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Abstract The main goal of the paper is to establish time semidiscrete and space-
time fully discrete maximal parabolic regularity for the time discontinuous Galerkin
solution of linear parabolic equations. Such estimates have many applications. They
are essential, for example, in establishing optimal a priori error estimates in non-
Hilbertian norms without unnatural coupling of spatial mesh sizes with time steps.

1 Introduction

Let 2 be a Lipschitz domain in Rd, d =2,3and I = (0, T). We consider the heat
equation as a model of a parabolic second order partial differential equation,

oru(t,x) — Au(t,x) = f(t,x), (t,x)el xQ,
u(t,x) =0, (t,x) el x 082, (D)
u(0, x) = ug(x), x e
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with a right-hand side f € LS(I; LP(2)) for some 1 < p,s < oo and ug € L” (),
1 < p < oo. The maximal parabolic regularity for up = 0 says that there exists a
constant C such that,

N0:uell s r;Lr()) + AullLsr;Lr)) < C Il fllLsa;Lr),
l <p,s <oo, forall feL°(I; L (Q)),

(see, e.g., [1-3]). The maximal parabolic regularity is an important analytical tool and
has a number of applications, especially to nonlinear problems and/or optimal control
problems when sharp regularity results are required (cf. [4—7]). Our aim in this paper is
to establish similar maximal parabolic regularity results for time discrete discontinuous
Galerkin solutions as well as for the fully discrete Galerkin approximations. Such
results are very useful, for example, in fully discrete a priori error estimates and are
essential in order to keep the spatial mesh size 4 and the time steps k independent of
each other (cf. [8]). In [9] we apply the results of this paper to establish pointwise best
approximation estimates for fully discrete Galerkin solutions.

Maximal parabolic regularity with applications to semidiscrete finite element
Galerkin solutions in space were analyzed for smooth domains in [10,11] and for
convex polyhedra in [12]. Time discrete results are much less known in the finite ele-
ment community. Explicit methods are treated in [13—15]. Implicit Euler methods with
pointwise norms in time are considered in [16,17]. A more systematic investigation
of discrete maximal parabolic regularity for various time schemes was carried out by
Sobolevskii and Ashyralyev and summarized in the book [18].

In this paper, we investigate maximal parabolic regularity for a family of time dis-
continuous Galerkin (dG) methods, which were first deeply analyzed for linear second
order parabolic problems in [19]. There is a number of important properties that make
the dG schemes attractive for temporal discretization of parabolic problems. For exam-
ple, such schemes allow for a priori error estimates of optimal order with respect to
discretization parameters, such as the size of time steps and the mesh width, as well as
with respect to the regularity requirements for the solution (see, e.g., [20,21]). Differ-
ent systematic approaches for a posteriori error estimation and adaptivity developed
for finite element discretizations can be adapted for dG temporal discretization of par-
abolic equations, (see, e.g., [22,23]). Since the trial space allows for discontinuities
at the time nodes, the use of different spatial discretizations for each time step can
be directly incorporated into the discrete formulation, (see, e.g., [22]). Compared to
the continuous Galerkin methods, dG schemes are not only A-stable but also strongly
A-stable, (see, e.g., [24]). An efficient and easy to implement approach that avoids
complex coefficients, which arise in the equations obtained by a direct decoupling for
high order dG schemes, was developed in [25]. For the treatment of optimal control
problems, Galerkin methods are particularly suitable since they expose an important
property that the two approaches optimize-then-discretize, i.e., the discretization of
the optimality system built up on the continuous level, and discretize-then-optimize,
i.e., discretization of the state equation and subsequent construction of the optimality
system on the discrete level, lead to the same discretization scheme, (see, e.g., [26]).
Compared to continuous Petrov—Galerkin time-stepping schemes (see [27] for details),
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Discrete maximal parabolic regularity 925

dG schemes also have the advantage that the adjoint state can use the same discretiza-
tion as the state variable. This allows for unified numerical treatment and simplifies a
priori and a posteriori error analysis, (see, e.g., [28-31]).

The main results of this paper for the time semidiscrete discontinuous Galerkin uy
solution consist roughly of two parts. First, for the homogeneous problem (i.e. f = 0)
with ug € LP(2), 1 < p < oo we show

[tr]m—1 C

10r |l Loo(t:Lp (2)) + N AUk Loo (s, LP () + | ——— < —lluollLr(g), (2)
km LP () m

form = 1,2,..., M. Then, using this smoothing result, we also establish discrete

maximal parabolic regularity for the inhomogeneous problem when ¢y = 0. We show,

M B
(Z ||azuk||is<,m;”(m)) + I AullLs i @)

m=1

[t ’ T
T ) <Cln ;”f”LS(I;LP(Q)), 3)
Lr(Q)

(5

m

forl <s <oocand1 < p < oo, with obvious notation changes in the case of s = oo.
In the case of the lowest order piecewise constant method, i.e., ¢ = 0, the first terms
on the left-hand side of the above estimates vanish. In contrast to the continuous case,
the limiting cases s, p € {1, oo} are allowed, which explains the logarithmic factor in
(3). We also provide the fully discrete analog of (2) and (3).

The rest of the paper is organized as follows. In the next section we introduce the
discretization method and the resolvent estimates, which build the main analytical
tool of the paper. For better communication of the ideas we first analyze the dG(0)
method, which is technically much simpler, and in the following section we analyze
the general dG(g) case. That is done in Sects. 3 and 4, respectively. At the end of
Sect. 4 we provide an example of how such maximal parabolic regularity results can
rather easily lead to optimal order error estimates. Finally, Sect. 5 is devoted to fully
discrete Galerkin solutions. In Sect. 6 we provide an extension of our results to the
case of a general norm fulfilling a resolvent estimate. This generalization, being of an
independent interest, is used, for example, in [9] for derivation of pointwise interior
(local) error estimates of fully discrete Galerkin solutions.

2 Preliminaries

To introduce the time discontinuous Galerkin discretization for the problem, we par-
tition I = (0, T) into subintervals I,, = (t;,—1, t,] of length k,, = t,,, — t,,—1, wWhere
O0=1n<t <--- <ty—1 <ty = T. The maximal and minimal time steps are
denoted by k = max,, k;;, and kpin = min,, k;,, respectively. We impose the following
conditions on the time mesh (as in [32]):
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926 D. Leykekhman, B. Vexler

(i) There are constants ¢, 8 > 0 independent on k such that
kmin > Ckﬂ-
(ii) Thereisaconstant« > 0independenton k suchthatforallm =1,2,..., M —1

-1 ki

K < <K.

km+1

(iii) Itholds k < {T.

The semidiscrete space X Z of piecewise polynomial functions in time is defined by
X! = {ux € L*(I; HY () © ukly, € Py(Hy (), m=1,2,..., M},

where P, (V) is the space of polynomial functions of degree g in time with values in
a Banach space V. We will employ the following notation for functions in XZ
ub = im u(ty +6), w, = lim u(ty —¢), [uln = ul —u,. 4)

m m
£— £—0

Next we define the following bilinear form

M M
B(u. @) = D (9. 9) 1, x + (V. Vo) rxa + D (uln—1. 0} _Da + (uf . ¢f)e
m=1 m=2

(&)

where (-, -)g and (-, -); xq are the usual L? space and space-time inner-products,

m

(-, )1, xq 1s the duality product between Lz(Im; H™! (2)) and L2(Im; Hé (2)). We
note, that the first sum vanishes for u € X,? The dG(g) semidiscrete (in time) approx-
imation uy € X of (1) is defined as

B(ur, o) = (f. ) 1xa + (o, 9 ) forall ¢ € X]. (6)

Rearranging the terms in (5), we obtain an equivalent (dual) expression of B:

M M—1
Bu.¢) =— D (.39} 1,x2+ (V. Vo) rxg — D (. [9lm)a + (3. 03p)a-
m=1 m=1

(7

The analysis of such schemes in non-Hilbertian setting is usually done by using

a semigroup approach that represents time stepping formulas as a Dunford—Taylor

integral in the complex plane [33, Ch. 9]. This approach requires certain resolvent

estimates. For Lipschitz domains and a given y € (0, 7/2), the resolvent estimate

(see [34]) guarantees the existence of a constant C such that for all u € L?(SQ),
1 < p < o0, and any z € C\ X, the following estimate holds:

C
2+ A" < ——|lu , 8
K¢ ) ullLr) < 512 lullLr ) )
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Discrete maximal parabolic regularity 927

where the Laplace operator — A is supplemented with homogeneous Dirichlet bound-
ary conditions, and
Ty ={zeC:lag(@)| =y} )

Using the identity A(z + A P=1d—z(z+ A)~!, one immediately obtains,
IAG+ A) e < Clullr), z€ C\%,, l<p<oo, uelLl(Q).
(10)
We note, that all our results for semidiscrete solutions hold if we replace the Laplace

operator — A with a more general self-adjoint second order elliptic operator A provided
it satisfies (8).

3 Estimates for dG(0)

For the ease of the presentation, we first establish the results for the lowest order
piecewise constant discretization dG(0). In this case, we use the following notation,

+ —
Ukm = UL, Up = Ukm+1, Uy = Ukm, 1= L2,....M—1 (11)

First, we establish results for the homogeneous problem. In this case the dG(0) method
is equivalent to the Backward Euler method.

3.1 Results for the homogeneous problem

Let f = 0,up € L?(R2) and let uy € X,? be the semidiscrete approximation of (1)
defined by

B(ur, xx) = (uo, xk.1). ¥ xx € X}, (12)
i.e., the dG(0) solution uy satisfies

U1 — kiAug1 = up,

Ukom — km Ak = ukm—1, m=2,3,..., M. (13)

The first result shows that the solution can not grow from one time step to the next
one.

Lemma 1 Let uy be the solution of (12). Then, for ug € LP(R2), 1 < p < o0 there
holds

lugmlir < lluoller@ Ym=1,2,..., M.
Proof First, we assume ug € L°°(£2) and establish

i, mllLe@) < lluollLey m=1,2,..., M. (14)
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928 D. Leykekhman, B. Vexler

It is sufficient to consider only a single time step,
up,1 —ki1Aug,1 = uo. (15)

We want to show that [ug 1]l L) < lluoll Lo (@) Assume it is false. Let xg € Q2 be
a point where uy | attains a maximum. By [35, Theorem 3.3], we know that uy | €
Co(€2), hence, there exists an open ball Bs(xg) of radius § > 0 centered at xo with
Bs(xg) C € such that

u,1(x) > llugllz=(@) forall x € Bs(xp).
Hence,
up,1(x) —uo(x) >0 on Bs(xp).

By the maximum principle, from
1
—Aug, = E (uo — Mk,l) <0 on Bj(xp),

we obtain a contradiction to the assumption that u4 | has a maximum at the interior
point xg. This contradiction establishes (14). Next, using a duality argument, we will
show

lukllpr @) < lluollL@)- (16)
Consider the problem, to find zx 1 € HO1 (€2) that satisfies,
2,1 —ki1Az1 =z0, Wwith zo = sgnuy 1.

The solution zj 1 can be thought of as a single step of the dG(0) method to a parabolic
problem with initial condition sgn uy_ 1. Thus,

lur 1l = (Wr.1sz0) = k.1, uk1) + ki (Ve s Vg 1)
= (o, zk,1) = lluollz1 (@ llzollze@) < luollpi (o)
where we have used (14) for z; and the fact that ||z || L) = IIsgnuk 1llL>@) = 1.
This establishes (16). Interpolating, we obtain the lemma for 1 < p < oco. Next we

will establish a smoothing result. O

Theorem 1 (Homogeneous smoothing estimate) Let uy € X,? be the solution of (12)
withug € LP(R2), 1 < p < oo. Then there exists a constant C independent of k such
that

C
| Aug mliLr) < t—lluollLP(sz), m=1,2,...,M.
m
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Discrete maximal parabolic regularity 929

Proof The proof is given on page 1321 in [36] for the L?(£2) norm, but the proof is
valid for the L?(£2) norm as well by using the resolvent estimate (8) with respect to
the L?(2) norm. O

Remark 1 Let uy € X,? be the solution of (12) with ug € L?(2), 1 < p < oo. Then
there exists a constant C independent of k such that

Nk mllLr@) + G — N Augmllr) < CllugllLr@), Ym>1>1
From (13), we immediately obtain the following result.
Corollary 1 Let uy € X,? be the solution of (12) with ug € LP(R),1 < p < ©

Then there exists a constant C independent of k such that

[t ]m—1
km

C
< —lluollLr@, m=12,...,M.
Lr() Im

3.2 Results for the inhomogeneous problem

Now we consider uy € X,? to be the dG(0) solution to the parabolic equation with
ug = 0, i.e., uy satisfies,

B(ug. o) = (f. @u)ixa. Y o € X}. (17)
Thus, the dG(0) solution satisfies

up1 — k1Aug =k fi,
uk,m_kmAuk,m=uk,m71+kmfm: m=2’37"‘7M9 (18)

where
m(s) = ! f(t,-)dt
fu() = — /Im (t, -)dt.

Since f,, is the L? projection of f onto the piecewise constant functions on each
subinterval I,,,, we have

< (] <p<
1$?M | fuller@) < CllfllLea:r@), 1=<p =<o0, (19a)

M
> kil iy < CUFIr i@y 1 <P <00, 1<r<oo. (19b)

m=1

We now state our main result for the dG(0) approximations.
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930 D. Leykekhman, B. Vexler

Theorem 2 (Maximal parabolic regularity) Let 1 < s, p < oo and ug = 0. Then,
there exists a constant C independent of k such that for every f € L*(I; L?(R2)) and
uy satisfying (17), the following estimate holds:

T
lAugllLsr.r @) < Cln E”f”LX(I;LI’(Q))a l<s<oo, 1=<p=<oo

Proof Using (18), we can write the dG(0) solution as

m—I+1

m
wem =D ki| [] rkmjs1)) fi. m=1.2,....M,

j=1
where r(z) = (1 +z)~'. Then,

m m—I+1
Auk,m=2kl A H F(—km—js1A) | fi, m=1,2,..., M.
j=l

Hence

m—I+1

m
lAumlirey <D k(A [] r(~kn-jn1a) ] fi . om=1.2,... .M.

=1 j=1 LP(Q)

From Remark 1, since each term in the sum on the right-hand side can be thought of
as a homogeneous solution with initial condition f; at r = #,_1, we have

C
"(—km—j—HA) Ji = _—tH||fl||LI’(Q)~

m— l+1
Im

LP(R)

Thus, we obtain

ki
[N S <czt—||ﬁ||mm, m=12....M  (20)
(=1 m =

For s = 0o, we obtain from the above estimate and using (19),

m

ki
Al — max IlAu < C max .
|Aulleier@) = max, I8ucn L@ 1<"1<M§‘m‘t’—1 e
ki
SC max ||fl||LP(Q) max Z—
< tm — -1

<Cln i ||f||L°°(I;LP(Q))’
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Discrete maximal parabolic regularity 931

where in the last step we used that

L k n=1 Jt I T
2—51+/ =1l+Ih-2 <Clh—, 1)
t 0 k k

— m

by using the assumption kpin > CkPand k < %. For s = 1, we have

M M m
ki
lAurllp ;e = E kmll Aug mllLr@) < C E ki E mﬂflﬂm(ﬂ)-
m=1 m=1 =1 " -

Changing the order of summation and using (19), we obtain
M M k
IAukll L)) = € Zleﬁ”LP(Q) Z #
=1 m=1"" T

M
T T
<Cln % E kil fillLr(y < Cln E”f”[‘l(];]‘p(gz)),
=1

where we used again that

ki
Im — 111

M=

<Cl T
n—.
| - k

3
I

Interpolating between s = 1 and s = oo, we obtain the result forany 1 <s < oco. O
Remark 2 The appearance of the logarithmic term is natural for the critical values
s =1, p=1,5s = 0o, or p = 00, since the corresponding maximal parabolic
regularity results for the continuous problem hold only for 1 < s, p < oo. Fors =2

or p = 2, the power of the logarithm can be lowered. Thus, for p = 2, from [30] we
know,

IAullz2r:22)) < Cllf 2. 12@)
and from (20), we have
T
I Aurlls ;120 < Cln E”f”LJ‘(I;LZ(Q))v I <s<o0.

Interpolating between s = 2 and s = oo and between s = 2 and s = 1, we obtain

ls=2|

T\
Aurlipsrr2@) = € (ln ;) I flls ;02> forany <s < oo.
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932 D. Leykekhman, B. Vexler

Similarly, we can obtain,
Ip—2|

T\ »
lAukll2: ey = C (hl Z) I fl2r:r (), forany 1< p <oo.

Corollary 2 (Maximal parabolic regularity for jumps) Let 1 < s, p < oo andug = 0.
Then, there exists a constant C independent of k such that for every f € L*(1; L?(R2))
and uy, satisfying (17), the following estimate holds,

(Ui ]m—1

T
<Cln— 0o (]- s 1 < < 00,
1<m=M = Clnlfllzear@). 1=p=

(%

m

LP(Q)
1

[t ]m—1

m

: T
<Cln—|fllesz;er@)y, 1<s<oo, 1<p<oo,
LP(Q) k

where the jump term [ur]o at t = 0 is defined as uy ;.

Proof Since by (18) on each time subinterval I,,, we have

ko itk dm—1 = At + fns m=1,2,..., M,

by using Theorem 2, we have
lgla;(Mk Ilurdm—1llpr@) = | max (IIAuk mllze@ + I fmllLr @)
<Cln E”f”LOO([;U’(Q))-

Similarly, using Theorem 2, for 1 < s < oo we have

M
Zk e =) Y (P75 A Ay
m LP () m=1

T s
< C; (111 —) 1L (1. r ()
where the constant C; depends on s. By taking the s-root we obtain the corollary.

4 Estimates for dG(q)

In this section we will establish the dG(g) version of the results from the previous
section. It is convenient to introduce some additional notation. Let ¢ > 1 and v (¢) €
Py([0,1]),1 = 0,1, ..., q be the standard Lagrange basis functions on the interval
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Discrete maximal parabolic regularity 933

[0, 1], 1.e., ¥y ("7) = §;j, where §;; is the Kronecker symbol. Then for any u; € XZ
on the time interval I, = (t,,—1, t,,] we have

q —
ul, = D UM (tkﬂ) , (22)
1=0 mn

with U, lm € Hé (£2) independent of ¢. In this notation, we have

+  _ yrm+1 - _gymm
"‘k,m—Uo and uk’m—Uq.

4.1 Results for the homogeneous problem

Letuy € X Z be the semidiscrete in time solution to the parabolic equation with f = 0,
ie.,
Bluk, ) = (o, ), Vor € X[ (23)

Alternatively, on a single interval I,,,, we have

U' = ro(=kiMug, 1=0,1,...,q, 24)
UM =ro(—ka MUS!, 1=0,1,....q. m=2,3,.... M,

where the rational functions r; o are of the form,

pro(d)
roA) =—4/——, [=0,1,...,q, (25)
P00 1

with p being a polynomial of degree ¢ + 1 with no roots on the right-half complex
plane and p; 0,1 =0, 1, ..., g being polynomials of degree ¢ (cf. [36], page 1322).
Since r4,0(A) is a subdiagonal Padé approximation of e, we also have (cf. [37])

720000 = pg0(0) = p(0) =1 and |ry0(k) —e | = O(A*MT?),  (26)

as A — 0. The rational functions r; o satisfy the following properties, which we will
often use

Apir(x)
r[’()(())=1, and r[’()().)—l = — , 1=0,1,...,q, 27
p)

where p; (1) are some polynomials of degree g. The first property follows, for example,
by considering the homogeneous Neumann problem with initial condition uy = 1.
Then the exact solution u and the dG(g) solution u; are the same and equal to 1,
i.e., u = u;r = 1. Hence, all nodal values Ul’" = 1forallm = 1,2,..., M and
1 =0,1,...,q.Forexample for m = 1, we have

1 =U = ro(—ki1A)ug = ro(—k1 A)1 = r1(0),
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934 D. Leykekhman, B. Vexler

and as a result r;,0(0) = 1. The second property in (27) is just a consequence of the
first one.

Remark 3 The dG(1) solution u; on each subinterval I, is of the form

tm — 1 I —Itn—1
un{ —— | ———
0( o )+ 1( o )

and the rational functions are p(A) = 1 + %A + %, roo(A) =1+ %A, and 1 0(A) =
1— 2
3

For later proof we require two supplementary results.

Lemma 2 Let the rational function r(z) be of the form r(z) = %, where p(2) is a
polynomial of degree q + 1 with no roots on the right half complex plane and p(z) is a
polynomial of degree q, for some q > 0. Then, there exists a constant C independent

of k > 0, such that for any g € LP(R2)

lr(=kA)gllLr) < CligllLr)- (28)

Proof For simplicity we assume that the roots z1, z2, . .., z4 of p are pairwise distinct.
If it is not the case, the argument can be slightly modified. For ¢ = 0 we have
r(z) = Zf"zo and the desired estimate follows directly by the resolvent estimate (8),
since

€0 (20 -1
—kA)g = —— (— A)
r(—=kA)g et 8
and therefore by (8)

lcol C Cleol
lr(=kA)gllLr(o) < TW”&’”LP(Q) < ——lglcr-
1+ T |ZO|

For ¢ > 0 we use the partial fraction decomposition

q

r@ =y —

i=0 =7

with some ¢; € C. Applying the estimate for gg to each summand we obtain

q
lci
Ir(=kA)gllr@) = C(Z — lglr@,

i @il

which completes the proof. O
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Discrete maximal parabolic regularity 935

Lemma 3 Let the rational function r(z) be of the form r(z) = Zg ((ZZ)) , where p(z) is a

polynomial of degree q + 1 with no roots on the right-half complex plane and p(z) is a
polynomial of degree q, for some g > 0. Then for any g € LP(2) with Ag € LP(RQ),
1 < p < oo, there exists a constant C independent of k such that

lr(=kA)gllLr@) < CkllAgILr(Q)-

Proof This lemma is just a consequence of the previous one. We set 7(z) = % and
obtain:

r(—kA)g = —kAF(—kA)g = —kF(—kA)Ag.
The the result follows by Lemma 2. O
Lemma 4 Let the rational function r(z) be of the form r(z) = Zg ((Zz)), where p(z) is a

polynomial of degree q + 1 with no roots on the right half complex plane and p(z) is a
polynomial of degree q, for some q > 1. Then, there exists a constant C independent
of k, such that for any g € L?(Q2)

lr(=kA)gllLr) < CliglLr)- (29)

Proof We setr(z) = 52—3 and obtain:

lr(=kM)gllLr@) < kIIAF(—kA)gllLr()-

The estimate
- C
|AF(=kA)gllLr(@) < Z”g”LP(Q)

is provided on the top of page 1322 in [36] using a decomposition r(z) = r1(z) +r2(z),
where r1(z) = ﬁ, with zo being a root of p(z) and ¢ such that the degree of
the polynomial in the numerator of r,(z) is less or equal g — 1. Then the estimate
for Ar1(—kA)g follows directly by applying a dG(0) type argument and the term

A7y (—kA)g is estimated using the Dunford-Taylor formula. O

Next we provide some properties of the dG(q) solutions of the homogeneous prob-
lem.

Lemma 5 Let uy be the solution of (23) withug € LP(2), 1 < p < o0o. Then,
luillLoo ;L) < ClluollLr@), Ym=12,..., M.
Proof The proof is given in [36, Thm. 5.1] for the L2(£2) norm, but the proof is valid

for the LP(£2) norm as well by using the resolvent estimate (8) with respect to the
LP(2) norm.
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936 D. Leykekhman, B. Vexler

Theorem 3 (Homogeneous smoothing estimate) Let uy be the solution of (23) with
ug € LP(2), 1 < p < o0o. Then there exists a constant C independent of k such that

C
| AugllLoo(r,:Lr () < t—||u0||LP(sz), m=1,,2...,M.
m

Proof Again the proof is given in [36, Thm. 5.1] for the L?(€2) norm, but the proof is
valid for the L?(£2) norm as well by using the resolvent estimate (8) with respect to
the L?(2) norm. O

Remark 4 Notice that the statement of Theorem 3 is equivalent to
m C
AU |Lr () St—||M0||LP(Q), m=12,....M, 1=0,1,...,q, (30)
m

which we will use in the following proofs.

Remark 5 Let uy be the solution of (23). Then there exists a constant C independent
of k such that

Ny llr @) + (tm — t) | Atk Lo (1)) < Cllug ey, m > n,
n=12...,M,

or in terms of nodal values

1Ug ILr @)+ tm — ti)IAU |Lr @) <CIUG ILr@) m>n, n=12,.... M,
1=0,1,...,q. (31

Theorem 4 (Homogeneous smoothing estimate for jumps) Let uy be the solution of
23) with ug € LP(R2), 1 < p < o0. Then there exists a constant C independent of k
such that

[t ]m—1
km

C
< —luollLr@y, m=12,...,M,
e Im

where [uy]o = U(} — uo.

Proof Form > 1, using (24), we have
Ludm—1 = U = U™ = ro.o(—km D) U~ = U™ = (ro.o(—km &) = 1)U
Using (27) and Lemma 3, we obtain

[uk]m—1
kin

<clovp]

LP(Q) Lr(@)
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Now by Remark 4 and the assumption on the time mesh (ii), we obtain

m—1
|au;|

That finishes the proof for this case.
For m = 1, by Lemma 5 we have,

C
< luollLr@) < —lluollLr(w)-
LP(R2) tm—1 @ Im @

1

@ ki

[ui]o
k1

| c c
IUy — uollLr() < HIIHOIILP(Q) = leuollm(g).

Similarly, we can obtain the corresponding result for the time derivative.

Theorem 5 (Homogeneous smoothing estimate for time derivatives) Let uy be the
solution of (23) with ug € LP(2), 1 < p < oo. Then there exists a constant C
independent of k such that

C
107t |l Loo (1P (2)) = t—lluollLP(sz)-
m

Proof For m > 1, using (22) and (24), we have

q
_ I —1p—1
durls, = ky,' D UMDY (k—’")
m

=0

q
— I —ty— m—
= k' > r0(—km A Y] (—‘) U ().

1=0 ki

By the fact that >/ ¥ (%) = 1 we have >7_, (ﬁ#“) = 0. Using (27),
i.e., r,0(0) = 1 we obtain

: t—tut) _ 2pi(2)
Zn,o(zw;( )= -
o o p2)

where p(z) is the same polynomial as in (25) and p, (z) is some polynomial of degree
q — 1 whose coefficients are time dependent, but uniformly bounded on /,,,. Thus again
by Lemma 3, we obtain

19wkl Lo rirr (@) < CIAUL e (-

Remark 4 and the assumption on the time mesh (i), finishes the proof for m > 1.
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938 D. Leykekhman, B. Vexler

For m = 1, by Lemma 5 we have,

q
C
—1
19s ekl oo (ry; oy < Chy ' DU Loy 17 ey < E”“O”LP(Q)-
1=0

4.2 Results for the inhomogeneous problem

In this section we establish properties of the dG(q) solution u; € XZ to the inhomo-
geneous parabolic equation with ug = 0, that satisfies,

B(uk, o) = (f. 1), Yo € X{. (32)

Alternatively, on a single time interval I,,,, we have

q
U'=ki Y nj(—kiAfl. 1=01....q,
j=0

q
U™ = r1,0(—km AU + ki D 11 j(—kn A I, 1=0,1.....q,
j=0
m=2,3,...,M, (33)

where

1

m _ ) ) I —1tp—1
1O = | saow (—km )dr,

and the rational functions

_ P

T, ——— 1,j=0,1,...,q, (34)
)

are as in the homogenous case with p being a polynomial of degree ¢ + 1 with no
roots on the right half complex plane and p; j, [, j = 0,1, ..., g being polynomials
of degree g (cf. [36], page 1322).

Notice that form =1,2,..., M,

17 er@ < ClLf leaier@y and 1 f] er@) < Chy 1L e Lr@- (33)

Theorem 6 (Maximal parabolic regularity) Let uy satisfy (32) with f € L*(I; LP(2))
for1 <s, p < oo. There exists a constant C independent of k and f such that

T
IAugllLsr.Lr @) < Cln Ellflluu;m(fz))-
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Proof Using (33), we have the following representation

m—1 m—n—1
U = knG}' +r10(=knd) D ka | ] reo(=km—j-18)) Gy (36)
n=1 j=1
where
q
Gl' =D rj(—kn A [, m=1,2,.... M.
j=0

with the usual convention that H?‘: 1 is an empty product. The proof now follows along
the lines of Theorem 2. Taking the Laplacian of both sides we obtain

m—1 m—n—1
AU = knAG] + Ario(=knd) Dk | [T ro0(—km—j-18) | Gy
n=1 j=1

and as a result

AU ILr ) < lkm AGT | Lr (o)

m—1 m—n—1
+ Arl,O(_kmA) Z kn H rq,O(_km—j—lA) GZ
n=1 j=1 Lr(Q)
By Lemma 4, we have
lkm AG] |Lr(@) < € max || f*llLr), 1=0,1....q, (37a)
0<j=q
and by Lemma 2 we also have
1G] lLr ) < Coglj?li(q Ifi" lr@), 1=0,1....q. (37b)
On the other hand by Remark 5 forany/ =0, 1, ..., g, since each term in the sum on

the right-hand side can be thought of as a homogeneous solution with initial condition
Gg att = t,_1, we have

m—1 m—n—1
Arro(—kn D) Dk | ] ra0(—km—j18) | Gp
n=1 j=1 Lr ()
Z pamand (<A IR (38)

=1
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To establish the result for s = 0o, we observe

A 0o = max max |AU"
|AugllLoor;Lr () = <m<XM0<lX AU | Lr ()

m—1

ko
<C max max C max — G},
< I} ler@+C max > ———IGylir@)

1<m<M 0<j<q =m= 1 m T n—1
n=

m—1 k
< C max max ||f lLr@{ 1+ max —
I<m<M 0<j<q 1<m <M tm_tn—l

T
<Cln 7 max Orgjag I e,
where in the last step we used (21). Using (35) we can conclude that for s = 0o

T T
co(]- < — S . < — co(]- .
| Augllzoor;Lr(0) < Cln . élnaé‘M | f Lo, L) < Cln . | f Lo, Lr ()

Similarly, for s = 1, we have

M
| AuellL:r@) < ka max |1AU]" e

M M m—1 k

<C Z m max |f}" ler@ +C 2 kn 2 ———IGgllr@)
m—1 m—=1 ey m n—1
M

=C Z omax ||f e

m—1

+ Cka Z —— loglaf £ e

n=1

M m
< max
=< Z Z T o I1f7 L )-

Changing the order of summation and using (21) we obtain,

M m M M k
m
kazt Jmax [/} v < 2k max | f7 e 20— —
m=1 n=1 ™M -1 n=1 =/ m=n "M n—1
M

T Z
=Cln k n—lkn Ogljaéq ”fj lerc@)-
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Thus, by using (35), we have

M
T T
< — m < —
IAuiliLrcrLr @) < Cln X mz_lkm OI;lj?léiq ||fj lLr@) < Cln X ”f”Ll(I;LP(Q))-

Interpolating between s = 1 and s = oo we obtain the result forany 1 <s <oco. O

Remark 6 As in the case of dG(0) the appearance of a logarithmic term is natural,
since in contrast to the continuous case the choices s, p € {1, oo} are allowed. The
power of the logarithm can be improved for p = 2 or s = 2. In fact, we can obtain
the following estimates (cf. Remark 2),

ls=2]

T\ s
I Aukll s 1:02()) < C (111 ;) WA zs ;1209

and

lp=2|

T\ »
lAuillz2,or@) =€ (]n ;) I f 2 e (@)-

Theorem 7 (Maximal parabolic regularity for jumps) Let uy satisfy (32) with f €
L(I; LP(2)) for 1 < s, p < o0. Then there exists a constant C independent of k and
f such that

[t ]m—1 T
— < Cln;”f”L"O(I;LI’(Q))a Jor s = oo,

1<m<M

km e (e
1
[k ]Im—1

kim

’ T
<Cln ;”f”LS([;Lp(Q)), for 1 <s < o0.
LP($2)

Proof Using (33) and (36), we have the following representation for the jump terms

[ui]m—1 N U6n B U(;nil
km km
=Gl 4 k! (ro,o(—kmA)U;“*‘ - U;”’l)
=G + k" (ro.o(—kmA) —1d) U

Using that rg o — 1 satisfies (27) and using Lemmas 2, 3, and proceeding similarly to
the proof of Theorem 6, we have
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942 D. Leykekhman, B. Vexler

ko Nutrdm—1 Ly < C <||G6n||LP(SZ) +lauy! ||LP(Q))

m—1
K
<C max ||f"llr +C — max || fMP(
= € max If}" e ;tm_tn_l max [L£7117()
ok
<CY —"— max | f]lr- (39)

tm — Ih—1 0<j<
n=1

Now, the proof of the cases s = 1 and s = oo is identical to the one of the previous
Theorem 6 and we have

max | “klm=t <cmlyp 1<p<oo
- ([ LP 5 = = )
Y e A LY p
M
[t ]m—1 T
ka = =Chn—Ilfllgiry. 1=p=o0.
b ki LP(Q) k

For 1 < s < oo using the Holder inequality with % + él, = 1, we obtain,

[k ]m—1 - k
— <C» —"— max I e
km  lr) nZ::‘lm In—1 0=j=q @
m k /s s m k 1/s'
<C — maX ||f 17 —
T I/S/ m k I/S
<Cl{ln— — " max . 40
< ( k) (Zl e I ||Lp(m) (40)
Hence
M m
[uglm—1 T\
kpm | ——— <C(ln—) max ||f ¥
Z m ko Lo k mg = 1 _;n 1 0<j<q LP(Q)"

Changing the order of summation, we obtain

M
P gt Loy = € In b Z kn maxozj=q I.f5 110 () Z o
<C (ln %)IH/A Zl kn maxo<j<q ||f ”LP(Q)
n=
=C 7)1 1 sy
Taking the s-root we finish the proof. o
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Theorem 8 Let uy satisfy (32). Then there exists a constant C independent of k and
f such that

M s
T
(Z ||atuk||23(,m;mm>) <Ch I flpaire). 1<s<oo, 1<p=oo

m=1
Proof Similarly to the proof of Theorem 4, using (22) and (33), we have

q
durlr, = k! ZUl’"(x)w,’ (%) + sz( Y] ($)

m

=k 1Zrzo( ki A)%( —Im- ])U’” l(x)—i—ZGl (X)I//l( "l l).

m

Using (27) and Zl —0 ‘pl (t fm—1 ) = 0, we can conclude that

m

p(2)

q o ~
Zrz,o(z)lﬁ[ (z ktm—l) _ Z{)z(z)v
1=0 m

where p(z) is the same polynomial as in (25) and p;(z) is some polynomial of degree
g whose coefficients are time dependent, but uniformly bounded on 7,,,. Thus again
by Lemma 3 and Lemma 4, we obtain

10rurll Loe(t,: P () < CllAU,']"_1 lLr@) +C max [If" e
O0<j=q -
The rest of the proof is identical to the proof of the previous theorem. O

4.3 Application to optimal order error estimates

As an application of the maximal parabolic regularity, we show optimal convergence
rates for the dG(g) solution. First, we establish that the error is bounded by a certain
projection error. A similar result was obtained for the L%(I; L*()) norm in [29].
First, we define a projection mry for u € C(/, L?(R)) with miull, € Py (L*(R)) for

m =1,2,..., M on each subinterval I,, by
(mxu —u, P,xe =0, Ve P_1(In, L*(Q), ¢ >0, (41a)
meu(t,,) = u(t,). (41b)

In the case g = 0, mxu is defined solely by the second condition.
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944 D. Leykekhman, B. Vexler

Theorem 9 Ler u be the solution to (1) with u € C(I; LP(Q)) and uy be its dG(q)
approximation (6), for ¢ > 0. Then there exists a constant C independent of k such
that

T
l — urllLs ;e (@) < Cln;llu —mullpsa;er@), 1=<s,p <oo,

where the projection my is defined above in (41).

Proof Pute :=u —uy = (u — myu) + (mpu —uy) ‘= nx +&. For 1 < s, p < o0,
we have

1 1
lells ;e @) = sup (e.P)ixq, —+—=1, —+—=1.
veLls (117 () s 8 p P

WL v @)=!

For each such v, we consider a dual problem for z; € XZ satisfying
B(gk, 2k) = (@ V) ixq forall g € X{.
Thus, we have
(e, ¥)ixa = ks Y)ixa + Gk, Vixq == J1 + J2.
Using the Holder inequality, we find
Ji = lmlizs eIV e .0 @y < IkllLs ;e @) -
On the other hand using that B(u — ug, xx) = 0 for any xx € XZ, we obtain
M

Jy =BG, 2) = =B, 21) = D (ks 52k x2 — (Viik, VZR) 1, x0

m=1

+ > L2kl @ = =(Vik, Vzi) 1xa,

where we used that the first sum vanishes due to (41a) and the sum involving jumps
due to (41b). Integrating by parts in space, using the Holder inequality and Theorem
6, we obtain
S ==V, Vzixe = O Az ixe < Inelliesaser@n 1Azl .00 )
T
<C In E ” Nk ”LS(I;LP(Q)) ||W ||LJ/(1;LP,(Q))

T
<Cln ;IlnkllLsu;Lﬂ(Q)%

Combining the estimates for J; and J> we obtain the result. ]
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If the exact solution is sufficiently smooth then the above result easily leads to an
optimal convergence rate, modulo a logarithmic term.

Corollary 3 Let u € WItLs(I; LP()) be the solution to (1) and uy be its dG(q)
approximation for g > 0. Then there exists a constant C independent of k such that

T
lu = wells oy = CT 0 o llullwassrizny, 158, p < 00,

Remark 7 The above result can be extended to the case of non-homogeneous Dirichlet
boundary conditions. Let g € C({; L3()) N L*(I; H'(2)) be given and consider
the equation

oru(t,x) — Au(t,x) = f(t,x), (t,x)el xQ,
u(t,x) =g, x), (t,x) e I x 012,
u(0, x) = up(x), x € Q.

It turns out, that it is convenient to use ;g as boundary conditions for the semidiscrete
solution, i.e.

weemg + X\ 1 Bluk, o) = (fs o) ixe + (o, g e forall ¢ € X{.

Then following the lines of the proof of Theorem 9 and using that & = mpu — uy has
homogeneous boundary conditions, i.e., § € X Z, we obtain

CGr, V)ixa = —(Vni, Vzr) = Mk, Az ixe +// (&8 — mkg)Onzr ds dt.
1Jon

Under an additional assumption on €2 that for any v € HO1 () with Av € LP /(Q) the
estimate

”anv”Lp’(aQ) < C” AU”L[,/(Q)

holds, we obtain

T
lu — ugllLsr,r@)) < Cln % (Il = mruell s (1.0 () + 18 — TgllLs (1:2r (092))) -

1 <s,p<o0.

The above assumption is fulfilled, for example, if on €2 the w2r' elliptic regularity
holds.

5 Fully discrete solutions

In this section, we consider the fully discrete approximation of the equation (1). From
now on we assume that the domain €2 is a polygonal/polyhedral convex domain. For
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946 D. Leykekhman, B. Vexler

h € (0, hol; hg > 0, let 7 denote a quasi-uniform triangulation of & with mesh size
h,ie., 7 = {t}is a partition of Q into cells (triangles or tetrahedrons) t of diameter
h such that for 4 = max; h;,

diam(t) <h < Clt|d, VreT, d=2,3,

hold. Let V}, be the set of all functions in H(} (£2) that are polynomials of degree r on
each t, i.e., V}, is the usual space of conforming finite elements. To obtain the fully

discrete approximation we consider the space-time finite element space
XU = v s vy, € Pg(Vi), m=1,2,...,M, ¢=0, r=1}.  (42)

We define a fully discrete analog ux, € X Z;l of uy introduced in (6) by
Bui, o) = (f, @un)ixe + (o, ¢h)e forall gw € X[y (43)

Moreover, we introduce the discrete Laplace operator Ay, : Vj, — Vj, by

(=Apvn, x)o = (Vup, VYo, Y x €V

The semidiscrete results from the first part of the paper translate almost immediately
to the fully discrete setting provided we have the corresponding resolvent estimate,

Iz4+An) xllLr@ <

< , VzeC\X,, VxeV, 1<p<oo,
1_|_|Z|||X||LP(SZ) \Xy X € Vi p

(44)
with some constant C independent of 4. Such a result was established in [38] for
smooth domains. Later it was extended to convex polyhedral domains in [39] (for
some y > 0) via stability and smoothing properties of the semigroup Ej, (1) = e~ 24
and directly for an arbitrary y > 0 but with logarithmic dependence of the constant
C on A in [40].

5.1 Result for the homogeneous problem

Let uy, € XZ’; be the fully discrete dG(g)cG(r) solution to the parabolic equation
with f =0, i.e.

Bukn, ¢xn) = (o, 93, 0)> ¥ @un € X[y (45)
Theorem 10 (Fully discrete homogeneous smoothing estimate) Let uyj, be a solution

of (45) withug € LP(2), 1 < p < oco. Then there exists a constant C independent of
k and h such that

_ C
8rutkn || oo 1,y L0 () + | At | Lo (1,10 0) Fhig I knTm—11Lr (@) < . luollLr (),
m

form=1,2,..., M.
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5.2 Results for the inhomogeneous problem

Letug, € X Z 2 be the dG(g)cG(r) solution to the inhomogeneous parabolic equation
with ug = 0, i.e.
B(uin, pan) = (f, o) Y orn € X (46)

Theorem 11 (Fully discrete maximal parabolic regularity) Let uyy, satisfy (46) with
feL’(I; LP(R)), 1 <s, p < 0o. Then there exists a constant C independent of k

and h such that
l,
(uknlm—1 |*
LP(Q)

kim

M sl M
(Z ||azukh||‘zs(,mﬂ(m)) + ||Ahukh||LS(I;LP(Q))+(Z om

m=1 m=1

T
<Cln ;IIfIILsu;LP(sz»v

with obvious notation changes in the case of s = oo.

5.3 Application to optimal order error estimates

Similarly to the semidiscrete case, as an application of the maximal parabolic regu-
larity, we show optimal convergence rates for the dG(q)cG(r) solution.

Theorem 12 Let u be the solution to (1) with u € C(I; LP(2)) and uyy, be the
dG(q)cG(r) solution for g > 0 and r > 1. Then there exists a constant C independent
of k and h such that for 1 <s, p < oo,

l — wrnllLs ;e @)
T
<Cln % (Ilu—ﬂkullu(1;m(sz))+IIPhu—MIILf(I;LP(Q))-i-IIRhu — MllLS(];Ln(Q))) ,

where the projection wy is defined in (41), Py: L*(2) — Vj, is the orthogonal L?
projection and Ry, : H(} (2) — V}, is the Ritz projection.

Proof Put e := u — upp, = (u — Ppmyu) + (Ppmgu — ugp) = ngn + Ekn. For
1<s,p < oo, wehave

1 1
lellzs ;e @) = sup (e, W)ixg, —+—=1, —+—=1.
vels (I, L7 (Q)) s 8 p P
WL g’ @™

—_

For each such i, consider a dual problem
B @k, zkn) = (Prh, ¥ 1x-
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948 D. Leykekhman, B. Vexler

Thus, we have

(e, ¥)ixa = rn, Wixa + Cn, Vixe = J1 + ).

Using the Holder inequality, the triangle inequality, the stability of the L? projection
Py, in L?(R2) and the approximation properties of my and Py, we find

Ji = ClimenllLs c:eecn Wl e (. o @)y = CllimenllLs ;e )
= Cllu — Ppmgullrs:er@)) < Cllu — PrullLs;or )
+ Cl| Ph(u — mxw) | Ls ;e )y < Cllu — PrullLsr;Lr @)
+ Cllu — mwrul| s (1:Lr () -

On the other hand, using that B(u — us, xxn) = O for any xin € X[, and the
properties of the L? projection and the properties of 7, we obtain

J» = Bkn, zkn) = —Bkn, 2kn)

M
= Z(’?kh» 0 2kn) 1y x2 — (V0 VZin) 1y x@ + (s [2kn]m) @

m=1
M
= D (= mitt, 0z 1 x2 — (Vs VZkn) 1 x@2 + (= (Ttt) ., [2knIm)e2
m=1
= —(V(u — Ppmgu), V) 1xq-

where we used that the first sum vanishes due to (41a) and the sum involving jumps
due to (41b). Using the properties of the Ritz projection, integrating by parts in space,
and using the Holder inequality and Theorem 6, we obtain

Jr ==V — Ppmgu), Vgp)ixe = —(V(Rpu — Ppmgu), Vagp) <o
= (Rpu — Ppmiu, ApZin) 1xQ
< ClIlPp(Ryu — mrea) || s r;Lr @ | Anzin | s (1,1 (@)

T
<Cln ?”Rhu - T[ku”LS(l;LP(Q))”w”Lx’(];Lp’(Q))

T
=Chn— (IRhu — wllLs(r:Lp ()

+ [lu — mrull s ;e () -

Combining the estimates for J; and J> we obtain the result. O

Corollary 4 If the solution u to (1) satisfies u € WITLS(I; LP(Q)) N L*
(I; WrtLr(Q)) and Q such that elliptic wr. regularity holds, then there exists
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a constant C independent of k and h such that

_ <Cl1 Z kq+l hr+l
lu—uinllLsa;Lr @y < no leellwa+1sr: Loy + Nellps w0y ) s

1<s,p<o0.

6 Fully discrete results in general norms

For the future references we provide discrete maximal parabolic regularity results in
general norms. For example, we use these results to establish pointwise best approxi-
mation estimates in [9] for fully discrete Galerkin solutions.

Let Q be a Lipschitz domain and let 7 = {t} be an arbitrary partition of 2 into
cells 7 (triangles, tetrahedrons, quads, or hexahedrons, not necessary quasi-uniform).
Let V), be the set of all functions in HO1 (2) that belong to a certain polynomial space
(i.e., P, or Q,) on each 7. As before, we define a fully discrete solution ug, € XZ”;
by

B, o) = (fs orn)1x2 + Wo, ¢)e  forall g, € X[, (47)
where
XZ; = {vkn : vknly, € Pg(Vp), m=1,2,..., M}, forsome g >0, r>1.
(43)

As in the previous section, we introduce the discrete Laplace operator Ay : Vj, — Vj
by

(=Apvp, Yo = Vup, VY)o, Y x € Vp,
and the orthogonal L? projection P, : L*(2) — Vj, by
(Prv, X))o = (v, X)o, VX € Vh.

Let [||-]ll be a norm on V}, such that for some y € (0, Z) the following resolvent
estimate holds,

[l st < Trmen, tor zecrz,, (49)

for all x € Vj,, where X, is defined in (9) and the constant M), is independent of z.

For quasi-uniform meshes, this assumption is fulfilled for |||-[| = |I-]zr(q) With a
constant M, < C independent of &, see [39], as discussed and exploited above. For
a weighted norm |||-||| = ||0%~||L2(Q) with the weight oy, (x) = v/|x — x0|> + h? and

My, < Cllnh| we established this estimate in [9], and used the corresponding result
to obtain interior (local) pointwise estimates. Moreover, the resolvent estimate (49) is
known also to hold in L”(£2) norms on a class of non quasi-uniform meshes as well,
see [41].
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6.1 Smoothing estimates for the homogeneous problem in general norms

For the homogeneous heat equation (1), i.e. f = 0 and its discrete approximation
q.r
Upp € Xk’h defined by

Bugn, gxn) = o, 9.0) ¥ ok € Xy (50)
we have the following smoothing result.
Theorem 13 (Fully discrete smoothing estimate in general norms) Let ||-||| be a norm
on Vj, fulfilling the resolvent estimate (49). Let uyy, be the solution of (50). Then, there

exists a constant C independent of k and h such that

CMy

sup (18, ()l + sup [l Apurn O] + Ky, llxnlm 11l < Il Pruolll »

tely, tely, m

form =1,2,..., M, where Py: L2(Q) — V}, is the orthogonal L? projection. For
m = 1 the jump term is understood as [uxplo = u,':h’o — Pyuy.

6.2 Discrete maximal parabolic estimates for the inhomogeneous problem in
general norms

Now, we consider the inhomogeneous heat equation (1), with g = 0 and its discrete
approximation uy, € X’ defined by

B(uin, pan) = (f, o), Y grn € X[ (51)

Theorem 14 (Discrete maximal parabolic regularity in general norms) Let |||-||| be a
norm on Vy, fulfilling the resolvent estimate (49) and let 1 < s < oco. Let uyy, be a
solution of (51). Then, there exists a constant C independent of k and h such that

M $ oM §
(Z /1 |||a,ukh(r>|||sczr) +(Z /1 |||Ahukh(r>|||fdr)
m=1""" m=1""m
M Y
+ (zkm 65 st | )
m=1

where P,: L2(Q2) — Vj, is the orthogonal L2 projection and with obvious notation
change in the case of s = 0o0. Form = 1 the jump term is understood as [uynlo = ”l—:h o

o=

s

T
< CMyIn ( /, |||th(r)|||sc1r) ,

The proofs of the above two results are identical to the proofs of the corresponding
time discrete results from Sect. 4, provided the resolvent estimate (49) holds.
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