y
(or equivalently, on the geodesic distance dist(X, y)). The last representation in (2.6)
follows from the addition theorem (2.4).
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If a; > 0 for all £ € Ny, and if a; > O for infinitely many even indices £ and for
infinitely many odd indices ¢, then (see [5,21,31]) the kernel ¢, defined by (2.6), is

strictly positive definite, that is, forany N € N, forany set X = {x1,X2,...,Xy} C s4
of N distinct points, and for any @ = («q, a2, .. ., aN)T e RV,
N N
Z Zoljolm(xj, xx) >0,
j=1k=1
and equality occurs only if « = 0 = (0,0, ..., O)T. In other words, the kernel ¢ is
strictly positive definite if for any N € N and for any set X = {x, X2, ..., Xy} C $¢

of N distinct points the matrix [d) (x;, xk)]j, k=12, N is positive definite.

A strictly positive definite zonal function ¢, given by (2.6), is also called a radial
basis function (RBF) (for the sphere) or a spherical (radial) basis function, since the
value ¢ (x, y) depends only on the geodesic distance between x and y on S¢.

For a continuous function f : S - R, and a given set X = {x1,X2,...,Xy} of
N distinct points on S¢, an RBF approximant of f is a function of the form

N
D aiblx)), @7
j=1

where the coefficients o1, @2, ...,any € R are suitably chosen. In this paper, we

approximate a function f given in the form of noisy scattered data on a finite point
set X = {x1, X2, ..., Xy} by an RBF approximant (2.7), that is, the centers X; in (2.7)
are at the points where the data of f is given.

Let ¢ be a strictly positive definite zonal kernel, given by (2.6), and assume that the
coefficients a, satisfy ap > 0 for all £ € Ny and that Z‘g’;o agZ(d, ) < oo. Define
the linear space

N
Fp=1> a;jp(.xj) :a;jeR, x; €8 j=12,....N, andN eN
j=1

The native space 4y is defined to be the closure of %4 with respect to the norm
I fllg :==+/(f g, f € Fs,induced by the inner product

N M

N M
Do x). Y Bd Gy | =D aiid(x;. y0)-
j=1 k=1

¢ j=1k=1

(We note that (-, -)¢ is indeed an inner product for .%4 because of the strict positive
definiteness of ¢.) The space .43 is a Hilbert space with the inner product

| ZWO
(f 8)¢ = Za > Fexex
k=1

£=0
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and the induced norm

00 1 Z(d,t) N 172
1flls = V/(f, He = ZZ Yol 2.8)
£=0 k=1

where ag, £ € Ny, are the coefficients of the kernel ¢, see (2.6).
The native space .43 is a reproducing kernel Hilbert space, with the reproducing
kernel ¢, since ¢ is symmetric and ¢ (-, X) € .44 for every fixed x € S4, and

(f,¢(~,x))¢ = f(x) forallx e S? and all f e M.

For s > d/2 we see from (2.8) and (2.5) that .43 can be identified with H* if
ag = (£ + 1)72%, and that the norms || - lp and || - || g+ are then equivalent.

3 Smoothing approximation

In this section the smoothing approximation is introduced. We assume that (inexact)
real number data values Fp, F>, ..., Fy are given at points Xj,Xp,...,Xy € s9.
Also given is a radial basis function ¢. The smoothing approximation is the uniquely
determined minimizer in the native space .43 of a certain quadratic functional. This
functional contains two terms: the first one (the discrepancy) measures how well the
data values are fitted, and the second one is a smoothing term, given by the square
of the native space norm multiplied by a smoothing parameter A > 0. Strategies for
choosing A are considered in the next section; for the present A is assumed given.
The next theorem shows that the function in the native space .43 that minimizes the
quadratic functional is a radial basis function approximant, with the RBFs centered at
the data points. The characterization of a smoothing approximation as the minimizer
of a quadratic functional is, of course, well known, see [26]. See also [1,25] for a
discussion of penalized least squares approximation, which is another name for the
smoothing approximation approach.

Theorem 3.1 Let ¢ be a strictly positive definite zonal kernel, given by (2.6) with
ag > 0 for all £ € Ny and such that Z;io arZ(d,l) < oo, and let Ny denote

the native space of ¢ with norm || - ||lp. Let A € Rar, let N € N, and let X =
{x1,x2,..., Xy} C S be a set of N distinct points. Assume that approximate data
values at X, namely F = (Fy, F», ..., FN)T e RY, are given. Define the quadratic
functional
N
wi(e) =Y [8x) — B + Mgl g€ A. G.1)

i=1

If A > 0O, then . has a unique minimizer f in A, given by

N
S = Zaﬂb(wxj), (3.2)

j=1
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with coefficients uniquely determined by the conditions f,(x;) + l; = Fj,i =
1,..., N, that is,
N
qu(x,-,xj)aj +rq;=F;, i=1,...,N. (3.3)
j=1

If A = 0, then there exists a unique minimizer fy in g of o that has minimal norm
Il - l¢. This minimizer is of the form (3.2) and is uniquely determined by the conditions
foxij) = F; fori = 1,2,..., N (that is, fo(x;) = Z;\lzl ¢(X,’,Xj)0lj = F;j,i =
1,...,N).

The nature of the functional u, is that if A is close to zero then much weight
is given to fitting the data, that is, we expect fi(x;) ~ F;,i = 1,2,..., N, and
little importance is given to keeping the norm || f3 ||¢ small. We are then close to the
interpolation scenario. As XA increases, data fitting becomes less and less important,
and more importance is given to keeping the norm || f3 || small.

From (3.3) the coefficient vector ¢« = (a1, a2, ..., N)T satisfies the linear system
(A + AI)oe =F, (34

where F = (F|, Fo, ..., Fy)T, Iisthe N x N identity matrix, and
A= [qb(xi, Xf)]i,j:l,z,‘.A,N . 3.5)

The linear system (3.4) has a unique solution for all right hand sides F, since A + Al
is positive definite for all » > 0.

In the next section we consider the case F; = f(x;) +¢&;,i = 1,2,..., N, for
some (unknown) function f € .4 and errors (noise) ¢; in the data, and explore the
question of choosing an appropriate value of A for a given level of noise.

Given Theorem 3.1, it is clearly sufficient to restrict our attention to functions g of
the form g = Z?j:l @jp (-, x;). In this case g(x;) = (Aa); and ||g]|j = «” Aa, and
for such g the functional (3.1) can be written as

fir(@) == pa(g) = A — F13 + Allel3, (3.6)

where the A norm is defined by |le||s := vaTAea, and the corresponding inner
product is defined by (a, B)a := al AB, for a, 8 € RY. From (3.6) it is clear
that the functional u, restricted to the finite dimensional approximation space Vy =
span{¢(-,x;) : j = 1,2,..., N} can be interpreted as a Tikhonov functional (see
[13, Section 2.2]), and hence strategies for the choice of the regularization parameter in
Tikhonov regularization can be applied to determine X. Indeed, the four choices for A
in Sect. 4 are all motivated by parameter choice strategies for Tikhonov regularization.

The next lemma shows that the first term of w; (fi) (the discrepancy) is a strictly
monotonic increasing function of A. This is needed in the next section. The lemma is
inspired by [13, Sections 2.2 and 2.5].
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588 K. Hesse et al.

Lemma 3.1 Let the assumptions and notation be the same as in Theorem 3.1, and
assume in addition that F # 0. Then the discrepancy function J : Rg‘ — R(‘; defined
by

N

J(A) = Z [f.(xi) — Fi]z: A eR],

i=1
is continuous and strictly monotonic increasing, with the range of J given by [0, IF|| %)

Proof We write temporarily a* € R for the coefficient vector of fj, satisfying (3.4),
so that o* satisfies
(A +Al)a* =F. (3.7)

We note that a* # 0, since a* = 0 would contradict F # 0.
Since the matrix A + Al is invertible and continuous in X for all non-negative A, the
vector a* depends continuously on A. It follows that so too does

N
2 2
JO) =) [fx) - F] =|Ad* —F]. (3.8)
i=1
To study the monotonicity of J(A) it is convenient to write, from (3.1) and (3.6),

w(f) =JA) +AKQ), (3.9)

where . 2 NT A A A2
K3 =i, = @) Ad* = [} (3.10)

Now let 0 < A; < Ap. We first show that a*' # a’2. For this purpose we write
(3.7) first with A = X\ and then with A = A,, that is

(A+1Da* =F and (A + Da*? =F,
and subtract the two equations to obtain
A(oc’\1 — oz“) + Ala’\l — )\za“ =0,
or equivalently
Al — ) + 110 — a??) = (b — A2 (3.11)
If @*! = a’? then this reduces to (A1 — Ap)a*? = 0, giving A; = A,, a contradiction.

We next show that K (1) is strictly monotonic decreasing. Multiplying (3.11) from
the left by [A(a*' — a*2)]7, we obtain

|A@Y — &™)+ ai]|et — o3 = G2 — A (@ — a2, 0?),.  (3.12)
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Since the left-hand side of (3.12) is positive (because At — a??) # 0 due to
oM #* a’2 and the positive definiteness of A) and A > A1, it follows that

(™ —a’?, a*?) > 0,
and hence
l®2 3 < (@™, 0™)a < lle™ A lle™ .,
and on canceling [|a’? || A,
le*2 o < lle* o & K (A2) < K ().

Thus K (A) is strictly monotonic decreasing.

Next, we deduce that J (1) is strictly monotonic increasing. For suppose, to the
contrary, that for some 0 < A; < Ay we have J(A) < J(A1). Then we have, from
(3.1) and the fact that K (}) is strictly monotonic decreasing,

Wiy (fr) = J(A2) + MK (h2) < J (A1) + M K1) = oy (fay)-

Since f3, is the unique minimizer of wy,, s, (fa,) < pa, (fr,) 1s impossible. Thus
J (%) is strictly monotonic increasing for all A > 0. The monotonicity then extends to
all 1 > 0 by continuity.

It only remains to establish the range of J. For A = 0 we see from (3.3) that

N
J(©0) =) [foxi) — F;]* =0.

i=1

Since J is continuous and strictly monotonic increasing, we need only establish the
limit of J(A) as L — 00. As A increases to co we expect the minimizer f; of (3.1) to
become increasingly close to zero. We now show that

ot — 0 as A — 00,

from which it will follow using (3.2) that f;,, — 0 as A — oo and thus J(A) — ||F||%
as A — oo. Using (3.8), (3.9) and (3.10) we can write w, (f3) as

W (f) = J0) + 1K) = |Ae* —F|% + Al % < |F,

where the upper bound in the last step follows from the fact that f; is the (unique)
minimizer of j;, which justifies the replacement of e’ by 0 to get an upper bound.
It follows that )L||ot)‘||§ < ||F||%, and in turn that «* — 0 as A — oo. This completes
the proof. O
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590 K. Hesse et al.

4 Error of the approximation for four strategies for choosing A

Now we can formulate the main result of this paper, Theorem 4.1. The theorem gives
an L, error estimate of the smoothing approximation for four different strategies for
choosing the parameter A, given values of a function f € .44 corrupted by (determin-
istic) noise. It was inspired by a similar result in [27] for the case of thin plate splines
on a bounded domain in R? and by [14] for the third parameter choice strategy.

Theorem 4.1 Letd > 2 and s > d /2, let ¢ be a strictly positive definite zonal kernel
given by (2.6) withay < (£ + 1)=2 forall £ € Ny, and let N denote the native space

of ¢ withnorm || - ||¢. For a point set X = {X1,X2, ..., Xy} C S? of N distinct points
and a function f € Ny withvaluest = (f(x1), f(X2), ..., Fxw)T on X, and given
a vector of deterministic noise € = (1, &3, ..., (;‘N)T and given A > 0, let ff denote

for & > 0 the uniquely determined minimizer in A of the quadratic functional

N

w(e) =Y [eax) — (f&x) + )] + 4 gl

i=1

2
5 ge S @D

and for ) = 0 the uniquely determined minimizer in Ny of (4.1) with minimal norm.
Then there exist positive constants ¢s and ¢, (dependent on d and s) such that, if the
point set X satisfies hx < Cs, then the following results hold true for all f € Ay and
alle e RV:

(i) A priori parameter choice: Let A = ||€||%. Then

/ s 1 1
115 = 1 = 26 15 (5 + 150 ) + 20 (1 + 5171, ) |-

lel3

iz
¢

(i1) A priori parameter choice: Let A =

L7 = 11, = [a+v2 m5 7], + V6 1 ez

s—ds2 el

(iii) A priori parameter choice: Let . = —= h . Then
V2l

2+4+d/4 1/2 1/2 d/2
152 = £l = 265 (B fllg + 24021 212 160y + 0 el

< (1273426, (Bl fllg + hY el 42)
(iv) Morozov’s discrepancy principle: Assume that

0<lell <|f+e], 4.3)
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Then there exists a unique A > 0 such that

N
ST - (f&) +&)] = llel3. (4.4)

i=1

For this choice of A, the following L, error estimate holds:
d
152 = £, = 265 (1507, + 0 el ]

Since by assumption in Theorem 4.1 we have a; < (£ 4+ 1)~%%, the native space
A% can be identified with the Sobolev space H*. Thus the results hold also for all
f € H?, and the norm || f]| in the upper bounds can be replaced by c|| f || g

The theorem is proved in Sect. 6.

The four choices of A considered in the theorem give similar bounds, with Moro-
zov’s discrepancy principle giving marginally the best bound. Section 7 gives a
numerical experiment illustrating these parameter choices and discusses their practical
calculation.

Remark 4.1 The given L, error estimates for the parameter choices (ii) to (iv) are
order-optimal in the following sense:

— The first term in the L error estimates /% || f || zs has the correct order of the mesh
norm A x for an estimate of the L, norm agamst the H* norm.
— In the second term, we have

) )
W elly < hY \/sz%ax el

Now we consider a ‘well distributed’ point set X = {x1, X2, ..., Xy}, such as for
example the subsets of given point sets constructed in [18, Proposition 3.2]. For
such a point set we have (see [18, Proposition 3.2]) N = h;(d, and hence for such
a ‘well distributed’ point set

Wl < PN max |ejl = max g
j=1,2,...N j=1,2,..N

=1,2,...,

As the error of the approximation can never be smaller than the error in the data, this
estimate shows that the second term in the L error estimates is also order-optimal.

5 The L, sampling inequality for the sphere

The proof of Theorem 4.1 uses the following L, sampling inequality for the sphere.

Theorem 5.1 Let d > 2 and let s > d /2. There exist positive constants ¢y and Cg
(dependent on d and s) such that for any finite point set X = {X1,X2,...,Xy} of N
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distinct points on S¢ with hx < & and for any function g € H*

N 1/2

~ d/2
lgle, <& | b gl +ny Z gx)]° : G.1)

Remark 5.1 The result in [15, Theorem 3.3] is at first sight similar to Theorem 5.1
above, except that in the second term on the right-hand side of (5.1) the £ norm of
g is replaced by the ¢, norm of g. However, there is a critical difference, in that the
factor h?(/ % in the second term is missing in [15, Theorem 3.3]. For certain classes of
kernels discussed in [11], the paper [10, Proposition 3.6] provides error estimates that
at first glance are similar to those in Theorem 5.1 above. However, these estimates do
not hold (as Theorem 5.1 does) for all functions in the native space, but instead hold
for functions from a finite dimensional space (from a sequence of such approximation
spaces). More importantly, the estimates in [10, Proposition 3.6] lack the factor hd/ 2
For these two reasons [10, Proposition 3.6] cannot be used instead of Theorem 5. 1 in
the proof of Theorem 4.1.

Theorem 5.1 follows from [3, Theorem 4.1] which contains the analogous result
for bounded connected open domains in R with a Lipschitz-continuous boundary
as a special case. Using the ideas from [15] we can lift this result to the sphere and
obtain the theorem above. However, as pointed out in Remark 5.1 above the sampling
inequality in [15] is not the one that we need and will not be adequate for the proof of
Theorem 4.1.

Since we did not find a direct reference for Theorem 5.1 we sketch a proof for the
reader’s convenience.

First we state without proof a special case of the rather general sampling inequality
in [3, Theorem 4.1]. The bounded open domain £2 C R? with Lipschitz continuous
boundary in Theorem 5.2 below automatically satisfies the required cone property for
some radius p and angle 6 (see [3, page 185] for details). We denote the mesh norm
of a finite point set V = {vy, vp, ..., vy} in Q by

h = sup min |ju — vjll>.
V.2 j
ue2 Vi€V

Theorem 5.2 (Arcangéli et al. [3]) Let d > 2, let 2 C R? be a bounded connected
open domain with Lipschitz- contmuous boundary, and let s € R sansfy s > d/2.

Then there exist positive constants cs (dependent on 0, p, d and s) and ¢ ( dependent
on on 2, d and s) such that for any finite point set V.= {v{, va, ..., Vy} in 2 with
hy g < Cs and any function g € W, (£2)

v 1/2

lgllia) < & | B lelwse +hy 5 [ X [e@p] R ER)
j=1

@ Springer



Radial basis function approximation of noisy scattered... 593

In (5.2) || - Iz, () is the usual Ly-norm on £2 and, for integer order s, W; (£2) is
the Sobolev space of those functions in Ly(§2) whose distributional derivatives up
to (and including) order s are in L,(§2). For the precise definition of the norm and
for the definition of W3 (£2) with fractional order s we refer to [3, Section 2.2]. Note
that in [3, Theorem 4.1] the first term on the right-hand side contains a semi-norm for
W3 (£2) which we have estimated above by the corresponding norm. These Sobolev
spaces are the same as the ones considered in [15] and in and [17]. It is important that
forg e W3 (RY) we have g|g € W3 (£2), and the norm ||g||W2V(Q) satisfies

||g||W§(.(2) = Cs||g||W25(Rd), 5.3)
for some ¢; > O (independent of g).

Proof of Theorem 5.1 In order to use Theorem 5.2 we make use of the fact that the
Sobolev spaces H® = H*(S?) can also be defined with the help of charts, giving the
same space with an equivalent norm (see [16, Chapter 7.3]). For a better distinction
we will write here W) (S?%) (instead of H*(S)), a space equipped with the equivalent
norm || - [|y; s¢). We will only sketch the proof of Theorem 5.1 for any missing details
we refer to [15, Section 3].

The sphere S? is a compact d-dimensional differentiable manifold without boundary
equipped with the atlas {C(p;; 3?”), Yi}i=1,2, where the chart v; : C(p;; 3?”) —
B(0; 1) is defined as in [15, p.129] with the stereographic projection which maps the
open spherical cap

C(p,-; %”) = {x e s? |x-p,- > cos (%”)} = {x e s? |dist(x, pi) < 3?”}

onto the open ball B(0; 1) € R¢ withradius 1 and center in the origin 0. The centers p;
and p; are the northpolep; = (0, ..., 0, I)T and the southpolep> = (0, ..., 0, —1)T,
respectively. We define for functions g : SY — R the projections 7;(g) : R — R by

, _J oy Hx) forx e B(O; 1),
Ti(R)(X) = {0 otherwise.
Using a partition of unity {x; : s - R};—=1> subordinate to the atlas

{C(pi; 37”) Yi}i=1,2, we define the Sobolev spaces W (S%) fors > 0 by
Wi = {g € L) | mGug) € Wi R fori = 1,2,
equipped with the norm

12
_ 2 2
lghwsen = (IM 00 s gy + 172000 s p))
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As mentioned before W (S?) = H*(S?) = H®, and the norms || - || 7 and || - llws sy
are equivalent. For s = 2 we obtain Wé) (S%) = L»(S?), equipped with the norm

1/2
Iehwgen = (1M Ga) 2, g + 17200013, @) - (5.4)
From [15, Lemma 3.1] we have fori = 1,2
19i () — Yi(y)ll2 < c dist(x,y) forallx.y € C(pi: %),

which implies for a finite point set X = {X1, X2, ..., Xy} on S9 that (see [15, Propo-
sition 3.2])

hyyxncr 2 Bom S chxe i=12. (5.5)

From (5.4) it follows that

lgllwosey = Im1 (X1l p, ey + 1720028l 1, (e
= |lmi(x18) Ly B0 1)) + Im2(x28) | Ly (B(0: 1)) > (5.6)

as the functions 1 (x1¢) and 2 (x2g) have compact support in B(0; 1).

Now let g € Wg(Sd) with s > d/2. Then m;(x;g) € W, (R") and hence
i (xi®)lpw:1y € W5(B(0;1)),i = 1,2. We now consider a term on the right-
hand side of (5.6) and apply Theorem 5.2 with 2 = B(0; 1) = (C(pi; 3?”)) and
V=Vii=9i(X 0 Cis F)):

l7wi (xi @) 1L, (B0 1))

12
Ni
= s dj2
Cs hi/ir(o;])||7Ti(Xig)||W25(B(0;1)) +hy o Z (i (xig)) (vi ])] ,
j=1
where V; = {v,-,l, Vid, oo, V,-,N,.} and where the point set X C S9 is such that

hy, Ba = Cs-

Using (5.5) and the relationship between the V; and X N C(p;; 2Z) C X yields

172

N

I (i) Lasoiy < € | Mlmi i) lwsesosy + 1Y [ D [ xp)]
j=1

(5.7)
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with ¢’ := max{c®, ¢?/?}. Applying (5.7) in (5.6) yields for g € W3 (S)

||g||wg(gd) < ¢ | my[llm G llws ;) + ||7T2(X28)||Wg(3(0;1))]

172 1/2

N N
+h 1 Y (o)) Z (x28)x))]’
j=1 j=1

Now we make use of |(x;g)(x)| < |g(x)| forallx € S fori = 1,2, and (a + b)? <
2 (a® 4+ b?) for all a, b > 0. Using (5.3), we find

||g||wg(§d)

j=1

12
N
z ; 172 1/2
< & | V2eshy (Ilm(mg)II%VZX(RJ)—FIInz(ng)Ilﬁ,é(Rd)) +2h (Z 8(x))) )

=

1/2
< 2¢/¢; max{cy, 1} hX||gHW7(§z)—|—h (Z g(x))) )

j=1

Since Wg (S9yand L, = Ly(S%), and w3 (S%) and H* = HS(SY), respectively, are the
same space, equipped with equivalent norms, we obtain the estimate in Theorem 5.1.
The conditions hv,- Bon = és fori = 1, 2 translates due to (5.5) to hx < ¢, for some
(usually small) constant ¢g > 0. m]

6 Proof of Theorem 4.1

Proof of Theorem 4.1 As an initial step we establish the first result in part (iv) of the
theorem. From Lemma 3.1, the inequality (4.3) guarantees that ||e||% is in the range
of J, where

N

700 = Y[ = (£ + )]

i=1

Since, by Lemma 3.1, J is continuous and strictly monotonically increasing, there
exists exactly one A > 0 with J(X) = ||e||%, that is, there is exactly one A satisfying
(4.4).

Returning now to general A, we assume that the point set X satisfies hy < ¢,
where ¢; is as in Theorem 5.1. From the assumptions on ¢, the native space .4/ can

be identified with H*, and the norms || - ||4 and || - ||zs are equivalent. Thus from
applying Theorem 5.1 with the function ¢ = f; — f in .44 and the point set X and
using the equivalence of || - || and || - || g5, we obtain
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N 1/2
175 = 11, = | BIEE = Fllg + 082 (Z fExi) = <xi>]2) . (6.1)
i=1

We estimate the two terms in (6.1) separately. In the second term we add and subtract
&; to obtain

N N
Sl — e =Y [0 = (fxi) + &) + ]
i=1

i=1

N
2(2 FE&) = (f ) + &) 2+Z|e,-|2).
i=1 i=1

(6.2)

For estimating the right-hand side of (6.2) we proceed differently for the four
parameter choices, beginning with the three a priori choices. In these three cases, the
right-hand side in (6.2) is estimated by making use of the optimal nature of f¢: from
4.1

N N N
S — (Fa +e) P+ D lail? < ua(fH) + D leil?
i=1 =1 =1
a 2 N 2
< m(f)+2|8i|2 =Y lalP + A £l + D leil® =2lels + 2] £
i=1 i=1 i=1
(6.3)
For A = ||e||% we obtain from (6.3)
ol 2 al 2
S - (fo)+e) + Yl < lel3(2+ [ 715). 64

i=1 i=1

Hence, from (6.2) and (6.4), for A = ||s||%,

N
: 2 2 2 > 1 2
Ll - o) =20t (24 171p) = 41eiB (1 + Z17l,) - @9

2
For the second a priori choice A = I‘I|;|I‘I% , (6.3) gives
T g

N N
S — (e +e)] + Y leil? < 3lel. (6.6)

i=1
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Hence, from (6.2) and (6.6), for A = |||‘;‘|||2 )
¢

N
S &) - F@xn]’ < 6lel3. ©.7)
i=1

For the third a priori choice we do not yet insert the value for A but obtain from
(6.2) and (6.3) that

N
S - ran] <4(|I€||2+—||fH ><4<||e||2+,/ ||f||¢) . (68)
i=1

If instead we choose A by Morozov’s discrepancy principle, then

N N N
S - (feo+e) + Y el = lel3 + Y leil® =2llel3.  (6.9)
i=1 i=1

i=1

Then using (6.9) to estimate the right-hand side in (6.2) we obtain

N
S [ — fe0]” < 4lel3. (6.10)

i=1

For all four parameter choice strategies we now estimate the first term in (6.1).
From the triangle inequality, we have,

6.11)

152 = £l = 1550,

in which the first term can be estimated using the optimality of f;° as follows:

1 1 al
1515 = 5 WIHRE - (m(ff) =Y L) = (Fex0) + e,-)]z)
i=1
1 A 5
< |\ = 2 LF 0 = (£ +er)]
i=1
1 2 Y e 2 2
=+ | leld = D[ = (F&n +e)]” | + [ 7] (6.12)
i=1

For the three a priori parameter choices the negative term in the last inequality in (6.12)
can be omitted. For the a priori parameter choice . = ||& ||% this gives

el = (14 1713) " =1+ 171, (6.13)
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The result for the first a priori choice then follows from (6.1), (6.5), (6.11), and (6.13).

2
For the a priori parameter choice A = I";H% , omitting the negative term in (6.12)
J g
gives
1720, = V215 1. (6.14)

The result for the second a priori choice then follows from (6.1), (6.7), (6.11), and
(6.14).

For the third a priori choice, as we do not yet insert the value for A, the inequality
(6.12) in this case yields

12 1
| £ ||¢_< |6I|2+||f||¢) = lelz+1fle. (6.15)

We then find from (6.1), (6.8), (6.11), and (6.15)

£~ f||Lzszc[ (f||e||z+||f||¢)+h‘”2<||e|| +\f||f||¢)}

(6.16)
It is easy to see that the parameter choice in part (iii) of the theorem minimizes the
right-hand side of (6.16), and that the resulting minimum value is

24d/4 1 2 d 2
1 = Flls = 26 (B Fllg + 2503552112 e, + 0P ell2)
— d/2
= (127 (I £ lls + 5 lelz)
where the last inequality follows from the basic inequality 2ab < a® + b.

For Morozov’s discrepancy principle, the negative term in (6.12) cancels ||e||%,
giving

150 < 114 (6.17)
The result for Morozov’s discrepancy principle follows now from (6.1), (6.10), (6.11),
and (6.17). O

7 Numerical results

In this section we present a numerical test for S? that illustrates the performance of
the method and discuss the practical evaluation and performance of the four parameter
choices in Theorem 4.1 as well as the L-curve heuristic [12].

The function to be approximated is in Cartesian coordinates given by

fx,y,2) = 450(y — cos(n/3)) . (. y. 0T e R, (7.1)
where 74 is defined to be r if ¥ > 0 and to be zero otherwise. It can be shown that this

function is in H* for any s < 3.5. The function is plotted on the polar coordinate grid
in Fig. 1.
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f(x, y, x) = &Y %+ 50(y - cos(n/3))>
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Fig. 1 The approximated function (7.1)
The point set X = {x1,X2,...,Xy} was a set of N = 6084 points chosen to

have a polynomial basis matrix with large determinant (see [22]). This provides a
uniformly distributed point set on S* with mesh norm Ay = 0.0372 and separation
distance min;»; dist(x;, Xx;) = 0.0413. Noise was added to the data by generating
independent samples from the standard normal distribution, and multiplying these
numbers by the factor 0.1 before they were added to the (exact) function data on X.
For our particular samples we find ||s||% = 61.8275.

In the implementation, we used the compactly supported Wendland radial basis
function (see [28,30]) ¢ (x,y) = ¥ (||x — yl2), where

Y(r)=@r+DA-nri, r>o0.

The asymptotic behavior of the Fourier coefficients of this RBF is a; < (¢ + 1)_5
(see [19]), and hence the native space can be identified with H>?. Since f belongs
to a still smoother space, our theory applies with s = 2.5. Note that on the unit
sphere the support of each unscaled radial basis function covers one quarter of the
area of the sphere, affecting the sparsity of A. For the chosen set of N = 6084 well
distributed points and this Wendland function the sparsity of A is 24.99% while the
2-norm condition number is k2 (A) = 5.9 x 10°.
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Table 1 RBF smoothing approximation for a range of smoothing parameters A

A Discrepancy Il ff Hi L error Lo error

0 7.7740 x 10~ 6.2983 x 10% 3.1079 x 101 3.9720 x 107!
3.052 x 1073 9.2339 x 1072 5.6743 x 10* 3.0404 x 1071 3.8758 x 107!
6.104 x 1073 3.3002 x 10! 5.1502 x 10* 2.9800 x 10! 3.7879 x 107!
1221 x 1074 1.0756 x 10° 43219 x 10* 2.8759 x 107! 3.6323 x 107!
2.441 x 1074 3.0389 x 10° 3.2184 x 10% 2.7144 x 10~1 3.3810 x 10!
4.883 x 1074 7.1094 x 10° 2.0570 x 10% 2.4963 x 10! 3.0853 x 107!
9.766 x 10~4 1.3543 x 10! 1.1245 x 10* 2.2420 x 10! 2.8145 x 107!
1.953 x 1073 2.1444 x 10! 5.4417 x 103 1.9802 x 10! 2.5011 x 10!
3.906 x 1073 2.9437 x 10! 2.4791 x 103 1.7318 x 10! 2.1644 x 107!
7.813 x 1073 3.6552 x 10! 1.1531 x 103 1.5065 x 10! 1.8215 x 107!
1.563 x 1072 4.2429 x 10! 6.0371 x 102 1.3070 x 10~! 1.4920 x 107!
3.125 x 1072 47088 x 10! 3.8557 x 102 1.1328 x 107! 1.2222 x 107!
6.250 x 1072 5.0700 x 10! 3.0095 x 102 9.8313 x 1072 1.0326 x 10!
1.250 x 107! 5.3468 x 10! 2.6851 x 102 8.5714 x 1072 9.0829 x 1072
2.500 x 107! 5.5605 x 10! 25601 x 102 7.5685 x 1072 8.1991 x 102
5.000 x 107! 5.7404 x 10! 2.5080 x 102 6.9974 x 102 7.3962 x 1072
1.000 x 10° 5.9560 x 10! 2.4777 x 102 7.6271 x 1072 7.8826 x 1072
2.000 x 100 6.4371 x 10! 2.4450 x 102 1.1320 x 107! 1.3068 x 107!
4.000 x 10° 8.0267 x 10! 23917 x 102 2.0712 x 1071 23671 x 10!
8.000 x 100 1.3818 x 10! 2.2947 x 102 3.9937 x 1071 4.4935 x 107!
1.600 x 10! 3.4545 x 102 2.1207 x 102 7.6396 x 1071 8.5439 x 107!
3.200 x 10! 1.0326 x 103 1.8306 x 102 1.4132 x 100 1.5596 x 100
6.400 x 10! 3.0140 x 103 1.4084 x 102 2.4659 x 10° 2.6446 x 10°
1.280 x 102 7.6123 x 10 9.1117 x 10! 3.9453 x 100 4.0654 x 100

The RBF smoothing approximant was computed for a sequence of increasing
smoothing parameters, given by A = 0 and A = 2%, for ¢ = —15,—14.9,...,6.9,7.

Table 1 lists a subset corresponding to A = 0, A = 2/ for j = —15, —14, ..

., 6,7,

while Fig. 2 plots the full results. For each value of the smoothing parameter X, we
calculate the discrepancy

10y = 3 [ &) = (F&) +¢)

j=1

Ife ||i = a’ Aa where (A + Ao = f + &, and estimates of the L, and the Lo
norms of the error f¢ — f. The L, error was estimated using a 16474 point spherical
181-design (equal weight quadrature rule exact for all spherical polynomials of degree
at most 181), while the L, norm was estimated by using a local maximization routine
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J)
10
10°
10° .
10’
10° | — ) .
E o el? ]
i el
E * A=1.516 E
10'2 L xi4 xi X,Z x71 1 1 - 1 2
10 107° 10 10 10° 10 10
Smoothing parameter A
L2 error
T T T T T T T ]
- L2 norm of error
Z  Minimum at A = 0.574
i L Lo s Lo L Lo L Lo L Lo ud:
107 107 107 107" 10° 10’ 107
Smoothing parameter A
Maximum absolute error
T T T T T T T
Lm norm of error
*  Minimum at A = 0.758
107 107 107 107 10° 10’ 10°

Smoothing parameter A

Fig. 2 Variation of J(), | f{ — fllz, and || ff — fllc

starting from the circumcenter of each of the triangles in a Delaunay triangulation of
the RBF centers, and checked against the pointwise maximum of the error at the points

in the spherical design.

The smallest L, error of 6.9841 x 10~2 is obtained for A = 0.574, while the
smallest Lo error of 6.8190 x 1072 is obtained for . = 0.758, as illustrated in Fig. 2.
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The a priori parameter choice A = ||& ||% = 61.8275 gives an over-smoothed approx-
imation with Lj error and L, error over 2. A disadvantage of this choice for A is that
it depends on the scaling (units) used for the data.

. S _llel3 1 ps—d/2 |lela - i
The second and third a priori choices A = Tk and A = ﬁh X 7T, i The

orem 4.1 have a major disadvantage in practice, in that they require a knowledge of
the true norm || f'||¢, which of course is generally not available. In this test example,
where in fact we know f, we can estimate the value of the ¢ norm with reasonable
accuracy by the ¢ norm of the minimal-norm interpolant of the exact function values
at the data points. (In the language of Section 3 we set A = O and & = 0, and use || foll¢
to approximate | fly.) Using the value || follp = 15.79, the second a priori choice
lels
Ifolly —
error (see the second plot in Fig. 2).

The third a priori choice gives A = 2.5 x 1073 and an L, error of 1.81 x 10~!. This
value for A is lower than those giving the minimal L, norm of the errors, resulting
in an undersmoothed approximation and again a relatively large error. Moreover, as
l folls < Il fllg, using the true norm || f||4 will give a still smaller value of A, making
the undersmoothing worse (see Fig. 2). And so far the calculation of the second and
third a priori choices is not at all practical, since it assumes a knowledge of exact
function values at the data points. In practice perhaps the best a user could do is to
approximate || f'[|4 by the ¢ norm of a smoothed approximant f,° for some reasonable
choice of A.

Morozov’s discrepancy principle requires in practice that we compute f; for a
selection of parameters A until we have found a value of A for which (4.4) is satisfied

gives A & 0.248, with L, error of 7.58 x 1072, just less than the minimal L;

105 o . . . .
L-curve
%  Maximum curvature at A = 0.287

104

15113

103+

102+

1 1 1 1 1
10! 100 10° 102 108 10*
Discrepancy J(\)

Fig. 3 L-curve method: log-log plot of || ff Hé against J ()
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accurately enough. More specifically the discrepancy pr1n01p1e requires J (1) = ||&|13 %
which for this example is satisfied when J(A) = |& ||2 61.8275, at the value
A = 1.516 as illustrated in the first plot of Fig. 2. This value of A gives an L, error of
9.32 x 1072, around 35% larger than the minimal L, error of 6.98 x 10~2. Thus the
A predicted by the discrepancy principle is a good choice, even though it is slightly
too large and slightly over-smooths.

A heuristic strategy to determine the smoothing parameter is the L-curve method
(see [12]): for a range of values of A, the two parts || £ ||¢2) and J(X) in the minimized
functional (4.1) are plotted against each other in alog-log plot (see Fig. 3). The resulting
curve x(1) =log J(X), y(A) =log || f{ ||é should then be L-shaped, which is clearly

Original function Noisy data

2 4 6 8 0 2 4 6 8
RBF smoothing approximation, 1= 1.516 |Error| in RBF approximation, A =1.516

W

0.01 002 0.03 004 005 006 007 008 009 01

Fig. 4 Plots of test function, noisy data, RBF smoothing approximation and error for A = 1.516
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the case in Fig. 3. The smoothing parameter is chosen as the value of A corresponding
to the corner of the L, defined as the point with maximal curvature |x"y” —y'x"|/(x"> +

y’z)%. We used the full range of values of A = 2¢, ¢ =-—15,-14.9,...,6.9,7, for
the L-curve and then finite differences to estimate the derivatives x’, x”, y’, y” and
hence the curvature, giving the parameter A = 0.287 and an L, error of 7.41 x 1072
From Table 1 it is clear that this is a fairly good prediction, but one which, unlike the
methods considered in this paper, lacks theoretical support.

Finally Fig. 4 gives plots of the test function (7.1), the noisy data, the RBF smoothing
approximation and the error for A = 1.516, the value predicted by the discrepancy
principle.

To summarise, for approximation from noisy scattered data on the sphere, regular-
ized by the square of a native space norm, we have found L; error bounds for four
different choices of the smoothing parameter. Of the four choices the best result (by a
small margin theoretically), and the most practical, is the parameter choice from the
discrepancy principle. The actual numerical cost of the discrepancy principle depends
on the number of values for the parameter A for which the approximation has to be
computed in order to get a sufficiently good estimate for the smoothing parameter A
of the discrepancy principle.
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