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Abstract Residual-type a posteriori error estimates in the maximum norm are given
for singularly perturbed semilinear reaction-diffusion equations posed in polyhedral
domains. Standard finite element approximations are considered. The error constants
are independent of the diameters of mesh elements and the small perturbation parame-
ter. In our analysis, we employ sharp bounds on the Green’s function of the linearized
differential operator. Numerical results are presented that support our theoretical find-
ings.
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1 Introduction

Our goal is to prove residual-type a posteriori error estimates in the maximum norm
for singularly perturbed semilinear reaction-diffusion equations of the form

Lu:=—¢*Au+ f(x,u)=0in 2, u =0o0nax. (1.1
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Here we assume that 0 < ¢ < 1, that f is continuous on 2 x R and satisfies f (-, s) €
Loo(R2) for all s € R, and the one-sided Lipschitz condition f(x,u) — f(x,v) >
Cy¢lu — v] whenever u > v. Here Cy > 0. Nonhomogeneous Dirichlet boundary
conditions can also be considered with modest modification to our development. We
additionally assume that €2 is a, possibly non-Lipschitz, polyhedral domain in R",
n = 2, 3. Then there is a solution u € Hol(Q) N C(Q) (see Lemma 1 below). We
consider a standard finite element approximation to (1.1). Let S, C H(}(Q) be a
Lagrange finite element space of fixed degree r relative to a shape regular mesh 7,
and let uy € Sy, satisfy

82(Vuh,Vvh)+(f(',uh),vh)h =0, v, €8 (1.2)

Here (-, -) is an exact L, inner product over €2 (which is reasonable to assume when
computing the stiffness matrix above), while (-, -), is an approximate inner product
resulting from application of a quadrature rule; we make more precise assumptions
below.

Equations of type (1.1) and its parabolic version d;u + Lu = 0 arise in modeling
of thin plates as well as biological, chemical and engineering applications. Note that
the usefulness of our results is not restricted to the steady-state case; in fact, plugging
them (as error estimators for elliptic reconstructions) into the parabolic estimators
[26] yields fully computable a posteriori error estimates in the maximum norm for the
more challenging parabolic case.

Residual-type a posteriori error estimates in the maximum norm for finite element
methods have previously been considered in a number of works. The papers [15,32]
were the earliest such works; both contain L, residual estimators for linear ellip-
tic problems on two-dimensional domains. The approach of [32] was extended to
three space dimensions in [10], while [33—35] consider elliptic obstacle problems and
monotone semilinear problems. Finally, [11] contains a posteriori maximum-norm
estimates for an interior penalty discontinuous Galerkin method for the Laplacian as
well as improved estimates for standard continuous Galerkin methods. Our approach
draws most heavily from [11] and [33]. We use the techniques of [11] in order to
admit arbitrary polyhedral domains in our analysis, whereas the results of [33] are
restricted to Lipschitz polyhedral domains. In [33], the authors develop a multilevel
estimator for controlling consistency errors resulting from numerical quadrature, and
we employ much of their framework for the same purpose.

A number of works have also previously considered a posteriori error estimation
and adaptivity for singularly perturbed reaction-diffusion equations, with the error
generally measured in the energy (reaction-diffusion) norm. The article [42] appears to
be the first to provide residual-based a posteriori estimates for FEM for scalar stationary
reaction-diffusion problems that are robust with respect to the perturbation parameter.
In [22], results of a similar spirit are announced, and then extended to the Brinkman
problem in [23]. Residual-based estimates for singularly perturbed reaction-diffusion
problems on anisotropic methods have also been studied, for example in [28,29]. Two
essential features of all of these works are that the weighting of the residual terms is of
a different form depending on whether the local mesh parameter iy < € or hy > ¢,
and that no unknown constants in the estimates depend on &. Convergence of adaptive
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algorithms based on such a posteriori estimates is also considered in [27,40]. Finally, a
number of authors have considered other types of a posteriori error estimates which are
robust with respect to &, as for example [2], [3] in which constant-free upper bounds
are established by solving local subproblems.

The energy norm for singularly perturbed reaction-diffusion equations of type (1.1)
is too weak, as it involves an excessive power of the small parameter ¢ and so is
essentially no stronger than the L, (€2) norm [31]. The maximum norm, by contrast,
is sufficiently strong to capture sharp layers in the exact solution, so it appears more
suitable for such problems. A posteriori estimates in the maximum norm for equations
of type (1.1) are given in [7,24]; the results are independent of the mesh aspect ratios,
but apply only to tensor-product meshes. The situation with a priori error estimates
in the maximum norm for such equations is much more satisfactory. In [30,37], such
bounds are given for finite element methods on globally quasiuniform meshes, while
for a priori bounds in the maximum norm on locally-anisotropic layer-adapted meshes
(for both finite element and finite difference methods) we refer the reader to [4,5,9,
24,39] and references therein.

Our main contribution is the development of a posteriori error estimates in the
maximum norm that are robust with respect to ¢, as in similar a posteriori estimates for
the energy norm described above. In addition, we make an improvement to underlying
techniques for estimating pointwise errors which even for the Laplacian leads to a
sharper exponent in the logarithmic factors commonly present in maximum-norm
estimates. We now outline our results in order to illustrate these improvements. For
simplicity of presentation we for the time being assume exact quadrature, i.e., that
(-, )n = (-, -). Our full results below include error indicators that as in [33] account
for consistency errors arising from inexact quadrature as well as a posteriori lower
bounds. Let Cy = C + &% We prove below that

I = nlloo: < C max (min(C7 " enhFe) 112 Aun = £ o) loosr
+min(e ;12 phr) I [Vanllooiar) . (13)

Here hr = diam(T), [Vuy] is the standard jump in the normal derivative of uy across
an element interface, and ¢, = In(2 + 8@‘15_1/2) with & = minyc7 hr. We also
prove e-robust a posteriori lower bounds (efficiency estimates) below. For the sake of
comparison, note that the a posteriori analysis of [33] applies to (1.1), although robust
analysis of singularly perturbed problems is not a focus of that work. The estimates in
[33] are obtained by employing arguments similar to ours below, but essentially with

C taken to be 0 and thus Cy = &2. Thus applying these results yields
lu = unlloos < CEy" max (h%e—znezmm — fCun)loo:T

+hT||[[Vuh]]||oo;aT)- (1.4

Here {), = In 1/h withay = 2and oz = 4 /3. Inboth cases above C isindependent of €.
The essential improvement in (1.3) versus (1.4) comes in the weighting of the residual
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terms when &> <« C f» 1.e., when the problem is uniformly singularly perturbed. In
this case (1.3) is significantly sharper in regions where hr >> ¢. For fixed ¢, the two
estimators are equivalent with the exception of logarithmic factors if maxhr < ¢.
Numerical results in Sect. 4 below show that the estimator (1.4) is not g-uniformly
robust in the sense that its effectivity index (estimator divided by error) blows up for a
fixed max 7 as ¢ — 0. These tests also confirm that the elementwise error indicators
naturally derived from (1.4) may not perform well when used to drive marking in an
adaptive FEM.

Our estimator (1.3) essentially reduces to (1.4) when Cy < ¢, i.e., when the prob-
lem is not singularly perturbed, and we can in fact recover (1.4) (with the exponents
of the log factors improved to 1) by taking C s = 0 since then our one-sided Lipschitz
condition reduces to a monotonicity condition. We thus allow for unified considera-
tion of problems in both singularly perturbed and elliptic regimes and continuously
track the transition between these two regimes. However, obtaining e-robust estimates
in the singularly perturbed regime requires us to assume more regularity of f than
monotonicity.

Note also the improvement in the logarithmic terms in (1.3) versus (1.4). First, €5 in
(1.3)is smaller than Zh in (1.4) when ¢ < 1. (Note that the a priori error bounds in [37]
also involve ¢5,.) In addition, the exponent of ¢;, in (1.3) is 1 forbothn =2 andn = 3,
whereas the exponent of £, in (1.4) is greater than 1. The exponent of the logarithmic
factor when n = 3 was already improved to 1 in [11], and we carry out a similar
improvement for the case n = 2 here. We additionally show below that the logarithmic
factor is necessary at least when piecewise linear elements are used by proving that
standard maximum-norm estimators in actuality reliably and efficiently control the
error in a suitable bounded mean oscillation (BMO) norm with no logarithmic factors
present on convex polyhedral domains. This result also may have implications for
understanding convergence of adaptive algorithms for controlling maximum errors,
since it indicates that the standard L, AFEM is in fact better designed to control a
different measure of the error.

As in previous works concerning a posteriori error analysis of elliptic problems
in the maximum norm, we employ Green’s functions in order to represent the error
pointwise, and estimates for Green’s functions play a critical role in our proofs. Such
estimates are most readily available for the Laplacian. In [33], the authors obtain (1.4)
by employing a Riesz representation of the residual along with a barrier argument
in order to use estimates for a regularized Green’s function for the Laplacian. We
similarly employ an argument involving the maximum principle in order to reduce
proving (1.3) to obtaining appropriate bounds for a Green’s function for a simplified
differential operator, though as in [11] we employ the actual instead of a regularized
Green'’s function. It is however critical that our simplified operator —s?A +C 7 retains
the essential singularly perturbed character of (1.1).

Note that the present paper is complemented by a subsequent paper [25], in which
the consideration is restricted to € C R? and linear finite elements, but a posteriori
error bounds of type (1.3) are extended to more challenging anisotropic meshes. The
analysis in [25] partially relies on our results and findings, the Green’s function bounds
being particularly essential.
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The paper is organized as follows. Section 2 contains analytical preliminaries, most
notably bounds for Green’s functions for singularly perturbed problems which allow
us to translate maximum-norm error estimation techniques used for the Laplacian
in [11] to the current situation. Section 3 contains proofs of a posteriori upper and
lower bounds in the maximum norm that are e-robust and account for consistency
errors arising from numerical quadrature. Several numerical examples are presented
in Sect. 4. Finally, in Appendix A we show that logarithmic factors must be present in
a posteriori upper bounds and further discuss their role in a posteriori error estimates
and adaptivity for controlling maximum errors.

2 Analytical preliminaries

In this section we first sketch a proof of existence and uniqueness for (1.1) and then
prove a number of essential bounds for Green’s functions for singularly perturbed
problems.

2.1 The continuous problem: existence and uniqueness

We are not aware of an existence and uniqueness result for (1.1) under the precise
assumptions that we make, so we sketch a proof.

Lemma 1 Assume that f € C(2 x R), f(-,5) € Loo(R2) forall s € R, that for all
x € Qwe have f(x,u) — f(x,v) > 0 whenever u > v, and that Q2 is a polyhedral
domain in R*, n = 2 orn = 3. Then (1.1) ha{ a unique solution u € HO1 (2) which
additionally satisfies u € le(Q) c qu C C(Q) for some l > 5 and g > n.

Proof Let ' be asubdomain of 2, and let L := —2 A+ p forsome p > 0in Lo ().
Then, an application of the weak maximum principle for functions in H'!() [17,
Theorem 8.1] implies that there exists a constant ;o = po(e, diam €2), independent
of p, such that [|[V]|e.qr < max{,uOHZvHoo;Q/, ||v||00;3§2/} for any v € H'(Q) N
Loo(£2). Next, set i1 := poll f (-, 0)|lco . and define the function f(-, s) to be equal
to f(-,s) for |s| < uj and equal to f (-, p1) for £s > . Note that |f| < Uy =
max{|| f(, =) loo:, 1, 1) oo} and f is monotone in the second argument.
By an application of [6, Lemma 16], there exists a solution i € H& () of —e2A0 +
f(x, i) = 0. Furthermore, i1 € H&(Q) and |f| < up imply Au = 8_2]?(', i) €
L>(£2), so an application of [11, Lemma 2.1] yields, with some [ > % and g > n,
that i € W(Q) € W)(Q) C C(Q). Finally, let ' := {[i| > p1} C Q. As i is
continuous, €’ is a well-defined subdomain of Q. Also, p(x) = w > 0is
in Lo (), and by a simple computation —eAéi + pii = —f(x,0) = —f(x,0) in
. Thus the above maximum-principle bound yields ||iloc:r < 1,80 ' = @ and
litlloo:@ < m1. Hence f(~, u) = f(-, u), thatis, u is a solution to (1.1). O

Assuming a nonhomogeneous boundary condition u = g on 9€2 with some g €
WIZ(SZ) C qu C C(R), the above lemma can be generalized as follows. Let —Ag = 0

inQand g = gon dQ. Then[11] gives g € le(SZ) - qu C C(Q).Now, il :=u—3
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satisfies —ezAﬁ+f(x, it) = O subjecttozt = 0 on 32, where f(x, s) = f(x,s+8).
Note that this problem satisfies the hypotheses of the above lemma. In particular, for
eachs € R, one has | £ (-, s)| < max{|| /(.5 = 1 8llco) loo:: 1/ (. 5 + |2lloo) lloo: 2}
SO f (-, 8) € Lxo(R2) for each s. An application of the above lemma gives existence
and uniqueness of # and thus also of u.

2.2 Bounds for the Green’s function

As is standard in the literature on maximum-norm error bounds in FEM, we employ
a Green’s function in order to represent the error pointwise. It is possible to obtain
such a representation employing the Green’s function for a standard linearization
about u and uy,, but proving the necessary bounds on this Green’s function is at least
significantly more difficult unless we assume that the Lipschitz constant of f in u is
uniformly bounded above by some constant C - (Note that we have only assumed a
corresponding lower bound on the Lipschitz constant.) In Sect. 3.1 below we show
that we can instead employ the Green’s function for the simplified linear operator
L:=—e’A+C f» so we only analyze the Green’s function for this operator. The
bounds below do however hold for the corresponding Green’s function for a linearized
operator under the assumption C < f,, < Cy.

There exists a Green’s function G(x,&) : 2 x Q — R such that for any v €
Hy(Q) N W{(Q) withg > n,

v(x) = *(Vv, VG(x, ) + Cr (v, G(x, ). 2.1)
For each x € , this function G, satisfies

LG=—-¢*A:G+CrG=8(x—8), £€Q, 22)
G(x;&) =0, £ €0Q. '
Here 6(-) is the n-dimensional Dirac §-distribution.

Before stating regularity results for G we define notation. We write a ~ b when
a <banda 2 b,and a < b when a < Cb with a constant C depending on €2, r, and
shape regularity properties of 7', but not on other essential quantities. In particular,
C does not depend on the diameters of elements in 7, ¢, or C¢. Also, for D C Q,
1< p<ooandk =0, [vlyp = lvl,m and [vlpp = [vlysp), where
|- |W5 (p) is the standard Sobolev seminorm with integrability index p and smoothness
index k.

We shall employ the following bounds.

Theorem 1 Let G be from (2.2), and let af =Cy+ 2. Then for any x € L,

CAIGE, e + 6y/C/ 16 I 2
6/ 1GE e S 1. 2.3)
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In addition, for the ball B(x, p) of radius p centered at x € €, let £, := In(2 +5,0_1),

=~ £

where € = m Then
IG . )Berpne S e 2p* €5, ky=1and ks =0, (2.4)
IGG, M2 o\ By S € 2Ep, (2.4b)

n—2
G, )11 o\ S € 2L, (2.4c)

n—1
IG(x, )11 pne S 20, (2.4d)
1G(x, Va1 Ba.p) S & 2. (2.4e)

Remark 1 The work [11] contains similar Green’s function estimates inthe case e = 1,
Cy =0.Whenn = 2, (2.4e) gives a sharper version of the bound [11, (5.21)] in that
In?(1/h) in the latter can be improved to In(1/h). Hence a similar amendment applies
to all error estimators obtained in [11].

Remark 2 Similar Green’s function bounds for the case ¢ < 1 and Cy ~ 1, but on
significantly simpler tensor-product domains are given in [7,24]. An inspection of the
proofs in these papers reveals that in this case, all bounds of Theorem 1 are sharp with
respect to &, p and £,,.

2.3 Proof of Theorem 1

First, we give a version of the bounds from [11] for the Green’s function of the Laplace
operator.

Lemma 2 Ife = 1and Cy =0, then G of (2.2) satisfies (2.3), (2.4d), and (2.4e).

Proof If ¢ = 1 and Cy = 0, the bound for |G (x, -)|1,1.¢ in (2.3) follows immediately
from (2.4d) with ¢ = 1, p = diam(£2), while the remaining results in (2.3) are easily
obtained using the pointwise upper bounds on G from [11, (2.6)].

For n = 3, the bounds (2.4d) and (2.4e) with ¢ = 1 immediately follow from [11,
(5.23 and 5.26)].

Forn = 2, thebounds [11, (5.23 and 5.27)] involve an additional logarithmic factor,
but can be improved to (2.4d) and (2.4e) as follows. Note that the firstlinein [11, (5.23)]
and [11, (5.25)] remains valid if G is replaced in each considered subdomain €2; by
G —ming; G. With this observation, the proofs of the bounds [11, (5.23) and (5.27)]
yield their sharper versions (2.4d) and (2.4e) after we prove the following lemma. O

Lemma3 Letn =2,¢6 =1, Cy =0, and Q, = [B(x, p)\B(x, %p)] N Q for any
p > 0and x € Q. Then the Green’s function G of (2.2) satisfies

sup G(x, ) —inf G(x,) < C,
P

Qp

where C is independent of p and x.
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714 A. Demlow, N. Kopteva

Proof Fix x € Q and let ry = dist(x, 9€2). Note that it suffices to show that

max{0, 3 In 25} < G(x, &) <max{0, -In 2o} +C, e (25)

Here the lower bound is easily obtained using the maximum principle and the standard
formulaT'(x, &) = % In |x —&|~! for the fundamental solution I" on R?. For the upper
bound, we assume, without loss of generality, that the nearest pointto x on €2 is O, and
that Q C S, where the domain S is either (i) § = R2\{($1, 0), & > 0}, or, for a more
complicated polygonal €2, (ii) S = {|§ —x| < diam(2)}\{(&1,0), 0 < & < Cg} with
Cs 2 1. As Q C S implies G(x, &) < Gs(x, &), where G is the Green’s function
for the domain S, the upper bound in (2.5) immediately follows from

Gs(x, &) < max {o L In 310 }+C. (2.6)

> 2w E—x]

To complete the proof, we establish (2.6) for cases (i) and then (ii).

(i) The Green’s function for the domain § = Rz\{(él ,0), & > 0}isexplicitly given
by [18, p. 143, (16.55)]

2 1
t= — 2t cos(5[0 + 6p]) + 1 r
Gs(x,8) = 7% In| (f ) R
12 — 2t cos(3[0 — 6p) + 1 ro
where (rg, 6p) and (r, 0) are respectively the polar coordinates of x and &. If
r > 4rg, then t > 2 and one easily gets Gg < 2n In | = e 7l < 1 — In 3. This bound
remains validin {|§ —x| > 5ro} C {r > 4rp}. Now, forthedoma1n{|$ x| < 5ro},

the maximum principle yields Gg < 1 In ‘ ;r‘;l + % In 3. This completes the

proof of (2.6) with C = % In 3 for case (1).

(ii) LetS = {|€—x| < diam(2)}\{(§1,0), 0 < &; < Cg}.First,note that Gg(x, &) <
% In dlaa(m for |§ — x| > Cs. Next, let G’ denote the Green’s function in
case (i). Now an application of the maximum principle to G5 — G in the domain
|E — x| < Cg yields |Gs — G/S| < C. So the bound (2.6) in this domain follows
from the corresponding result in case (i). O

Lemmad Let D C D' C Q := & 'Q with dist{dD\d<2, 9D'\0} > 1 and
diam(D’) ~ d. Then for any v € L, (S2) such that Av € Ly(S2)

Ivllz1:0 S d"(1AvI2: o + [vl2:0), 2.7
Proof Seta € (1, %).Note that [v]2 4.0 < Cyl||Av|| g in the original domain Q [11,
Lemma 2.1], where C, = C,(2) remains fixed throughout this proof. This implies

that |v|2 G = CollAv]l, e in the stretched domain 2. Furthermore, we have that
|a)v|2 w0 < C, A (wv) ||a .&» With a cutoff function w that equals 1 in D and vanishes

in Q\D/, SO

W2e:p S 1AVIe:p + IVVIle;p + [V]la; D

@ Springer



Maximum-norm a posteriori error estimates for singularly... 715

where we used dist{d D\8<2, dD'\d2} > 1. Next, as |D| < |D'| < d",s0 |- |21.p <
|“loa:p - ID'I"Y and || - flg.pr < I+ ll2:p - [D'1V4712, 50

2
li:p S d"(I1Avla,pr + IVl + [Vl p).

Combine this with | Vvllz.pr < C(|Avll2.p7 + lvll2:pr), where the domain D" is
related to D’ in the same way as D’ to D (while the constant C is independent of the
domain size). Now the notation change D” =: D’ yields the desired assertion. O

Proof of Theorem 1 We divide the proof into two essentially different cases and their
three generalizations.

Case 1 0 < &2 < Cy = 1. We start with (2.4a). Using the maximum principle,
one can show that 0 < G(x; &) < g,(x; &), where g, is the Green’s function for the
operator —s?A + C r in R". In particular, from [41] we have

1 1 e—a/Cfr/S
- K ( /C ) = . r=t—x|, 28
82=5——5Ko rr/e 8= e r=1§—x|, (238

Here K is the modified Bessel function of the second kind of order zero and satisfies

(1]

Ko(s) <In2+s71), s >0,
Ko(s) <s712e75, s >1. (2.9)

(2.4a) follows from the corresponding bounds on ||g, (x, ) |[1,B(x,p)-
Next, (2.4b) and the bounds for |G(x, )1, and ||G(x, -)||
obtained similarly using (2.8) and (2.9).
Note that the bound (2.4¢) follows from (2.4a), (2.4d) and (2.4¢). To show this, let
a smooth cut-off function w equal 1 on 2\ B(x, p) and vanish on B(x, % p) N Q. Then
the Sobolev embedding W (2) < WILl (2) implies that

.q in (2.3) are

.
n—1

IVGIl 2 o\Bx.p) S V@G 2.0
5 |G|2’1 ;Q\B(X‘%p) + 10_1 IVGIh 1B(x,p)NQ
+0 721G Bex e (2.10)

Now (2.4c) indeed follows by (2.4a),(2.4d) and (2.4e).

To prove the remaining bounds, introduce an auxiliary Green’s function G for the
operator —&2A in the domain B(x;2¢) N 2. Note that G is a scaled normalized
Green’s function of the operator —A, for which we have Lemma 2. More precisely,
G(x, &) =¢e7"Go(x /¢, &/e), where G is the Green’s function of —A in the domain
e~ [B(x;2¢) N Q], so Lemma 2 for G implies bounds (2.4d) and (2.4e) for G with
Q replaced by B(x ; 2¢) N Q.
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716 A. Demlow, N. Kopteva

In view of this observation, to complete the proof, it suffices to show that

e21(G — G)(x; I1: B sone + €1(G — G)(x; )11 :Beone S 1 (2.11a)
(G — G)x; )11 pne S, p<e

(2.11b)

%G (x; Mo :2\Bae) FEIGH; N 1;e\BG:e) S 1. (2.11¢)

Indeed, the bound for |G (x, -)|1,1.q in (2.3) follows from (2.11a), (2.11c) and a version
of (2.3) for G. Note that (2.3) implies (2.4d) for p > e. For p < ¢, the bound (2.4d)
follows from (2.11b), (2.11c) and a version of (2.4d) for G. Finally, the bound (2.4¢)
follows from (2.11a), (2.11c) and a version of (2.4e) for G.

Now we establish each of the estimates in (2.11).

For (2.11a), let w(§) := G-G for & € B(x 2¢) N Q. Note that (2.2) 1mphes that
—ezAg w = Cy G. Next, using the variable E = & /& and the notation U(S) = v(§)

for any function v, and D := ¢ 'D for any domain D, one gets —Aw = Cy G in

B(x ;28) N Q, so [Aw| + W] < G+ G. Now, an application of (2.7) with d = 1
yields

”wHZ,l; é(x;s)ﬂﬁ S-' ”AwHZ; é(x;Ze)ﬂQ + ||w||2;1§(x;28)ﬂf2

SIG+ Glly; gxi 20002
Rewriting this in terms of the original variable &, one gets

—n

_ 2 A 2
e7™e" w1 Bone + Wl Baone) SIIG + Gly. penena S €

where we used G + G < g, and (2.8). The above result immediately implies (2.11a).
To show (2.11b), we partly imitate the argument used to prove (2.11a) with B(x ; €)
and B(x ; 2¢) replaced by B(x ; p) and B(x ; p + ¢). In particular,

elwlisepne} = IV g g S 078 2IVDIL. 3 oynas
while —A® = p G implies

A a3 z —n
||Vw”2;l§(x;p)ﬂf2 S ”G + G“2;l§(x;p+s)ﬂf2 S €

The desired assertion (2.11b) follows as (p/€)"/? < p/e for p < e and n = 2, 3.
For (2.11¢c),letp; := 2/ and divide the domain Q\ B(x ; ) into the non-overlapping

subdomains D; := [B(x,_epj+1)\B(x, ep;j)] N Q where j = 0, 1, .. .. Furthermore,

D; C D;- i=D; 1 UD; UDjyy, so that dist(aD}\BQ,BDj\BQ) > ¢/2. The

equation from (2.2) implies —AG + p G = 0 in each D}, so an application of (2.7)
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withd = pj_; > 1 yields
A 2
161,15, < £ 1G1, PIY [N

Using G < g, and (2.8), one gets p 1Glloo: D) < ,o“” ~"e~¢Pi, where by (2.8) and
(29) o =3/2 and u3z = 2. So, in terrns of the orlglnal variable &,

_n[SzlG(x; 2, 1:9\Bxe) +E1G(x; ‘)|l,l;£2\B(x;8)}

(@]
< Ce™ Zp}‘”eﬂpi <e
J=1

This immediately implies the final bound (2.11c) in (2.11) when 0 < e < Cr=1.
Case2&2=1,C = 0. We complete the proof of (2.4a), (2.4b), and (2.4c) for the

case Cy = 0, ¢ = 1, the remaining estimates are contained in Lemma 2. (2.4a) and

(2.4b) follow immediately from standard pointwise estimates for Green’s function for

the Laplacian; cf [11, (2.6)]. (2.4¢) follows exactly as in (2.10).

Case I'0<e2<cC f- In this case G = —G where G is the Green’s function for

- A + 1. Bounds for G were obtained in Case 1, so we may obtain all of the asserted
bounds for G by rescaling by or ,making theidentifications Cy = lande = \/C_f, and
noting that Cf ~ C . For example, Cf”G”l;Q = Cfo ”GHI;Q ~ ”G”l;Q <I.
Case2 €2 =1,0 < Cr < 1. Let G be the Green’s function for —A considered in
Case 2. A maximum principle and positivity of the Green’s function yields 0 < G <
Go. Thebounds for |G|1; g and |G| =, ¢ in (2.3) along with (2.4a) and (2.4b) follow
immediately. The other bounds are established as in Case 1 with the modification that
whenever G is defined and employed, the domains B(x ; 2¢) N and B(x ; £) N2 are
replaced by Q2 (so G = G), while Q\B(x ; &) is replaced by @.

Case?2' 0 < Cr< &2 Here G = giz G, where G is the Green’s function for — Au -+ %

Bounds for G were obtained in Case 2 and Case 2" above, so we may obtain the asserted
bounds for G by rescaling those for G by and making the identifications ¢ = 1,

C f= 8—2 O
3 A posteriori error analysis

In this section we carry out our a posteriori error analysis in several steps. In the final
subsection we summarize and discuss our results.

3.1 Error representation

In [33, Sect. 4.1], the authors employ a barrier argument to show that the Green’s
function for the Laplacian may be used in order to obtain pointwise a posteriori error
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718 A. Demlow, N. Kopteva

bounds for a monotone semilinear problem. We employ a version of their argument
which is in most respects simpler, but which in contrast to [33] retains the singularly
perturbed character of the problem.

For arbitrary u, v € C(2), we first define an auxiliary function w by

—*Aw+Crw =[f(-,v) — fC,u)]— Cslv—ulinQ, w=00ndQ. (3.1)

The following lemma gives a representation for the difference v — u (where we may
think of v = uy,) via the Green’s function of the operator —s>A + C f-

Lemma 5 Lete = [v — u] + w, with w defined by (3.1) and Cy > 0. Then

v —tllso:0 < 2llelloo:n; (3.2a)
e(x) = e2(Vu, VG(x, ) + (f (-, v), G(x, ), (3.2b)

where G satisfies (2.2).

Proof For any 6 > 0, let Q' = {ju — v| > 0}. Q' is a well-defined subdomain of
Qasu,v € C(Q). Then |w| < |lefloo:.@ + @ in Q\L', including on 9. Next, in
Q, let p(x) = LEV=SCD 5 €4 and note that p € Loo(§2). The Eq. (3.1) for w
is equivalent in ' to —e?Aw + pw = (p — Cy)e. Let wt = |lelloo: + 0 + w.
Then a calculation shows that [—e2A + plw® > p lelloc:o = (p — Cr)e = 0in
Q', and w* > 0 on 3Q’. Now an application of the weak maximum principle (cf.
[17, Theorem 8.1]) yields w* > 0 or |w| < llelloo: + 6 in €/, and so in . As this
conclusion is valid for any 6 > 0, so |[w| < |le|lc0:q in 2. This immediately implies
(3.2a). For (3.2b), note that the definition of G implies

e(x) = e%(Ve, VG (x, ) + (Cre, G(x, ).

Now a calculation using (3.1) and (1.1) yields (3.2b). O

Assuming the nonhomogeneous boundary condition # = g on 92, the above is
easy to generalize as follows. For (3.2b), we need to impose ¢ = 0 on 9%, but
now w = —[v —u] = —[v — g] on 92 so the bound (3.2a) will be modified to
lv —ulleo:@ < 2llelloo:@ + IV — glloo:ag- In the proof of the above lemma, we use
positive 6 > [[v — glloo;90 (0r 0 == [[v — gl if [V — Ulloo;a0 > 0,and 6 — 0T
if lv — gllo:a0 = 0).

We finally give a formula for e(x) that we shall use to derive our bounds. Fix x € €,
for example by choosing x so that |e(x)| is maximized over €2, and write G = G (x, -)
for the Green’s function of (2.2). Equations (3.2b) and (1.2) then yield that for any
Gy € Sy,

e(x) = &> (Vup, VG) + (f (-, up), G)
= &?(Vup, V(G — Gp)) + (fn, G — Gp)
+ (fn. Gr) — (fn, Gp)n,  where fj, := f(-, up). (3.3)

@ Springer



Maximum-norm a posteriori error estimates for singularly... 719

3.2 Derivation of bounds for residual portion of the error

Let Gj, denote the Scott-Zhang interpolant of G = G(x, -) lying in the space of
continuous piecewise linear functions with respect to 7. Here x € Q remains fixed
and the interpolant is calculated with respect to the second argument of G. We then have
that G, is the Scott-Zhang interpolantinto S, whenr = 1,and G, € Sj, inany case. We
briefly recall the definition of Gy,. Let AV be the set of linear Lagrange nodes (vertices)
in 7, and let ¢, be the standard linear hat function corresponding to z € V. If z € €,
then F; is taken to be an element 7 € 7 for which z € T. Alternatively, if 7 € 9L,
then F, is taken to be a face (n — 1-simplex) of some T € 7 such that z € F, C 9.
Y, € P1(F;) is taken to be dual to ¢, on F; in the sense that fE Yo, =1ifz =7
and 0 otherwise. Here P, denotes the polynomials of degree at most m. Letting N}
be the set of interior nodes, we have G, = 3"\ ¢ [ GV = 2, ¢ [ G
All elements F; in the final sum are d-simplices. Thus defined, G, satisfies the local
stability and approximation property

G — Gulipr SH MG pwy  for TeT, (3.4)

forany 0 <k < j <2,1 < p < oo for which the right hand side of (3.4) is defined.
Here w7 is the patch of elements in 7 touching 7.
We will prove the following lemma.

Lemma 6 Let x be an arbitrary point in Q. With G = G(x, -) and Gy, the piecewise
linear Scott-Zhang interpolant of G as above,

|e2(Vup, V(G — Gi)) + (fn, G — G|

< max [min{éfl, Urxhe Y &2 Aup — £oun) Lo
TeT ’

+min(&, ¢4, A7) [Van]loosar | (3.5)
Here we use the standard notation [Vuy] for the jump of the normal derivatives across
o . ~ 5 -~ B =1
an inter-element side. Also, Cy = Cy + ¢~ and ¢ = m = aCf as above,
and
Ly :=In (2 —I—Eh}ol) where Ty > x. (3.6)

Proof Note first that (3.5) for the general case C r > Ofollows easily if we prove (3.5)
for Cy = 1 (and thus also & = ¢). Assuming that we have done so, let f = f C_1
and similarly for fj. Then —ezAu + f(x,u) =0, and similarly for uh The Green S
function for this problem is G=C G In addition, we have C 7= 2+C fC f =1,
and so (3.5) holds with the substitutions ¢, — ¢, f — f G — G, and Cf — 1.
Rearranging constants immediately yields (3.5) in the general case.

We now prove (3.5) for C¢ = 1. In this case we may interchangably write € = ¢
and so use only the notation & below. A standard calculation shows that
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1
e(x) = 3 Z &2 /aT(G = Gp)[Vupl -v

TeTy
+ 3 [ - eau G - 6o
TeT), r
=:1+1I.
Now
11| < max ar | fi — e Al Y, a7 1G = Gallr.r
TeT),
TeT,
. 2 2
ar =min{e*, €, ch7}.
By (3.4),
IG — Gulli.r < min{|Glli:wps B3 I1D*G 110 )-
Since a;l <eg 24 E;’lh}z,

a7 1G = Gillir
< minfe 2Glliwr + €, LID*Glltwy . (€ 72+, h7) G 1wy }-

Given T € T we let o} denote the patch of elements touching wr. Also let x € Tp.
Then

2
[T S maxarll fi — e Auplloo,r Sis
TeT

where by employing (2.3), (2.4a), (2.4¢), and C r =1, we find

S < D0 (672G oy + G IDGllicar) + 72+ € W) G
T:T¢w’TO

S e 2Gla + £, ID*Glliavseichy) + (6 72 + £ A hEDNG B chgy) S €72
Thus

17| < max (min{L, € chFe?) || fo = & Dunllo.7).
Next consider I:

11 < & max riilVulllo.or D Br~'IG = Gullior,  fr =minle, &yhr)
TeT
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A standard trace inequality and (3.4) yield

IG = Gullior S IV(G = G)llr + 771G = Gallir
S min{|VGl1:07» A7 1 D*Gll10)-

Note that ﬂ;l <e 14 (Zh,th)_l and Z;i < 1 so that

Br G — Galli.ar
S minfe MVGlliwr + €, 1D*Gllwr. (67 + hEDIVG1wp)-

Then
111 S &* max BrIIVunlllcoar Sis
TeT
where by employing (2.3), (2.4d), and (2.4e), we find

St S D, (7 IVGIr + G ID*Gllwy) + T+ B IVG 1,
T:T¢w’T0

<e VGl + Z}ZL”DZGHI;Q\B():;chTO) + &+ h}OI)IIVGlll;B(x;ChTO)
<e 2 (3.7)

Finally

|11 5 max(minfe, € xhr} ITVurTlooo7).

Collecting the previous estimates completes the proof of Lemma 6. O

3.3 Derivation of bounds for the consistency error

We next bound the quadrature error terms in (3.3). This portion of our argument closely
follows the proof of Lemma 3.2 of [33] in many details, but we make some essential
changes to account for the singularly perturbed nature of our model problem. Let

Er(g) = fT g dx — (g, 1.1 be the quadrature error on 7. We assume following [33]
that the employed quadrature rule is exact for polynomials of degree g:

Er(y)=0 for ¢ € Py, (3.8a)
and stable in L, in the following sense:

|Er()] ST W llossr — for ¢ € C(T). (3.8b)
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In addition, we assume that our quadrature rule is a linear functional of its argu-
ment. These assumptions are easily seen to be satisfied by for example the Gaussian
quadrature rules widely employed in finite element codes.

Lemma 7 Let I / be the Lagrange interpolant of degree j, and let u/ and ) be

pzecewzse constant functions defined by p'/ = MT = |\ fn — I] Sulloo:T and A =
Ar = C mln{l,s_lhT} oneach T. Let also Ty UT] =T ande UT) =T be
arbitrary disjoint partitions of T. Then, under conditions (3.8),

(fr» Gn) = (fn» Gn S Mquad
= Cr M M loorts + € 2hx sz + 1A oo 75
+5 el 1 gy (3.9)

Additionally, T;, ’Z;/ , i = 1,2, may be chosen so that

-1
Hquad S Mg + 1
= min{h;zC;l,g’zeh’x}uq”%j
+ | min{hy ' C7 1 hre ™20 Jut ™ i (3.10)

Proof As in the proof of Lemma 6 we may consider first the case C r = 1 and then
obtain the general case by using the identifications ¢, € — ¢, f, fi, — f&;l, I 6;1,
G — G,and C; — 1 (so, in particular, / — ,u,fC and Apu?~! — Apd~1). Thus
let C = 1 and for notational simplicity € = «.

Note that (i, Gp) — (fn, Gh)n = Er(fn Gp).Let Gp.r = % f G, dx. Then for
TeT,

Er(fnGn) = Er(fn Ghr)+ Er(fnlGn — Gp.1])
= Er(Lfu = I! ] Gur) + Er(Lfs — 1T il [Gh — Gur), (3.11)

where we used (3.8a) combined with [1 f]1 Gy, 7 € Py and I~ ' fi, (G, — G 7] € P,
(the latter is due to G, being elementwise constant and G, elementwise linear).
For the first term in (3.11), we apply (3.8b) and the definition of Gy, 7 to find

\Er(Lfn = I} /] Guo)l SITInG |Grrl S 1Ghlhr = (u?, 1GrDr

Let Tp be any element containing the point x in (3.3), let a)’T be the patch of elements
touching wr,, and let w7, , be the patch of elements surrounding a)T For any disjoint
partition 7 = 7y U7/ of the mesh, we thus have
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D AEr U fn = I fil Gl S (14, 1Gal)
TeT

S Iellloo: IIGhlll;THrIIM"IIoo;w'T 07y 1Ghllts0p 7y

Hll iy zhwp, 1GKIL T -
Next, using (3.4) and then (2.3),(2.4a) and (2.4b), we get

1Grlli. 1 S 1IGlhe ST,

—2
1G Rl 0 7y = SIGH o ne S € h b,

16l 2, 1vwn, S NGy @og, S 872 b

Here we also used that a) C B(x, chy,) and wr, D B(x, ¢’ht,) for some ¢ and ¢’.
Now we arrive at

D Er(Ufn = 1 ful Gip)l
TeT

S ooi7i + &2 nx (W, N4 oo vty + 1Nl v )-

Note that h2T N lloo:r S IAl 1.7 This observation is useful for T € a)’TO N7T/. As
there is a finite number of such 7', and for each of them h7 ~ hrp,, one immediately
gets h ||,u‘1||OO 0T} < ||u‘1||n 0T} So for the first term in (3.11) we finally

have

DNErUfn = I il Gl S Cr i llooim + 6 2 ln 1 llg o7y (3.12)
TeT

The second term in (3.11) is treated similarly. We again apply (3.8b) and then an
inverse inequality to get

\Er(Lfn — 17 il IGh — Grr DI S ™ IGh — Gorlhir = (o™, zi)7

Here the auxiliary function zj, := A;l |G, — Gy, | oneach T. For any disjoint partition
T = T, U T] of the mesh, we now have

> 1Er (Ui = 17 il (G = Gorl) | S Gt ™" L2l
TeT

—1 —1
S % uT oo 73 Nznllszs + 12 1™ ooy 07y 121y 073

AT ey, I2nll 2y e,
Note that A7 = min{l, 8‘1h7} implies A}l <1+ sh}l. Using this observation
as well as the definition and approximation properties of G, 7 and then (3.4) with
k=j=0,land p =1 one gets

7n1’

@ Springer



724 A. Demlow, N. Kopteva

lzall} 7 = Az"1Gh = Gu 1|l
SIGIY

pior

p p
piT ~ ”Gh” T + |8Gh|1’p;r

+ e G|1’p;wT.
Combining this with (2.3), (2.4a), (2.4c) and (2.4d) yields

lznlli: S IGlh.e+¢€lGlii.e S 1,
lznllier, 77 S NGl ng +€IGl 1w o
7,2 Ty Ty
. hZTO hry -1
S min S_ZKh,X + = 1 SJ & I’ZTO,

-1
”Zh”ﬁ;Tz’\wr SIGH 2 si@ver, TEIG 2 ovey S Se lpxe

Here we also again used w C B(x, chyy) and oy, D B(x, ¢'hyy). Thus

D AEr (L — 1 ) [Gh = Gur )
TeT

—1 -1 —1 -1 —1
S Mooz + &7 R A 19 oo oy ey + € A9 e,

Note that hp||Aud~! loo:T S ||)\./,Lq_l||n;T. As there is a finite number of such T
that T € w’TO N 7, and for each of them hy ~ hy,, so hr, ||)Lu"_1||oo;w/TomTr <

 ~

|Apd—t I, cwly N So for the second term in (3.11) we finally get
*T Ty

-1 — — —
S Er (WU = I il [Gh = G DI S 1 19 oors + 6 el 9™ 7y
TeT

Combining this with (3.11) and (3.12), one gets the desired assertion (3.9). The bound
(3.10) may be proved by noting that ||u?|lec.7 < h;2||/ﬂ | 17,80

2/n

5 ~ l ] 1°
]E’]‘l

Choosing 7; to be those elements for which h;z < £72¢;,, and then performing a
similar calculation for the term [|Aud V|| o .7, completes the proof of (3.10). m]

3.4 Efficiency of the estimators

We first give some definitions. First, let £, = max,eq €5 x, and

1oo(T) = min (€71, euhFe 2} 11 e2Aun = filoo:r
+ minZ, uhr) | [Vun] oo o (3.14)
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Recalling that f (x) = f(x, up), welet fj 7 be the L, projection of f, onto P, _(T)
for T € 7. In addition, we define the oscillation

ose(T) = min{C ", exhge >} fi = finlloo:T

osc(wr) = Jmax osc(T). (3.15)
or

In addition, we define an e-scaled Sobolev norm and corresponding negative norm.
Let

2

wlly 1 2,0 =Cr D & W10, @ CQ, (3.16a)
i=0

= sup wvdx, o C 2, (3.16b)

”w”—Z,oo,Eff T
veH @NWE@) vl 7.6, .0=17 @

When ’c} = 1 we write [[w]|2,1,¢:0 instead of ||wll2,1z 1.0, and similarly for

”w”fZ,oo,e -

Lemma 8 There holds for T € T

Noo(T) S €nllu — uplloo:wy + 0sc(wr)

+ min {min{’c“,:1 el e Y = filloosors Gl f = fill 2200, w} :
(3.17)

Here f = f(-,u). In addition, if ¢ > r — 1 we have
il oosr + 129 oosr SERT N — unlloo;r + C7 M I = farlloo:T
+ min {C7 1 f = flloosrs A +EHPINS = fill po0z6,7 ) » (3:180)
e 2lln Ny + & el i S Cnllu = unlloost
+ 72 fn = frlloo:T

+ min {32411 f = fillooir, 4L+ BFE DS = fill oozyor )
(3.18b)

| min{hz?Ct e du lly r + I minfhz! C L hre ™0™y
Sllu —uplloo. + 0sc(T)
+ min {min{é';l, e W = falloost Gl f = fll 2,005, ;T} .
(3.18¢)

Proof As in the proofs of the previous two lemmas we first consider the case c r=1
and then rescale. When doing so it is helpful to note that || f — fill_» 27.¢ ST =

||f— f~h||7<>o,2,E;T, where as before f: f&;l.
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Assuming then that Cc r = 1, note first the residual identity

82/ V(u—uh)Vvdx—i—/(f—fh)vdx
Q Q

2
=/(82Auh —fh)vdx—l—% Z/ [VupJvds, ve HOI(Q). (3.19)
Q oT

TeT,

Here with slight abuse of notation we denote by Auj, be the elementwise Laplacian
of uy,.

We first consider the volume residual min{1, Ehh%s_z}HaZAuh — fulloo:T- By
standard arguments, there exists by € P2,4,4+1 such that by = 0 and Vb7 = 0 on
T, |brli.r < 1,and

12 Aup — forllooir < / (2 Aup — fi1)br dx
T

S + 1w = forlloosr- (3.20)

/(82Auh — fu)br dx
T

Subtracting e2Au — f = 0 from £2Auyj, — fy, applying (3.19), subsequently inte-
grating by parts while recalling Vb7 = 0 on 97, and finally employing inverse
inequalities along with ||b7 |1 < 1 yields

/(nguh — f)br dx =/ &2V (u — up)Vbr dx+/(f — f)br dx
T T T

= —/ &*(u — up) Aby dx—i—/(f—fh)brdx
T T

N 821/’;2“” —Uplloo;r +minf{|| f — frlloo:7, 167 lI2,1,6:7 I f — full=2,00,6:7}-
(3.21

Applying the triangle inequality to find ||82Auh — fulloo:T < ||82Auh — fnrlloo: T+
lfi — fo.Tlloo:T, using the above bounds (3.20) and (3.21), and calculating that
min{1, ¢y e by llo,1 6.7 S € finally yields

min(1, £yhge "2 e? Aup — fulloo:r S €nllu — uplloo:7 + 0sc(T)

+min {min(1, GuhFe 2} F = filloo:rs €allf = fill-2oci7 |+ (322)

which is bounded by the right-hand-side of (3.17), as desired.

We now bound the local edge residual min{e, £,h5}| [Vun]ll o5, Wheree = TiND,
Ty, T> € T, is an interior edge in the mesh (the edge residual disappears on boundary
edges). The standard argument must be modified somewhat in order to maintain proper
scaling with respect to . If h, < &, we sete = ¢ and T; = f}, i = 1, 2. Otherwise
choose x € e with || [Vup]lleo:c = [Vun](x),andlete C ¢ be a shape-regular (n — 1)-
simplex of diameter ¢. In addition, let 7; C T;,i =1,2,be shape-regular d-simplices
such that e = T1 N T,. Let « = diam(e) = min{h;, &}.
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By standard arguments, there is an edge bubble function b, € Py 4,—4(T1 U T5)
with ||bell1.e S Land ||be|l1;7,n7, S o such that

IIVun]lioo:e = IVun]lios:e < /[[Vuhﬂbe ds. (3.23)

Employing (3.19), integrating by parts, and again employing 2 Au — f = 0 yields

1
- /[[Vuh]]be ds = —/ (u — up)Ab, dx
2 e T\UT,

+e72 (/ (f = fn)be dx —/ (2 Aup — fu)be dx)
TWUT, nun

Sl — unlloo:1yuns |1 Abe Nl ryurs + € 2Bl ryum 162 Aup — fulloo:yur
2
+¢ > min [ Ibellr:umllf = falloo:7: D NF = fil -2.00.6:7; ||be||2,1,g;T,-]
i=1
Sa M u = uplloo:ryurs + e 2162 Aup — fulloo:ryur +

2
¢~ min [Olllf — filloo:7s DN = fill “2.00.6:7; ||be||2,l,a;T,-] . G324

i=1
A short calculation yields min{e, ho€p}|bell2,1,6:7, S €20, so

minfe. he )| [Vunllloose < Cnllu — unll o 7,07,

+min{l, €yhe e Aup — fi o0,

2
+min |min{1, thhZe Y f = filloo:rum - n D IIf = fhn_z,oo,a;n] :
i=1
(3.23)

Combining (3.25) with (3.22) yields (3.17).

We finally investigate efficiency of the quadrature (consistency) estimators. Note
that for ¢ > r — 1, on any element T we have I} Auj, = IZ_lAuh = Auy and so
fu— I fn = (Id — L)) (fu — €* Auy), where Id is the identity operator. Because the

Lagrange interpolant / ,{ is Loo-stable, we thus have forg > r — 1
1 lloor + 121 looir < 1 /i — €% Autp oo (3.26)
Employing Holder’s inequality yields

e 2y frn — Ifffhllg;r S hhe 20 fi — I fulloo:T

S h3e7204) frn — €2 Auplloo - (3.27)
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Similarly,

e hlIA(fn — I )l S e 20l fr — e Auplloo: - (3.28)

Combining (3.20) and (3.21) with (3.26) and then with (3.27) and (3.28) yields (3.18a)
and (3.18a), respectively, after noting that ||b7 (2167 < 1+ 82h}2 (3.18c¢) follows
after a similar argument. O

3.5 Choosing mesh partitions for the consistency estimators

In this subsection we address how to make a practical choice of the mesh partitions
71UT; and 7, UT] appearing in the consistency estimators in Lemma 7. The weighting
of the quadrature estimators in (3.10) is essentially the same as that in 7, thus the
efficiency estimate (3.18c). As noted in [33], however, the efficiency bound for the
quadrature estimator cannot be used to obtain a meaningful global lower bound for the
error since the quadrature estimators accumulate over the mesh in a different fashion
than do the residual estimators. On the other hand, we demonstrate the existence of a
computationally convenient partition that is quasi-optimal in the sense that choosing
7; and 7/ differently cannot lower the achieved estimate by more than a factor of 2.
Our numerical experiments below confirm that the overall bound for the quadrature
error sometimes is substantially reduced if this choice of 7;, ’Z;’ is made instead of that
leading to (3.10). Thus there is never a strong practical advantage to employing (3.10)
and sometimes a strong practical disadvantage. We include (3.10) mainly because it
yields a local efficiency estimate that mirrors that for the residual terms.

We next give our partitioning algorithm. For simplicity of presentation we assume
c r = 1 in this discussion; obvious modifications can be made to obtain the gen-
eral case. We choose 71, 7] by the following simple algorithm. First index 7 so
that ,u% > ,un2 > .. > M?N, where N = #7. Then take 71 = {T;}j<i<n
and ’Tl/ = 7T\7;, where j is the maximal index so that 77, Tl’ thus defined sat-
isfy e 20| u N1y 7 = e 200 () 1T ") < i . A simple modification
leads to a similar algorithm for finding 7>, 7. We let

N«qu =t oo 77 quT, = 8_2£h||uq||% .77 Wwith 7y, 7/ chosen as above,
] ;

W =W+ i, (3.29)

and similarly for quT_l. This algorithm for partitioning 7 can be efficiently imple-

mented and did not add significant computational overhead to our computations.
The above choice of 77 and 7 is quasioptimal in the sense that || |lo.7; +

s—2eh||,ﬂ||%;7{ < 201l .5, + a_2£h||;ﬂ||% 7,) for any other partition 7 =

71 U ’fl’. To see this, first note that since ¢ accumulates over 7; in the maximum
norm, ,u% el = ,unk € 71 whenever k < i for the optimal choice of 7;. Defining
j as above, we have for k < j
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2/n

j—1

q -2 qn/2 q q q

max el T < <2

Jmax W, + h 2| | 1, < ur, + g, <2ug
1=

k-1 2/n
_ 2
<2|uf  +e 2@,,(2 |T|M%"/) . (3.30)
i=1

For k > j, we have
2/n

j—1

q -2 q n/2

max +e 4 E T

joien M | - 1| | r,
i

j 2/n

_ 2 2

=TTl AT A B S AT
i=1

k-1 2/n
<272, (Z T 2)

i=1
2/n

k—1

q -2 qn/2

<2 kgiXNMTi—i_g Kh(. 1|T| wr, ) . (3.31)
1=

This proves the desired assertion.

3.6 Summary of results and discussion

We first define the global residual estimator
7]7-00 = Max Neo T). 3.32
TeT ( ) ( )

We also summarize our major notation in Table 1 below in order to simplify the task
of reading our results and numerical experiments.
Combining the results of the previous subsections yields the following theorem.

Theorem 2 For arbitrary disjoint decompositions T =Ty U Ty and T =T/ U T,
lu —uplloo.2 S 77%9 + Kquad- (3.33)

Additionally, T;, ’Z;’ , i = 1,2, may be chosen so that
—1
lu — uplloos S 05 + s + pk (3.34)
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Table 1 Summary of major notation

Symbol Definition Purpose

C £ 3 (3.6) Regularizations of C ¢ and ¢

Lhxs Ly (3.6), (3.14) Logarithmic factors

wl, ,u% Lemma 7 Element quadrature indicator

A Lemma 7 Quadrature indicator weight

Hquad 3.9) Global quadrature estimator, arbitrary partition

uqz (3.10) Non-optimal quadrature estimator

Noo(T) (3.14) Element residual indicator

In> fu,T (3.15) f (-, up) and its projection onto P, _

osc(T) (3.15) Data oscillation

M%—l s /.L%,l/ (3.29) Consistency estimators over quasi-optimal partition
/L%— (3.29) Global consistency estimator over quasi-optimal partition
7]%9 (3.32) Global residual estimator

Alternatively, making a quasi-optimal choice of T;, T as in Sect. 3.5 yields

-1
lu = unlloo:o S 15 + 1+l (3.35)

with no other choice of T;, T lowering the magnitude of the quadrature estimator by
a factor of more than two.
For T € T there also holds the efficiency estimate

ﬂoo(T) 5 Lhllu — uh”oo;wT + osc(T)
—i—min{min{C}jl, 2" F = fillooswp &nll £ — Il 22,005,617 )

(3.36)
In addition, if ¢ > r — 1 we have
Crlln oo + 100 loosr S B0 N = ulloo: + C7 1 fi = falloo:T
+ min [5;1||f — fulloosrs L+ E2hEDIf — fhn,z,oo,g,gﬂ} :
(3.37a)

el Ny r + & Gl i S alle = unlloo;r
+Zhh%~8_2||fh — fu1lloo:T
min (13620411 ~ filloo:r, €10+ Bhe DS = il 20028, 7]
(3.37b)
T B q in{h-1c! -2 a-1
[ min{h;"C e “Lp}u? g .7 + [ min{hy " C 7 hre™“Lp}un™ ln: 7
S lnllu —uplloo;7 + 0sc(T)
+ min {min{é;l, ZthTS_Z}Hf — fulloo:7, Crll f — fn ”—2,00,5,5/‘ ;T} :
(3.37¢)
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In order to provide context for Theorem 2, we first comment on the relationship
between the residual and the error. The residual Ry, is given by

(R, v) =82/ V(u—u;JVvdx—}—/[f(x,u)—f(x,uh)]vdx. (3.38)
Q Q

Lemma 5 may be rephrased as |lu — uplloo:@ < (R, G)|, whereas Lemma 6 and
Lemma 7 together provide a computable bound for (R, G) in terms of residual and
quadrature estimators. Typically in residual-type a posteriori error estimation the error
is bounded by a dual Sobolev norm of the residual, such as for example || R || y-1 (@)
in the case of energy norm bounds. However, such a simple relationship is not pos-
sible in the case of maximum norm error estimates. In [33], the maximum error in a
finite element approximation to —Au + f(x,u) = 0 is related to | Rp|-2.00.1,1:Q
by using a regularized Green’s function that lies in le(Q). However, an addi-
tional “regularization penalty” term arises, and the method used to bound it requires
that d€2 be Lipschitz. We circumvent this issue by directly employing the Green’s
function as in [11], but we thereby complicate the relationship between the error
and Rj,.

Note next that following the discussion in [33], the term || f — fill 5 o 7.6, . MAY
properly be regarded as part of the error notion bounded by our estimates. Integrating
by parts in (3.38) easily yields

If = fll 2020 < I —tnllooia + IRA 5 a2 6 (3.39)

Both terms in (3.39) are bounded by the right hand side of (3.33); the arguments needed
to prove it are modest simplifications of those used to prove (3.33). Heuristically, one
can regard (2.3) and (2.4e) as stating that the Green’s function G almost satisfies
||G||2,1,2:)6f;9 < 1. Thus the terms of || f — fhllfzyoo’g’gfgg which appear in the
above efficiency estimates are in fact bounded by the estimators at hand, and their
appearance is quite natural.

In contrast to [33], we observe that we may include factors of || f — fi]lco (With
proper weights) in our efficiency estimates instead of factors of | .f — fill 5 7.,
as in (3.36). These terms may be simply folded into the term ||u — up | if f, exists
and is uniformly bounded, as when we for example consider the linear model problem
f(x,u) = u— f(x).Note as well that || f — £}, || oo is multiplied by min{C;] e 2h3.0,)
in (3.36) and is thus asymptotically negligible. Thus bounding f — f; in L is
not always feasible, but when possible doing so gives the term a more concrete
form.

4 Numerical experiments

4.1 Experimental setup
Our numerical experiments were run using a MATLAB-based code built on top of

the iFEM library [8]. All tests were run using linear Lagrange elements on two-
dimensional domains and a standard adaptive FEM iteration. Nonlinear problems
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were solved using a damped Newton iteration. Recalling the definitions in Table 1,
our overall error estimator is n = n° + /,L%— + /Lg—, + ,u%f] + ,u%:,] . Here n is a sum of
1 1 2 2
five different estimators some of which accumulate differently over the mesh and so an
integrated marking strategy based on a single elementwise indicator is not possible.
For each of the five estimators, we marked for refinement in each AFEM iteration
with a maximum strategy using the corresponding indicators if the given estimator
counted for at least 10 % of the overall estimator . We used a similar strategy, but
with three components instead of five, when employing the estimators and indicators
from [33] for comparison purposes. Also, we used a standard Gaussian quadrature
rule of degree ¢ = 3 in all of our experiments below. The rule has barycentric
quadrature points (1/3, 1/3, 1/3), (0.6,0.2,0.2), (0.2, 0.6,0.2), and (0.2, 0.2, 0.6)
with weights —27/48,25/48,25/48, and 25 /48 and clearly satisfies the assumptions of
Sect. 3.3.

4.2 Experiment 1: advantages of e-robust estimators

To demonstrate the advantages of using an e-robust error estimator we first take 2 to
be the unit square and define

e—X/6 _ o—1/¢ e V/E _ o1/
M](X,y)z [COS(ﬂX/z)—ﬁiI [l—y—ﬁ} (41)

11 has prototypical boundary layers along the portions of €2 abutting the x— and y—
axes. Let also up(x, y) = 0.01sin(100z x) sin(100ry) and u = u; + u», and solve
—&?Au+u — g = 0 with g defined in the obvious fashion. Also, we take £> = 1075.
In Fig. 1 we display the decrease in errors and estimators obtained by marking with
the non-robust estimators (1.4) derived from [33] and then with the g-robust estimator
derived from (3.33). The corresponding quadrature estimators are included in both
cases but do not play a prominent role in driving marking and refinement.

In Fig. 1 we observe that the non-robust estimator overestimates the actual error
by a factor of about 10* at the beginning of the computation; this overestimation is
e-dependent and becomes more pronounced as ¢ — 0. In addition, the error decrease
in the adaptive computation employing the non-robust estimators also is significantly
slower than that observed when using robust estimators. This is because the estimators
in (1.4) initially direct too much refinement towards regions of 2 removed from the
boundary layers; little refinement is needed in these regions until the error reaches
the scale of the oscillations, which is about 10~2. In other computations we generally
observed that the ability of the robust and non-robust estimators to efficiently direct
adaptive refinement was not nearly as dissimilar as here. The widespread fine-scale
oscillations in this example helped to highlight the tendency of the non-robust estima-
tors to overestimate local residual contributions of elements T for which A7 > ¢. Poor
efficiency indices for the non-robust indicators were however consistently observed
across a range of examples in the pre-asymptotic range.
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Fig. 1 Comparison of decrease

in maximum errors and 4
estimators when marking using
our estimators (with subscript
“DK”’) and with those derived
from [33] (with subscript 2
“NSSV) 10

error

——est NSsv
10—2 ——ETTOT NSSV

---log(DOF )/DOF

—o—est pr
-4|——€rr pK

10 10* 10°
DOF
10° 10°
—+—Cy =10 =6
—1
10 E— (=10 ~1
o
%‘ +Cf =10 —2
o =
2107 {20
—-Cy =1 . é
8
s —+Cy =102
1071 1og(DOF) /DOF ]
-y =104
101 -1 0
1 3 5 7 10 1
10 10 10 10 10
DOF DOF

Fig.2 Comparison of decrease in maximum errors with e2=10"%andC # varied (lefr); effectivity indices
with e = 1070 and C s varied (righr)

4.3 Experiment 2: the effects of C

In order to illustrate the robustness of our estimates with respect to C s we solve the
simple linear problem —&?Au + C ru = g while varying ¢ and C. First we take
&2 = 107° and let Cr=1, 1072, 1074, 107°. We let u = u| + u3, where u is given
in (4.1) but with ¢ = 10’6/Cf, and u3(x, y) = 2sin(4mx) sin(4ry). In Figure 2 we
plot the observed error ||u — uj || - Versus degrees of freedom for the given values of
C . We also plot the efficiency indices given by n/|lu — uy || oo, . Both the efficiency
indices and the ability of the generated algorithm to direct adaptive refinement are
essentially stable as Cy is varied.

@ Springer



734 A. Demlow, N. Kopteva

02

U] 0 o

Fig. 3 Adaptively computed solutions with €2 = 1 and 4536 degrees of freedom (left), and 2 =107
with 4236 degrees of freedom (right)

< < 0
g 10
A =
[ 0 <5
——ug —— g
13|~ los(POF)/DOF 10 H—10g(DOF)/DOF '
T s
-1 &
» —o—p & » =1 ci2 N
10 10 -
10’ 10° 10° 107 10’ 10° 10° 107
DOF DOF

Fig. 4 Graph showing decrease of quadrature and residual components of the error with f discontinuous
and £2 = 1074 (left); comparison of different quadrature estimators for the same problem (right)

4.4 Experiment 3: effects of the quadrature indicators

In order to illustrate the effects of the quadrature estimators we consider the test
problem —&2Au+u = f on the unit square 2 = (0, 1) x (0, 1), where f(x, y) = 2x
ifx2+y2 < 1/4and f(x, y) = 1 otherwise. f is thus discontinuous across x>+ y? =
1/4, exceptat (x, y) = (1/2, 0). The solution u is unknown but exhibits sharp interior
layers across x> + y> = 1/4 and at the boundary for & < 1, as is confirmed in the
computed solutions for e2 = 1 and £> = 10~ displayed in Fig. 3.

Some elements in any triangular mesh are cut by the curve x> + y> = 1/4 across
which f is discontinuous. Thus [|47 || .7 is bounded away from O uniformly, since
f cannot be approximated to arbitrary accuracy in Ly, by continuous functions. On
the other hand, f is affine and thus the quadrature error and indicators O on any
element not touching this curve. In Fig. 4 we depict the decrease in various esti-
mators when 2 = 107*. In the left graph we depict the decrease in the residual
estimator n5° and both quadrature estimators ;LqT and u,%-_] . Here the quadrature esti-
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Fig. 5 Graph showing decrease of quadrature and residual components of the error with f discontinuous
and e2 = 1 (left); comparison of different quadrature estimators for the same problem (right)
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Fig. 6 Poisson-Boltzmann example: graph showing decrease of error and residual and quadrature estima-
tors with # known and 2 the unit square (left); estimator components with # unknown and 2 a prototypical
L-shaped domain (right)

mator ,un dominates the overall error estimate and drives refinement. While initially

overlapping with ,u%—, ,un_l begins asymptotic decrease much sooner than does /LqT
due to the presence of the factor A in its definition in Lemma 7. In the right graph
we illustrate the composition of pfé—. Here qu = | min{h_z, s‘zﬁh}lﬂug .7 as in
(3.10). We observe that initially ,u%— = [|u]leo:q, that is, 7} = 7 in the definition
of /,LqT. Our partitioning algorithm eventually begins adding elements to 7, and ini-
tially we observe that || [|oc: @ < ,u%— < 2||u? |00 : . Between roughly 10’ and 10°
DOF the partitioned quadrature estimator ,un is smaller than either ,LL‘)I: or |1t ]lsc Qs
and then asymptotically M?[ = /ﬂz, that is, 7/ = 7. The corresponding graphs for

the case €2 = 1 are displayed in Fig. 5. There we observe that u%- and ;qu are
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Fig. 7 Poisson-Boltzmann example: adaptively computed solution (/eft); adaptively generated mesh with
13,787 degrees of freedom (right)

essentially the same size, and much smaller than || 7 || ., over the whole range of
DOF in the calculation. Combining data from these two cases, we conclude that our
partitioned quadrature estimator conveniently and robustly estimates the consistency
error.

4.5 Experiment 4: nonlinearity of Poisson-Boltzmann type

Singularly perturbed problems of Poisson-Boltzmann type have been studied in the lit-
erature; cf. [16]. As a simple prototype, we considered the problem —e% Au +sinh u =
f(x,y) with ¢ = 107, We first took 2 to be the unit square and u = u; + u3 as
in Experiment 2 above. Our AFEM performs well on this example, as shown in the
left graph in Fig. 6. We then took €2 to be a protypical L-shaped domain so that one
can expect a singularity to develop at the reentrant corner, and f(x,y) = 1 + x3.
Estimator decrease is shown in the right graph in Fig. 6, and the computed solution
and adaptively generated mesh are shown in Fig. 7.

Appendix A: Sharpness of log factors

In this section we prove that there are cases in which the logarithmic factor in the
a posteriori upper bound (1.3) is necessary. Using an idea of Durdn [14], we first
prove a priori upper bounds and a posteriori upper and lower bounds for u — uy
in a modified BMO norm in the case that €2 is a convex polygonal domain. These
estimates are essentially the same as our L, bounds, but with no logarithmic factors
present. The proof is completed by employing the counterexample of Haverkamp [20]
showing that a similar logarithmic factor is necessary in L, a priori upper bounds for
piecewise linear finite element methods. Note that our counterexample is only valid for
piecewise linear elements. Logarithmic factors are not present in standard a priori L«
bounds for elements of degree two or higher on quasi-uniform grids, and it remains
unclear whether there are cases for which they are necessary in the corresponding L
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a posteriori bounds. In addition, both the result of Duran [14] and ours below only
consider Poisson’s problem and not the broader class of problems described in (1.1).

A.1: Adapted Hardy and BMO spaces

We begin by describing operator-adapted BMO and Hardy spaces, following [13]. Let
— A denote the Dirichlet Laplacian on €2, i.e., the Laplacian with domain restricted to
functions which vanish on 9€2. Let

12
1 llbmon (@) = sup [ |<I—<1—r2A)—1)v(x)|2dx}
moa () B(x,r)xe,0<r<l1 |B N Q| BN
1 , 12
+ sup |: [lv(x)] dx] . 5.1
Bx,ryxe@r=1 LIBN | Jpno

The space bmoa (£2) then consists of functions v € Ly (£2) for which [|v]|pmo, (@) < 00.
Note that the resolvent (I —r>A)~! replaces the usual average over B in the definition
of BMO. We also define an operator-adapted atomic Hardy space hlA which is dual to
bmoa. A bounded, measurable function a supported in €2 is a local atom if there is
a ball B centered in 2 with radius r < 2diam(£2) such that ||a|l. g» < |B N Q=12
and either » > 1, or » < 1 and there exists b in the domain of the Dirichlet Laplacian
such that a = —Ab, supp(b) U supp(—Ab) C BN L, and

[(=r2AY*bl2. e < P IBN QT2 k=0, 1. (5.2)

An atomic representation of w is a series w = > ; A ja;, where {1 520 € ¢!, each
aj is a local atom, and the series converges in L(£2). We then define the norm

oo oo
”w”h‘A(Q) = inf Z [Ajl:w= Z)‘faj is an atomic representation of w
j=0 j=0

(5.3)

The Hardy space hlA (2) is the completion in (bmoa (£2))* of the set of functions
having an atomic representation with respect to the metric induced by the above norm.
IE addition, bmox is the dual space oth in the sense thatif w = Z?io Ajaj € hp(82),
then

k
w > v(w) = kli)rgoZAj/Qajvdx (5.4)
j=0

is a well-defined and continuous linear functional for each v € bmox (£2) whose norm
is equivalent to [|v]|bmo, (). In addition, each continuous linear functional on hlA ()
has this form (cf. Theorem 3.11 of [13]).

We finally list an essential regularity result; cf. Theorem 4.1 of [13].
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Lemma 9 Let 2 be a bounded, simply connected, semiconvex domain in R", and let G

be the Dirichlet Green’s function for — A. Let G p be the corresponding Green operator

given by G(v)(x) = fQ G (x, y)v(y) dy. Then the operators % are bounded from
i0Xj

hlA(Q) to L1(R2). In other terms, given u € HOl (2) with —Au € hlA(SZ), we have
u € WH(Q) with

lul2,1; @ < ”Au”hlA(Q)' (5.5)

We remark that the above regularity result does not in general hold on nonconvex
Lipschitz (or even C 1y domains; cf. Theorem 1.2.b of [21]. It is not clear whether (5.5)
holds on nonconvex polyhedral domains, but a different approach to the analysis than
that taken in [13] would be in any case needed to establish this. Such a result would
allow us to extend a posteriori estimates in bmoa that we obtain below for convex
polyhedral domains to general polyhedral domains, which would be desirable since the
corresponding L, estimates also hold on general polyhedral domains. However, for
our immediate purpose of providing a counterexample it suffices to consider convex
domains.

A.2: A priori and a posteriori estimates in bmoa

In [14], Durén proved that given a smooth convex domain  C R? and piecewise linear
finite element solution uj on a quasi-uniform mesh of diameter &, |lu — up|lBMoOQ) S
h2|u|W§C(Q). Here BMO(£2) is the classical BMO space; cf. [14] for a definition. We
prove the same on convex polyhedral domains in arbitrary space dimension, but with
BMO replaced by its operator-adapted counterpart. For notational simplicity we also
consider only piecewise linear finite element spaces below, but our a priori and a
posteriori bounds easily generalize to arbitrary polynomial degree.

Lemma 10 Assume that Q C R" is convex and polyhedral, and u € Wgo(Q). Let
also uy, be the piecewise linear finite element approximation to u with respect to a
quasi-uniform simplicial mesh of diameter h. Then

= unllbmos () < 2 ul2.00: - (5.6)

Proof Let Z];:() Ajaj =z € hlA(Q) with k arbitrary but finite. Such functions are

dense in h]A, so to prove our claim it suffices by the duality of bmoa and hlA to show
that [o(u—up)zdx S h?|ul2, o allzlly (- Let —Av = z with v = 0 on 9<2. Letting
I v be a Scott-Zhang interpolant of v, we have

u—up,z) =Ww—up, —Av) =V —up), V(v — Iv))

S hllu = unllwy @ vl e S bllu = unllico alizllyt () 5-7)

The proof is completed by recalling the WL error estimate [|u — w1000 <

~

hlul2,00; @; cf. [12,19,36]. O
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We next prove a posteriori upper and lower bounds for ||u — u, ||bmo, (2)- Note that
the a posteriori lower bound for the error is critical in establishing that the logarithmic
factor in (1.3) is necessary.

Lemma 11 Assume that Q C R" is convex and polyhedral. Let also uj, be the piece-
wise linear finite element approximation to u with respect to a shape-regular simplicial
mesh, where u € HO1 (Q) with —Au = f € Loo(R2). Then

It = tllomos (@) + max Wl f = frlloo: 1

~ ;naX[h If+ Auhlloo T+ hrI[Vun]llos; a71. (5.8)

Here fr = % Jr f dx.

Proof The upper bound for || — up |lpmo, (2) follows by first noting that h2 Nf —
Jrlloo:T < h2 | f 4+ Auplloo; 7 and then employing a duality argument prec1sely as
in the precedlng lemma; one must only substitute standard residual error estimation
techniques for the a priori error analysis techniques above. In order to prove the lower
bound we employ a discrete §-function; cf. (A.5) of [38]. Given xg € T € 7j, let 8y,
be a smooth, fixed function compactly supported in 7 such that (vy, xo) = v, (x0)

S
for all v, € S),. 8y, may be constructed to satisfy [|8xllm, p:7 S h with

~

constant independent of xp. A short computation shows that —ch AS xo 1S an atom
satisfying (5.2) with the required value of ¢ and the constant in » >~ hr independent
of essential quantities. Thus

Wl f + Bunllo; 7 < WIS = frillos T + 17 (fr + Aun, 8x,)
< h%nf — frlloo; T = B3 (A — up), 8xy)
= Il f = frlloo 7 — hy(u — up, Adyy)
S 7S = frllos: 7 + 14— thllbmon()- (5.9)
To bound 7| [Vun] |l o: e On a face e of the triangulation, lete = T1NT, with Ty, Tz €
T;. Modest modification of the arguments in (A. 5) of [38] yields that for xo € e and
fixed polynomial degree r — 1, there is a function 5. xo compactly supported in 7; U 75

such that v, (xo) = [, Sxounds for vy, € P,_y, and in addition, ||8y, . pTUT S

—m+1+n(1—l) o ) )
T . Similar to above, —chr ASXO is an atom with » >~ hy. Thus

hrl[Vun]loose = / [Vun ], ds
e
= hT/ V(u — up)Véy, dx —hT/ (Aup + f)dy, dx
ThWUT, TUT>

5/ (u — up)(—h7 ASy) dx + hr || Aup + flloo: 70T 183 11: 70T
T\UT,

S Nl = unllomon @) + H I f + Aunlloo: 1T - (5.10)
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Combining (5.9) and (5.10) completes the proof. O

A.3: Necessity of logarithmic factors

In this section we show that logarithmic factors are necessary in maximum-norm a
posteriori upper bounds at least in the case of piecewise linear function spaces in two
space dimensions. In [20], Haverkamp showed that given a convex polygonal domain
2 and quasi-uniform mesh of size &, there exists u (which depends on %) such that
lu—uplloo: @ = h? log ! |t|2,00: @. Given such a u, employing this result, (1.3), and
the preceding two lemmas yields

R logh ™ ulyooro < i — thlloo: @
Slogh™! ;nea;g[ﬂnf + Auplloo: 7 + R [Vun]lloo: a7]
h

Slogh ™ [llu — upllbmon @) + max R f = friie 7]
h

< h2logh™ ' ulz.00: - (5.11)

We have thus proved the following lemma.

Lemma 12 The bound

lu — upllos; o < logh™ ;ng[h%llf + Auplloo: T + Rl [Vun]lloo:ar] — (5.12)
h

does not in general hold if the term log h™" is omitted.

We now also remark on two further important consequences of Lemma 11. First,
the standard a priori and a posteriori upper bounds for L, are

”u - uh”oo; Q
<logh™! ;ngg[h% £+ Aunlloo: 7 + hr I [Vin] loo: a7]
h

Slogh™! (IIM —Uplloo; 2 + max Wl f = frlloo: T) . (5.13)
h

Lemma 12 establishes that the logarithmic factor in the first inequality above is nec-
essary. Our estimates also show that the logarithmic factor in the second inequality
(efficiency estimate) sometimes is not sharp, since ||u — up || 0; @ in the third line above
may be replaced by ||u — up [|bmo, () and the latter may grow strictly (logarithmically)
slower than the former.

Secondly, an interesting question that has yet to be successfully approached in the
literature is proof of convergence of adaptive FEM for controlling maximum errors.
Among other difficulties, the presence of the logarithmic factor in the a posteriori
bounds for the maximum error makes adaptation of standard AFEM convergence and
optimality proofs much more challenging. Because logarithmic factors are global,
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they play no role in AFEM marking schemes, so the natural AFEM for controlling
|t —up |l oo; @ is precisely the same as that for controlling ||u — 1y ||bmo, (). Lemma 11
indicates that at least for convex domains the BM O norm of the error is more directly
controlled by the standard L, AFEM since the bounds involve no logarithmic factors.
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