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Abstract We analyze in this paper a virtual element approximation for the acoustic
vibration problem. We consider a variational formulation relying only on the fluid
displacement and propose a discretization by means of H(div) virtual elements with
vanishing rotor. Under standard assumptions on the meshes, we show that the resulting
scheme provides a correct approximation of the spectrum and prove optimal order error
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estimates. With this end, we prove approximation properties of the proposed virtual
elements. We also report some numerical tests supporting our theoretical results.

Mathematics Subject Classification 65N30 - 65N25 - 70J30 - 76M25

1 Introduction

The Virtual Element Method (VEM) introduced in [7] is a recent generalization of the
Finite Element Method which is characterized by the capability of dealing with very
general polygonal/polyhedral meshes and the possibility to easily implement highly
regular discrete spaces. Indeed, by avoiding the explicit construction of the local basis
functions, the VEM can easily handle general polygons/polyhedrons without complex
integrations on the element (see [8] for details on the coding aspects of the method).
The interest in numerical methods that can make use of general polytopal meshes has
recently undergone a significant growth in the mathematical and engineering literature;
among the large number of papers on this subject, we cite as a minimal sample [4, 10,
25,31,32,42,43]. Regarding the VEM literature, we limit ourselves to the following
few articles for the theoretical developments [1,5,7-9,22,26]. To date, VEM has been
successfully applied to different fields: linear and non linear elasticity [11,34], contact
problems [46], thin plates [23,27], Stokes flow [2,12,24], advection-diffusion [13],
fluid flows inside a fractured medium [14], topology optimization [33], time dependent
problems [44,45], spectral problems [38], Helmholtz problems [39], Cahn—Hilliard
equation [3], etc. Finally, we mention the recent work [40] for a thorough description
of the state of the art and further references.

The numerical approximation of eigenvalue problems for partial differential equa-
tions derived from engineering applications, is object of great interest from both, the
practical and theoretical points of view. We refer to [19,20] and the references therein
for the state of the art in this subject area. In particular, this paper focus on the so
called acoustic vibration problem; namely, to compute the vibration modes and the
natural frequencies of an inviscid compressible fluid within a rigid cavity [47]. One
motivation for considering this problem is that it constitutes a stepping stone towards
the more challenging goal of devising virtual element spectral approximations for
coupled systems involving fluid-structure interaction, which arises in many engineer-
ing problems. The simplest formulation of this problem is obtained by using pressure
variations which leads to an eigenvalue problem for the Laplace operator [47]. How-
ever, for coupled problems, it is convenient to use a dual formulation in terms of fluid
displacements (see [36]). A standard finite element approximation of this problem
leads to spurious modes (see [35]). Such a spectral pollution can be avoided by using
H(div)-conforming elements, like Raviart—-Thomas finite elements [15,18,20,41]. See
[17] for a thorough discussion on this topic.

The aim of this paper is to introduce and analyze an H(div) VEM which applies
to general polygonal meshes, made by possibly non-convex elements, for the two-
dimensional acoustic vibration problem. We begin with a variational formulation of
the spectral problem relying only on the fluid displacement. Then, we propose a dis-
cretization based on the mixed VEM introduced in [9] for general second order elliptic
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A virtual element method for the acoustic vibration problem 727

problems. The well-known abstract spectral approximation theory (see [6]) cannot be
used to deal with the analysis of our problem. Indeed, the kernel of the bilinear form on
the left-hand side of the variational formulation has in our case an infinite-dimensional
kernel. Although the standard shift strategy allows a solution operator to be defined, this
is not compact and its nontrivial essential spectrum may in such cases lead to spectral
pollution at the discrete level. However, by appropriately adapting the abstract spectral
approximation theory for non-compact operators developed in [29,30], under rather
mild assumptions on the polygonal meshes, we establish that the resulting scheme
provides a correct approximation of the spectrum and prove error estimates for the
eigenfunctions and a double order for the eigenvalues. As a by-product, we derive opti-
mal approximation estimates for H(div) virtual elements with vanishing rotor, a result
that could be useful also for other applications. These results and their corresponding
proofs are collected in an appendix.

The outline of this article is as follows: We introduce in Sect. 2 the variational
formulation of the acoustic vibration problem, define a solution operator and estab-
lish its spectral characterization. In Sect. 3, we introduce the virtual element discrete
formulation, describe the spectrum of a discrete solution operator and establish some
auxiliary results. In Sect. 4, we prove that the numerical scheme provides a correct
spectral approximation and establish optimal order error estimates for the eigenvalues
and eigenfunctions. In Sect. 5, we report a couple of numerical tests that allow us to
assess the convergence properties of the method, to confirm that it is not polluted with
spurious modes and to check that the experimental rates of convergence agree with the
theoretical ones. Finally, we introduce in an appendix the proofs of the approximation
results for the introduced virtual element interpolant.

Throughout the paper, €2 is a generic Lipschitz bounded domain of R2. For s > 0,
I-Il5.o stands indistinctly for the norm of the Hilbertian Sobolev spaces H*(2) or
[H*(2)]* with the convention HO(Q2) := L2(2). We also define the Hilbert space
H(div; ) := {v € [L2()]* : divv € L*(2)}, whose norm is given by ||v||(21iv’g2 =
||v||(2)’SZ + ||divv||%’9. Finally, we employ 0 to denote a generic null vector and C to
denote generic constants independent of the discretization parameters, which may take
different values at different places.

2 The spectral problem

We consider the free vibration problem for an acoustic fluid within a bounded rigid
cavity @ C R? with polygonal boundary I and outward unit normal vector n:

—wow=-Vp inQ,
p=—ocidivw  in€,
w-n=0 onl,
where w is the fluid displacement, p is the pressure fluctuation, ¢ the density, ¢ the

acoustic speed and w the vibration frequency. Multiplying the first equation above by
a test function
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728 L. Beirdo da Veiga et al.

veV:={veHWiv;Q): v-n=0 onl},

integrating by parts, using the boundary condition and eliminating p, we arrive at
the following weak formulation in which, for simplicity, we have taken the physical
parameters o and ¢ equal to one and denote A = w?:

Problem 1 Find (A, w) € R x V, w # 0, such that

/divwdivv:k/w-v Yv e V.
Q Q

Since the bilinear form on the left-hand side is not H(div; €2)-elliptic, itis convenient
to use a shift argument to rewrite this eigenvalue problem in the following equivalent
form:

Problem 2 Find (A, w) € R x V, w # 0, such that
aw,v) = A+ 1)b(w,v) VYvey,

where the bilinear forms are defined for any w, v € V by

a(w, v) ::/ divwdivv—i—/ w-v,
Q Q

b(w, v) :=f w-v.
Q

We define the solution operator associated with Problem 2:

T:V—YV,
f—Tf:=nu,

where u € V is the solution of the corresponding source problem:

a(u,v) =b(f,v) VveV.
Since the bilinear form a(-, -) is H(div; €2)-elliptic, the problem above is well posed.
As an immediate consequence, we deduce that the linear operator T is well defined and

bounded. Notice that (A, w) € R x V solves Problem 1 if and only if (1/ (1 4+ 1), w)
is an eigenpair of T, i.e, if and only if

Tw = nw, ith u := ——.
H W A+1

Moreover, it is easy to check that T is self-adjoint with respect to the inner products
a(-,-)and b(-, ) in V.
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A virtual element method for the acoustic vibration problem 729

In what follows, we recall some results that can be found in [15] in the more general
context of fluid-solid vibration problems. The proofs in [15] can be readily adapted to
this case to obtain the following results. Let the space

K={veV: divi =0in Q}.

Lemma 1 The operator T admits the eigenvalue ;. = 1 with associated eigenspace

K.

The following result provides a simple characterization of the orthogonal comple-
ment of IC in V.

Lemma 2 Let G := {Vq : g € H{(Q)}. Then,
vV=Kae(@Gny),

is an orthogonal decomposition in both [L2(2)]? and H(div; ).
Moreover, there exists s € (1/2, 1] such that, for allv € V, if v = ¢ + Vq with
@ €KandVqg € GNV, then Vq € [H(2)1? and 1Valls.q < C lldivo|lg q.

From now on, we fix s € (1/2, 1] such that the above lemma holds true.
The following result shows that the subspace G NV is invariant for T.

Lemma 3 There holds
TGNY)C(GNYV).

Smoothing properties of T as an operator from G NV into itself are established in
what follows.

Theorem 1 There holds
TGNV) c [vem@P: divweH @]
and there exists C > 0 such that, forall f €e GNV, ifu="Tf, then

lally,@ + lldivally o < Cll fllgv.-
Consequently, the operator T|gny : GNY — GNV is compact.
Finally, the following result provides a spectral characterization of T.

Theorem 2 The spectrum of T, sp(T), decomposes as sp(T) = {0, 1} U {1k }ren
where:

(1) u = 1 is an infinite-multiplicity eigenvalue of T and its associated eigenspace is

K;
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730 L. Beirdo da Veiga et al.

(i) {rtreny C (0, 1) is a sequence of finite-multiplicity eigenvalues of T which
converge to 0 and if w is an eigenfunction of T associated with such an eigenvalue,
then there exists § > 1/2 and C > 0, both depending on the eigenvalue, such
that

lwliz, + ldivwll15.0 = Cllwllgy,o:

(iii)) p = 0 is not an eigenvalue of T.

3 The virtual elements discretization

We begin this section, by recalling the mesh construction and the assumptions con-
sidered to introduce a discrete virtual element space. Then, we will introduce a virtual
element discretization of Problem 1 and provide a spectral characterization of the
resulting discrete eigenvalue problem. Let {7} be a family of decompositions of 2
into polygons E. Let h g denote the diameter of the element E and & := maxgeq hE.
For the analysis, we make the following assumptions on the meshes as in [9,22]:
there exists a positive real number C7 such that, for every E € 7, and for every 7y,

— Aj: the ratio between the shortest edge and the diameter of E is larger than C7;
— Aj: E is star-shaped with respect to every point of a ball of radius C7hg.

For any subset S C R? and any non-negative integer k, we indicate by P (S) the
space of polynomials of degree up to k defined on S. To keep the notation simpler, we
denote by n a generic normal unit vector; in each case, its precise definition will be
clear from the context. We consider now a polygon E and, for any fixed non-negative
integer k, we define the following finite dimensional space (inspired in [9,22]):

Vf :={v,eH(div; E) : (v, -n)ePr(e) YeCIE, divv, €Pr(E), rotv,=01in E}.

Remark 1 1t is easy to check that a vector field vy, € Vf satisfying vj, - n = 0 on
dE and divv, = 0 in E is identically zero. In fact, since a star-shaped polygon E is
simply connected and rotv, = 0 in E, there exists y € H!(E) such that v, = Vy.
Then, Ay = divvy =0in E and 0y /dn = v, -n = 0on dE. Hence, v, = Vy =0
in E. This implies that Vf is finite dimensional, the dimension being less or equal to
Neg(k+ 1)+ (k+1)(k+2)/2— 1, where Ng is the number of edges of E.

We define the following degrees of freedom for functions vy, in Vf :
/(vh -n)qds Vq ePi(e), Vedgee CIE; (D)
e
[ oV vaerom @
E

Remark 2 For the degrees of freedom (2), we could integrate by parts and substitute
them with

f divo, ¢ Vg € Py(E)/R. 3)
E
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A virtual element method for the acoustic vibration problem 731

Needless to say, certain degrees of freedom will be more convenient when writing the
code and the others might be more convenient when writing a proof.

Let us also remark that the degrees of freedom (1) and (3), the latter for all ¢ € Px(E)
are not linearly independent since

divyy, = v, - n.
[ o= Y

eCOE "€
In what follows, we show that (1) and (2) are actually unisolvent.
Proposition 1 The degrees of freedom (1) and (2) are unisolvent in Vf .

Proof 1t is easy to check that the number of degrees of freedom (1) and (2) equals the
dimension of Vf . Thus, we only need to show that if v in V,’f is such that

/(vh -n)gqds =0 Vq e€Prle), Vedgee COE,
e
/ v,-Vg=0 Vg eP(E)/R,
E
then vy, = 0. Since divv;, € Px(E), by taking ¢ := divv,, above, we have

f(divvh)2=/divvhq=—/vh~Vq+/ (vp, -n)gds =0.
E E E dE

Then, divv;, = 0. Similarly, for each edge ¢ C 9E, since vj, - n € P (e), by taking
q := vj, - n we obtain

/(vh ~n)2 ds = 0.

Hence, v, - n = 0 on d E. Therefore, according to Remark 1, v, = 01in E. O

For each decomposition 7, of 2 into polygons E, we define
V) = {vh eV: wyle er}.
In agreement with the local choice, we choose the following global degrees of freedom:
/(vh -n)gds Yq € Pr(e), foreachinternal edgee ¢ T;
e

/ v, -Vqg Vq e Pr(E)/R, foreachelement E € 7j,.
E
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732 L. Beirdo da Veiga et al.

Remark 3 The number of internal degrees of freedom of the Virtual Element Method
here considered (V E My) is in general less than that of standard finite elements of
the same order such as Raviart-Thomas (R7}) or Brezzi-Douglas—Marini (B D My,)
elements, while the number of degrees of freedom per edge is the same. A count of
the internal degrees of freedom gives

RTy: k(k+1), BDMy: (k+1)(k—1), VEM: (k+1)(k+2)/2—1.

The proposed family may therefore be preferable to more standard finite elements
even in the case of triangular meshes, especially for moderate-to-high values of k.

In order to construct the discrete scheme, we need some preliminary definitions.
First, we split the bilinear form a(-, -) introduced in the previous section as follows:

a(ay, vy) = Z (/ divay,divyy, +/ uy - vh> , u;, v, € V.
E E

E€T,

The local matrices associated with the first term on the right hand side above are easily
computable since divuy, and divv,, are polynomials in each element. We explicitly point
out that, as can be seem from (1) and (2), the divergence of any vector v; € V), can
be easily computed from knowledge of the degrees of freedom of v;,. Instead, for the
local matrices associated with the second term on the right hand side above, we must
take into account that, due to the implicit space definition, it is not possible to compute
exactly the integrals. Because of this, we will use an approximation of them. The final
output will be a local matrix on each element £ whose associated bilinear form is
exact whenever one of the two entries is a gradient of a polynomial of degree k + 1.
This will allow us to retain the optimal approximation properties of the space V.
With this aim, we define first for each element E the space

Vi = V(P (E) € VE,

Then, we define the [L2(E )]2—0rth0g0nal projector IT ,115 : [LZ(E )]2 — \’}f by
E =~ ~ OE
/I‘Ihv-uhzfv-uh v, €V, . 4)
E E

We point out that Hf vy, is explicitly computable for every v, € Vf using only its
degrees of freedom (1) and (2). In fact, it is easy to check that for all v;, € Vf and for
all g € Pry1(E),

/vah-Vq:fvh-Vq:—[divvhq—f—f (v, -n)qds.
E E E IE
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A virtual element method for the acoustic vibration problem 733

Remark 4 In particular, for k = 0, for all v, € Vf and for all ¢ € P{(E), we have
that

1
LHEvh~Vq=—<m Z/gvhwds) (/Eq)+ Z (vp -m)qds.

eCOE eCIE"C

On the other hand, let S€ (-, ) be any symmetric positive definite (and computable)
bilinear form to be chosen as to satisfy

Co/vh-thSE(vh,vh)SQ/vh-vh Vv, € Vi, ©)
E E

for some positive constants cp and c; depending only on the constant C7 from mesh
assumptions Aj and A,. Then, we define on each element E the bilinear form

b,f(uh, vy) = / Hfuh-l'[fvh—i—SE (uh — H,’fuh, v, — l'[fvh> , u,, vy, € Vf,
E

(6)

and, in a natural way,

, E
ba(up, vp) = Y by (up,vp), Wy, € Vi
E€T,

The following two properties of the bilinear form b f (-, -) are easily derived by repeat-
ing in our case the arguments from [22, Proposition 4.1].

— Consistency:
bf(ﬁh, vy) = / u, - vy vu, € 95, Yv, € v,’f, VE € 7;. (7)
E

— Stability: There exist two positive constants o, and «*, independent of E, such
that:

Ol*/ v, vy < bf(vh, vy) < Ot*/ vy -V Yv, € v;;:, VE € 7,. (8)
E E

Now, we are in a position to write the virtual element discretization of Problem 1.

Problem 3 Find (A5, wy) € R x V), wy, # 0, such that
/ divwydivey, = Apbp(wy,, vy) Yv, € Vy,.
Q

We use again a shift argument to rewrite this discrete eigenvalue problem in the
following convenient equivalent form.
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734 L. Beirdo da Veiga et al.

Problem 4 Find (A5, wy) € R x Vj, wy, # 0, such that
ap(wp, vp) = Ay + 1) bp(wp, vy) Yo € Vi,

where
ap(wy, vy) = / divwydivey, + by (wy,, vy) Ywy, v, € V).
Q

We observe that by virtue of (8), the bilinear form a;, (-, -) is bounded. Moreover,
as is shown in the following lemma, it is also uniformly elliptic.

Lemma 4 There exists a constant B > 0, independent of h, such that
an(p. vi) = Bllvallgv.g  You € Vi
Proof Thanks to (8), the above inequality holds with 8 := min {o, 1}. O

The next step is to introduce the discrete version of the operator T:

Ty : Vi — Vi,
fnr— Tufy =nuy,

where u;, € V), is the solution of the corresponding discrete source problem:

ap(up, vp) = bp(fy, vn)  Yop € Vi
We deduce from Lemma 4, (8) and the Lax—Milgram Theorem, that the linear operator
T}, is well defined and bounded uniformly with respect to A.

Once more, as in the continuous case, (A, wy) solves Problem 3 if and only if
(1/(1 + Ap), wy) is an eigenpair of Ty, i.e, if and only if

T,wy, = upwy, with = .
hWhp = LpWh Hh 1

Moreover, it is easy to check that T, is self-adjoint with respect to a;, (-, -) and by, (-, -).

To describe the spectrum of this operator, we proceed as in the continuous case and
decompose V}, into a convenient direct sum. To this end, we define

Kn=VinK={v, €V, : divv, =01in Q}

and notice that, here again, Ty |xc, : K4 — ICj reduces to the identity. Moreover,
we have the following result.

Proposition 2 1, = 1 is an eigenvalue of Ty, and its eigenspace is ICj,.
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A virtual element method for the acoustic vibration problem 735

Proof We have that w, € V), is an eigenfunction associated with the eigenvalue
up = 1if and only if fE divwjdive, = 0 Vv, € V), namely, if and only if wj, € ICp,.
O

As a consequence of all this, we have the following spectral characterization of the
discrete solution operator.

Theorem 3 The spectrum of Ty, sp(Ty), consists of My, := dim(V},) eigenvalues,

repeated according to their respective multiplicities. It decomposes as sp(Ty) = {1}U
N,

{nic )il |, where:

(i) the eigenspace associated with u, = 1 is ICp;
(i) pupk € (0, 1),k =1,..., Ny := My, — dim(ICy), are non-defective eigenvalues
repeated according to their respective multiplicities.

In what follows, we derive several auxiliary results which will be used in the follow-
ing section to prove convergence and error estimates for the spectral approximation.

First, we establish interpolation properties in the discrete space V. Although the
V), -interpolant can be defined for less regular functions, in our case it is enough to
consider v € V such that v|g € [H’(E)]2 for some t > 1/2 and for all E € 7y, so that
we can easily take its trace on each individual edge. Then, we define its interpolant
v; € V), by fixing its degrees of freedom as follows:

f(v —v;)-nqgds=0 Vg ePi(le), Vinternaledgee ¢ I'; ©)]
e

/(v—v,)-quo Vg € Py(E)/R, VE €Tj. (10)
E

In what follows, we state two results about the approximation properties of this
interpolant, whose proof we postpone to the Appendix. The first one concerns approx-
imation properties of divv; and follows from a commuting diagram property for this
interpolant, which involves the L?(£2)-orthogonal projection

P L2(Q) —> {q e LX(Q) : qlz € P (E) VE € Th}

Lemma 5 Let v € V be such that v € [H (Q)]? witht > 1/2. Let v; € V), be its
interpolant defined by (9) and (10). Then,

divv; = Pr(dive) in Q2.

Consequently, for all E € Ty, ||divv;llg g < ldivellg g and, if dive|g € H"(E) with
r >0, then
Idivo — divorllg z < CAE™ " diva), .

The second result concerns the L?(£2) approximation property of v;.
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736 L. Beirdo da Veiga et al.

Lemma 6 Let v € V be such that v € [H (Q)]*> witht > 1/2. Let v; € V), be its
interpolant defined by (9) and (10). Let E € Tj,. If 1 <t < k + 1, then

lv—vllo,p < Ch vl
whereas, if 1/2 <t <1, then
lv—villo.g < C (hg [vl, g+ helldivello g) -

Let ICi- be the [L2(2)]2-orthogonal complement of Cj, in V;, namely,
h g p y
G = {vh eEV: / v, £, =0 VE, eICh}.
Q

Note that /C;, and K:fl‘ are also orthogonal in H(div; €2). The following lemma shows
that, although Kﬁ ¢ K+ = GNV, the gradient part in the Helmholtz decomposition
of a function in Klf; is asymptotically small.

Lemma 7 Let v, € ICfl‘. Then, there exist p € H'T(Q) with s € (1/2,1] as in
Lemma 2 and ¥ € IKC such that vy, = ¥ + Vp and

IVpls,e = Cldiverlloq . (In
1¥llo.e = Ch* lldivoplo o - (12)

Proof Let vy, € Klﬁ C V5, C V. As a consequence of Lemma 2, we know that
there exist p € H'™(Q) and ¥ € K such that v, = Vp + ¥ and that IVplls.o <
C |ldivvy|lg, ¢, which proves (11).

On the other hand, we have that

W12 g = /Q (Vp—om)- (Vo — (Vp)1) + fQ (Vp—o1) - (VP)r — 1)

Now, according to Lemma 5, div((Vp);) = Pi(div(V p)). Therefore, since Ap =
divvy,, we obtain

div (Vp); — vp) = Py (Ap) — divy, = Py (divey,) — dive, = 0,

where we have used that for v;, € Vy, divuoy|g € Pr(E). Therefore (Vp); — vj)
ICn € Kandsince Vpe GNY = KL and vy, € ICf[, we have that

m

fQ (Vp—on) - (V)1 —vp) = 0.
Thus,

191160 = /Q (Vp—vp)-(Vp—=(Vp)1)
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A virtual element method for the acoustic vibration problem 737

and, by using Cauchy—Schwarz inequality, Lemma 6 and (11), we obtain

Wl1e < Y IVp —vnllo g IVP = (Vp)illo.g
E€T),

<C Y Ve —villog (W 1Vplly g + he 1div(Vp)llo )
EeT),

< Ch* ¥ o, ldivogllo.q
which allows us to complete the proof. O

To end this section, we prove the following result which will be used in the sequel.
Let IT;, be defined in V by

(Mpv) | = Hf(v|5) forall E € 7j, (13)

with IT7 defined by (4).

Lemma 8 There exists a constant C > 0 such that, for every p € H'(Q) with
1/2 <t <k + 1, there holds

IVp = Tu(Vp)llog < Ch IVl q-

Proof The result follows from the fact that, since IT f is the [L%(E)]*-projection onto
SF
V), = V(Pry1(E)) (cf. (4)),

Vp— mEWV H — inf |Vp-V < Cht |IVpll, -
[Vo-nfp)| = inf VP —Valop < Chi IVPl, g

Let us remark that the last inequality is a consequence of standard approximation

estimates for polynomials on polygons in case of integer ¢ (see, for instance, [21,
Lemma 4.3.8]) and standard Banach space interpolation results for non-integer . O

4 Spectral approximation and error estimates
To prove that Tj, provides a correct spectral approximation of T, we will resort to the
theory developed in [29] for non-compact operators. To this end, we first introduce

some notation. For any linear bounded operator S : ¥V — V), we define

1Sv, 1l giv.
ISl := —

ozcv, [nllaive
We recall the definition of the gap 3§ between two closed subspaces X and Y of V:

(X, Y) = max {§(X, ), (Y, X)},
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738 L. Beirdo da Veiga et al.

where

S(AX,Y) = sup  8(x,Y) withd(x,Y) = inf [[x — yllgy.q-
xeX yey
llxlldiv,@ =1

The theory from [29] guarantees approximation of the spectrum of T, provided the
following two properties are satisfied:
- PL: |T-Txull, >0 as h — 0;
- P2: VveV Ilim s, Vy) =0.
h—0

Property P2 follows immediately from the density of the smooth functions in V
and the approximation properties in Lemmas 5 and 6. Hence, there only remains to
prove property P1. With this aim, first we note that since Tz, and T}, |5, both reduce

to the identity, it is enough to estimate || (T =Ty f4 || dgiv.o for fr € IC#.

Lemma 9 There exists C > 0 such that, for all f, € Klfl‘,

(T —Th) £}, ”div,Q < Ch’ | fy “div,SZ

with s € (1/2, 1] as in Lemma 2.

Proof Let f), € Kﬁ, u:=Tf, and u, := Ty, f},. According to Lemma 2, we write
u =g+ Vg with¢ € K, Vg € [H*(Q)]? and IVqlls.q < C lldivullg . We have

[T =T) Falgyo < 0= VOrlgve + 1w = VOrlave, (14

where (Vq)7 is the Vj,-interpolant of Vg defined by (9) and (10). We define vj, :=
u, — (Vg); € V;,. Thanks to Lemma 4, the definition (6) of b,’f(o, -) and those of T
and T}, we have

Blvnldiv.o < ann, vi) = an (s, vi) — an (V) 7, vp)

= bu(fh v0) — /Q div((Vg)divey — Y bE (V). vp)

EeTy,

=bp(fp, vn) — /s; fn-vn+ /Q div(u — (Vg))divoy,

— Z (bflY ((Vq)l — fu, vh> +/;2 (Hfu —u) . vh> ,

E€T,
where for the last equality we have also used the consistency property (7). Since

div((Vq)1) = Pr(div(Vgq)) (cf. Lemma 5), we have that fQ div(u—(Vgq)p)divv, =0
for all v, € Vj,. Then,
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B ||vh||(2ﬁV,Q < (bh(fh» vp) — L fh : vh)

-y (b,’;‘((w)z —Mfu, vh)—i—/ (n,’fu—u) : v,,). (15)
E

E€T,

The first term on the right hand side can be bounded as follows:

bh(fh’vh)_'/s;fh'vhz Z (bf(fhvvh)_/th'vh>

E€T,

= X ([ nE e mfwe s (5= f gio - 0w = [ 1)

E€T,
= % [ (MEp=pi) v 3 8E (fu - TE £y - ).
E€T, E E€T,

where we have used (4) to write the last equality. Now, from the symmetry of S Ec Y,
(5), a Cauchy—Schwarz inequality and the fact that l'[f is an L2(E)-projection (cf.
(4)), we have that

>0 SE(fu =M froon =) < 3 e | = IES | Ioalloe

EeTy, EeTy,

Therefore, using Cauchy—Schwarz inequality again,

buisnon = [ foom=¢ X | f=mEn] s a6)

E€T,

Substituting the above estimate in (15), from (8) and Cauchy—Schwarz inequality we
obtain

Bloilde=C Y (Hfh ~nEL o+ = (@l g+ o - I E) lonlo.
EeTy ’ ’

= C(Ifs=Mifullgq+ Iu = (V@llog + = Wuullg.q) 1vilgve.

with I, as defined in (13). Therefore, from (14),

I =T frlgq=C (||fh—l'lhfh o0 lu=Txullgq + llu - (VCI)IHdiv,Q) :

Thus, there only remains to estimate the three terms on the right-hand side above.
For the first one we write f, = ¥ +Vp withy € K and p € H'**(Q) asin Lemma 7.
Hence, by using this and Lemma 8,
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[ frn=Tnfnlgq < ¥ — Mg+ 1Vp —Mu(Vp)lgg
<C(I¥log+IIVp —Tu(Vp)loa)

< Ch’ |divf, |}OVQ.

On the other hand, we have thatu = T(y +V p) = ¥ +T(V p) and, from Lemmas 3
and 2, T(Vp) = Vq and ¥ = @. Moreover, by virtue of Theorem 1, ¢ € H!™(Q)
and

IVals.e < ClIVPlave < C | fillaya-

whereas estimate (12) still holds true for ¢ :
1¥llo.e < Ch* [divfy]y -
Then, using that ITj, is an [L?(£2)]>-projection, from Lemmas 7 and 8 we have

lu—Mpullgg < 1Y —Mp¥loq+ IVg — Ta(V@)llo,0)
< C(I¥llo.e + Vg — (V) o o)
< CR* ||divfy]yq + Ch* Vg0
=Cr ” Sh ”div,Q'
Finally, using once more that u = ¥ + Vg and Lemmas 7, 6 and 5, we write
e = (V)i llgiv.o
< ¥ llav.o + IVg — (V@) llgiv.o
< Ch* |div ]l + IVg = (V)illo.q + Idiv(Ve) — div((Vg) Dllo ¢
< Ch* | fall g0+ C (2 1Val 0+ 1 1div(V)llo o) + ChIdiv(Va)l, g
<CRr | f

”div,Q ’

where, we have used that Vg = T(V p) and, hence, since Vp € GNVY, from Theorem 1
div(Vg) € H'(Q) and [ldiv(VQ)ll.o < CIVPlav.e < C [ fil gy
Collecting the previous estimates, we obtain

[T =Th) Fullgw o < CH° | Fallgi o

and we end the proof. O
Now, we are in a position to conclude property P1.

Corollary 1 There exists C > 0, independent of h, such that

IT = Tall, < Ch*.
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Proof Given vy € V), we have that v, = ¥, + f), with ¢, € Ky and f), € Klfl‘,
then

I(T = Tp) vallaiv.o = || (T = Tn) fr ”div,Q < Ch* | £ Hdiv‘Q ’

where the last inequality follows from Lemma 9. The proof follows by noting that,
since v, = ¥, + f) is an orthogonal decomposition in H(div; 2), we have that

I fa ”diVyQ < llvnllgiv, - m]

In order to establish spectral convergence and error estimates, we recall some other
basic definitions from spectral theory.

Given a generic linear bounded operator S : ¥V — V defined on a Hilbert
space V, the spectrum of S is the set sp(S) := {z € C: (zI — S)is not invertible}
and the resolvent set of S is its complement p(S) := C \ sp(S). For any z € p(S),
R.(S) := (zI —S)~!: YV — Vs the resolvent operator of S corresponding to z.

The following two results are consequence of property P1, see [29, Lemma 1 and
Theorem 1].

Lemma 10 Let us assume that P1 holds true and let F C p(T) be closed. Then, there
exist positive constants C and hg independent of h, such that for h < hg

sup [[R(Tn)vpllgiv.o < Cllvallgve Vz€F.
vaVh

Theorem 4 Let U C C be an open set containing sp(T). Then, there exists hy > 0
such that sp(Ty) C U forall h < hy.

An immediate consequence of this theorem and Corollary 1 is that the proposed vir-
tual element method does not introduce spurious modes with eigenvalues interspersed
among those with a physical meaning. Let us remark that such a spectral pollution
could be in principle expected from the fact that the corresponding solution operator
T has an infinite-dimensional eigenvalue u = 1 (see [15,18,19]).

By applying the results from [29, Section 2] to our problem, we conclude the
spectral convergence of Ty, to T as h — 0. More precisely, let u € (0, 1) be an isolated
eigenvalue of T with multiplicity m and let C be an open circle in the complex plane
centered at u, such that i is the only eigenvalue of T lying in C and aC N sp(T) = .
Then, according to [29, Section 2], for & small enough there exist m eigenvalues
u;ll), ey M;lm) of T, (repeated according to their respective multiplicities) which lie
in C. Therefore, these eigenvalues ,ugll), ceey /,L;lm) converge to [ as h goes to zero.

Our next step is to obtain error estimates for the spectral approximation. The clas-
sical reference for this issue on non-compact operators is [30]. However, we cannot
apply the results from this reference directly to our problem, because of the varia-
tional crimes in the bilinear forms used to define the operator T},. Therefore, we need
to extend the results from this reference to our case. With this purpose, we follow an
approach inspired by those of [16,37].
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742 L. Beirdo da Veiga et al.

Consider the eigenspace € of T corresponding to u and the Tj-invariant subspace

&), spanned by the eigenspaces of T}, corresponding to uzl), cee /,L](im). As a conse-

quence of Lemma 10, we have for & small enough
(L —Th) vallgiv,o = C llvallgiv,e  Yvn € Vi, Yz €9C. (17
Let P, : V — Vj — V be the projector with range V), defined by the relation
a(Ppu—u,v,)=0 Vv, € V).

In our case, the bilinear form a(:, -) is the inner product of V, so that || Ppullgy o <
lullgiv,o and

lu— Pupullgyo=201u,Vy) VYaeV.
Now, we define Th =T, P, : V — V. Notice that sp(Th) = sp(Tp) U {0}.
Furthermore, we have the following result (cf. [30, Lemma 1]).

Lemma 11 There exist hg > 0 and C > 0 such that

[ RZ(/T\h)”L(va) <C VzedC, Vh<hy.

Proof Since /’I\‘h is compact, it suffices to check that || (zI — :I‘\h)v”divﬂ > Clvllgiv.
Vv € V and Vz € 9C. By using (17) and basic properties of the projector Py, we
obtain

lvllgiv,e < 1Prvllgiv,e + v — Prollgiv,o
< ClIGI = Tw) Pivllgive + 121" 1z (0 = Prv)laiv o
=C ” (<1 _Th) th”div,Q + 1zl ”Z (v — Ppv) = T), (v — Pjv) ”div,Q
=C ”Ph (ZI - Th) ””div,sz + 1zl “ (I — Pp) (ZI - Th) v) ”div,Q

< C (I =T v”div,Q ;
where we have used that the curve dC is bounded away from 0. O

Next, we introduce the following spectral projectors (the second one, is well defined
at least for & small enough):

1
— the spectral projector of T relative to u: F := — / R.(T)dz;
2mi aC
~ ~ 1 ~
— the spectral projector of T}, relative to MELI), e ,u;lm): Fj = 2—[ R, (Tp)dz.
L JyC

We also introduce the quantities

w—Iw
vh = 68(E,Vp) and Ny = sup w
we& ”w”div,Q
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These two quantities are bounded as follows:
)/h S Chmm{i,k+1} and nh S Chmin{S',k+l}’ (18)

where § > 1/2 is such that £ C [H*(22)]? (cf. Theorem 2). In fact, the first estimate
follows from Lemmas 5 and 6 and Theorem 2(ii), whereas the latter follows from the
fact that € C G NV, Lemma 8 and Theorem 2(ii) again.

The following estimate is a variation of Lemma 3 from [30] that will be used to
prove convergence of the eigenspaces.

Lemma 12 There exist positive constants ho and C such that, for all h < hy,

[(F=Fi)le]gyq = CIT=Th)le] g0 < Contm).

Proof The first inequality is proved using the same arguments of [30, Lemma 3] and
Lemma 11. For the other estimate, let f € £, w := T f and wy, := Thf =T,P;f.
Note that, by Theorem 2(ii), f € V(H'*5(Q)), § > 1/2. By using the first Strang
lemma (see, for instance, [28, Theorem 4.1.1]), we have

[b(Prw, v,) — by (Prw, vy)]
lw—wpllgve <C|llw—Prwlgyq+ sup
eV lvr iy,

eV lvnllgiv.

Ib(f, o) — ba(Pif, vh>|)
+ sup

and by proceeding as in the proof of Lemma 9 to derive (16), we obtain

P, ve) by (P w)| < € 3 | Pow—mE Py ol
€Zn

<cy H(I—Hf)(Phw—w)

E€T,
1-nj)e|
(1 -mF)wf vl

<C(lw— Puwloq+ llw—Mywlo.q) lvalgy.o-
On the other hand,

[b(f,vn) —bu(Ppf,vp)l < |b(f — Puf,vi)l + [b(Ppf,vn) —bu(Ppf,vp)l
<C(Ilf = Puflogllvalog)
+16(Ppf,vn) —bp(Ppf, vn)l
<C(If = Puflloo+If =M fllo.e) lvnllaw.q-
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where, for the last inequality, we have used the same argument as above. Then, we
have

lw—wpllgiv.g < C (lw— Prwllgy.o + llw — Mywloq
+1f = Pufllog+IIf — i fllog)
<C(y+llw—Mwlog+If — M flloq)
=C(m+ (1417 o - Mywlly0)
< C(yn+mnn),

where we have used that, for f € £, w := T f = uf. Thus, we conclude the proof.
O

To prove an error estimate for the eigenspaces, we also need the following result.

Lemma 13 Let
Ay = ﬁhlg  E— &y

For h small enough, the operator Ay, is invertible and there exists C independent of h
such that

A =€
LV, V)

Proof 1t follows by proceeding as in the proof of Lemma 2 from [30], by using
Lemma 12 and the fact that y, — 0 and n, — 0 as h — 0 (cf. (18)). O

The following theorem shows that the eigenspace of T), (which coincides with that
of Tj) approximates the eigenspace of T.

Theorem 5 There exists C > 0 such that,
S(E,EN) < Cyn+m).

Proof Tt follows by arguing exactly as in the proof of Theorem 1 from [30] and using
Lemmas 12 and 13. O

Finally, we will prove a double-order error estimate for the eigenvalues. With this
1 .
aim, let A := — — 1 be the eigenvalue of Problem 1 with eigenspace €. Let 1} :=
1
— = 1,i =1,...,m, be the eigenvalues of Problem 3 with invariant subspace &j,.
Ky,
We have the following result.
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Theorem 6 There exist positive constants C and hg independent of h, such that, for
h < ho,

0)
‘,\ — A

§C<yhz+n%>, i=1,...,m.
Proof Let w;, € Ej be an eigenfunction corresponding to one of the eigenvalues

MWD = 1,...,m) with [|wyllgy.q = 1. According to Theorem 5, §(wy, £) <
C (yn + nn). It follows that there exists w € £ such that

lw —whllgiv,o = C (vn + 1) - (19)
Moreover, it is easy to check that w can be chosen normalized in H(div; 2)-norm.

From the symmetry of the bilinear forms and the facts that w and wy, are solutions
of Problem 1 and 3, respectively, we have

/ div(w — wy)? — A/ w — wi)? = A by (wp, wp) — A b(wy, wy)
Q Q
= M(f) (bp(wp, wp) — b(wp, wy))

+ (k,(f) - /\> b(wp, wp),
from which we obtain the following identity:
(1 =) bwn, wy) = deiV(w —wp)? =2 fQ (w — wy,)?
— ) (b (Wi, wh) = b(w, wp)) (20)

The next step is to estimate each term on the right hand side above. The first and the
second ones are easily bounded by using the Cauchy—Schwarz inequality and (19):

f div(w — wy)? — A/ (w — wp)?
Q Q

For the third term, we use (5) and (6) to write

= Clw—wildyq=C (v +n}). @D

[bp(wp, wp) — b(wy, wp)|

2
= Z (/ (l'[fwh) + SE (wh — ngh, wy, — wah)) — Z (wh)2
EeTy, E EeTy, E
=\ X ([, —rwitie) + S [ (- mfw)
= h 0.E 0,E E h
EcT, E€Ty,
E 2 E 2
= Z Hwh—l'[hwhH + ¢ Z ”wh—thhH
0,E 0,E
E€T), E€T),
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2
< Cllwp — Dpwallg g

= C (Il — wid g + lw — Mywl o + 1M @ — wy) I g) -

Then, from the last inequality, the definition of 7, the fact that ITj is an [Lz(Q)]z-
projection and (19), we obtain

1b(wa, i) — b (wh, wi)| = C (v +17) 22)
On the other hand, from the stability property (8),
divws 115, o = Ay ba(ws, wi) < Ay o* wallf g -
hence

(1 + )»X)Ol*) lwallg.o = lwalgy.q =1.

Therefore, since A;li) — X as h goes to zero, the theorem follows from (20), (21), (22)
and the inequality above. O

As shown in Theorem 2(ii), the eigenfunctions satisfy additional regularity. The fol-
lowing result shows that this implies an optimal order of convergence for the numerical
method.

Corollary 2 If€ C [H*(Q)]?> with § > 1/2, then
3\(8’ gh) S Chmin{E,k+1}
and

=] < cpPmEREN

Proof 1t follows from the above theorems and the estimates (18). O

5 Numerical results

Following the ideas proposed in [8], we have implemented in a MATLAB code a
lowest-order VEM (k = 0) on arbitrary polygonal meshes. We report in this section
a couple of numerical tests which allowed us to assess the theoretical results proved
above.

To complete the choice of the VEM, we had to fix the bilinear form § E (-, ) sat-
isfying (5) to be used. To do this, we proceeded as in [7]. For each element E € 7y,
with edges e, ..., eng, let {@1, ..., @y, } be the dual basis of VE associated with
the degrees of freedom (1); namely, @; € Vf are such that
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/(pl-~nds=8,-j, i,j=1,...,NE.
e;

J

Therefore,

1
0, ”Oo - = namely, there exists C > 0 such that

1

e P TR S T
Chg 0, hge

Hence, a natural choice for SE(-, ) is given by

Ng
SE(uh,vh):=oEZ</ uh-n)(/ vh-n), w,, v, € VE,
k=1 k €k

where o is the so-called stability constant which will be taken of the order of unity
(see for instance [7]).

5.1 Test 1: Rectangular acoustic cavity
In this test, the domain is a rectangle Q2 := (0, a) x (0, b), in which case the exact

analytic solution is known. The non vanishing eigenvalues of Problem 1 are given
by

Am :=nz<<;_’>2+(%)2), nom=0,1,2,..., n+m=0,

while the corresponding eigenfunctions are

n . nTx mimy
— SIn —— COS
a b
Wypm =
m nmwx mimy
— COS — S1n ————
b a

We have used a = 1 and b = 1.1. The stability constant has been taken o = 1. First,
we have used three different families of meshes (see Fig. 1):

— 7;}: triangular meshes;
- ’];?: rectangular meshes;
— T, hexagonal meshes.

The refinement parameter N used to label each mesh is the number of elements inter-
secting each edge.

Let us remark that for triangular and rectangular meshes like 7;11 and 7,2, respec-
tively, the discrete spaces V) coincide with those of the standard lowest-order
Raviart-Thomas discretization. However, the resulting discrete problems are not the
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748 L. Beirdo da Veiga et al.

Fig. 1 Sample meshes: 7,! (left), 7,2 (middle) and T, (right). In all of them N = 9

Table 1 Test 1: lowest computed eigenvalues /):h,', 1 <i < 5, on different almost uniforms meshes

T Ani N=19 N =35 N=53 N=71 Order i
i 0.8248 0.8259 0.8262 0.8263 2.01 0.8264
7, o 0.9976 0.9993 0.9997 0.9998 2.00 1.0000
3 1.8182 1.8240 1.8254 1.8259 2.01 1.8264
Mha 3.2788 3.2978 3.3023 3.3039 2.02 3.3058
s 3.9595 3.9883 3.9949 3.9972 2.03 4.0000
iy 0.8200 0.8245 0.8256 0.8260 1.99 0.8264
7} o 0.9896 0.9969 0.9987 0.9993 1.99 1.0000
3 1.8096 1.8215 1.8243 1.8252 1.99 1.8264
Mha 3.2047 3.2754 3.2925 3.2983 1.98 3.3058
s 3.8389 3.9512 3.9786 3.9880 1.97 4.0000
i 0.8247 0.8259 0.8262 0.8263 2.03 0.8264
73 Y 0.9962 0.9991 0.9996 0.9998 211 1.0000
Py 1.8167 1.8236 1.8252 1.8258 2.02 1.8264
Mha 3.2784 3.2977 3.3023 3.3039 2.03 3.3058
s 3.9395 3.9861 3.9935 3.9962 2.10 4.0000

same. In fact, the matrices corresponding to the left-hand side of Problem 3 also
coincide, but this does not happen with the matrices corresponding to rlght -hand side.

We report in Table 1 the scaled lowest eigenvalues Mhi = M /7% computed with
the method analyzed in this paper. The table also includes estimated orders of conver-
gence. The exact scaled eigenvalues are also reported in the last column to allow for
comparison.

It can be seen from Table 1 that the computed eigenvalues converge to the exact
ones with an optimal quadratic order as predicted by the theory in all the cases.

Figure 2 shows plots of the computed eigenfunctions wy; and w3 corresponding
to the first and third lowest eigenvalues, respectively. The figure also includes the
corresponding pressure fluctuation pp; = —divwy;, i = 1, 3. In both cases, the
eigenfunctions have been computed on an hexagonal mesh ’Z;f with N = 27.

The families of meshes used so far in this test are almost uniform. In order to
check whether the quadratic order of convergence holds in general, we have made a
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Fig. 2 Eigenfunctions of the acoustic problem corresponding to the first and the third lowest eigenvalues:
displacement field wy, | (upper left), pressure fluctuation pj1 (upper right), displacement field wy3 (bottom

left), pressure fluctuation py,3 (bottom right)

second test with more general polygonal meshes ’1;14 like those shown in Fig. 3. Such
polygonal meshes are generated by a standard Voronoi procedure based on random
seeds and without any further iteration to regularize the grid.

We report in Table 2 the same information as in Table 1, but using the unstructured
meshes ’1;14. Similar conclusions as in the previous test follow from this table.

5.2 Test 2: weakening the mesh assumptions

The aim of this test is to analyze the influence of the mesh assumptions. In this test
we compare the performance of VEM when the geometric assumption Ay is violated.
With this end we have used four different families of meshes (see Fig. 4):
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Fig. 3 Sample of Voronoi meshes 'Th4 with N = 7 (left), N = 16 (middle) and N = 32 (right)

Table 2 Test 1: lowest computed eigenvalues Xh[, 1 <i <5, on Voronoi-Lloyd meshes

T M N=17 N =16 N =32 N =64 N =133 Order  A;

F 0.8074  0.8226 0.8257 0.8262 0.8264 2.04 0.8264
Y 0.9796  0.9909 0.9988 0.9996 0.9999 1.93 1.0000
3 1.7665 1.8074 1.8225 1.8254 1.8262 1.87 1.8264
Tha 3.0875 3.2540 3.2919 3.3024 3.3050 1.92 3.3058
s 3.6565 3.8795 3.9767 3.9938 3.9985 1.90 4.0000

7?: trapezoidal meshes which consist of partitions of the domain into N x N
congruent trapezoids taking the middle point of each edge as a new degree of
freedom; note that each element has 8 edges.

- Th6: polygonal meshes built from ’];f by moving the added point on each edge e
to a distance hg from one vertex and (h, — hg) from the other (%, being the length
of the edge e).

- ’Z;Z: regular polygonal meshes built from ’2;11 by considering the middle point of
each edge as a new degree of freedom; note that each element has 6 edges.

- 7;28: polygonal meshes built from 7;17 by moving the added point on each edge e

to a distance hg from one vertex and (h, — hg) from the other.

While the families of meshes ThS and Th7 clearly satisfy assumptions Aj and Aj, this
is not the case for 7;6 and 7;8. In fact, the latter satisfy A, but fail to satisfy Ay, since
the length of the smallest edge is 72 while the diameter of the element is bounded
above by a multiple of 4,.

We report in Table 3 the scaled lowest eigenvalues /):h,- := Api/m? computed with
the method analyzed in this paper. The table also includes estimated orders of conver-
gence. The exact scaled eigenvalues are also reported in the last column to allow for
comparison.

It can be seen from Table 3 that the computed eigenvalues converge to the exact
ones with an optimal quadratic order as predicted by the theory when assumption A
is satisfied (’Th5 and 7;!7). However, when the mesh assumption Aj is violated (’];16 and
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Fig. 4 Sample meshes: Ths (upper left), ’1;[6 (upper right), ’Th7 (bottom left) and ’1;[8 (bottom right). In all
of them N =8

7;18), the method still converges but the order of convergence deteriorates. The analysis
of this method without assumption Ay needs further research.

5.3 Test 3: effect of the stability constant o

The aim of this test is to analyze the influence of the stability constant og on the
computed spectrum, to know whether the quality of the computations can be affected
by this constant. Such a behavior was observed in the VEM solution of different
eigenvalue problems. In particular, it was demonstrated in [38] that certain VEM
discretizations of the Steklov eigenvalue problem introduces spurious eigenvalues
which can be well separated from the physical spectrum by choosing appropriately
the stability constant o .

In the present case, no spurious eigenvalue was detected for any choice of the
stability constant. However, for large values of o, the eigenvalues computed with

@ Springer



752 L. Beirdo da Veiga et al.

Table 3 Test 2: lowest computed eigenvalues ’Xhia 1 <i <5, on different meshes

T Mhi N=38 N=16 N=32 N =64 N =128 Order  A;
i 0.8041 0.8212 0.8252 0.8261 0.8264 2.03 0.8264
77 T 09459 09862 0.9965 0.9991 0.9998 1.99 1.0000
3 1.7770 1.8173 1.8244 1.8259 1.8263 2.14 1.8264
s 29897 32169 3.2848 3.3006 3.3045 2.00 3.3058
s 3.1888  3.7840 3.9449 3.9862 3.9965 1.97 4.0000
s 0.7865  0.8077 0.8201 0.8246 0.8260 1.61 0.8264
T8 T 09236 09692 0.9901 0.9972 0.9993 1.69 1.0000
3 1.7355 1.7821 1.8109 1.8219 1.8252 1.57 1.8264
s 27990 3.0394 3.2090 3.2773 3.2981 1.53 3.3058
s 3.0039  3.5672 3.8488 3.9563 3.9884 1.62 4.0000
i 0.8193  0.8238 0.8258 0.8263 0.8264 1.88 0.8264
7] T 09896 0.9965 0.9990 0.9998 0.9999 1.86 1.0000
3 1.7897 1.8151 1.8235 1.8256 1.8262 1.89 1.8264
Apa 31046 3.2649 3.2950 3.3031 3.3051 2.04 3.3058
s 3.8082  3.9362 3.9840 3.9961 3.9990 1.92 4.0000
i 0.8131 0.8204 0.8246 0.8259 0.8263 1.70 0.8264
T8 G 09801 09917 0.9973 0.9993 0.9998 1.70 1.0000
3 17614 1.7990 1.8180 1.8240 1.8258 1.70 1.8264
s 30097 32135 3.2769 3.2978 3.3038 1.79 3.3058
s 3.6745  3.8597 3.9572 3.9884 3.9970 1.71 4.0000

coarse meshes could be very poor. The aim of this test is to analyze the influence of
the stability constant o on the computed spectrum.

We report in Table 4 the lowest eigenvalue computed with varying values of o on
the family of meshes 7;,2 (see Fig. 1, middle). The table also includes the estimated
order of convergence.

It can be seen from Table 4 that for values of the parameter o < 1 the computed
eigenvalues depend very mildly on this parameter. Moreover, this dependence becomes
weaker, as the mesh is refined or of is taken smaller. In fact, it can be seen from this
table that even the value o = 0 yields very accurate results, in spite of the fact that
for such a value of the parameter the stability estimate and hence most of the proofs
of the theoretical results do not hold. On the other hand, it can be seen from Table 4
that the numerical results depend much more significantly on this parameter o when
it is chosen larger. In such a case, the results for coarse meshes are poorer and more
refined meshes are needed for the computed eigenvalues to lie close to the exact ones.

This analysis suggests that the user of H(div) VEM for this kind of spectral problems
has to be aware of the risk of degeneration of the eigenvalues for certain values of
the stability constant 0. The way of minimizing this risk in this case is to take small
values of o (what “small” means in a real problem will of course depend on the value
of the physical constants).
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6 Conclusions

The mathematical and numerical analysis of the approximation by virtual elements of
the acoustic vibration problem was addressed in this paper. A variational formulation of
the spectral problem based on fluid displacements and a virtual element discretization
of H(div) with vanishing rotor was proposed. The introduced method allows to make
use of very general polygonal meshes and, for moderate to high values of the degree &,
is also preferable in terms of degrees of freedom with respect to more standard schemes.
It was proved that the virtual scheme generates approximations of optimal order. The
theoretical results were validated numerically. It was also shown that violating the
mesh assumptions may deteriorate the order of convergence. The numerical results
included a numerical test to check the influence of the stability constant. No spurious
eigenvalues were found for any chosen stability constant. However, for large values
of this constant, the eigenvalues calculated with coarse meshes could be very poor.

A Appendix
We derive in this appendix optimal approximation properties for the H(div) virtual
element with vanishing rotor introduced in Sect. 3. The main goal of this appendix
will be to prove the error estimates stated in Lemmas 5 and 6 for the Vj,-interpolant
defined by (9) and (10). Let us remark that these results could be useful for other
applications as well.

Our first result, whose proof is quite straightforward, is a commuting diagram prop-

erty and some consequences that follow from it. We recall that Py denotes the L2(Q)-
orthogonal projection onto the subspace {q e L%(Q) : qlp € P(E) VE € ’27,}

Lemma5 Letv € V be such that v € [H’(Q)]2 witht > 1/2. Let v; € Vy, be its
interpolant defined by (9) and (10). Then,

divv; = Pr(dive) in 2.

Consequently, for all E € Ty, ||divv;llo g < Ildivvllg g and, if dive|g € H"(E) with
r >0, then
Idivo — divorllg z < CAE™ M dival, .

Proof As aconsequence of (9) and (10), for every element E and for every g € Py (E)

f diviv —vy) g =f(v—v1)~Vq+/ (v—v;)-ngds =0.
E E IE
Since divv; € Pr(FE), we have that

divv; = Pi(divv) in E.
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Therefore,
ldive;llg. g < lIdivolly g -

Additionally, if dive|g € H"(E) with r a non-negative integer, as a consequence
of [21, Lemma 4.3.8], we have that for every E € 7,

Idive — divoyllo z < CRE™ 1 (dival, .

Thus, the second estimate of the lemma follows by standard Banach space interpola-
tion. O

In order to prove Lemma 6 about the L2(2) approximation property of this inter-
polant, we need several previous results. We begin with the following local trace
estimate on polygons.

Lemma 14 Letv € V and E € Tj, such that v|g € [H' (E)]? witht € (1/2, 1]. Then,
there exists C > O such that

—-1/2 —-1/2
1ollo.0r < € (5" I0llo.z + iy 2 10l £ )

Proof Consider the triangulation 7;,5 of the element E obtained by joining each vertex
of E with the midpoint of the ball with respect to which E is star-shaped. Since we are
assuming that the meshes satisfy Ay and Aj, the triangles 7 € Q;LE have a shape ratio
(i.e., the quotient between outer and inner diameters) bounded above by a constant that
only depends on C7. Moreover, each triangle T € ’];lE has one edge on 0 E. Hence,
a scaling argument and a trace inequality in the reference triangular element allow us
to conclude the proof. O

In order to prove an L2(£2) error estimate for the interpolant v;, we will introduce
a basis of Vf dual to the degrees of freedom (1) and (2})\.
Let E € T, withedges ey, ..., en, and F : E —> E be an affine mapping of the

form
()60
y heg \Y — YE y
where xg = (xg, y E)T is the center of thq\ ball with respect to which E is star-shaped
according to assumption Aj. Note that £ := F(E) has diameter 1. Moreover, F
maps the above mentioned ball onto a ball of radius C7 with 0 < C7 < 1 and C1

independent of & g, Moreover, Eis star-shaped with respect to each point of this ball.
We define the following basis of P; (E) :

po(x,y) =1,

(x —xp)* (y — yp)*
ps(x,y) = rIEE +C, ar,meN, 0O<ap+oy =k,
E
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with the constant Cs; € R such that | g Ps = 0. We have associated above each
s =1,...,N := dim(Px(E)) — 1 with one particular couple («, ®2), by fixing a
particular ordering of these couples. Therefore, the set { PO Ply -+ pﬁ} is a basis
for Px(E) that satisfies Jgps = 0fors = 1,...,N. Let now py = ps o F~!
be defined in E. Then, for the particular (o1, a2) associated with s, we have that
Ds(X,y) = x*1y*2 4 C;. Moreover, since |E| = h%|}/’5\|, we have

1 — Y (y — “2 1 N
Cy=—— (*x —xe) iy yE) dxdy = —7/ XMY*2 dx dy.
|E| Jg R \E| JE
As a consequence, note that |Cs| < 1 and, hence, ||psllo g = ”1/7\5”00,1? <2, 5=
0,....N.

For each edge ¢; of E (I = 1,..., Ng), let 7; be the affine function mapping
e := [—1, 1] onto ¢;. We define g; := g’ o Tl_l (i =1,...,k) with g' being the
Legendre polynomials on [—1, 1] normalized by 7/(1) = 1. Then, {qlo, cee qlk} is
a basis of Py(e;) which satisfies g = 1, [, g/q/ ds = 8ij,i,j = 1,....k, and

19| .., = 1. Note that, in particular, [, gj ds =0,i =1,... k.
Thefefore,

i and _
{q, }i:O,...,k, =1 {Psts=

are bases for the spaces of test functions appearing in the degrees of freedom (9) and
(10), respectively. Next, we introduce a set of dual basis functions for V,f:

i u{g* ~ 23
{(p’}i=o,.‘.,k,1=1,..‘,NE @ }leﬁ---vN 23)

The first ones, ¢§, are the “boundary basis functions” determined by

9l e VE, (24)
/(@-n)q,{;ds:(slmsu, m=1,....Ng, j=0,....k, (25)
€m
/(diwp;')p,zo, r=1,...,N. (26)
E

Note that these boundary basis functions use two indexes, i and /, one for the moment
and the other for the edge. On the other hand, note also that as a consequence of (24)
and (25) (of -n = 0 on dE \ ¢ The second kind of functions in (23), @*, are the
“internal basis functions” determined by
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¢ €V, (27)
@’lse -n =0, (28)
/ (divg*) p, =8y, r=1,...,N. (29)
E
Remark 5 Since diwpf € Py(E) = span{l, p1,..., ps} and fE ps = 0 fors =

1,..., N , Eq. (26) implies that diwpf has to be constant. Therefore,

. 1 . 1 .

Moreover, thanks to (25), we have that

/ (0[ nds_Z/ qmds_zalm i0 = 8io.
JIE €m

Then,

Next goal is to prove that all the functions in (23) are bounded uniformly in &. We

begin with the boundary basis functions.

Lemma 15 There exists C > 0 such that Hq)}
i=0,...,k

HO,E < Cforl =

., Ng and

Proof Since (pf € Vf , we know that rotgof = 0. Therefore, there exists y € H'(E)
such that (pf = Vy. Hence, from the remark above and (25), we have that y is a

solution of the following problem:

8.
Ay =20 inE,
|E]
ay ;
— =¢)-n ondk,
on i

/y:O.
E

It is easy to check that these Neumann problems are compatible. Therefore,

fEW'WZ/aE(""'"){dS_/mElC
=/(<pf~n>§ds v e HY(E) : /;:0_
e E

@ Springer



758 L. Beirdo da Veiga et al.

Now, taking ¢ = y, we obtain

112 .

= reri = oo
ot =197 IG5 < [oi-n|_Ivh.

j —-1/2 1/2
=Clopen|, (n 1 lo g + 12 19710 )
€l
1/2 j
=cn|ein| 197l
0,¢;

where we have used Lemma 14 with r = 1, the generalized Poincaré inequality and
a scaling argument. Now, because of (25) with m = [ and the orthogonality property

‘ . -1
of Legendre polynomials, @] '"|e, = (fel (ql’)2 ds) q; - Therefore,

) 2,@:(/61 (q})z ds>_1=é(/?'<ai)2 d?)—l'

Thus, from the last two estimates we derive that || (of

i

‘Pz’"‘

< C and we end the proof.
]

lo.

Next, we show a similar result for the internal basis functions.
Lemma 16 There exists C > 0 such that ||@* logp <Cfors=1,..., N.

Proof Since @* € Vf , there exists y € H!(E) such that ° = Vy. Hence, by virtue
of (28), we have that y is a solution of the following well posed Neumann problem:

Ay = —divg* inE,

8)/_
on

/)/:0.
E

0 on ik,

Therefore,

/VV'V§=—/WS§ V¢ e H'(E) : /{=0,
E E E

where ¥° := divg®. Now, taking ¢ = y and using the generalized Poincaré inequality
and a scaling argument, we have that

18 (6. = 1V¥ I3 £ < C ¥ o x 1¥llo.5 < Che [|[0* o5 197 lloe -

Thus,
19 0.5 = Che v ]o 5 - (30)
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On the other hand, since {* € Py (FE), it is easy to check that
he 9o g < CHE NV |0 e = ChE 197 |0 2 (31

where 7 == (¥* o F~') € Py(E).
For ¥* € Px(E), we write ¥° = ZlN:l B pi and, since || il 7 < 2, we have
that

19"z = max |67 !ZHMIIO@E < € max |5]]. (32)

Now, from (29), a change of variables from E to E yields

/A@ﬁ, =h;*8y, r=1,...,N,
E

which can be written as

Zﬂfﬁﬁiﬁr:hgzasr, r=1,....N. (33)
E

Let

M:(mir)eRNXN with m;, :=/Aﬁiﬁr, ior=1,....N.
E

Therefore, from (33), if M is invertible, then 8 = (ﬂf ‘e ,3‘;\7)T is equal to hgz times
the s-th column of M~!.

Next, we will show that M is invertible and that its inverse is bounded uni-
formly in 4. With this aim, note that the polygon Eis uniquely defined by the vector
(X1, 51, -+ » Bng» Yng)) € R2VE that collects the coordinates of its (ordered) ver-
texes. Let U C R2NE_be the set of all possible values of these coordinates such that the
mesh regularity assumptions Ay and A, are satisfied. Since the diameter of Eis equal
to 1, U is a bounded set. On the other hand, the constraints that arise from hypotheses
Aj and A; yield that U is a closed set. Therefore U is compact.

The function from U into RV*¥ that maps the coordinates of the vertexes of E into
the entries of the matrix M is a continuous function. Moreover, for any coordinates
inU, E satisfies A1 and A; and, hence, it contains a ball of radius C7. Let us show
that this implies that M has to be positive definite. In fact, given & € RY, o' Mo =
[z SN @ P> = 0 and the equality holds only if >V | &, 5, vanishes a.e. in E,
which in turn implies that « has to vanish (since E contains a ball of radius Cr > 0).
Thus, M is positive definite and hence invertible. Therefore, taking also into account
the continuity of the mapping M —> M ~! for invertible matrices, we conclude that
the mapping

U3 (X1,5) - Gngs ng) — M~ e RVN
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is well defined and continuous and, hence, bounded above in the compact set U.
Consequently, from (33),

18] = Chi?,

which recalling (32) yields
|9 | .7 < ChE>. (34)

Let us remark that, in principle, the constant C above depends on the number Ng of
vertexes of E. However, by virtue of assumption Aj, this number is bounded above
in terms of C7. Therefore, Ng can take only a finite number of possible values and,
hence, (34) holds true with C only depending on C7. Thus, we conclude the proof by
combining (30), (31) and (34). O

Now, we are in a position to prove L?(2) error estimates for the V;,-interpolant.

Lemma 6 Let v € V be such that v € [H’(Q)]2 witht > 1/2. Let v; € Vy, be its
interpolant defined by (9) and (10). Let E € Ty If 1 <t < k + 1, then

lv—wvillo,g < Chlz vl kg, (35)
whereas, if 1/2 <t < 1, then
lv—villo.g < C (h% |vl, g + kg lldivello g) - (36)

Proof First, we consider the case 1 < ¢ < k + 1. The first step is to bound |[v/|lo .
Since v; € V,’f , thanks to (24)—(29) we write it in the basis (23) as follows:

v,—ZZ(/ (v- n)qlds)(pl—}-Z(/ (dlvv)p;>

=1 i=0

Therefore, from Lemmas 15 and 16 we have

/(v n)q, ds|+ /(divv)ps
E

Then, by using that ||ql’ ||Oo.e]: Ifori=1,....,kandl =1,...,Ng, | psleo.g <C

lorllo.p < C ZZ

=1 i=0

N
+2
s=1

fors=1,..., N , the Cauchy—Schwarz inequality and Lemma 14, we obtain

1/2 i ~ .
lorlo,s <€ (hE/ Ioloae |af| _ +Nne ldivolo g l1ps ||OO,E>
s€l

<C(Ivllo.g + ke vl g+ he Idivellg g)
<C(lvllo.g +hE vl E). (37)
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Now, for all v, € [Pr(E)]> we note that (v;); = vx and, hence, using the above
estimate for v — vy, we write

v —villo.g = llv—vk — (v —v);llop < v — villo.e

+C (Ilv — vllo,e + e v —vily E) -

Thus, by choosing vy as in [7, Proposition 4.2], we have that [|[v — villg g +
helv—vil g < Ch% |vl; g, which together with the above inequality allow us to
conclude (35).

Next, we consider the case 1/2 < ¢ < 1. Using the same arguments as above, we
obtain in this case instead of (37),

lvrllo,e < C (Ivllo,z + i vl g+ he Idivelo k) - (38)

Therefore, repeating again the arguments above with vg € [Po(E )% instead of vg, we
have

lv—v;llo.g < llv—vo— (v —v0)/llo.£
< llv—=wollo.z + C (v — vollg. g + h's v, £ + hE ldivelly £)
< C (h' v, g+ he lIdivelly g) .

where we have used again [7, Proposition 4.2]. Thus, the proof is complete. O

Remark 6 Estimate (36) can be improved for k = 0 and 1/2 < ¢ < 1. In fact, in such
a case, the interpolant v; € V), is defined only by (9). Hence,

Ng
v/ =Z</el(v~n)qlods)(p?
=1

and repeating the arguments above we obtain

lvillo.e < C (Ivllo. g + h's vl £)
instead of (38), which leads to

lv—villo.g < Chlg Ivl, k.
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