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Abstract We study a recently introduced formulation for fluid-structure interaction
problems which makes use of a distributed Lagrange multiplier in the spirit of the
fictitious domain method. The time discretization of the problem leads to a mixed
problem for which a rigorous stability analysis is provided. The finite element space
discretization is discussed and optimal convergence estimates are proved.
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1 Introduction

Numerical schemes for fluid-structure interaction problems include interface fitted
meshes (thus requiring suitable remeshing in order to keep the fluid computational
grid aligned with the interface) or interface non-fitted meshes (allowing to keep the
fluid computational grid fixed and independent from the position of the solid).

The immersed boundary method (see [21] for a review) is a typical example of
non-fitted schemes. It has been introduced in the 70’s for the simulation of biological
problems related to the blood flow in the heart and it has been extended to finite
elements in a series of papers starting from [5] by using a variational approach (FE- IBM)
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and [22] where finite elements and reproducing kernel particle methods are combined.
The FE- IBM allows for thick (i.e., of codimension zero) or thin (i.e., of codimension
one) structures. In particular, in [7] the original fiber-like description of the structure
has been abandoned in favor of a more natural and intrinsically thick modeling of
the solid domain. With this representation, a unified treatment of immersed structures
is possible in any combination of dimensions. Two novelties have been introduced
in [18]: a compressible model for the structure has been considered, and the motion
of the solid has been taken care with a fully variational approach.

In [4] a new formulation (DLM- IBM) for fluid-structure interaction problems has
been introduced based on the FE- IBM which makes use of a distributed Lagrange
multiplier in the spirit of the fictitious domain method (see, for instance, [14-16]).
The DLM- IBM in the codimension one case has some similarities with the so called
“immersogeometric” method recently introduced in [19,20]. An important feature of
the DLM- IBM, as it has been shown in [4], is that its semi-implicit time discretization
results to be unconditionally stable as opposed to the standard FE- IBM where a suitable
CFL condition has to be satisfied (see [3,6,17]).

The time discretization of the problem leads to a saddle point problem (see Prob-
lem 5 and its discrete counterpart Problem 6). The main contribution of this paper is
the rigorous analysis of Problems 5 and 6: it is shown that the saddle point problems
are stable and that the discrete solution converges optimally towards the continuous
one. Suitable conditions on the solid mesh are stated: in the case of codimension zero
structures, the mesh is assumed to allow H' stability for the L? projection (more
detailed description of this assumption is given in the discussion after Proposition 7);
in the case of codimension one structures, the solid meshsize is assumed to satisfy a
suitable compatibility condition with respect to the fluid one.

The structure of the paper is the following: in Sect. 2 we introduce the problem
and derive the DLM- IBM in the case of solids of codimension zero. This is a new
approach and provides an interesting result, since the DLM- IBM, previously derived as
a modification of the FE- IBM, is now seen as a natural fictitious domain formulation
originating from a strong form of a fluid-structure interaction problem. Section 3 recalls
the semi-implicit time discretization of the DLM- IBM and the known energy estimates.
Section 4 is the core of our paper in the case of thick structures, presenting the analysis
of the mixed problem and of its numerical approximation. Finally, Sect. 5 performs the
same analysis of the mixed problem in the case where thin structures are considered.

2 Fictitious domain approach in the case of a thick solid immersed in a
fluid

The fluid-structure interaction system that we are going to analyze in this paper consists
of a solid elastic body immersed in a fluid. We refer to a thick solid when it occupies a
domain of codimension zero, and to a thin solid when the corresponding domain can
be reduced to a region of codimension one in the fluid by using standard assumptions
on the behavior of the involved physical quantities. This case will be treated in Sect. 5.

Let Qlf c R and Qf C R? with d = 2, 3 be the time dependent regions occupied

by the fluid and the structure, respectively. We set 2 the interior of ﬁtf U 5; and
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DLM/FD for FSI 713

assume that 2 is a fixed domain. We denote by I'; = E)Qlf N aL2§ the moving interface
between the fluid and the solid regions. For simplicity, we assume that the structure is
immersed in the fluid so that 9Q} N 02 = ¢.

Assuming that both the fluid and the solid material are incompressible, the fluid-
structure interaction problem can be written in a very general form as follows:

pruy =diveys in Qtf

divay =0 in Q/
psiy = divog in €} 1)
divuy, =0 in €}
uy =u on I’
oy =—on; onl}y.

The system can be complemented with the following initial and boundary conditions
on 9€2:

ur(0) =uys on Qg,
u;(0) =uyo on £, ()
ur(t) =0 on 0L2.

In (1) u, 0, and p denote velocity, stress tensor, and mass density, respectively. The
subscript f or s refers to fluid or solid. We assume moreover that p y and p; are positive
constants.

In the following we introduce the constitutive laws for fluid and solid materials and
derive the variational formulation of (1)—(2).

First of all, let us define some functional spaces we shall work with. For a domain
o we denote by L?(w) the space of square integrable functions in @, endowed with
the norm ||v ”%,w = fw |v|2dx and the corresponding scalar product denoted by (-, ).

Then H' () is the space of functions belonging to L?(w) together with their gradient;
then [[v|17, = IvlI§, + I VvI[§,, defines the norm in H'(w). We denote by Hj (w)
the subspace of H!(w) of functions vanishing on the boundary of w and by L%(w)
the subspace of L?(w) of functions with zero mean value. When o =  we omit the
subscripts 2.

The equations in (1) are written using the Eulerian description, but the deformation
of the solid is usually described in the Lagrangian framework. For this, we consider
2} as the image of a reference domain B C R4, For every ¢t € [0, T'], we associate
points s € B and x € Qf via a family of mappings X(z) : B — Q}. We refer to
s € B as the material or Lagrangian coordinate and to x = X(s, t) as the spatial or
Eulerian coordinate with x € Q7. We assume that X fulfills the following conditions:
X(r) € W), X(r) is one to one, and there exists a constant y such that for all
t € [0,T] |IX(s1,1) — X(s2,1)|| > vls; — sz for all s;,s, € B. Note that this
requirements imply that X(z) is invertible with Lipschitz inverse. This in particular
implies that Y € H!'(B)? if and only if v = Y(X~!(r)) € HY(Q)?. The defor-
mation gradient is defined as F = VX and we indicate with |F| its determinant.
In (1), the dot over the velocity denotes the material time derivative. In the fluid,
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714 D. Boffi, L. Gastaldi

using the Eulerian description, we have iy = duy/dt +uy - Vuy. In the solid, the
Lagrangian framework is preferred and the spatial description of the material velocity
reads

0X(s, 1)
ot x=X(s,?)

3)

uS(Xa t) =

so that i (x, 1) = 32X(s, 1)/ 8[2|X:X(s,,). Thanks to the incompressibility condition
for fluid and solid, expressed by the divergence free condition in (1), it results that |F|
is constant in time and equals its initial value. In particular, if the reference domain
coincides with the initial position of the solid €2 one has that |F| = 1 for all 7.

Let us introduce now the constitutive laws for fluid and solid materials, in order
to model the stress tensor. We consider a Newtonian fluid characterized by the usual
Navier—Stokes stress tensor

of = _pr + Vstymuf» “)

where Vgmu = (1/2) (Vuy + (Vuy) ") is the symmetric gradient and v represents
the viscosity of the fluid. The solid material is assumed to be viscous-hyperelastic,

so that the Cauchy stress tensor can be represented as the sum oy = o f + o5 ofa
fluid-like part, with viscosity vy,

0—{ = —psI+ VsVsymus (5)

and an elastic part o}. By changing variable from Eulerian to Lagrangian, we express
o in term of the first Piola—Kirchhoff stress tensor IP:

P(F(s, 1) = |F(s, )]0 (x, t)IE‘*T(s, t)y forx = X(s,1). (6)

On the other hand, hyperelastic materials are characterized by a positive energy density
W (IF) which is related to the Piola—Kirchhoff stress tensor as follows:

ow ow
PF(s, 1))gi = F(s, 1)) = | — (F(s, t , 7
(PF(S, 1))qi aIFa,-( (s, 1)) (alF( (s )))M_ (7
wherei = 1,...,mand @ = 1,...,d. The elastic potential energy of the body is
given by:
E (X(1)) =/ W(IF(s, 1))ds. (8)
B

Letv e H(} ()7 be given. We multiply the first equation in (1) by v| o/ » integrate over
t

Q,f , and integrate by parts; analogously, we multiply the third equation by v|gs and
integrate over €27, and integrate by parts. Summing up the two equations and taking
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DLM/FD for FSI 715

into account the transmission conditions on I';, we obtain the following equation which
corresponds to the principle of virtual work:

/ ,Ofl'lfvdx+/ psﬁSVdX+/
Qf Qs Q

Introducing the models (4)—(5) and taking into account (3) and (6), we arrive to the
following equation

; 07 : Viymvdx +/ 05 Veymvdx = 0.

S
t Qt

) 3°X
/ pruy de—l—/ Ps = v(X(s, 1))ds +/ VrVgymuy @ Veymvdx
e B ot o/

—/ pfdivvdx+/ Vs VeymUys : VgymVdXx
of Qs

1

+/ P(F(s, 1)) : Vyv(X(s, t))ds —/ psdivvdx =0 Vv € H()I(Q)d, )
B o

where we used the standard notation D : E = Zgﬁizl DyiEy; for all tensors D and E.

We observe that in (9) p s and py are not uniquely determined. In fact, if we take
pr+cyand pg + ¢y instead of p and py, respectively, the left hand side of (9) does
not change if ¢y = ¢. To avoid this situation we impose that

/f pfdx—l-/ psdx = 0. (10)
Q Q)

At the end, the incompressibility condition for both materials can be written in varia-
tional form as:

/9 , divuygdx + /Q divuygdx =0 Vg € L3(9). (11)

Then the fluid-structure interaction problem can be written in the following form.

Problem 1 For t €10, T] find up(t) € H' Q) pr@) € LAQ]), w@)
HY Q)Y ps(t) € L2(2), and X(t) € H'(B)? such that us(t) = ug(t) on Ty,
and equations (9), (10), (11), (3), and (2) are satisfied together with X(0) = Xq on B,
where Xo : B — ).

Remark Thanks to (3), the initial condition for ug provides also an initial condition
for 0X/0t.

In the following, we use a fictitious domain approach with a distributed Lagrange
multiplier in order to rewrite the variational formulation of the problem. Namely,
we extend the fluid velocity and pressure into the solid domain by introducing new
unknowns with the following meaning:

py in Qtf (12)

ol
— Y in €2 . op= i
ps in €2}

1 N
ug in €]
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716 D. Boffi, L. Gastaldi

with the condition that the material velocity of the solid is equal to the velocity of the
fictitious fluid, that is

8X£(; D w(X(s.1).1) forseB. (13)

This equation, which governs the evolution of the immersed solid, represents a con-
straint for the problem, therefore we enforce it in variational form by introducing a
Lagrange multiplier as follows. Let A be a functional space to be defined later on and
¢: A x H'(B)? — R abilinear form such that

¢ is continuous on A x H! (B)d

c(pn,Z) =0forall u € A implies Z = 0. 14

For example we can take as A the dual space of H!(B)¢ and define ¢ as the duality
pairing between H'(B)? and (H'(B)?), that is:

c(u,Y) = (n,Y) YueH B, YeH B (15)
Alternatively, one can set A = H 1(B)4 and define
(1, Y) = (Vip, ViY)g + (1, Y)g Vu, Y € H' (B). (16)

Relation (13) can now be written in variational form as:

aX
¢ (;L, uX(, 1), 1) — W(t)) =0 VueA. (17)

Then the problem can be formulated in the following weak form.

Problem 2 Given ug € H(} ()4 and Xo € W-(B)4, for almost every t €10, T]
find (u(), p(t)) € HH(Q)4 x L3(Q), X(t) € H'(B), and A (t) € A such that it holds

d
pr N, V) + b, u®), v) +a(®), v)
~ (@ivy. p(0) + e(r), VX 1)) = 0 e Hy (@ (18

(divu(z), q) =0 Vg € L3(Q)  (18b)
2
3p (%(r), Y) + PEFE®), VsY)p —cA®),Y) =0 VY e H'(B)? (18c)
B

aX
¢ (u, u(X(-, 1), 1) — E(I)) =0 Vi e A (18d)

u0) =uy inQ, X(©0) =X inB. (18¢)
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DLM/FD for FSI 717

Here 6, = p; — py and

vy in Qtf
vy in QF
b(u,v,w) = %f (w-Vv,w) — (u-Vw,v)).

a(,v) = (vVWgymu, Vgmv) withv = [

We assume that v € L°°(€2) and that there exists a positive constant vy > 0 such that
v >y > 0in Q.

Remark In the literature of the Immersed Boundary Method, it is generally assumed
that the fluid and the solid visco-hyperelastic materials have the same viscosity. If
this is not the case, the integral in the definition of a has to be decomposed into the
integral over Q,f and €2}. Therefore, in the finite element discretization, the associated
stiffness matrix has to be recomputed at each time step as v is discontinuous along the
moving interface I';. This could be avoided if we treat this term using the fictitious
domain method as it is done for the first integral containing the time derivative of u.
Then Problem 2 takes the following form.

Problem 3 Givenug € Hj ()¢ andXg € Wh*(B)4, find (u(t), p(t)) € H} () x
LZ(Q) X(t) e H (B)d and A(t) € A, such that for almost every t €10, T'| tt holds

d
pfa(u(t), V) +b(u(r),u(r), v) +au(r), v)
—(divv, p(1)) + (A (1), v(X(-,1))) = 0 Vv € Hy (Q)¢

(divu(r), g) =0 Vg € L3(R)
8 (az—x(r) Y) +d(§(t) Y)

P\arz ™7 ) ar

+(PF(1), VsY)g —e¢(A(1),Y) =0 VY € H'(B)?
c ([L, uX(-, 1), 1) — %(r)) =0 Y e A

u0) =uwy in2, X0 =Xy inbB,
where a(u, v) = v¢(Vgymu, VgymV) and

dX,Y) =
1 —1 T T 1, T T
3 [, 05— v (VSXIE‘ +FTV,X ) : (VSYIF LFTV,Y ) |F|ds.

For the sake of simplicity, in the rest of this paper we are going to consider a constant
viscosity throughout the domain.

First of all we show that Problems 1 and 2 are equivalent.
Theorem 1 Let (uy,u,, py, ps, X) be a solution of Problem 1, such that X(t) €
whooB)Y and X(1) : B — 2} is one to one, then setting (u, p) as in (12), there
exists A(t) € A such that (u, p, X, A) is a solution of Problem 2.

Conversely, let (u, p, X, L) be a solution of Problem 2 such that X(t) € wh °°(B)d
and X(t) : B — ] is one to one. Set uy(t) = u(t)le, pr(t) = p(t)| / u,(t) =
u(t)lqs, ps(t) = p(t)lqs, then (uy,ug, pr, ps, X) isa solunon ofProblem 1
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718 D. Boffi, L. Gastaldi

Proof Let (uy, uy, py, ps, X) be a solution of Problem 1. Taking into account that
92} N9 = @, the third condition in (2) gives u = 0 on 9K2. From (12), we obtain
thatu € Hj ()%, since us(t) € H'(Q), us(r) € H'(Q9)?, and u (1) = uy(r) on
I';, and that p € L%(Q) thanks to (10). Next (11) implies (18b), while (14), and (17)
gives that (18d) holds true. Setting

w = usy in Qg
ug in €2,

the initial conditions (18e) are satisfied. It remains to prove (18a) and (18c¢). For this,
we introduce A(f) € A such that (18a) is satisfied. Differentiating condition (13) with
respect to time gives u(x, 1) = 9%X(s, 1)/012 |x=X(s,1), hence recalling the incompress-
ibility of the structure, we have the following equality

/ 1 VdX = / —82 .0 (X(s, 1))ds
uvax = A\ . .
Qf P B PI 92

Then taking into account the definition of the forms a and b and (17), we have from (9):

2
/apgv(X(s, t))ds+/ P(F(s, 1)) : Vsv(X(s, 1))ds = e(A (1), v(X(-, 1)))
B ot B

forall v Hé(Q)d. Since X(f) : B — F is one to one and belongs to whoo(B),
Y = v(X(-, 1)) is an arbitrary element of H'(B)? and (18c) holds true.

Let us now prove the converse. Let (u, p, X, A) be a solution of Problem 2 and set
ur(®) =u®lgr, prt) = pDlgs, ust) = udlg;, ps(t) = p(¥)lg;. From (18d)
and (14) we have that (13) is fulﬁlled Using again the fact that X(7) : B — €7 is one
toone, we take Y = v(X(#)) in (18c) and sum it to (18a). Equations (9) and (11) follow
from the definition of uz, u,, py and py. Moreover, we have that the condition (10)
holds true since p € L%(Q). Itis easy to verify that the initial and boundary conditions
are fulfilled. O

Thanks to the elastic properties of the viscous-hyperelastic material, (see (7) and (8)),
we have the following energy estimate (see [4] for the details).

Proposition 2 Let us assume that §, > 0, that the potential energy density W is a
C! convex function over the set of second order tensors and that for almost every
t € [0, T1, the solution of Problem 2 is such that X(t) € (W>°(B))? with X (t) €

L*(B)?, then the following equality holds true

pr 8y d

axX@) |?
> 7 || (t)||o+v||Vsme(t)||o+ > 7 | e

ot

d
+ - EX() =0. (19)

0,8

Proof The proof is quite simple. Take v = u(t), ¢ = p(t), Y = 0X(¢)/0t, and p =
A(t) in equations (18a)—(18d) respectively and sum. The inequality (19) is achieved
using (7) and (8) to estimate the second term arising from (18c). O
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DLM/FD for FSI 719

3 Time semi-discretization

In this subsection we briefly recall the results of [4] related to the time discretization
of Problem 2 and to the analysis of the stability of the resulting scheme. The presented
results are valid not only for thick structures but also for thin ones, according to the
formulation that will be presented in Sect. 5.

Given an integer N > 0, set At = T /N the time step and #, = nAt. For a given
function z depending on ¢ we denote by z" the approximation of z(z,).

Problem 2 presents several nonlinear terms whose time discretization by an implicit
method would require the solution of a nonlinear stationary system with non trivial
computational cost. Therefore we adopt the following semi-implicit time advancing
scheme:

Problem 4 Given uy € H} () and Xo € W' *(B), forn = 0,...,N — 1 find
", p") € H} () x L3(), X" € H'(B), and A" € A, such that

un+1 —u"
of (A—t, V) +b@", " v) +a@" !, v)

— divy, p"™H 4 e v(X") =0 Vv e HL(Q)?  (20a)

(divu"™!, g) =0 Vg € LA(Q) (20b)

Xn+1 — X" Xn—l
8p ( + ,Y) + (PE™H, V,Y)g
B

At?
—eY) =0 VY e H'(B)Y  (20c)
Xn+1 _ X"
c ([L, X — T) =0 Ve A (20d)
u’ = uy, X0 =X, (20e)

In the second term of (20c) the implicit quantity P(F"*+!) might be difficult to compute,
in such case different choices can be made. In particular, if IP is linear with respect to
[ this term does not cause any trouble; otherwise it can be linearized.

In order to initialize equation (20c) we need to know the first two values X? and X'
These can be obtained from the initial conditions taking into account (13) and (14) as
follows:

Xl _XO
c (u, uo(XO) — A—t) =0 VueA.

Following the same lines of the proof of Proposition 2, we can show the following
unconditional stability for the time advancing scheme, (see [4] for the details).
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720 D. Boffi, L. Gastaldi

Proposmon 3 Under the same assumptions as in Proposition 2, ifu" € H L) and
X" e HY(B)! forn =0, ..., N satisfy Problem 4 withX" e (Wh OO(B))d then the
following estimate holds truefor alln =0,...,N —1

12 2 12
247 ("8 = ™ 1) + vl Vsymu I3
2 2
8 Xn+l _xn X" — Xn 1 E(x)l+1 Y—E(X") (21)
i (el [ ) + e <o

At 0’ B At —
4 Analysis of the stationary problem

We now focus on the stationary problem that we resolve at each time step and we
analyze its well-posedness and finite element discretization. We consider a linear
model for the Piola—Kirchhoff stress tensor, that is

P(F) = kF = x V,X. (22)

In this case, we have that the energy density is W(F) = (k/2)F : I and the elastic
potential energy is given by

EX)==~ [ F:Fas= % [ |v,X|%ds.
2 )8 2B

With this simplification it is possible to apply the results on existence, uniqueness,
stability and error estimates of linear saddle point problems, see [2]. We think that
the results can be extended to the nonlinear case with additional assumptions on the
nonlinear terms. Hence we have the following saddle point problem.

Problem 5 Let X € W1 (B)? be invertible with Lipschitz inverse and u € L ().
Givenf € L*(Q), g € L*(B)?, andd € L*(B)!, findu € H}(Q), p € L;(Q),
X € H'(B)?, and A € A such that

ar(u, v) — (divv, p) + c(x, v(X)) = (f,v) Vv e H} ()

(diva, ¢) =0 Vg € L}(Q)

(23)
(X, Y) —e(r,Y)= (g, Y)B VY € H'(B)
c(u,uX) — X) =c(u, d) Yu e A

where

as(u,v) =a(u,v)+av)+bUu,v) Vu,ve H(Q)Y7
a,X,Y)=BX.Y)g +y(V:X,V,Y)g VX,Y e H!(B)?

It is easy to see that Problem 5 corresponds to one step of Problem 4 if we take:
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DLM/FD for FSI 721

ll=lln+1, p=pn+l7 X=Xn+1/At, X=X"+1

f= %u”
g =g (X —X17)
d = —EX"

a=pr/At, B=5,/At, Yy =kAt

and X = X" and U = u” in the nonlinear terms.
We remark that while « and y are strictly positive, the constant 8 might vanish
when the densities in the solid and in the fluid are equal.

4.1 Well-posedness of Problem 5

Problem 5 fits in the framework of saddle point problems with the following functional
setting. Let us introduce the Hilbert space

V= H} ()¢ x L3() x H'(B)? (24)

endowed with the graph norm

12
VI = (VI3 + g1 + 1Y 13 5)

where V = (v, ¢, Y) is a generic element of V.
We define the bilinear forms A : VxV —- RandB:Vx A — R

AU, V) =ay(u, Vl— (p, divv) + (divu, ¢) + a,(X, Y) 25)
BV, p) =c(u,vX) - Y).

Then Problem 5 can be reformulated as follows: given f € L*(Q), g € L*(B), and
d e H'(B)4, find (U, X)) € V x A such that

AU V) +B(V.2) = (£,v) + @ V)5 YV eV 6

B, p) =c(p,d) Vi e A.
In order to verify the well-posedness of (26) we have to check the two inf-sup condi-
tions, see [2, Chapt. 4]. The kernel of the operator associated with the bilinear form B
is given by:

K={VeV:B(V,u)=0Vuc A}. Q7

Then V € K if and only if v(X) — Y = 0 in the sense of H'(B)?.
For the sake of simplicity, in the sequel we neglect the convective term associated
with the trilinear form b.
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722 D. Boffi, L. Gastaldi

Proposition 4 (First inf-sup condition) There exists cg > O such that

A(U,
_AUY) (28)
UeK yer [UlvIVIv

Proof We show that there exists aconstant g > OsuchthatforanyU = (u, p, X) € K
it holds

AU, V)

> agl||U]]lv. (29)
vek IVIllv

It is well known that for any p € L%(Q) there exists an element v € H& (Q)d such
that divv = —p, see [2], with [|¥]l1 < ClIpllo.

Given U = (u, p, X) we take V = (v,q,Y) with v = au + bV, ¢ = ap, and
Y = X. Then

HIVIE = IVIT+1gl5+IYIT 5 < a®llullf+@ + C2pH) | pl§+IXIT 5. (30)

Since ay is coercive and continuous on H(; ()7 there exist two positive constants
such that for allu, v € Hol(Q)d it holds

2
ar(u,u) > cillully
ar(u,v) < coflulltvl:.

Hence we have

A(U,V) =aar(u,u) +bas(u, V) —a(p, divu)
—b(p, divy) + a(divu, p) + a;(X, X)

> acy|ull? + bliplI3 — beallully 9]1 + a,(X, X)
b'z
> acillull} +blplI3 — 52 lully — 56C2 | plI3 + a,(X, X)

b 2
= (aq - 2—) lull? +5 (1 = §C?) I3 + a, (X, X).

We can choose ¢, a, and b so that 1 —eC?/2 > § > 0 and ac| — bc%/(28) >85>0
and we arrive at

AUV = 5 (Il + [1pI3) +as (X, X).
It remains to bound by below the last term a; (X, X). By definition we have
a,(X, X) = BIIXI§ 5 + v I Vs XI5 g = min(8, V) IX]] 5-
We observe that if 8 = 0 we still obtain the desired estimate, since U € K and

X = u(X) sothat | X[lo.5 = luX)llo.58 < llullo < Cqllull; where Cq is the Poincaré
constant.
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Therefore we can determine a constant C > 0 such that
2 2 2
AUV = € (ullf + 113+ IXI5 5) -

This inequality together with (30) gives the desired estimate (29). O

Remark TIn the proof of the above proposition, the assumption (22) has been used in
order to have the coerciveness of the bilinear form a;. The result extends easily to
nonlinear cases whenever the elastic potential energy satisfies the following bound for
some positive constant yy

EX) = wllX|] 5.

Proposition 5 (Second inf-sup condition) There exists a constant By > 0 such that
forall p € A it holds

B(V, 1)
vey IIVlly

> Bollmlla- 31)

Proof Recalling the definition of B we have to show that

c(p, vX) - Y)

> Bolliella-
v ey 1v.q, Vv

We give the proof for the choices of ¢ given in (15) and (16). In the first case ¢ is the
duality pairing between H'(B)? and (H'(B)?)’. By definition of the norm in the dual
space (H'(B)4)’ we have

(n,Y)
”I"||(H1(B)d)’ = sup -
ver' By 1Y a1 sy
(w, v(X) —Y)

= p
wa.vev (IVIT + 1Y )1/

which gives (31).
The proof is exactly the same for the case of ¢ given by the scalar productin H' (B)¢.
O

4.2 Finite element discretization

Letus consider a family 7, of regular meshes in €2 and a family 7;8 of regular meshes in
B. We denote by h, and h, the meshsize of 7;, and 7,5, respectively. Let Vi, C H{ (22)¢
and Q) C L%(Q) be finite element spaces which satisfy the usual discrete ellipticity
on the kernel and the discrete inf-sup conditions for the Stokes problem [2]. Moreover,
we set

Sp={Y e H'B*:Y|r e P(T)VT € T}%}. (32)
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The natural choice for Ay, corresponding to the case of ¢ given by (16), is to take
A = Sp. This is actually reasonable also when ¢ is defined by (15), since in this case
the duality pairing can be represented as a scalar product in L?(13), that is:

c(n,Y)=(,Y) Ve Ap, Y €S (33)

Of course, several other choices for A;, might be made; we are not going to investigate
them in this paper.
Then the finite element counterpart of Problem 4 reads.

Problem 6 Let X € W1 (B)? be invertible with Lipschitz inverse and @ € L> ().
Givenf € L*(Q)%, g € L>(B)¢, and d € L*(B)¢, findw, € Vi, py € O Xp € S,
and A, € Ay, such that

ar(u,, v) — (divv, pp) + ey, vX) = (£,v) Yv eV,

(divuy, g) =0 Yq € On (34)
a, (X, Yl— cAn,Y)=(g Y)n VY € S
c(p,u,(X) = Xp) = ¢, d) Vi € Ap.

Using the same notation as in the previous subsection, we set
Vh:VhXQhXSh,

then the finite element counterpart of (26) reads: given f € L*(Q), g € L*(B), and
d e H'(B)?, find (U, Ay) € Vi, x Ay, such that

AU, V) + BV, X)) =E,v) + (8. Y)B YV eV,

B(Uh, IL) = C([L, d) Y € Aj. (35)

It is well-known that sufficient conditions for existence and uniqueness of the solution
of (35) are the discrete versions of the two inf-sup conditions (28) and (31).

Proposition 6 (First discrete inf-sup condition) Assume that Vj, x Qy, is stable for
the Stokes equation. There exists a1 > 0 independent of hy and hg such that

AU, V
inf  sup __ AU Va) > oy, (36)
UyeKy v, ek, [HTURIIVITVRIITY

where the discrete kernel Ky, is given by
Ky = {Vh eVy: B(Vy, ) =0Vuy € Ah} .

Proof We show that there exists a constant «p > O such that for any U, =
(wy,, pn, Xp,) € K, it holds

AUy, Vp)

> oq|||Unlllv. 37
v,ek, Vallly
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Since the couple (V},, Qp) is stable for Stokes equations, for any p;, € Qp there exists
an element v, € Vj, such that (divvy, g) = —(ps, q) for all ¢ € Qy, see [2], with

IVallr < Clipnllo-
Given Uy, = (uy, pn, Xp) we take V, = (v, qn, Yp,) with v, = auy, + bvy,
gqn = app and Y, = Xj,. Then as in the continuous case

1IVAlllE < @llunll} + @ + o) pall§ + 1Xal] 5. (38)
Since a is coercive and continuous on HOl ()4, we have

AUy, Vp) = aayp(uy, wy) + bay(uy, V) — a(py, divay) — b(py, divyy,)
+ a(divuy, pp) + a;(Xp, Xp)

> acillug 17 + bllpally — beallup 1119411 + a5 (X, Xp)

bc? e
> acylluy 17 + bl pallf — Z—jnuhnl — Ebcznphn% + a,(Xp, Xp)

be3 2 €2 2
=(act = 52 ) huald +5 (1= 5C7) 1puly + X X0,

Choosing again &, @ and b so that | —eC?/2 > § > 0 and ac| — bc%/(Za) >8>0,
we obtain

AU VA = 8 (sl + 11paIF) + a5 (X, Xi).

It remains to bound by below the last term a;(Xy, X;,). By definition we have for
B >0

a, (X, Xp) = BIX4l§ 5 + ¥ 1 VsXnl§ g = min(B. 1 1Xn ] 5.

and a; (Xj, Xp) = || Vs Xy ”(2),8 if B = 0. In this case we need to estimate || Xy, [|o, 5 by
means of the other terms appearing in the right hand side of the last two inequalities.
This part of the proof depends on the definition of c.

First case. Let us assume first that ¢ is given by (15). Taking into account (33), we
have that U;, € K}, is characterized by X, = Po(uy, (X)) where Py represents the L>
projections onto Sj. Hence we obtain

1Xnllo,B = ||PO(Eh(X))||O,B _ _
=< ur X llo,5 + llup (X) — Po(us (X)) llo,
<l X)llo,8 + Chslup(X)|1,58 < llupllo,e + Chslupli,q.

Therefore we can determine a constant C > 0 such that

AU, V) = C (Il + 1pnlE + 1% 5) -
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Second case. In the case of ¢ given by (16), the fact that U, € K, implies that
X; = Pi(u; (X)) where P; stands for the H 1 projections onto Sy, so that we obtain

IXllo,5 = 1P (w, XD llo.5 < I P1(unX) 1.5
< X5 < gl

These inequalities together with (38) give the desired estimate (37). O

If ¢ is given by (15) (which has the discrete counterpart (33)), we make the additional
assumption that the mesh sequence ’];lB is such that the L2-projection Py from H'(B)?
onto Sy is H I_gtable, that is

|Povlig <clvlig Vve H (B, (39)

where | - |1 g is the H !_seminorm.

Proposition 7 (Second discrete inf-sup condition) There exists a constant 1 > 0
independent of hy and hg such that for all ju;, € Ay, it holds true

BV, mp)

> Billnlla- (40)
viev, IValy "

Proof First case. Let ¢ be given by (15), so that (33) holds true. Then we have to show
that there exists 1 > 0 independent of / such that

(e Vi X) — Yp)
sup h > Billepllia-
VeV, ”Vh“V

By definition of the norm in the dual space A = (H' (B)?)', there exists Y eH! (B)?
such that

3 e Y) (. Y)  (my POY)
lmalla = sup = :

= — = (41)
vem e 1YIs Y5 1Yl 5
where Py denotes the projection operator from H'(B)? into A;, = Sj,.
Well-known properties of Py and (39) imply

1PoYllo.8 < 1Y ll0,B
IPYig<clYhp
1Y — PoYllos < ChslY| 3.

Therefore there exists a constant C such that || PO?H 1B=C ||§~(|| 1.3- This last inequal-
ity inserted in (41) gives

e la < ¢ 8 PY) o e )
 PYlhs T Yses, 1Yallis
c(puy, vipX) - Y B(Vy,
<C sup (mp, vi(X) h) _C su (Vi ILh).
V, eV, 1Vrllv v,ev, Valv
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Second case. Let us now consider ¢ given by (16), hence it is the scalar product in
H'(B)4. By definition of the norm in H'(B)¢ and of the H !-projection operator P
we have:
c(i,Y) c(p, PrY)
lmplla = sup < sup o
YeH! (B) ||Y||1,B YeH!(B)d ||PIY||1,B
cwY) _  B(Vi )

sup <
ves, IYllh,8 ~ v,ev, IVulv

<

]

Remark Condition (39) has been widely studied in the literature. It can be easily
obtained by using an inverse inequality on quasi-uniform meshes. Weaker assump-
tions than the quasi-uniformity of the mesh have been investigated in several papers,
see for example [1,8,10—12]. In particular, the stability of the LZ-projection in H'
has been proved in [12] under the assumption that neighboring element-sizes obey
a global growth-condition and in [8] in the case of locally quasiuniform meshes.
These conditions have been weakened in [10], while [11] extends the result to meshes
generated by red-green-blue refinements in adaptive procedures for piecewise linear
finite elements. Recently [1] has improved the previous results to cover the case of
many commonly used adaptive meshing strategies. More general mesh refinements
are considered in [13].

From the theory of the discretization of saddle point problems, the above proposi-
tions yield the following error estimate theorem (see [2, Th. 5.2.1]).

Theorem 8 Ler (u, p, X, A) and (uy, pn, Xn, Ap) be solutions of Problems 5 and 6.
Under the assumption (39) if ¢ is given by (15), the following optimal error estimate
holds true:

o —wplls +1p = prllo + IX = Xull1,8 + 1A = Anlla

< Cinfyey, (lu—=vii +llp —qllo + IX = Yll1.5+Ix — plla) .

qEQh
YeS),
HES)

5 The case of a thin solid immersed in a fluid

In this section we consider the case of thin structures with very small constant thickness
t, so that we assume that the physical quantities depend only on variables along the
middle section of the structure and are constant in the normal direction. In order to
maintain the same notation in the final formulation of the problem, the region occupied
by the solid is f x| —t,, ts[, where ] is a subset of 2 of codimension one (a surface
in the 3D case or a curve in the 2D one). Therefore we have that the reference domain
B is a subset of R¢~! and the deformation gradient F : B — R?*@~1 i such that

X 9X
ifd=2, |Fl=|— x-—

ifd =3,
8S1 3S2

).
F| = ’a_
S

s, 51 and s being the parametric variables in B.
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Following the same arguments as in [3], Equations (9)—(11) can be written in the
following form:

pf%(u(t), V) + b(u(r), u(t), v) + a@(r), v)
—(divv, p(1) = (F1(0,V) + (E2(0),¥) Vv € H} ()

(diva(r), q) =0 . Vg € L3(R) @2)

32X o
(Fi(t),v) = —50/ 2 VX(s.1) ds Vv € HY(Q)
B

(Fa(t), V) = — / P(F(s, 1)) : Vov(X(s, 1)) ds Vv e H}(Q)4.
B

Here uand p represent velocity and pressure of the fluid, respectively, 6, = (os—p )5,
and P = #,IP where P is obtained from (6) with the necessary modifications to cover
the present situation. Moreover, the motion of the thin structure is governed by the

following condition

ulx,r) = %

X:X(S,t)-

Then the problem has the same form as Problem 2 by rewriting the above body motion
constraint variationally as

X
c ([L, u(X(-, 1), 1) — E(t)) =0

for all g in a suitably defined functional space A. Assuming that X(r) € W%°(B) is
one to one, u(X(:, t), t) represents the trace of u along €2;. Therefore u(X(-, #),1) €
H'2(B); weset A = (H'/>(B)?) and ¢ : A x H'/>(B)? — R given by

c(n,z) = (n,z) VueA,ze H/>(B)?, (43)

where (-, -) is the duality pairing between H'/2(B)¢ and A = (H'/>(B)4)'.

With this definition, we can perform the same stability analysis as in Sect. 2 and
show that Propositions 2 and 3 hold true also in this case. In the following we analyze
the well-posedness of Problem 5 and its finite element discretization. The discussion
will be carried on using the same arguments as in Sects. 4.1 and 4.2 relying on the
formulation (26).

The following inf-sup conditions ensure existence and uniqueness of the solu-
tion (26) in the case of thin structures.

Proposition 9 Let ¢ be given by (43), then there exists ag > 0 such that

AU, V)

inf sup —2OV) (44)
UeK yex UV ITVITTy

Proof The proof is the same except for the case B_: 0. The fact that U € K implies
again that X = u(X), that is X is the trace of u on I' = X(B) and the bound [|X]lo.5 <
C|lu]|; is a consequence of the trace theorem in HO1 (Q)d . O
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Proposition 10 Let ¢ be given by (43), then there exists a constant By > 0 such that
forall p € A it holds true

B(V, n)
sup

——— > Bollplla- (45)
vev IViv A

Proof Since A = (HY2(B)4)', we have the following definition of the norm in A:

,Z c(p,z
e 2@y 1Zlgiegye  emnmg 1215128

Let us consider a maximizing sequence {z, },<N such that

. c(p, zn)
lim —————— = [[u]a.
n=>00 ||z || g1/2(3yd

Thanks to the surjectivity of the trace operator from HO1 ()7 to (HY*(T))4, there
exists u, € HO1 (2)? such that u,(X) = z, with |Ju,|; < cllznll g1r2(3ya for some
¢ > 1. Hence we obtain the desired inequality (45) as follows

sup B0 _ e(p, vX) —Y) - c(p, v(X))
vev MV vy VIV T e VI
cpu,X) 1 e(p,zy) 1
> = T > A
([l c l1znll g2y — 2¢

m}

Let us now introduce a finite element discretization of Problem 2 with ¢ given by (43).
With the same notation as in Sect. 4.2, we set A, = S; C A. Then we have again that
the duality pairing of regular elements in A can be computed as the scalar product
in L?(B). Let us show the discrete inf-sup conditions which ensure existence and
uniqueness of the discrete solution together with optimal error estimate.

Proposition 11 (Discrete first inf-sup condition) Assume that Vj, x Qy, is stable for
the Stokes equation. There exists a1 > 0 independent of hy and hy such that

AU,V
inf  sup __ AU Vi) > «f, (46)
UyeKy v, ek, [HTURIIVITVRlY

where the discrete kernel Ky, is given by

Kp = {Vi € Vi : B(Vi, y) =0Vpy € Ap}.
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Proof Using the same arguments as in the proof of Proposition 6 we arrive to show
that

AU, Vi) = 8(lupll} + 1 pallg) + asXn. Xa),
with V;, bounded as in (38). The definition of a; yields

a;(Xp, Xn) = BIX4l5 5 + VIVsXal§ 5

and in the case B = 0 we need to bound ||Xh||(2) g Since U, € K, we have by

definition that ¢(u, uy, X) —Xp) = (u, u,(X) — X)) = 0 forall u € Sp,. Therefore
X5, = Py(u, (X)) where Py is the Lz-projection onto Sy, so that

1Xnllos = I Po@r(X)lo.5 < un ) llo.5 + 1 Po (i (X)) — i K)oy
< 1w X)llo.s + Chy* unX) 12,8 < 1w X llo.5 + Chs > lwnlly o 7
< Cllup]:.

The last three inequalities together with (38) give the desired result. O

Proposition 12 (Second discrete inf-sup condition) If hy / hy is sufficiently small and
the mesh ThB is quasi-uniform, then there exists a constant 1 > 0 independent of h,
and hg such that for all u, € Ay it holds true

B(Vi, p)

> Billwpllia- 47
v,ev,  1Valv

Proof In the proof of Proposition 10 we have shown that

c(p, v(X))

> 2—||M||A
VGHOI (Q)d ”V”l c

forall w € A. Let us fix u, € Aj. Since A, C A, the above inequality holds true
also for u,,. Letu € HOl (€2)? be the element in HO1 (£2)? where the above supremum
is attained, hence

_ = 1 _
(puy UX)) = —llellaliully.
c

Let u, = ITu € V}, be the Clément interpolation of u, which satisfies

172

— — 2-2r =2
- Mall.e<C D g7 ulg] .
KeT,
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then, we write

c(py, 1,(X) = ey, 0(X)) + e(pyy, 0, (X) — u(X)).

We bound the second term on the right hand side, using a trace theorem [9, Th.1.6.6]
as follows

= = _ _ _ _ 172, =
18, X) — 0X)llo.5 < Cllin — dillo.elliy —iill1.0)" < Chy* |l
and the first one by means of the following inverse inequality

—1/2
lenllos < Chy A

Hence we obtain

c(pp, 0(X)) + ey, 0,(X) l—zﬁ(i))
Llrlallily = Clleyllo.shy Il

) 12
||u||A||u||1(%— () )

(e, 1,(X))

v

v

The desired inequality follows easily from

e, vX) _ e mX) (1 C(hx)”2 lall

> = >\=--C|— —— [ lla
vev, vl @ [|1 2c hs [T
: 1/2
if (hye/hg)'/? < 1/(2¢C). O
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