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Abstract Since the development of Yee scheme back in 1966, it has become one of
the most popular simulation tools for modeling electromagnetic wave propagation in
various situations. However, its rigorous error analysis on nonuniform rectangular type
grids was carried out until 1994 by Monk and Siili. They showed that the Yee scheme is
still second-order convergent on a nonuniform mesh even though the local truncation
error is only of first order. In this paper, we extend their results to Maxwell’s equations
in metamaterials by a simpler proof, and show the second-order superconvergence in
space for the true Yee scheme instead of the only semi-discrete form discussed in Monk
and Siili’s original work. Numerical results supporting our analysis are presented.

Mathematics Subject Classification 65N30 - 35L.15 - 78-08

1 Introduction

The superconvergence study of finite element methods (FEMs) started in the early
1970s, over the years many interesting results have been proved mainly for a variety
of equations such as elliptic [3,4,6,7,25], parabolic [9], hyperbolic [1,16], KdV [2],
and Stokes equations [36]. More details on superconvergence can be found in classic
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books such as [8,21,29,35]. As for Maxwell’s equations in vacuum, until 1994 Monk
carried out the first superconvergence analysis for FEMs [30], and for finite differ-
ence method together with Siili [31]. Later more superconvergence results have been
obtained on Cartesian grids solved by edge elements [27,28], nonconforming FEMs
[33,34], discontinuous Galerkin methods [11], and finite volume methods [12,32].

Inspired by the many exotic potential applications of metamaterials (cf. [13,14,24]
and references therein), in 2006 we [22] initiated the mathematical study of Maxwell’s
equations in metamaterials. In [23], we developed a finite element time-domain
(FETD) method for solving the metamaterial model (1)—(4) shown below, and proved
that the scheme has an optimal error estimate O (h) + O(7?) in the L?-norm for the
lowest-order edge element, i.e., converges first order in space, and second order in time.
But numerical results of [23] showed the superconvergence rate O (h%) on non-uniform
rectangular grids. The observed superconvergence phenomena were proved later for
both 2D and 3D models solved by the FETD method on non-uniform rectangular and
cubic grids in [18] and [20], respectively.

Compared to the superconvergence results obtained for Maxwell’s equations by
FEMs, some superconvergences have also proved for the finite difference time-domain
(FDTD) methods (cf. [5,10,15,17,26]). However, all papers except Monk and Siili [31]
are restricted to uniform rectangular grids. In this paper, we extend Monk and Siili’s
technique to the more complicated Maxwell’s equations in metamaterials. First, we
prove that similar superconvergence results hold true for the metamaterial Maxwell’s
equations solved by the FDTD method on staggered non-uniform rectangular grids.
Our proof is more succinct than [31]. Second, we present the complete proofs for
both the semi- and fully-discrete schemes (i.e, the true Yee scheme), while [31] only
showed the proof for the semi-discrete scheme. To our best knowledge, this is the
first superconvergence result obtained on Yee scheme for Maxwell’s equations in
metamaterial.

The rest of the paper is organized as follows. In Sect. 2, we first derive a semi-discrete
finite difference scheme on non-uniform rectangular meshes from a variational form,
which will be used late in the error analysis. Then we prove the discrete stability, and
the second order convergence rate in space (which is superconvergent) for all field
variables in the discrete L, norm. In Sect. 3, we consider the fully-discrete scheme on
non-uniform rectangular meshes. Detailed analysis is present for the discrete stability,
and the error estimate which is second order in both time and spatial variables. Numer-
ical results are presented in Sect. 4 to support our theoretical analysis. We conclude
the paper in Sect. 5.

2 The semi-discrete scheme

Consider the metamaterial model [22]:

F G H_J (1
€§Qn— = X —

o1

oH

@ Springer



Superconvergence analysis of Yee scheme for metamaterial... 743

1 aJ r.
— —J=E 3)
E()a)pe Jt Gowpe
1 9K T

— = K=H )
Mowf,m ot Mow%,m

supplemented with the perfect conduct (PEC) boundary condition
nxE=0 on %, (5)
and the initial conditions
E(x,0) = Eo(x), H(x,0)=Ho(x), J(x,0)=Jo(x), K(x,0) = Ko(x), (6)

where n denotes the outward unit normal vector, Eq(x), Hy(x), Jo(x) and Ko(x)
are some given proper functions.

To avoid the technicality of the proof for 3D problems, below we only consider the
2D case of (1)—(6), in which E = (Ex, Ey), H = H, := H, J = (J;, J,), K = K,

andthecurls Vx E = 38? — [ab;" and Vx H = (32, 21y Here the subindices x, y

ay > ax
and z denote the components in the x, y and z directions, respectively. For simplicity,
we consider the rectangular domain Q = [a, b] X [c, d], which is discretized by a

non-uniform grid

a=xp<xy<--<xy,=b, c=y<yr<---<yn =d.

We like to emphasize that our proof and the obtained results can be similarly extend
to 3D problem.

Following the classic FDTD scheme, we choose the unknowns Ey (and J,) at
the mid-points of the horizontal edges, Ey (and Jy) at the mid-points of the vertical
edges, and H (and K) at the element centers (cf. Fig. 1). Hence we can denote the
corresponding approximate solutions (we suppress the explicit dependence on time #):

Ex’iJr%’j, Jx,i+%,j’ i=0,...,Ny—1, j=0,..., Ny,
Ey,i,j—t—%’ Jy,i,j+%’ j=0,...,Ny—1,i=0,..., Ny,
Hi+%,j+%’ KH%’].JF%, i=0,...,Ny—1,j=0,...,Ny— 1.

For convenience, we denote the following three types of rectangles

Tij = (xis Xit1) X (¥, ¥j+1), ;= (xi_%,x,-+%) X (¥j> Yj+1) Uy
= (Xi, Xi41) X (yj_%,yﬁ%) ;

and the corresponding areas |7;;|, |T;_1 j| and |T; -1 |, respectively. To distinguish
2 ’ 2

the role of non-uniform mesh, we denote 4, = maxo<;<y,—1(xj+1 — x;) and hy =

maxo<;j<n,—1(yj+1 — y;) for the maximal mesh sizes in the x and y directions,

respectively. The global mesh size i = max(hy, hy).
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Fig. 1 The exemplary grid for solving 2D Maxwell’s equations

Integrating the x-component of (1) on T, = (forany 0 <i < Ny —1,1 <j <
Ny — 1), we obtain

Yivl Vil JE,
€0
% ¥ ot

Xit1
:/ [H(x,yj+%,t)—H(x,yj_%,t)]dx
Xi
Xit1 Y. 1
—/ /”2 Jy. 7
Xi Y1

Approximating those integrals in (7) by the mid-point quadrature rule, we have

[Nl

IE,

J
at

Xty

®)

Similarly, integrating the y-component of (1) on 7;_ 1j (forany 1 <i < N, —1,0<
J < Ny — 1) yields

Yl (YT JE, Vit
o =), [ (er) = (o) Ja
x_1 Jyj ! Vi
Xipl o Y+l
- / ? / Jy. ©)
x 1 Jy;

. = (xiv1—x;) | H. . — H. . —1\T. .
ij—% o (it xl)( i+3.J+% i+3.j-% ij—%
i+5,]

=

[S]
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Approximating those integrals in (9) by the mid-point quadrature rule, we have
E,
o7y 5 ey O (Hreg. et = By ) [T sy
Jta

(10)
By the same technique, integrating (2) on 7;; (forany 0 <i < N, — 1,0 < j <
Ny — 1) yields

Xitl Y+l Nl (Vi (QE,  9Ey Xitl [LYj+l
J BT A B € e ) B A A
¥ Xi ¥j X X

dy yj

Further application of the mid-point quadrature rule leads to

oH
l/~0|Tij| : 37

o i _yf)(Ey,i+1,j+% _Ey,i,j+%)
l+§,j+§

+ (Xit1 —xi) (Ex,i+%,j+1 - Ex,i+%,j) =Tl K1

(12)
Integrating the x-component of (3) on T; - (forany0 <i < N, —1,1 <j <
Ny — 1), we obtain
Xit+1 aJ Xi+1 Y., 1 ]" Xi+1 Y1
/ / x +/ /”2 o _/ /”2 E.. (13
, eoa) x; v 1 eoa) i v 1
2 72 72
Approximating (13) by the mid-point quadrature rule, we have
1 dJs L.
T | — ‘T‘ ‘ | E
ij=% cow?, o1 i+%’j+ ij—% cowd, Rt ij—4 " Exitd
(14

Integrating the y-component of (3) on Tl_%’j (forany 1 <i < N, —1,0<j <
Ny — 1), and using the mid-point quadrature rule, we obtain

1 8,
Loyl o
pe

r.
* Ti—%ﬁi)'@%,i,ﬁ% = Ti—%,j"Ey,i,jJr%' (as)

ijt+d

Similarly, integrating (4) on 7;; (forany 0 <i < N, —1,0 < j < N, — 1), and using
the mid-point quadrature rule, we obtain

1 9K r
Tl - Tl Ky ey = Tl Hiy
oWy I ;1L il Ho e

ey (19

@ Springer



746 J. Li, S. Shields

2.1 The stability analysis

We define the following mesh-dependent energy norms

IEdE = D

0<i<N,—1
1<j<N,—1

2_ .
G = 3 [T B

1<i<N,—I
0<j<Ny—1

2 _ n
IHI = D 1Tyl |Hiy
0<i<N,—1
0<j=<Ny-1

1= > |1,

0<i<N,—1
1<j<N,—1

2— .
G = 3 [Tl s

1<i<Ne—1
0<j<N,—1

2 _ N
K= > 1Tyl Koy
0<i<N,—1
0=j=Ny~1

1 |2
x,i+§,j ’

)

First, we can prove the following energy conservation for our semi-discrete scheme.

Theorem 2.1 The solution of the semi-discrete scheme (8)—(16) satisfies the global
energy identity:

1 2 2 2
5| €0 HEx|E + EyIIE ) + ol Hlz

+% (||Jx||3 - ||Jy||3) + %IIKII%]O)
€0Wp, Howp,,

t
e 2 2 Ui 2
+/0 [607 (14105 + 1113 ) + 21Kl | dr

pe pm

= o (UEIE + NER) + ol H1By + —— (115 + 1411
2 Gow%e

1 2
+m||K||K:|(O) (17

holds true for any t € [0, T].
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Proof Multiplying (8) by Ex,l.+%,j, (10) by Ey,i’H%, (12) by Hi+%,j+%, (14) by
Jx’l._%’/., (15) by Jy,i,j—&-%’ and (16) by Ki+%,j+%’ summing up each over its corre-

sponding rectangular elements, then adding all results together, we obtain the sum of
the right hand side as

RHS = Z (i1 — xi) (Hi+$,j+% - Hi+%,,/—%) Eivlj

0<i<N,—1

1j=Ny—1

- 2 Gy (Hi+%,j+% - Hi—%,,/’-&-%) Eyij+l
1<i<Ny—1
0=j=<Ny—1

= > O =D (Byiprgiy = Evijet) Hivd el
Ofifo_l
0<j<Ny—1

+ D G- (Ex,i+%,j+l - Ex,i+%,j) Hii1 4t
Ofifo_l
0=j=<Ny—1

= Z (Xig1 — xi) Z [Hi+%,./+%Ex.i+%,j+l - Hi+%,j—%Ex.i+%,j]

0<i<N,—1 0<j<Ny—1

- Z Oyt = ¥j) Z [Hi+%,j+%Ey,i+1.,j+% - Hi—%,j+%Ey,i,j+%]
0<j<Ny—1 0<i<N,—1

= Z (Xit1 = Xi) I:Hl'Jr%,Nyf%EX,H’%,Ny - Hi+%,7%Ex,i+%,0:|

0<i<Ny—1

D INC/RESD [HNK—%,H%E%NX,H% - H—%,H%Ey,o,n%] =0,
0<j<Ny—1

where we used the PEC boundary condition (5), which in our 2D case is equivalent to

Ex,i-i—%,Ny = Ex,i+%,0 =0, Ey,NX,j—i-% = Ey,o,j+% =0, (19)
for all i and j.

Using the above defined energy norms, the sum of the left hand side corresponding
to the above operation is given as

1d
LHS = M[eo (1E I + 11, 113) + noll H 1

b (W1 113) + —— 1K 11
€ow? Y How?

pe 0% pm

r r
+— (1115 + 1 115) + —2— 11K 113 (20)
€0Wp,e HOWpm
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Equating (18) and (20), and integrating the resultant leads to the global conservation
identity. o

Dropping the non-negative terms on the left hand side of (17), we can easily obtain
the stability for our semi-discrete scheme.

Lemma 2.1 For any t € [0, T], the solution of the semi-discrete scheme (8)—(16)
satisfies the following stability:

e (NE. 112 Eol2 HI12 ! 2 2
o (1ExIIE +EYE ) + rollHIy + —5= \II9x117 + 115117
€0Wh,

P K% | (@)
How? K

pm

< Lo (HEAR + 1ER) + tollHIB + —— (11712 + 117,112
— 0 XIE YUE woll ||H+ 2 Il x||J+|| y||]
an)pe

1
+——IK1% | (0). 21
uowf,m” IIK}() (21)

2.2 The error estimate

To make the error analysis easy to follow, we denote the errors by their correspond-

ing script letters. For example, the error of E at point (x; 1, y;, ?) is denoted by
2

EX’H%J = Ex(xiJr%, Vi t) — EX’H%’J., where Ex(xl.Jr%, yj,t) and EX’H%’J. denote

the exact and numerical solutions of E, at point (x; +1s yj, 1), respectively. Similarly,

we denote errors

Ey (xi’ Yi+i t) —Ey i+l
Hipi 4y =H (xi+%’ Vit ’) —Hi )il
Teivdj =" (xi+$’ Vi t) it Tyt = (xi’ it} [) ~yij+b

i+d 4y =K (xi-i-%’ Vit t) — K141

>

By the definition of errors, and from (7) and (8), we obtain
//’ e )|z
= €0 — | X l,y")_’ L]
i+1.) Ti,j—% at i+5°7) i,j—3
E, IE,

= € . ; ,Vjist) — , V.t

0 [A.l i (g 0001) ‘KL.] TR

1] 2 1] 2
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Xi+1
—i—/x. (H(x,yH%,t)—H(x,yjf%,t))dx—//T Ji(x,y,1)
i i,jf%
= (i1 — xi) (HH-%,,H-% - Hi+l = ) + )T /—l’ ) Jx,i+%,,/
_ JE, (
a U/ SRR
) -3
Xi+1
=) (Mg = Hf%r%) - / CACEmY)
—H (x, yjf%, t)) dx
=G =) (H (g0 t) = (v 00)) = [Ty T
+// Jx (-xl‘_;’_%vyja // Jx(x y t)
Ti,j—%
which leads to the error equation for E:
0Ex
60) ij=3| gy i+l j= (ki1 = x1) (Hi"‘%’j“‘% _H"'F%’J'_%)_)T"’j_% "Zf’i"‘%»l
3
0E,
+EO(//T . (7 (xi+%’ ijt) - _(-xv y»t))
ihj=5
Xit]
[ ) -8 ()
Xit]
. <H< o >—H(x,-+;,y,-_;,r>>dx]
N AR
= (Xi+1 — %) (Hi+%,j+% _Hi+%,j7%) - Ti,jfé "7x,i+% j
+riij +raij 3 (22)
Similarly, we can obtain the error equation for E:
T &y .
€0 |1;_1 /‘ . W . = _(yj-H - yj) (Hi+%,j+% _Hi—%,j-i-%)
Jts
~ T4y ‘ ‘7le +3
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y/+l
YR IO T

J

_/Yj+1 (H( S ;) H<xi§’yj+§’t))dy:|
// x,, %,t)_Jy(xayvt))

= —<y,-+1 —9 (Hf+%,j+% Ty 1)

ﬂ,%’j‘-Jy,i’H%-i-m,ij + 715 +716i)- (23)

By the same technique, we can obtain the error equation for H:

oH
M0|Tij| : ?

o T O ) (gy,i+1,j+% _5,v,i,j+%)
l+§,]+§

+ (Xit1 — i) (5x,i+%,j+1 - gx,H—%,j) =Tl Kyt it
8H oH
+ 1o - T ,+1 Yitis t)—g(x,y,t)

Yi+l1
- / (Ey(-xi+17 yvt) - Ey(xi, yvt))dy

Yi

Vit
_/ (E (Xit1, Yigls 1) — Ey(xi,yj+%,t))dy

] (¢~

= =0 =) (gy,i+1,j+% - 5y,i,j+%)
+ (Xi+1— xi) (5x,i+%’j+1 - Ex,,-%,j) - ITijI-/C,'Jr%,H% + 70+ r8ij o
(24)

The error equations for J and K are easily obtained and given respectively by:

‘T 1 07 I, 7
. 1] .1 1
bJ72 6060%,6 at vl 600)%,9 Ll=2 X,ita,J
1 aJx X
:T..1-5.|.+—// —(x.|, -,t)— 1)
Lj=7 X,it5,J 6060%,@ Ti‘j—% ot i+5 Vi 3

eoa) // z+‘ »Yjs )—Jx(x,y,t))
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_//T (Ex(xi+%,yj,t)—Ex(x,y,t))
| (25)

£ +r10,ij T ri1,ij +r2,ij,

xz+ J

‘ 1 3Jy r. ‘ 7

A T I —_— o |

1—5,] 2 2 J Vi, j+5
2 €owy, 0t Lj+l €W, 2

_|r ‘ c 1 aJy ' . aJy .
il il T - a—t(xz,yj%,)—?(x,y,)
i—5.J

1
i-3, yoloj+
2 2wy,

J , t)—J, , ,t)
eowpe // .y Y x, Yi+y y (63,0
_// Ey xl-,yj%,t)—Ey(x,y,f))

Ti—%.j
L4113, +ri4,ij + 1155, (26)

ij=3

;1
i—7,

= Tz—%}) 5}!/+

and

1 oK 'y
—2|Tlf| Kz+%,j+%

Tij| - ———
H“Oa)pm 8[ l+ j-‘r pm

K
= |Tl]| .Hi+%*j+2 MOCUpm // ( xi+; yj+%,f) - W(xy y»t))

(K (%10 vj0101) = K 3.0)
Mow%m /A/ ity )43

+//T,.j (# (g 3p0p01) ~ HEx300)
27)

i+1j+d + r1e,ij +r17,ij + 118,ij-

=I|T;j|-H
With the above preparations, we can obtain the following superconvergence result

Theorem 2.2 Suppose that the solution of the model problem (1)—(6) possesses the

following regularity property:
Ex, Ey, H € C([0, T]; C*(Q) nC'([0, T]; C*()),
Je, Jy, K € C([0, T]; C*(Q2) N Cl([0, TT; C*(Q)).

Under the assumption that if the following initial error

1
2 2 2 2 2
[60 (11€1E +1E11E) + ol 11 + v (17053 + 17311)
1 2
—— K% |(0) = C (h} +13) . 28
vl ||K](>_ (2 +12) 28)
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holds true, then we have

2 2 2
max. [60 (1ENE + 1E1E) + moliHIT% +

0Wpe

+

2
2 2 2
= ||IC||K(t):| <CT (hx + hy) .

— (1715 + 1713

Proof By the Taylor expansion, for any function f we can easily prove that

// f(x,y,t)—f(xiJr%,yj,t))dxdy

// [ f 7) _f(p*)+(y_y]) ]yC(P*)-i-%(x

2 2
f(pz)+ (y y/)

d
x +1) (y— y])

< JI, el

9x2

282

ol
0

yay

I\J

where we denote p, =

p«and (x, y, 7).
Applying (29) to f = 9L we obtain

at
w+0@9

»E
2
rLij = (0 (hx) ‘ataxxz
It is easy to see that for any function f, we have
Yj+1
[ o =1 ()@
Vi
Vit af y
= /y (r=2051) 55 (1) +/y =
ith
/M-H
y

J

3E,
9tdy?

3 92
= Chj| a—yz(n)‘w,

@ Springer

) (Pa):|

o

ij—%

y 32f Vil
/ (v =m5=3mdn | dy| < Chz/
Yied Yj

2 32f
- XH%) W(Pl)

(29)

(xl. L ¥j, 1), and p1, p2 and p3 for some midpoints between

1.

]zc(n)dn dy
2f
W(’?) ldn

(30)
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which leads to

2 2

0<i<Ny—10<j<N,—I

=Ch 2( )‘ €1y

[0 = £ () o

Applying (31) to each single integral in (22)—(27), we will only obtain O (h) conver-
gence rate. This was pointed out by Monk and Siili in [31]. They managed to prove the
O (h?) rate by using a special structure of the local errors. Here we will use a simpler
method to prove O (hz) error estimate.

Note that

Xi+1
/ ( (x Vil t)—H(x,yjf%,t))dx
Xit1
g <H S BT Ph

\3
ht
\<\
A
,L
><
=
-
N—
w|®
—
s
=
~
~—
QU
<
QU
=

which leads to

) =53]
o

o (hz) P H
ro;; =

2] ) 10ydx?
We like to remark that we can reduce the regularity requirement if we use the integral

residue as shown in (29).
Applying (29) to f = J,, we obtain

= (0(2) 55|+ ()

By carrying out the above technique to the E error equation, we have

9% J,
ax2

32 J,
3 9.2

i = (o 02)[5s]_+o ) | ) [l
w==f], 1,(—<x 0= (010)
=7
:O(hi) E;jc3—8Hy2 i,%,j),
o= (005)[22] +o () [24] ) s,
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Using the same technique to the H error equation, we have

r7,ij = (0 (h ) 881‘3821 0] (hi) % Oo) T,
B = _//T,j( e 0= aa%( RIEL t)) 0 (hz) ;jfyv 731,
roij = (O (h ) +0 (hi) (2)2715 ) T

00

Similarly, we can obtain the following estimates for the Jy, J, and K error equa-
tions, respectively,

93 93J
e — 2 —x 2 X . .
"0y = (0 (h") arox?| o (h>) drdy? ) hima|”
927 92J
_ 2 X 2 X
= (0 () [52]_+0 () 5] ) 1.
92E 9%E
= (0(2) [55]_+o (9) 52| ) Il
0x~ |5 3% | J=2
937 937
C— 2 Y 2 y .
M35 = (0 (hx) 910x? | o © (h‘) atdy? Oo) =30
927, 9%J
2 Yy 2 y
i = (0 ()50 (m) |57 ) Tyl
o0 o0
2\ |Ey 2\ [Ey
and
3K 3K
= O(hz)— o(h%)_ AT
r'16,ij ( X 82‘8)62 oo“l‘ y 82‘8)’2 - | ljl
92K 92K
r17,ij=(0 (h)zc) ™l +O(hi)’8_yz )'|Tij|,
o0 o0
92H 92H
o= (o 0) 2] 0 ) 2] )
o0 o

Denote the error energy

(1) = leo (€113 + 1€ 113 ) + ol 11,

1 2 2 1 2
+- > (IIJXIIJ + IIJyIIJ) + mTllK”"](t)'

0wy, pm
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Multiplying Ex i+l to (22), SV . to (23), Hl+ gk to (24), jx i+1.j to (25),
jy ijth to (26), K, j+h to (27), summing up the results for all i and J, using
estimates such as the following:
2
> iy S D) [3 LR B G
0<i<N,—1 0<i<N(-1
1<j<N,-1 1<j<Ny—1
1 2 2\)?
g (0 () o () |7

< SlIERE + 550 (1) + 0 (12))2

and using the estimate (18) with E and H replaced by £ and H, respectively, we obtain

2 8
Joow o e (WIB 4 II3) +— 1K1 = € (12 +82) "+ 5 00,

2 dt De 0D pm

where § > 0 is a small constant.
Integrating the above inequality from O to 7, we have

2 t
o) = 00 +C (h +13) t+8/0 O (s)ds. (32)

Suppose that t, achieves the maximum of Q(s) on the interval [0,1¢], i.e.,
maxg<s<; Q(s) = Q(ts). Using t = t, in (32), we obtain

2
0(t) = 0O +C (W +12) 1. +61,0(2,). (33)

Choosing § small enough such that §¢, < 1, and using the assumption (80), we
complete the proof. O

3 The fully discrete scheme

To construct a fully discrete scheme, we divide the time interval [0, 7] into N; + 2
uniform intervals, i.e., we have discrete times 0 = fp <] < --- <ty42=T.
Approximating those time directives properly in the semi-discrete schemes (8), (10),
(12),(14),(15), and (16), we can obtain the followmg fully dlscrete scheme: Given ini-
EO H 2 . J 2 Z Kl
+2 i’ y,l,]+z l+2 j+2 xz+2 j’ y,z,]+7 l+§,j+§

3

n+1 n+1 n+2 n+2 n+ts n+2
anyO<n<N,,solveE JE'T O H S T LT KT
+2 i’ Y., j+>5 i+5,j+7  xi+5,0 y.i,j+5 i+5,j+5

tial approximations E 0 , for

from:
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756
1 1
gl _gn n+s _ H’H'i
X,i+5,j Xith o ij+d it3.-5  n+d (34)
=y, xit3,j’
‘ Vity T V4 :
1 1
En+] _En n+x _ Hn+§
‘@ Vi j+3 yij+y it j+s i—3.J+s  n+d (35)
- )
T X., 1 —X. 1 Y j+s
i+5 i—7
3 |
g2 H'2 n+1 n+1
i+5.j+3 i+5.,j+5 v+l j+5 Yo j+t3
o = -
T Xit1 — X
n+1 _ pn+l
P P
X,it5,j+l1 X,it5,] n+1
- P B ) (36)
Yi+l = Yj i+2.JF2
n+3 n+l n+3 n+%
1 xithi o Txitlj r i+4,] i+17
Y X,i+3,] e X,i+5,] X,i+5,] _ En+1 (37)
- S )
€w?, T €w?, 2 Xith,j
"+% "+% n+% n+%
Vi, j+3 Yo, j+s e Y j+3 Vohjtsz En+l (38)
- )
eow%e T eoa)f,e 2 Yo j+3y
n+2 n+1 n+2 n+1
1 KK r 1 TK 3
2:JT73 4 27]"1‘2 m l+2,,/+2 l+2,] 7 n+§
- PR B I
Mow%,m T Mow%m 2 i+3.J+3
(39)

Let C, = 1/./époito be the wave propagation speed in free space. For any grid

function u; ;, let us denote the backward difference operators V, and V,:

Uitl,j — Uij
Villi+l,j = Xyl —Xi
1 l

Wij+1 = Ui

Vy“i,j—i—l =
Yi+1 —Yj

Furthermore, we denote the constant Cj,, > 0 satisfying the inverse inequality

Vautl] < Cinph Tl 11Vyul] < Cinuhy|lull, (40)
for any energy norm defined earlier.
3.1 The stability analysis
Theorem 3.1 Assume that the time step size T satisfies the constraint
7 < min Cinvhy , Cinvhs , : , : , (41)
2C, 2C, 2Cl)pe 26Upm
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then the solution of the fully discrete scheme (34)—(39) satisfies the following stability:
Forany1l <n < Ny,

3
eo (1B + IESFIE) + ol H™F 2113,

1 1
+— ‘ +—— K"k
€0Wp, J Howp,,

ol[? ol|? L)
o O (e Y A R

2
P ||Ji||2+‘1 - ||K1||2] 42)
ol WL > K |
E()Q)pe J /-’Loa)prn

where the constant C > 0 is independent of T, hy and hy.

e 2
Jy 2

n+%

Iy

"

J

1
2

Proof Multiplying (34) by |7 1|(E"+_1l _+Ezi+1j),(35)byt|T. L |(E"+1
1 i,

l]— z]+
+E . 1) (36)byf|sz|(H ! +H 1) (37)bYT|T”,,|(J“. 1j+
41 3
Ul ). (38) by 7Ty ‘|(J N 1> (39) by TITyI(K T+
2 2
K ’:H jil ), then summing up the results, we obtam the sum of the right hand side as
2’ 2
N ) o n+% _ n+%
RHS =1 Z |:(x,+1 Xi) (HH%JH HIC
0<i<N,—1
1<j<Ny—1
_ "+2 n+1 n
X, l+2 j T i,j— :| (Ex,i+é,j + Ex,i+é,j)

1 1
n+x n+x
+T yisi—y)\H .. —H .
( JH ]) l+%,4/+% l—%d-ﬁ-%
1<1<NX—1

0<j=<Ny—1

1
n+
J 2 ’T,l ‘ En+1 +En o
yij+s 1773 yij+3 MANES

(. . n+1 _ gn+l
T Z [(y<,+1 y-/)(Ey,i+1,j+; Ey,i,j+;)

0<i<N,—1
0<j<N,—1
+1 n+1
Xit1 —xi) | E" —E
+( i+l l)( xz+2 j+1 x,i+é,j)

1
n+1 n+2 n+2
—K |T,]| +1 +H
1+ + t+2,j+2

1
n+32
+7T E Enﬂ.Hl .'Tij_l J 2 +J .
vl X,i+5,] T2 x1+2 J x,t+2,,/
Si=Ny—
122N, —1
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3 1

n+3 n+s
o (0 T
1=3:J Vi, j+7 Y.i,j+3

758

2 n+1
+1 E P
Vi j+a

1<i<Ny—1
0=j<Ny—1
n+3 n+2 n+1
+7 E H '/ | Ti;1 K+ 1+K-+1 1
l+§,]+ 1 2,]+§ l+§,]+§
0<i<N,-—1
0=j<N,—1

Regrouping those terms in RHS, we rewrite RHS as

. o n+% _ n+%
RHS =1 Z (»x1+1 xl) Z |:(Hi+%,j+é HH_%,]‘_%

0<i<N,—1 1<j<Ny-1
1 n n+1 n+1
E"Y 4 BT )+ E —E
( X+t xi+i.j X+t i+l xi+lj

3 1
n+2 n+s

. L n+% _ n+%
T Z Oj+1 = 2j) Z 1[(Hi—§,j+§ Hi+%’j+%

0<j<Ny—1 1<i<N,—
1 n+1 n+1
x (E" | 4+ E" +(E —E
( v,i j+% Vai, /+2 v,i j+2 y,i+1,j+%

3 1

n+ n+z
X Hl+2 T Cal
2:J+3 i+t3.0+3

1

n+x
+7 E —J
X,it5,]

0<i<Ny—1
1<j<Ny—1

3 1
n+s n+s 1
+ () EN
RE X,i+3,] X,i+5,]

n+1 n
Eivt T e )
1t 5,] T a,]

1 n
E" 4+ E"
yij+i y,l,1+%

n+x
T Z T. 1 ‘ —J 2
+ 1=3,J [ y,l,J-‘r%

1<i<N,—1
0<j<Ny—1

3 1
n+sx n+»5
(T T ) E
i jts3 y.i,j+5 y.i,jt+>
3 1
n+1 }’l+§ n+§
T DL 1Tyl [_szrl i+1 (Hi+‘ i T
0<i<N.—1 2:JT3 2:JT3 2:JT32
_t =iV x
0<j<Ny-—1

3
n+s
+H' 2 K" 4 k"

z+2,j+2 z+2,j+2 l+§,]+§

Z (Xit1 — X)) Ry + z (Vj+1 —Yj))R2 + R3 + R4 + Rs

0<i<N,-1 0<j<Ny—1
(43)
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To evaluate the above RHS, below we evaluate each term separately. First, note that

n+% . n+% n+l n
le—z S [(rby -, e

n=00<j<N,—1 ’

3
1 1 n+ nt
—l—E;’Ll,l—E"Jfl, H > | +H '}
Jd+5,]+ X,i+5,J z+ Jts t+2,1+

Ni +1 43
T3 n nT3 n+1
=§\, 2: H B —H LB
i+5.j+5 X.i+3.] i+5.,j+7 xi+3.]

n=00<j<N,—1
1 1
n+s3 n+1 n+5 n+1
\HE L, HT
3.Jt7 Xits,j+ i+5,j—75 Xxits5.j

Ni +3 +1
nriz n+1 ntz n
> H P G EV . —HUP L E
2.Jt7  Xitg.j+ ity,j+7 Xit3.J+

n=00<j<Ny,—1
1 1
n+s n nts n
TN B T B
i+d L Txitd i+ - it

1 3

3 0 Ni+3 Ni+1
= > H:, E° | —H '[! EVT

l+§,]+7 X,l+2,j l+§,]+7 X,l+§,J

0<j<Ny—1
u +1 +1
nT+z 1 n 1
+Z(Hi+l2N +lE:clJ;+l N HH— i —E;Hir+l 0)
27Ny 2 ’ 2:0%y ’ 2
n=0
HNH-% i+ H% o
+ Z 01 a1 L1 - 01 a1 S 1
i+5,j+5 Xxits5,j+1 i+5.j+5 Xitg.j+
05./‘51\5‘—1
+Z( ' E )~ B VEL o)
it Ny il N, i+ -1 7xit}o0
3 0 Ni+3 Ni+1
= Z H oy B —H o BN
i+5.j+7 Xit3.J i+5.+7 Xit3.j
0<j<N,-1
HNHr% i+ H% 20
+ Z 01 a1 L1 - 01 a1 D 1
i+5.j+3 xitz,j+l1 i+3.j+5 Xitgz.j+
0<j<N,-1
N+3 Ni+1 3 0
= E (yj+1_y]) Hi+l' LvyE 1 l_H' 1 LvyE il i)
2.Jt3 X,it5, )+ i+5.j+3 X,i+5, )+
0<j<Ny—1

(44)

where we used the PEC boundary condition (19) in the second last step, and the
backward difference operator V, in the last step. Note that in the first step, we extended

the original sumof 1 < j < Ny —1t00 < j < Ny — 1. Even though H+ , has

02
subindex out of the original bound, its product with E”Jrl + E" = 0 (by the

+j X, +2
PEC boundary condition (19)) is still zero.
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The term R, can be evaluated as follows:

N; Nt ntd n+i 41
2 2 n n
ZRZ:Z Z H o —H )\ E Lt E
212 i+7.j+ Vil j+3 yiboj+53

n=0 n=00<i<N,—1

3 1
+(Eg - gt ' + g2
yij+i yi+lj+i i+1.j+3 i+3.+3

Ni +1 41
}‘ 2‘ nrs n+1 nra n+1
= H 1 lE A H 1 lE . 1
Jtz o ovijts i+5.j+5 yitlj+s

i—3
n=00<i<Ny—1

1 3
n+3 nt+s 1
+(-H ' E" ,+H ' (E"
i+5,j+5 Yi.j+3 i+5,j+t7 y.i,j+s

N, o L
H" 2 n nty n
+Z Z '7l'lEY"l_11'l'lE1' 1
i=5.Jt7 YiJjt3 i+5.j+5  yitlj+

n=00<i<Ny—1 2
1 3
n+5 n n+s n+1
+ H 1 - lE . . l_H. 1 - lE . 1
i+5,j+5 yitlj+z i+5,j+5 Yyitlj+3
1 1
n+; n+1 n+sz n+1
:Z H_,~ lE,0~ l_HN_l- lE,N il
2.0tz ¥.0.j+5 x=73.Jt7 V.Nx.j+3

+
3 0 Nt LNt
+ _H 1 . 1E P | + H 1 . 1E |
it5,j+t5 Y. jt+3 i+5,j+5 y.i.jts

1 1
nt3 n ntsy n
e (HE L HS T E
5 —5.J+7 Y.0.0+3 xt2.J+7 YV.Nx,Jt3

1 3
2 Ni+3 Ni+1
+ H? IEO‘ o —H O ETT
. ity j+y yitlj+s i+5.j+3 yitlj+3

1 3

bl Ni+5 Ni+1
= —HAZIA 1E0,4 1+H l2~ lEtAA 1

i+5,.j+5 Wihj+z i+5,j+7 y.i.j+s

1 3
3 Ni+5 N;+1

+ > \E,  EY. o —H2 O EMT
i+5,j+7 )’71+1»j+§ i+5,j+7 y,z+l,_/+§

Ne+3 Ni+1 3 0

= E (xi+1—xi) —H 1 IVxEvr, . 1+H 1. 1VXE i1 el ]

i+5.j+3 i+l j+5 i+5.j+3 yiitlj+3
0<i<Ny—1

(45)

where the PEC boundary condition (19) was used in the second last step, and the
backward difference operator V, was used in the last step. Here similarly to Ry,
in the first step we extended the original sumof 1 < i < Ny —1to0 < i <

1
N, — 1. Even though H "sz+l has subindex out of the original bound, its prod-
—3Jt2

uct with E"*! + E" = 0 (by the PEC boundary condition (19)) is still

.0,j+% y.0.j+%
Z€10.
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Similarly, we can evaluate the rest terms in RHS (43) as follows.

N, N, N
nrs 1 n
R:E z T . . ||=J""2 E"T E" .
2 R =3 it \Exivt i TEciv
n=0 n=0 0<i<N,—1
0<j<Ny—1

3 1

n+3 n+s
+ Jx j +J 2 E’H,'ll .
5.J x1+2,j X,i+5,]

3 1
= > (JN'_*Z ENT gt EC ) (46)

S|
L=z \ Uity xitsg Txith xitg
0<i<Ny—1
0<j<Ny—1
2 2 2 : ’H‘% n+l n
R4y = T'_l'_J.41E.A1+E441
=2, Vi, j+5 i j+3 Yl j+3
n=0 0<i<N,—
O<]<N»—1

3 1
n+3 n+x 1
+(7 72+ 2 JET
Y j+s Y j+s yiij+3

Ne+3 N +1
- > TF,( gV gt e g ) )
2:J i jt3 y,z,1+2 sz-i- Vi j+>
0<i<Ny—1
0<j=Ny—1

and

Ny Ny 43 4l
n+l1 nria nra
§R5=§ E Tl | =K' \H . +H
i+5.j+3 i+5,j+3 i+5,j+7
n=0 n=0 0<i<N,—1
0<j=<Ny—1

3

n+s
+H' 2 K™ 4k
t+2,j+2 z+2,j+2 i+5,j+3

Nt+2 Ni+2 3 1
= 2 m( A K H K . (48)
]+2 l+2~]+2 l+2,]+2 l+2,,l+

0<i<Ny—1
0<j<N,—1

Summing up (43) from n = 0 to Ny, then substituting the estimates (44)—(48), and
using the energy norm notations, we have

2 2 2 2
N+l Ni+1 0
o[z - l12lf) - (lz=I1, - 12l

3 1
+ o (Y311, — 11H 1)

2 2 2 2
] N+§ l 1 N+§ l
+ - ‘th 2 sz +_2 ]y’ 2 _ ]yz
€Wy, J J €0Wpe J J
1
Ni+212 1,2
+—— (K2 — 1K)
[o®3,,
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Nt+% Ni+1 % 0
<t > Tyl(H 2 VENT = HE L VEY
) i+5,j+53 X,it5,j+ i+3,j+3 Xl 3]
0<i<N,—1
0=j<N,—1
Nl+% Ni+1 % 0
+7 E |Tijl\ —H.,,° V<E" ~1+H-1-1VXE-1»1
i+5.j+3 Vit j+5 i+3.J+3 yi+lj+3
0<i<N,—1
0<j<N,—1
3 Ni+3 N+l 3
+7 )T-‘_l Jt%E t.+1._-]2. 1.E0. 1
L]—3 Xit5.j Xit3.] X,it+5,] X.itg.]
0<i<N.;—1

N,+3 1
e 3 fre | (R )

y,t,H-% y,t,j+% y,t,j+% Vil j+5

0<i<Ny—1
0<j<Ny-1
3 Nits N2 > I
+7 ITI\H. 5 K —H? . K ) (49)
; i+5.J+7 i+3.J+3 i+5.j+;7 it3.J%3
0<i<N,-1
0<j=Ny-1

Now we just need to bound those right hand side terms of (49). Using the Cauchy—
Schwarz inequality and the inverse estimate (40), we have

Ni+3 Ni+1
T E |Tijl-H = (VyE'
i+5,j+35 xX,it+5,j+1

0<i<N,—1
0<j<Ny~1
12 1/2
N+3 o Ni+1 2
st 2 ITlIHE > AT IV ENT
5.J+7 X,it+5,j+1
0<i<N,—1 0<i<N,—1
0<j<N,-—I 0<j<Ny-—1
N+3 Ni+1 Ni43 12
=7|[HN 2| |||V EY e < SpollHY T2y,
po1)
1 (Tcinv y ) 2
LA ) e (50
46 MOED E
Similarly, we can obtain
Ni+3 Ni+1 Ni+3 2
A < L)
T > T H v VeE D ey < Suoll 211,
0<i<N,—1
0<j<Ny—1
1 (tCinyhH)? Nit 12
+— - ellEy T |- (5D
46 HO€0
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By the similar technique, we can prove that

Ni+3
e S ] e
) X,i+5,] X,i+5,]
0<i<Ne—1
1<j<N,—1
N+3 N1 TWpe 1 Ni+3 o Ne+1,12
<zl ClIENT ||E§T E()THJX 7 +ellEY IR ). (52)
pe
. Z ‘T. . .‘.JNH-% gNtl
=d Vyij+y ity
1<i<N,—1
0<j<N,—1
Ni+3 Ni+1 Twpe (1 Nit+3 2 N+l p2
< el IES e < T 1 el EY ). 63)

pe

and
Ni+3 Ni+2
T E |Tij|'H.1.1K.1.1
l+§,]+§ l+§,]+§
0<i<N,—1
0<j<N,—1

Ni+3 Ni+2 TWpm Ni+32 112 1 Ni+2,2
<t[HY 2|y KN ||K§T wollH ’+2||H+—2||K %
pm

(54)

Substituting the estimates (50)—(54) into (49), then choosing § and t small enough so
that the left hand side terms of (49) can control those corresponding terms on the right
hand side. A specific choice can be

5 = l’ I < Cinvhy, T < Cinvhx’ < 1 LT < 1 ]
4 = 2C, - 2C, T 2wpe T 20pm
This completes the proof. O

3.2 The error estimate

To make the error analysis easy to follow, we denote the errors by their correspond-
ing script letters. For example, the error of E at point (x;, 1, yj, ») is denoted by
2
et
X,i+5,]
the exact and numerical solutions of E, at point (x; 1Y) t,), respectively. Similar
2

— . . . n
= Ex(xl.Jr%, Vi ta) EX’H%’J,, where Ex(xiJr%, yj,t;) and Ex’l,+] j denote

error notations given below will be used for other variables:

1 1
&n nt3 Ve Nk ot

vig+y ikl Yaiel Yyviag+d ikt
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3.2.1 The error equation for E

Multiplying (34) by |T; i1 | (the area of rectangle T, i1 ), we can rewrite (34) as
) )
follows:
€ |T; i1 1 |
) +7 +,
#(Enﬂl —E" ‘)z(x,-Jr]—x,-)(H,n 2 -H 7 1)
T X,it5,] X,i+5,] i+5.j+3 i+5.J—7
41
P A
»J772 X,i+5,]

from which we can easily obtain the error equation for E:

e |T. . 1
# (g;lﬁ;] - g:,w;,j) = (i1 — xi) (H?:f,jﬂ N Hznifjé)
S (59)
where the local truncation error term R; is given by
0|7,y
= e () o )

patRl CH CHETMITANY EpJ CAIEVRIDNE)
T (g vistass) (56)

Integrating (7) from ¢ = 1, to f,4+1 and dividing the resultant by 7, we have

€0

0 / / (Ex(xs v, o) — Ex(x, v, tn))dxdy
T . 1
ij=5

1 . Int1 Xi+1
- ;/tn /x,- <H (x’yj+%”) _H(xyy,-_%,t)) dxdt
1 [+t
__/ // Jx(x,y, )dxdyd:. 57)
v Ti.i—%

Subtracting (57) from (56), we can rewrite R; as follows:

€0
R, = ?//T [(Ex (xl-+%, Yis tn+1) —Ey(x,y, tn+1))
ij-%
— (Ex (xl'_,’_%’ Yis tn) - Ex(xv Vs tﬂ))] d‘Xdy

Xig1
AL Gy i) < (i)
Xi
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1 [+l fXig
_;/tn /x,- (H (x,y,-%,t) —H (x,yj,%,t)) dxdt]
1 Iny1
+ //T N Jx(xi+%’yjaln+%) dxdy — ;/tn //T B Ji(x, y, t)dxdydt
Ll=7 el

= Ri1 + Ri2 + Ri3. (58)

Following the same technique used for deriving (29), for any function f we can
prove that

//T . (f(x,y,tn+1) - f (.xi+%,yj,tn+]))dxdy
[y
_l/y;. l(f(x,y,m)—-f‘(n+%,yﬁtn))dxdy
hi=z
N //T - [% (x _xi+%)2 (?;TJ;(% tnt1) — %(ql, tn))
hi=z
+%(y —y)? (%(c]z, tagl) — %(qz, tn)):| dxdy

1 2 3f 1 , 3f
= T//T - |:§ (x —xi+%) W(Qh ty) + E(y = yj) 313y7 (g2 t*)] dxdy,
iLj=73

(59)

where we denote g; and g, for some points between (x; 11,y ;) and (x,y), and #,
2

for some point between f,, and f,41. In the last step we used the following Taylor
expansion

0
gltns1) — gty) = ra—fa*)

2 2
with g = % and g = %, respectively.
f=

Applying (59) with E, we can bound Ry as follows:

€0 1 2 JE, 1 , E,
Ru= L[ [emn0) e 0+ 50y e )] sy
1,]77

- (0 2) 5]+ 09) el ) e

P L.
Li—3
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Similarly, by the Taylor expansion, we can estimate Ry as follows:

i+l +3 3H
Rip = — / // H_%,y,tn_’_%)dydx
tn+| X,+l
/ / / (X v, H)ydydxdt
Xi+1 i+ 7 9H
B — Xyt ) = —(x,y.t,,1) [dyd
/xi /» - [3Y iV "+%) Ay (. ”+5)} v
Xi+1 | 1 tht1 3]—]
/ / / [_(x y’t)_ ay (x,yaln+é):|dtdydx
1 2 93H
- E (x l+2) axza (x*’ yatn+%) dxdy
In+1 1 2 93H
// / n+%) 8l28y(x7 v, ty)dtdydx
3
T.
’ 323 ‘ )

0°H
_ 2
= (0 (hx) ’3)628)) i,j—%

where x, is some number between x; 41 and x, and #, is some number between 7, 41
2
and .
Using exactly the same argument, we can estimate R;3 as follows:

R13—// l+1 Vi byl )—Jx (x,y,tn+%))dxdy
/t,1+1 // Jx X, Yol 1 ) — Ji(x,y, t)) dxdydt
= (0 (hf) 27, OO) )Ti,j—% .

3.2.2 The error equation for E,

N

0(t%)

’

2

X

+0 (1) uoo

9y?

azjx

— +0(t?) 9
x? |

Multiplying (35) by |T;_1 | we can easily derive the error equation for Ey:

i—3,

GO‘T,-_;/-’ 41 41
—2(5%‘-1‘ - 1):-(yj+1—yj)(7'(fl i, 1—7'[7 g 1)

Vil j+5 Yl j+s i+5,j+7 i—5.j+3

JnJrz

l—jj v j+3

| + Ro, (60)
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where the local truncation error R is given by

0Ty,
R2 = f (Ey (xis yj+%7 tn—H) Ey (-xia yj+%v tn))
+ 1 —yj) (H( Xipdo Vil n+;) H(X,_é,yjp,tﬁ%))

) ©1)

i_%ﬁj‘ Iy (xl’ Yj+drn+

Integrating (9) from t = t,, to t,,4+1 and dividing the resultant by 7, we have

// (Ey(x, v, tas) — Ey(x, v, 1)) dxdy
tn+1 }’j+1
:_—/ /y l+%,y,t)—H(xi_%,y,t))dydt
tht1
——/ // J (x, y,t)dxdydt. (62)

N

Subtracting (62) from (61), we can rewrite R; as follows:
€0
= ? //T . I:(Ey(xiv yj+%? tn+l) - Ey(-x’ Y, tﬂ+1))
-1
- (Ey (xi» yﬂ.%, tn) - Ey(x» Y tn))] dxdy

Yj+1
_ / (H(H_l yj+1,tn+) H(,'_l Vil tn+%))dy
In+1 y]+1
__/ / l+l’ y’t) _H(xi_l’ y’t))dydt
Vi 2 2
1 Int1
// Jy x,,yH_ , n+ dxdy——/ // Jy(x, y, ydxdydt
T 1] T In Ti—lj
7

= Ry + Rzz + Ro3. (63)

Following exactly the same technique developed above for Ry, we can show that
PE
_ 2 2 y
= (0 (9) || o ()] nea] ) v
PH 3PH
Ryy = o(hz)— +0(?) | —5— )T' ‘
2 ( ) ayrax | T O |amax | ) T

Ry3 = (0 (/’1)2() aaszzy . + 0

) 83Ey
9tdx?

9%J 927,
2 y 2 y
h* ‘7;7; m)+'O(T ) e i_%J‘.

I
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3.2.3 The error equation for H

Multiplying (36) by |T; ;|, we can easily obtain the error equation for H:

wolT; 1 n+3 ntd
: H. 12 1 —H 12 1] = _()’j+1 _}’j) En-"._l 1 _gn—f_l' 1
T i+5.j+3 i+5.j+73 yitlj+3 Vil jts

. o n+1 n+1 7. g ren+l
+ (Xip1 — Xx;) (ng_z i+ gx,i-ﬁ-;,.j) |Tl’]|K:i+%,j+% + R3, (64)

where the local truncation error R3 is given by

HolT; 5|
R3=T(H(l+| y/+’n+) H(H_1 y/+1,tn+2))
g =3 (vt vy tas) = Ey (3037410 051)) - (65)

- (-xi+1 - -xi) (E.X(xl'Jr%! yj+11 tn—H) - Ex (xi+%’ ij t}’l-‘rl))

+1T; ;1K (xi+%’yj+%’t"+1)'

Integrating (11) from ¢ =7, 1 tot, +3 and dividing the resultant by 7, we obtain
// ,n+) H(x,y,tlH_%))dxdy

n 0E, _ 0Ex
:__/ +3 // ( )(x y, Hdxdydt
n+%
—— K(x,y,t)dxdyd:t. (66)
T InJr% Ti’j

Subtracting (66) from (65), we can rewrite R3 as follows:

Mno
o R (CICHERRAR B Y (M)
ij
_(H( Xiglo Vil n+2) H(x Vit 1 ))}dxdy

[//( (v:37g 1) - aab;x (xiJr%fy’tn—&-l))dxdy
=[G
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1 l’l 3
K (1,01, tagr ) dxdy — = [ "2 K(x,y, t)dxdydt
2 )13 T
Tij L Tij

= R31 + R32 + R33. (67)

By the Taylor expansion, we can obtain
’;

3 3
B H
_ 2 2 L,
Ry = (0 (1) vl O(hy) ‘_a 3 )IT,,,I,
PE
Ry = (0 (hz,) Y 2
32 ( y 8y23x 0@ 31‘23)6
E
2 x 2
+o () ‘szay 0(c?) 8t28 )|Tl~,,»|,
32K 32K 3’°K
2 2 2

3.2.4 The error equation for J

Multiplying (37) by |7, i1 |, we easily derive the error equation for Jy:

‘T.. 1 3 i Lo (T, .1 3 |
Lj—7 n+s n+» i,j—> n+2 n+i
—22<j .21 _j .21 )+—22(j .21 +j .21 )
fepre X,i+5.J X,it3.j 2€0wpe Xit5,J X,it75,]
n+1
= thﬁ Sx il 4 Ry, (68)
where the local truncation error Ry is given by
T. . 1
Ro= 220 (g (x it —Ji (x it
‘= Teowl, \ i+30 Y00 tnt *\Li g Vit
I T, i1
_ 1 vJ7al J .t J .t
+ 2egd, Xip Lo Vo Ly 3 )+ I \ X 1o Vjo g L
|7 B (i vt (69)

Integrating (13) from ¢ =7, 1 tor,, 3 and dividing the resultant by 7, we have

teoa)pL // Jx * ) n+3)_-]x (X’y,ln_,_%))dxdy
+ 82 /n 2// Jo(x,y, dxdydt
'L'G()Cl)pe tn+% Ti,jf%
1 [Tas3
- ‘/ . // E (x,y, t)dxdydt. (70)
T 1 T . 1
’H»? ij=7
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Subtracting (70) from (69), we can rewrite R4 as follows:

1
Ry = e (risgowotnig) = e (eny))
TEOw%e//TAj L Xig b Vi lny 3 x\ OVl 3
hj=3
_(Jx (Xi+%,yj,tn+%)—Jx (x,y,tn+%))}dxdy

1
EOwIZ)e /\/leé E (‘Ix (xi+%’ Vi tn+%) + Jx (xi+%’ Vi trH-%)) dXdy
1 ('3
——/ 2 // Jy(x, y, )dxdydt
r tn+% Ti,jf%
1 tn+%
E; (xi+%,yj,tn+1)dxdy—; E.(x,y,t)dxdydt
T,"j,% tll+% Ti,j*%

= R41 + Raz + Ra3. (71

By the Taylor expansion, we easily have
33Ty GENA

(0 (%) 9tox?2 0<h ) 91dy?

+
.
1/ A CYCHERA E
AR W) SRR P
g o
:(o(hg) co(m)|%: 2 )y

ij—1
where in the last step we used the property: For any function f € C2([0, T),

%/t”’l [% (f (t”+%) +f (tn+%)) - f(t)} dt = 0(z?)

n+

DL

w‘—%”

Ry

)

9%J
+ 0(z? al
(t9) pyS)

>f

2
a2 |,

Similarly, it is easy to show that
I’E

— 2 X

Ry3 = (0 (hx) ‘ )
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3.2.5 The error equation for Jy

Following exactly the same technique used for the J, equation, we easily obtain the
error equation for J, from (38):

Ti*%yj‘ n+3 n+3 Te Tl*%]‘ n+3 n+3
‘L'E()a)pe Y.t ] T3 Y.l J T3 an)pe Vb, J T3 Y.l ] T3

=,

n—+
e o

where the local truncation error Rs is given by

T . (
R = et (1 (et = 9 (010t )
I ) (o)
260072, y \Xir Yjpdotyy3 b Yjplo Tyl
|yl E (xi,y./.+%,t,,+1). (73)

1
r=t,, 1 toz, +3 and dividing the resultant by 7, we have

reowpe // Jy X Yo lyy 3 ) Ty (x Yolypl ))dxdy

+— ;2 /”*7 // Jy(x, y, dxdydt
0 pe [n+% Ti—%,j
1 (T3
= —/ 2 // Ey(x,y, t)dxdydt. (74)
T tn+% Tif%,j

Subtracting (74) from (73), we can rewrite Rs as follows:

Tew?, // . x,,yj+1, "*3) — (x,y,tn+%))
J

_(.] (xlv yj+ ) n+ ) -,y ()C,y,thr%))}dxdy
r 1
7 // 2 (Jy (xi’ Yity ’n+3) +Jy (xi’ Yisls fn+1)) dxdy
€0y, T 2 J+3 3 j+1 1
i—5.

1 In+%
—— Jy(x,y, t)dxdydt
T Jt 1 T 1.
n+7 i=75.J

Integrating the y-component of (3) on 7;_ 1) then integrating the resultant from

Rs =

+
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//T x,,y]+1,tn+])dxdy—f/ " // Ey(x,y, t)dxdydt
1 .
-7

= Rs5; + Rs; + Rs3. (75)

By the Taylor expansion, we can obtain

Rs = 0(h2) 0y +0(h2) Py T

o *) arax2 |, ) aray? |, ) =2l
32 32J 32

Rs = O(hz) kel O(hz,) 0 oy |22 ) |

52 ( ) |52 OO+ DAl +0(r?) 8 WY
3’E 3’E,

_ 2 Yy 2 Y 2 y
R53_(O (1) |53 oo+0(hy) 7 Oo+0(r) OO) T

3.2.6 The error equation for K

Similarly, we can obtain the error equation for K from (39):

|Tl',j| n+2 n+1 L | Tis]'| n+2 n+1
—2 IC 1 . 1_’C. 1 ..1 +—2 IC 1+IC 1 .,1
T,Uvapm l+§,]+§ l+§,]+z 2/‘L0wpm l+2 ]+2 l+§,]+j

n+2

=T ;1M ! + Re, (76)

where the local truncation error Rg is given by

75,1
R6 = —Tluow%m (K (-x[—‘,-%’ y/.,.%, tn+2) — K (XH_%, y/_,’_%, tn+1))
AT (%70 3). (77)

Integrating (4) on 7; ;, then integrating the resultant from ¢ = 41 to #,42 and dividing
the resultant by 7, we have

—/ (K(x Vi tn+2) = K(x,y, tny1))dxdy
Tﬂowpm

T tn+2 Int2
+— // K(x,y, t)dxdydt = / / H(x,y,t)dxdydt.
tl’Lprm Int1 Tl] Int le

(78)
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Subtracting (78) from (77), we can rewrite Rg as follows:

1
Rom (] {5 (oot — K o)
6 T//LOC()%m /\/;i’j l+% y/+% n+2 ( y n+2)

_ (K (XH.%a yj_,_%, tn+1) —K(x,y, tn+1))} dxdy
L 1
+uoa)§,m 1,2 (K (xi+%’ Yj+yr tﬂ“) +K (xi%, Vil tn+1)) dxdy
1 h42
T In+1 Tij
1 Int2
_ //T/ H (%1941 00 ) dxdy = ;/tn /Tu H(x, y, H)dxdydt

+1

= Re1 + Re2 + Re3. (79)

By the Taylor expansion, we can obtain

| K 2\ | K
Rot = (0 (k%) | 55,2 e () aroy?| ) 1Tl
92K 92K 9’K
_ 2 2 2 L.
R62_ (0 (hx) W oo+0(h))‘ 8y2 oo+0(r ) 81‘2 oo)|Tl’j|’
92H 92H 92H
2 2 2
Rz = (0 (hx) m . + 0 (/’l}) _3)72 . + 0(t9) 372 oo) |le]|

3.2.7 The final error estimate

With the above preparations, we can now prove the major error estimate result.

Theorem 3.2 Suppose that the solution of (1)—(6) possesses the following regularity
property:

E., Ey, H € C([0,T]; C*(Q)) N C'([0, T1; C*(2)) N C*([0, T]; C'(Q)),
Je, Jy, K € C([0, T1; C*(2)) N C([0, T1; C*(2)) N C2([0, T1; C(R)).

If the initial error

| +|
H

holds true, then for any 1 < n < N; we have

1 1
0 L ks
& Ty Iy

el

X

+HIC1H 5C(h§+h§+r2),
J J K
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o

2 2 5
ere [+ et [[) + o e

1 32 3|2 1 2
(o ) i e
€0Wpe J J HOWpm K
2
<c(i+m+7), (81)

where the constant C > 0 is independent of T, hy and hy.

Proof Note that the error equations (55), (60), (64), (68), (72) and (76) have exactly
the same form as (34)—(39) with extra right hand side terms representing the errors
introduced by time discretization and space discretization. Hence we can follow exactly
the same technique developed in the proof of Theorem 3.1 to obtain (cf. (49)):

eo (\

2 2 2
Ni+1 012 Ni+1 0
e |[L = et ) +eo (e - [l5[1)
3 2
HNe+3
2l )

4! ‘ ) ‘
eoa)%,e ; eow%e

2
J)
1 2 2
i H’CN;+2H —_ it )
el (| L1

Ni+3 N+l 3 0
=T z |Tl/| HH_lA lvyg ' 1 —H.: 1 lV)vé’ il
3.J+3 xX,it5,j+1 i+5,j+> X,ity,j+

2 1
-t
H

2

2 1

Jy

NH—%

NH—%
x ,

1
T Ty

J ‘

J ‘

0<i<N,-1
0<j<N,-1
Ni+3 Ni+1 % 0
+1 > Tl \ =M. 2 VeE M VRED
| ”' l+%,]+% . y,l+1,,1+% l+%,,1+% o y,l+1,j+%
0<i<Ny—10<j<Ny—1
Ne+3 N1 3 0
+7 E T, .1 L e, =T E
ij=3 jx,1+%,,i xit3. jx.H-%,] x,it3.
0<i<N,—10<j<Ny—1
3 Nit3 N+l 3
+T Tl'_l" vf.zlg t+ 1 2-'l5(,)-‘1
2+J Vi jty yijts Vo, j+3 yijts

0<i<N,—10<j<N,—1

Ni+3 N+2 3 1
tT E, T\ H S K = He K
. . 3. Jty itg.0+3 i+5.j+5 it+g.0+3
0<i<N,—10<j<Ny—1

Nt
n+1 n
s> X wen, e )

n=00<i<N,;—10<j<Ny—I

N;
n+1 n
+TZ Z R (gy,i,jJr% +€y,i,j+%)

n=00<i<N,—10<j<N,—1
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al +3 +1

n+3 n+5

+t § E Ry|H. 7 +H |,
S\l i+h.+3

n=00<i <Ny—10<j<Ny—1

Ny 3
n+s n+s3
SO INEND S N COR I

n=00<i<N;—10<j<N,—1

& +3 +
n—+3x n+x
+1 § § R S+ T
3 jy,l,,)+% Jy,l,_/+%

n=00<i<N,—10<j<Ny—1

Ny
n+2 n—+1
+r > Rs (Ki PNy /+2) (82)

n=00<i<Ny—10<j<N,—1

All terms except those containing R; on the RHS of (82) can be bounded as in the
proof of Theorem 3.1. The R; terms can be easily bounded by the Cauchy—Schwarz
inequality. For example, we have

N,
n+1 n
DI I Y CHIRT

n=0 0<i<N,—1
0<j<Ny—1

D 7y (24 1+ 2) (fe

n=0 0<i<Ny—1

1 n
et g
+ ]+ x,1+%,1

IA

)

0<j=<Ny-1
< Cl2,,2 2.8 1 ?
= n+ en
<> > ’Ti,Az{a (h +h +T)+2(8x1+ |+|x,+, )}
n=0 0<i<N,—1
0=j=Ny—1
cT 2 2
< — (h2+h2+r) —f—rz ’ gntl +‘5". - ,
xt+21 E X,i47,] E
where we used the inequality ab < +a? + ‘sz where the constant § > 0.

N,+1 ||

Choosing 6 small enough so that ||5 etc can be bounded by the corre-

sponding terms on the left hand side of (82) The proof is completed by using the
discrete Gronwall inequality. O

4 Numerical results
In this section, we present two numerical examples. The first one is used to justify
our theoretical analysis with an exact solution. The second one is a classic example

showing the backward wave propagation phenomenon in metamaterial.

Example 1 In this example, we solve the 2D version of our model (1)—-(4). More
specifically, the governing equations are (with added source terms gy, gy, and f):
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0E, _ M Je + (83)
€ =—- - ,
0 Y dy x T 8x
dEy dH,
b L , 84
€0 Y ax y+ 8y 84
0H, _ 0B, OE. iy 35)
9 T ax oy ¢
1 aJ r
=+ —5J =E,, (86)
€owy, 0t €0Wp,
L ahy L &N
cowl, 9 €wr, T

K, =H,. (88)

To rigorously check the convergence rate, we choose the physical domain Q =
[0, 112, and coefficients as follows:

€ =pno=1, Fy=r,=m, Wpm = Wpe =TT
such that (83)—(88) has the exact solution:
E= Ec) _ ( cos(rx) sin(ry)e ™!
~\E, —sin(mrx) cos(mwy)e ™ |’
H, = cos(mrx) cos(y)e ™,
J= A 72t cos(rrx) sin(y)e ™!
—\J —n2t sin(rx) cos(mwy)e ™ )’
it

K, = 7t cos(mx) cos(mwy)e™

The corresponding source terms are

gx = 72t cos(mx) sin(mry)e ™,

8y
f=(3r+ rrzt) cos(mx) cos(my)e

—72t sin(rrx) cos(ry)e T,

—mt

We build the 1D non-uniform mesh in the X-direction as [0 : dx : 0.5 — dx,0.5 :
dx2 : 1], where dx2 = dx/2, and the 1D non-uniform mesh in the y-direction as
[0:dy:0.5—dy,0.5:dy2: 1], where dy2 = dy/2. The 2D non-uniform mesh is
obtained by extending both 1D meshes to cover the whole domain 2 (see Fig. 2).

We solve the 2D problem (83)—(88) by our scheme (34)—(39) on a series of non-
uniform meshes with dx = dy = h varying from 1/4 to 1/128, a fixed time step
7 = 107, and runs total 1000 time steps. The obtained errors for the main fields
Ey, Ey and H; at the 1000th time step in discrete energy norms are presented in
Table 1, which shows clearly that they all converges in O (h?). This confirms our
theoretical superconvergence rates O(h% + hi).
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Fig. 2 A non-uniform mesh with dx = dy = 1/32

0.7

0.8 0.9 1

Table 1 The errors of Ey, E y, H obtained with T = 10~ on non-uniform meshes

Mesh [|H; — H; pllg Rate lEx — Ex nllEx  Rate lEy — Eypllgy  Rate
h=1/4 5.283211E—-04 - 2.824375E—04 - 2.824375E—04 -
h=1/8 1.326984E—04 1.9933 7.266416E—05 1.9586  7.266416E—05 1.9586
h=1/16 3.321344E—-05 1.9983 1.839161E—05 1.9822 1.839161E—05 1.9822
h=1/32 8.306978E—06 1.9994  4.622600E—06 1.9923 4.622600E—06 1.9923
h=1/64 2.077415E—06 1.9995 1.158079E—06 1.9970 1.158079E—06 1.9970
h=1/128  5.194356E—07 1.9998  2.897430E—07 1.9989  2.897430E—07 1.9989

Example 2 In this example, we solve a classic example of wave propagation
in metamaterial originally introduced by Ziolkowski [37] and late solved by us
with edge elements [19]. This example assumes that a metamaterial slab of size
[0.024, 0.054] m x [0.002, 0.062] m is located inside a vacuum of size [0, 0.07] m x
[0,0.064] m. An incident source wave is imposed as H, field and is excited at

X =

2 .
/G50M” and in time as:

0.004 m and y € [0.025,0.035] m. The source wave varies in space as
—(x—0.03)2
e
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time step = 1000

09
0.06

08
0.05 0.7

06
0.04

05
003

04
0.02 03
0.01 02

0.1

0

0 001 002 0.03 0.04 0.05 0.06 007

time step = 3000

time step = 2000

time step = 4000 time step = 5000

0 0.01 0.02 003 0.04 0.05 0.06 007 0 0.01 0.02 0.03 0.04 0.05 0.06 007

Fig. 3 Example 2. A coarse mesh (the red rectangle shows the metamaterial slab), and contour plots of
| H| obtained with T = 0.1 ps at 1000, 2000, 3000, 4000, and 5000 time steps
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0, for t <0,
g1(®) sin(wot), for 0 <t <mT,,
f(t) = 1 sin(wpt), for mT, <t < (m+k)T),
g @) sin(wot), for (m+k)T, <t < (2m~+k)T),
0, for t > 2m+ k)T,

where the functions g; and g are

g1(t) = 10x; — 15x} + 6x7, x; =1t/mT,,
o) =1- (10x§ — 1524 + 6x§) , xa=(t— (m+KT,) /mT,.

Here we denote T), = 1/fp and wy = 27 fo. In our simulation, we use m = 2,k =
100, fo = 30 GHz.

We solve this model with our scheme (34)—(39) on a non-uniform mesh uniformly
refined from a coarse mesh demonstrated in Fig. 3 (top left). We used time step size
T = 107135 = 0.1 ps (picosecond), and 12 perfectly matched layers (PML) around the
physical domain (cf. [19]). The obtained H. fields at various time steps are presented
in Fig. 3, which matches with what we obtained in [19]. The simulation shows that
as wave enters into the metamaterial slab, the wave propagates backward due to the
negative refractive index of the metamaterial.

5 Conclusions

In this paper, we first develop the Yee scheme for solving the Maxwell’s equations
in metamaterials on nonuniform rectangular grids from the variational point of view.
Then we show that the scheme achieves a second order superconvergence rate in
space for both semi- and fully-discrete schemes. A numerical example supporting the
theoretical analysis is presented first, then a popular backward wave propagation in
metamaterial is simulated by Yee scheme on nonuniform rectangular grids. Similar
techniques can be extended to more complicated metamaterial Maxwell’s equations
[24], and detailed results will be presented in our future work.

Acknowledgments The authors like to thank the referees for their constructive comments on improving
the paper.
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