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Abstract In this paper, we study scalar multivariate non-stationary subdivision
schemes with integer dilation matrix M and present a unifying, general approach
for checking their convergence and for determining their Holder regularity (latter in
the case M = mI, m > 2). The combination of the concepts of asymptotic similarity
and approximate sum rules allows us to link stationary and non-stationary settings
and to employ recent advances in methods for exact computation of the joint spectral
radius. As an application, we prove a recent conjecture by Dyn et al. on the Holder reg-
ularity of the generalized Daubechies wavelets. We illustrate our results with several
examples.

Mathematics Subject Classification 65D17 - 15A60 - 39A99

1 Introduction

We provide a general, unifying method for convergence and regularity analysis of
multivariate non-stationary, i.e. level-dependent, subdivision schemes with an integer
dilation matrix M whose eigenvalues are all larger than 1 in the absolute value. It
has been believed until recently that the joint spectral radius approach, successfully
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used for the regularity analysis of stationary subdivisions, is not applicable in the
non-stationary setting. Our results dismiss this belief. We show that the joint spectral
radius techniques are applicable for all non-stationary schemes that satisfy two mild
assumptions: all level-dependent masks have the same bounded support and satisfy the
so-called approximate sum rules. We show that the approximate sum rules are “almost
necessary” for convergence and regularity of non-stationary schemes. We derive sharp
criteria for convergence of non-stationary schemes in the spaces C ¢ ¢ > 0,and,in the
case M = mlI, m > 2, obtain a formula for the Holder exponent of their limit functions.
The application of our results allows us, e.g. to determine the Holder regularity of
the generalized Daubechies wavelets and, thus, prove the recent conjecture by Dyn
et al. [32]. In this paper we focus mainly on subdivision schemes, although our results
are applicable to all non-stationary refinable functions, in particular, the ones used for
constructions of non-stationary wavelets.

Subdivision schemes are linear iterative algorithms that interpolate or approximate
data on a given polygonal mesh. From starting data, such schemes repeatedly compute
local, linear weighted averages of sequences of real numbers or point in R%, s =
2, 3. The weights are real numbers that define the so-called subdivision mask of the
scheme. The scheme converges, if the subdivision recursion generates a continuous
limit function from every starting data sequence. The first subdivision scheme is the
corner cutting algorithm by de Rham [30] that generates smooth curves from the given
vertices of a polygon in R2.

Subdivision schemes are simple to implement, intuitive in use, and possess many
other nice properties (linearity, shift-invariance, etc). This motivates their wide pop-
ularity in modeling freeform curves and surfaces and in computer animation. The
potential of subdivision schemes has recently also become apparent in the context of
isogeometric analysis, a modern computational approach that integrates finite element
analysis into conventional CAD systems. Thus, in the last ten years, there has been
an increase of interest in subdivision schemes. The main questions when analyzing
any scheme are its convergence and the regularity of its limit functions. Both of these
questions can be answered effectively using the matrix approach that reduces these
questions to computation of the joint spectral radius of a special, compact set of square
matrices.

Non-stationary subdivision schemes were introduced to enrich the class of limit
functions of stationary schemes and have very different and distinguished proper-
ties. Indeed, it is well-known that stationary subdivision schemes are not capable of
generating circles, ellipses, or, in general, of generating exponential (quasi-) poly-
nomials x¥e**, x € RS, y € N, A € C*, while non-stationary schemes generate
function spaces that are much richer and include exponential polynomials as well as
exponential B-splines (see e.g. [2,27,35,46,48,53,63]). This generation property is
important in several applications, e.g. in biological imaging [28,29], geometric design
[51,62,67] and in isogeometric analysis (see [3,13, 14,23] and references therein). The
interest in non-stationary subdivision schemes is also due to the fact that they include
Hermite schemes that do not only model curves and surfaces, but also their gradient
fields. Such schemes are used in geometric modelling and biological imaging, see
e.g. [39,54-56,65]. Additionally, multi-resolution analysis based on any stationary
subdivision scheme uses the same filters at each level of the decomposition and recon-
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struction. On the contrary, non-stationary wavelet and frame constructions are level
adapted and more flexible, see e.g. [32,37,48,50,66]. Unfortunately, in practice, the
use of subdivision is mostly restricted to the class of stationary subdivision schemes.
One reason for that is the lack of general methods for their analysis, especially methods
for their convergence and regularity analysis. This motivates our study.

The main difficulty is that the matrix approach cannot be directly extended to the
non-stationary setting. In the stationary case, the Holder regularity of subdivision
limits is derived from the joint spectral radius of a finite set of linear operators which
are restrictions of transition matrices of the subdivision scheme to their special linear
subspace. In the non-stationary case, one deals with a sequence of transition matrices
and a sequence of their corresponding linear subspaces. Both may not converge a
priori. Deep analysis of such sequences allows us to prove that the sequence of such
linear subspaces does possess a limiting subspace (provided the scheme converges).
Moreover, as in the stationary case, we show how to express the Holder regularity of
non-stationary subdivision in terms of the joint spectral radius of the limit points of the
sequence of transition matrices restricted to this limiting linear subspace. Both results
provide a powerful tool for analysis of non-stationary subdivision schemes. Several
numerical examples demonstrate the efficiency of our method.

Finally, note that there is another class of non-stationary schemes that can generate
C° limits (Rvachev-type functions) with bounded support, see [33]. The trade-off
is that the supports of their level-dependent subdivision masks grow from level to
level of the subdivision recursion. Our approach for regularity analysis is based on
computations of the joint spectral radius of a compact set of matrices. Therefore,
naturally, it does not apply to Rvachev-type schemes, since, the corresponding matrix
sets are unbounded. For analysis and applications of Rvachev-type schemes we refer
the reader, for example, to [15,33,49].

1.1 Framework

Let M = mI, m > 2. Given an initial set of data ¢ := {¢(D(a) € R, o € Z°}
a subdivision scheme iteratively constructs a sequence of progressively denser data
by means of local refinement rules which are based on the sequence of subdivision
operators { Sy, k > 1}. The subdivision operators Sy« : £(Z*) — £(Z*) are linear
operators and map coarser sequences ¢*) € £(Z*) into finer sequences ¢**+1 e ¢(Z*)
via the rules

¢V = S,0e®, S (@) =D a® @ - MB)N(B). k=1, aeZ’.

BeZ’
(H
The masks {a®), k > 1} are sequences a® .= (a®(«) € R, « € Z*} of real num-
bers and we assume that all a®) have bounded supports in {0, ..., N}* with N € N.

To be able to use the joint spectral radius approach, we furthermore assume that the
sequence {a(k), k > 1} is bounded. Such schemes are called either level-dependent,
or non-stationary or non-homogeneous. Here we use the term non-stationary and
denote these type of subdivision schemes by the corresponding collection of subdi-
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vision operators {S,&, k > 1}. A subdivision scheme whose refinement rules are
level independent is said to be stationary (see [5], for example) and, for all k£ > 1, is
defined by the same sequence a := {a(«) € R, o € Z°} of refinement coefficients,
ie.a® =a k > 1. The corresponding subdivision scheme is therefore denoted by
Sa. There is a multitude of results on convergence and regularity of stationary subdi-
vision schemes in the literature (for example see [5,11,12,43,47,57] and references
therein). These results rely on polynomial generation and reproduction properties of
subdivision operators and employ the so-called restricted spectral radius or the joint
spectral radius techniques. It has been believed until recently that these two concepts
have no immediate application in the non-stationary setting. The reason for this belief
is that convergent non-stationary schemes do not necessarily generate or reproduce
any polynomial spaces, see e.g. [19].

In this paper, we make use of the concepts of approximate sum rules and asymptotic
similarity to link stationary and non-stationary settings and show how to employ the
Jjoint spectral radius for smoothness analysis of non-stationary schemes. This allows
us to provide a general and unifying approach for the analysis of convergence and
regularity of a vast majority of non-stationary subdivision schemes. Our results gen-
eralize the existing well-known methods in [18,34,36], which only allow us to check
convergence and Holder regularity of special instances of non-stationary schemes. In
fact, the sufficient conditions in [34] are based on the concept of asymptotic equiva-
lence which we recall in the following Definition 1, where E is a set of representatives
of Z/M7Z%,ie. E~{0,...,m — 1}°.

Definition 1 Let £ > 0. Two non-stationary schemes {S,«), k > 1}and {Syw, k > 1}
are called asymptotically equivalent (of order £), if they satisfy

o0
D m 8w = Spw oo < 00, for [Syw lloo :=max { D" |a® (Ma +#)| ¢ .
k=1 *F \aezs

@)

In the case of M = 27 and under certain additional assumptions on the schemes
{Saw, k > 1} and {Syw, k > 1}, the method in [34] allows us to determine the
regularity of {S,«), k > 1} from the known regularity of the asymptotically equivalent
scheme {Sp®, k > 1}. In [36], in the univariate binary case, the authors relax the
condition of asymptotic equivalence. They require that the D/th derivatives of the
symbols

a®(2) = a®(@)*, zeC\(0}, k=1,

o€l

of the non-stationary scheme {S,«), k > 1} satisfy
ID/a® (- <c2m R j=0,....6, £=20, C=0, 3)

and, additionally, assume that the non-stationary scheme is asymptotically equivalent
(of order 0) to some stationary scheme. The conditions in (3) can be seen as a general-
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ization of the so-called sum rules in (4). In the stationary case, sum rules are necessary
for smoothness of subdivision, see e.g [4,5,42,45].

Definition 2 Let £ > 0. The symbol
a,(z) = Z a® ()7, zeC\{0},
aels

satisfies sum rules of order £ + 1 if

as(1) =m® and max max |D"a.(e)| =0. 4)
In|<t ecE\{1}

In the above definition, E := {e_i%a, e € E} and D", n € N}, denotes the nth
directional derivative.

In the spirit of (3), in this paper, we present a generalization of the notion of sum
rules which we call approximate sum rules.

Definition 3 Let £ > 0. The sequence of symbols {a(k) (z), k > 1} satisfies approx-
imate sum rules of order £ + 1, if

wi = 1a® (1) —m®| and & := max max |m k" D® ()| 5)
Inl<€ e€E\{1)
satisfy
o0 o0
Zﬂk<00 and ka£8k<oo. (6)
k=1 k=1

We call the sequence {5k, k > 1} sum rule defects. If the sequences {{¢x, k > 1} and
{8k, k > 1} are zero sequences, then the symbols of the corresponding non-stationary
scheme satisfy sum rules of order £ + 1.

Note that, even in the univariate binary case, the assumption on {8;, k > 1} in (6),

i.e.
o0

> 2% < o0, 8= max27H|DIa (- 1)), (7
=1 j=st

is less restrictive than the decay condition on {§;, k > 1} in (3). In Theorem 1,
we showed that approximate sum rules are close to being necessary conditions for
regularity of non-stationary schemes, i.e. even in the univariate binary setting, the sum
rules defects {§x, k > 1} must decay faster than 2~ if the limit functions of the
scheme are C*. Indeed, in the binary univariate case, we show that under assumption of
asymptotical similarity (see Definition 5) to a stationary scheme whose basic refinable
function is stable, the C*-regularity of the non-stationary scheme implies that the sum
rules defects {8y, k > 1} must decay faster than 2 ~%. Clearly, there is still a gap
between the corresponding necessary condition limg_, o, 27%8; = 0 and one of the
sufficient conditions ZkeN 27tks, < 0. See also Example 1. Moreover, in [22], the
authors proved that this decay rate of the sum rules defects is necessary for generation
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of £ linearly independent functions from {xV e, y € Np, A € C}. This resembles the
stationary setting and motivates our multivariate convergence and smoothness analysis
of non-stationary schemes.

In [18], in the univariate binary non-stationary setting, milder sufficient conditions
than asymptotic equivalence are essentially derived under the assumptions that the
scheme {S,), k > 1} is asymptotically similar to a suitable non-stationary scheme
{Spwr, k> 1},ie. limg o [[a% —b® |5 = 0, and both satisfy sum rules of order
1. Here we generalize the notion of asymptotic similarity making use of the following
concept of set of limit points of a sequence of masks.

Definition 4 For the mask sequence {a®), k > 1} we denote by A the set of its limit
points, i.e. the set of masks a such that

ac A, if 3k, n €N} suchthat lim a%) =a.

n—o00

The following definition of asymptotic similarity generalizes the one given in [18].
This notion allows us to relate the properties of non-stationary subdivision schemes
to the corresponding properties of the stationary masks in .A.

Definition 5 Two non-stationary schemes {S,x, k > 1} and {Syw, k > 1} are
called asymptotically similar, if their sets of limit points coincide.

1.2 Summary of the results

For the reader’s convenience, we summarize here the main results presented in this
paper. The details are given in Sect. 3.

In the rest of the paper we assume that the symbols {aik) (z), k > 1} satisfy
approximate sum rules and are re-scaled in such a way that aik)(l) =m’, k> 1.In
this case i in (5) are equal to zero for all K > 1 and do not affect our convergence
and regularity analysis. On the contrary, if the sequence {{x, k > 1} is not summable,
then such a re-scaling can change the properties of the scheme, see Example 1.

One of our results states that even in the univariate case approximate sum rules are
close to being necessary for convergence and smoothness of non-stationary subdivision
schemes.

Theorem 1 Ler £ > 0. Assume that a univariate binary subdivision scheme S, is
convergent and its basic refinable limit function is stable. Assume, furthermore, that
a = limg_ o0 a®) and the non-stationary subdivision scheme {Sék), k > 1} converges

to C* limit functions. Then limg_, o0 2¥8; = 0 for {8k, k = 1} in (7).

The proof of Theorem 1 is given in Sect. 4. Thus, if the scheme converges to a C*
limit function, then the sum rule defects {x, k > 1} decay faster than 2 —tk e, satisfy
8 = o(2~%). This does not imply the approximate sumrules, i.e. ZkeN 82 < oo,
but is close to this condition. Thus, Theorem 1 indicates that approximate sum rules
is a natural assumption for convergence to a C¢ limit, and cannot be relaxed by much.
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In the stationary case, the Holder regularity of the subdivision limits, as well as the rate
of convergence of the corresponding subdivision scheme S,, are determined explicitly
in terms of the joint spectral radius of the set of certain square matrices which are
derived from the subdivision mask a and depend on the order of sum rules satisfied
by ax(z). Since, in the non-stationary setting, one cannot assume that all subdivision
symbols {aik) (z), k > 1} satisfy sum rules, see [10,20], the concept of the joint
spectral radius is not directly applicable and has no straightforward generalization. For
this reason, in Theorem 2, we establish a link between stationary and non-stationary
settings via the set A of limit points of {a®), k > 1} and provide sufficient conditions
for C*-convergence, ¢ > 0, and Holder regularity of non-stationary schemes. Under
C*-convergence we understand the convergence of subdivision in the norm of C¢(R?),
see Definition 9 in Sect. 2. Note that C-convergence is the usual convergence of
subdivision in £, norm and C¢-convergence implies the convergence of the scheme
to C* limit functions, but not vice versa, see Definition 6 in Sect. 2. As in the stationary
setting, each mask in the limit set A determines a set of transition matrices, see e.g.
(13). We denote the collection of the restrictions of all these transition matrices to
a given finite dimensional difference subspace V; by 74|y,, see Sect. 2 for more
details. Theorem 2 states that C*-convergence and Holder regularity of non-stationary
schemes is determined by the joint spectral radius p 4 of this collection 7T 4y,.

Theorem 2 Let £ > 0 and {5k, k > 1} be defined in (5). Assume that the symbols of
{Saw, k > 1} satisfy approximate sum rules of order £ + 1 and p 4 := p (T_A|V4) <
m~t, where A is the set of limit points of {a®, k > 1}. Then the non-stationary
scheme {Syw), k > 1}is C t_convergent and the Hélder exponent o of its limit functions
satisfies

1 8
a > min{—logmpA, — lim sup Om k}.

k—o00

The proof of Theorem 2 is given in Sect. 3.4. Thus, in the non-stationary case, the
smoothness of the limit function depends not only on the joint spectral radius of the
matrices in A, but also on the rate of decay of the sum rules defects {8, k > 1}.
Note that, as in the stationary case, the order of approximate sum rules satisfied by the
symbols of a non-stationary scheme can be much higher than its regularity.

For applications of Theorem 2 to parameter dependent non-stationary schemes see
[8]. There are several immediate important consequences of Theorem 2 that generalize
the corresponding results in [18,34,36]. For example the following Corollary extends
the results in [18] with respect to the dimension of the space, the regularity of the limit
functions and the more general notion of asymptotic similarity given in Definition 5.

Corollary 1 Let £ > 0. Assume that the symbols of the scheme {S %), k > 1} satisfy
sum rules of order £+1and p 4 := p (’TA | Vz) < m~t, where Ais the set of limit points
of {a(k), k > 1}. Then any other asymptotically similar scheme { Sy, k > 1} whose
symbols satisfy sum rules of order £ + 1 is C*-convergent and the Holder exponent of
its limit functions is « > —log,, pA.
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Theorem 2 provides a lower bound for the Holder exponent of the subdivision limits,
whereas the next result allows us to determine its exact value, under slightly more
restrictive assumptions.

Theorem 3 Let £ > 0. Assume that a stationary scheme Sy is C*-convergent with the
stable refinable basic limit function ¢ whose Hoélder exponent oy satisfies £ < ay <
£ + 1. If the symbols of the scheme {Syw), k > 1} satisfy approximate sum rules of
order £ + 1, limy_, oo a©) = a and, additionally

. 1/k
limsup8,* < pa := p({Tealv,. € € E}),

k—o00

then the scheme {Syw), k > 1} is C ¢ -convergent and the Holder exponent of its limit
Junctions is also a.

The proof of Theorem 3 is given in Sect. 3.5. An important special class of non-
stationary schemes that satisfy assumptions of Theorem 3 are the schemes whose
symbols satisfy sum rules of order £ + 1, see Corollary 4 in Sect. 3.5.

The main application of Theorem 3 is the proof of the following conjecture by Dyn
et al. stated in [32].

Conjecture 1 ([32]) The Holder regularity of every generalized Daubechies type
wavelet is equal to the Holder regularity of the corresponding classical Daubechies
wavelet.

We prove this conjecture in Theorem 5 and compute some of the corresponding Holder
exponents, see Sect. 3.6.1.

This paper is organized as follows. In Sect. 2, we summarize important known fact
about stationary and non-stationary subdivision schemes. The proofs of the results
stated in Sect. 1.2 are given in Sect. 3. In particular, in Sect. 3.3, we provide sufficient
conditions for convergence of non-stationary subdivision schemes whose symbols
satisfy assumptions of Theorem 2 with ¢ = 0. The argument in the proof of the
corresponding Theorem 4 is actually independent of the choice of the dilation matrix
M. For that reason we give a separate proof of convergence and, then, in Sect. 3.4,
present the proof of the more general statement of Theorem 2. In Sect. 3.5, we give
the proof of Theorem 3. We illustrate our convergence and regularity results with
several deliberately simple examples in Sect. 3.6. There we also prove Conjecture 1
formulated in [32] about the regularity of generalized Daubechies wavelets. Next, in
Sect. 4, we prove the necessary conditions stated in Theorem 1.

2 Background and preliminary definitions

In this section we recall well-known properties of subdivision schemes. We start
by defining convergence and Holder regularity of non-stationary and, thus, also of
stationary subdivision schemes. We would like to distinguish between the follow-
ing two different types of convergence, both being investigated in the literature
on stationary and non-stationary subdivision schemes. We denote by £ (Z*) the
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space of all scalar sequences ¢ = {c(a), o € Z*} indexed by Z* and such that
llelle,, = Supgyeyzs lc(a)| < oo.
Definition 6 A subdivision scheme {S,«), k > 1} converges to C ¢ limit functions,

if for any initial sequence ¢ € £o(Z°), there exists the limit function g € C*(R®)
(which is nonzero for at least one nonzero sequence ¢) such that

lim ‘
k—00

In the next Definition 9 we consider a stronger type of convergence, the so-called
C*-convergence of subdivision. Note that both types of convergence coincide in the
case £ = 0. In Definition 9 we make use of the concept of a test function (see, for
example [24]). To define this concept we need to recall the following properties of the
test functions.

gc(M_koc) — S0 Sqte—1) ... Sqie(ar) H/@ =0. (8)

Definition 7 Let¢ > 0. A compactly supported summable function f satisfies Strang-
Fix conditions of order £ + 1, if its Fourier transform f satisfies

fO) =1, D'f@) =0, aeZ\{0}, peN;, |ul <t+1.
Definition 8 A compactly supported f € Lo (R?) is stable, if there exists 0 < C1 <

C» < oo such that for all ¢ € € (Z°),

Cillelles, <

> @) f(—a)

a€Zs

< C2l¢lltn-

o]

By [5, p. 24], this type of stability is equivalent to £, linear independence of integer
shifts of f. The function f is called a fest function, if it is sufficiently smooth, com-
pactly supported, stable and satisfies Strang-Fix conditions of order ¢ + 1. Possible
examples of the test functions f are tensor-product box splines.

Definition 9 A subdivision scheme {S,w), k > 1}is C Z—convergent, if for any initial
sequence ¢ € Lo (Z°) there exists the limit function g, € C*(R*) such that for any
test function f € C*(R®)

8e() = D S Saie-ty ... Syme(@) f(MF - —a)| =0, ©)

a€Zs

lim
k— 00
ct

Note that, for C*-convergence, it suffices to check (9) just for one test function f. In
this paper, we also investigate the Holder regularity of subdivision limits.

Definition 10 The Holder regularity of the Co-convergent scheme {S &), k > 1} is
o = £+ ¢, if € is the largest integer such that g, € C¢(R*) and ¢ is the supremum of
v € [0, 1] such that

max  |D¥ge(x) — D¥gc(0)| < |x —yl", x,y eR".
neNy, =L
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We call o the Holder exponent of the limit functions of {S,«), k > 1}.

Instead of studying the regularity of all limit functions of a C%-convergent subdivision
scheme, one usually restricts the analysis to the so-called basic limit functions, which
are defined as follows. Let § := {§(a) = 80.o, @ € Z°}, where 8o o, ¢ € Z°, is the
Kronecker delta symbol, i.e., 80,0 = 1 and zero otherwise. The compactly supported
basic limit functions ¢y generated from the initial sequence § are given by

dr = élim Sat+0) - .. Sqte+1) Sa 8, k> 1.
— 00

An interesting fact about convergent non-stationary schemes is that the compactly
supported basic limit functions ¢, are mutually refinable, i.e., they satisfy the functional
equations

¢ = > aP@pr1 (M- —a), k=1, (10)

(YA

where {a®)(a), a € Z*} is the k-level subdivision mask. We remark that, without
loss of generality, to study convergence and regularity of a non-stationary subdivision
scheme it suffices to study the continuity and the Holder regularity of the function ¢ .
This fact is shown in the next lemma (see also [58]).

Lemma 1 Let oy, be the Holder exponent of gy, k > 1. Ifa® (0) # 0, then ay, = ag,
forallk > 1.

Proof Let k > 1. Due to (10) and the compact support of the mask a®), we have
Qg > ag,,, and it suffices to show that ag, ., > ag,. To do that we show that, for
any compactly supported function &, the operator g = ®h = >, 7 a® (a)h(- —
o) preserves the regularity of /. Note that, due to a® (0) # 0, its symbol satisfies
aik) (z) # 0 in the neighborhood of zero. Thus, the meromorphic function bik) (z) =
l/aik) (z), z € C*\{0}, has the Taylor expansion bfkk) (z) = ZﬁeNg) b® (B)zP in the
neighborhood of zero. Then, due to aik)(z)bik)(z) = 1 and by the Cauchy product
formula, we get

D OB =-p=2, D bPB-wa@h-p)

PeNy BeNS ael0,.... N
= b®0)a® ) = h.

Therefore, for the Holder exponents of g and & we get a;, > o, and, thus, also

pyyy = gy - o
For our analysis, for the sequence of masks {a(k), k > 1} supported on {0, ..., N}*,
we define the so-called transition matrices Tg(k), k>1,ee E~{0,...,m— 1}, as

follows. Accordingly to [12], we set

o0
K :=ZM"G, where G :={—m,...,N +1}°, (11)

r=1
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and define the | K| x | K| matrices

® [ _
T, = [a (¢ + Ma ﬂ)]a,/sex’ ecE. (12)

For simplicity we write Tg(k) instead of Ts(l;)(k). If the symbols {aik) (2), k > 1} satisfy

sum rules of order ¢ + 1, then the linear operators Ts(k) have common invariant dif-
ference subspaces V; C RIXI, each of which is orthogonal to {[p(a)]gex € RIK!

p €ll,},n=0,...,j. The spaces I1; are the spaces of polynomials of total degree
less than or equal to j = 0, ..., £. The existence of V;, j =0, ..., ¢, is guaranteed
for C*-convergent stationary subdivision schemes and is indeed used for analysis of
convergence and regularity in the stationary setting. We refer the reader, for exam-
ple, to the papers [4,5,7,12,43,47] for more details on the structure of V; and for
characterizations of regularity of stationary subdivision schemes in terms of spectral
properties of the matrices T a| v, € € E. Similarly to (12), these matrices are derived
from the stationary mask a as follows: define

Tea:=la(e + Mo — B)ly gex - €€ E, (13)

and determine their restrictions 7 a|V_,- to V;. Since, in general, in the non-stationary
setting, the existence of such invariant subspaces is not guaranteed by the regularity
of the limit functions, in this paper we study non-stationary schemes {S,w, k > 1}
whose sequences of masks possess sets A of limit points, see Definition 4. This allows
us, similarly to the stationary setting, to establish a link between the regularity of non-
stationary schemes and the spectral properties of the collection of square |K| x |K|
matrices Tg 5 restricted to V;, j = 0, ..., £. This collection we denote by TA|Vj =
{Tzalv,, e € E, a€ A}

We conclude this section by recalling the notion of the joint spectral radius of a set
of square matrices, see [64].

Definition 11 The joint spectral radius (JSR) of a compact collection of square matri-

,,,,,

Note that p (M) is independent of the choice of the matrix norm || - ||.

3 Convergence and Holder regularity of non-stationary schemes

In this section we derive sufficient conditions for convergence and Holder regularity
of a wide class of non-stationary subdivision schemes. In our proofs we make use
of the special structure of the matrices T; a, @ € A in (13), and the matrices Tg(k) in
(12) associated with a sequence of masks {a®, k > 1}. This structure is ensured
after a suitable change of basis, which we discuss in Sect. 3.1. In the rest of the
paper, we call such a basis a transformation basis. In Sect. 3.2, we illustrate two
important differences between sum rules and approximate sum rules. In Sect. 3.3, we

show that a non-stationary subdivision scheme { ék), k > 1} is convergent if its
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symbols satisfy approximate sum rules of order 1 and, in addition, its sequence of
masks {a®), k > 1} possesses the set of limit points .4 such that p (TA | Vo) < 1. Note
that, after an appropriate adaptation of the notation in Sects. 1 and 2, the proof of this
convergence result is also valid in the case of a general integer dilation matrix M, the
spectral radius of whose inverse satisfies p(M~!) < 1. In Sect. 3.4, we analyze the
Holder regularity of the basic limit function ¢; under the assumptions of approximate
sum rules of order £+ 1,¢ > 0, and p (TA| Ve) < m~*. InSect. 3.5, we prove Theorem
3 and show that under a certain stability assumption the quantity p (TA| V{) determines
the exact Holder exponent of the subdivision limits. This result allows us to prove in
Sect. 3.6 a recent conjecture on regularity of Daubechies wavelets stated in [32]. In
Sect. 3.6, we also illustrate our results with several examples.

We start by stating important properties of the set A.

Proposition 1 Let ¢ > 0. Let A be the set of limit points of {a®, k > 1}. Assume
that {aik) (2), k > 1} satisfy approximate sum rules of order € + 1. Then, the symbols

associated with the masks in A satisfy sum rules of order £ + 1.

Proof The proof follows from Definition 4 and the fact that approximate sum rules in
Definition 3 imply that limy— oo 8 = limg_, o x = 0. O

Next, we would like to remark that the class of the non-stationary schemes we analyze
is not empty.

Remark 1 In general, for an arbitrary compact set A of masks, there exists a non-
stationary subdivision scheme {S,&), k > 1} with the set of limit points .A. One

possible way of constructing {S,&, k > 1} from a given set A is presented in
Example 2.

3.1 Transformation basis

Let £ > 0 and IT; be the spaces of polynomials of total degree less than or equal to
j = 0,..., £ If the symbols of the masks a € A satisfy sum rules of order £ + 1,
then the corresponding stationary subdivision operators S, posses certain polynomial
eigensequences {pa(a), o € Z°}, pa € I1j, j =0, ..., £. These polynomial egense-
quences are possibly different for different a. For each j = 0, ..., £, the number
dj4+1 of such eigensequences is equal to the number of monomials x7, n € Nj, of
total degree |n| = j, see [42,45]. These eigensequences, written in a vector form with
ordering of the entries as in (12), become common left-eigenvectors of the correspond-
ing matrices T¢ 5. There are at least two different ways of constructing the so-called
transformation basis of RIX! The approach in [4] makes use of the eigensequences
of the stationary subdivision operator. We cannot do that as the eigensequences of
Sa, a € A, possibly differ for different a. For that reason, we follow the approach
in [26,58,61], which makes use of the elements in the common invariant subspaces
Vi of T;a, a € A. The transformation basis can be constructed as follows: Take
the first unit vector of R!X! and extend it to a basis of R!X! by choosing appropriate
djy2 vectors from V;, j = 0,..., £ — 1, and a complete basis of V,. Note that, any
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vector from V; is constructed to be orthogonal to the polynomial vectors [ pa(c)lock »
pa €1I1;,i =0, ..., j. We choose d;, vectors, say v; ,, from V; in such a way that
they are orthogonal to all but one vector [a"]yck for the corresponding n € Nj) with
nl=Jj+1

This choice of the transformation basis guarantees that the transformed matrices
T,.a € RIKIXIKI ¢ ¢ E, are block-lower triangular and of the form

1 0
B>

biea ) (14)

b.e.a By
bZ+],s,a T€,3|V(

where the d; x d; matrices B; are diagonal with diagonal entries equal to m~I+L;

the matrices b; ¢ 5 are of size (|K| — Z{:l d,-) x dj. Moreover, if {aik) (), k> 1}

satisfy approximate sum rules of order £ 4 1, then, after the same change of basis, the

matrices Tg(k) e RIKIXIKl ¢ ¢ E k > 1, are sums of a block-lower and a block-upper
triangular matrices

(k)
1 0 Cle -
By P
70 4 A® p®) + : ., (15)
(5 '
b2,£ B;]f)‘*'l @ Cg-?l PR
be+1,s € 0 (0]

where b;kg are of size (|K| - Z{:] di) x d;; the matrices cﬁk; of size dj x

(|K | — Z{;ll di); O is the zero matrix of the same size as ng).

3.2 Sum rules versus approximate sum rules

The following example illustrates two important differences between sum rules and
approximate sum rules stated in Definitions 3 and 4, respectively. Firstly, the re-scaling
of all symbols of a non-stationary subdivision masks to ensure that u; = 0, k > 1,
can change the properties of the non-stationary scheme if the sequence {uy, k > 1}
is not summable. In other words, in contrast to the stationary case, the properties of
aik)(l), k > 1, are crucial for convergence and regularity analysis of non-stationary
schemes. Secondly, even in the univariate case, the existence of the factor (1+-z) for all
non-stationary symbols aik) (z) and the contractivity of the corresponding difference
schemes do not guarantee the convergence of the associated non-stationary scheme,
if {ig, k > 1} is not summable.
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Example 1 Lets = 1, M = 2. It is well-known that the convergence of S, in the
stationary case is equivalent to the fact that the difference (or derived) scheme Sp, with
the symbol b, (z) such that

ax(2) = (1 +2)bs(2), z € (C\{O},

is zero convergent, i.e, for every v € RIXl orthogonal to a constant vector and
€l,..., & € {0, 1}, thenorm || T, a ... T, av|| goes to zero as k goes to oo. In the non-
stationary case, this characterization is no longer valid. Consider the non-stationary
scheme with the masks

1
a® .= (1 + E) a, k>1. (16)

Note that pu; = %, 8r = 0 and, thus, we can conclude that the non-stationary scheme
{Saw, k > 1} does not satisfy approximate sum rules. However, it is asymptotically
similar to S, and the associated symbols satisfy

a:®(2) == (1 +72) (1 + %) by(z), k>1, zeC\{0}.

We show next that the zero convergence of the associated difference schemes with
symbols (1 + %) b.(z) does not imply the convergence of the corresponding non-
stationary scheme. Indeed, for ¢; € {0, 1}, we get

k
1
It =] (1 + ;) ITeya- - Tepavll = (k+ DI ey .. Teyavll.

Jj=1
The convergence of S, implies the existence of an operator norm such that

I Teya- . Toavll <CY5, € >0, y <1

Therefore, the norm || Tg(ll) . Ts(kk) v|| goes to zero as k goes to 0o, but the corresponding
non-stationary scheme is not convergent. Otherwise, the Fourier-transform of its basic

limit function ¢; would satisfy b1(w) = H;il a,(kj)(e_"z”zfj“’), o € R, but

k
$1(0) = kli)H;OZ 1_[1 (1 + %) by (1) = kli)ngo 2(k + Dby (1) = oc.
j:

Note that, if we rescale the masks so thatall u; = 0,k > 1, we get back the convergent
stationary scheme Sj.

3.3 Convergence

We start by recalling that, in the stationary case, for convergence analysis via the joint
spectral radius approach one uses the subspace
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IK|
Vo = veR'K‘:Zvjzo , (17)
j=1

where K is defined in (11). This subspace also plays an important role in the proof
of the following Theorem 4 that provides sufficient conditions for convergence of a
certain big class of non-stationary schemes. In the case M = mI, m > 2, Theorem 4
is an instance of Theorem 2 with £ = 0. Note though that in the proof of Theorem 4
we do not assume that M = mI, m > 2, and, thus, we need a more general definition
of approximate sum rules of order 1.

Definition 12 Let 2 = (™M e £ is a coset representative of Z*/MT 7} . The

symbols {aik) (z), k > 1} satisfy approximate sum rules of order 1, if the sequences
{mk, k> 1} and {6k, k > 1} with

wi = |a® (1) — |det(M)|| and & := max 1a® ()] (18)

are summable.

In the case of a general dilation matrix, the set E is the set of coset representatives
E~7°/MZ*.

Theorem 4 Assume that the sequence of symbols {a,(ﬁk) (2), k > 1} satisfies approx-
imate sum rules of order 1 and p (TA|V0) < 1, where A is the set of limit points of
{a(k), k > 1}. Then the non-stationary scheme {Sy«x), k > 1} is CO-convergent.

Proof By [37], the convergence of a non-stationary scheme is equivalent to the con-
vergence of the associated cascade algorithm. Thus, to prove the convergence of the
non-stationary scheme {S,« , k > 1}, we show, forv € RIX! that the vector-sequence
with the elements Ts(ll) e Tg(kk)v, k > 1, converges as k goes to infinity for every
choice of g1, ...¢r, € E.

Due to Proposition 1, each a € A satisfies sum rules of order 1. Therefore, by Sect.
3.1, the vector (1 0...0) is a common left eigenvector of all matrices

1 0.0

Tea = , ecE, acA.

bs,a Ta,a'Vg

Due to the assumption of approximate sum rules of order 1, by Sect. 3.1, we have
T =T® 4+ AP ccE, k=1, (19)

@ Springer



654 M. Charina et al.

with

Thus, the canonical row unit vector (1 0...0) is a guasi-common left-eigenvector of
the operators Ts(k), e € E,ie. (10...0) Ts(k) =(10...0) + cék), where the row
vector cé )
{||A§k) I, kK > 1} is summable. Moreover, bék) and Qf;k) converge by subsequences as
k goes to infinity to be 5 and T; 4]y, for some a € A, respectively.

By assumption p ({Tg alv,, e € E,ae .A}) < 1. Thus, the existence of the oper-
ator norm of {T; alv,, ¢ € E,a € A} and the continuity of the joint spectral radius

imply that there exists & such that p ({Q(k) ceeE k> k}) < 1. This implies that

ﬁ(kk) v converges as k goes to infinity for

vanishes as k tends to infinity and the corresponding sequence of norms

for all vectors v € RIX! the product Tg(ll) .
every choice of €1, ..., & € E.
By well-known results on the joint spectral radius of block triangular families of

matrices (see e.g. [1]), we obtain that p ({i(k), ee€ E k> IE}) = 1. Moreover, the

family of matrices {Ts(k), e e E k > IE} is non-defective (see e.g. [40]), thus by
[1,64], there exists an operator norm || - || such that

IT®) <1 forall e E, k=>k. (20)

Due to our assumption that the approximate sum rules of order 1 are satisfied, we also
have

o0
IAR ] < €8 where D 8¢ < oo, Q1)
k=1

and C is a constant which does not depend on k.
Next, for n, £ € N, we observe that

7™ | TIH0 = (T<") + A(”)) (T(n+6> 4 A<n+e)) =T T 4R,

En+t En+t En+e

where Rj ¢ is obtained by expanding all the products From (20), (21) we get

lim,— 00 Ry,0co = O implying convergence of H =1 T(J )

for lim,— o0 Ry.0co = O is as follows

v as k — oo. The reasoning

[ noo||<2(23k) Zi(if?k)j—l:g‘sk(l_gék)_l

j=0 \k=n
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Corollary 2 Let {Syw, k > 1} bea C O—convergent subdivision scheme with the set
of limit points A such that p(T4lv,) < 1. Then any other asymptotically similar
non-stationary scheme {Syw , k > 1} satisfying approximate sum rules of order 1 is
CO-convergent.

We would like to remark that Theorem 4 generalizes [18, Theorem 10] dealing with the
binary univariate case under the assumption that the non-stationary scheme reproduces
constants. Theorem 4 is also a generalization of the corresponding results in [34,36]
that require that stationary and non-stationary schemes are asymptotically equivalent.

3.4 C!-convergence and Holder regularity

In this section we prove Theorem 2 stated in the Introduction, i.e. we derive sufficient
conditions for Holder regularity of non-stationary multivariate subdivision schemes.
Note that Theorem 2 with ¢ = 0 also implies the convergence of the corresponding
non-stationary scheme. We, nevertheless, gave the proof of C%-convergence separately
in Theorem 4, see Sect. 3.3, to emphasize that it is not affected by the choice of the
dilation matrix M, whereas our proof of C*-convergence in this section does depend
on the choice of M = m1I, m > 2. The proof of Theorem 2 is long, thus, in Sect. 3.4.1,
we present several crucial auxiliary results and then prove this theorem in Sect. 3.4.2.

3.4.1 Auxiliary results

In the proof of Theorem 2 we make use of the summable sequence {n, k > 0} which
we define next. Note first that under the assumption p(74ly,) < m~t of Theorem 2,
there exist y € (0, m~%) and k such that

0P <y <m™, eecE, k=>k, (22)

where ng) are sub-matrices of the matrices ﬁ(k) in (15). This property of ng) is

guaranteed by [1,64] and the convergence of { gk), k> 1}to Te,a|v_,~ Furthermore,

by approximate sum rules of order £ + 1 (Definition 3), the sequence {og := 1, o} =
mkﬁﬁk, k > 1} is summable and so is the sequence {n;, k > 0} with

k
m= > 05g"7. qi=m'y. (23)
j=0

Indeed, since g < 1, we have

o0 o o 1 o
an = Zoqun — mzaj < 00. (24)
k=0 j

]:O n=0 j=0

In the following Lemma 2 we estimate the asymptotic behavior of the matrix prod-
ucts
P =Ry ...R,, k>1, (25)
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where, for some non-negative real number c, the (¢ + 2) x (£ + 2) matrices R; are
defined by

l—i—ojm_lj ojm_lj oimY oim™Y oimY
c m~ 4 om= N gm= DI o im DT gy =D
c c
Rj =
c c ojm™/ ojm™/
oomt + o o
: j j
c c c y

(26)
In particular, in Lemma 2, we show that any norm of the rth column of the matrix
product Py is bounded uniformly over k > 1, i.e. that any norm of the column Pye,,

with e, being the standard rth unit vector, is bounded uniformly over k > 1.

Lemma 2 For everyk € N

O(m~—Dky, r=1,...,0+1,

| Prerllt = OmED =ty =42,

Proof For simplicity of presentation we consider the case of M = 2/,i.e m = 2. Let
C1 be the smallest constant such that for each r = 1, ..., ¢ + 1, the rth column of
R does not exceed C;12~ D and the (£ 4+ 2)nd column does not exceed C12n;. We
show by induction on k that the sum of the rth column entries of Pj does not exceed
Cr27 =Dk =1, .., 0+ 1,0r Cp 2D 2=ty = ¢ 4+ 2, where

k
Ce = i [J(1+2 o) + c2227 4 22F ), k=2
j=2

Due to
Cp = ck,1(1 +2 o 4 26227k 4 2201 nkq), k=2, (27

the sequence {Cy, k > 1} increases and converges to
0 .
C = o [T (1425 05 + c22277 4 2% ;). (28)
j=2

Since the sums Z?‘;laj, Zj’il 22-J, and Zj’;l nj—1 are all finite, the infi-
nite product in (28) converges. By induction assumption, we have || P;_1e; “ | =

@ Springer



Regularity of non-stationary subdivision: a matrix approach 657

Cr127U7DED for j =1, ... £+1and | P—jepra |, < Cry2H 276Ky .
Since the rth column of P is Pye,, where e, is the rth basis vector of R¢*2, we have

42
|ec], = [, < 3] pore] (v,
]:
Thus,
042
| Peer], < ZHPk 1e/H (Re),, (29)

Next we consider the following three cases.

Case 1: r = 1. The first column of the ma‘trix Ry is (1 + okZ_/ék, c, ...,C)T. By
induction assumption and due to ng 2=U=DG&=D = 0 for £ = 0 and (27), the
estimate (29) yields

£+1
[ Peer]ly = Cimn (14027 4 ¢ 3 27U7DED g oottptthy, )
=2

< Cp (1 o2k 4 2ea k=D L otH] nk,l) < C.
Case 2:2 <r < £+ 1. The rth column of the matrix Ry is
(R, = (sz—ek’ o o2 =Nk o= (=) o= =)k C)T.

By induction assumption the estimate in (29) becomes
r—1

HPker ”1 < Ck—l ok zz—(l+1—j)k2—(j—1)(k—l) 4 (2—(r—1) 4 O,kz—(€+1—r)k)2—(r—1)(k—1)
j=1

041
+oc Z 2=U=Dk=1) L o t+lp—tlk=1) -
Jj=r+1

,
< Ciy sz—likzzj—l 420Dk epmrl=l) | o rlp=C=Dk=D
j=1

<G (asz(rfl)kzr 4+ 2= 0=Dk 4 cortlo=(=Dko—k | ==k t+r nk—l)

< Ck712_(’_1>k(1+2£+1nk T 20027k 4 op2etl Uk—l) < 2 =Dk

Case 3:r = £ + 2. The last column of the matrix Ry is (okZ_Zk, ey akZ_k, o, y)T

Note that by definition of n; we have ny — ox = ni—1, and recall that y < 2~ Then,
by induction assumption, we get
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+1
| Peecsa]l, < Cict [on 22—(z+1—]>k2—(]—1)(k—1) I DR SV
=l
41
— Ck—l O,kz—ek Zz]—l + 22+12—€k (nk _ O_k)
j=1

IA

Cii (aszzkzul 4 llp—tk e — o U+] 2761(0,{)

— Ck_12(+127€k Nk < Ck2Z+]27€k Nk

O
The estimates in Lemma 2 allow us to estimate the norms of the columns of the matrix
products Ts(]l). Tg(kk), l,....& € E.
Lemma 3 Let 1,...,&, € E, £ > 0. Assume that the symbols of {Syw, k > 1}

satisfy approximate sum rules of order £ + 1 and P(TA|Vz) < m~". Then the norms
of the columns of Tg(ll) . Ts(kk) with indices 1 + Z, 1djs s Z;zl d; are equal to
Om="=Dk) for r = 1,...,€ 4 1. The norms of the other columns of this matrix
product are equal to O(m~%ny).

Proof Let ¢ € E. Under the assumptions of Theorem 2, the matrices Tg(k) in (15)
have the following properties: the matrix sequences {b;lfg, k > 1} and {ng), k> 1}
converge by subsequences as k goes to 0o, respectively, to b; . o and T; a|y, for some
a € A; there exists ¢ > 0 such that all the norms [|b; ¢ alloc < ¢ < 00; the estimate

in (22) holds for 0 < y < m~¢ and for some matrix norm || - ||¢y;. Furthermore,
approximate sum rules of order £ + 1 and the definition of o} imply that the entries of

G ) ,j=1,...,£+ 1, are bounded by oym~¢+t1=)k Next, let Ly = 0
and L; = 21:1 di,i=1,...,£+1,withd; defined in Sect. 3.1. Set L = L4 and

the matrices c;

write a vector v = (vy, ..., v|K‘)T e RIKI a8
v = (vm, 21 ler v[e+2])
with
o= g, gty o) i =1 e+ 1, W =y, v T
Consider the vector norm ||v|| := Z”] v e + 1052l oxr, v € RIKI Then
17O < IR, 5= (10 oos o 101 oo, 10 ) € RS2,

where Ry is given in (26). Analogously, we get

1TV v < IRy ... R

The claim follows by Lemma 2. O
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3.4.2 Proof of Theorem 2

The proof of Theorem 2 is long, so we split it into two parts: Propositions 2 and 3.
In the first part of the proof, given in Proposition 2, we show that the assumptions of
Theorem 2 are indeed sufficient for the C*-convergence of non-stationary schemes.
In particular, we let f € C*(R*) be compactly supported, stable and refinable with
respect to the dilation matrix M = m/ and the mask e € £y(Z*). Then, for every
j=0,...,¢and forevery v € N3, |v| = j, we consider the sequence {D" fi, k > 1},
where for f; :=7W ... T® f

D' fi =m/* T T®DY . TOf =" a®@)f(M-—a).  (30)

aeZ’
ie. 7% is the transition operator associated with the mask a®), and show that
{D" fx, k > 1} converges uniformly to the v-th partial derivative of ¢;.

Proposition 2 Let £ > 0. Assume that the symbols of {Syw, k > 1} satisfy approxi-
mate sum rules of order £+ 1 and p(T4lv,) < m~E. Then, forevery j =0, ..., ¢ and
foreveryv € N} |v| = j, the sequence {D" fi, k > 1} in (30) converges uniformly to
the v-th partial derivative of ¢1. Moreover, there exists a constant C > 0 independent
of k such that for n, as in (23) we have

o0
ID" fx = D"¢illoc <C D my W=t k=1 31)
n=k

Proof Note that, by [12, p. 137], the function f in (30) is an appropriate starting
function for the cascade algorithm. Moreover, by [44, Theorem 6.3], the assumptions
on f imply that f satisfies Strang-Fix conditions of order £+41, i.e. its Fourier transform
f satisfies

f0) =1, D*f(@)=0, aeZ\{0}, pweN, |ul<t+1.
Consequently, its derivatives DY f,v € N§, [v]| = j, j = 1, ..., ¢, satisfy
DD @) =0, aeZ, pely, |ul<j.

Thus, by the Poisson summation formula, we get

> p@D'fx—a)=0, xcR, (32)

aeZs

for all polynomial sequences {p(«), a € Z*}, p € I1;. Note that we can chose f
such that suppf N Z* C K. Then, the properties (32) of D" f imply that, after the

transformation discussed in Sect. 3.1, the first Z{:l d; entries of the vectors

v(x)::(D"f(x+a))a€K, xel0,11°, wl=j, j=1,...,¢,

@ Springer



660 M. Charina et al.

are equal to zero. Note that the ordering of the entries in v(x) corresponds to the
ordering of the columns of Ts(k) defined in (12). By Theorem 4, the limit functions of
the non-stationary scheme are C O(R%), i.e. the sequence { fx, k > 1} is a uniformly
convergent Cauchy sequence. Similarly to the stationary case, to show that the non-
stationary scheme is C J -convergent, j = 1,...,£, we need to study the uniform
convergence of the sequences { D" f, k > 1} forallv € N}, |v| = j. Equivalently, for
every choice of €1, ... g € E, need to study the convergence of the vector-sequences
{mjkTg(ll) . Tg(kk)u), k > 1}, where Tg(k) are defined from {a<k), k > 1} and the
vector w € RIK! is arbitrary and such that its first Z{zl d; entries are zero. Lemma
3, the structure of w and the summability of {ni, k > 1} imply the convergence

of the vector-sequences {mjkTg(ll) o Tg(kk)w, k > 1} for j = 1,...,£. Thus, the
non-stationary scheme is C¢-convergent.
We prove next the estimate (31). Let v € N}, |[v| = £. Due to ¢y =

limg—00 7@ ... T® £ and by the assumption of refinability of f, ie. f = T f =
> wezs e@) f(Mx — ), we have

”Dufn+l - van”oo

M¢

IDY fx — D ¢1lloc <

3
Il
~

Mo

mtn+D ”T(l) Tm (T(n—H) _ T) (va)(M_("H)')Hoo.

Il
~

n

As above, to estimate the norms |70 ... 7™ (7D — 1) (DY £Y(M="TD )| o,
we need to estimate the vector-norms of

1 +1

T8(| : tee Ts(nn) (TS(,,”+1 ) - T€n+1,e) w,
where | K| x | K| matrices T; e, € € E, are derived from the mask e, see (14), and the
first Zfill d; entries of the vector w € RIX! are zero. By assumption, there exists a
constant 8 > 0 such that the entries of all b . ¢ and b(.]f g are less than g in the absolute
value. The approximate sum rules of order £ 4 1 imply that the absolute values of the
entries of the vectors ( Lt Tgn,e) w with indices 1 +>7_,dj, ..., Z;ill dj,
r = 0,...,¢, are bounded respectively by o,,+1m’(€”)(”“). All other entries
are bounded by 2. Thus, by Lemma 3, we get that the entries of the vectors
mte+H D g™ (TQ”j” - Tm,,e) w with indices 1 +37_, dj..... > d),
r=0,...,¢, are equal to O(o,+1), all other entries are equal to O(1,). Therefore,
by definition of {n, k > 1} in (23), we get

o
ID” fi = D¥$illoc < C D muy k=1,

n=k

for some C > 0 independent of k. O
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The second part of the proof of Theorem 2 is given in Proposition 3 which yields
the desired estimate for the Holder regularity o of the scheme {S,), k > 1}.

Proposition3 Letk > 1, h € RS, m~ %D < ||h|loo < m™* and € > 0. Assume
that the symbols of {S,w, k > 1} satisfy approximate sum rules of order £ 4 1 and
p(Talv,) < m ™. Then there exists a constant C > 0 independent of k such that, for
Nn as in (23), we have

[
[D"$1(- +h) — D'¢1() oo < CZnn, velNy, v =¢ (33)
n=k

Moreover, the Hilder exponent a of ¢1 € CH(R®) satisfies

1 )
azmin[—logmpA,—limsup%}. (34)

k— 00

Proof Letk > 1, |v| = £, and h € R® satisfy m~**D < ||h||o < m™*. To derive the
estimate in (33), we use the triangle inequality

ID"$1(-+h) = D" $1(Vlloc = ID*P1(- + h) — D fi (- + M)lloo + [ID" 1 — D* filloo
+ID* fi +h) = D* fi () lloos (35)

where { fx, k > 1} are defined in (30), and estimate each of the summands on the right
hand side. Note that, for Ay, fi := fi(- + k) — fx(-), we have

ApD* fi = m* T TOA L D*F.
Due to ||m*h|ls < 1 and by the definition of Ay, we have
suppA,,x, D” f Csuppf + [ 1, 1T,

where without loss of generality we assume that (supp f + [—1, 1])NZ* C K. Define
the vector-valued function

v(x) = (A, D" f(x + @))gek, x €[0,17°.
By the same argument as in the proof of Proposition 2 and by the definition of the
operator Ay, the first Zﬁg dj components of v are zero for all x € R®. Therefore, by
Lemma 3, we get
1TV T Ov@) | < Com™F pellvo)ll < Cim™* e 2 G K|, x € RY,

where |[v(x)|| <2C2 |K|, x € R, due to maxy=¢ | D" flloc < C>. Thus,

ID fi- +h) = D" fk (Yoo < Camp,  C3:= Cim™*2C K.
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The estimates for the two remaining terms in (35) and, thus, the estimate (33) follow
by (31). Next, we derive the lower bound for the Holder exponent « of ¢1. Note that,
by definition of o}, we have the equivalence

1/k log,,, 3k

lim sup o,"" > 1< £+ lim sup

k— 00 k— o0

> 0.

1/k

Thus, if lim supy_, oy, > 1, then min{—log,, p4, — limsup mg’#‘s"} < ¢ and

the estimate (34) holds, since ¢; € CZ(RS) and, thus, « > £. Otherwise, if
lim supk_)ooakl/k < 1, then there exists 6 such that lim supk_woakl/ <0 <1
and, thus, a constant Cy > 0 such that o, < C()Qk, k > 1. Therefore, by definition of

Nk and using the estimate (33), we get

[o/0]
||AhD”¢1||oosc(nk+ > nn)= Zo,qk ,+_ Z

n=k+1 n=k+1

k
<CCQCy Z k= J+— Z 0"

n=k+1

) ) gk+1 o0
<CCy Zmax{@, g} max{0, ¢}~/ + . > kb
Jj=0 - n=k+1

L 0k+]
<CC ((k + 1) max{6, ¢}* + m) '

Therefore, dueto 0 < 1 — g < 1, we get

0 1 cc
1ARD 1 llse < Calk + 1) max{d, g}¥, Cy:= max[l 1 9] 1 %
— —q

Moreover, due to ||/ ]|co < m K, we have

max{0, q}k — K log,, max{f.q} < |Ih3 —log,, max{6,q}

and, from %Hh”oo <m~* D we get (k + 1) < log,, % Thus,

m 1 0
141 D" 61 llo = Cilog,, (_) 1ot manea)
Il

Note that for any € € (0, 1), due to the fact that —log(¢) is bounded by ¢~¢ for
sufficiently small 7, we get, for small || /]| o0,

1ARD 1 lloe < Ci |l 8 ™ 041=¢,
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By (22) and (23), we have ¢ > m®p 4. Thus, since 6 > lim sup;_, akl/k, we get

. log,, &k
a > £ —log,, max{f, g} = £ — max £+ log,, p4, £+ 1lim sup
k—o00
1 3
= min [—logm oA, —lim sup M] .
k— 00

Combining Propositions 2 and 3, we complete the proof of Theorem 2.

3.5 Rapidly vanishing approximate sum rules defects

The following immediate consequence of Theorem 2 states that, if the sequence of
defects {8y, k > 1} of the approximate sum rules decays fast, then the lower bound
on the Holder exponent « of ¢ only depends on the joint spectral radius p 4 of the set
TA' V-

Corollary 3 Assume that the symbols of {S,«), k > 1} satisfy approximate sum rules
oforder L+1and p(Tylv,) < m~. Iflim SUP; s o0 Si/k < pA thena > —log,, pa.

Next, in this subsection we prove Theorem 3 stated in the Introduction. It shows that
the inequality « > —log,, p.4 in Corollary 3 becomes equality, if the set A of the
limit points of the sequence {a®), k > 1} consists only of a single element a and
the corresponding refinable limit function of S, is stable. Note that Theorem 3 is a
generalization of a well-known fact about the exact Holder regularity of stationary
schemes in the stable case.

In the proof of Theorem 3 we make use of several auxiliary facts on long matrix
products. The first one of them is stated in the following lemma which is a special
case of [59, Proposition 2].

Lemma 4 Let M be a compact set of d x d matrices and y € R?. If p(M) > 1 and
y does not belong to a common invariant subspace of the matrices in M, then the
sequence {maXpn emr |Puyll, n > 1} diverges as n — oo.

Lemma 4 and the definition of the sequence {maxp,epn || Pyyll, n > 1} yield

Lemma 5 Let M be a compact set of d x d matrices and y € R?. If p(M) > 1 and
y does not belong to a common invariant subspace of the matrices in M, then for any
L € N there exists n > L such that

[My...Mpyll > llyll and |My...Mpyll > [[My—i...Muyll, i =0,....n—=2,

for M e M.

Proof Let L € Nand C;, = max {||P;y|| | Pj € M/, j < L}. Then the shortest
product P, € M" such that || P,y|| > Cp, (the set of such products is nonempty by
Lemma 4) possesses the desired property and has its length bigger than m. O
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Next, we adapt Lemma 5 to the non-stationary setting. The proof of the following
result is similar to the proof of Lemma 5 and we omit it.

Lemma 6 Let M and M® k > 1, be compact sets of d x d matrices and y € RY.
Assume that p(M) > 1, the sequence (M ® | k > 1} converges to M and y does not
belong to a common invariant subspace of the matrices in M. Then there exists L € N
and C > 0 such that for any L > L thereexistsn > L such that, for M € MUHL=D]

(My...Myyll > Cllyll and |[M;y...Mpyll > ClIMy—; ... Myyll,
i=0,....,n—2.

We are ready to prove Theorem 3.

Proof of Theorem 3 Due to Corollary 3, we only need to show that o« < —log,, pa.
Furthermore, by Lemma 1, it suffices to show that « = ay, < —log,, pa for some
n > 1. We choose an appropriate n in the following way. Firstly, n should be such
that

p(10Y, e e B, k= n)) < pa

(see Sect. 3.1 for the definition of the matrices ng)). Secondly, since by assumption,
there exists 8 > 0 such that

lim sup 6,1/1(

k— 00

< B < pa,

thus, we can choose n such that for any constant Cy > 0 we have §; < Cop* for
k > n. At the end of the proof we specify the particular constant Co needed for our
argument. Next, define

v(x) = (D'u(x + @) o » X €[0,11°, veNp, || =t

Let k > 1. By definition of ¢y, for x = 21;21 sjm_/, gj € E,and ||h|lcc < m~L, we
have ‘

k
Aot (x) =m TA v [ D em™T ) = m T 10D A 0(0).
j=2
(36)

trid j components of

j=1
the vector y := Aj,v(0) are zero. Denote by y := (yr+1, ..., y|K|)T the non-zero
components of y. W.l.o.g. we can assume that the vector y does not belong to any
common invariant subspace of the matrices in {T; 4|y, : & € E}. Otherwise, due to

the stability of ¢ we have

By the same argument as in Proposition 2, the first L =
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agp = —log, pa = —log,, p{Tealw : € € E},

where W is the smallest subspace of V; such that it is invariant under all operators
in{Tya : € € E} and such that Ty 4|w, ¢ € E, do not have any common invariant
subspace. For simplicity, we assume that W = V,, but the same argument we give
below would apply, if W is a proper subspace of V. Let r € (B, pa) be a real number.
The sets

M={r"T.aly,, e € E} and M® = {10+ =D ¢ c g}, k=1,

and the vector y satisfy the assumptions of Lemma 6. Thus, we can appropriately
modify n chosen above to get

10 ... QU =D5| > cr¥|7| and
” Q(l’l) . Q(VH*k l)y” > Crk*i ”Q(”‘l’k*i) . Q(n+k 1)y||’ 1 = 1’ e, k—1. (37)

Ek—i+1

Denote by H}"H{*’I) € R1IK| the jth row of the matrix 7" ™* ™, ¢ € E. Define
Yo := Yy, the we have

0
. L
- : k—1
Ty, = ; + DHED o)y, (38)
Q(n+k D =l
where e;, j = 1,...,L, are the standard first L unit vectors of RIKI and

(n+k—1) (n+k—1)
(H

( .0 Q("+k D y) . Then, applying Tg(l " TS(A” ",rk ? to both sides of (38), we get

, Yo) is the scalar product of the vectors H and yg. Define y; :=

L
— k—1 —
T . T0H=Dy 0 gDy Z H{"D yo) T 1D

and, thus, by triangle inequality,

1T T Dy = T L T Dy

Ek—1
L

k—1
= D TUHTTED o) T T e ).

Ek—1
j=1

Note that n is such that, for any n + k —i > n, the matrix Tg("Jrk*i) is bounded by the
matrix R,4x—;, in the sense of Lemma 3. Then, due to the structure of yp, we have
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|(Hj(,”+k71), yo)| = O(m~U—i+Datk=Dg o |lyol. By Lemma 3, we also obtain

the estimate | T, ... TSP | = Om=U=Dk), j = 1,..., L. And, thus,

>

j=1

k—1 _
(HHD o) 1T T De |

Ek—1

L
=D O™ IO g ym == o
j=1

= Om Ve i Dlvoll.

The definition of o3 and the choice of 8 yield O(m ="V, 1 1) = O@Buix—1) <
CCoﬂ”+k_l, C > 0. Therefore,

1T Tyl = 1T Ty = CCop ol

Ek—1

. T
Set y; = (O .0 otk Qg:+k—1))~}) ,i = 2,...,k. Then, analogous suc-

Ek—i+1
cessive argument for ||T5(1") .. Ts(k"jfl_i)y,'_l l.i =2,...,k,yields
k—1
TP TS Dyl =yl = €Co D Byl
i=0

From (37) we get ||y;|| < r ¥ C~Yyl,i =0, ...,k — 1, which implies

= _1 k=1 k—i
_ CCop! B
T L T Dy >(1‘TZ - el

i=0

Ccoﬁn—l
> (1= =2 il
ci—£

_E
In the second estimate above we used the fact that 8 < r. Choose 0 < Cp < Cé(;"_’l)
and define C; := 1 — SC8" L (). Therefore, by (37), we have [yl > Cr*|lyol

ca-%
and, thus,

1T T Dyl > Crllyell > CiCr¥llyoll. k> 1.
Finally, this estimate and (36) yield || A, —,v(x)|| > C1Cr¥m®* | yo|, k > 1. There-
fore, the Holder exponents of all DV¢,, v € Né, |[v| = ¢, are bounded from above

by —¢ — log,, r and, thus, o = a4, < —log,, r. Taking the limit as r goes to p,, we
obtain the desired estimate « < —log,, pa. O
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If the symbols of the scheme {S,%, k > 1} satisfy sum rules of order £ 4 1, then we
get the following immediate consequence of Theorem 3.

Corollary 4 Let £ > 0. Assume the stationary scheme Sy is Ct-convergent with the
stable refinable basic limit function ¢ whose Hélder exponent agy is £ < ay < £+ 1.
If the symbols of the scheme {S,w), k > 1} satisfy sum rules of order £ + 1 and

limg s 00 a® = a, then {Saw, k> 1} is Cl-convergent and the Holder exponent of
its limit functions is also op.

3.6 Applications and examples

In the this section, see Sect. 3.6.1, we prove the conjecture formulated in [32], which
stipulates the Holder regularity of the generalized Daubechies wavelets. The proof of
this conjecture is a direct consequence of Theorem 3. We also determine the exact
Holder regularity of some of such generalized Daubechies wavelets. Moreover, in
Sect. 3.6.2, we illustrate our theoretical convergence and Holder regularity results
with several deliberately simple examples for which though neither the results of [18]
nor the ones in [34,36] are applicable.

Note that, in this section, we use the techniques from [41] that allow for exact
computation of the joint spectral radius of the corresponding matrix sets. The method
in [41] determines the so-called spectrum maximizing product of such sets, which
yields the exact value of the joint spectral radius.

Definition 13 Let M be a compact collection of square matrices. The product P :=
M, ... My, M; € M, is spectrum maximizing, if p(M) = p(P)!/™, where p(P) is
the spectral radius of P.

3.6.1 Exact Holder regularity of generalized Daubechies wavelets

The non-stationary Daubechies wavelets are defined and studied in [32] and are
obtained from Daubechies wavelets in [25] by suitable perturbation of the roots of
the stationary symbols. Let n > 2. To an arbitrary set A, := {ig,..., A,—1} of real
numbers A, j =0, ..., n—1, the authors in [32] associate the generalized Daubechies
wavelet function 7. The corresponding refinable function

A, . :
o7 = klgrc:o Sat Sate—1 ... Sy 8

is the limit function of a non-stationary subdivision scheme {S,%, k > 1} repro-
ducing exponential polynomials, i.e., solutions of the ODE of order n with constant
coefficients and with spectrum A,. The interested reader can find more details on the
construction and properties of these wavelets 2, n > 2, in [32].

Next we would like to mention the following two properties of these masks {a®),
k> 1}

(i) the sequence of masks {a(k), k > 1} converges to the mask m,, of the classical nth
Daubechies refinable function ¢, := limg_ oo Sﬁln6 ;
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(i1) the corresponding symbols {aik) (z), k > 1} satisfy approximate sum rules of
order n with 8 = O, k > 1.

In [32] the authors estimated the Holder exponent of the generalized Daubechies
wavelets and conjectured that it equals to the Holder exponent of the usual (stationary)
Daubechies wavelets (Conjecture 1 stated in Sect. 1.2). The following result proves
this conjecture.

Theorem 5 Let n > 2. For every set Ay, = {Xo, ..., An—1}, the Holder regularity of
the generalized Daubechies type wavelet ¥ is equal to the Holder regularity of the
classical Daubechies wavelet Vr, derived from ¢;,.

Proof We invoke Theorem 3. Since a compactly supported wavelet function has the
same regularity as the corresponding refinable function, we need to show that the
functions ¢ and ¢,, have the same regularity. The non-stationary subdivision scheme
{Saw, k > 1} generating ¢A" satisfies the assumptions of Theorem 2 with £ =n — 1
and A = {m,}. Indeed, the masks of the scheme {S,«), k > 1} are constructed in [32]
in such a way that they converge to the mask m,,. The Daubechies refinable function
@n is stable and, hence, its Holder exponent is oy, = —1log; p 4. Itis well-known that
ay, < n, therefore p 4 > 27". Thus, by (ii) we have lim sup,_, ., 8,1/1‘ <27 < pg.
Therefore, all assumptions of Theorem 3 are satisfied and the Holder exponent o of
o™ satisfies o = ay, = —log, p 4. O

In [32] the Holder exponent « is estimated by the rate of decay of the Fourier
transform ¢ of ¢ It is well-known that for any continuous, compactly supported
function f, its Holder exponent o ¢ satisfies

n(f)—1<ap<n(f), n(f)=swp{B=0:|f@l <CU+o)?, weR]},

and this gap of length 1 is, in general, unavoidable [68]. In [32, Theorem 29] the
authors show that 1(¢™") > n(¢,), which, thus, implies the following lower bound
for the Holder exponent o of ¢ o > 1(¢,) — 1. Using lower bounds for the values
n(¢,) known from the literature, one can estimate the regularity of the generalized
Daubechies wavelets. Table in (39) compares those rough bounds given in [25] (com-
puted by the method of invariant cycles) with the exact values of « = —log, p.4.,
which we compute using the techniques in [41].

n |n(gn) — 1o = —log, pa

2| 0339 0.5500

3| 0.636 1.0878

41 0913 1.6179

50 1177 1.9690

6| 1.432 2.1891 (39)
71 1.682 2.4604

8| 1.927 2.7608

9| 2.168 3.0736

10| 2.406 3.3614
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3.6.2 Further examples

In this subsection we apply our convergent and regularity results to several deliberately
simple non-stationary subdivision schemes whose analysis was impossible so far.
These examples are constructed only for illustration purposes.

Example 2 'We start with a non-stationary subdivision scheme with a general dilation
matrix M and masks which are level dependent convex combination of two mul-
tivariate masks a,b € £o(Z*). We assume that a defines a (stationary) convergent
subdivision scheme and that b satisfies sum rules of order 1. Convex combinations of
such subdivision masks were also investigated in [9,17]. In particular, we define the
non-stationary subdivision scheme {S,«), k > 1} by

a® = (1= Naxly w1 (40)
: k kT

This non-stationary scheme does not satisfy the condition in (2) for £ = 0, since
2® (@) — a@)] = [be) — a(@)]z.

Zr&ag({ Z 1a® (e + Ma) —a(8+Ma)|} £ 00

keN aeZs

Nevertheless, {S,x), k > 1} satisfies the assumptions of Theorem 4, since, by con-
struction, all symbols satisfy approximate sum rules of order 1 and limy_, oo 2% = a.
Therefore, we are able to conclude that the scheme is at least CO-convergent. More-
over, in the case M = m 1, the assumptions that S, is C*-convergent and that b satisfies
sum rules of order £+ 1, imply, by Theorem 2, that the Holder regularity of the scheme
in (40) is at least as high as for S,. Indeed, for s = 2 and M = 21, let a be the mask of
the butterfly scheme ([38] with @ = 1/16) and b be the mask of the Courant element,
the box spline Bj;. Then, using the method in [41], we compute p(7Z,|v,) = 1/4 and,
thus, the scheme {S,«), k > 1}is C 1—convergent and its Holder exponent is o = 2.

In the next example we construct non-stationary schemes with sets of limit points A
of cardinality 2.

Example 3 LetZ C N be some infinite set, such that N\ 7 is also infinite. We consider
the non-stationary scheme with the masks

k) .__ a, kEI,
Al =10 ez, k=l 41)

We assume that the masks a, ¢ € €o(Z°) define stationary convergent subdivision
schemes with the same dilation matrix M. Moreover, we assume that p (’T .A|V0) <1,
A = {a, ¢}. Here the notion of asymptotic equivalence is not applicable, but Theorem
4 allows us to establish Co-convergence of the scheme in (41). If M = ml and a, ¢
are such that p (’T Al W) < m™¢, Theorem 2 also yields a lower bound for the Holder
regularity of {S,x), k > 1}.

a
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For example, for s = 1 and M = 2, let
1 1
%@y=§a+m4am.w@sz#—1+%?+m£+9f—z%,zecw,

be the symbols of the cubic B-spline and the 4-point scheme ([31] with ® = 1/16),
respectively. Using the method in [41] we obtain p(74]y,) = 0.35385.... This
tells us that the corresponding scheme {S,«, k > 1} has the Holder exponent
a > 1.49876. . .. For the computation of p(74|v,), we used the set 74|y, = {T1 :=
Toclvy> To :=Ticlvy, T3 := Toalv;, Ty := T1alv, } with

£ 0§ 0 0 % 51 O

0 g g O 0-% 516

e I 0 0 g g
$000 1100
R L] S R
0047 0004
0000 0000

The spectrum maximizing product we obtain is 771 (7 73) 13 1f, instead of the mask
a above, we take the mask of the quadratic B-spline, then we obtain p(74lv,) =
0.35045 .. ., which tells us that the corresponding scheme {S,«, k > 1} has Holder
exponent o > 1.51271 . ... For the computation of p(74|v,) we used the set 74|y, =
{T1, T», Ts, T} with

1 11

1000 1300

Ts = Toaly, = | 0229 Toi=Tialy, = | 20212

s=Toalvi=1 7001 s=Talvi=1,000
i)

0000 0000

The spectrum maximizing product is 7; (T T5)2. Note that p (74| v,) can be bigger
than either p(Za|yv,) or p(Zc|y,). It is also of interest that p(74]v,) decreases, if
we replace the mask of the cubic B-spline by the mask of the less regular scheme
corresponding to the quadratic B-spline.

The next example studies a univariate ternary (M = 3) non-stationary scheme.

Example 4 We consider the alternating sequence of symbols

@) =2kP 242+ 12+ D), k even,

- k>1,
dP(2) =k @+ 24+ D2+ 1)dP ), k odd,

al () :=

(42)
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where K ]<k) and K 2(k) are suitable normalization constants and the factors éik) (z) and
Lﬁk) (z) are defined by

0@ 1= (2 + @@®)? =22 + 16w ®) — 16wH)? +3)22
+ @) —2)z + 1).
((16(w("))4 + 16(w®)3 +3)2% + (64w ®)® — 64w )5 4 32w

+32w®)3 — 12w®)? — 12w® — 6)z + 16(W*)* + 16(w®)? + 3),
and

d® (z) := (z2 +z+ l) (w(k)z4 +2wP 23 + @w®)? - D% + 200z + 1),

with w® .= % (63_(“—1))”/2 + 6_3_(k+]))“/2) and L € RT UiRT.

The corresponding non-stationary subdivision scheme {S.«), k > 1} was considered
in [10,21]. In [21], the authors investigate the convergence of the sequence of symbols

{cik) (z), k > 1} to the symbol

1
(@) = =2 ' —— (@@ + 2+ D'z + 1)(352% — 94z + 35)
1296
of the ternary dual stationary 4-point Dubuc-Deslaurier scheme, which is known to be
at least C?-convergent. The sequence of the symbols of the non-stationary subdivision
scheme {Sq&), k > 1} converges to the symbol

1
dy(z) = -7 0—(? 1)° 1),
x(2) z 162(Z +z+1)(z+1)

see [10]. The stationary scheme Sq is known to be at least C 2-convergent. We would
like to remark that {S.«, k& > 1} and {Sqw, k > 1} are both schemes generat-
ing/reproducing certain spaces of exponential polynomials, see [20].

Using Theorem 2 with A = {c, d} and the method in [41], we determine a lower
bound for the Holder regularity of the scheme { S, , k > 1}. Since we get p(74|v,) =
0.04958 . . ., the corresponding Holder exponent satisfies « > 2.73437 .. .. For the
computation of p(74|y,) we use the set T4 = (T, T», T3, T4, T5, T} with T; :=
1296 T _1.¢lvy, j = 1,2, 3,

35 0 0 24 35 0
Ti=|-83-83-24|, 1=|[-24-83-83],
0 35-24 0 0 35
83 -24 35
5= 35-24-83),
0 0 0
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and with T := Tj_44lv,, ] = 4,5, 6,

/100 L /310 /531
= (553), B=-s355). Ti=15 (135
62\013 62\ 000 62\ 000

The spectrum maximizing product is 77 73, which implies that the Holder exponent
«a coincides with the Holder exponent of the scheme S,.
In the next two examples, we construct and analyze the regularity of a univariate and a
multivariate non-stationary subdivision schemes obtained by suitable perturbations of
the masks of the known stationary subdivision schemes. These non-stationary schemes
are not asymptotically equivalent to any stationary scheme and, thus, the results of
[34] are not applicable. Note though that these schemes satisfy approximate sum rules
of order 2 and the other assumptions of Theorem 2.

Example 5 For s = 1 and M = 2, we consider the sequence of masks {a(k), k> 1}
with

1 1 3 1 3 1 1 1
o), (24 2), (2+2), (-+ -2 k> 1.
e ((0) Gree®) () Grpve)) e
(43)
Obviously’ limy s oo a(k) = a, where a = {%, %, %, %} is the mask of the Chaikin

subdivision scheme [6]. It is easy to check that the symbols of this non-stationary
scheme satisfy

a1y —2=2"21" 40O 1) = 272+ and Da®(—1) =27*+2 k>1,

ie. ur = 8 = 272Kt and, thus, the symbols satisfy approximate sum rules of
order 2. To be able to apply Theorem 2, we need to rescale the masks a®®) so that
wur = 0,k > 1. It is easily done by multiplying each of the masks a® by the factor
2/(2 + puy). After this modification the sequence {§x, k > 1} is still summable,
since D o % < D ken Ok < oo. Hence, by Theorem 2 and the known fact that

p(Talvy) = 4—1“ the non-stationary scheme with masks in (43) is C 1-convergent with
o =2.

Example 6 Fors =2 and M = 21, we consider the sequence of masks {a®, k > 1}
with for k > 1

0 2% 1+ 1 2-1 1-1
—1 21 +27He4 42K e +27 K407
a<k>=11—6 1-} 6+ 1 10 + 2 6+ 1 1-1 (44)
242764+t +27H 6+ +27 kK 2—p 27k
1-1 2-1 1+ 1 22 0

Obviously, limg .o, a*¥) = a, where a is the mask of the Loop subdivision scheme
[52]. Note that the symbols of this non-stationary scheme satisfy approximate sum
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rules of order 2, since, we have pux = 5.2~ @+ and §, = 6 - 27+ > 1.
It is well-known that p(Z3|y,) = ‘1—‘. Thus, after an appropriate normalization of the
masks, by Theorem 2, we get that the non-stationary scheme is C'-convergent with
the Holder exponent o = 2.

4 Further properties

In this subsection, we prove Theorem 1 stated in Sect. 1.2. Its proof is based on the next
Proposition 4 that studies the infinite products of certain trigonometric polynomials.
The statement of Proposition 4 involves the following concepts.

Definition 14 A pair of complex numbers {z, —z} is called a pair of symmetric roots
of the algebraic polynomial ¢, if ¢(z) = g(—z) = 0.

Let {gk, k > 1} be a sequence of algebraic polynomials of degree N and define the
function

fo) =[] @ 0, pex) :=qr(e™ ™), xeR. (45)
k=1

By [16], if a sequence of trigonometric polynomials {p;, k > 1} is bounded, then
this infinite product converges uniformly on each compact subset of R, and hence, f
is analytic. Possible rates of decay of such functions as x — oo was studied in [60].

Proposition 4 Assume that the sequence of trigonometric polynomials {px, k > 1}
with pr(0) = 1, k > 1, converges to a trigonometric polynomial p that has no
symmetric roots on R. If the function f in (45) satisfies f(x) = o(x~%) for £ > 0 and
X — +o00, then §; = 0(27”‘) as k — oo, where

o IDTp1/2)]
J4

- , k>1.
j!

Proof By assumption f (x) = o(x~¢) for points of the form x = 2¢=1d + ¢, where d
is a fixed natural number, ¢ is an arbitrary number from [0, o], 0 > 0, and k — oo.
Next, we choose these parameters d € N and o > 0 in a special way.

Firstly, we define o. Since {px, k > 1} converges to p, the sequence {pi, k > 1}
is bounded. Moreover, px(0) = 1, k > 1, implies that f(0) = 1. This implies that
there are o € (0, 1) and Cy > 0 such that for every r > 0 and R € N U {oo} we have

R
[[ri+r277t)| = Co. telo.0l. (46)
j=1

Next we choose the number d. To this end we consider the binary tree defined as
follows: the number 1/2 is at the root, the numbers 1/4 and 3/4 are its children, and
so on. Every vertex « has two children /2 and (o + 1) /2. For convenience we shall
identify a vertex and the corresponding number. Thus, all vertices of the tree are dyadic
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points from the interval (0, 1). Indeed, the nth level of the tree (i.e., the set of vertices
with the distance to the root equal to 1) consists of points 27"~! j, where j is an odd
number from 1 to 2"+! — 1.

The trigonometric polynomial p is 1-periodic and, thus, has at most N zeros in
[0, 1), and hence, on the tree. Therefore, there is a number g such that all roots of p
on the tree are contained on levels j < g. Since the polynomial p has no symmetric
roots, at least one of the two children of any vertex of the tree is not a root of p.
Whence, there is a path of length g along the tree starting at the root (all paths are
without backtracking) that does not contain any root of p. Let 279~!d be the final
vertex of that path, d is an odd number, 1 <d < 24+1 _ 1, Denote as usual by {x} the
fractional part of x. Then the sequence {274}, ..., {2797 'd} does not contain roots
of p. The sequence {27972d}, {27973d}, ... does not contain them either, because
there are no roots of p on levels bigger than ¢. Let n be the smallest natural number
such that 279714 < /2. We have p(2~'d) ... p(2~97"~1d) # 0. Since py — p
as k — oo, and all p; are equi-continuous on R, it follows that there is a constant
Cy > 0 such that

q+n
H Dk+j (27j71d + zikijx) > Cy, x€l0,0], 47)
j=1

for sufficiently large k. Now we are ready to estimate the value f(2K~'d + 1). We
have

k—1
1@ a0 | = | [T ps@ ' a+2770) | x | (27'd +2751) |
j=1

g+n
<\ ] perj@ 77 a+27" 1)
j=1

e¢]

H Phrqnt (277 Q797" d 2750 ) |

To estimate the first factor in this product, we note that 2k=1-j4 e 7, when-
everj <k-— 1, and hence p;(2*717/d +27/t) = p;(27/1). Thus, the first factor is
‘ H, 1pj( , which is, by (46), bigger than or equal to Co, for every ¢ € [0, o].

The third factor ‘ ]_[(]1:11 D+ QI ld 427k . Finally,
the last factor is bigger than or equal to Cy. To see this it suffices to use (46) for R =
oo, r=k+q+n,x=2"9"d+ 2=k=4-n¢ and note that x < o by the choice of n.
Thus,

IfQd+ 0| = C3Ci|pr(27d +27%1)].
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On the other hand, by assumption, f(2¥~'d +1) = 0(27%) as k — oo, consequently
pr(27'd +27%1) = 0(27%). The number d is odd, hence, by periodicity, px(2~'d +
27%1) = pr(1/2 4+ 27%¢). Thus, we arrive at the following asymptotic relation: for
every t € [0, o] we have

pe(1/2+27%) = 0 (27%) ask — oo. (48)

This already implies that D/ p;(1/2) = 0(2QU=9%) ask — oo, forevery j =0, ..., L.
Indeed, consider the Tailor expansion of the function A(t) = pi (1 /2 427k t) at the
point 0 with the remainder in Lagrange form:

¢ j 241
hoy = 3 2ROy DO

i x| teloal

j=0

where 6 = (1) € [0, t]. Substituting D77 (0) = 27/%DJ p(1/2), we get
14
pe12+27* ="
j=0
D" pr(1/24+27%0) = (U+Dk L+
£+ 1) ’

D-/pk(1/2) 2=k 4i
J!

tel0,0].

First, we estimate the remainder. Since the sequence of trigonometric polynomials
{pk, k > 1} is bounded, the norms || D¢+ p; lci0,01 do not exceed some constant C;.
Therefore,

D pr(1/2+27%6) p—(C+Dk £+
€+ 1!

C
2 H—(+Dk b+l

< T = 027%) ask — oo.

Combining this with (48), we get

Z .

Dip(1/2) .
> #/) 27k 4 = 02~%) as k- oo. (49)
=T C([0.01)

Since, in a finite-dimensional space, all norms are equivalent, the norm of an algebraic
polynomial of degree £ in the space C([0, o]) is equivalent to its largest coefficient.
Whence, (49) implies that

o |DJ pr(1/2
_n(l)axZZ*/kM =02 %), k- oo. (50)
J=0,..., J:

m}

We are finally ready to prove the main result of this section, Theorem 1.
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Proof of Theorem 1 Let pr(w) = a(e=2"®), e R, be the symbol of the
kth mask in the trigonometric form. If the non-stationary scheme converges to a
continuous compactly supported refinable function ¢, then its Fourier transform
H(w) = Jp ® (x)e~2T*%dx is given by

¢ =[] ), wek (51)
k=1

If ¢ € CY(R), then a(w) = o(w™ %) as w — o0. Since the refinable function of the
limit mask a is stable, it follows that its symbol a(z) has no symmetric roots on the

unit circle. The claim follows by Proposition 4. Indeed, by definition of pi, we get by
(50)

.H(l)axzz_jk|Djaik)(—l)| =027%) as k — oo,
J=0,...,

which completes the proof. O
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