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Abstract We propose a Levenberg—Marquardt method with general uniformly convex
regularization terms to solve nonlinear inverse problems in Banach spaces, which is
an extension of the scheme proposed by Hanke in (Inverse Probl 13:79-95, 1997) in
Hilbert space setting. The method is so designed that it can be used to detect the features
of the sought solutions such as sparsity or piecewise constancy. It can also be used to
deal with the situation that the data is contaminated by noise containing outliers. By
using tools from convex analysis in Banach spaces, we establish the convergence of
the method. Numerical simulations are reported to test the performance of the method.

Mathematics Subject Classification 65J15 - 65J20 - 47TH17

1 Introduction

Inverse problems can arise from many applications in natural sciences. Most of inverse
problems are usually ill-posed in the sense that their solutions do not depend contin-
uously on the data. Thus, the stable reconstruction of solutions of inverse problems
requires regularization techniques [2,8,25].

For solving nonlinear inverse problems in Hilbert spaces, Hanke introduced in [11]
his regularizing Levenberg—Marquardt scheme which is a stable iterative procedure
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with the Lagrangian multipliers in the Levenberg—Marquardt method being updated
by an adaptive strategy. To describe this method more precisely, consider nonlinear
inverse problems that can be formulated as the form

F(x) =y, (1.1)

where F : X — ) is a nonlinear Fréchet differentiable operator between two Hilbert
spaces X and ) whose Fréchet derivative at x is denoted by F’(x). Assuming that
y? is the only available noisy data, the regularizing Levenberg—Marquardt scheme in
[11] constructs the next iterate x,,41 from a current iterate x,, by first regularizing the
linearized equation

F' () (x — xn) = ¥° — F(xn)

at x, via the Tikhonov regularization
b L s / 2, ¢ 2
Xp (o, y°) i=argmin § S[[y° — F(xp) — F () (x —x) 17+ Sllx —x, 7 (1.2)
xeX |2 2

using a quadratic penalty term and then define x,, 1 := X, (ct,, y°) with &, > 0 being
a parameter satisfying

2 — F(xn) — F'(x0) (n (s ¥°) — x) |l = pelly® — F(xn)ll, (1.3)

where 0 < p < 1 is a preassigned number. It has been shown in [11] that this
defines aregularization method as long as the iteration is terminated by the discrepancy
principle. The regularizing Levenberg—Marquardt scheme has had far reaching impact
on the development of iterative regularization methods for solving nonlinear inverse
problems and has stimulated considerable subsequent work, see [13,17,18,27,30] and
the references therein.

In order to deal with the situations where the sought solutions are sparse or piecewise
constant and where the data are contaminated by general noise, one has to use the sparse
promoting functionals or total variational like functionals as regularization terms and
use general fidelity terms to fit data. This leads to the consideration on regularization
methods in Banach spaces with general regularization terms which has emerged as
a highly active research field in recent years. The monograph [31] collects some of
such research works including the variational regularization of Tikhonov type and
some iterative regularization methods in Banach spaces. One may further refer to
[14,18,20-24,26,28] for more recent works.

The purpose of the present paper is to extend the regularizing Levenberg—Marquardt
scheme of Hanke to solve nonlinear inverse problems in Banach spaces using general
convex regularization terms. Thus, we will consider nonlinear inverse problems mod-
elled by (1.1) with F being a nonlinear operator between two Banach spaces X and )
whose dual spaces are denoted as X* and )* respectively. Let ® : X — (—o00, co] be
a proper, lower semi-continuous, uniformly convex function which is chosen accord-
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ing to the a prior information on the feature of the sought solution. Using a current
iterate (x,, &,) € X x X* with &, € 0©(x,), the subdifferential of ® at x,,, we define

(1
xn (e, %) = arg min {;Ily‘S — F(xy) — F'(xp)(x — xp)|I” + aDg, O(x, xn)] ,
X

(1.4)
where 1 < r < oo is a given number and D¢, ® (x, x,,) denotes the Bregman distance
induced by ® at x,, in the direction &,. We then define the next iterate x,,+1 by x,+1 =
X (0, y‘s), where «;,, > 0 is chosen such that

molly? — Fen)ll < 1y2 = F(xn) — F'(x0) (kn (s ¥°) — x|l < 1 lly® — F )|

with preassigned numbers 0 < wo < wuj < 1. This choice of ¢, is a relaxation of
(1.3) and has more flexibility when the root of the Eq. (1.3) is difficult to determine
exactly. We need to update the subgradient &, to &,4+1 € 0®(x,41) which, according
to the minimization property of x,4+1, can be taken as

1
Entl = &0 + a—F’(m*JB’ O = Fxn) = F'(x0) (g1 — Xn)),

n

where F'(x,;)* : Y* — X* denotes the adjoint of F’(x,) and er Y - PF
denotes the duality mapping on ) with gauge function r — #"~!. We repeat the above
procedure until a discrepancy principle is satisfied. The precise description of the
above extension will be given in Algorithm 1. The main result of this paper shows that
the above extension of the Levenberg—Marquardt scheme is well-defined and exhibits
the regularization property when used to solve ill-posed problems.

The introduction of a general convex function ® into the algorithm presents many
challenging issues on its convergence analysis. Unlike (1.2) whose minimizer can be
determined explicitly, the minimizer of (1.4) does not have a closed form. The possible
non-smoothness of ® and the non-Hilbertian structure of X and ) prevent us from
using the classical techniques. Instead we have to utilize tools from convex optimiza-
tion and non-smooth analysis, including the subdifferential calculus and the Bregman
distance. The convergence analysis becomes even more subtle when considering the
regularization property. The main obstacle comes from the stability issue; an iterative
sequence constructed using noisy data can split into many possible noise-free iterative
sequences as the noise level tends zero, due to the non-unique determination of «,.
We will conquer this difficulty by borrowing an idea from [10], which is based on
the diagonal sequence argument, to show that all these noise-free sequences actually
converge uniformly in certain sense. On the other hand, unlike the variational regular-
ization of Tikhonov [31] and the non-stationary iterated Tikhonov regularization [22]
whose numerical implementation requires to solve several non-convex minimization
problems, our method involves only convex minimization problems and therefore has
the advantage of being implemented efficiently by convex optimization techniques.

Under a prior choice of {«,}, a Levenberg—Marquardt method was considered in
[1] to solve (1.1) with X = E2(Q) and ) a Hilbert space using the convex penalty
function ® (x) = al|x ||i2 + fQ |Dx|, where fQ | Dx| denotes the total variation of x.
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The analysis in [1], however, is somewhat preliminary since it provides only weak
convergence along subsequences. In contrast, our method chooses {«,} adaptively,
and the whole iterative sequence converges to a solution of (1.1) strongly.

In recent years the iteratively regularized Gauss—Newton method has been extended
to solve nonlinear inverse problems in Banach spaces [21,24,26] in which it defines

{xu} by

(1
Xp41 = arg min ;Ily‘s — F(xp) — F'(xn)(x — x| +anD$o®(xvx0)]

It looks similar to (1.4) but in fact they are essentially different. The iteratively reg-
ularized Gauss—Newton method always defines x,, in a neighborhood of the initial
guess xo, while the Levenberg—Marquardt method defines x,11 in a region around x,
for each n > 0. From the optimization point of view, Levenberg—Marquardt method
is more favorable in nature.

The rest of this paper is organized as follows. In Sect. 2 we collect some basic
results from convex analysis in Banach spaces and prove a continuous dependence
result of minimizers of uniformly convex functionals on various parameters. We then
present in Sect. 3 the Levenberg—Marquardt method in Banach spaces with general
convex regularization terms and show that the method is well-defined. The detailed
convergence analysis is given in Sect. 4. Finally in Sect. 5 we report various numerical
results to indicate the performance of the method.

2 Preliminaries

Let X and ) be two Banach spaces whose norms are denoted by | - ||. We use X*
and )* to denote their dual spaces respectively. Given x € X and x* € X'™* we write
(x*, x) = x*(x) for the duality pair. We use “—” and “—” to denote the strong
convergence and the weak convergence respectively. By .2 (X, ))) we denote for the
space of all continuous linear operators from X to ). For any A € .Z (X, )), we use
A* 1 Y* — X* to denote its adjoint, i.e. (A*y*, x) = (y*, Ax) for any x € X and
y* e Y*. Weuse A (A) = {x € X : Ax = 0} to denote the null space of A and
define

N (AT = {E e X*:(&,x) =0forall x € N(A)}.

When X is reflexive, there holds A (A)T = Z(A*), where Z(A*) denotes the range
space of A* and Z(A*) denotes the closure of Z(A*) in X'*.

For a convex function ® : X — (—00,00], weuse Z(®) :={x € X : O(x) <
+o00} to denote its effective domain. We call ® proper if 2(®) # (. Given x € X we
define

0(xX) ={EeX*:0(X) —0(x)—(§,x —x) >0forallx € X}.
Any element £ € d®(x) is called a subgradient of ® at x. The multi-valued mapping

90 : X — 2% is called the subdifferential of ©. It could happen that 90 (x) = ¢ for
some x € Z(0). Let
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200) :={x € Z(0) : 00(x) # ?}.
For x € 2(00) and &€ € 90 (x) we define
D:®(x,x) =0(x) —O(x) —(£,x —x), VxeX

which is called the Bregman distance induced by ® at x in the direction &. Clearly
DgO(x, x) > 0. By straightforward calculation one can see that

Dg,®(x,x2) — Dg, ©(x, x1) = —Dg O(x2, x1) + (62 — &1, x2 — x) 2.1

for all x1, x2 € 2(90), &) € 90(x1), & € 90 (xp) and x € X,

Bregman distance can be used to obtain information under the Banach space norm
when © has stronger convexity. A proper convex function ® : X — (—o0, o0] is
called uniformly convex if there is a strictly increasing function ¢ : [0, c0) — [0, 00)
with ¢(0) = 0 such that

OO + (1 —M)x) +A(1 — DI — x]) < AOE) + (1 — O (x) (2.2)

for all x, x € X and A € [0, 1]. It is easily seen that if ® is uniformly convex in the
sense of (2.2) then
De®(x,x) = ¢(lx — x| (2.3)

forallx € X, x € 2(90) and & € 30O (x). Moreover, it follows from [32, Proposition
3.5.8] that any proper, weakly lower semi-continuous, uniform convex function ® :
X — (—o0, o0] is coercive in the sense that

®
lim inf L; > 0. (2.4)
llxl—o0 x|l

On a Banach space X, we consider for | < r < oo the convex function x —
[lx]|"/r. Its subdifferential at x is given by

JX) =& e X* &) = lx]""" and (£, x) = |Ix|"}

which gives the duality mapping JrX : X — 2% with gauge function r — /~'. We
call X uniformly convex if its modulus of convexity

Sx () ==inf{2 — x + x| : X[l =[x =1, X — x| =1}

satisfies Sy (t) > O for all 0 < ¢ < 2. We call X uniformly smooth if its modulus of
smoothness

px(s) :==sup{x + x|+ [Ix —x[ =2 |Ix[l =1, I[x] <s}

satisfies limg o pXT(S) = 0.Itis well known [6] that any uniformly convex or uniformly
smooth Banach space is reflexive. On a uniformly smooth Banach space X, every
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duality mapping JrX with 1| < r < oo is single valued and uniformly continuous on
bounded sets. Furthermore, on a uniformly convex Banach space, any sequence {x;,}
satisfying x, — x and ||x, || — ||x|| must satisfy x, — x as n — oco. This property
can be generalized for uniformly convex functions which we state in the following
result.

Lemma 2.1 [22]Let® : X — (—00, 00] be a proper, weakly lower semi-continuous,
and uniformly convex function. Then ® admits the Kadec property, i.e. for any sequence
{x,} C X satisfying x, — x € X and O(x,) — O(x) < oo there holds x,, — x as
n— oo.

We conclude this section by providing a continuous dependence result of minimizers
for uniformly convex cost functionals on various parameters. This result is crucial in
the forthcoming sections.

Lemma 2.2 Let X and Y be Banach spaces with X being reflexive. Let {A(x) :
X — Vlep C Z(X,)) be such that x — A(x) is continuous on D C X. Let
®: X — (—00,00] be a proper, weakly lower semi-continuous, uniformly convex
function. Assume that the sequences {a®} C (0, 00), (PP} c Y, (xP} C D and
(EO) ¢ X* with€© € 90 (x©) satisfy

a® 5> a, b9 b xO 5z Y S5 E as > (2.5)

forsomea >0,beY, ¥ € Dand € € X* withé € 3O(X). For 1 <r < oo let
1
7 := arg min H-||b<‘f) — Az)" + o« De Oz, x“’)] :
zeX |1
Then z© — 7z and ©(zY) — O(Z) as £ — oo, where
_ R - _
Z:=argmin{—|lb — A(X)z||" + aDg®(z, %) .
zeX | r

Proof It is easy to see that z(© and 7 are uniquely defined since the corresponding
cost functionals are weakly lower semi-continuous and uniformly convex and hence
coercive, see (2.4). Because £V € 30 (x(V) and & € 3O (X), we may use the condition
(2.5) to obtain

liminf ©(x®) > liminf (O (%) + (€, x© — %)) = O(%),
{—00 {—00

limsup © (x®) < limsup(® () — (©, 5 —x?)) = OX).

{—00 £—>00

Therefore
Klim OxY) = 0x). (2.6)
— 00
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To show z(® — 7z we will adapt the argument in [9, 16]. By the definition of z(©)
we have

1 1
_||b(/l) _ A(x(t’))z(’l)”r +Ol(z)Dg(l)®(Z(l), x(’l)) < _”b(é’) _ A(x(@))x(l)”i’_
r r

By the given conditions, the right hand side is bounded and thus {Dgu) OEY, x(f))}

is bounded. Consequently, {z‘“} is bounded in X’ by the uniform convexity of ©.
Since X is reflexive, {z(e)} has a subsequence, denoted by the same notation, such
that z(® — z, as £ — oo for some z, € X. Since x — A(x) is continuous and
A(X) € Z(X,Y), we have A(x(D)z() —~ A(X)z4 as £ — oo. By using (2.6) and the
weak lower semi-continuity of ® and the Banach space norm, it follows that

16 — A(X)zall < lim inf 15O — Ax)z O, (2.7)
— 00

Dg® (2., ¥) < lim inf Do O, x9). (2.8)
Consequently
| _ _
;||b — A@)zsll” + @D O (z4, ¥)
< Liminf 5O — AGO):z O+ liminf o0 Dy O, 1)

1
< liminf (; 15 — Az + DO, x“>))

{—00

1
< lim sup (;Hb“) — AN + a9 D00, x“)))

{—00

. 1 - _
< lim sup (;Hb“) — Az + a(E)Dg(a@(z, x(@))

{—00

1 -
= b~ A3 + D0, D).

where, for the last inequality we used the minimality of z() and for the last equality
we used (2.5) and (2.6). By using the minimality and uniqueness of z, we can conclude
Z+ =z and

. 1
glin;o (;”b(é’) _ A(x(@))z(é’)”r + Ol(g)Dé-(z)@(Z(z), x(t’)))
1 - . _ o
= —lb =AD" + aDgO, %) (2.9)
Next we show that

lim Dyv®", x¥) = D; O, ). (2.10)
£— 00
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According to (2.8) and z,, = z, it suffices to show that

yo := lim sup Dg(e)G)(z(g),x(e)) < D§®(Z,i) =:y1.

{—00

Suppose this is not true, i.e. yp > y;. By taking a subsequence if necessary, we may
assume that

yo = lim Dg(/o@(z(e),x(e))-
{— 00
Then from (2.9) it follows that
im L1p© OO — Lir 4z +a Vb A
lim —[Io™ — A )27 = =16 — AG)zll" + (1 — vo) < —lIb — Azl
l—o0 1 r r

which is a contradiction to (2.7). We thus obtain (2.10).
In view of (2.10), (2.5) and z® — 7 as £ — oo we have

elim Oz —0ux®) =031 —0®).

This together with (2.6) implies that limy_, o, ®(z(¥) = O(Z). Since z¥ — z, we
may use Lemma 2.1 to conclude that z(© — 7 as £ — oo. O

3 The method

We consider the Eq. (1.1) arising from nonlinear inverse problems, where F' : Z(F) C
X — ) is a nonlinear operator between two Banach spaces A and ) with domain
2(F). We will assume that (1.1) has a solution. In general (1.1) may have many
solutions. In order to find the desired one, some selection criterion should be enforced.
According to a prior information on the sought solution, we choose a proper, weakly
lower semi-continuous, uniformly convex function ® : X — (—o0, 0o]. By taking
X0 € 2(®) N Z(F) and & € 9O (xq) as the initial guess, we define x' to be the
solution of (1.1) with the property

D:, O(x", xo) = i D, O(x, x0) : F(x) = y}. 3.1
5 ®(x ', x0) xe@(lg;gg(F){ 5 O (x, x0) : F(x) =y} 3.1

We are interested in developing algorithms to find the solution x of (1.1). We will
work under the following standard conditions.

Assumption 1

(a) & is areflexive Banach space and Y is a uniformly smooth Banach space;

(b) F is weakly closed on Z(F), i.e. for any sequence {x,} C Z(F) satisfying
X, = x € X and F(x,) — v € Ythere hold x € Z(F) and F(x) = v;

(c) Thereis p > 0 such that By, (xg) C Z(F) and (1.1) has a solution in B, (xp) N
2(0), where B, (xo) = {x € X : |lx —xoll < p};
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(d) There exists {L(x) : X — y}xegzp(xo) C Z(X,Y) such that x — L(x) is
continuous on By, (xp) and there is 0 < n < 1 such that

[F(xX) = F(x) = L(x)(X = x)|| < nllF(x) = FQ)|

forall X, x € By, (xp).

In Assumption 1, the uniform smoothness of ) in (a) is used to guarantee that
the duality mapping er is single-valued and continuous for each 1 < r < co. We
do not require F to be Fréchet differentiable; in case F is Fréchet differentiable, we
may take L(x) = F’(x), where F’(x) denotes the Fréchet derivative of F at x. The
condition in (d) is the so called tangential cone condition which has been widely used
in the analysis of regularization methods for nonlinear inverse problems and has been
verified for several important applications [11-13,20,22-24,26,30]. How to replace
the tangential cone condition by a weaker condition is a challenging issue. Under
certain smoothness conditions on the solution, a class of Newton methods in Hilbert
spaces has been shown in [19] to be order optimal under merely the Lipschitz condition
on the Fréchet derivative of F when the methods are terminated by a discrepancy
principle. How to extend such result to the Banach space setting remains an open
problem. In view of (d) in Assumption 1, it is easily seen that

1
F(x) = Fx)ll = mIIL(X)(i — )|, X,x € Bay(xo)

which shows that x — F(x) is continuous on By, (xp). When X’ is a reflexive Banach
space, by using the uniform convexity of ® and weak closedness of F, itis standard to
show that xT exists. Moreover, [20, Lemma 3.2] gives the following local uniqueness
result.

Lemma 3.1 Let Assumption 1 hold. If xT e B, (x0) N 2(0), then x" is the unique
solution of (1.1) in B, (x0) N Z(O) satisfying (3.1).

In practical applications, instead of y we only have noisy data y? satisfying
Iy =yl <38 (3.2)
with a small noise level § > 0. We will use y to construct an approximate solution

to (1.1). To formulate our Levenberg—Marquardt algorithm, assuming xﬁ has been
constructed we consider the linearized equation

Lo (= xp) = y° = F(xy)
and apply to it the Tikhonov regularization whose regularizing term is the Bregman
distance induced by ® at xJ. The next iterate x? 41 is then constructed by chosen the

regularization parameter adaptively. This leads to the following Levenberg—Marquardt
algorithm.
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Algorithm 1 (Levenberg—Marquardt method with noisy data)

1. Take xo € X and &y € X* such that & € 00 (xg). Pick 0 < o < u1 < 1 and
T>1

2. Let xg = xo and Sg := &y. Assume that x,‘g and 5,‘? are well-defined, we then define
x2+1 and §3+1 as follows:
(a) For each o > 0 we define x,(«, y*) and &, (a, y®) as

(1 .
(@, ) = arg min [;ny's — Fxp) = Lo (x = xp)lI” + aDg O (x, x,‘i)] :
X
1
Enle, ') = &5 + 5L(xﬁ>*13’ (v — F(x3) — L) (xn (e, y°) — x9));
(b) Take oy, (y‘s) > 0 to be a number o such that

molly? = FGO)| < 192 = Fed) = L) (xn (@, y) —x2) | < pur1y8 = F (D)3

(c) Define x}, | = xu(an(y°), ¥°) and &), | := & (cn (%), y°).
3. Let ng be the first integer such that ||y® — F(xﬁs)H < 16 and use xﬁs as an
approximate solution.

When X and Y are Hilbert spaces, r = 2 and ©(x) = |x|?>/2, Algorithm 1
reduces to the regularizing Levenberg—Marquardt scheme in [11] and each minimizer
xn (a2, %) can be written explicitly. In the setting of Algorithm 1 in Banach spaces with
general convex regularization terms, x, («, y®) does not have an explicit formula. This
increases the difficulty in convergence analysis. By making use of tools from convex
analysis, in this section we will show that Algorithm 1 is well-defined, and in Sect. 4
we will show that x,‘i , indeed converges to a solution of (1.1) as § — 0.

In Algorithm 1, we need to pick &y € X* and xo € X such that §y € 9O (xp). This
can be achieved as follows: pick &y € A and define

xo = argmin {O(x) — (§0, x)},
xeX

then &y € 9O (xp) holds automatically; in applications, we usually have ® > 0 and
®(0) = 0, then we can simply take xo = 0 and &y = 0.

From the definition of x, («, y°) in Algorithm 1 we can see that
0e—Le)* Y (30 = F(xd) — L) (e, y°) — x0)) + o (00 (xn (e, y)) — £2) .
The definition of &, («, y?) is exactly motivated by this fact so that

£,(a, ¥0) € 00 (x, (e, y*)) foralla > 0.

Moreover, by the minimality of x, (c, y%), we always have

Iy? = F(xd) = L) e, ) = xD)I < 1P — FGO)I, Ve >0,  (3.3)
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In order to prove that Algorithm 1 is well-defined, we need to show that the number
an(y°) used to define xj; from x} exists, each x is in Z(F), and the iteration
terminates after ng < oo steps. We achieve these via a series of results.

Lemma 3.2 Let X be reflexive and let ® : X — (—00, 00] be proper, weakly lower
semi-continuous and uniformly convex. Then, for each a > 0, x,(c, y®) is uniquely
determined. Moreover, the mapping o — x,(c, y‘s) is continuous over (0, 00), and
the function

a = [Iy* = Fl) = L) (e, y°) = )l (3.4)

is continuous and monotonically increasing over (0, 00).

Proof All assertions, except the monotonicity of (3.4), follow from Lemma 2.2. The
monotonicity of (3.4) can be proved by a standard argument, see [3, Lemma 9.2.1] or
[7, Lemma 6.1] for instance. O

Lemma3.3 Let ® : X — (—o00, 0] be a proper, weakly lower semi-continuous
function that is uniformly convex in the sense of (2.2). Let Assumption 1 hold with
O<n<llLetn<pug<landt > (14 n)/(no — n). Assume that x,‘z and S,‘f are
well-defined for some 0 < n < ns with

DO (x", x3) < Dg,O(x", x0) < (p). 3.5)
Then for any o > 0 such that

1y = F ) = L) (e y°) = x)ll = polly’ = Fap (3.6)
there hold x; (c, y8) € By, (xp) and
Dy oy @ xn (e ¥)) — DO,y = — 201y _ p(dyr 3
n o
for any solution X of (1.1) in By, (x0) N Z(®), where ¢y :=1— (1+n+1n)/(T10).
Proof For simplicity of exposition, we write
(@) 1= 2@, ¥, En(@) = En(e, ") and Ly := L(xp).
By using the identity (2.1) and the nonnegativity of the Bregman distance, we obtain
D, (o) O (%, x4 (@)) — DesO(F, x7) < (Ea (@) — &7, xp(@) — £).
By the definition of &, (o) we then have
De, (@O, x5 (@) — Dgs O (%, x})

< 1<J,3’<y‘S — F(x2) — Ly (@) — x2)), Ly (xp (@) — £)).
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We can write
Ly(en(@) — %) = [y? = F(x) = Ly(& — x)] = [y* — F(x3) — Ly (xn (@) — x0)].

Then, by virtue of the property of the duality mapping J,y , we obtain

N . 1
D, O(F, 1(@)) = DpO(F, x,) = —— Iy = Fxp) = Lu(ia(@) — x|l

1 _ n
+ &ny‘S — F(x3) — Ly (@) — xDI™ Y = F(x) — Ly (G — xD)].

In view of (3.5) and (2.3), we have [|x} — x| < p and ||xT — x| < p which implies
that xﬁ € By, (xp). Thus we may use (3.2) and Assumption 1(d) to derive that

Iy> = F(e)) = L& = x)) | < (1 +m8 +nlly* = FG)I.
Since n < ng we have ||F(x2) —y%|| > 6. Thus

l+n+7tny

Iy — F(xd) — Ly (& — x| < Iy? — F@eD). (3.8)

Therefore

o . 1
D, (o) O (%, x, (@) — Dgs O (%, x7) < —;ny‘S — F(x}) = Ly(xa(@) — x))"

I+n+1n _
- Tny‘s — F(x3) = Ly (xn (@) — )1 y? — FGO)I

In view of the inequality (3.6), we thus obtain
A A €0
D, @ O, 41(@)) = Dgg O(F, x,) < =1y = F ) = LnCn(@) = x)1",

where cg := 1 — (1 + n 4 tn)/(T o). According to the conditions on pg and 7, we
have ¢y > 0. Thus, in view of (3.6) again, we obtain (3.7).
Finally, by using (3.7) with x = xtand (3.5) we have
D, O (", xp(@) < DO (x", x)) < D, O (x7, x0) < p(p).

This together with (2.3) and ||xg — x| <p implies that x,, (o) € B, (xp). O
Proposition 3.4 Let ©® : X — (—o00, 00] be proper, lower semi-continuous and

uniformly convex in the sense of (2.2). Let Assumption 1 hold with0 < n < 1/3 and
letn <o <py <1—=2nandt > (1+n)/(o — n). Assume that

Dg,®(x", x0) < 9(p). (3.9)
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Then xﬁ are well-defined for all 0 < n < ns and Algorithm I terminates after ns <
oo iterations with ns = O(1 + |logé|). Moreover, for any solution x of (1.1) in
B, (x0) N 2(O) there hold

DSaH@()?,xﬁH) < DgO(R, x)) (3.10)

n

and

5 Sy - P N A 8
ooy~ FEDI S CoDgOG. ) = Dy, O, ) (GID

forall 0 < n < ng, where Co = 1/(copig).

Proof We first show that if
DO (x", x)) < Dg,O(x", x0) < 9(p) (3.12)
for some 0 < n < ng, then there exists a;, (y‘s) > 0 such that

wolly’ = FD| < flen(®) < milly® — Fed)I, (3.13)

where
f@) =1y — F(xd) — L) (xnlar, ¥°) — x|

which is continuous and monotonically increasing, see Lemma 3.2. To see this, we
may use the minimality of x, («, y°) to obtain

1
D OCin (@, 3), ) < ~Ily* = Fll’, Ve > 0.

This implies that limg_, Dsge)(x,, (, y‘s), xfl) = 0 and hence limy_ || Xn
(a, y%) — xﬁ || = 0 by the uniform convexity of ®. Consequently

Jim £ =1y’ = Fapll > wally’ = Fapll.
To show the existence of a finite o, (y?) satisfying (3.13), it suffices to show that
Jim f(@) < polly’ = FOrll
Suppose this is not true, then
f@) = polly® = Fll, Yo > 0.

Thus, we may use Lemma 3.3 to obtain
C r
D) — FUI” < Dyt x)), Vo >0,
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Taking @ — 0 gives y° = F(x2) which is absurd since ||y’ — F(x?)| > ©8 for
n < ns.

We next show (3.12) by induction on n. It is trivial for » = 0. Assume that it is true
forn = m with m < ng. Since xﬁH_l = X (o (y%), y) and fr‘zH_l = En(am (YY), ¥),
we may use Lemma 3.3 to conclude that

Dgfn“@(xixﬁm) < Dg O, x),)

which together with the induction hypothesis shows (3.12) forn = m + 1.

Since (3.12) holds true for all 0 < n < ns, we may use Lemma 3.3 to obtain (3.10)
and (3.11) immediately.

Finally, the finiteness of ns can be proved by a standard argument from [11]. For
completeness we include the argument here. By Assumption 1(d) and the definition
of xfl_H we have for all 0 < n < ng that

1y = Fap Dl < I1y° — F(xd) — L) (g — x|
FIF ) ) — Fxe)) — L) (e, — x))l
< willy? = FE)I +nll F(xd, ) — FGO)|
< (w1 + 0y’ = FGOI +nlly’ = FGei DI

This implies that

1 +n

Iy — F2 DIl < glly® = Fe)Il - withg = <1 (3.14)

and hence
1y = Fae)ll < "1y’ = FGo)ll, 0 <n < ns. (3.15)

If ng = 0o, then we must have ||y® — F(x2)|| > 16 for all n. But the inequality (3.15)
implies [|y? — F(x2)|| — 0asn — oo. Therefore n; < 0o. Now we take n = ns — 1
in (3.15) and obtain q”5_1 ||y‘S — F(xp)|| > ©46. This implies ng = O(1 + |logé|). O

4 Convergence analysis

In this section we will show that Algorithm 1 is a regularization method for solving
(1.1), that is, we will show that if (x},£%) € X x X*, 0 < n < ng, are defined by
Algorithm 1 using noisy data y?, then xﬁ , converges to x"as y9 — y. To this end, it
is necessary to investigate for each fixed n the behavior of x,‘z as y% — y. This leads
us to consider the counterpart of Algorithm 1 with exact data which is formulated as
Algorithm 2 below. Due to the non-unique determination of «,,, this algorithm actually
defines many distinct iterative sequences. We will show that every sequence defined by
Algorithm 2 is convergent. This convergence result however is not enough for showing
the regularization property of Algorithm 1. Indeed, for each fixed n > 1, when taking

y? — y, the sequence {a,—1(y%)} used to define x% from xﬁ_ | may split into many
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convergent subsequences and so does {xﬁ, S,‘f} with limits defined by Algorithm 2.
This forces us to establish a uniform convergence result for all the possible sequences
defined by Algorithm 2. The regularization property of Algorithm 1 is then established
by using a stability result which connects Algorithms 1 and 2.

4.1 The method with exact data

We start with the formulation of the counterpart of Algorithm 1 when the exact data
is used.

Algorithm 2 (Levenberg—Marquardt method with exact data)

1. Let0 < puo < 1 < 1 and (xg, &) € X x X* be the same as in Algorithm 1.

2. Assume that x, and &, are defined. If F(x,) = y, we define x,+1 = x, and
&nr1 = &, otherwise, we define x, 11 and &, as follows:
(a) Foreach o > 0 we define x, (o, y) and &, («, y) as

1
Xu (e, y) = argmin  —{ly — F(xn) — Lxa)(x — x)|” + aDg, O(x, xn)] ,
X
1
Ena,y) =6, + EL(xn)*er (y = F(xn) — L(xp) (xn(et, y) — x2));
(b) Take o, > 0 to be a number such that

wolly = FGa)ll < ly — F(xp) — L(xp) (o, ¥) —x) |l < pally — Fxa)

(c) Define x, 11 := xp(ctn, y) and &, 11 = &, (ay, y).

In the formulation of Algorithm 2, we take o, > 0 to be any number satisfying
(b) when defining x,11, &,41 from x,,, &,. There might have many possible choices
of «y,; different choice of {¢,} may lead to different iterative sequence. We will use
I o, 11 (X0, &0) to denote the set of all possible sequence {(x,, &)} in X x X* con-
structed from (xg, &9) by Algorithm 2 with r, > 0 chosen to be any number satisfying
(b). By using the same argument in the proof of Proposition 3.4, we can obtain the
following result which shows that each sequence in I'y,;, i, (x0, §0) is well-defined and
admits certain monotonicity property.

Lemma 4.1 Let Assumption 1 hold with0 <n < landletn < nuo < u1 < 1. Then
any sequence {(xn,&,)} € Ty, (X0, §0) is well-defined and for any solution X of
(1.1) in Ba,(x0) N Z(O) there hold

Dg, . ©(X, xy11) < Dg, O(X, xp), 4.1)
1 . .
—ly = FG)|" < (Dg, O(x, xu) — Dg,,, O(X, X41)) 4.2)
(o771 Mo — 1
foralln > 0.
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In order to derive the convergence of every sequence {(x,, &,)} in I'y, 4, (X0, §0),
we will use the following result which gives a general convergence criterion.

Proposition 4.2 Consider the Eq. (1.1) for which Assumption 1 holds. Let ® : X —
(—o00, 00] be a proper, lower semi-continuous and uniformly convex function. Let
{xn} C Bap(x0) N 2(O) and {&,} C X* be such that

(1) &, € 0O (xp) forall n;
(ii) for any solution % of (1.1) in By, (x0) N Z(O) the sequence {Dg, O (X, x,)} is
monotonically decreasing;
(i) limy— o0 [|F (xp) — yIl = 0.
(iv) there is a constant C such that for all k > n and any solution x of (1.1) in
B, (x0) N Z(O) there holds

|6k — &n, xk — X)| < C(Dg, O(X, xp) — Dg, O(X, x¢)). 4.3)
Then there exists a solution x,. of (1.1) in By, (x0) N Z(O) such that

lim [[x, —x4l| =0, lim O(x;) =0O(xy) and lim Dg O (x4, x,) =0.

n— o0 n—od n— o0
If, in addition, x € B,(x0) N 2(0©) and &1 — &, € Z(L(xT)*) for all n, then
Xy =x1.
Proof This result follows from [20, Proposition 3.6] and its proof. O

Now we can prove the main convergence result on Algorithm 2.
Theorem 4.3 Let Assumption 1 hold with0 <n < 1/3 andletn < po < pu;1 <1—
2n. Let © : X — (—00, 00] be proper, lower semi-continuous and uniformly convex

in the sense of (2.2), and let (3.9) be satisfied. Then for any {(x,, §,)} € T'yg, 10, (X0, &0)
there exists a solution x,. of (1.1) in By, (xo) N Z(®) such that

lim [[x, — x4l =0, lim O(x;) =0O(xy) and lim Dg O (x4, x,) = 0.
n—oo n—oo n—oo

If in addition N (L(x")) C A (L(x)) forall x € Bo,(x0) N D(F), then x, = Xt

Proof We will use Proposition 4.2. By the definition of &, in Algorithm 2 we always
have &, € 0®(x,) for all n > 0 which shows (i) in Proposition 4.2. Lemma 4.1 shows
(i) in Proposition 4.2. By the similar argument for deriving (3.14) we can show that

Iy = Fan DIl < glly = Fx)ll, V=0 4.4)

withg = (u1+1n)/(1 —n) < 1. This implies (iii) in Proposition 4.2. In order to show
the convergence result, it remains only to show (iv) in Proposition 4.2.
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To this end, for 0 </ < m < oo we may use the definition of &, and the property
of the duality mapping er to obtain

m—1

z Env1 —én,xm — XT)

n=lI

|(&m — &1, xm —x1)]

m—1

Loy i
> o P = Flon) = LO) K1 = Xn))s L) (om = x71))

n=l "

m—1

1
< > —lly = FGm) = L) Gt — 2 1" 1L Gon) o — x DI
n=lI %n

By the triangle inequality || L (x,,) (x;, —xT) I < IIL(xp) (xp —xT) 1411 L ) Qe — x0) ||
and Assumption 1(d), we have

1L (6 o = x DI < (L4 n) (lly = F@)ll + I1F (o) — F o))
=d+mCly = FG)ll +lly = Fxm)D) -

Since the inequality (4.4) implies that {||y — F'(x,)||} monotonically decreasing, we
have

1L ) o — XD <30 +mlly = F)ll, 0<n <m.

Therefore

(Em — &1, X — x 1)
m—1

1
<3040 D Iy = Fta) = L) (et = x) |7y = Fa)

n=l "

m—1
1
<3(1+n) E a—IIy—F(xn)IIr-
n=l "

In view of (4.2) in Lemma 4.1, we obtain with Cy := 3(1 + n)/(uo — n) that
[(Em — &, xm — x7)| < C1(DgO(x", x1) — Dg,, O, x))
which shows (iv) in Proposition 4.2.

To show the last part under the condition .4 (L (x)) € A (L(x))forx € By, (xp)N
2(0), we observe from the definition of &, that

Eni1 — En € B(L(xp)*) C N (L(xp)" C A (LGN = B(L(xT)*).

Thus, we may use the second part of Proposition 4.2 to conclude the proof. O
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4.2 A uniform convergence result

In Theorem 4.3 we have shown the convergence of every sequence in I'y, i, (x0, £0)-
In this subsection we will strengthen this result by showing the following uniform con-
vergence result for all sequences in I' ., (x0, §&0) which will be crucial in establishing
the regularization property of Algorithm 1.

Proposition 4.4 Assume all the conditions in Theorem 4.3 hold. Assume also that
N (L(x")) € A (L(x)), Vxe By, (x0) N 2(0). 4.5)

Then, for any ¢ > 0, there is an integer n(g) such that for any sequence {(&,, x,)} €
[ ug, 101 (0, x0) there holds Dgn(H)(xT, Xp) < & foralln > n(e).

The proof of Proposition 4.4 is based on some preliminary results. It is easily
seen that, to complete the proof, we only need to consider the case F(xp) # y. The
following result shows that in this case we always have F(x,) # y foralln > 0
for any sequence {(x;, &,)} € [, ., (x0, &0). Thus, when defining x, 4 from x, in
Algorithm 2 we always use a finite number ¢, > 0.

Lemma 4.5 Let all the conditions in Proposition 4.4 hold. For any sequence
{Cen, §n)} € Tpug 1 (x0, §0), if F(xy) =y for some n = 1, then F(xo) = y.

Proof 1t suffices to show that if F(x;) = y for some 1 < k < n, then F(xx—1) = y.

By using Assumption 1(d) and F(xx) = y we have L(x"(xx —x™) = 0. Thus, in
view of (4.5), we have

xp—x" e A(LE) C N (L(xx—1)).

Consequently L (xg—1)(xx — x) = 0. If F(xx—1) # y, then by the definition of xj
and Assumption 1(d) we have

molly = FOa—DIl < lly — F(xk—1) — LOg—1) (xk — xx—1) |l
=y = Flxe—1) = LOg—) (x" = x|
<nlly — F(xr=1)|l

which is impossible since o > 1. The proof is thus complete. O

The next result shows that, if F(x,) # y, then we can give the upper and lower
bounds on the number «,, used to define x,| from x;,.

Lemma 4.6 Let all the conditions in Theorem 4.3 hold. If F (x,) # vy, then for any o
satisfying

polly = FOa)ll < lly = F(xn) = L) (xnlet, y) = xp) | < pilly = F(xn) | (4.6)
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there holds 0 < o, < o < o, < 00, where

_ o =mlly = Fa)l”

Zn

=~ . Iy — FCen)ll”
and o, = .
ro(p) ro((L—puDlly = FCe)I/I1LGxn))

Proof By the definition of x, (¢, y) and the uniform convexity of ®, we have

1
a@(llxn (o, y) — x2) < aDg, © (xn(at, y), xp) < ;Ily = F@)l".
In view of the second inequality in (4.6) we can obtain

1L Cen) [l (et y) = Xnll = 1L () (xn (s y) = x|l = (1= p)lly — F(xa)]l.

Consequently

((1 — 1)y = Flx)|

1
~lly = FGe) " 4.7
LoD ) < rIIy (x| 4.7

which implies that @ < @,. On the other hand, by the definition of x, («, y) we have

1
;”y — F(xy) — L(xp)(xp (e, y) — x)

1
< —lly = Flm) - L) (x" = x| + aDg, ©(xT, x,).

In view of the first inequality in (4.6), Assumption 1(d), and the inequality
Dgfn@(xT, Xp) < Dgo®(xT,xo) < ¢(p) from Lemma 4.1, it follows that

molly = FGea)ll” = n"lly = FG)ll" 4 rag(p).

This implies that o > o, |

Now we are ready to give the proof of Proposition 4.4. We will use an idea from
[10] which is based on the well-known diagonal sequence argument.

Proof of Proposition 4.4 We may assume that F(xg) 7 y. We will use a contradiction

argument. Assume that the result is not true. Then there is an &g > 0 such that for any

£ > 1 there exist {(x,(le), ,5“)} € I'yg.pu; (X0, &0) and ny > £ such that

Dg'gi)@(xT,x,%)) > g. (4.8)

We will construct, for eachn = 0, 1, .. ., a strictly increasing subsequence {¢, x} of
positive integers and (X, &,) € X x X™* such that
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(i) {Gin En)} € Tpgopey (%0, £0):
(ii) for each fixed n there hold x,,
for all k there hold

Cn) 5 and "% 5 E, as k — oo. Moreover,

(nk)

L,
D <znk>®(xn,xn {on,e)

) <eo/4 and |(&, " — &, %y —xT)| < eo/4.

Assume that the above construction is available, we will derive a contradiction. Accord-
ing to (i), we may use Theorem 4.3 to conclude that D§n®(xT, X,) —> 0asn — oo.
Thus we can pick a large integer 7 such that

Dgﬁ@(xT, %) < €0/2.
Let{ := ;.7 and consider the sequence {(x(é) E,EZ) )}. According to (ii), we have

£0/2 > (D;, O(x", %;) — D%_(D@(x x >))+D§M)@(x x @)
= —DE@@(%X,& )+ (& - E(Z) T—xh)+ DS@)@(x . x “)

> —go/4 — e0/4 + Dg(z)(%(x X ‘))

Since {£; i} is strictly increasing, we have n; > i = L; 7 = n. Therefore, we may
use Lemma 4.1 to obtain

S([)G)(x,x )<DS PCIC: Dy g

1) n

which is a contradiction to (4.8) with £ = 0.

We turn to the construction of {¢, x} and (x,, é_'n), foreachn =0, 1, ..., such that
(i) and (ii) hold. For n = 0, we take (Xo, &) = (x0, &) and £o.x = k for all k. Since
£8P = g5 and x' = xo, (ii) holds automatically for n = 0.
Next, assume that we have constructed {€, x} and (x,, §n) forall0 < n < m. We

will construct {€,+1 %} and (Xp41, §m+1) Since F(xg) # y, we have from Lemma
4.5 that F(iy) # vy and F(x\)) # y for all £. Let a't > 0 be the number used to

define (xigfi], &, © 1) from (x(z) En (Z)) From Lemma 4.6 and the induction hypothe-

. (U .. _

sis x,,(1 NN X, we can conclude that there are two positive numbers «,, and a,,

. lm, -

independent of k such that o, < a( K < ay, for all k. Thus {¢,, x} must have a
(4 m+1, 3]

subsequence, denoted as {£,,+1 «}, such that {c,, } converges to some number

oy € (0, 00) as k — oo. We define
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- |1 - - - -
Xm+1 = arg)rcrélz% [;”y — F(kp) — LX) (x — X)) |l +05mD§m®(xa Xm) s

_ _ 1
Enil = &m + (X—L@m*f}’(y — F(%m) — LEn) Eng1 — %m)).

m

It is clear that X, +1 = X, (o0, y) and §m+1 = é‘m (atm, ¥). In view of the induction

hypotheses x,(,f’”“’k) — X, and f;‘,ﬁf’”“”‘) — &, the continuity of x — F(x) and
x — L(x), and oz,(,f'"“’k) — oy, we may use Lemma 2.2 and the continuity of the

duality mapping er to conclude that

(Zm-H.k)

— [ - L k =
) s fpet, OGTHY 5 @(Fg) and £V S By (49)

m+1 m+1

Cmt1,6)
m+1 ’

m+1.k)

as k — o0o. According to the choice of Ot,(,f and thus the definition of x

we have

L1 k U [ U L1,
wolly = FOe™ M) < lly = Fey™ ™y — Ly ) (elmt®) — fimty)

[Wl LK
< willy = Foy™ ).

Letting k — oo gives

wolly = Fa)ll < ly — F(xm) — LX) (K1 — X)) | < prlly — F Gl

Thus Xpu41 = Xm(oum, y) satisfies the desired requirement. We therefore complete
the construction of {£,, 1 «} and (Xp41, &n+1)- We need to show that x,,,11 and &,,41
satisfy the estimates in (ii) for » = m + 1. We may use (4.9) to obtain

: (eerl k) = = T s = ([m#»l.k)
lim — LiXmael —x')y =0, Ilim D ¢ ) O X1, X =0
k—>oo(gm+l ém—t— m+ ) i fmf;rlik ( m—+ m—+1

Consequently, by taking a subsequence of {{,, 1 x} if necessary, which is still denoted

by the same notation, we can guarantee (ii) forn = m + 1. O

4.3 Regularization property

In this section we will establish the regularization property of Algorithm 1 which is
stated in the following result.

Theorem 4.7 Let © : X — (—00, 00] be a proper, lower semi-continuous function
that is uniformly convex in the sense of (2.2), and let Assumption 1 hold with0 < n <

1/3.Letn < o <1 < 1 —2nandt > (1+1n)/(o —n), and let (3.9) be satisfied.
Assume further that

N (L(xT)) € A (L(x)), V¥x € Bay(xo) N 2(O).
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Then for x,‘ia e X and 525 € X* defined by Algorithm 1 there hold

. 8 . 8 . )

gr(l) Ixs, — x"|I =0, g% O@))=0x") and gno DE;;S@(xT, x0)=0.

In order to prove Theorem 4.7, we will need to establish certain stability result to
connect Algorithms 1 and 2 so that Proposition 4.4 can be used. The following stability
result is sufficient for our purpose.

Lemma 4.8 Let F(xo) # y and let all the conditions in Theorem 4.7 hold. Let {y®}
be a sequence of noisy data satisfying ||y* — y| < & with § — 0asl — oo.
Let x)' and €)', 0 < n < ns,, be defined by Algorithm 1. Then for any finite n <
liminf;_, o ng,, by taking a subsequence of (y%) if necessary, there is a sequence
{Goms Em)} € T, u, (x0, §0) such that

3

X, = X, é,fl’ — &, and @(x,fll) — Oxy) asl — o0

forall0 <m < n.

Proof Since F(xo) # y, we must have lim inf;_, oo 15, > 1. We will use an induction
argument on 7.

When n = 0, nothing needs to prove since xg’ = x¢ and Egl = &p. Assume
next that, for some 0 < n < liminf;_, o ns,, the result is true for some sequence
{Gmy Em)} € Tg,uy (X0, &0) with 0 < m < n. In order to show the result is also true
for n + 1, we will obtain a sequence from I";,, ., (x0, §0) by retaining the first n + 1
terms in {(x;,, &,)} and modifying the remaining terms. It suffices to redefine x,41
and &, since then we can apply Algorithm 2 to produce the remaining terms.

Since F(xg) # y, we have from Lemma 4.5 that F(x,) # y. Let o, (y‘sl) be the
number used to define x21+1 and éjﬂrl. Since the induction hypothesis x2' — x, and
the fact y¥ — y imply ||F(x2’) — 9| = ||[F(xy) — y|| > 0as ] — oo, we may use
the similar argument in the proof of Lemma 4.6 to conclude that

§ —
gn S al’l(y [) S aﬂ

for two numbers 0 < «, < &, < oo independent of /. Therefore, by taking a
subsequence of {y%} if necessary, we may assume that

oz,,(y‘sl) —> o, as [ —> o0

for some number «;,, € (0, c0). We define

(1
Xpt1 = arg min [;Ily — F(xp) — L(xp)(x —x)||” + anDg, O (x, xn)] ,

1
Enil =&+ O{—L(xn)*J,y (v = F(xn) — L(xXp) (Xnp1 — X))

n
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In view of the induction hypotheses and the continuity of x — F(x) and x — L(x),
we may use Lemma 2.2 and the continuity of er to conclude that

]

s s
el = Xnt 1, @(xn’ﬂ) — ©(x,+1) and Enl-l—l — &1 asl — oo.

X
Moreover, since

S
molly™ — FGeihll < 1y = FGed) — L (el — xi)ll < mally™ — FGeh

by taking [ — oo we can conclude that

molly = Fx)ll < ly — F(xp) — L(x) (1 — x)ll < eilly — F(xp)ll.

Therefore x,+1 = x,(o,, y) and &,41 = &,(an, y) are the desired elements to be
defined. The proof is thus complete. O

The next result will be used to prove lims_.o ® (x,f 6) = O(x") in Theorem 4.7.

Lemma 4.9 Let all the conditions in Theorem 4.7 hold and let {(xﬁ, S,‘f)}ofnfna be
defined by Algorithm 1. Then for all 0 < [ < ng there holds

(50 = &0, 2" =) < 2D OGT, X)),

where C; = (1 +1)(3t + 1)/(zcopp).

Proof By the definition of é,‘f, the property of ]ry and (3.3), we can obtain

nsg—1
8 s T § 8 § 8
gD — &0 xT = xS < D 1ED, — & xT —xd)
n=I
nsg—1

=2
n=l

_ O‘n(ya)

Iy’ — F(x3) = L) (xd g — DI LG (F = xd )|

nsg—1

=2
n=l

_ an(ya)

Iy’ = FGOIT LG T = xd))l.

By Assumption 1(d) and (3.14) we can derive that
ILG) G = X311 < (L + @+ 31y — Fal). 0<n <ns.
Since ||y® — F(x2)|| > 7§ for 0 < n < ng, we therefore have

d+n@Br+1)

ILG) (™ = x| < Iy’ = FGaD)Il 0<n < ns.
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Consequently
(g3, — &8, 11—y < LEDOTHD Z_l Iy = P
" b mi = T el an(ya) Y " .
This together with (3.11) in Proposition 3.4 implies the desired estimate. O

We are now ready to prove Theorem 4.7, the main result of this paper.

Proof of Theorem 4.7. We may assume that F'(xg) # y. We first claim that

lim n; = oo. (4.10)

Suppose that this is not true. Then there exists {y®} satisfying ||y — y| < & with
81 — 0 such that ns; — 7 as I — oo for some finite integer 7. Thus ns, = i for large
[. By the definition of ns, we have

IF G — ¥ < 78 (4.11)

In view of Lemma 4.8, by taking a subsequence of {y%} if necessary, we can find
{(¥ns £)) € Tpigy (X0, &0) such that x? — x; as [ — oo, Letting [ — 00 in (4.11)
gives F(x;) = y. Consequently, by Lemma 4.5, we must have F(xo) = y whichisa
contradiction.

We next show the convergence result. We first prove that

11m DS5 @(x x ) =0 4.12)

by a contradiction argument. Suppose that (4.12) is not true. Then there exist a number
¢ > 0 and a sequence {y%} satisfying Iy — y| < & with8; — 0as/ — oo such that

§5’®(x x )>8 forall /, (4.13)
ny

where n; := ns,. According to Proposition 4.4, there is an integer n(e) such that

Dén(g)(")(x-rv xn(s)) <Eé, V{(-xns sn)} € FMO,M] (X(), SO) (414)

For this n(¢), by using Lemma 4.8 and by taking a subsequence of {y%} if necessary,
we can find {(x,, §,)} € 'y, 11 (X0, &0) such that

x> x,, EY > g and OKY) - O(x,) asl — oo (4.15)

for 0 < n < n(e). Since (4.10) implies that n; > n(e) for large [, by using Proposition
3.4 we have

i 1
ng;(")(x xﬁ[) = Dgfiis)@(x xn(s)) = ®(x ) — ®(xn(g)) (En(e)’ xT nl(s)>
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In view of (4.15) and (4.14), we therefore obtain

lim sup D

[—o00

. S, by
é51(9(x ) =0 - Jim @(xn(s)) 1_151010(5”1(8)’)67 )

= 0" — O(ne) — Ene) X7 — Xn(e))
=D, , 0", xu6) <&

This is a contradiction to (4.13). We thus obtain (4.12). By virtue of the uniform
convexity of ®, we then have lims_. ¢ ||)c‘S —x"||=0.

It remains only to show that lims_ ®(x ;) = 00! ). In view of (4.12), it suffices
to show that
lim (%, x" —x% ) =0. (4.16)

ns’ n
§—>0 " 8

We again use a contradiction argument by assuming that there is a number ¢ > 0 and
a sequence {y%} satisfying ||y% — y|| < & with 8; — 0 as ! — oo such that

|($‘S’ xT —x D = Cre foralll, 4.17)

np’

where C; is the constant defined in Lemma 4.9. For this &, we may use Proposition
4.4 and Lemma 4.8 to find an integer n(¢) such that (4.14) and (4.15) hold. In view of
Lemma 4.9, we have
5 . o
(o xT — x| < [ — g T — X+ [(E, 2T — x|

s
=GDa O, 20) + [ty X = ).

By taking [ — oo, using xﬁll — xT,(4.15) and (4.14), we can obtain

limsup |(57, x¥ — x)| < Cy Jlim D O’ x) ) =CoDg, OGT xue) < Cae

np
[—o00 n(e)

which contradicts (4.17). We therefore obtain (4.16) and complete the proof of Theo-
rem 4.7. O

5 Numerical results

We consider the identification of the parameter c in the boundary value problem

[—Au+cu=f in 2, 6.1

u=g on 02

from the measurements of the state variable u in 2, where 2 C Rd, d <2/ isa
bounded domain with Lipschitz boundary 2, f € H~'(Q) and g € H'/?(32). This
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is a benchmark example of nonlinear inverse problems. It is well known that (5.1) has
a unique solution u = u(c) € H 1(€) for each ¢ in the domain

P :={ceL*Q):|lc— ¢l 2y < vo for some ¢ > 0, ae.}

with some yp > 0. By the Sobolev embedding HY(Q) — L"(Q), it makes sense to
define the parameter-to-solution map F : & C L2(Q) — L"(Q) with F(¢) = u(c)
for any 1 < r < oo. We consider the problem of identifying ¢ € L?(2) from an
L" (2)-measurement of «. This is amount to solving F(c) = u. It is known that F is
Fréchet differentiable; the Fréchet derivative and its Banach space adjoint are given
respectively by

F'(o)h = —A) " (hu(c)), he L*(Q), 5.2)
F'(o)*w = —u(0)Ac)'w, welL (Q), '
where r* is the number conjugate to r, i.e. 1/r* + 1/r = 1, and A(c) : H*(Q) N
Hj(Q) — L*(RQ) is defined by A(c)u = —Au + cu. Recall that in the space L' (S2)
with 1 < r < oo the duality mapping J, : L"(2) — L7 (Q) is given by

T (@) := lp|" " 'sign(p), ¢ € L™ ().

For this parameter identification problem, the tangential cone condition has been ver-
ified for » > 2 in [12,26]; the verification for 1 < r < 2, however, is not yet available.

In the following we will report some numerical results for this inverse problem to
indicate the performance of Algorithm 1 with various choices of the convex function ®
and the Banach spaces X and ). The main computational cost stems from solving the
convex minimization problems involved in the algorithm which requires numerical
solutions of differential equations related to calculating the Fréchet derivatives and
their adjoint. We use BFGS—one of the most popular quasi-Newton methods—for
Example 5.1 and a restarted nonlinear CG method for Examples 5.2 and 5.3 below,
see [29]. Some fast algorithms have been discovered for solving convex optimization
problems in recent years, including the fast proximal gradient method [4] and the
primal dual hybrid gradient methods [5,33]. These methods are powerful to deal with
problems for which fast solvers such as £t are applicable. In case fast algorithms
are not applicable as in our computation, they might not have much advantage over
other type methods.

Example 5.1 Consider the one-dimensional problem on the interval 2 = (0, 1) with
the source term f(¢) = 100e=10¢=0-5% and the boundary datau(0) = 1 and u(1) = 2.
We will identify the sought solution

¢’ (1) = 5:2(1 — 1) + sin®(271)
using noisy data that contains a few data points, called outliers, which are highly incon-

sistent with other data points. The appearance of outliers may arise from procedural
measurement errors.
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(@) (b) n; =16 (c) ny =8
3 2 2
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1 _ 1
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0.5 0 0
0 05 1 0 05 1 0 05 1
@ (e) ny =9 (f)n, =7
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2 1 N
1.5 2 \\
/
] 05| | \
05 0 0
0 05 1 0 05 1 0 05 1

Fig. 1 Numerical results for Example 5.1: a, d data with noise; b, e reconstruction results by Algorithm 1
with X = Y = L?[0, 1]and ©(c) = 1 [lc|13: . f reconstruction result by Algorithm 1 with X' = L2[0, 1],
Y =_L"10,1]and ©(c) = 1|lcI3

In Fig. 1 we present the numerical results by Algorithm 1 witht = 1.1, ug = 0.90
and pu; = 0.96 using the initial guess cp = 0 and & = 0. In order to carry out
the computation, the differential equations involved are solved by a finite difference
method by dividing 2 = (0, 1) into 400 subintervals of equal length. The minimization
problems involved in the algorithm are solved by performing 50 iterations of the BFGS
method. Figure la and d show the plots of the noisy data; the one in (a) contains
only Gaussian noise, while the one in (d) contains not only Gaussian noise but also
10 % outliers. Figure 1b and e present the reconstruction results by the regularizing
Levenberg—Marquardt scheme of Hanke, i.e. Algorithm 1 with X = Y = L?[0, 1]
and O(c) = %||c||%2; it shows that the method is highly susceptible to the existence
of outliers. In Fig. 1c and f we present the reconstruction results by Algorithm 1 with
X = L*0,1],Y = L"[0, 1] with r = 1.1 and O(c) = %||c||2Lz. It can be seen that
the method is robust enough to prevent being affected by outliers. Using the L misfit
data terms, with » > 1 close to 1, to exclude the outliers has been investigated for
several other regularization methods, see [14,15,18,23].

@ Springer



682 Q. Jin, H. Yang

(a) (b) n, =13 (e)n, =16

6

o

Fig. 2 Reconstruction results for Example 5.2: a exact solution; b Algorithm 1 with ©(c) = %||c||%; c
Algorithm 1 with ©(c) = L{lc|} + |c|ry ¢ and e = 1074

Example 5.2 'We next consider the two dimensional problem on 2 = [0, 1] x [0, 1]
with the source term

flx,y) = 2006—10@—0.5)2—10(y—0.5)2

and the boundary data g = 1 on 9<2. The sought solution is a piecewise constant func-
tion as shown in Fig. 2a. We reconstruct the sought solution using Algorithm 1 with
X =)= LZ(Q) and different choices of ®. In order to carry out the computation,
we divide €2 into 100 x 100 small squares of equal size. All partial differential equa-
tions involved are solved approximately by a finite difference method. When using
Algorithm 1, we use 7 = 1.01, uo = 0.90, 1 = 0.96 and take & = cp = 0 as an
initial guess. The minimization problem to determine cfl for each n > 1 is solved by
arestart CG method after 1000 iterations.

In Fig. 2 we report the numerical results using measurement data that is corrupted
by Gaussian noise with noise level 6 = 0.001. Figure 2b presents the reconstruction
result using ®(c) = %||c||iz. Due to the over-smoothing effect, the reconstruction
result turns out to contain unsatisfactory artifacts. Figure 2c reports the reconstruction
result using O (c) = )L||c||i2 + |clrv,e with A = 1/2, where ¢ = 10~* and lclry.e =
Jo v/1Vc|? + & which can be considered as a smoothed approximation of the total
variation functional fQ |Vc|. Clearly the result in (c) significantly improves the one in
(b) by efficiently removing the undesired artifacts.

Example 5.3 We use the same setup in Example 5.2 but now the sought solution is
sparse. The domain €2 is divided into 120 x 120 small squares of equal size in order to
solve the associated partial differential equations. In Fig. 3 we report the reconstruction
results of Algorithm 1 using measurement data contaminated by Gaussian noise with
noise level § = 0.001. We use t = 1.001, ug = 0.90, 1 = 0.96 and take cp =
& = 0 as an initial guess. The minimization problems involved in the algorithm are
solved again by a restart CG after 300 iterations. The true solution is plot in Fig. 3a.
Figure 3b presents the numerical result of Algorithm 1 using ®(c) = %”C”i?' Figure

3c reports the numerical result of Algorithm 1 using ®(c) = )L||c||i2 + fQ Ve +¢

with A = 0.01 and & = 10~* which can be regarded as a smoothed approximation of
the L' norm. A comparison on the results in (b) and (c) clearly shows that the sparsity
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(b) ny =12 (c) n5=10

(a)

10

o 4 9

8 35 8

7 3 7

g 25 6
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2

5 05

1 o 1
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Fig. 3 Reconstruction results for Example 5.3: a exact solution; b Algorithm 1 with ®(c) = %||c||2Lz; c

Algorithm 1 with ©(c) = A||c||i2 + Jo VIc?> + &, where A = 0.01 and ¢ = 10™%

of the sought solution is significantly reconstructed in (c). Therefore, a proper use
of a convex function close to the L' norm can improve the reconstruction of sparse
functions dramatically.
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