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Abstract We prove error estimates in the maximum norm, namely in W1 ()3 x
L*°(R2), for the Stokes and Navier-Stokes equations in convex, three-dimensional
domains  with simplicial boundaries. We modify the weighted L? estimates for
regularized Green functions used earlier by us, which impose restrictions on the domain
beyond convexity. The new ingredient is a Holder regularity estimate proved recently
by V. Maz’ya and J. Rossmann for the Stokes system on polyhedra. We also extend
the error analysis to WLr( Q)3 x L7 (Q) for 1 < r < oo.
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772 V. Girault et al.

1 Introduction

In 2004, we proved stability of the finite element Stokes projection (uj,, pj,) of the
velocity—pressure pair (#, p) in the product space WL Q) x L®(); cf. Girault
etal. [1,2]:

IVuplizo + lIpnllice < C (IVullze) + IIplicew)- (L.1)

We used weighted L estimates, which require some regularity for the Stokes system
in polyhedra. The known regularity theory restricted the angles beyond convexity in
R3 , arestriction that does not occur in R%.In 2006, V.Maz’yaand J. Rossmann derived
sharper regularity results in Holder spaces; cf. Maz’ya and Rossmann [3]. Combining
these results with a dyadic decomposition technique, J. Guzman and D. Leykekhman
recently proved (1.1) on convex polyhedra; cf. Guzman and Leykekhman [4]. We show
here that (1.1) follows by slightly modifying our original proof, and we derive point-
wise error estimates for the steady incompressible Navier—Stokes equations. Moreover,
we extend (1.1) and the error analysis to Whr(©)3 x L"(Q) for 2 < r < oo.

1.1 Notation

Let Q be a domain in IR3 and let (k1, k2, k3) denote a triple of nonnegative integers,
set |k| = ki + ky + k3 and define the partial derivative 8 by

3lkly

Fy= ———
ki ky o k3
0x] 0xy"0x3

For any nonnegative integer m and number r > 1, recall the classical Sobolev space
(cf. Adams and Fournier [5] or Necas [6])
W(Q) = {v e L'(Q); 3*v e L"(Q), k| < m),

equipped with the seminorm

~|—

|U|Wm,r(Q)= Z/lakvlrdx .
Q

lk|=m
and norm (for which it is a Banach space)

lllwnr@y =1 D Wl |

0<k<m

S =

with the usual extension when r = oco. When r = 2, this space is the Hilbert space
H™(2). We refer to Grisvard [7], Lions and Magenes [8] or [5] for the definition of
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Max-norm estimates for Stokes and Navier—Stokes approximations 773

fractional Sobolev spaces W™ 5" (Q) when m is an integer and 0 < 5 < 1 is a real
number:

8k _ ak r
WhEST(Q) = v e W (Q): // 197 0(x) V()| dxdy < oo, |k|=mg,
oo |x _ y|3+sr

equipped with the norm

0% v(x) — 0k (y)I"
vllwm+sr @y = | lvllymr ) + // dxdy |
(2) Wmr(Q) |k|§m aJa |x _ y|3+sr

for which it is a Banach space. The definitions of these spaces are extended straight-
forwardly to vectors, with the same notation, but with the following modification for
the norms in the non-Hilbert case: if u = (u1, u>, u3z), then we set

lullr ) = [/ |u(x)|fdx}r ,
Q

where | - | denotes the Euclidean vector norm for vectors or the Frobenius norm for
tensors.

We shall also use the Holder spaces of continuous functions " for a nonnegative
integer m and a real number o €10, 1]: C"™%(Q) is the set of functions in C" (2) that
satisfy for 0 < |k| < m,

10fv(x) — 3Fvu(y)| < Clx — y|* Vx e Q,VyeQ,

with a constant C independent of x and y, equipped with the seminorm:

ak — 9k
|U|cm.a(§)= Z( sup 070 (x) U(J’)|)7

— i o
lk|=m \X,y€2,x7#y e =yl

and norm

lollenei) = 2 sup 13" 0]+ vlonag.

lk|<m X €2
Let D(£2) denote the set of indefinitely differentiable functions with compact sup-

port in 2. For functions that vanish on the boundary 92 of €2, we define, for any real
number r > 1,

W (@) = {v e Wi (Q); vlpe = 0}

Wol (@ = {ve Wo ' (@: Vve Wy @7
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774 V. Girault et al.

when r = 2, we write Hg = WS’Z fors = 1,2. For 1 < r’ < oo, the dual space of
W(}’r,(Q) is denoted by W17 (Q), % + % = 1; whenr =2, we write H~! = w12,
The space W17 () has the following characterization: a distribution ¢ belongs to
W~17(Q) if and only if there exist (non unique) functions f; € L"(Q2),0 < i < 3,

such that
3

afi
e:ﬁwzi (1.2)
i=l1

ax,- ’

By analogy, following Maz’ya and Rossmann [9, p. 517], the space C_l’“(ﬁ)_is
defined as the space of distributions ¢ of the _forrn (1.2) for functions f; € C%*(Q),
0 < i < 3. Furthermore, the norm on C’]’“(Q) can be taken as

3
et = inf Dl filleve: (1.3)
t=fo+2iz1 a3 i=0

We point out that C~1% () is not the dual of C1*(%).
We recall Poincaré’s inequality: there exists a constant C such that

Owing to (1.4), we use the seminorm | - | g1 (@) as anorm on HO1 ().
For R > 0, we denote by B(x, R) the ball in IR? with center x and radius R.
We shall also use the standard spaces for incompressible fluids:

V= {v e H ()% divo =0 in sz}

vL:HveH(}(Q)%/Vu:dex:o Vwev],
Q

L3(Q) = Hq € L*(Q); / gdx =o].
Q

1.2 Statement of the problem

Let © be a Lipschitz, connected polyhedral domain of IR3 and let 7, be a regular
family of triangulations of ©Q, made of closed tetrahedra T, where £ is the global
mesh-size. Let X}, C HO1 ()3 and M), C L%(Q) be a pair of finite element spaces
satisfying a uniform discrete inf-sup condition:

Jo andiv vy, dx
sup =o——— > Bullgnll 2 Yqn € Mp, (1.5)
v, Xy v vh”L2(Q)

with a constant 8, > 0 independent of /. The Stokes projection of a velocity—pressure
pair (u, p) € H& ()3 x L%(Q), with zero divergence velocity, is the pair (uy, pj) €
X X My, that solves:
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Max-norm estimates for Stokes and Navier—Stokes approximations 775

/Vuh:Vvhdx—/phdivvhdx=/Vu:Vvhdx
Q Q Q

—/ pdivv,dx Vv, € Xy, (1.6)
Q

/ gndivupdx =0 Vg, € M. (1.7)
Q

Note that the zero mean-value constraint on the test functions g5 in (1.7) can be
relaxed because div uj, belongs to L%(Q). Also observe that u;, € V;, where we define

th{vheXh:/qhdivvhdxzo thth], (1.8)
Q

and VhL its orthogonal complement with the Hol—inner product. Therefore, there exists
a function vy € Vhl that realizes the sup in the inf-sup condition (1.5).

Let 2 be convex and the family of meshes {7} be quasi-uniform. We shall prove
(1.1) under suitable additional assumptions on X, and M, detailed in Sects. 1.8 and
1.9, and the sole regularity assumption on the velocity—pressure pair that (u, p) €
W1(Q)3 x L>®(Q). The stability constant C in (1.1) is independent of &, u and p
but depends on the largest inner angle of €2.

1.3 Regularity results for the Stokes problem

We recall some regularity results for the solution of the Stokes problem on a Lipschitz
and connected domain €2 of IR>: given f € H~1(©)3,find (v, q) € HO1 (9)3 x L%(Q)
such that

—Av+Vg=f, divv=0, inQ. (1.9

This problem has a unique solution and it is now well-known that if f belongs
to L2($2)3 and the domain is a convex polyhedron (cf. [10]), then the solution (v, g)
of (1.9) belongs to H 2(Q)3 x HY(), with continuous dependence on f. This, in
conjunction with Sobolev embedding, implies

Ivllwis) + lglizs@) = ClfllL2@)- (1.10)

Moreover, we shall exploit the following theorem for handling the Stokes problem
with non-zero divergence; see for instance Amrouche and Girault [11, Corollary 3.1

(part ii)].

Theorem 1 Let Q2 be as above and let r > 1 be a real number. For each g € Wol’r(Q)
satisfying fQ gdx = 0, there exists a unique v € Wg’r(Q)3 and a constant C > 0
depending on 2 such that

dive = g, ”v”WZ;(Q) f C |g|W]’(Q) (111)
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776 V. Girault et al.

The next theorem proved by Maz’ya and Rossmann [12] extends (1.10) to all finite
r. To simplify, we quote the result in a convex domain, but convexity is not required
forr < 3.

Theorem 2 Let Q2 be a convex polyhedron and let r € [2,00[. If f belongs to
W=L(Q)3, then the solution (v, q) of (1.9) belongs to W' (Q)? x L (Q2) and there
is a constant C, > 0 depending on r such that

Ivllwir @) + lglier @ = Cell fllw-1r(q)- (1.12)

To guarantee that (v, g) € Whe(Q)3 x L®(Q), we applied in [2] the classical
regularity result [10], namely, L” > W2’ x W7 with r > 3, which restricts the
angles of the domain 2 beyond convexity. We shall use now the following result due
to Maz’ya and Rossmann [3].

Theorem 3 Let 2 be a convex polyhedron. If f belongs to C~1*(Q)3 for some a €
10, 1[, related to the largest inner angle of 3S2, then the solution (v, q) of (1.9) belongs
10 C1*(Q)3 x CO*(Q) and there is a constant C > 0 depending on « such that

1llgraa + I1gllcoag < CILf o1 (1.13)

Consider a function f € L"(2). We can write [13,14]

f=Ff+V-g, (1.14)

where f is the mean value of f and g € W' (2)3. When r > 3, Sobolev’s inequality
3 —
implies that W17 () c €%1=7 (Q), whence

3

L'(Q) cCMr Q). (1.15)

Therefore Theorem 3 witha = 1 — % > 0 implies: there exists a constant C such
that

lvllcre ) + 1gllcowgy = Clfllr @ = CIIfIIL%(Q), (1.16)

and, in particular,
lvllwreo@) + lglliLe@ < CllfliLr@)- (1.17)

1.4 Interpolating bounds

By Sobolev embedding, (1.12) holds for f in L*(Q)3 with s = 25, ie. r = 2%,

s € [g, 3[, r € [2, oo[, and another constant C,:

lvllwir ) + lglir@ < Crll fllLs)- (1.18)
Unfortunately, the constant C, tends to infinity with . The purpose of this section

is to combine (1.10) and (1.17) to derive uniform a priori bounds (i.e. with constants
independent of r) for the pair (v, ¢) in W () x L"(Q) for 6 < r < oo.
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Max-norm estimates for Stokes and Navier—Stokes approximations 777

Theorem 4 Let Q2 be a convex polyhedron. Let s € [2,3], r = % e [6, 0],
and § > 0. If f belongs to L*1%(Q)3 then the solution (v, q) of (1.9) belongs to
WL (Q)3 x L™ () and there is a constant Cs > 0, depending only on § but not on s,

such that
lvllwir ) + lgliLr@ < Csll fll ps+s - (1.19)
Proof We define the mapping 7 f = v which, in view of (1.10) and (1.17), maps

L2(2)3 to W10(©)3 and L3 (22)3 to W1°°(Q)3. Interpolating between these spaces
[15, (14.2.2)], we find that

lvllwir ) < Csll fllLee), (1.20)
where
| . 11— (121)
€2 343 '
and A = %; hence ¢ = 3V$Jgi)r. Since s = 3% according to the definition of , we can
write £ = s + €, where
r(3+496) 3r Sr(r — 6) _ r(r —6) <5 (1.22)

“T 353 +r 3+r GB+3+10G+r - G+r? =

and € > 0 because r > 6. This completes the proof of the estimate (1.19) for v.
Defining a mapping 7 f = ¢ and using similar arguments yields the estimate (1.19)
for g. O

Of course, the choice r > 6 is arbitrary and a similar result can be derived by
interpolating between (1.18), with another value of r, and (1.17).

1.5 Getting started
From now on, we assume that €2 is a Lipschitz, connected polyhedron. Finite ele-
ment projections lend themselves easily to estimates in Hilbert spaces. In fact, since
div ol 2 < IVl q) forall v e HOI(Q)3 [16, Remark 2.6], [17, Lemma 2.1],
taking v, = uy in (1.6) yields

IV unll 2 < IV ull2g) + 12020, (123)

and using the inf-sup condition (1.5) with v, € VhJ- implies

1
Ipnll2@) < ﬂ—(||Vu||L2(Q) +Ipl2); (1.24)

see for instance Girault and Raviart [13]. But deriving pointwise bounds is much more
complex. Our approach to such bounds consists of two steps:

e Reducing the estimate for u;, in W' to an error estimate for a regularized Green
function in W1,
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778 V. Girault et al.

e Transforming this error estimate in W' ! into an estimate in H' by introducing an
appropriate weight.

Remark 1 The main difference with [4] lies in the second step: in [4], the error in
W1 is estimated by means of a dyadic decomposition and local H! estimates. The
global weighted technique requires “only” global weighted regularity results, but the
dyadic decomposition technique requires pointwise estimates for the corresponding
Green function, which are usually more difficult to obtain.

A key step in the proof developed here is the derivation of weighted regularity
estimates for the exact solution of the Stokes system (1.29), (1.30), which is given
in Theorem 6. Weighted estimates can be of independent interest. For example, they
have been used recently to analyze non-uniformly elliptic problems in [18] stemming
from fractional diffusion.

1.6 The first step

Let us describe more precisely the first step. At the beginning, we only assume that the
family 7, is regular in the sense of Ciarlet [19]: there exists a constant ¢, independent

of h, such that
h
ri=—<¢ VT eT,, (1.25)
or
where A7 is the diameter of T and o7 the diameter of the largest ball inscribed in 7.
Now let Uj, € X, be arbitrary. Later we will consider the case U, = uj,. We want

to be able to represent pointwise derivatives of U, in terms of integral expressions. We
. . U,
pick an element of the matrix V Uy, say Th_”, we choose a tetrahedron T € 7;, where
J
U,
| 0x;
by T, satisfying:

| is maximal, and we construct an approximate mollifier §3; € D(2) supported

/5de:1, (1.26)
Q
aUy ; U, -
H b - /(SM Mi gl (1.27)
axj L(Q) Q ax]
and c
t
18allr By < T—%)’ (1.28)
er

for any number # with 1 < ¢ < oo, where the constant C, depends only on ¢, ¢, and
on the dimension of the polynomial space to which each component of V U}, belongs
in each T. Here we interpret % = 0 in the case t = oo.

Next, we define a regularized Green function: let (G, Q) € H(} (Q)3 x L%(Q) solve

9
~AG+VQ=—5—(ue), in®, (1.29)
J
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Max-norm estimates for Stokes and Navier—Stokes approximations 779

divG =0, in<, (1.30)

where e; is the ith unit canonical vector. In variational form, (1.29) reads

8 .
/VG:Vvdx—/ Qdivvdx:/SMidx Yo e HL(®.  (131)
Q Q Q  0xj

When tested with v = u it gives

8 .
/aMidxz/ VG: Vudr, (1.32)
Q ax]' Q

and when tested with v = U}, it gives

AU
/5M b dxz/ VG:VUhdx—/ QdivUy dx. (1.33)

Let (G, On) € X, x My, be the Stokes projection of (G, Q):
/VGh:Vvhdx—/ thivvhdx:/ VG: Vov,dx
Q Q Q
—/ Qdivv,dx Vv, € Xy, (1.34)
Q
/ gndivGrdx =0 Vg, € Mj,. (1.35)
Q

When tested with v, = U}, and combined with (1.33), (1.34), it gives

aUy, ;
Sm ~dx = VGy:VU,dx, (1.36)
Q Xj Q

provided that Uj, € Vj, where the latter space was defined in (1.8). In particular, we

have
0

, (1.37)

U :
hii dx| =
8Xj

VUl o = ‘ / Su1
Q
for Uy € Vp,.

Now we consider the case U}, = uy,. By testing (1.6) with Gj, and using (1.35) and
(1.30), this equality becomes

8 .
/BM “h.i dx:/Vu:VGhdx—/pdithdx
Q 0x;j Q Q

=/Vu:V(Gh—G)dx~|—/Vu:Vde
Q Q

/VGh:VUhdx
Q

—/ pdiv(G, — G)dx.
Q
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780 V. Girault et al.

Thus (1.32) yields

oup i ou;
Sm ~dx = | Sy —dx — | Vu:V(G — Gp)dx
Q Q  0xj Q

+/ pdiv(G — Gp) dx. (1.38)
Q

From here it is easy to prove that

8ul~
ij

+ (IV e + V3Iplie@ ) IVG = Gl (139)

< (] I Lo ()

‘ 8uh,,-

0x; Lo(Q)

i.e. the problem reduces to a uniform estimate for [[V(G — Gp) |1 (g)- As alluded to
above, this estimate will be derived by transforming the L' norm into a weighted L?
norm.

1.7 The weight
In all that follows, we pick a fixed real number R, used in all this work, such that for

any x €  the ball B(x, R) contains 2. Here we use the weight function introduced
by Natterer [20]:

o(x) = (|x — xol® + h)z)7 , (1.40)

where x is the center of the sphere inscribed in the tetrahedron 7" where the maximum

of |8(;‘ th' | is attained [see the discussion following display (1.25)], and ¥k > 1 is a

parameter independent of &, but such that
Kkh <R.

It will be chosen at the very last step when estimating the weighted norm of
V(G — Gyp). As x¢ is not far from the point where the maximum is attained, o (x) is
a perturbation of the distance between x and this point, the term « & acting as a reg-
ularization. This weight will be used with the exponent % where p is slightly larger
than the dimension:

nw=34+2% 0<i<l (1.41)

The parameter A will be chosen at the outset of a duality argument for a weighted
estimate of G — Gy, in L?. To simplify, we set

0 =«h.
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Max-norm estimates for Stokes and Navier—Stokes approximations 781

The following bounds will be of constant use in the sequel; the first one is valid for
all A > 0:

_ 1 2\ — 3t 47
o(x)"dx < Cy— where C; = A+1|x")" 2 dx < —, (1.42)
Q 6* R3 A

inf o(x) >0 =«h, (1.43)

xe2

and for any positive integer k and real number s:
IVi(o ()] < Crs0 (), (1.44)

with a constant Cy s that depends only on s and k; note that C; | < 1.
Now, using Cauchy—Schwarz’s inequality and applying (1.42), we write:

1 1
IV(G = GllLig < (/ o“|V(G—Gh)|2dx) (/ a—ﬂdx)
Q Q

5) 2
=\- x
A (keh)?

Therefore, the bound for ||Vuy, || () in (1.1) reduces to establishing the weighted
error estimate for G,:

G%V(G—Gh)‘

. (1.45)
LX)

< Ch3. (1.46)

HU%V(G Gy
12@)

1.8 Weighted interpolation assumptions

To begin with, we make the following assumptions on the approximation operators P,
and ry,, namely, P, € E(H01 ()3 X)) and ry, € L(L*(Q); M) satisfy the following
properties, where the functions of ‘M, are those of M), without the zero mean-value
constraint:

e Pj and ry have at least order one approximation error and are quasi-local: for all
T €Ty,

1P (@) = vll 27y + AT IV(PR(®) = )l 2¢ry < ChTIVavlip2eapy.  (147)
lrn(@) — qli2ry < ChrlValizzag (1.48)

where A7 is a macro-element containing at most L elements of 7y, including 7',
L being a fixed integer independent of /, ¢ and v;
e P, preserves the discrete divergence:

/ gn div(P,(v) —v)dx =0 Vg, € My; (1.49)
Q
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782 V. Girault et al.

e P, isstablein H'(Q)3: forall T € 75,
IV Pr)llL2ry < CIVYIl20a,)- (1.50)

In the examples below, these properties hold provided 7, satisfies (1.25), as demon-
strated in [2].

Itis well-known that (1.49) and the global version of (1.50) guarantee a uniform inf-
sup condition (cf. Fortin [21] or Girault and Raviart [13]). The additional assumption
of quasi-locality is fundamental here for deriving weighted estimates. Indeed, with
this property and the regularity of 7, the following weighted approximation error
estimates are obtained in [2, Lemma 3.10].

Lemma 1 Suppose Py and ry, satisfy (1.47)~(1.50). Let v € [H*(Q) N H} (2)1* and
q € HY(Q). For any exponent s, we have:

”o%V(Ph(v) o T E Haz Py (v) — v) oy = Cll Ha%vzv‘ .
(1.51)
HUZ(Ph(v) — v)‘ o S Coh? Ha%vzv‘ . (1.52)
i@ -0, =Cshfoiva], . (1.53)
Similarly, for v € H& (Q)3 and for any exponent s, we have:
H ey = Cello 2 Vvl (1.54)

1.9 Super-approximation and interpolation in Holder spaces

Usually, the operators Py, and rj, are perturbations of regularization operators, such as
the Scott—Zhang operator [22], that are not completely local, because they need to be
applied to functions that have no pointwise values. However, super-approximation acts
on smooth functions, and in this case, we will use simpler versions of P and ry, Fh
and 7, introduced in [2], constructed by correcting standard Lagrange interpolation
operators: P;, € L((C°(Q) N H} (2))%; X satisfying (1.49), and if M), ¢ H'(Q),
7n € L(CY(Q); M}). Otherwise, 7j, will coincide with ry,.

On the one hand, we will require the super-approximation results: if v, € X} and
¥ = o"vy, then

|-

if g, € M, and ¢ = otqp, then

Yy, € Xp; (1.55)

<C HO'%_lvh’
L2(Q)

Vg, € My,. (1.56)

<chlet ol

o5 @ = 7aen)|

L2(Q) L2(Q)
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Max-norm estimates for Stokes and Navier—Stokes approximations 783

On the other hand, we will require that P, and 7, satisfy the following approxima-
tion properties in spaces of Holder functions:

- = 3
IV(Pa() = v)[[Lx(@) < Ch*Vlpreig, Yo € (CH@NH(R)",  (1.57)
I72(q) = qlloo@) < Ch®Iqleowig Vg € CO* (). (1.58)

The estimates (1.55) and (1.56) are derived in [2, Section 6] for the “mini” element,
the Bernardi—Raugel element, and the Taylor—Hood elements. For the same specific
examples, we will show below the estimates (1.57) and (1.58) by reducing them to
the error of the standard Lagrange interpolation operator I ; from C%(T) into 1Py,
k > 1. In any event, our max-norm error estimates are valid for any spaces having
interpolants satisfying (1.49) and (1.55)—(1.58).

Remark 2 (Lagrange vs Scott—Zhang interpolation) In contrast to regularization oper-
ators that rely on averages distributed over several elements, the Lagrange interpola-
tion operator is completely local to each element and vanishes when applied to bubble
functions. Perhaps it is possible to establish super-approximation for local averaging
interpolants, but at the expense of a more complicated proof.

1.10 Discrete weighted inf-sup conditions

The presence of the weight in the variational formulation requires a weighted inf-sup
condition (Proposition 1 below), analogous to (1.5). It stems from an important result
due to Durdn and Muschietti [ 14], and can be found in [2, Proposition 4.1]. It will play
a major role in this work.

Proposition 1 Suppose that the conditions in Sect. 1.8 hold for the interpolants Py,
and rp,. For any real number s, 0 < s < 3, there exists a constant By > 0, independent
of h and k, such that

Jo an divv,dx

< S Vg, € My,. (1.59)
LX) yyexy loT2V upll 2

M
o02gh

Bs

2 Weighted variational form
Since (1.34) is a variational equation, the only straightforward way for introducing
a weight into it is by multiplying the test function with the weight, but since the
product o#vj, does not belong to X,, we must interpolate it. We use both interpolation
operators Py and P, described in Sects. 1.8 and 1.9. We define ¢ by

¥ = 0" (Pr(G) — Gp), 2.1

and we test (1.34) with v, = P, (¥):

/QV(G —Gp): VP,(¥)dx = /Q(Q — Qp)div Py, (¥) dx. (2.2)
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784 V. Girault et al.

Then we write

/ d"IV(G — Gp))? dx = / V(G - Gy) : V[(G - Gy)o"] dx
Q Q

- [ V6~ 66~ G- Varax.
Q
and by inserting P, (G), P (¥), and using (2.2), we obtain

/a“|V(G—Gh)|2dx=/ V(G — Gy): V[(G — Py(G))o"] dx
Q Q
ﬁLWG—&%VW—EWDM
—/ (V(G — Gp)(G — Gy)) -Vordx
Q

—l—/Q(Q — Q) div P, (¥) dx. (2.3)

Even though both P, and P preserve the discrete divergence property (1.49),
multiplication with the weight destroys this property; thus neither div ¥ nor div Py, (%)
is orthogonal to discrete pressures. Therefore the pressure Q) cannot be eliminated
from (2.3).

2.1 The interpolation terms in (2.3)

The rest of this work is devoted to estimating the terms in the right-hand side of (2.3).
In each term, the weights need to be suitably distributed between each factor, and
thus each factor requires a separate treatment. The first two terms involve essentially
weighted interpolation errors. Their derivations are not completely standard because:

e The regularized Green function pair (G, Q), albeit sufficiently smooth, depends
on the regularized mollifier §3; that is not bounded as & tends to zero (except in
the L! norm); see (1.28). Therefore the dependence of its derivatives on 4 must
be carefully elicited.

e A weighted estimate for the interpolation error of Pj, requires that P, be quasi-
local. Despite standard Lagrange interpolants being local or quasi-local, this is
not always the case once we require that the interpolant preserve the discrete
divergence.

e The function ¥ is the product of the factor o with P,(G) — Gy, and estimating
its interpolation error relies on a “super-approximation” result that eliminates the
highest-order derivative of P, (G) — G, in the right-hand side of the error bound.
Again, this requires a quasi-local interpolant.
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2.2 Motivation for a duality argument
The two terms that originally required that the solution of the Stokes system have
higher regularity than H? are the third and fourth terms in the right-hand side of (2.3).
Since by (1.44)

V@ @)")]| < po@)*~! vx e IR,

the third term has the bound:

‘/ (V(G — Gp)(G — Gy))-Vordx
Q

<u|ofVG -Gy

4o

L2(Q) L2(Q)

Because of the weight, Poincaré’s inequality does not yield a useful bound for
the second factor, and therefore the standard approach is to estimate it by means of a
duality argument. However, we do not describe it now because it will be a consequence
of a more general duality argument required by the fourth term. Indeed, this term that
involves the pressure can be essentially reduced to the following ones:

/Qd“(rh(Q)—Qh)diV(Ph(G)—Gh)dx, /Q(Q—Qh)fo“-(Ph(G)—Gh)dx-

2.4

After some manipulations, the first term can be handled by the weighted inf-sup

condition (1.59). But the second term in (2.4) is much more problematic because the
obvious factorization, which after simplification gives

< u|ote-on|

o51(G-Gy)

‘/Q(Q—Qh)VG"‘(G—Gh)dx

L2(Q) H L2(Q)

is useless as it requires the weighted inf-sup condition with exponent %, i.e. beyond

the admissible range: indeed, © = 3 + A > 3. In order to stay within the non-critical
range, we consider the factorization

‘/Q(Q—Qh)VG”'(G—Gh)dx

< u ot - on) @.5)

o2 9716 - 6

L2(Q) L2(Q)°

where ¢ = A + y for some small y > 0. Thus, in view of these two terms, and since
A itself is also small, we are led to find an appropriate bound for

HO.%(M-i-S)—l (G — Gy)

; 2.6
2@ (2.6)

n

for small & > 0. Clearly this will imply a bound for |0 2~ 1(G — G},) l2¢)-
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2.3 Some estimates for weights

When ¢ = oo, (1.28) gives

A~

C1
ISmllL=@) < —-
T

From the construction of §,; (cf. [2]), it is easy to prove that

~

2
IVimlliLe < —4;-

Both constants, ¢; and ¢, are independent of h. As the weight o is expressed
in terms of the maximum diameter %, besides (1.25) we assume that the family of
triangulations 7y, is quasi-uniform: there exists a constant T > 0, independent of 4,
such that

th<hr <¢pr YT €Ty 2.7

Then we easily deduce the following weighted bounds for 6,/ [2, Lemma 2.2]).

Lemma 2 Let 7), satisfy (2.7). There exists a constant C that depends only on t, €,
and the dimension of the polynomial space to which V uy, belongs in each T, such that

) (2.8)

and .
—lpat, (2.9)

2.4 Weighted bounds for the Green function

Let us start with an estimate for Q. Recall that on account of the weight, G cannot be
dissociated from Q. The following is Proposition 3.1 in [2].

Proposition 2 Let 7, satisfy (2.7) and ;1 = 3 + A with0 < A < 2. We have

“

Ha%*lg‘ +Kz‘h§‘). (2.10)

v =€ (JoF ]

L2(Q)

m

In turn, this result gives the following bound for o 2
3.21in [2].

-1V G, which is Proposition

Proposition 3 Let 7, satisfy 2.7), u =3+ A withO < A < 2, and k > 1. Then

L2<sz)) '

2.11)

|-+

L2(Q) = ”U%_ZG‘

@) (ClK’thé_l + C ”a%_lv G’
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Therefore we must find a bound for o 7 ~2G. This is achieved by a duality argument
asin[15,23]. From now on, we assume that ) < A < 1. The following is a consequence
of Theorem 3.3 in [2].

Theorem 5 Assume that Q is convex, Ty, satisfy 2.7), u =3+ A with0 < A < 1,
and k > 1. Then there exists a constant C independent of h and k, such that
Lo

<chi !, 2.12)
L%(9)

By substituting (2.12) into (2.11) and the resulting inequality into (2.10), and
observing that % > % — I, since 0 < A < 1, we immediately derive the follow-
ing corollary [2, Corollary 3.4].

Corollary 1 With the assumptions and notation of Theorem 5, we have
lo5 71V G2 + o7 Qll 2y < Cr¥nT™" (2.13)

As noted in Remark 3.5 in [2], these results hold even for nonconvex domains.
Theorem 3.6 in [2] is the following main result of this subsection.

Theorem 6 Under the assumptions of Theorem 5, the following weighted estimates
hold:

ey S Cisna!, (2.14)

+Ha%vg

e

L2(Q)

The weighted error estimates for P, (G) and rj, (Q) follow directly from Lemma 1
and Theorem 6.

Theorem 7 We retain the assumptions of Theorem 5 and we assume that P, and ry,
satisfy (1.47)—(1.50). Then

I3
2

HU%V(th) — hy . (215)

o T lotm@ -0, <cw

LX)

HU%(ph(G) - CrThit!. (2.16)

o T Haf—l(PuG) G)

<
2 (Q)
3 Lagrange interpolation error for Holder functions

LetT € T and Iy, € E(CO(T); P k) be the usual Lagrange interpolation operator at
the nodes of the principal lattice of degree k in each T', cf. [19] or [15]; here IP denotes
polynomials of degree k in three variables. Let T be the unit reference tetrahedron,
Fr the affine mapping that maps T onto T: x = Br% + br and denote by a hat the
composition with Fr; in particular we set fk =1IipofFr.

Lemma 3A For each real number a €10, 1], and eachAinteger k > 1, there exists a
constant C, depending only on o and the geometry of T, such that

1k (@) = ¢l 1oy < Cl0lorapy Vo € CH(D). 3.1
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Proof The ideas of the proof are standard (cf. [19]), but we recall them for the reader’s
convenience. The proof proceeds in two steps.

(1) Since fk preserves [P and in particular [P, we have for all ¢ € Cl""(f")
||Ik((/7) §0||Wl OO(T) = ”Ik I”ﬁ(cl,a(f);wl.oo(f")) pienﬂf’l “(/7 + p”cl.a(f)’

where I denotes the identity mapping. Therefore, it suffices to prove that the
mapping ¢ +— |‘/’|Cl~a(f) is a norm on the quotient space Cl’”‘(f")/H’l equivalent
to the quotient norm. To eliminate the quotient norm, we choose the representative
@ of ¢ satisfying

/a@mﬁ:q /v@@mﬁza (3.2)
T T

Then it is sufficient to prove that there exists a constant C such that for all (RS
CLo(T) satisfying (3.2), we have
”(p”clot(r) C|(p|cla(7) (33)

(2) We establish (3.3) by contradiction. If (3.3) is not true, there exists a sequence
{@,} of functions in C! "‘(T) satisfying (3.2) such that

Vi, Igalgrecy =1 M Ignlracy = 0. (3.4)

The first property in (3.4) implies that the sequence of continuous functions {¢;,}
is uniformly bounded and equicontinuous, as well as the sequence of their gradients.
Therefore by Ascoli-Arzela’s lemma (cf. for example [24]) and the completeness of
C!, there exists a function ¢ € C! (f) satisfying (3.2), and a subsequence, still denoted
by n, such that

This together with the second property in (3.4) implies that {¢,} is a Cauchy
sequence in C1'%(T). The completeness of C!¢ yields

|§0|Cl,a(f) = ngngo |§0n|cl,a(f*) =0,

and hence the gradient of ¢ is a constant vector. Then ¢ = 0 follows from (3.2). This
contradicts the first part of (3.4). O

Considering that any pair of points X and ¥ in T are related to their images x and
yinT byx —y = Br(*¥ — ), whence

|x — y| > x =yl

— Bl

an easy scaling argument gives the next theorem.

@ Springer



Max-norm estimates for Stokes and Navier—Stokes approximations 789

Theorem 8 There exists a constant C, independent of h, such that for all T in Ty,
k1 (@) = @llL(ry < Chy™|glerary Yo € CH(T). (3.5)

If the family T, satisfies (1.25), there exists another constant C, independent of h,
such that for all T in T,

IV Uk () = @llr) < Coh§lplerary Yo € CHUT), (3.6)

where ¢ is the constant of (1.25).

3.1 The “mini” element

Since we propose to approximate continuous functions, Py is replaced in this and the
next two subsections by the variant P, that will be specified in each case.
For the “mini” element, the discrete pressure space is defined by

M, = {C]h I= Co(ﬁ); qgnlr € IPy VT €7, }, My =M, N L(%(Q), 3.7
and the discrete velocity space is the space of continuous functions vj, defined in each
T by (cf. Arnold et al. [25] or [13])

4
vh = D Viki +vebr = I 4(vp) + vebr, (3.8)

i=1

where v; are the values of v, at the vertices a; of T, A; are the barycentric coordinates
of T,

4
br =4*[]xi, ve =vi(e) — Lu(wa) (o),

i=1

with ¢ the barycenter of T'.

We begin with a general approximation result that says that, for the mini element,
approximation of a function in V from V}, is as good as from X;. Moreover, we can
state this in L" spaces.

Lemma 4 Suppose that2 < r < oco. If Tj, satisfies (1.25) with constant ¢, there exists
a constant C independent of h and r,such that for all T € T,

IV@h = 0y < IV@R = 0y + Cohy on — vllLrry (3.9)

forallv € WOI’V(Q)3 and for all v, € Xy, where

Ty=v+ Y erbr, (3.10)
TeT,
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is defined by choosing

),
cr=——— [ (v—vp)dx. (3.11)
fT bT dx T
If further v € V, then v), € V).

Proof For each T, we have

V@, =)l < IV =)y + lerlIVbr i (r)
4L
< IV@n = V) llrary + CITI 7 Vb ey lon — vl
< IVn = W lLrry + Cohp on — vllLrr). (3.12)

Furthermore
/ div(vy, — v)gp dx = / (v—"p)-Vgpdx =0, (3.13)
Q Q

since ¢ was chosen to make v — v, mean zero on each T, and Vg, is piecewise
constant. As a consequence, v € V implies v, € Vj,. O

The estimate (3.9) is sharp in the sense that the lower-order term on the right-hand
side cannot be eliminated: simply consider the situation where v;, — v is constant in
T whence ¢ # 0. Therefore, the approximation properties of V}, stem from Lemma
4, with v, replaced by a suitable approximation Pj(v) of v. Here we choose instead
P}, defined by:

Pu(v) = ha() + Y erbr, (3.14)
TeT,
where )
cr=—— [ (v—1I1,(v)dx. (3.15)
T fT by dx/T Lh

Lemma 4 implies that Py, satisfies (1.49) and satisfies a completely local version
of (1.47):

IPh(0) — vl 20y + hrIV(Pr(®) = )27y < Ch7[IVavll 2y Yo € HX(T) .

(3.16)
In addition, Lemma 4 and Theorem 8 yield the following interpolation error.

Proposition 4 Let the family Ty, satisfy (1.25) with constant {. There exists a constant
C, independent of h, such that the mini-element satisfies for all T in Ty,

IV(Ph() = 0)llz(r) < Coh§lvlcragry Yo e CH(T) . (3.17)

To approximate the pressure, we take r, = I1, in each T. Then Theorem 8 yields

Proposition 5 There exists a constant C, independent of h, such that for all T € T,

175(q) — qllLocr)y < Chlgleoacr, Yq € CO*(T). (3.18)
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3.2 The Bernardi—Raugel element

For the Bernardi—Raugel element, the pressure space is defined by:
My ={an € L@ ailr € Po VT € T}, My =M, 0L3(®@).  (19)

As far as the velocity is concerned, let F' denote any one of the four faces of an
element 7', cr the barycenter of F and nr the unit normal to F exterior to 7. Let br
denote the polynomial of degree 3 that vanishes on 7'\ F and takes the value 1 at ¢
(e.g. if F lies on the plane A1 = O then by = 27X>X3A4). Then vy, is defined in each
T by (cf. Bernardi and Raugel [26] or [13]):

4
v = Zvi)ti + Z (vp-np)bpnrp = I y(vp) + Z (vp-np)bpnp, (3.20)
i=1 FcoT FcoTr
where
v -np =v(crp) -np — (1 p(vp)(cF)) - nF.

Note that (3.20) does not depend on the orientation of n .
We have the following result analogous to Lemma 4, which we state without proof.

Lemma 5 Suppose that2 < r < oo. If Tj, satisfies (1.25) with constant ¢, there exists
a constant C independent of h and r, such that for all T € T,

IV@h = 0)llrry < L+ COIV@R = V) lrery + Cohz lon = vliLrr). (3:21)

forallv e WOI’V(Q)3 and for all v, € Xy, where vy, is defined in each T by

1
v, =v, + (— / (v —vp) - anS) brnp. (3.22)
F%):T fF bF ds F

If further v € V, then vy, € Vj,.

This last property holds because for all faces F:
/ (v—"p) -npds =0;
F

hence vy, satisfies (1.49). Then Fh(v) is defined in each T by choosing v, = I1 ,(v):

_ 1
Pp(v) =11 5(v) + Z (m /F(v — I p(v)) - npds) brnpg. (3.23)
F

FcoaT

Lemma 5 yields the analogue of Proposition 4:
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Proposition 6 Let the family Ty, satisfy (1.25) with constant ¢. There exists a constant
C, independent of h, such that the Bernardi—Raugel element satisfies for all T in Ty,

IV(Ph ) — ) lLoo(ry < CehSIvleracry Yo € CH(T) . (3.24)

Regarding the pressure, as the functions in M), are discontinuous, we take for 7,
the L2-orthogonal projection on P in each T':

_ 1
(@l = —/ q(x)dx VT €7Tj. (3.25)
\T| Jr

Considering that 7, preserves the constants in each T, the approximation properties
of 7} are obtained via an easy variant of Lemma 3.

Proposition 7 There exists a constant C independent of h such that for all T in T,

175(q) — qllo(r) < Chlqleoecry Yq € CO(T). (3.26)

3.3 Taylor—Hood finite elements

The finite element spaces are, for k > 2:
Xy = {vh € COD3; vyl € IPY VT €T, } N HL (9, (3.27)
M = {qh € C°Q); qulr € IPx_1 VT €T, } My =M, NLA(Q).  (3.28)

For k > 3, Taylor—Hood finite elements have a quasi-local interpolation operator
Py, satisfying (1.47), (1.49) and (1.50); see [27]. For k = 2, this also holds if 7 is
partitioned into R (k) non-overlapping macro-elements, say O;, each macro-element
containing a fixed maximum number of elements, and each element having one interior
vertex in ;. Furthermore, we assume that the boundary of each macro-element 00;
is partitioned into non-overlapping pairs of adjacent faces, say w; = T} U T, where
T} and T, are adjacent faces of elements in O;, each w; being planar. In other words,
the w; are planar quadrilaterals. A mesh 7, with these properties can be generated by
first partitioning € into non-overlapping convex hexahedra, dividing each face of each
hexahedron into two triangles (whence a total of 12 boundary triangles T”), placing
one vertex, say ¢, in the center of each hexahedron and constructing the 12 tetrahedra
with common vertex ¢ and base T’, for all boundary triangles T’ (cf. Ciarlet and
Girault [28]).

Letv € Wol’r(Q)3. We study the case k = 2, the others being simpler, upon gener-
alizing the approach of Boland and Nicolaides [29] and Stenberg [30]. Following [27],
given any vj, in Xp, we construct vj, by proceeding in two steps: first we construct an
auxiliary function 5}, whose divergence in each O; has the same mean-value as v, and
next we add a correction to i}l so that the corrected function vy, satisfies (1.49). This
second correction is done locally in each O;. In all cases except k = 2, the auxiliary
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function 5111 can be easily constructed locally and the mean-value of the divergence is
preserved in each element because these elements have at least one degree of freedom
in the interior of each face. This is not the case when k = 2, where all degrees of free-
dom are located on edges. But in the above non-overlapping decomposition, faces are
grouped into non-overlapping quadrilaterals @, each w; having one interior degree
of freedom located at the midpoint a ; of the edge shared by 7} and 77; for this reason
we ask that 75, have this structure.

Let {O;}1<i<r) be the family of non-overlapping macro-elements partitioning
Ty, and for each O;, let w;, 1 < j < K;, be the set of quadrilaterals partitioning 9 O;.
The two steps are:

(1) Ineach O;, we define

K;
vy =v,+ > cjbj. (3.29)
j=1

where b; € C%(Q) is the IP, function in each T that takes the value 1 at the
midpoint a ; and 0 at all the vertices and other edge midpoints of 7;,. Note that the
integral of b; over w; is never zero. This degree of freedom is used to preserve
the mean-value of the divergence in O;. More precisely,

ci=cj(v—v (v — vp)ds, (3.30)

h) =7
fwj bde w;j

whence
/ div(v), — v)dx = 0. (3.31)

i

Note that ¢; is a linear functional applied to v — vy
Next, in each O;, we define the local spaces:

Xn(0)) = {vy € Xp; vilpo, = 0},

1 _
My (O;) = ’tha - W/@ gn(x)dx; gy € Mh}-

(2) Following the argument of [27], we construct a second correction Cj, € X, (0;)
such that

/ gndivCrdx = / qn div(v — i,ll)dx
O; O;

i

K;

= /O gn div(v — v;, — ch(v —vp)bj)dx Vg, € My(O;),
i j:l
(3.32)
Lo
IV Cillizop = 14V =Tl 120 (3.33)
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with a constant > 0 independent of 7, 4 and v. By a standard algebraic argument
(see for instance [13]), the existence of this correction satisfying (3.32), (3.33),
and furthermore its uniqueness in the orthogonal of V},(O;) with respect to the
scalar product of HO1 (Oi), stems from a uniform inf-sup condition in each O;:

. Joo, andiv v, dx
inf sup : > . (3.34)
aneM(O) y,ex, ) IV Vrll2 0 lgnllL2 o))

As all tetrahedra of O; have one interior vertex in O;, the proof of (3.34) follows
from the construction of [13,31]. Again, we may view Cj = Cp(v — vp,) as a linear
operator on v — v,.

Finally, as the macro-elements O; form a partition of 7;, we define vy, as the function
whose restriction to each O; is:

K;
Uy =0, +Ch=vp+ D c;(—vp)bj + Cp(v — vp). (3.35)
j=1

By construction vy, belongs to X, and satisfies

/ gndiv(®, — v)dx =0 Vg € My(O)). (3.36)

i

Furthermore, it satisfies a result similar to that of Lemmas 4 and 5 in each O;. We
set

; = inf or, h; = sup hrp,
@10 T

then since a regular triangulation is locally quasi-uniform, Eq. (1.25) implies that, for
some constant C independent of i and 4,

-~ <cct. (3.37)

i

Lemma 6 Suppose that2 < r < o0o. Let Tj, be partitioned as above and satisfy (1.25)
with constant §. Then there exists a constant C independent of h and r, such that for
all O;, 1 <i < R(h),

IV@, = 0)lro) < (1L+ CO IV (W — D)l
+ CU+ COEh vy = vlir o), (3.38)

forallv e Wé’r(Q)3 and for all vy, € Xy, where vy, is defined in each O; by (3.35).
If in addition v € V, then vy € Vj,.
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Proof All constants below are independent of 4, i, and r. The last statement of the
lemma follows readily from (3.36) and

/ div(v;, — v)dx = / div(v} — v)dx + / div Cpdx =0,
. O; .

i i

owing to (3.31) and the fact that C}, is in X, (O;).
To prove the error inequality (3.38), we write

V@ — )l ,<HV61—vH Y Chlliron.
IV@h —)llLro) = ||V, —v) Lf(Ol-)+” nllr ;)
Consider first the second term. To simplify, we set w = V C},. Since each compo-

nent of w|r belongs to /P, a finite dimensional argument yields:

7]
lwlir@n =€ ( 2 bl g,
TCOI'| |

Then, reverting to 7 and applying Jensen’s inequality since r > 2:

r

TN 11
lwliro)<C | D (= Iwlipay | =€ max T2 w20,
TCOI' !

Then (3.33) and Holder’s inequality imply

div (v — i}l) ’

1 1
wl;roy <C max |T|r" 2
lwlzro) < Tcoil | 20

< C max |T|F210;127 | div (v —6;)‘ . (3.39)
TCO; L"(Op)
Therefore, by (3.37), we obtain the auxiliary bound
Y@, —vllro, < (1+C Hv(“— ) . 3.40
IV@r —v)llLro) < 1+ CE) v, —v . (3.40)

As the first correction is defined on the faces of ;, the bound for the first term
above is the same as for the Bernardi—Raugel element, with 7 replaced by O;:

_ 1
[V (# =0)] .0, = THCOIV@ =D @) +CE 5l —vlr©). (4D

and (3.38) follows by substituting (3.41) into (3.40).

When k > 3, the construction of v, is much the same, but as explained above, it
requires no partition and the only restriction on 7y, other than regularity, is that each
tetrahedron has at least one interior vertex in €2; see [31]. O
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Then P, (v) = v}, is defined by choosing vy, = I 5 (v), k > 2, that is

K;
Pr(v) = Ten(®) = hp@) + D ej(0 = Lp@)bj + Cr(v = I y(v).  (3.42)
j=1

Lemma 6 gives the approximation result:

Proposition 8 Let the family T, satisfy (1.25) with constant ¢, and be partitioned as
above when k = 2, or be such that each tetrahedron has at least one interior vertex
in 2, when k > 3. There exists a constant C, independent of h and i, such that the
Taylor-Hood element satisfies for all O;, 1 <i < R(h),

IV (P (0) — )l < CEh¢vloreo, Yo € Ch (O . (3.43)

Finally the pressure is interpolated with 7, = I;_; j and its error is estimated by
Proposition 5.

3.4 Super-approximation

In this short paragraph we recall that if v, € X and ¥ = 0" vy, then the interpolation
operator P}, introduced in the three examples above satisfies the super-approximation
property (1.55) for typical elements. This property, that heavily relies on the local or
semi-local character of P, is based upon the fact that in each element

v, =pi + b,

where p,|r € Pz and b is such that ; ,(b) = 0. The details of the proof of (1.55)
for the Taylor—Hood elements, the “mini” element and the Bernardi—-Raugel element
are written in [2]. It is worthwhile to point out that the proof is valid when the family
of triangulations is regular i.e. satisfies (1.25).

4 General duality argument

In this section, we use a two-step bootstrap procedure for estimating o 2(ure)-1 (G —
G},), which appears in (2.6), in terms ofa%V(G —Gp) for0 < e < gg, where gy is a
small positive number that depends on the inner angles of d€2. The first step includes
the lower order term ¢ 2~ (G — Gyp) in the right-hand side. The following theorem
represents a modification of Theorem 5.1 in [2].

Theorem 9 Let Ty, satisfy (2.7), 2 be convex, and k > 1 be defined in (1.40). Let
oo €10, 1[ be the number related to the largest inner angle of 92 in the statement
of Theorem 3, and choose « = min{wy, %}. Suppose that the numbers ¢ > 0 and
0 < A < 1 satisfy

A 3
—t+e<l——-=aqa. “.1)
2 r
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Let the interpolation operators P, € L((C*(Q) N HO1 )3 X)) and 7, €
L(C°(Q); My,) satisfy (1.49), (1.57), and (1.58). Then there exists a constant Ce such
that the following bound holds

| 2
5 (u+e)—1
o2 G-G
H ( " L2(Q)

=l (Hoé‘wc -Gy

. +CK’5h%)

2 . 2 L
n Ha%—l(G — Gy )2, 4.2)
L2(Q)

v ( HU%V(G _ Gh)‘
L%(Q)

where i = 3 + A (recall that 6 = k h).

Proof Let (@, s) € HO1 ()3 x Lg(Q) be the solution of the Stokes problem:
— A9+ Vs=c"*"2G -Gy, diveg=0,inQ, ¢ =0, ond. (4.3)

Since € is convex, the forcing o#1t¢~2(G — G},) belongs to L’ (2)* for any r and
in particular for

3 . 3
leea=1——.
]l —« r

From (1.15), we have a"”_i(G —Gyp) € C12(©)3, and it follows from Theorem
3 that ¢ € C1*(Q)3, s € CO*(Q) with

lllere + Islcow < Callo" 723G — Gi)llLr (- (4.4)

The estimate (4.4) is a key difference between the argument in [2, Theorem 5.1]
and Theorem 9 in the present manuscript. Now, multiplying the first equation in (4.3)
by G — G and integrating by parts, we obtain

/ o872 |G = Gy)dx
Q
=/ Vo : V(G — Gp)dx —/ sdiv(G — Gp)dx
Q Q

=/ Vo : V(G — Gp)dx — / (s —7n(s)) div(G — Gp)dx. 4.5)
Q Q

At the last step, we used the fact that div G, belongs to L%(Q) to conclude that

fQ q divGj, dx = Oforallq € My, thatis, we can add an arbitrary constantto g € Mj,.
Applying the error Eq. (1.34) and the fact that divep = 0, we find
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798 V. Girault et al.

/Qw: V(G — Gp)dx = /Q V(g — Pr(9) : V(G — Gy) dx
4 /Q (0 — Qu)divPy(p) dx
_ /Q V(g — Pr(@): V(G — Gp)dx

+ /Q(Q — Op)div(P, () — @)dx. (4.6)
Combining (4.5) and (4.6) with (1.49) for P, we have

/ o726 — Gy Pdx = / V(g = Pi(@) : V(G — Gpdx
Q Q

+ /Q (0 — r(Q)div(Py(e) — p)dx

_ / (s — 7 ())div(G — Gy)dx. @7
Q
Therefore
ote+9-1G — G|
2@
sﬁ‘(a—%(s—Fh(s)) HU%V(G—Gh)
L2() L2(R)
y — n
o tvo - Puon| o, (¥ V6 G0l

+V3ll02(Q — r(Q)) 4.8)

LZ(Q))'

Let us work on the factor involving P}, the treatment of 7, being the same. We
proceed in two steps. First, applying (1.42), we write

1

J— 2
@ <|IV(p — Ph(fp))lle(sz)(/QU”(x)dx)
< VGO V(9 — Pr(@) =)

|5V (0~ Pito))

Then (1.57) yields

|5V ~Pito))

: < CIh*V G0~ 9lcracg)s

L2(

and with (4.4), this becomes

o iV ~Piton)| , , = CICHVCO 0" G ~ Gley. @9)

@ Springer



Max-norm estimates for Stokes and Navier—Stokes approximations 799

Similarly, (1.58) gives

|-

The second step is devoted to a weighted interpolation inequality. The argument is
briefly sketched because it is the same as in [2]. First, we observe that ohte—2(G —
Gy) € HOI(SZ)3 and therefore

< C2Ch*V Cr 00" 72(G — Gy) |17 (@)-

HGW*Z(G - Gh)H <cC HV(UW 26 — Gh))H (4.10)

L7 () L)’

where ¢ is the exponent of Sobolev’s embedding:

3r 3

whi(Q) c L'(Q), ie. t= = )
) €, 1 r+3 2—«a

We have 2 5<t=<2 for0 < o < i’ which we have assumed. The conditiion (4.1)
guarantees that r satisfies

3 2t 1-2 2t
r > ———— sothat (2—e—ﬁ) > ¢ =3,
1—5—¢ 2/ 2—t 2 2 —t

for t < 2. Introducing the weight o@D in the integral, and observing that (1.42)
holds, we find (for r < 2)

N>

[V 26 - G|

L'(Q)
1
< /G_Q(Z_S_%)dx ' [ 5@ 26 - G|
N Q L2()
Cae EEV (G - Gh))‘
6> 5q L@

__Cue 2—e—4 g nte—2
= e e G G @11

where ¢ = f—lt By inspection, this also holds for + = 2. Finally, expanding the
gradient in the above right-hand side, we obtain

C;‘A,s %(H V(G — Gh)‘

LY(R2) 9177757‘;
3
L2<Q>) '

Then (4.2) follows by substituting this inequality into (4.10) and (4.9), next substi-
tuting into (4.8) and applying (2.15). O

[V 26 - G|

LY()

Jotiea

@ Springer



800 V. Girault et al.

As in [2, Corollary 5.3], Theorem 9 is applied with ¢ = 0 to obtain the following.

Corollary 2 We take ¢ = 0 in the statement of Theorem 9. Then

”a%*l(G -G )‘ e (1 +2C2) HU%V(G e )’2 + Cich
h L2(Q) ~ kY 0 h L2(Q) '
(4.12)
Proof To simplify set
X = Ha%*‘(G—Gh) .
L2(Q)
Then (4.2) with & = 0 reads
1
C 2 2
ng—o(Ha*z‘V(G—Gh) +X2) (Ho‘z‘V(G—Gh)‘ +Cxé‘h%).
K¢ L2(Q) L2(Q)

Applying Young’s inequality, we obtain:

- 2k L2()
1 s 2

+—C2 (Ha‘zV(G—Gh)‘ +szﬂh*).
K% L2(Q)

Considering that ¥ > 1, the factor of X 2 in the above right-hand side is smaller
than % and hence

2

1 2 1 2 £ 1 22 A
SXs o (1+23) ”an(G —Gy) + = C2ChRH,

L2(Q)
whence (4.12). O

In the second step, similar to [2, Corollary 5.4], the desired estimate is derived by
substituting (4.12) into (4.2) with ¢ > 0 such that (4.1) holds.

Corollary 3 Under the assumptions of Theorem 9, we have:

2
”J%(’H'g)_l(G _ Gh)’

96
Cg—a(A [o5vG -6 S+ cmﬂ),
K
(4.13)
where Cy is the constant of (4.2) fore > 0, A = (% + 2%'1 (1 + 2C§)) and Cy the

constant for ¢ = 0.

2
<
L2(Q) — L2(Q

Remark 3 The only difference between (4.12), (4.13) and the corresponding estimates
in [2] is the power of « in the denominator: this power is one in [2] versus @ > 0 here.
However the specific value of the exponent is not important as long as it is positive.
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Max-norm estimates for Stokes and Navier—Stokes approximations 801

5 The pressure term
Throughout this section, we assume that P, satisfies (1.49) together with the super-
approximation condition (1.55). As mentioned in Sect. 1, the unknown pressure Qy,,

appearing in the fourth term of (2.3), cannot be eliminated, but owing to (1.49), it can
be split as follows:

/Q (0 — Ou)div Py (¥) dx = /Q (0 — ra(Q)div (Py(¥) — ) dx
+/Q<Q—rh(Q>>divwdx

+/Q(rh(Q) — Op)divy dx. 5.1

The middle term in (5.1) is studied in the first lemma, which is analogous to [2,
Lemma 7.1] but uses the new estimate (4.12).

Lemma 7 Under the assumptions of Theorem 9 with ¢ = 0, we have

(5.2)

L2()

‘/Q(Q—rh(Q))diV'ﬁdx

1 ' 2
< CkPTERt 4 NG loivG -6
Proof To simplify set

X = HU%V(G — Gy

L@

Formula (2.15) gives

‘/(Q_rh(Q))diVlﬁdx <Cith o~ 5divy
Q

L2(Q)

Expanding ¥ = 0*(P;(G) — G},)), and using that Vo' < po*~!, we obtain

Ha_%diw/f

< ﬁ(Ha‘z‘WPh(G)—G)

+ X)
L2(Q)

+ Ha%*l(c — Gy

LX(Q)

+M(Ha’é‘1<Ph<G>—G>

LX(Q) )

L2(Q)

With (2.15) and (2.16), this becomes

< CokBh% + C3ic 5 h3 £ V3X + pllo ]

_Kr
Ha favy| = (G — Gl 20
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802 V. Girault et al.

Considering that k > 1, Corollary 2 gives

1

2
lo~5div il 2 < Cax5h3 +V3X + % ((1 + 2c§)x2 + C5K“h’\)
K

1
< Cek*h% + X(«/§+ (1 +2C§)2).
K2
Therefore

1

< Coclh* + CIK‘z‘héx(\/?Jr Lo (1+263)° )

K2

‘/Q(Q — ra(Q)div g dx

and (5.2) follows by a suitable application of Young’s inequality. O
The next lemma studies the first term in (5.1).

Lemma 8 Under the assumptions of Theorem 9 with ¢ = 0, we have

‘ / (0 —r(Q)div(Py(¥) —¥) dx| = Crl e 4 Ho%wc_ch) ’
Q N/

L@’
(5.3)
Proof Again, we set
I3
X = Han(G—Gh) .
L2(@)
Applying (1.55) and (2.15), we have
e nooA "
'/Q(Q—rh(Q))dIV(Ph('/f)—'/f)dx < Cictht |0 HRG) = G|, -

But (2.16) and Corollary 2 yield

1

1 2
Ho%’l(Ph(G) —G)) < Cokn% 4 —a((l +2C3) X2 + Cycﬂhk) .
K2

L2 Q) —

Therefore by Young’s inequality

'/Q(Q — ra(Q)div(Py(§) — ) dx

"
< Cac" W 4 5

2 1 1
h? ((1 +2¢3)" X + ch‘ih%)
K2
‘ 1
< Cac P+ CorE R + —=X2 4 Couel IR,
JK

whence (5.3) follows. O
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Max-norm estimates for Stokes and Navier—Stokes approximations 803

As mentioned in Sect. 1, the last term in (5.1) is problematic. It is split as follows:
/(rh(Q) — Qp)divy dx =/ ol (rn(Q) — Qn) div(P(G) — Gp) dx
Q Q
+/Q(rh(Q) — OVl - (Py(G) — Gp))dx. (5.4)

For the first term in (5.4), we set on the one hand

¢ =0"(rn(Q) — Qn),

and interpolant ¢ with 7, satisfying (1.56). Thus

'/QU"(rh(Q) — Op)div(Pp(G) — Gp) dx

= ‘/Q({ —Th(§)div(Pr(G) — Gy) dx

<3 Ha%wma) e o7 —FA(0))

L2(Q) H

o5 uce) - on

LX)

<Ch HJ%V(Ph(G) Gy (5.5)

L2(Q) L2(Q)
On the other hand, the following is Theorem 4.2 in [2]; it follows from the discrete
weighted inf-sup condition of Proposition 1.

Theorem 10 Under the assumptions of Theorem S and if rp, and Py, satisfy (1.48),
(1.49) and (1.50), then for 0 < s < 3, there exists a constant Cs, depending only on
s, such that:

I3
2

o3 (0 - 0w o5V(G - Gy

+ Ck
L2(Q)

c
< (H h%). (5.6)
L@ ~ giu—s

Then combining (2.15), (5.6) with s = u — 2, and (5.5), we easily derive the next
result.

Proposition 9 Under the assumptions of Theorem 10, we have

< C]K“_lh)"

‘/QG"(rh(Q) — Owdiv(P(G) — Gp) dx

+ & HU%V(G —enl’
K

L2
(5.7)
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804 V. Girault et al.

In order to bound the second term in (5.4), we suppose that €2 is convex and we
choose ¢ = A + y for some small number y > 0. Then, if for instance, we take

A
y=7s5
condition (4.1) implies the upper bound for A:

2 <@, ie i< % (5.8)

Proposition 10 Let Q be convex, k > 1, and a €10, %[ be as in Theorem 9. Let
0 < A < 5. If Ty, satisfies (2.7), then

_a
< Clku Zl’l)L

‘/Q(rh(Q)— OnVo - (Py(G) — Gp)dx

C 2
422 G%V(G—Gh)‘ .
K2 L%(Q)

(5.9)

Proof The proof is written for ¢ = A 4 y with positive arbitrary A and y satisfying
%A + v < «a; in particular it is valid for A satisfying (5.8). We have

‘/Q(’"h(Q) — OV o - (Ph(G) — Gp)dx

< u|o T () - 0n)|

o} A= (G, — G) ‘

L2(Q) H
02(G - Py(G))

LX)

+u|o 5 (@) - 0w (5.10)

L2(Q) H L)
Let

X = ”a%V(G - Gh)’

2@

For the first term in the above right-hand side, we apply Theorem 10 with s =
U—Ar—y=3—y <3

o2 000) — 0n)

Ci nok
< —|X+Crxk2h2 ).
L2AQ) ~ @5

Next, we apply Corollary 3 with e = A 4 y:

1

1
CeH%\ 2 2
5( £ ) (Ax2+c3/<“h*) .
L2(Q) K%

i)
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Max-norm estimates for Stokes and Navier—Stokes approximations 805

Therefore, up to the factor u, the first term in the right-hand side of (5.10) has the
bound

HJ%W—A—”(rh(Q) - o)

1
Ho, §(M+k+)/)—l (Gh _ G) ’

L2(Q) L2(Q)

QIQ

(X2 + K“hk)

=
)

This is the dominating term. The second term in the right-hand side of (5.10) is
more favorable. We apply (2.16) to the second factor and Theorem 10 withs = pu —2
to the first factor:

o ouc) - on)|

|

Thus, up to the factor u, the second term in the right-hand side of (5.10) satisfies

C
L2(Q) =3 (X+C6K12Lh%)

©ooX
< Cikzhatl,

o5 ouco -

oy |7 H (G PG

< ngz_lhz(X+C6/c2h2)
2 (Q)

Asa < 1 and k > 1, this term is indeed dominated by the first one. |

Collecting (5.1)—(5.4), (5.7) and (5.9), we derive the estimate for the pressure term
in (2.2) and (5.1).

Theorem 11 Let Q be convex, let k > 1, and a € ]0, %[ be as in Theorem 9, and let
0 < A < 5. If Ty, satisfies (2.7), then

’/(Q — On)div Py(¥) dx| < CIK/”%M + C_j
Q

K2

’ 5.11
oy 1D

6 Maximum norm estimates

Recall that for any x € Q the ball B(x, R) contains 2 and that k & < R.

6.1 Velocity estimates

By collecting the results of the previous sections, we obtain the estimate (1.46).

Theorem 12 Let Q be convex, let o € 0, %[ be as in Theorem 9, let 0 < A < % and
let w = 3 + A. Let Ty, satisfy (2.7). Then there exists a number k| > 1 such that for
all k > k1 and for all meshsizes h > 0 such that k h < R, we have

1

Hon(G Gh)’ < Ciiting, 6.1)

LX(Q)
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806 V. Girault et al.

Proof Again, we set

X = HU%V(G — Gy

L2(Q)

From (2.3), we obtain

v <x(fotvia-nio,, |

EACERIO)

)]

+c( H 316 — Ph(G))‘

G- G|

LZ(Q) H

+ ‘/{;Q — Qu)div Py () dx|.

By applying (2.15), (2.16), (1.55), Corollary 2 and Theorem 11, this reduces to

C
ZLX2 4 et tan, 6.2)
K 5

X2
because @ < 1 and x > 1. Let us choose k7 such that for instance

ie .k >2Cy; (6.3)
this is possible because k1 > 1. Then for all k > k7 and all A > O such thatk h < R,
(6.2) implies (6.1). |

Combining Theorem 12 with (1.39), (1.42), and (1.45), we derive the main result
of this work for the velocity.

Theorem 13 Under the assumptions of Theorem 12 and provided the solution (u, p)
of the Stokes problem (1.6), (1.7) belongs to WH°(Q)3 x L%(Q), there exists a

constant C,. independent of h, u and p, but dependent on the parameter o < 1 of
Theorem 3, such that

IVupllzo@ < Co (IVullo@) + IplLe)- 6.4)

Corollary 4 Let the assumptions of Theorem 12 be valid and the solution (u, p) of
the Stokes problem (1.6), (1.7) belong to W' ()3 x L"(Q) for 2 < r < co. Then

1-2
IVupllr@ < Cs " (IVullr@ + Ipler@)- (6.5)

Proof Since the linear operator (u, p) — uj, satisfies both (1.23) and (6.4), we apply
operator interpolation theory to derive (6.5) [15].
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Max-norm estimates for Stokes and Navier—Stokes approximations 807

6.2 Pressure estimates

We use a similar approach for the pressure. Let x; be a point in Q where |pj, (x)]
attains its maximum, let §y; be the function constructed in Sect. 1.6 with p;, instead

of 35‘;3" andlet (Gp, Qp) € Hj(2)* x LE(R) be the solution of

—AGp+VQp=0, divGp =6y —B, (6.6)
where B is a fixed function of D(£2) such that fQ B(x)dx = 1. By virtue of (1.26),
8y — B belongs to D(2) N L%(Q) and Problem (6.6) has a unique solution. Invoking
Theorem 1, Problem (6.6) can be expressed as (1.9) with fin L” (€2)3 and the regularity

of its solution is guaranteed by Theorem 3. Then, we define Gp ; € X}, the Stokes
projection of G p, and its associated pressure Q p., € My by

/ V(Gppr—Gp): Vo,dx —/(Qp,h — Qp)divvydx =0 Vv, € Xj, (6.7)
Q Q
/ qndiv(Gp, —Gp)dx =0 Vg, € M. (6.8)
Q

With the operator r;, defined in Sect. 1.8, we easily see that

| pall Lo () =/ ph5M=/ 5Mp+/ B(ph—P)+/ pdiv(G, — G)
Q Q Q Q
+/QV(uh —u): V(G — G) +/Q(Q —rp(Q)) div(uy, — u),
whence

Ipnllize@ < Cr(llplize + IVullLe@) (1 + IV(Gp — Gpaullpig
+10p —r(QP)lL1(e)- (6.9)

because
[ 8w =) < 181210 = Pl = (10l + 1Vul2e)).
Q

Estimating V(Gp — Gp) and r,(Qp) — Qp in L'(Q) is an easy variant of the
previous estimates. Let us review them quickly. It follows from (6.7), (6.8) that (2.3)
is still valid here. As —A Gp +V Qp =0, (2.10) is replaced by

K_q K _q
: <cC H i-lv G ‘ :
HG or L2(Q) — o i L2(Q)
Thus, (2.11) is replaced by
R IR (R I A I
L2(Q) L2(Q) L2(Q)
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808 V. Girault et al.

and (2.9) yields

“_y
02 'VGp

v =€ loF 0

LX)

since the contribution of IIG%_IBII 12(s) 18 bounded by a constant that is dominated

by k2= 1h3= for k large and & small; recall that A < § < %

The statement of the duality Theorem 5 is still valid:

w_
Haz G

and we deduce the analogue of (2.13):

v

w o]

L2(Q)

Similarly, the statement of Theorem 6 also holds:

L2(Q) = CK%h%_l

)

otsn

+”0%VQP‘

LX)

and we recover the same weighted error estimates as in Theorem 7. In addition, The-
orem 10, which relies on the discrete inf-sup condition, is valid. Finally, it is easy to
check that the general duality argument of Sect. 4 is unchanged because it involves the
difference Gp — G p,, whose divergence is orthogonal to the functions of My,. The
same is true for the pressure estimates of Sect. 5. Hence, when all the above estimates
are collected in (2.3), they yield the same estimate as (6.1) with possibly another
constant, still independent of /2 and k. This proves the following pressure estimate.

Theorem 14 Let the assumptions of Theorem 13 be satisfied and the solution (u, p)
of the Stokes problem (1.6), (1.7) belong to WLoo(Q)3 x L(Q). Then, there exists a
constant Cy > 0 independent of h, u, and p, but dependent on the parameter o < 1
of Theorem 3, such that

IpnllLe) < Co(IVull o) + Pl )- (6.11)

Corollary 5 Let the assumptions of Theorem 13 be satisfied and the solution (u, p)
of the Stokes problem (1.6), (1.7) belong to W' ()3 x L™ (Q) for2 < r < oo. Then,

1-
IlpnllLr @) < #; (IVuliLr@) + Iplier@)- (6.12)
By
Proof Combine (6.11) with (1.24) and argue as in Corollary 4. O
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Max-norm estimates for Stokes and Navier—Stokes approximations 809

Remark 4 A duality argument shows that the uniform estimates in Corollaries 4 and
5hold in L" for r €]1,2]. Indeed, let ¥’ € [2, oo[ be the dual exponent of r, and for

any f € W_l”/(9)3, let (v, q) € W(}’r/(Q)3 X LB/(Q) solve the Stokes problem (1.9)
and satisfy (1.12) with r’ instead of r:

”v”WLr/(Q) + ”anr’(Q) = Cr’”f”w—l,r’(g)- (6.13)

This enables us to write

(up, —Av+Vgq)
IVupllre = sup
fEW_I"‘/(Q):i ”f”Wfl,r’(Q)

Vup, Vv) — (divuy, q)
= sup

fGW’I'r/(Q)f‘ ”f”W—Lr/(Q)

By inserting the Stokes projection (vj, g5) of (v, g), the numerator in the last
expression reads

Vup, Vo) —divuy, q) = (Vu, Vuy)—(p, divey).

Then Corollary 4, together with (6.13), readily implies (6.5) for r €]1, 2].
Regarding the pressure, we use an extension of (1.5) in L"(€2)

2w QVO) b pullire Von € M, (6.14)

v, Xy ”V U ”Lr’ Q)
with B, independent of 4. This is a straightforward consequence of the same exact
inf-sup condition, see for instance [14], and the stability of P in Wol’r/(Q)3, which
in turn follows easily from its quasi-local character. Then (6.12) for p; in L"(R2),
r €]1, 2], follows readily from (6.14), the preceding bound for u;, and

(pn,divey) = (V(up, —u), Vop) + (p,divoy).

6.3 Optimal error estimates

We make the following crucial observation: the only assumption on the solution (u, p)
of the Stokes problem (1.6), (1.7) used so far is that it belongs to Whr ()3 x L7 ()
for some 2 < r < oo. In fact, the L" (2) regularity of the forcing term for the Stokes
system is only necessary to deal with the regularized Green functions (G, Q) and
(Gp, QOp).

We thus consider the pair (u — vy, p — g5), where (vj, gn) € Vi, X My, is arbitrary,
along with its Stokes projection (u;, — vy, pr — qn). We apply Corollaries 4 and 5 to
infer the following optimal error estimate for any 2 < r < co:
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810 V. Girault et al.

IV —up)lr@ +lp — prllr

=c it (IV@-wlr@+lp-alre) (615
(h,qr) €V x My,

To replace the subspace V), by X}, on the right-hand side of (6.15) we make the
following assumption for all 2 < r < oo: given v € Wol’r(Q) and v, € Xy, there
exists a function v, € V}, such that

V@ — v)llzr@) < C1IVn — v)llzr @ + Coh™ vy — vllr @), (6.16)

with constants C| and C, independent of 4 and . We point out that Lemmas 4-6
guarantee that (6.16) is valid for the finite element spaces studied here. We further
assume that there exists an operator R; € /.Z(HO1 (3 Xp), locally stable in whr,
with a constant C independent of / and r:

IVR,Wrry < ClIVVlprapy YT €Ty, (6.17)

invariantin X7, and that preserves constants when restricted to an element. This is valid
for the Scott—Zhang interpolation operator [22]. Since the restriction of the space Xj
to an element contains constants, we readily deduce again with a constant independent
of h and r

IRy (v) — vllLr(ry < ChrlIVoliLrapy YT €75, (6.18)

In addition, the invariance of Ry, in X}, yields Ry (R (v) — v) = 0 whence applying
(6.18)tow = Ry (v) — v,
IRn(v) = vlir(ry < ChrIV(Ry(0) = V)llrapy YT €T (6.19)

We thus obtain the following best approximation result.

Corollary 6 Let the assumptions of Theorem 13 be satisfied and the solution (u, p)
of the Stokes problem (1.6), (1.7) belong to W' ()3 x L"(Q) for some 2 < r < cc.
If (6.16) and (6.17) are valid, then there exists a constant C independent of h, u and
p, and uniform for all Lebesgue exponents such that

IV —up)lr + Ilp — prllLr

=c it (IV@ =l +1p - alre). (6.20)
(Vh.qn) €Xpx M},

Proof In view of (6.15) and (6.16), it suffices to show that we can eliminate the term
lu — vy | 17 (q) from the latter. Let us apply (6.16) with v = u and v, = R (u) € Xj.
Then

inf [V —wp)llrr@ < IV =)l
wireV),

< CiIIV(Ry(w) — w)ll -0y + C2h ™ | Ry (u) — ull 17 ().
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Max-norm estimates for Stokes and Navier—Stokes approximations 811

But for any v;, € X}, the invariance of Ry, and (6.17) yield:

IV(Rr(u) —w)llr@ =IIVRy(uw—vp)+ Vv, —u)rr @
<A+ONVwr — WL (e-

Therefore (6.19) implies
h Ry () — ullr @) < CIV(Ry(@) — W)@y < ClIV (Wi — )7 (o).
Hence

inf V@ —wp)llrr@ < CIlIV@—vp)lir (),

wreV),

for all v;, € Xj,. The fact that vy, is arbitrary yields the assertion.

7 Navier-Stokes equations

The (steady) Navier—Stokes equations can be written, for f € H “1(@)3, as

/Vu:Vvdx+/(u-Vu)~vdx—/pdivvdx:(f,v) Yv € X,
Q Q Q

/ gdivu =0 VgeM, (7.1)
Q

where u € X = HOI(SZ)3 and pe M = L%(Q), and the viscosity coefficient is set to
one because it does not affect the results of this section. The problem (7.1) corresponds
to the Navier—Stokes equations with no-slip boundary condition; if u = g # 0 on 02,
or other boundary conditions are imposed, then (7.1) is formulated differently. We
limit our discussion to the case (7.1) for simplicity. It is well-known that this problem
has at least one solution and every solution (u, p) satisfies the a priori bound:

IValgig < 1fllg-1@» 1Pl < COA+ 1 la1@)lflg-1q- (72

7.1 Continuous a priori bounds

Since the domain is convex, a simple bootstrap argument combined with the regularity
of the Stokes solution shows that, if f is smoother than f € H _1(9)3, then each
solution is accordingly smoother. Even though the argument is elementary, and the
results useful, we are not able to point to specific references for a discussion of them.
We collect the estimates in the following lemma, which will be used several times
later.
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812 V. Girault et al.

Lemma 9 Let Q2 be convex and let (u, p) € X x M be any solution of (7.1) with data
f e HY Q)3 letr € [2, 00] and set

3r
r+3°

(7.3)

S =
If for some r €12, 6], f isin L*(Q)3, then (u, p) is in W ()3 x L"(Q) with

IVl + 1Pl = € (If I + IV ullg,) (7.4)

where
6s 6r

= =
34+s  3+2r
and the constant C is independent of r. Note thatt < 3 forallr € [2, co]. In particular,

we have for2 <r <3

< 3, (7.5)

IVulir@ + lpller@ = C (”f”LS(Q) + ||f||i,71(9)) ) (7.6)

and for 3 <r < 6, we have

2
IVauller@ + Il = C (”f“LS(Q) + (”f”L"(SZ) + ||f||?1—|(9)) ) . (17

_ 3t _ _6r 4
where o = 3= 3 = 3.N0tethata < s forr > 2.

If for some r €]6, oo and real number € > 0, f isin Ls+€(§2)3, then (u, p) is in
WL (Q)3 x L () with

IVulr@ +lpler@ < Ce (||f||Ls+<(sz> + ”Vu”ife(ﬂ)) , (7.8)
where 6(s + )
S €

= —— +¢, 7.9

‘<3167 (7.9)

and the constant C depends only on €. In particular, we have for 6 < r < 0o

2
IVulir @ + el < Ce (llfllLHE(Q) + (||f||La+6(sz) + ||f||§171(9)) ) ,

(7.10)
provided € < % The case r = 00 requires one more iteration:
IVullLe@ + Iplie < C6(||f||L3+€(Q) + (IIfIIL%+€(Q)
UL 1)) (7.11)
L%(Q) H™(Q) ’ )

. 3
provided 0 < € < 5.
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The estimates above can be summarized by introducing functionals M . defined
on Lebesgue functions by

2
2
||f|| (Ilfll + 1113, 3<r<6
(@) L35 (@) H™ ()
Mr,e(f) = 2
2
(il LA +(|IJ”|IL%5+€Q +||f||H_1(Q)) 6<r<oo
2 2\

‘||f||L3+e(Q) + (IIfIILW (Ilfllm(m + IIfIIH_l(Q)) ) r = oo.

(7.12)

Then Lemma 9 and (7.2) imply that

IVullzq = 1flg-1@
122 = € (IF 1@ + 111 ))
IVl + 1Pl < CcMec(f), r =2, (7.13)

where C¢ does not depend on f, and we can take € = 0 forr < 6. For 6 < r < oo,
we must have 0 < € < %, and for r = 0o, we must have 0 < € < %
Proof of Lemma 9. Let (u, p) € X x M be any solution of (7.1); then (u, p) is the

solution of the Stokes problem
—Au+Vp=f—u-Vu, divu =0. (7.14)

Let 2 < r < 6, define s by (7.3) and assume that f € L*(Q)>. By Sobolev’s
embedding, we have f € W=Lr(Q)3 and if w - Vu € L*(Q)3, then Theorem 2
guarantees (u, p) € WL ()3 x L"(Q) for r €]2, 6]. Our next goal is to show (7.4),
which in turn is a consequence of the estimate

lu - Vull o) < ClIVul2 g (7.15)
for ¢ satisfying (7.5). To prove (7.15), we consider a general expression of the form
aDb where D represents a first order, constant coefficient differential operator. For
example, we will be interested in the cases aDb = a - Vb and aDb = aV - b. Then
Holder’s inequality implies

laDbllL@) < llall, . o 16]wisco.

which holds for s < ¢ < co. We now invoke Sobolev’s inequality to choose ¢ such
that

lall, s

<
a = Clallwii g
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814 V. Girault et al.

We thus impose 7 = Therefore

+3 = 2r+3
laDb||Ls@) < llallwio)llbllwii(q)- (7.16)

This proves (7.4).

To prove (7.6), we use the fact that r < 3 implies ¢ < 2 in (7.4), and then we use
(7.2).

We now use (7.6) to estimate || Vu|| () which appears in (7.4):

IVali+ Pl < € (Iflr@+1f130g). 1D

valid for 2 < t < 3, where
3t . 6r

= = . (7.18)
t+3 4r43
To prove (7.7), we use the fact that » < 6 implies r < 5 , and thus we can apply
(7.17) together with (7.4).
When r > 6, we use Theorem 4 with ¢ instead of §:
IVulr@ + el @ < Ce(lfllpste) + 1w Vulpse ). (7.19)

To simplify, we set s := s + €. Note that since s < 3, and the expression for 7, in
(7.9) is monotonic, we have

6(s +€) 6(3+¢)
P Gl 2L e 2 S 7.20
T3 Gte (€5 e Tesotee (7.20)

Since s €]2, 3], an easy computation shows that

. 65
T s+ 3

+ € > s¢;

therefore (7.16) holds with s and ¢ replaced respectively by s, and t.. Now, 1f z‘€ < 3,
Sobolev’s inequality yields Wi (Q) ¢ L4() forany g < 3 .But Sefe < e jf

te—Se — 3 te
and only if 7, > +3, which is true by (7.9). Finally, if z. > 3 the above embedding
holds for any q. Hence

It -V ull ey < ClIVEIZ g (7.21)

Therefore (7.8) follows.
When r < oo, we have t. < 3 provided € < ? = % (sos +€ <3 —2e):

6(s+e)te(s+e+3) 3(+e)+303—2)+¢€(6—2)
€<= s+e+3 = s+e+3

_ 3(s4€) 49 —2€?
N s+e+3

<3. (7.22)
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Thus (7.19), combined with (7.17) and (7.21), implies

2
IV ullzr@ + Pl < Ce (||f||Ls+e<Q) + (I heoe@ + 111 ) ) ,

(7.23)

X, we can further estimate

with o, = -2 Using the auxiliary function ¢ (x) = o,

te+3°

te =6¢(s+€)+€ <6¢(s) + (6¢'(2) + e =1+ (% + l)e <t+2e (7.24)

because s > 2 and ¢'(x) = ﬁ Forr > 6,1 > 15—2 and ¢’(%) < %, whence
3t 12 3
= =3p(t) <30()+60" | — )e < —€, 7.25
Oc P @ (te) < ¢()+¢(5)€_0+4€ (7.25)

and this proves (7.10).
For r = oo, we use (7.19), (7.21), and (7.20) with s = 3:

IVl + Iplie) = Ce(If e + IV #lig))-

where f. < 3 + 2¢. We now apply (7.7) forr =3 + €, € > 0. We have s = 96135 <
%(3 + €) from (7.3), and moreover if 0 < € < 3,

6(3+€) 18 + 6¢
O = =
ST 4B+ +3 15+4¢

IA

W &~

) (7.26)
so (7.7) implies

2
IV all3ve gy + 1Pl ave e sce(nfnﬁwg,(m+(||f|| s 1))

L3(Q)
(7.27)
Then (7.11) follows from (7.27) with € = 2¢, with a constant C that depends only
one. O

7.2 Finite element approximation

The finite element approximation of (7.1) is the pair (uj, pp) € X, x Mj which
solves

/Vuh:Vvhdx—/phdivvhdx+bl(uh,uh,vh)=(f,vh) Yv, € Xp,

Q@ = (7.28)
/qhdivuhdx=0 Ygn € My,
Q
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816 V. Girault et al.

where we can pick either t = O or¢ = 1 and

3 .
bL(uh,vh,wh)=/(uh~Vvh)~whdx+§/ divuy (v, - wy) dx.
Q Q

The second term in bj is consistent and makes b skew-symmetric, namely,
by(up, up, up) =0.

This leads to a stronger stability result that could have significant implications in
practice.

Lemma 10 Suppose that the assumptions on Xj, and My, in Sects. 1.8 and 1.9 hold.
Then there is a constant C independent of f and h, and a constant hq such that, for
0 < h < hy, there is at least one solution (uy, py) to (7.28) and it satisfies

lunllgr) = Clfla-1@)
Ipnliae) = € (1 1l1@) + 113 10)) - (7.29)

For the stabilized projection (1 = 1), hg is independent of f and all solutions satisfy
(7.29); for the case t = 0, ho depends on f.

Proof In the stabilized case (¢ = 1), the result follows by taking v, = uj, in (7.28).
For the case «t = 0, see [32]. O

Lemma 10 requires no restrictions on the size of data f. However, the classical
error bound

IV@ —un)li2 + 1P — prlli2

=c inf (1@ =l + P - @il (7.30)
Vn.qn) EXn XMy, L2() P = qnliL2(q)

is not known without stronger assumptions on f. For instance, it holds under a condi-
tion sufficient for uniqueness, namely when || f || y-1(q) is sufficiently small (see for
instance [33] or [13]). More generally, it is also known that as long as the solution
to the continuous problem is nonsingular, discrete solutions exist satisfying (7.30) for
h < hg sufficiently small [13]. Here the constant C depends on the Jacobian of the
solution of the Navier—Stokes equations with respect to variation in Reynolds number.

7.3 Discrete a priori bounds

Owing to (6.5) and (6.12), the a priori bounds of Lemma 9 carry over to the discrete
system (7.28).

Lemma 11 Let Q be convex and Ty, satisfy (2.7). Suppose that the assumptions on
Xy, and My, in Sects. 1.8 and 1.9 hold and assume that (uy, pn) € X, X My, solves the
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discrete system (7.28) with data f € HY(Q)3. Let r € [2, 00] and define s by (7.3).
If for some r €12, 6], f is in L*(Q)>, then

IVunllr@ + lIprllr@ < € (”f”L-‘(Q) + IV uh”il(g)) ; (7.31)

where t is defined by (7.5), that is t = %, and the constant C is independent of r.

If for some r €16, o] and real number € > 0, f isin L+¢ (9)3, then

IV unllzr @ + I pnller@ < Ce (I1f s+ + IV #allTe g ) - (7.32)
()

where t. is given by (7.9) and the constant C. depends only on €.

Proof All constants below are independent of r. Assume that (uj, pp) € X, x My,
solves (7.28). We introduce the auxiliary Stokes system for (z, 7) € X x M given by

/Vz:Vvdx—/erivvdx=(f,v)—bt(uh,uh,v) Vv e X,
Q Q

/qdivzdx:O Vg € M. (7.33)
Q

Clearly (uj,, pr) is the Stokes projection of (z, 7). Hence (6.5) and (6.12) imply,

IVunller-@ + lpnller@ < CUIVzllier@ + Izl @)

Thus, for 2 < r < 6, (1.18) gives
Lo
IVupllor @ + llprller@ < CIf —un-Vuy, — E(dwuh)uh”L%(Q)’ (7.34)

and for 6 < r < oo, (1.19) with € > 0 instead of § yields, with a constant C that
depends only on e,

[
IVunllr@ + lpnlicr@) < Cellf —un-Vup — E(dw uh)uh”L%Jre(Q)' (7.35)
Since (div uj)uy has the same character as uy, - V uy, in terms of using (7.16), then

(7.31) and (7.32) follow immediately from the argument of Lemma 9. O

A discrete analogue of Lemma 9 stems from Lemma 11 by applying the same
bootstrapping argument as in Lemma 9.

Lemma 12 Let Q be convex and Ty, satisfy (2.7). Suppose that the assumptions on
X, and My, in Sects. 1.8 and 1.9 hold and assume that (uy, pn) € X5 X My, is any
solution of (7.28), with data f € H~Y(Q)3, that satisfies (1.29). If r €12, 6] and

f e L75(Q)3, then

IVunlizr@ + lpnlier@ = CMro(f), (7.36)
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where the constant C is independent of h and r. If r €16, 00] and f € Lr%"'e (Q)*
for some real number € €]0, %] when r < oo and € €]0, %] when r = oo, then

IVuplliir@ + lIpaller@) < CeMpe(f) (7.37)

where C¢ depends only on €. The above estimates hold for 0 < h < hg, where hg
is independent of f for the stabilized projection (1 = 1), and for the case 1 = 0, hg
depends on f.

7.4 Error estimates
In a convex polyhedron, the preceding analysis can be easily adapted to yield estimates
for the error (u — uyp, p — pn), assuming that the exact solution is sufficiently smooth.
To this end, we regard again (7.1) as a Stokes system, as in (7.14), and we introduce
the Stokes projection (wy,, ) € X; x My, of (u, p) € X x M:
/ Vwy,:Vov,dx —/ wpdive,dx = (f, vp)
Q Q
—/(u~Vu)~vh dx, Vv, € Xy, (7.38)
Q

/qhdivwhdx =0 Vgn € My.
Q

Then the difference (w, — uj, T, — pp) is the Stokes projection of (z,g) € X x M
that solves

/Vz:Vvdx—/qdivvdx:/ ((uh~V(uh—u))+((uh—u)~Vu)
Q Q Q
+ %div(uh — u)uh) -vdx, VYvelX,
/ydivzdx:O Vy e M. (7.39)
Q

All constants below are independent of 4 and r. On one hand, under the assumptions
of Sect. 6.3, Corollary 6 for the Stokes system implies that for all r € [2, oo],

IV —wp)llr) + Ip — wrller @

<C inf (IIV(M —vpllre +llp — thIU(sz))~ (7.40)
(Vn.qn)€Xnx Mp,
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On the other hand, for 2 < r < 6, we infer from the argument of Lemma 11 [see
(7.34)] that

IV(wn —up)llzr @) + Ilmn — pallr@) < CIV unllii e

+ IV ullLio) IV @r —wllL g,
(7.41)

with ¢ defined by (7.5), that is ¢t = %, and the constant C is independent of r.
Similarly, for 6 < r < oo and € > 0 [see (7.35)],

IV(wn —up)llzr @) + l7n — pallr@) < Ce(IIV unllpe (@)

F IV ull e @) IV @i — w) e (),
(7.42)

where ? is given by (7.9) and the constant C. depends only on €. It remains to combine
(7.40), (7.41), and (7.42). To simplify the notation we define

E, =1V —up)lrr +1lp — Pl
& = inf Vw—vp)ller@ + Ilp—anller @),
v (vhth)exthh(ll lr@ + P — anllr @)

for 2 < r < oo. Then for 2 < r < 3, by using (7.40), (7.41), (7.2), and (7.29), we
obtain

E, < C (& + 1fllg-1 @IV —unll2g) < C (& + 1 fllg-1oE2). (743)

since t = % < 2.For 3 < r < 6, by using (7.40), (7.41), and (7.36), we deduce

E, < C (& 4+ Mo(NH)E). (7.44)
For 6 < r < o0, (7.40), (7.42), and (7.37) imply
E, < C& + Ce My, o(f)Ey, (7.45)

where t. < 3+ 2¢ is given in (7.9). Using these estimates, we can prove the following.

Lemma 13 Let Q2 be a convex polyhedron and let (u, p) be any solution of (7.1) with
f € HY(Q)3. Let the mesh Ty, satisfy (2.7), suppose that the assumptions on X, and
My, in Sects. 1.8 and 1.9 hold, and assume that (uy, pn) € X, X My, is any solution
of (7.28), with data f € H~'(Q)3, that satisfies (1.29). Suppose that 2 < r < 6 and

feLms Q3 For2 <r <3,

E < C& + 1 1oV —un)l @), (7.46)
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and forr €]3, 6],
Ey < C(& + My o(N(Ep + IS la1 @I V@ - unl2@)). (747

If fisin Lr%“(ﬂfforsomeé <r<ooand0 <e < r_%, then

Er < C& + CcMso(f) (& + I f 1@ IV@ —up)ll2iy).  (7:48)

where C¢ depends only on €. Finally, forr = coand (0 < € < %

Eno < CEnot-CeMaaco() (Exvaet Mz () (E2 + 1l -1 IV =) 2y ) )
(7.49)
In all cases, C and C are independent of f, h and r.

Proof When 2 < r < 3, Eq. (7.46) is the same as (7.43). For 3 < r < 6, we have
t < 12; hence (7.44), (7.12), and (7.46) with r = 12 prove (7.47). When r €16, oo,
we can choose t. < 3 in (7.9) and next use (7.45) together with (7.46) to show that

E, < C& + CeMy, o(f)Es,
< C& 4 CcMs0(f)E3
< CE& + CMao(f) (& + I f -1 IV @ —un)ll2(q) (7.50)

which is (7.48). When r = oo, we have t, < 3 + 2¢ from (7.24) and can use (7.45)
together with (7.47) to show that

Ex < CEoo + Ce M312¢,0(f) Ez42e
< Céx + C€M3+26,0(f) (83+2e + MIS,Z()(f) (glsl

+1F 1@ | V@ = u)l2@)). (7.51)

which is (7.49). O

Lemma 13 is unusual in that it gives a bound on the difference between u and u,
even if they are not related in any particular way. The nonlinear problems can have
multiple solutions, and Lemma 13 applies to all such pairs of (continuous and discrete)
solutions. What it says is: if the pair is close in one norm (here, the L? norm), then it
will be close in another (finer) norm.

To complete the error analysis, we must control ||V (& — up) | 12(q) for which we
recall (7.30), which states that

Ey < C&, (7.52)

for h < hg sufficiently small. The following theorem extends (7.52) for Lebesgue
exponents greater than two and complements the statement of Lemma 13.
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Theorem 15 Let 2 be a convex polyhedron, and the mesh Tj, satisfy (2.7). Let the
solution (u, p) of (7.1) satisfy (u, p) € Whr(Q)3 x L™ (Q) for some2 <r < o0
along with (7.52) for h < hg sufficiently small. There is a constant C, independent of
f, r, and ho, such that for 2 < r < 3, there is a solution (uy, pp) satisfying

E =V —up)llr@+ 1P —prlier@ < CE + I1flg-1@é2).  (71.53)

andfor3 <r <6,
E, = C(& + My o(N) (S + 1S 15-10))- (7.54)

3r
If fisin LT+31(Q)3 for some 6 <r < 0oand 0 < € < r_% then

E, < C& + CMao()(E+I1f lu-12). (7.55)

and, forr = oo, if f is in L3+€(§2)3 and0 <€ < %, then

Eoo < Céx + CceM3i2¢,0(f) (53+2e + M%O(f)(&,g + ||f||H—1(sz)52)) .

‘ (7.56)
where C¢ depends only on €. The above estimates hold for h < hgo, where hqy depends
on fif (7.28) is used with « = 0 (nonconservative scheme), but hq is independent of
fif (7.28) is used with « = 1 (conservative scheme).
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